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ABSTRACT. Displays were introduced to classify formal p-divisible
groups over an arbitrary ring R where p is nilpotent. We define a more
general notion of display and obtain an exact tensor category. In many
examples the crystalline cohomology of a smooth and proper scheme
X over R carries a natural display structure. It is constructed from
the relative de Rham-Witt complex. For this we refine the comparison
between crystalline cohomology and de Rham-Witt cohomology of
[LZ]. In the case where R is reduced the display structure is related
to the strong divisibility condition of Fontaine [Fo].
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1 INTRODUCTION

Displays of formal p-divisible groups were introduced in [Z2]. They are one
possible extension of classical Dieudonné theory to more general ground rings.
In [LZ] we gave a direct construction of a display for an abelian scheme by the
relative de Rham-Witt complex. In the case where the p-divisible group of the
abelian scheme is local the construction leads to the display of [Z2].

We define here a more general notion of display over a ring R, where a given
prime number p is nilpotent. If R is a perfect field a display is just a finitely
generated free W(R)-module M endowed with an injective Frobenius linear
map F': M — M, while a display of [Z2] is a Dieudonné module, where V" acts
topologically nilpotent. Our category of displays is an exact tensor category
which contains the displays of [Z2] as a full subcategory. There is also a good
notion of base change for displays with respect to arbitrary ring morphisms
R — R’. Neither the construction of the tensor product nor the construction
of base change is straightforward. Special types of tensor products are related
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148 ANDREAS LANGER AND THOMAS ZINK

in [Z2] to biextensions of formal groups. Other operations of linear algebra as
exterior products and duals up to Tate twist may be performed but we don’t
discuss them here, since we don’t use them essentially and their construction
requires just the same ideas. We add that the exact category of displays is
Karoubian [T] and has a derived category.

In many examples we have a display structure on the cohomology of a projective
and smooth scheme which arises as follows: Let p be a fixed prime number and
let R be a ring such that p is nilpotent in R. We denote by W(R) the ring
of Witt vectors and we set Ir = VIWW(R). Let X be a projective and smooth
scheme over R. Let W, /R be the de Rham-Witt complex. We define for

m > 0 the Nygaard complex N""WQ, /R of sheaves of W (R)-modules:

d d m— dv m d m d

Here F' indicates restriction of scalars with respect to the Frobenius F :
W(R) — W(R). We remark that ./\/'OWQX/R = WYy . These complexes
were considered by Nygaard, Illusie and Raynaud [I-R], and Kato [K] if R is a
perfect field.

Let m be a nonnegative integer and consider the hypercohomology groups

Py = H™(X,N'WQx/p)

for ¢ > 0. The structure of the de Rham-Witt complex gives naturally three
sets of maps (compare: Definition 2.2):

1) A chain of morphisms of W (R)-modules
. l+1i>Pl—>—>P1£>P0

2) For each i > 0 a W(R)-linear map
a; : Ir @w(r) P — Piq1.
3) For each i > 0 a Frobenius linear map
F;: P, — F,.
The composition of ¢ and « is the multiplication Ir ® P; — P;. Moreover we
have the equation:
Fin(ai(Ynea) =nFx, nelg, v€ P (1)

We will call a set of data P = (P, ¢4, o, F;) with the properties above a pre-
display. The predisplays form an abelian category. The equation (1) implies:

Fi(ti(y)) = pFisa(y)

i.e. the Frobenius Fj becomes more and more divisible by p if it is restricted
to the Nygaard complexes.

We are interested in predisplays, which are obtained by the following construc-
tion. We start with a set of data which are called standard:
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DE RHAM-WITT COHOMOLOGY AND DISPLAYS 149

A sequence Ly, ..., Ly of finitely generated projective W (R)-modules.

A sequence of Frobenius linear maps for i = 0,...d:

(DlLlHLo@EBLd

We require that the map ®;®; is a Frobenius linear automorphism of Ly@®...®
Ly.
From these data one defines a predisplay P = (P}, ¢;, o, F;), with

Pi:(IR®LO)@no@(IR@LifﬂEBLiEB...EBLd

for i € Z,i > 0. The definition of the maps ¢;, a;, F; (compare Definition 2.2)
is not obvious, but we skip it for the moment. We should warn the reader
that the P; for ¢ > d are obviously isomorphic, but these isomorphisms are not
canonical, i.e. they depend on our construction and not only on the predisplay

P.

DEFINITION: A predisplay is called a display if it is isomorphic to a predisplay
associated to standard data.

A decomposition Py = Lo ® L1 P ... D Ly which is given by standard data is
called a normal decomposition.

If we start with standard data for d = 1 we obtain exactly the 3n-displays of
[Z2], which are called displays in [Me]. In this work we call them 1-displays.
If we assume that the L; are free the map @®®; is represented by a block matrix
(Aij), where A;; is the matrix of the Frobenius linear map L; — L; induced by
®®;, where 0 < i,j < d. Conversely any block matrix (A;;) from GL(W(R))
defines standard data for a display. Over a local ring R it would be possible to
define the category of displays in terms of matrices.

We note that the maps ¢; for a display P are generally not injective unless the
ring R is reduced. In this case the whole display is uniquely determined by the
Frobenius module (P, Fy). Indeed the display property implies that:

PZ‘:{J?EPO |F0(x)€sz0} (2)

One has F; = (1/p')Fy. This makes sense because p is not a zero divisor in
W(R) if R is reduced. Therefore over a reduced ring a display is a special kind
of Frobenius module.
If R = k is a perfect field a display is just the same as a Frobenius module
(Py, Fy). Indeed, consider the map Fy : Ph®@Q — Py®Q. We obtain inclusions
of W(k)-modules:

Py C FO_IPO C Ph®Q.

By the theory of elementary divisors we find a decomposition by W (R)-modules
Py=Lo® L1 ®...P Ly, such that

Fy'Py=Lo®p 'Li®...®@p “La.
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150 ANDREAS LANGER AND THOMAS ZINK

Therefore the restriction of p~Fy to L; defines a map ®; : L; — P, for
i = 0,...,d. These are the standard data for the display associated to the
Frobenius module (P, Fp).
If pR = 0 Moonen and Wedhorn [MW] introduced the structure of an F-zip.
It is defined in terms of the de Rham cohomology of the scheme X/R. As one
should expect any display gives rise to an F-zip (compare the remark after
Definition 2.6.).
For an arbitrary projective and smooth variety X/R we can’t expect that the
crystalline cohomology H, ((X/W (R)) has a display structure. Therefore we
consider the following assumptions: There is a compatible system of smooth
liftings X,,/W,(R) for n € N of X/R such that the following properties hold:
(*) The cohomology groups H7 (Xn, Q}R/WH(R)) are for each n, i and j locally
free W, (R)-modules of finite type.

(**) The de Rham spectral sequence degenerates at F;

EY = H’ (X”’Qé”(n/wn(lz)) = H""(X,, QXn/Wn(R))‘
THEOREM: Let X be smooth and projective over a reduced ring R, such that
the assumptions (*) and (**) are satisfied. Let d be an integer 0 < m < p.
Consider the Frobenius module Py = H.y, (X/W(R)) and define P; by the
formula (2).

Then the P; form a display and P; coincides with the hypercohomology of the
Nygaard complex NiWQ'X/R.

It would follow from the general conjecture made below that this theorem holds
without the restriction m < p.

Finally we indicate how to proceed if the ring R is not reduced. In order to
overcome the problem with the p-torsion in W (R) we use frames [Z1]. A frame
for R is a triple (A, o, ), where A is a p-adic ring without p-torsion, 0 : A — A
is an endomorphism which lifts the Frobenius on A/pA, and « : A — R is a
surjective ring homomorphism whose kernel has divided powers. Let us assume
that X admits a lifting to a smooth formal scheme ) over Spf A, which satisfies
assumptions analogous to (*) and (**). We define “displays” relative to A which
we call windows (see [Z1]). Theorem 5.5 says that under the conditions made
H (X/A,Ox/a) has a window structure for m < p . There is a morphism
A — W(A) — W(R) which allows to pass from windows to displays. We
remark that because of this morphism the assumptions (*) and (**) for A are
stronger than the original assumption for W(R). In equal characteristic we
obtain e.g. the following:

THEOREM Let X be smooth and projective over a ring R, such that pR = 0. Let
us assume that there is a frame A — R and a smooth p-adic lifting )/ Spf A
of X, which satisfies the conditions analogous to (*) and (*¥).

Then there is a canonical display structure on Hl., (X/W(R)) for m < p,

which does not depend on the lifting Y nor on the frame A.
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We discuss three examples where the assumptions (%) and (#*) hold. In these
examples the assumptions made on X in the two preceding theorems are full-
filled.

Let X be a K 3-surface over R. We assume without restriction of generality that
R is noetherian. We denote by 7y, the tangent bundle of X'. The cohomology
group H?(X, Ty/r) commutes with base change by [M] §5 Cor.3. From the case
where R is an algebraically closed field, we deduce that this cohomology group
vanishes. It follows that X has a formal lifting over Spf W (R) resp. Spf A.
From the Hodge numbers of a K3-surface over an algebraically closed field
[Del] one deduces that HY(X,0x) = 0, HO(X,Qﬁ(/R) =0, HQ(X,Qﬁf/R) =
0, HY(X, Q%(/R) = 0. It follows that the cohomology of X commutes with
arbitrary base change and is therefore locally free [M] loc.cit.. The degeneration
of the de Rham spectral sequence follows now because the Hodge numbers
above are zero, because there is no room for non-zero differentials.

Let X be an abelian variety over R. In this case the assumptions (x) and (xx)
are fullfilled by [BBM] 2.5.2.

Finally let X be a smooth relative complete intersection in a projective space
over R. Then the conditions (*) and (xx) are fullfilled by [De2] Thm.1.5.

Let p be a prime number. Let R be a ring such that p is nilpotent in R. In [LZ]
Thm. 3.5 we proved a comparison between the crystalline cohomology and the
hypercohomology of the de Rham-Witt complex extending a result of Illusie [I]
if R is a perfect field. We show here a filtered version of this comparison, which
is the key to the display structure. We conjecture a more precise comparison,
which would lead to a wide generalization of the theorems above.

Let W, (R) be the truncated Witt vectors. We set Ir, = VW, _1(R). This
ideal is 0 for n = 1.

Let X/R be a smooth and projective scheme. We consider the crystalline
site Crys(X/Wy,(R)) with its structure sheaf Ox w, (r). Let us denote by

[m

jx/Wn(R) C OX/Wn(R) the sheaf of pd-ideals. We denote by jX/]Wn(R) its
m-th divided power. Let

un : Crys(X/Wy(R))~ — X7

zar

be the canonical morphism of topoi.

The comparison isomorphism [LZ] is an isomorphism in the derived category
D(X.ar) of sheaves of W,,(R)-modules on X,

Run*OX/WT,,(R) — WnQX/R

We will prove a filtered version of this. Let m be a natural number. Let
ImWplly /R be the following subcomplex of the de Rham-Witt complex:

PV W Q% g S PV W Qg S VW QS WO
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152 ANDREAS LANGER AND THOMAS ZINK

The filtered comparison Theorem 4.6 says that for m < p we have an isomor-
phism in the derived category

Run T oy — LWy (3)

We would like to have a similar comparison theorem for the truncated Nygaard
complex NmWnQ'X/R instead of I’”W,LQ'X/R:

d d v m mt1 d
(anlﬂg(/R)[F] = .o —= (Whe 1QX/R)[ = WnQX/R 4, W, QX/+511

The advantage of the Nygaard complex is that the restriction of the Frobenius
from WQ'X/R to N"WQy, R is in a natural way divisible by p™ even if p is a
zero divisor. For a reduced ring R the Nygaard complex N W X/R is quasi-
isomorphic to Z™W Q' /R Unfortunately in general we don’t knovv a definition
for the Nygaard complex in terms of crystalline cohomology. Nevertheless we
make the conjecture 4.1:

CONJECTURE: Assume that X/Wn(R) is a smooth lifting of X. Then the Ny-

gaard complex is in the derived category canonically isomorphic to the following

complex meX/W (R’

pd

. d
IR @w,.(R) X3y, (r) —

L Irn ®w, (r) QX/W (R) Q;/W (R)

Assume that we have for varying n a compatible system of smooth liftings
X,,/W,(R). We obtain a formal scheme X = lim X,,. We set:

F" Uy jw(r) = hm}" Q5

sowary  NTWQy g =ImNTW, Oy g

We show the following weak form of the conjecture (Corollary 4.7):
THEOREM: Assume that R is reduced and that m < p. Then there is a natural
isomorphism in the derived category of W (R)-modules on X ,qr:

NTWQy p =2 F" Uy (r)
Moreover we can show in support of our conjecture, that the complexes
N™W, Qe /R and F™MQ %, /W () AT€ always locally quasi-isomorphic on X4,

The last theorem is closely related to strong divisibility in the sense of [Fo]
1.3: Assume the assumptions (x) and (x*) are satisfied. By the last theorem
the splitting of the Hodge filtration of the formal scheme X defines a normal
decomposition:

H™ (X, F/Qy jw(r) = IrLo @ ... & IrL; 1 & L; & ... & La

It is obvious from Definition 2.2 that the Frobenius Fj : Hm(X,NjWQ'X/R) —

H™(X, WQ'X/R) is bijective if j is bigger than the dimension. Therefore Fj &
F1 @ ...® Fy: induces a bijection:

IpLo®...®IgLy — Lo® ... @ Ly

This is what strong divisibility asserts.
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2 THE CATEGORY OF DISPLAYS

Let R be aring, and let W (R) be the ring of Witt vectors. We set Ip = VW (R).
If no confusion is possible we sometimes use the abbreviation I = Ig. Let
® : M — N a Frobenius-linear homomorphism of W(R)-modules. We define a
Frobenius-linear homomorphism ®:

éf[R@w(R)M — N (4)
Veam = EP(m)

DEFINITION 2.1 A predisplay over R consists of the following data:

1) A chain of morphisms of W(R)-modules

N Z+1i>PZ*>*>P12>PO
2) For each i >0 a W(R)-linear map
a; : Ir Qw(r) P — Pit1.

3) For each i > 0 a Frobenius linear map

FiZPi—>PQ.

The following axioms should be fulfilled

(D1) For i > 1 the diagram below is commutative and its diagonal
Ir ® P; — P; is the multiplication.

Ir®@P, —— P

IR®Li—1J/ Lzl

Qj—1

Ir@P1 —— P
For i =0 the following map is the multiplication:

Ir@P, —22> p —2 , P,

(DQ} Fi+1ai = Fi . IR & Pz — PO
We will denote a predisplay as follows:
P = (Pi,Li,Oéi,Fi), 1€ Zzo.

Let X be a smooth and proper scheme over a scheme S. Then we obtain a
predisplay structure on the crystalline cohomology through the Nygaard com-
plexes N™W,, Q x /s which are built from the de Rham-Witt complex as follows:

d d m— dv d m
(Wt %) ir) = -+ = Wt Q75 = Wl s = W fg .
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This is considered as a complex of W, (Og)-modules. The index [F] means
that we consider this term as a W,,(Og)-module via restriction of scalars F :
Wn(OS) - n—l(OS)-
Let Is,, = VW,,_1(Og) C W, (Og) be the sheaf of ideals. We define three sets
of maps:
Gt Isn OW,(0s) ./\/'mWnQ'X/S — ,/\/'7n+1WnQX/S
b - N, Qg — Ny (5)
E,, : N’"WnQ‘X/S — W%lQ'X/S
These maps are given in this order by the maps between the following vertically
written procomplexes (the index n is omitted):

P id

Is @ (W% s)im) —— (W s)ir —— (WQ%/s)imy —— W5

o] ] | |

Is®(WQ;fsl)[F] —_— (Wﬂr;fsl)[F] B (Wanq/fsl)[F] —_— WQ;];

aon] | | |

Is ® (WQ%)s)

- w| | |

Jw,

(WQQ/S)[F] - Wﬂﬁ/s - Wanl/s

Is@WQfs ™ wopfd s wopid 2 wapsd
an] | | |
. 2
Is@WQe? ™ wapfz e wapfz S wop?

The first unlabeled arrows on the left hand side denote the maps VEQu — Ew,
where the product is taken in W' o (without restriction of scalars).

DEFINITION 2.2 Let S = Spec R be an affine scheme. Let X/S be a smooth
and proper scheme. Then we associate a predisplay. We set:

P, =HYX,N'WQy/s)

The predisplay structure on the P; is easily obtained by taking the cohomology
of the maps (5).

Here we write /\/'mWQ‘X/R = limNmWnQ'X/R. The P; coincide with the coho-
mology of Rlim RT'(X,N*W, x,s) by the proof of [LZ] Prop. 1.13 (compare

[BO] Appendix).
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REMARK: Let S = Speck be the spectrum of a perfect field. Then I(k) is
isomorphic to W (k) as W (k)-module. The maps of complexes which define &;
and i; are in this case the maps F and V used by Kato in his definition of the
F-gauges GHY(X/S).

Let A/S be an abelian scheme. Then the predisplay structure on the crystalline
cohomology HI(A/W(R),OA/W(R)) is in fact a 3n-display structure in the
sense of [Z2]. We will introduce additional properties of predisplay structures
which arise in the crystalline cohomology of smooth and proper varieties.

Let P be a predisplay. Then we have a commutative diagram:

P " PR
L T pT (6)
Py LI Py

Indeed, let y € Piyq1. Then we obtain from (D1) that

ai( V1®uy) = "y

If we apply F;1; to the last equation and use (D2), we obtain:

Fi(ti(y)) = pFiy1(y)

DEFINITION 2.3 A predisplay P = (P, t;, 5, F;) is called separated if the map
of P11 to the fibre product induced by the commutative diagram (6) is injective.

Remark: Predisplays form obviously an abelian category. To each predisplay
P we can associate a separated predisplay P°“? and a canonical surjection
P — P*?. This is defined inductively: P; = Py and P} is the image of
P+ in the fibre product of:

Frer »

PP i, po PO

The functor P — P*P to the category of separated displays is left adjoint to
the forgetful functor, but it is not exact.

It is not difficult to prove that a separated predisplay has the following property:
Consider the iteration of the maps a:

Ok ® P, _* JOF—1 ®131'+1 Qi1 Qitk—1 Pi+k (7)

Here the maps o pick up the last factor of I®. The following map is called the
“Verjliingung”:

v(k) . [®k _ I .
Va0 Vg — V(G- &) (8)
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For a separated display the iteration (7) factors through the Verjiingung:

)

I®k®PZ‘ V—> I®PZ I PiJrk;
The last arrow will be called agk). In particular this shows that the iteration
(7) is independent of the factors we picked up, when forming «;.

For a separated display the data a;, ¢ > 0 are uniquely determined by the
remaining data. This is seen by the following commutative diagram:

P

I® P

For a predisplay P the cokernel E;,; := Coker «; is annihilated by I. It is
therefore an R-module.

DEFINITION 2.4 We say that a predisplay is of degree d (or a d-predisplay), if
the maps «; are surjective for i > d.

A separated predisplay of degree d is already uniquely determined by the data:
Po, ce Pd, Loy .- ld—1, Fo, e 7F‘d, ap, ..., 0g—1 (9)

For this consider the diagram (%) above for ¢ = d. The data already given
determine a map of I ® Py to the fibre product. This map is ag and the image
is Pg4+1. Thus inductively all data of the display are uniquely determined.
Conversely assume that we have data (9) which satisfy all predisplay axioms
reasonable for these data. Then we define Py, by the diagram (x) above. We
obtain also the maps ayg, tq, and Fyy;. The axioms for the extended data are
trivially satisfied, except for the requirement that

I®Pd+1—>]®Pd—>Pd+1
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is the multiplication. But this follows easily by composing the diagram (x) for
1 = d, with the arrow id®¢q : I ® P41 — I ® P;. Inductively we see that a
set of data (9) satisfying the predisplay axioms may be extended uniquely to a
predisplay of degree d.

We may define the twist of a predisplay. Let

P = (P, i, i, 1)
be a predisplay. Then we define its Tate-twist
P(1) = (P, vj, 00, F}) (10)

as follows: For i > 1 we set P/ = P,_1,1, = t;_1,0} = o1, F] = F;_1. We set
P} =Py = P|,F} = pFo, 1, = idp,. Finally o : I ® Py — P, is defined to be
the multiplication. If we repeat this n-times we write P(n).

We define a predisplay U = (P;,;, a;, F;) called the unit display as follows:
Py =W(R), P, =1 for i > 1. The chain of the maps ¢ is as follows:

LIET.. BT S W(R), (11)

where the last map ¢g is the natural inclusion.
The maps F; : I = P, — W(R) for i > 1 coincide with the map

VT - W(R), VeEmce

The map Fp is the Frobenius on W(R). The map g : I @ W(R) — I is the
multiplication. The maps a; : I ® I — I are the Verjiingung v(?). Since the
“Verjiingung” is surjective the unit display has degree zero.
A 3n-display (P,Q, F,V~!) as defined in [Z2] gives naturally rise to data of
type (9) with Py = P, P, = Q, Fy = F, I} = V~! and therefore extends
naturally to a predisplay of degree 1 as we explained above. We will make this
explicit later on.
Let R be a reduced ring. Then the multiplication by p is injective on W (R).
Let M be a projective W(R)-module, and F' : M — M be a Frobenius linear
map. Then we set:

P,={xc M| F(z)€p'M}

We obtain maps .

For ¢; we take the natural inclusion P;y; — P;. For «; we take the maps
I® P, — IP; C P;y; induced by multiplication. The data (P;,¢;, «;, F;) con-
structed in this way are a separated predisplay.

The predisplays we are interested in arise from a construction which we explain
now.

DEFINITION 2.5 The following set of data we will call standard data for a dis-
play of degree d.
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A sequence Lo, ..., Lq of finitely generated projective W (R)-modules.

A sequence of Frobenius linear maps for i =0,...d:

@leﬂLo@@Ld

We require that the map &;P; is a Frobenius linear automorphism of Lo®...&®
L

From these data we obtain a predisplay in the following manner: We set:
PP=(I®L)®..®IRL;1)DL;®...H Ly

for i € Z,i > 0.

We note that P; = Py for i > d. But these identifications are not part of
the predisplay structure we are going to define. They depend on the standard
datal

We define “divided” Frobenius maps:

F; . P, —» F,
The restriction of F; to I ® Ly for k < i is @, and to L;y; for j > 0 is p/ @, ;.
The map ¢; : Piy1 — P; is given by the following diagram:

I®Lo)®.. IR Li—1)®(I ® L;i)®Li11®...®Lq

pl pl muztl idl idl (12)

I®Lo)®.. oI RLi—1)® L @®Lit1®...0Lq

The map «; : I ® P; — P;1; is given by the following diagram:
IRUIRL))®.. BIRUI QL 1) IQL;, ®IQLip1®...0I® Ly

Vl ul idl multJ{ multl (13)

(I®L0) @...0 (I®Liq) @(I@Li)@ Liywyw ©...¢& L4

Here v = v® is the Verjiingung. We leave the verification that P =
(P;, 1i, i, F;) is a separated predisplay to the reader.

DEFINITION 2.6 A predisplay is called a display if it is isomorphic to a predis-
play associated to standard data.
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REMARK: Let us assume that pR = 0. There is the notion of an F-zip by Moo-
nen and Wedhorn. The relation to displays is as follows. Let P = (P, ¢;, o, F)
be a display over R. We define an F-zip structure on M = Py/IrPy by the
following two filtrations. Let C? as the image of P; in Py/IrP, given by the
composite of the maps . This gives the decreasing “Hodge filtration”:

.cClcotlc...cctco®=M.

We set D; = W(R)F; P;+1rPy/Ir Py and obtain an increasing filtration, called
the “conjugate filtration”:

O0=D_yCDygcCcDiCcDyC...CDgC...CM.
The morphisms F; for i > 0 induce Frobenius linear morphisms:
Fi s Ci/Ci-i-l — Di/Di—l (14)

These are Frobenius linear isomorphisms of R-modules. Indeed, if we choose a
normal decomposition {L;} we obtain identification:

C'/C > L,/IrL; and D;/D;_y 2 W(R)F;L;/IpW (R)F;L;

The two filtrations C" and D. together with the operators (14) form an F-zip
[MW] Def. 1.5.

Let P be the display associated to the standard data (L;, ®;) as above. Let
Q = (Qi,ti,q;, F;) be a predisplay. Assume we are given homomorphisms
pi : Li — @Q;. Then we define maps 7;:

P=I®L)®.. [ ®Li—1)®L;i®...0Lg — Q;
On the summand (I ® L;_j) the map 7; is the composite:
id®p;—x k)
I®Li ), —— I®Qiy —— Q

On the summand L;; the map 7; is the composite:

Pitj @)
Liyj —— Qivj — Qi

where the last arrow is a compositions of ¢'s.

PROPOSITION 2.7 The maps 7; define a homomorphism of predisplays P — Q
if and only if the following diagrams are commutative:

L —"— Qi

@ m|

Py —— Qo
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We omit the verification.

If P = (P,Q, F,V~1!) is 3n-display in the sense of [Z2], then any normal decom-
position P = Lo ® Ly, Q = I Ly & Ly defines standard data, which determine
this display.

We will now define the tensor product of displays: Assume that P =
(P;, i, a4, F;) and P’ = (P], 1}, o}, F!) are displays over R.

1Y

A tensor product 7 = (T, Loi, 031-, F;) may be constructed as follows. We choose
normal decompositions

Ph=®L, P/=@olL,.
n>0 n>0
More precisely this means, that we fix isomorphisms of P resp. P’ with stan-
dard displays. We obtain:
P=1I1®Ly® - ®IQL,_1®L; D ...

We denote the restriction of F; : P, — Py to the direct summand L; by ;.
We obtain data for a standard display Kj, ®;,1 > 0, if we set

Kl = @ (Ln ® L;n)'

n+m=l
Then @&, K; = Py ® P}, and we define Frobenius linear maps

o

(I)l:Kl—>P0®P6,

by
o= ) 0,09,
n+m=lI
From the standard data K;, ®; we obtain a display

o

7= (Ti72i70(;i7Fi) (15)

We will show that 7 is up to canonical isomorphism independent of the normal
decompositions of P resp. P’.

In order to do this we define bilinear forms of displays. Let 7 be an arbitrary
predisplay. A bilinear form

AP xP —T.

consists of the following data.
A is a sequence of maps of W (R)-modules

/\ij : P1®P]/ — Ty
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We require that the following diagrams are commutative:

P @ Pl ——— Ty

’ o
Fi®FJ'Jr lFiJrj

Py® Py —— T

1

PeP; —— Ty PP —— Ty
L®idT ?T id ®L/T T‘z
Pi1®@ P, —— Titjn PPy — Titjn

Ir@ P ®@P, —— Ir®@T;y; Ir@P® P, —— I®Tiy;

ai@idl lg‘i-%—j id ®O‘§l l&i+j

Pip1®@P, —— Ty PoP, —— Titj.

REMARK: We will consider also the maps
P®P; — Ty, for i+j >k,

which are the compositions of A;; and Tj; — T}, the iteration of ..

If i + j > k we obtain a commutative diagram:

PP — T
L ®id 1 ] (16)
P,e@P;  — Ty

We will denote the set of bilinear forms of displays in this sense by

Bil(P x P, T).

[e]
We return to the display 7 given by the standard data K;, ®;. We will now
define maps A;; : P; ® PJ( — T 4. For this we write P; ® P]f according to the
normal decompositions:
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PoP=(@PIiciel,ol,)e( P IeL,oL),)
n<i n<i
m<j m>j
m+n<i+j
o P UoL.oL))e( @ I9L.oL,)
n>i n<i (17)
m<j mz2j
n+m<i+j n+m>i+j
o P UeL.oL,)e (@ L.eL,).
m>i n>i
m<j m>j
n+m>i+j
We have six direct sums in brackets, which we denote by Z;, i =1,...,6 in the
order as above.
By definition T;4; has the decomposition
(18)

Ti;=( @ I1eL.oL)e( @ L.oL,).
n+m<i+j n+m>i+j

We define \;; : P ® PJf — T;1; as a bigraded map with respect to n,m > 0,
which is on the homogeneous components as follows.

Case Z1: n<i,m < j
I®I®L,®L, —I®L,®L,

Ve el e, — Y el o,

m>j, n+m<i+j
/

Case Z3: n < 1,
p"Jid: I®L,®L, —I®L,®L,,

m<j, n+m<i+j

Case Z3: n > 1,
p"id:I®L,®L, —I®L,®L,,

Case Zy:m<i,m>jn+m>i+j

p"tid:I®L,®L, —I®L,® L,

m<j,n+m>i+j

Case Z5: n > 1,
P~ lid:I®L,®L, —I®L,® L,

Case Zg:m>1i, m>j
id:L,®L, — L,®L,,.
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PROPOSITION 2.8 The homomorphism A\;; : Pi®P]{ — T4 defined by Z1—Zg
above define a bilinear form of displays.

PROOF: We omit the tedious but simple verification.

LEMMA 2.9 The homomorphism
Ditrj=b; ® P; — T

given by the sum of \;; is surjective.

PROOF: We have to show that all summand of (18) are in the image. Consider
the submodule L, ® L, C T, where n+m > k. Weset i =n and j =k —i =
k —n < m. By Zg this submodule is in the image of P; ® P]f — T}.. Next
we consider a submodule I ® L,, ® L, C Ty, where n +m < k. We set i = n
and j = k —i =k —n > m. Thus we are in the case Z3 with factor p"~% = 1.
Again the submodule is in the image of P; ® PJ’» — T} Q.E.D.

PROPOSITION 2.10 Let P and P’ be displays. Let T = (Ti,fi,o?i,Fi) be the
display (15). Let Q be a separated predisplay. There is a canonical isomorphism
of abelian groups

Bil(P x P', Q) 2 Hom(7, Q).

PROOF: Assume that we are given a bilinear form. We set 7 = P ® P’. The
maps T; — @Q; are constructed inductively. For ¢ = 0 this map is Agg, where
A denotes the bilinear form. For the induction step to i + 1 we consider the
diagram

Tz Qz QO
T pT (19)
Tiv1 fis To Qo

We claim that (19) is commutative. By Lemma 2.9 it suffices to show the
commutativity if we compose the diagram with the maps P ® P, — T;41, for
s+ 1 =1+ 1. This amounts to the commutativity of the following diagram
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E;

Qi

Qo

P.® P,

But the diagram is commutative by the definition of a bilinear form. Now the
commutativity of (19) gives a map: T;j11 — Qi X F,,Qo,p Qo- It is clear from the
diagram above and Lemma 2.9 that this map factors through Q;+1. Q.E.D.

COROLLARY 2.11 The display (15)

[e] o] °
T = (Ty, 1, i, i)
does not depend up to canonical isomorphism on the normal decompositions of

P and P'. We write
T=PxP

This is clear because of the universal property of 7 proved in the last proposi-
tion. Q.E.D.
REMARK: Assume that P and P’ are given by standard data (L;, ®;) and
(L}, ®}). Assume we are given bilinear forms of W (R)-modules:

Bij: Li @ Ly — Qiyy.
Composing this with the iteration of ¢, Q;4+; — Qo, we obtain a bilinear form
Po® Py = (®:Li) @ (©;L;) — Qo
Let us assume that the following diagrams are commutative:

, 2i®2; /
Lol —2%, pePp

| |

Fiyj
Qiyj —— Qo

Then the 3;; extend uniquely to a bilinear form

PxP —Q
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In [Z2] Definition 18 the notion of a bilinear form of 1-displays was defined. It
is obvious from the formulas there, that a bilinear form on two 1-displays in
the sense of loc.cit. is the same as a bilinear form

PxP — U,

where the right hand side is the twisted unit display (11).

Starting from the normal decomposition of a display P it is easy to write down
the standard data of a candidate for the exterior power /\k P. It comes with
an alternating map ®*P — A"P. One proves as above that A" P has the
universal property.

We will now define the base change for displays. Let R — S be a homomor-
phism of rings. Let P = (P;,;, o, F;) be a display over R. We will define a
display Ps = (Qq, i, o, F;) over S, with the following properties. There are
W (R)-linear maps

Pi"Qia

such that the following diagrams are commutative

P —— Q Q —F s IR®Q; —— Qin1
I A
P —— Qi1 P, _B P, Ip® P, —— P,y

(20)
PROPOSITION 2.12 There is a unique display Ps as above which enjoys the
following universal property.
If T = (T;, vi, i, Fy) is an arbitrary display over S and
P, —T;
is a set of W(R)-linear morphisms, such that the diagrams above, with Q;

replaced by T; are commutative, then there is a unique morphism of displays
over S

Ps — T,

such that the following diagrams are commutative:

Qi ————T;
P,
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The display Ps may be constructed using a normal decomposition of P. Let
Py = @&L; be such a decomposition, and let ®; : L; — Py be the maps induced
by F;. Then L;, ®; are standard data for a display over R. We can define Pg
to be the display over S associated to the standard data W (S) ®w (g Li, with
the Frobenius linear maps F @y (g) ®; = ®;.

We will now see that this definition is up to canonical isomorphism independent
of the normal decomposition chosen. It suffices to see that Pg has the universal
property Proposition 2.12.

The obvious maps P; — Q; make the diagrams (20) commutative.

LEMMA 2.13 The following W (S)-module homomorphism is surjective
W(S) @wr) P ® Is @w(s) Qi—1 — Q.

PROOF: This is clear from the definitions.

Assume that P; — T; is a set of maps as in Proposition 2.12. We construct
inductively maps Q; — T;, which are compatible with Fj,¢;, a;. Therefore
we obtain the desired morphism of displays Ps — 7. Since Py — Ty is
W (R)-linear, we obtain a map

Qo = W (S) @w ) Po — To.
Assume we have already constructed W (S)-module homomorphisms
Q; — Ty,

which are compatible with F, ¢ and « for j < i.
Consider the diagram

Ti L) TQ

T Tp (21)

Qiy1 —— To.

The arrow Q;1 — T is the composition Q;41 — Q; — T; and the arrow
F;
Qi+1 — Ty is the composition Q41 Qo — Tp. By Lemma 2.13 we

deduce that (21) is commutative. Thus it induces a map

Qi1 — T xp, 1,p To- (22)

It suffices to show that the last map factors through 75, ;. This is seen easily
by composing (22) with the morphism of the lemma.

The uniqueness of the constructed morphism Pg — 7 is obvious. This proves
the proposition. Q.E.D.

DOCUMENTA MATHEMATICA 12 (2007) 147-191



DE RHAM-WITT COHOMOLOGY AND DISPLAYS 167

3 DEGENERACY OF SOME SPECTRAL SEQUENCES

PrROPOSITION 3.1 Let m: X — Y be a separated and quasicompact morphism.
Let K be a complex of of flat 71Oy -modules on X which is bounded above.
We assume that each K' is a quasicoherent Ox-module. Then for each m the
hypercohomology groups R™m, K" are quasicoherent Oy -modules. If M is a
quasicoherent Oy -module there is a canonical isomorphism

R (K @71y m M) = RmK ©p, M (23)

PrROOF: We may assume that Y is affine. Let & = {U;} be a finite affine
covering of X. Let F' = C" (U, K") be the Czech complex. It is the complex of
global sections of a sheafified Czech complexonY: F" = C (U, K'). The sheaves
in this complex are acyclic with respect to 7, because the cohomology of an
affine scheme vanishes. One concludes [EGA III] Prop. 1.4.10 that Rm, K™ are
quasicoherent Oy -modules namely the sheaves associated to the cohomology
of F". Since the modules and sheaves involved are flat with respect to Y the
projection formula reduces to the trivial equation:

C'UK @0y M) =F @r(y,0,) (Y, M)

Q.E.D.
Let w : X — S be a proper morphism of schemes, such that S is affine. In
this section we consider a bounded complex K of flat 7=1(Og)-modules. We
assume that each K° is a quasicoherent O x-module. Moreover we assume that
the following conditions are satisfied:

(i) R, K' is a locally free Og-module of finite type for any i and j.

(ii) the spectral sequence of hypercohomology degenerates:

EY = Rim,K' = R'1, K

One can easily see that with these assumptions the simple complex associated
to C"(U, K') as above is quasi-isomorphic to the direct sum of its cohomology
groups. It follows that R™7,K  commutes with arbitrary base change for
any m. For the same reason the cohomology groups Rim, K’ commute with
arbitrary base change.

The degeneration of this spectral sequence may be reformulated as follows. Let
us denote the by 02™ K" and 0 <™K" the truncated complexes with respect to
the naive truncation. Then the cohomology sequence of

0—-02"K - K — oK —0,
splits into short exact sequences:
0 — Rim, (0™ K') — Rin, K — Rim, (6c<"K") — 0. (24)
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Indeed, take a Cartan-Eilenberg resolution K° — I by injective sheaves of
abelian groups. Let L' = m,I". This complex comes with a filtration Fil™ L
which is induced by the naive filtration of K. The spectral sequence in question
is the spectral sequence of this filtered complex. The condition (24) is equivalent
to the requirement that the maps

HYFil™ L) — HYFil™L)
are injective for each ¢ and m, as one may see easily from the exact cohomology
sequence. This injectivity may be restated as follows:
d(Fil™ L) N Fil™ ™ L9 = d(Fam T L),

We conclude by [De3] Prop. 1.3.2.
The observation shows that the spectral sequences of hypercohomology of the
truncated complexes ¢2™ K" and o <" K" degenerate too.

PROPOSITION 3.2 Let m : X — S and K be as in Proposition 3.1. Let
.= My — My — My — ... be a sequence of Og-modules (not necessar-
ily a complex). We consider the complex

L:.. - K'®os Mg — K' @0, M — K? @ My — ...

Then the spectral sequence

EY . R, L' = RPHIn, L
degenerates.
PRrOOF: We assume without loss of generality that K? = 0 for i < 0. We

say that a sequence My — M; — ... is m-stationary if it is isomorphic to a
sequence of the form:

My—...—-My,_1— M, =M, =...

Because K is bounded it suffices to show the theorem for m-stationary se-
quences. We argue by induction. For m = 0 this is clear from the projection
formula (23). Assume that the proposition holds for r-stationary sequences
with » < m. For an m-stationary sequence we consider the following morphism
of complexes:

L' —»T (25)
KoM, .. K" 2M™ 2 —— K" lgM™! —— Km@M™...

idl idl l idl

KoM, .. K" 2M™ 2 —— KnlgM™ —— K"QM™...

If we apply the induction assumption to I" we obtain an exact sequence for
each ¢ and the given m.

0 — Rim, (0=™I") — RI7m, " — Rir, (6<™I") — 0. (26)
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The morphism of complexes (25) induces a commutative diagram:

Rir,o2™L —— Rir, L

a |
Rim,oZm] —— Rir I
By our induction assumption (26) it follows that the upper horizontal arrow is
injective.
We have to prove that the following sequences are exact for arbitrary integers
q and n.
0 — R, (02"L") — R, L — RI7,(6<" L") — 0.

We have seen this for n = m. For n > m we have to consider the maps.
RI7, (02" L) — Rim,(02™L") — Rim, L

It suffices to show that the first arrow is injective. But this follows from the
beginning of our induction.
Finally we consider the case n < m. By the cohomology sequence it is sufficient
to see that the map

Rim, L' — Rim, (c<"L")

is surjective. But this map factors as:
Rim, L — Rim,(c<™L") — Rim, (c<"L")

We need to show that the second map is surjective. But the complex o<™L" is
the tensor product of c<"™ K" with an (m — 1)-stationary sequence of modules.

Therefore the map is surjective by induction assumption and we are done.
Q.E.D.

PROPOSITION 3.3 Let T : C — D be a left exact functor of abelian categories
such that C has enough injective objects. Let K be a complex in C which is
bounded below. We assume that the spectral sequences in hypercohomology

EY = RTK' = RYTK
degenerates. Let f: K' — K be a homomorphism of complexes. Then for each

integer m the corresponding spectral sequence of hypercohomology associated to
the complex

K(m,f): % Em=22% gm-t/ 00 gm 4 geme1
degenerates.
We omit the proof because it uses exactly the same arguments as above.
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4  FILTERED COMPARISON THEOREMS FOR THE DE RHAM-WITT COMPLEX

Let R be a ring such that p is nilpotent in R. We consider a smooth scheme X
over R. We will fix a natural number n. Assume we are given a smooth lifting
X /W, (R). If X admits a Witt-lift ([LZ] Def.3.3) Og — W, (Ox) we obtain
a morphism of complexes

Q% wry — Qw0 wam) — Wallx)p- (27)

It is shown in [LZ] 3.2 and 3.3, that even if X admits no Witt lift, there is a
natural isomorphism in the derived category D' (X4, W, (R)) of sheaves of
W (R)-modules on X:

IX/WH(R)

The aim of this section is to prove a filtered version of this isomorphism.
For typographical reasons we use the abbreviations:

O =% w,my  Wall =Wally/p.
Let us denote by ‘FmQ}E/W(R) the complex
IR,n ®WH(R) Q% El) - El) IR,n ®Wn(R) Q;n—l i Q;n i Q;n—i—l — ... (28)

CONJECTURE 4.1 There is a canonical isomorphism in the derived category
DT (X.ar, Wi (R)) between the Nygaard complex and the complex (28):

NTW,Qy g = me}z/wn(R)

This question is closely related to the work of Deligne and Illusie [DI]. We will
now see that the complexes in question are always locally isomorphic.
Let us assume we are given a Witt-lift. It induces a map

K, — W,
By composition with the Frobenius F': W, — Wn_lﬂ'[F] we obtain a map

F:lp, ®w, (R) Q, — W19y

VE@wi— ¢ Fr(w)

Using F we obtain a morphism of complexes of F"Q — N™W,,

IR0 2 P peQmt 4 gn 4,
| | | (29)
WoaQp —— .. — 2 W, 00t = wom —1
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Let us consider the morphism (29) in the following simple situation:

Let A = R[T},...,Tq] and X = Spec A. We set A = W, (R)[T1,...Tq] and
X = Spec A. We consider the Witt-lift:

A— W, (A

— Wa(4) (30)

T, — [Ti].

It is the unique map of W, (R)-algebras, which maps T; to its Teichmiiller
representative in W, (A).

PROPOSITION 4.2 For the Witt-lift (30) the induced morphism

]:mQX/Wﬂ,(R) - NmWnQX/R (31)

is for any m > 0 a quasi-isomorphism.

: : !
Proor: We use the W, (R)-basis of QA/W”(

forms. For each weight function k : [1,d] — Z>( we fix an order on the set

R) given by p-basic differential

Supp k = {i1,...,ir}, such that
ordpk;, < --- <ordyk;, .

For any ascending partition of Supp k into disjoint intervals

P:Suppk=ILyulU---UI,
such that I; # () for 1 <t <[, we have the p-basic differential

é(k,P) = T"10 (p—ordpkn dT’wl) ceen (p—ordpkrl dr'). (32)

The order on Supp k is fixed once for all and therefore not indicated in the
notation (compare [LZ] 2.1).
In [LZ] 2.2 we have defined the basic Witt differentials

en(&,k,P) € Wy .
They are defined for functions & : [1,d] — Zzo[%], and £ € ‘/“(’“)Wn,u(k)(R)7
where u(k) is the minimal nonnegative integer, such that the weight p*(®)k

takes integral values.
In our case the map (27) is the unique W, (R)-linear map given by

1 1
QA/Wn(R) — Wally g
é(k,P) — en(1,k,P).
The map F' looks as follows
. l l
FIR ®WH(R) QA/WW(R) — nflgA/R,[F]
Vg & é(kap) L en—l(gapk7p)'
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For each weight k : [1,d] — ZZO[%], we consider the subgroup Wan/R(k)
of W, /r» Which is generated by basic Witt-differentials ey, (&, k,P) of fixed
weight k. The complex N™W,Q splits into a direct sum of subcomplexes

N™(E):

d d — av

Similarly let QZA/WH(R) (k) C QlA/Wn(R) the W, (R)-submodule generated by the

p-basic differentials é(k, P) of fixed integral weight k. Then F Q) is the direct
sum of the following subcomplexes F™ (k):

~ d d —— d &m
Ir @w, (r) U (k) = - = Ir @w, ) Uy~ (k) = Q' (k) — -

It is obvious that for integral weight k& the map

F(k) — N™(k) (34)

is an isomorphism of complexes. Therefore the proposition follows if we show
that for k£ not integral the complexes N (k) are acyclic. This follows in degrees
not equal to m—1 or m from the corresponding statement for the de Rham-Witt
complex (see [LZ] Proof of thm. 3.5).

For non-integral k consider a cycle w € Wn,lQF}Tl(k), i.e. dVw = 0. Because
of the relation F'dV = d, it follows that w is also a cycle in the de Rham-Witt
complex W,,_1£0" and consequently a boundary, because k is not integral.
Finally consider a cycle w € W,,Q™ (k). It may be uniquely written as a sum

w=Y enlép.k,P).
P

By [LZ] Prop. 2.6 w is a cycle, ifft P = (U P’, i.e. iff the first interval Ij of the
partition P is empty, for all e, ({p, k, P) # 0 which appear in the sum. Since k
is not integral the coefficient &p is of the form &p = Vrp and

d Venfl(T'Papk%P) = €n<§P,k,P).
Q.E.D.

We make n variable. We set A = R[TY,...,Ty], Ap = W (R)[Ty...Ty]. We
extend the Frobenius homomorphism F : W,,(R) — W,,_1(R) to a map

¢n :An - An—la
We denote 6, : A, — W,,(A) the W,,(R)-algebra homomorphism, such that
Assume we are given an étale homomorphism A — B of R-algebras. Then we
find a unique set of lifting B,, of B, which are étale over A,, and morphisms

(35)
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Yn : By — Bp—1 and &, : B, — W,(B),
which are compatible with ¢,, and d,,, compare [LZ] Prop. 3.2.

COROLLARY 4.3 The map €, defines a quasi-isomorphism of complexes:

pd pd m—1 d m
IR@QOB,L/WH(R) TROOE w ry — QB war)
g g I
d d m—1 dv m
Wn—lﬁoB/R,[F] W"—lgB/R,[F] _— WnQB/R...

PROOF: For the given number n, we find a number m such that p™W, (R) = 0.
Let us denote by ¢™ : A, — A, the composite of m morphisms of type
(35). Tt is clear from the definition that

d¢m N Aern — Q]An/Wn(R)

is zero. Consider the commutative diagram

dyp™ 1

Bmin = Qpw.(r)
)

6™
Amin = U (r)

The derivation Ay, 1, — Q}Bn /Wi (R 18 zeto. Since By yn /Ay is étale, the
extension dy™ is zero too.
Consider the commutative diagram

m

Bm+n — Bm

T T
Amin 5 A,

It induces a morphism of algebras which are étale over A,,:

Bm+n ®Am+n,¢m An — Bn- (36)

This is an isomorphism. Indeed since A, — A/pA has nilpotent kernel it
is enough to show that (36) becomes an isomorphism after tensoring with
®a, A/pA. But then we obtain the well-known isomorphism

B/pB ®a/pa,proym A/pA —  B/pB
b@ar— b a.
From the isomorphism (36) we deduce an isomorphism

Brin ®a, i gm Ua, /p— .k

b oo wee () w, (37)
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We note that (37) becomes an isomorphism of complexes if we take 1 ® d as
a differential on the left hand side. Hence the first row of (4.3) is obtained by
tensoring the corresponding complex for B,, = A, with Bj4m,.

Let us consider the complex

d d m—1

av m d
Wt Qg = — n—1 i = Walld/g = - (38)

We consider it as a complex of W, (A)-modules via F™ : W, m(4) —
W, (A). Then all differentials become linear (compare [LZ] Remark 1.8).
This shows that we obtain the second row of diagram of Corollary 4.3 if we ten-

sorize (38) with Wy, ym(B)®w, ., (a),Fm- Because of the obvious isomorphism
([LZ] (3.2))

Bim QApim,6 Wner(A);’ n+m(B)v
the result is the same if we tensorize (38) by

Bitm B Apym, 5™ -
Therefore the whole diagram of Corollary 4.3 is obtained from the correspond-
ing diagram for B = A by tensoring with By, ym®a,,,, ,m- Since this ten-
sor product is an exact functor we obtain the corollary from the proposition.
Q.E.D.

Let X/R be a smooth scheme. We assume that R is reduced and p-R = 0. Then
we consider still another complex derived from the de Rham-Witt complex. We
set WQ! = WQIX/R and define Z™W,Qx/ r starting in degree 0.

PV, 00 L 2y, ot S Sy, 0t AW, (39)

We recall the relation pd Vw = Vdw of [LZ] 1.17. For varying n we obtain a
procomplex Z™W.Qx /.

PROPOSITION 4.4 Let R be a reduced ring of char p. The procomplexes T W .2
and N™W.Q are isomorphic in the pro-category of the category of complezes
of abelian sheaves on X 4.

PROOF: We have an obvious morphism of procomplexes

N™W.Q — IT™W.Q (40)
WarQe 5 WaaQy o WaaQimt T owaam S
PV PV | Vi id |
PPV, L pm VWL L VL™ S wham S

We have to prove that this induces an isomorphism of proobjects. We set
WQ = lim W, Q2. On WQ the multiplication by p and the Verschiebung are

. —iy,—1
injective. Therefore we have an inverse p*VWQ Py, WQp.
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LEMMA 4.5 Let n > k > i+ 1. Then there is a map p'VW,Q — W, _,Q,
which makes the following diagram commutative

pZVWnQZX/R — n—leX/R,[F]
T - T (41)
. ptVT
p’VWQlX/R — WQZX/R’[F].

PROOF OF THE LEMMA: Let n > k > i. For ¢ € W, (R) we denote by ¢ its
restriction to W,,_;(R). Then we have a well-defined map

inWn(R) — n—k(R)
p'VeE— £.

Indeed, write £ = (zo,...,Tn—1). Then

(42)

pPVe=(0,...,0,28 ... 2", ) € W1 (R).

yYn—i—1

Therefore the vector (xq,...,Zn—i—1) € Wy_;(R) is uniquely determined by
pt VE We view W, _;(R) as a W,,41(R)-module via

Res

W1 (R) - Wa(R) 23 W,,_i(R).

Then we obtain a morphism of W, 1(R)-modules because of the following

commutative diagram

V(R "L W(R)
! l
VW, (R) — Wh—i(R).

The existence of the diagram (41) is clearly local for the Zariski-topology on
X.

We begin with the case, where X = Spec A and A = R[T1,...,Ty] is a poly-
nomial algebra. In this case an element of p"VVVQf4 /R May be expressed, in
terms of basic Witt-differentials:

w=>p"Veulp .k, P),  Epi € VEIW, iy (R). (43)

Note that e, (&p i, k,P) = 0, when u(k) > n.
The terms of the sum (43) are uniquely determined by [LZ] Prop.2.5 because
of the direct decomposition

k
Wn+1Qf4/R = @k,PWn+1Qf4/R(];7P)'
Using loc. cit. we find:
P Velépr, k,P) =p' Ve(&p .k, P), (44)
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iff p* Vép g = pf Vf%‘,lw except in the case where k/p is not integral and Iy = ().
In the latter case the equality (44) holds, iff p"*' Vép . = p'™ Vg .
With the lemma above this shows that the following map is well-defined:
PiVWan - an(z#l)Ql
W Z en—(i+1)(£—k,737 k, P)

This proves the lemma in the case of a polynomial algebra A. Assume now
that A — B is a étale morphism.
The image of the canonical injection

Wit (B) ®w, 1 (4) PV WaQa/r = Wit (B)®w,,, (4) Waa/r = Wai1Qp/r

coincides with p'VW, g /r- This follows from the following commutative dia-
gram

Wis1(B) @w, i (a),Fr WaQa/p —— Wallp/r

id®inl inl
Wis1(B) @w, i (4) Was1Qa/r —— Wai1Qp/g.

The top horizontal arrow is given by ¢ ® w —% &w and the lower horizontal
arrow is multiplication.
Now we find the desired map by tensoring p'VW,Q4,p — Wi_(i41)Q4/R:

Wit (B) @w, () PV Waayg — Wasi(B) Qw,,_a),F Wae(i+1)Q24/R
) vl
inWnQB/R — Wh—(i+1)2B/R-

The composition of the last map with p'V : Wi+ — Wn_iQlp R is
just the restriction. This proves the lemma. Q.E.D.
The proposition follows immediately because we obtain an inverse to the map
(40):

PPTIVWL Q0 L pmTVWL Q... VWL, 0™ S wLam. L.
1 ) 1 L Res
0 d 1 m—1 dVv m
W’nfmflﬁ[F] — anmflg[[?] e anmle[F] — Wn,m,19 -

The first m vertical maps defined by the lemma are equivariant with respect
to

Wn(R) }%_5)8 Wn—m(R) E’ n—m—l(R)
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The remaining maps are equivariant with respect to W,,(R) — W, _,,(R). The
commutativity of the diagram follows, since it is a homomorphic image of a
corresponding diagram for W) without level. This proves the proposition.
Q.E.D.

Let X/R be a smooth scheme. Let us denote by Jx/w,r) C Ox/w,(r) the

sheaf of pd-ideals. We denote by J )[("}LVW( R) its m-th divided power. Let

up : Crys(X/Wn(R)) — Xzar

be the canonical morphism of sites. We are going to define a morphism in
D(X.qr) the derived category of abelian sheaves on X, for m < p:

RuneT\ My, ) — "Wl p (45)

In order to define (45) we begin with the case, where X admits an embedding
in a smooth scheme Y/R, such that Y has a Witt-lift: ¥ /W,(R) and Oy —
W, (Oy).

The left hand side of (45) may be computed with the filtered Poincaré lemma
[BO] Theorem 7.2: Let D be the divided power hull of X in Y. Let Ip C
Op be the pd-ideal. The pd-de Rham-complex O p/w, (r) has the following

subcomplex FilmQD/Wn(R):

m—1

<o d 1] d “ d X
13995y > 1 ey > - I o Qppwmy - (46)
Then the left hand side of (45) is isomorphic to the hypercohomology of (46).
The Witt-lift defines a morphism
OY — Wn((/)y) — Wn(OX)
It maps the ideal sheaf of X C Y to the ideal sheaf Ix = VW,_1(0x) C
W, (Ox). Since I'x is endowed with divided powers, we obtain
Op — W,(0x), (47)
mapping Ip to Ix. The homomorphism (47) induces a map of the pd-de Rham
complexes
Qpywry — Qw, ()W (r) — Wallx/R.

Taking into account that Ig?] = p"1Ix for h < p, we obtain the desired
morphism from (46) to the complex Z"W,,Q if m < p:

P Wy — o — Ix W R S W Qg =

We note that I XWanX /R = VWn,lﬂlX /R follows from the formula
V(ndw1 cdw,) = Vipd Vwr...d V,.
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Hence we obtain a morphism

Rumj)[;’;]wn 0= Fil™ 2w, 7y — T WoQx /. (48)

The independence of the last arrow from the embedding of X into a Witt
lift (Y, }7) is proved in a standard manner: Let X — Y’ be an embedding
into a second Witt lift (Y’,Y’). Then we obtain a Witt lift of the product
Y Xgpecr Y’ : Indeed, Y X Spec W (R) Y is a lifting of Y x Y and the two given
Witt lifts induce a morphism:

Oy ®w, (r) Oy, — Win(Oy) ®w,, (r) Wn(Oy') — W, (Oy ® Oy).

If P denotes the pd-hull of X in ¥ Xgpecw, () Y'. We obtain a commutative
diagram

Fil™Qp w. (r)

T

I"WnQx/r

/

Fil™Oppw, (r)

Since the vertical arrow induces by [BO] the identity on Ru,.J. )[(7%[,71 (R) the
independence of (45) of the chosen Witt lift follows.

If X admits no embedding in a smooth scheme Y which has a Witt lift, one
can proceed by simplicial methods [I] or [LZ] §3.2, but we omit the details here.

THEOREM 4.6 For each m < p and n the map in DV (X4, Wy (R))

Run*j)[(n/q/vn(R) — ImWnQX/R (49)

s a quasi-isomorphism.

PRroOOF: Clearly the question is local for the Zariski-topology on X. We
may therefore assume that X = Spec B, where the R-algebra B is étale over
R[Ty,...,Ty]. From the discussion above we know that any Witt-lift of B
leads to the same morphism (49). We choose a Frobenius lift {B), }nen of the
algebra B as in the corollary 4.3. We begin with the reduction to the case
B = R[Ty,...,Ty). Let J be the kernel of B, — B. Then JU! = p'~'I;B,,
where Ir = VW,,_1(R) C W,(R). Hence we have to show that the following
morphism of complexes induces a quasi-isomorphism:
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m— d m—1 d m d
P Ry wry) IR w i —— VB wam)

l l !

PRTIVWL QY — T VWL Q) T WO, —

(50)

We choose a number s, such that p*W,(R) = 0. We consider the groups

in the first complex as B,is; modules via ¥* : B,ys — B,. As shown in

the proof of Corollary 4.3 we obtain a complex of B, ;s-modules. The same

is true if we consider the groups in the second complex as B, ,-modules by

Y® : Byys — B, — W, (B).

We obtain the diagram above from the corresponding diagram for B = A by

tensoring with B, 4,®4,_ .. Since By is étale over A, ,, we have reduced

our statement to the case where B = R[T1,...,T,] and where the Witt-lift is

a standard one.

In the case of a polynomial algebra we have a decomposition of the de Rham

Witt complex according to weights [LZ] 2.17.

Because the operator V' is homogeneous, we have a similar decomposition

for the complex Z"W,Q4/r. In fact, by [LZ] Prop. 2.5 an element of

™ VW, for [ < m — 1 may be uniquely written as a sum of elements

of the following types

en(P Y Ve kI, .. 1) for k integral

en(P Y VE kI, ) for Iy # 0, k not integral

en(p™ Ve K Iy, ... 1)) for Iy = @, k not integral.

Here £ € W,,_1(R) for k integral and & € V“(k)_an,u(k)(R) for k nonintegral.

Clearly the elements of the first type span a subcomplex of Z" W, 4,z which

is isomorphic to the complex in the first row of (50). Indeed, the p-basic

differentials of this complex are mapped to basic Witt-differentials of the first

type above. The last two types of Witt-differentials above span an acyclic

subcomplex because of the formula

den(pmilil Vga k7IOa s 7Il) = en(pm7l71 vfa k7¢7107 s 7Il)a

for Iy # 0 and k not integral. The exactness of the non integral part at W, Q7% /R
follows in the same way. Q.E.D.
Let X,,/W,(R) be a compatible system of smooth liftings of X/R for n € N.

The Theorem 4.6 provides an isomorphism in the derived category between
ImWnQ)(/R and

P IR pwamy = P IR W) = - TRQX jw r) = YR Wy -
(51)
We know by Proposition 4.4 that {Z™W,Qx g} is isomorphic to the procom-
plex {N""W,Qx/r}. The same argument shows that the procomplex (51) is
quasi-isomorphic to {me‘Xn I W R)}ne ~ - Passing to the projective limit we
obtain:
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COROLLARY 4.7 Let R be a reduced ring. Let X/R be a smooth and proper
scheme. Assume that X,,/W,(R) is a compatible system of smooth liftings of
X. Then there is for each number m < p a natural isomorphism in the derived
category DT (XZM)W(R)):

NmWQ'X/R = F" Uy jw ()

where X = lim X, in the sense of EGA I Prop. 10.6.3.

This is a weak form of the Conjecture 4.1 which asserts this for every level
separately.

5 DISPLAY STRUCTURE ON CRYSTALLINE COHOMOLOGY

Let R be a ring such that p is nilpotent in R. Let (A, 0, a) be a frame for R
[Z1]. This means that A is a torsion free a p-adic ring with an endomorphism
o : A — A, which induces the Frobenius endomorphism A/pA — A/pA.
The map a : A — R is a surjective ring homomorphism, such that the ideal
a = Ker a has divided powers.

DEFINITION 5.1 An A-window consists of
1) A finitely generated projective A-module Py.
2) A descending filtration of Py by A-submodules

..PaLhCcPC---CPCP Ch. (52)

3) o-linear homomorphisms
Fi : Pz — PQ.

The following conditions are required.

(i) aP; C P41 and the factor module P11 /aP; is a finitely generated projec-
tive R-module E; 1 fori>0. We set Ey = Py/aP,.

(i) The inclusions P41 — P; induce injective R-module morphisms
+— FEiy1— B — - — Ey,
such that E;y1 is a direct summand of E;.
(1ii) aP; = Piyq if i is big enough.
(v) Fi(z) = pFit1(x) for x € Piyq.

(v) The union of the images F;(P;) fori € Z>o generate Py as an A-module.
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A window is called standard if it arises in the following way. Let Lg, ..., Lq be
finitely generated projective A-modules. Let

d
oL > PL;
j=0

be o-linear homomorphisms, such that the determinant of &g @ --- ® &y is a
unit. Then we set for ¢ > 0
P=dLo@a 'L1®..0al 1OL;®--- & Ly.

We define F; on this direct sum as follows: The restriction of F} to a*~*L; for
k < resp. Ly for k > i to is defined by

Filaz) = Zi(f")’ Op(z) for 0<k<i, €Ly, aca™"
Fi(z) = pFi®y(x) for i <k x€ Ly.

It is clear that (P;, F;) form a window. B
Each window is isomorphic to a standard window. Indeed, let Ey = ®L; be a
splitting of the filtration (52) in the definition:

L = @yl

Let L; be a finitely generated projective A-module which lifts L;. We find
homomorphisms L; — P; which make the following diagrams commutative:

[

Li — P,

It follows from the lemma of Nakayama that &L; — Py is an isomorphism,
since it is modulo a. By induction we obtain

P=dLo® - ®ali1®L; D - D Ly. (53)

We set ®; = F;|L;. The condition (v) implies that &®; : §L; — &L, is a
o-linear epimorphism and therefore an isomorphism.
REMARK: A window (F;) is of degree d, if P41 = aP; for i > d. To give
a window of degree d it is enough to give only the modules F,..., P;. The
axioms may be formulated in the same way for this finite chain of modules. The
axiom (v) then requires that the union of Fy(FPp), Fi(P1) ..., Fy(Py) generates
P,y as an A-module.
We will now see that an A-window induces a display over R. There is a natural
ring homomorphism ¢ : A — W(A), such that for the Witt-polynomials w,,
there is the identity

wp(d(a)) =0™(a), a€A.
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Consider the composite ring homomorphism.
n:A— W(A) — W(R).
We have by [Z1] Prop. 1.5:

(
(

The last equation makes sense because »(a) € VW (R) for a € a.

It is clear that a datum (L;, ®;) for a standard window over A induces the
datum (W(R) @ (ay Li, F' ® ®;) for a standard display over R. We will show
that the resulting display does not depend on the decomposition Py = &L; we
have used.

We give an invariant construction of a display (Q;, ¢, a;, F;) from a window
(P;, F;). The display comes with morphisms 7; : P; — @; such that the follow-
ing diagrams commute

»(o(a)) = Fy(a) for ac A
»x U;a)) = V'i(a) for aca.

P —— Q Py — Qi+ Py —— Qo
S A P
P % Qi a® P, —— Ir Qw(r) Qi P —— Q.

(54)
We construct @; and 7; inductively, such that the diagrams (54) commute. We
set Qo = W(R) ®,.,4 Py and we let 79 : Py — Qg be the canonical map.
Assume that 7 : Py — Qp was constructed for k¥ < ¢. Then we consider the
following commutative diagrams:

T‘l,

Qz’LQO

T )

Qo Qi ——— Qo

o

IR®Q1'L>Q0

P

Fitq
Py ——> P,

We obtain a morphism to the fibre product
(W(R) ®4 Pit1) ® (Ir ® Qi) — Qi XF;,Q0,p Qo- (55)

We define Q; 11 as the image of (55). This gives a map P;y; s Qir1- We
define ¢ : Qiy1 — Qi and Fiq1 @ Qip1 — Qo and «a; 1 [p ® Qi — Qiy1 as
the canonical maps determined by these data. A routine verification shows
that this construction gives the same result as the construction via standard
windows.
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Moreover the following universal property holds. Let (Q%, ¢}, o, F]) be a display
over R and let 7/ : P, — Q) be maps such that the diagrams (54) for 7]
commute. Then the maps 7/ are the composition of 7; and a morphism of
displays (Qla Li, aiFi) - ( fiv Lfn 047 Fz/)

Let A% R,o0,a as before. Let X — Spec R be a scheme which is projective
and smooth. Let Y 4, Spf A be a smooth pA-adic formal scheme, which lifts
X. Weset A, = A/p™ and Y,, = ) Xgpra Spec A,. For big n the map «

Qnp

factors through A,, =% R. The kernel a,, inherits a pd-structure. We consider
the crystalline topos (X/A)crys. Let Jx 4, C Oxja, be the pd-ideal sheaf.
We are interested in the cohomology groups:

HY (X, L) = lim By (X An, T ) (56)

REMARK: It would be more accurate to consider the cohomology groups of
Rlim RT'(X/A,, j)[(n;l‘n) But under the Assumptions 5.2 and 5.3 we are going

to make these groups will coincide.

By [BOJ 7.2 the groups H,, . (X/Ap, \7)&77}4») are the hypercohomology groups

of the following complex F'il [m]Q'Yn A,

C‘W@@AHQ%L/A" - “LT_”@AHQ%/”/A” e an®A,,LQ$n7}4,L = QF 4, - (57)
We will make the following assumptions:

ASSUMPTION 5.2 The cohomology groups Hq(Yn,Q’;n/An) are for each n lo-
cally free Ap-modules of finite type.

AssuMPTION 5.3 The de Rham spectral sequence degenerates at Ey

By = HY (Yo, s ) = HH(Y5, Q0.

Since Y, is quasicompact and separated by assumption the cohomology sheafs
R™ fn*QYn /A, are quasicoherent. From the assumption we see that these
sheaves are locally free of finite type. Hence the complex Rf,.Qy, /, is quasi-
isomorphic to the direct sum of its cohomology groups. This implies that the
cohomology groups R™ fn*QYn /4, commute with arbitrary base change. The

same applies to the cohomology groups RY fn*Q’;/n A, By Proposition 3.2 and

the projection formula (Proposition 3.1) we obtain a degenerating spectral se-
quence

Ey = H (Yo, QY )x) @a, a7 HY (Y, FilMey, )
I
HEL(X/ A, T )

crys
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If we pass to the projective limit we obtain a degenerating spectral sequence

EY ="~ o HI(,95,,1) = HHL(X/A, T0). (58)
The groups involved have no p-torsion.
We set X = X Xgpecr Spec R, where R = R/pR. By [BO] 5.17 there is a
canonical isomorphism

Hérys(X/Aﬂ OX/A) =~ Hirys(X/AvoX/A)' (59)
The absolute Frobenius on X and ¢ on A induce an endomorphism on the right
hand side of (59) and therefore an endomorphism
F: Hérys(X/A7 OX/A> - Hérys(X/A7 OX/A)
LEMMA 5.4 Let pl™ be the mazimal power of p which divides p™/m! Then the
image of the following composition

crys crys crys

Hiyyo(XJA, T = Hiyo(X/A), Oxa) 5 Hiy(X/A, Ox)a)

is contained in p[m]Hérys(X/A, Ox/a)-
PROOF: The argument is well known [K], but we repeat it in the generality we
need. We may replace A by A,,. We embed X into a smooth and projective
Ap-scheme Z, such that there is an endomorphism o : Z — Z which lifts the
absolute Frobenius modulo p and which is compatible with ¢ on A,,. We may
take for Z the projective space. Consider the pd-hull D of X in Z. It is also
the pd-hull of X in Z. Therefore o extends to D /A, and to the pd-differentials
Qp/a, - We obtain by [BOJ] an isomorphism

Hi(Xa f/2~D/An) - Hé,,ys(X/A, OX/A'n,)7
which is equivariant with respect to the action of o on the left hand side and
F on the right hand side.
Consider the morphisms B

X—-D—Z.

Let I(X) be the ideal of X in Z and Jp be the ideal of X in D. Consider the
diagram

(0z,1(X)) — (Op, Ip)

lg \ laD
(02, 1(X)) — (Op, Ip)
The composite x maps I(X) to p- Op. This follows because
o(z) =2 modp for z € Oy. (60)
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If z € I(X) the image of z? in Jp becomes divisible by p, because we have
divided powers. Therefore the induced map op on the divided power envelope
maps Jp to pOp. Therefore

O'(jgn]) C p[m](’)D.
For z € Oz we find from (60) that in Q}D/An:
do(z) =0 mod p.

The composite map of the lemma is induced by a map of complexes:

[m] Mo [m—1i] &
T, . TN, ——
al ol (61)
QOD/A" QE/A,L —_ ...

9

The image of this map lies in pl™ - QD/An = plmlA, ®H;‘n QD/An» The last
equality follows since by [BO] 3.32 the sheaf Op is flat over A,,. The hyperco-
homology of the last complex is by the projection formula

pl™ A, @ RT(X, Qp/a,) = ™A, @FRT s (X/An, Ox/a,,)
pl™A, &% RT(Y, @y 4)

But the cohomology of the last complex is p[m]Hi(Yn,Q‘Yn / An)’ since we as-
sumed that the cohomology is locally free. This shows that (61) factors on
the hypercohomology through p[m]Hcrys (X/An,Ox/a,) = p[m]}I-]Ii(Ym Q'Yw /A, ).
Q.E.D. o

THEOREM 5.5 Let R be a ring, such that p is nilpotent in R. Let X be a
scheme which is projective and smooth over R. Let A — R be a frame. We
assume that X lifts to a projective and smooth p-adic formal scheme Y/ Spf A
such that the assumptions 5.2 and 5.3 are fullfilled. Then for each number
n < p the canonical maps

H o (X/A,TE) — HE (XA TEY) — - — HE (X/A, Ox /)

crys crys crys

are injective. The A-modules Py, = H},., (X/A, J)[(WZL) for m < n together with
the maps

1
—F=F, P, > F
pm

giwen by Lemma 5.4 form a window of degree n.

PRrROOF: We consider a number m < n. Then we have J}}"”/A = .7)[;71]47am =
alml. We write Fil[m]Q‘y/A = hsz'l[m]Q'Yn/An. Then we find a canonical

isomorphism '
Py = HP(X, Fill™Qy0) = H, (XA, T8 4) (62)

crys
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From the degenerating spectral sequence (58) we obtain the injectivity of P,, —
P,,_1, since we have injectivity on the associated graded groups.

In the following considerations m,n can be arbitrary natural number, without
l[m] m

the restriction m < n < p. Then F% V/A will be the complex Fz'ly/A
angJ/A —>am_lQ§;/A—>~-- —>aQ)n}/j41 _)QS)}/A — ...
Consider the following morphism:
a® H"(X, Fz'lmQ‘y/A) — H"(X, aFilmQ‘y/A). (63)

We have for afFil™(2), /a8 degenerating spectral sequence as (58). Therefore
the right hand side of (63) is a subgroup of H" (X, Fz'lmQ‘y/A).
We claim that the induced inclusion is an equality

aH"™ (X, Fil™ (), ) = H'(X, aFil™ Q) ). (64)

This equality holds for m = 0 by the projection formula. Indeed, consider the
canonical map:
Fil™Qy 4 — a™Q3,,, — 0.

The kernel is the following complex C"
O—>amle§,/A—>...—>aQ§?/:11 —>Q$/A — ..

This complex C'is of the same nature as Fil"™ (25, /A but with less ideals involved.
By an induction we may assume that

aH"(X,C) = H* (X, aC).
By the projection formula we find
aH™(X,a™05,,) = " H™ (X, 95 ,).
The assertion (64) follows from the diagram

H"(X,aC) —— H'(X,aFil™Q;, ) —— H"(X,a"+1QY, )

] o] ] (65)

aH"(X,C) —— aH"(X, Fil"™Q), ,) —— aH"(X,a"Q5, ;)
The upper line is a short exact sequence by a spectral sequence argument as
above. The lower line is a complex. The first arrow is injective and the second
surjective but it is a priori not exact in the middle term. One sees that the
upper and lower line in (63) must be isomorphic. This proves (65).
We have already seen that the following maps are injective

H" (X, aFil™Qy,,,) — H"(X, Fil™'Qy, ) — H'(X, Fil™Qy, ).
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Therefore we obtain an exact sequence
0 — H"(X,aFil™Qy,,) — H"(X, Fil™'Qy, ) — H"(X, 07" 10y ) — 0.

S.ince by (64) the map a @ H" (X, Fil™Qy/4) — H" (X, aFil™Q;), ) is surjec-
tive, we see that

P = H"(X, Fil"™Yy, ) and B, = H'(X,0°" Q) p)

fulfill the conditions (i)-(iii) for a window without any restriction on m and n.
We note that for fixed n we have P, 11 = aP,, for m > n. As explained after
the definition of a window, we can obtain a decomposition

P,=a"Lo@a™ 'Li® - ®a™ "L,,

with the convention that a* = A if k < 0.
Concretely we can find the liftings L; as follows. We consider the maps:

H™ (X, Fil™ Q1) — H'(X,077Q),,4) — H" (X, Q5),)

Then L, is obtained by splitting the last surjection. This construction gives
isomorphisms:
Lp = H"™(X, Q5 ,)

We now impose the condition m < n < p of the theorem. By lemma 5.4
and (62) the Frobenius endomorphism F : Py — Py is divisible by p™ when

restricted to P,,. We set
1

@m = 7m_F‘|Lm.

The assertion that { P, } is a window is then equivalent with the condition that

BimoPi : BimoLi — BizoLs

is a o-linear isomorphism, or in other words that det(®F_,®;) is a unit in W(A).
Clearly it suffices to show that for any homomorphism R — k to a perfect field
k the image of det(®®;) by the morphism

AL W(R) - W(k) — k

is a nonzero. The compositum map A — W (k) respects the Frobenius and
induces a map on crystalline cohomology

H" (X/A,OX/A)HHTL (Xk/W(k)=OXk/W(k))

crys crys

which respects the Frobenius. It is induced by the base change map for de
Rham cohomology.

H"(X,Qy,4) = H"(Xk, Qyg,w ) yw i))-
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The special decomposition we have chosen
H"(X,y,/4) = ©L,
induces a similar decomposition
H"™ (X, Q'yw(k)/w(k)) =H"(X,Qy,,) @4 W(k) = &L; ®a W (k).

Therefore we have reduced our assertion to the case R = k a perfect field and
A = W (k). This case was proved by Mazur (Compare [Fo] p.91 and Kato [K]
Prop.2.5). We give an argument in the case n < p — 2 which is based on the
comparison Corollary 4.7 but doesn’t use gauges.

For any complex A" of abelian sheaves on X consider the exact sequence in-
duced by the naive filtration.

0—o0s A4 - A -0 A —0,
where 7 is an arbitrary integer. If n + 1 < i we obtain an isomorphism
H"(X,A) =H"(X,0<;A).
We apply this to the Nygaard complex N"W Q' Ik and to the de Rham-Witt

complex WQX/k' For i < m—1 the operator F}, (5) induces clearly a bijection
of the truncated complexes

i o NTWQy )y, — o<Wy
Therefore if n +1 <7 < m — 1 we obtain a bijection
F,, : H”(X,NmWQ'X/k) — H"(X, WQ'X/k)

We set m = n + 2. Since m < p by assumption (and because k is reduced)
there are canonical isomorphisms in the derived category:

N"WQy e = F"Qypwy = Fil™Qyjw )

But since m > n the map F,, is identified with the linearization of ®®;. This
says that the last map is a Frobenius linear isomorphism. Q.E.D.
REMARK: The proof shows that H7,()) with its Hodge filtration is strongly
divisible (compare [Fo] 1.2 Prop.) for n < p — 2. If we knew that ./\meQ'X/k
and F™Qy k) are quasi-isomorphic, the last argument would imply that
H} p(Y) is strongly divisible without restriction on n. We note also that the
last argument works directly over any reduced ring k.

COROLLARY 5.6 Let X be a smooth and projective scheme over a ring R such
that p is nilpotent in R.

Let us assume that there is a frame A — R and a smooth and projective p-adic
lifting Y/ Spf A of X, which satisfies the conditions of the theorem.

Then we obtain for n < p by base change a display structure of degree n on
HE (X/W(R),Ox/wry). This display structure is independent of the frame

crys

A and the formal lifting Y we have chosen if p- R = 0.
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PROOF: For a given frame A the independence of the lifting ) is clear, because
the window structure is purely defined in terms of the crystalline cohomology
of X/A.

If we have a morphism of frames B — A and a formal lifting Z of X to B, then
we set Y = Z4. Then the window associated to ) is obtained from the window
associated to Z by base change (one should think in terms of decompositions
(53)). Therefore the induced displays are the same.

If p-R=0and A’ and A” are 2 frames, we obtain a new frame A’ xg A” — R.
Then ¢’ x ¢” is an endomorphism of A’ xg A” because ¢’ and ¢” induce the
same endomorphism on R. If )/ Spf A’ and )"/ Spf A” are formal liftings, we
obtain a formal lifting )’ x,. V" of X over A’ x g A”. Therefore we obtain the
same display structure by base change.

THEOREM 5.7 Let R be a reduced ring of characteristic p. Let X/R be a smooth
projective scheme. Assume that there is a compatible system of smooth and
projective liftings Y, /W, (R). We assume that the assumptions 5.2 and 5.3 are
satisfied with Ap, = W, (R)

Then there is a display structure on Hy,., (X/W(R),Ox,wr)) for n < p,
where

Py = H"(X, N™W Qi r) = Hlbyo (X)W (R), Ty ()

PrROOF: The second equality is the filtered comparison theorem. If we had a
p-adic lifting Y/ Spf W (R), the theorem would follow from the last one because
W(R) — R is a frame. The slightly more general statement follows by the same
reasoning as the last theorem. Q.E.D.
We make the following conjecture:

CONJECTURE 5.8 Let R be a ring such that p is nilpotent in R. Let X/R

be a smooth projective scheme. Let us assume that the crystalline cohomology
groups HE. (X/W,(R)) are locally free W, (R)-modules for i > 0 and n > 1,

crys
and that the de Rham spectral sequence

EPY = HY(X, 0% ) = HP(X, Q)

degenerates.
Then the canonical predisplay structure on P, = H"(X,J\/mWQX/R) 18 a dis-
play structure.
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