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1 MODULAR VARIETIES OF ORTHOGONAL TYPE

Let L be an integral indefinite lattice of signature (2,n) and ( , ) the associated
bilinear form. By Dy we denote a connected component of the homogeneous
type IV complex domain of dimension n

Dy, ={[w] e A(L®C) | (w,w) =0, (w,w) > 0}".

O (L) is the index 2 subgroup of the integral orthogonal group O(L) that
leaves Dy, invariant. Any subgroup I' of OT (L) of finite index determines a
modular variety

Fr(T)=T\Dr.
By [BB] this is a quasi-projective variety.
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For some special lattices L and subgroups I' < OT(L) one obtains in this
way the moduli spaces of polarised abelian or Kummer surfaces (n = 3, see
[GH]), the moduli space of Enriques surfaces (n = 10, see [BHPV]), and the
moduli spaces of polarised or lattice-polarised K3 surfaces (0 < n < 19, see
[Nik1, Dol]). Other interesting modular varieties of orthogonal type include
the period domains of irreducible symplectic manifolds: see [GHS3].

It is natural to ask about the birational type of F.(I"). For many classical
moduli spaces of orthogonal type there are results about the Kodaira dimension,
but nothing is known in the case of dimension greater than 19. In this paper we
obtain the first results in this direction. We determine the Kodaira dimension
of many quasi-projective varieties associated with two series of even lattices.
To explain what these varieties are, we first introduce the stable orthogonal
group O(L) of a nondegenerate even lattice L. This is defined (see [Nik2] for
more details) to be the subgroup of O(L) which acts trivially on the discrim-
inant group Ar, = LY/L, where LY is the dual lattice. If I' < O(L) then we
write I' = ' N O(L). Note that if L is unimodular then O(L) = O(L).

The first series of varieties we want to study, which we call the modular varieties
of unimodular type, is

]:I(}n) = O+(II2,8m+2)\DII2,Sm+2' (1)

F I(}n) is of dimension 8m + 2 and arises from the even unimodular lattice of
signature (2,8m + 2)

IIQ,Sm—i—Q =2U D mEg(—l),

where U denotes the hyperbolic plane and FEs(—1) is the negative definite
lattice associated to the root system Eg. The variety F 1(? is the moduli space
of elliptically fibred K3 surfaces with a section (see e.g. [CM, Section 2]). The
case m = 3 is of particular interest: it arises in the context of the fake Monster
Lie algebra [B1].

The second series, which we call the modular varieties of K3 type, is

+ - (m
(LSNP (2)

Fp =6
.7:2(;”) is of dimension 8m + 3 and arises from the lattice

LS = 2U @ mEs(—1) @ (—2d),

where (—2d) denotes a lattice generated by a vector of square —2d.

The first three members of the series fQ(ZL) have interpretations as moduli

spaces. }“2((21) is the moduli space of polarised K3 surfaces of degree 2d. For

m = 1 the 11-dimensional variety ]-"2(;) is the moduli space of lattice-polarised
K3 surfaces, where the polarisation is defined by the hyperbolic lattice (2d) ®
Es(—1) (see [Nik1, Dol]). For m = 0 and d prime the 3-fold 7. is the moduli

space of polarised Kummer surfaces (see [GH]).
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THEOREM 1.1 The modular varieties of unimodular and K3 type are varieties
of general type if m and d are sufficiently large. More precisely:

(i) If m > 5 then the modular varieties F;;" and F,,;  (for any d > 1) are
of general type.

(ii) For m = 4 the varieties ]-"2(3) are of general type if d > 3 and d # 4.

(iii) For m = 3 the varieties ]—"2(3) are of general type if d > 1346.

(iv) For m =1 the varieties ]-"2(;) are of general type if d > 1537488.

REMARK. The methods of this paper are also applicable if m = 2. Using them,
(2)

one can show that the moduli space .7:22 of polarised K3 surfaces of degree 2d
is of general type if d > 231000. This case was studied in [GHS2], where, using
a different method involving special pull-backs of the Borcherds automorphic
form @15 on the domain Dy, ,,, we proved that .7-'2(3) is of general type if d > 61
or d = 46, 50, 54, 57, 58, 60.

The methods of [GHS2] do not appear to be applicable in the other cases
studied here. Instead, the proof of Theorem 1.1 depends on the existence of a
good toroidal compactification of Fr,(I'), which was proved in [GHS2], and on
the exact formula for the Hirzebruch-Mumford volume of the orthogonal group
found in [GHS1].

We shall construct pluricanonical forms on a suitable compactification of the
modular variety F7,(I') by means of modular forms. Let ' < O"(L) be a
subgroup of finite index, which naturally acts on the affine cone D} over Dy,.
In what follows we assume that dim Dy, > 3.

DEFINITION 1.2 A modular form of weight k and character x: I' — C* with
respect to the group I' is a holomorphic function

F: Dz — C
which has the two properties
F(tz) = t7*F(z) VteCr,
F(g(z)) = x(9F(z) VgeT.

The space of modular forms is denoted by My (T, x). The space of cusp forms,
i.e. modular forms vanishing on the boundary of the Baily—Borel compactifi-
cation of I'\Dy, is denoted by Sk(T', x). We can reformulate the definition of
modular forms in geometric terms. Let F € My, (T, det”) be a modular form,
where n is the dimension of Dy,. Then

F(dzZ)* € HY(Fp()°, Q%F),

where dZ is a holomorphic volume form on Dyp, 2 is the sheaf of germs of
canonical n-forms on Fr(I') and Fr(I')° is the open smooth part of Fr(I")
such that the projection 7 : Dy, — I'\Dy, is unramified over Fp,(I')°.
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The main question in the proof of Theorem 1.1 is how to extend the form
F(dZ)* to FL(T) and to a suitable toroidal compactification F,(I')**. There
are three possible kinds of obstruction to this, which we call (as in [GHS2])
elliptic, reflective and cusp obstructions. Elliptic obstructions arise if Fp,(T")t*
has non-canonical singularities arising from fixed loci of the action of the group
I'. Reflective obstructions arise because the projection 7 is branched along
divisors whose general point is smooth in F,(I"). Cusp obstructions arise when
we extend the form from Fr(T") to Fr(I')".

The problem of elliptic obstructions was solved for n > 9 in [GHS2].

THEOREM 1.3 ([GHS2, Theorem 2.1]) Let L be a lattice of signature (2,n)
withn > 9, and let I' < O (L) be a subgroup of finite index. Then there exists
a toroidal compactification Fr,(T')*" of Fr(T') = I'\Dy, such that Fp(T')%*" has
canonical singularities and there are no branch divisors in the boundary. The
branch divisors in Fr,(T") arise from the fixed divisors of reflections.

Reflective obstructions, that is branch divisors, are a special problem related
to the orthogonal group. They do not appear in the case of moduli spaces
of polarised abelian varieties of dimension greater than 2, where the modular
group is the symplectic group. There are no quasi-reflections in the symplectic
group even for g = 3.

The branch divisor is defined by special reflective vectors in the lattice L. This
description is given in §2. To estimate the reflective obstructions we use the
Hirzebruch-Mumford proportionality principle and the exact formula for the
Hirzebruch-Mumford volume of the orthogonal group found in [GHS1]. We do
the numerical estimation in §4.

We treat the cusp obstructions in §3, using special cusp forms of low weight
(the lifting of Jacobi forms) constructed in [G2] and the low-weight cusp form
trick (see [G2] and [GHS2)).

2 THE BRANCH DIVISORS

To estimate the obstruction to extending pluricanonical forms to a smooth

+
projective model of (O (L)) we have to determine the branch divisors of
the projection

~+ ~+
W:DLH.?L(O (L)):O (L)\DL (3)
According to [GHS2, Corollary 2.13] these divisors are defined by reflections

o, € O1(L), where
2(l,7)

(ryr)

coming from vectors r € L with 2 < 0 that are stably reflective: by this we

o-(l)=1-

~+
mean that r is primitive and o, or —o, isin O (L). By a (k)-vector for k € Z
we mean a primitive vector r with r? = k.
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Let D be the exponent of the finite abelian group Ay and let the divisor
div(r) of r € L be the positive generator of the ideal (I,L). We note that
r* =r/div(r) is a primitive vector in LY. In [GHS2, Propositions 3.1-3.2] we
proved the following.

LEMMA 2.1 Let L be an even integral lattice of signature (2,n). If o, € C~)+(L)
then r? = —2. If —0, € 6+(L), then r? = —2D and div(r) = D = 1 mod 2 or
r? = —D and div(r) = D or D/2.

We need also the following well-known property of the stable orthogonal group.

LEMMA 2.2 For any sublattice M of an even lattice L the group 6(M) can be
considered as a subgroup of O(L).

Proof. Let M+ be the orthogonal complement of M in L. We have as usual
MaeM*+*cLcLYcM @M.

We can extend g € 6(M) to M @& M~ by putting g|,,. = id. It is clear that
g € O(M @& M%), For any IV € LV we have g(IV) € IV + (M @ M*). In
particular, g(I) € L for any [ € L and g € O(L). O

We can describe the components of the branch locus in terms of homogeneous
domains. For r a stably reflective vector in L we put

Hy ={lw] e P(L©C) | (w,r) =0},

and let A/ be the union of all hyperplane sections H, N Dy, over all stably
reflective vectors r.

PROPOSITION 2.3 Let r € L be a stably reflective vector: suppose that r and
L do not satisfy D = 4, r> = —4, div(r) = 2. Let K, be the orthogonal
complement of r in L. Then the associated component w(H, N D) of the

branch locus N is of the form 6+(Kr)\DKT.
Proof. We have H, N Dy, = P(K,) NDy, = Dkg,. Let
~+
Ik, ={p e O (L) ] p(K;) = K;}. (4)

Ik, maps to a subgroup of OF(K,). The inclusion of O(K,) in O(L)
(Lemma 2.2) preserves the spinor norm (see [GHS1, §3.1]), because K, has
signature (2,n — 1) and so (N)JF(KT) becomes a subgroup of (~)+(L).

+
Therefore the image of I'k, contains O (K,) for any r. Now we prove that

this image coincides with 6+(KT) for all r, except perhaps if D = 4, r? = —4
and div(r) = 2.
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Let us consider the inclusions
(MeK.cLcLVc({) aK).
By standard arguments (see [GHS2, Proposition 3.6]) we see that

|det L| - |r?|
div(r)?

2|
= L: K, = =1 2.
| det K| and [L: (r)® K,] T () or

If the index is 1, then it is clear that the image of ', is C~)+(KT). Let us
assume that the index is equal to 2. In this case the lattice (r)" is generated
by r¥ = —r/(r,r) = r*/2, where r* = r/ div(r) is a primitive vector in LY. In
particular 7V represents a non-trivial class in ()" @ KY modulo LY. Let us
take kY € KV such that k¥ ¢ LY. Then k¥ +r¥ € LV and

kY)Y = kY =rY —p(rY) mod L.
We note that if ¢ € Tk, then ¢(r) = £r. Hence

S(RY) — kY = 0 mod L ife(r)=r
|7 mod L if o(r) =—r

Since p(r*) = r* mod L, we cannot have ¢(r) = —r unless div(r) = 1 or 2.
Therefore we have proved that o(kV) = kY mod K, (K, = KY N L), except
possibly if D =4, 2 = —4, div(r) = 2. O

~+
The group O (L) acts on N. We need to estimate the number of components

of 6+(L) \ M. This will enable us to estimate the reflective obstructions to
extending pluricanonical forms which arise from these branch loci.

For the even unimodular lattice I g, 42 any primitive vector r has div(r) = 1.
Consequently r is stably reflective if and only if 72 = —2.

For Lg:) the reflections and the corresponding branch divisors arise in two
different ways, according to Lemma 2.1. We shall classify the orbits of such
vectors.

PROPOSITION 2.4 Suppose d is a positive integer.

(i) Any two (—2)-vectors in the lattice Il gm+o are equivalent modulo
O™ (I138m+2), and the orthogonal complement of a (—2)-vector r is iso-
metric to )

K =UemEs(-1) @ (2).

(ii) There is one (~)+(Lé7;))—orb1't of (—2)-vectors r in L with div(r) = 1. If

d = 1 mod 4 then there is a second orbit of (—2)-vectors, with div(r) = 2.
The orthogonal complement of a (—2)-vector r in Lg;) is isometric to

K5 = U @ mEs(~1) @ (2) @ (~2d),
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if div(r) = 1, and to
m 1 2
N2<d>:U@mE8(—1)@(1_d 1),

if div(r) = 2.
)

iii) The orthogonal complement of a (—2d)-vector r in L™ is isometric to
g 2d

112,87”_1’_2 =2U (&) mEg(—l)
if div(r) = 2d, and to
K\™ =UemEs(—1)® ()@ (=2) or Thsmes =UBU(2)@mEs(—1)
if div(r) = d.

(iv) Suppose d > 1. The number of (N)(Lg;))—orbits of (—2d)-vectors with
div(r) = 2d is 2/Y. The number ofCN)(LéT;))—orbits of (—2d)-vectors with
div(r) =d is

2r(d) ifd is odd or d =4 mod §;
2°(d+1if § =0 mod &;
20()=1if d=2 mod 4.

Here p(d) is the number of prime divisors of d.

Proof. 1If the lattice L contains two hyperbolic planes then according to the

well-known result of Eichler (see [E, §10]) the 0" (L)-orbit of a primitive vector
1 € L is completely defined by two invariants: by its length (I,1) and by its
image {* + L in the discriminant group Ay, where [* =1/ div(l).

i) If w is a primitive vector of an even unimodular lattice I3 g2 then div(u) =
1 and there is only one O(IIz gm+2)-orbit of (—2)-vectors. Therefore we can
take r to be a (—2)-vector in U, and the form of the orthogonal complement is
obvious.

ii) In the lattice Lg;) we fix a generator h of its (—2d)-part. Then for any

r e Lg;) we can write r = u 4 xh, where u € Il gm0 and @ € Z. It is clear
that div(r) divides 2. If f|div(r), where f = 2, d or 2d, then the vector u
is also divisible by f. Therefore the (—2)-vectors form two possible orbits of
vectors with divisor equal to 1 or 2. If 72 = —2 and div(r) = 2 then u = 2ug
with ug € 2U @mEs(—1) and we see that in this case d =1 mod 4. This gives
us two different orbits for such d. In both cases we can find a (—2)-vector r
in the sublattice U @ (—2d). Elementary calculation gives us the orthogonal
complement of r.

iii) This was proved in [GHS2, Proposition 3.6] for m = 2. For general m the
proof is the same.
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iv) To find the number of orbits of (—2d)-vectors we have to consider two cases.
a) Let div(r) = 2d. Then r = 2du + zh and r* = (x/2d)h mod L, where u €
II5 8m+2 and z is modulo 2d. Moreover (r,7) = 4d?(u,u) — 2*2d = —2d. Thus
22 =1 mod 4d. This congruence has 2°(9) solutions modulo 2d. For any such
x mod 2d we can find a vector u in 2U & mEg(—1) with (u,u) = (z* —1)/2d.
Then r = 2du + xh is primitive (because u is not divisible by any divisor of x)
and (r,r) = —2d.

b) Let div(r) = d. Then r = du+xh, where u is primitive, r* = (z/d)h mod L
and z is modulo d. We have (r*,7*) = —222/d mod 2Z and 2?> = 1 mod d.
For any solution modulo d we can find as above u € 2U & mFEs(—1) such that
r = du + xh is primitive and (r,r) = —2d. It is easy to see that the number of
solutions {x mod d|2? =1 mod d} is as stated. O

REMARK. To calculate the number of the branch divisors arising from vectors
r with 72 = —2d one has to divide the corresponding number of orbits found
in Proposition 2.4(iv) by 2 if d > 2. This is because +r determine different
orbits but the same branch divisor. For d = 2 the proof shows that there is
one divisor for each orbit given in Proposition 2.4(iv).

3 MODULAR FORMS OF LOW WEIGHT

In this section we let L = 2U @ Lo be an even lattice of signature (2, n) with
two hyperbolic planes. We choose a primitive isotropic vector ¢; in L. This
vector determines a O-dimensional cusp and a tube realisation of the domain
Dr. The tube domain (see the definition of H(L;) below) is a complexification
of the positive cone of the hyperbolic lattice L; = ci /c1. If div(c;) = 1 we call
this cusp standard (as above, by [E] there is only one standard cusp). In this
case L1 = U @ Lg. In [GHS2, §4] we proved that any 1-dimensional boundary

component of 6+(L) \ DL, contains the standard 0-dimensional cusp if every
isotropic (with respect to the discriminant form: see [Nik2, §1.3]) subgroup of
Ay is cyclic.

Let us fix a 1-dimensional cusp by choosing two copies of U in L. (One has
to add to ¢; a primitive isotropic vector co € Lj with div(cz) = 1). Then
L=U® L, =U& (U & Ly) and the construction of the tube domain may be
written down simply in coordinates. We have

H(L1) =Hyp ={Z = (2n,...,21) €EHy x C"? x Hy; (Im Z,Im Z), > 0},

where Z € L1 ® C and (z,,—1,...,22) € Lo ® C. (We represent Z as a column
vector.) An isomorphism between H,, and Dy, is given by

p:H, — 7Dg (5)
1
Z = (2ny...,21) +— (— E(Z’Z)Ll TZp iz 1).
The action of O (L ® R) on H,, is given by the usual fractional linear transfor-
mations. A calculation shows that the Jacobian of the transformation of H,,
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defined by g € OT (L ® R) is equal to det(g)j(g, Z)~", where j(g, Z) is the last
((n+2)-nd) coordinate of g(p(Z)) € Dr. Using this we define the automorphic
factor

J: OT(L®R) x Hpe — C*
(9.2) + (detg)™"-j(g,2)".
The connection with pluricanonical forms is the following. Consider the form
dZ =dz N+ Ndzp € Q" (Hy).
F(dZ)* is a T-invariant k-fold pluricanonical form on H,, for I' a subgroup
of finite index of O (L), if F(g(Z)) = J(g,Z)*F(Z) for any g € T; in other
words if F' € M,;(T,det”) (see Definition 1.2). To prove Theorem 1.1 we need

cusp forms of weight smaller than the dimension of the corresponding modular
variety.

ProrosITION 3.1 For unimodular type, cusp forms of weight 12 + 4m exist:
that is

dim 512+4m(0+(ll2,8m+2)) > 0.

For K3 type we have the bounds

dim S1144m (0 (LS™)) > 0 if d>1;

dim S044, (0 (LG)) > 0 if d> 13

dim Sy am (0 (LS™M)) > 0 if d > 4;

dim Sg44m (O (LS™)) > 0 if d=3 or d > 5
dim Ss44m (0 (LS™)) > 0 if d=5 or d>T,
dim Sy am (0 (LS™)) > 0 if d > 180.

Proof. For any F(Z) € Mk(6+(L)) we can consider its Fourier-Jacobi expan-

sion at the 1-dimensional cusp fixed above

F(Z) = fo(z1) + Z fm(21; 225« - 2n—1) exp(2mimzy, ).

m>1

A lifting construction of modular forms F(Z) € Mk(6+(L)) with trivial char-
acter by means of the first Fourier—Jacobi coefficient is given in [G1], [G2].
We note that f1(z1;22,...,2n-1) € Ji1(Lo), where Ji1(Lo) is the space of
the Jacobi forms of weight k& and index 1. A more general construction of the
additive lifting was given in [B2] but for our purpose the construction of [G2]
is sufficient.
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The dimension of Jj 1(Lo) depends only on the discriminant form and the rank
of Ly (see [G2, Lemma 2.4]). In particular, for the special cases of L = I3 g2

and L = Lg;) we have
Jitim.a (mEs(—1)) = Sx(SLa(Z))

and
Jietima(mEs(=1) ® (=2d)) = J}°,

where J.'J¥ is the space of the usual Jacobi cusp forms in two variables of

weight & and index d (see [EZ]) and Si(SLa(Z)) is the space of weight k cusp
forms for SLo(Z).

The lifting of a Jacobi cusp form of index one is a cusp form of the same weight
with respect to OF (112 gm12) or C~)+(Lg§)) with trivial character. The fact
that we get a cusp form was proved in [G2] for maximal lattices, i.e., if d is
square-free. In [GHS2, §4] we extended this to all lattices L for which the
isotropic subgroups of the discriminant Ay are all cyclic, which is true in all
cases considered here.

To prove the unimodular type case of Proposition 3.1 we can take the Jacobi
form corresponding to the cusp form Aj2(7). Using the Jacobi lifting construc-
tion we obtain a cusp form of weight 12 + 4m with respect to O (I3 gm+2).
For the K3 type case we need the dimension formula for the space of Jacobi
cusp forms Ji';" (see [EZ]). For a positive integer I one sets

| L] if 1 # 2 mod 12
{ihe =
5] -1 ifl=2mod 12.

Then if £ > 2 is even
d ;2
. cusp __ . |
dlka’d §<{k+2]}12 {4dJ>7

and if k£ is odd
d—1

2
dim J,/7P = Z ({kz — 1425} — {i—dJ) :

Jj=1

This gives the bounds claimed. For k = 2, using the results of [SZ] one can
also calculate dim J3'3": there is an extra term, [00(d)/2], where oo(d) denotes
the number of divisors of d. This gives dim J;";” > 0 if d > 180 and for some
smaller values of d. 7 O

4 KODAIRA DIMENSION RESULTS

In this section we prove Theorem 1.1. We first explain the geometric back-
ground. Let FL(I')*" be a toroidal compactification as in Theorem 1.3. In
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particular all singularities are canonical and there is no ramification divisor
which is contained in the boundary. Then the canonical divisor (as a Q-divisor)
is given by Kz, (ryter = nM —V — D where M is the line bundle of modular
forms of weight 1, n is the dimension of F,(I"), V is the branch locus (which is
given by reflections) and D is the boundary. Hence in order to construct k-fold
pluricanonical forms we must find modular forms of weight kn which vanish
of order k along the branch divisor and the boundary. This also suffices since
Fr(T')¥r has canonical singularities.

Our strategy is the following. For I' C o (L) we choose a cusp form F,, € S, (T")
of low weight a, i.e. a strictly less than the dimension. Then we consider ele-
ments I’ € Fka(n_a) (T, detk): for simplicity we assume that k is even. Such
an I’ vanishes to order at least k on the boundary of any toroidal compactifi-
cation. Hence if dZ is the volume element on Dy, defined in §3 it follows that
F(dZ)* extends as a k-fold pluricanonical form to the general point of every
boundary component of F,(I')*". Since we have chosen the toroidal compact-
ification so that all singularities are canonical and that there is no ramification
divisor which is contained in the boundary the only obstructions to extending
F(dZ)* to a smooth projective model are the reflective obstructions, coming
from the ramification divisor of the quotient map m: Dy, — Fr(I') studied in
§2.

Let Dk be an irreducible component of this ramification divisor. Recall from
Proposition 2.3 that Dg = P(K ® C) N Dy, where K = K, is the orthogonal
complement of a stably reflective vector r. For the lattices chosen in The-
orem 1.1 all irreducible components of the ramification divisor are given in
Proposition 2.4.

PRrROPOSITION 4.1 We assume that k is even and that the dimension n > 9.

For T' C 6+(L), the obstruction to extending forms F(dZ)* where F €
F¥My(n—a)(T') to Fr(I)*" lies in the space

k/2—1 N
B:@B(K) :@ @ Mk(n—a)+2u(rﬁo+(K>)a
K K v=0

where the direct sum is taken over all irreducible components Dy of the rami-
fication divisor of the quotient map w: Dy, — F(T').

Proof. Let 0 € I' be plus or minus a reflection whose fixed point locus is Dk
We can extend the differential form provided that F' vanishes of order k along
every irreducible component Dy of the ramification divisor.

If F,, vanishes along Dx then K gives no restriction on the second factor of the
modular form F.

Now let {w = 0} be a local equation for Dg. Then o*(w) = —w (this is
independent of whether o or —o is the reflection). For every modular form
F € M(T) of even weight we have F(o(z)) = F(z). This implies that if
F(z) =0 on Dg, then F vanishes to even order on D.
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12 V. GRITSENKO, K. HULEK AND G. K. SANKARAN

We denote by Moy (I')(—vDr) the space of modular forms of weight 2b which
vanish of order at least v along Dg. Since the weight is even we have
Mgb(r)(—DK) = Mgb(l—‘)(—QDK) For F € Mgb(l—‘)(—QllDK) we consider
(F/w?) as a function on Dg. From the definition of modular form (Def-
inition 1.2) it follows that this function is holomorphic, I' N I'k-invariant
(see equation (4)) and homogeneous of degree 2b + 2v. Thus (F/w?")|p, €

My (p4.)(I'NT'k). In Proposition 2.3 we saw that, I'rc contains 6+(K) as sub-
group of 6+(L)(With equality in almost all cases), so we may replace ' N 'k

~+
by 'NO (K). In this way we obtain an exact sequence

~+
0— Mgb(r)(—(Q + 21/)DK) — Mgb(l—‘)(—QllDK) — MQ(H,,)(I‘ n O (K)),
where the last map is given by F +— F/w?”. This gives the result. O

Now we proceed with the proof of Theorem 1.1.

Let L be a lattice of signature (2,n) and I' < (~)+(L): recall that k is even.
According to Proposition 4.1 we can find pluricanonical differential forms on
Fr(T)tor if
Cp(T) = dim My(_q)(T) = Y _ dim B(K) > 0, (6)
K

where summation is taken over all irreducible components of the ramification
divisor (see the remark at the end of §2). It now remains to estimate the
dimension of B(K) for each of the finitely many components of the ramification
locus in the cases we are interested in, namely I' = O+(IIQ,8m+2) and I' =
0 (L)),

According to the Hirzebruch-Mumford proportionality principle

2
dim M () = — volya (DA™ + O(k™ ).
n.

The exact formula for the Hirzebruch-Mumford volume volg s for any indef-
inite orthogonal group was obtained in [GHS1]. It depends mainly on the
determinant and on the local densities of the lattice L. Here we simply quote
the estimates of the dimensions of certain spaces of cusp forms.

The case of 113 gy, 12 is easier because the branch divisor has only one irre-
ducible component defined by any (—2)-vector r. According to Proposition 2.4
the orthogonal complement K, is K}T) This lattice differs from the lattice
Lgm), whose Hirzebruch-Mumford volume was calculated in [GHS1, §3.5], only
by one copy of the hyperbolic plane. Therefore

~+ m ~+ m
volgar O (L™ = (Bsmaa/(8m + 4)) volga O (K™,

and hence, for even k,

21=4m By ... Bgm
2 8m+2 k8m+1+0(k8m),

. AT (m)yy
dlka(O (KH )) - (8m+1)!. (8m+2)!!
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where the B; are Bernoulli numbers. Assume that m > 3. Let us take a cusp
form

F e S4m+12(0+(112,8m+2))
from Proposition 3.1. In this case the dimension of the obstruction space B of
Proposition 4.1 for the pluricanonical forms of order k = 2k, is given by
k-1
> dim Mum—10s2(0" (K)) =
v=0
94m+2 . Bs... B8m+2 (( n 1
(8m+2)!  (8m 4+ 2)! 4m — 10
+O(K®m 1)

)8m+2 o 1)((47’77, _ 10)k1)8m+2

In [GHSI, §3.3] we computed the leading term of the dimension of the space
of modular forms for OF (/1 gm+2). Comparing these two we see that the
constant Cp (O™ (I2,8,+2)) in the obstruction inequality (6) is positive if and
only if

B4m+2

1 )8m+2 .
4m + 2

4m — 10

> (1+ 1. (7)

Moreover .7:](}”) is of general type if Cp(O" (I128m+2)) > 0. From Stirling’s

formula n
5v/mn(—)*" > |Ban| > 4y/mn(—)*". (8)

)
Using this estimate we easily obtain that (7) holds if m > 5. Therefore we have
proved Theorem 1.1 for the lattice 113 gm+2.

n
e

Next we consider the lattice Lg;) of K3 type. For this lattice the branch divisor

of fQ(T) is calculated in Proposition 2.4. It contains one or two (if d = 1 mod 4)
components defined by (—2)-vectors and some number of components defined
by (—2d)-vectors. To estimate the obstruction constant C'g(T") in (6) we use the
dimension formulae for the space of modular forms with respect to the group

~+ m
O (M), where M is one of the following lattices from Proposition 2.4: Léd)

(the main group); Ké;n) and NQ(ZI) (the (—2)-obstruction); M gm+2, Kém) and
T3 gm+2 (the (—2d)-obstruction). The corresponding dimension formulae were
found in [GHS1] (see §§3.5, 3.6.1-3.6.2, 3.3 and 3.4). The branch divisor of
(—2d)-type appears ounly if d > 1. We note that

VOlHM(6+(T27gm+2)) > VOIH]M(6+(K2(m))). (9)

Therefore in order to estimate Cp(T") we can assume that all (—2d)-divisors de-
fined by stably reflective (—2d)-vectors r with div(r) = d (see Proposition 2.4)
are of the type 15 gm+2.

We put k = 2k;, w = n —a and n = 8m + 3. For the obstruction constant in
(6) we obtain

~+ m . ~+ m
Cp(O7(LSM)) > dim Moy, (0 (L)) = B(_gy — B(_2a) (10)
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14 V. GRITSENKO, K. HULEK AND G. K. SANKARAN

where
B(_g) = dim B(K$}") + dim B(N{"),

B(_ag) = 2D (dim B(M2 gm+2) + 2" dim B(Th sm-2))

and B(K) is the obstruction space from Proposition 4.1. By hy we denote the
sum 0o q(s) — 02,4(4), where d(n) is d mod n and § is the Kronecker delta (see
Proposition 2.4 and the remark following it).

For any lattice considered above

klfl
. ~+
B(K) = Y dimMyg,uwin)(O (K))
v=0
28m+3

— me(éBer3)volHM(6+(K>)(k1w>8m+3 + Ok 2)

where E,,(8m + 3) = (1 + 1)8m+3,
All terms in (10) contain a common factor. First

~+ m w B m m
dim Mo, (07 (25)) = Ol | g Vi + O™, (1)
where
k1,’w
Cm,d =

24m+1+51,d |B2 )

.. Bgmyo| | Bam2| gim+d H(l ) ()83

Bm+3)! Bm+2)! 4m+2 o

We note that 24’”*1% = 7~ UmFIT (dm + 2)¢(4m + 2).

From [GHS1, (16)] it follows that

~+ m
vl (0 (K3;") =
By...B 3 4d
61,a—04,a(8) 22 8m+2 jam+3 _—(4m+2) ad
2 Smt ol d T T'(4m + 2)L(4m + 2, ( - ))

)

We can use the formula for the volume of NQ((T in the following form:

+, (m
volar (07 (NS)) =

1481, q—(8m+4) j4m+3 Bs. .. BSm+2 —(4m+2) é
2 d 27(8771—1—2)!! T T(4m + 2)L(4m + 2, <* )

(see [GHS1, 3.6.2]). It follows that

B(_g) = C,’;{g“Ew (8m+3)(28m+3 7944 Py (4m +2) + Py (4m +2)) + O(k§™T?)

DOCUMENTA MATHEMATICA 13 (2008) 1-19
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where (4d)
L(”? * ) 1—p™
Py (n) = (1 —27™)%.a *
R e
and J
L(n, (% 1—p™
Py (n) = ( (*))H p,n-
L(n,x0.a) ;g 1 +P

Here X0,y denotes the principal Dirichlet character modulo f.
We note that |Px(n)| < 1 and |Py(n)| <1 for any d. We conclude that

B(_2) < CRlP Ey(8m+ 3)b(_s)

where b(_g) = 28m+3 —1.
The (—2d)-contribution is calculated according to [GHS1, 3.3-3.4]. We note

that C~)+(T2,8m+2) is a subgroup of 6+(M27gm+2). We obtain
B(_Qd) S Cfnl;dwEw (8m + 3)b(—2d)

where for d > 2

4m++
b 7 2p(d) é 2 4(2hd(1 + 2—(4m+2) _ 2—(8m+3)) + 2—(8m+3))
=20 =75 \4d '

~+
As a result we see that that the obstruction constant Cp(O (Lg;))) is positive
if

w B m
) — ‘ﬂ B (8 + 3) (b + b(_2a)) < V.

B8m+4
Using (8) we get
B4m+2 5 me Am+2 1
Bgmya| — 4v2 \2m+1 28m+d”

For m > 5 we choose a cusp form F, of weight a = 4m + 10, i.e. we take
w = 4m — 7 in Proposition 4.1. Such a cusp form exists for all d > 1 by
Proposition 3.1. Using the fact that 3_s4) < B(_4) for any d > 2 and the value

b—a) = 24m+5  we see that

1 [E—
ﬂm,d < ( + A — 7) 8\/5 2m+ 1 28’m+3 5

which is smaller than 1 if m > 5. This proves Theorem 1.1 for m > 5.
For m = 4 there exists a cusp form F, of weight 4m + 6 if d # 1,2,4, i.e. we
take w = 4m — 3. To see that 54(1,15) < Vv/d we need check this only for d = 3
because b(_a4) < b(_g) for d > 3. One can do it by direct calculation.

(4m—7) L \sm+3_9 ( . >4m+2 258 4 94mt 41
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For m < 3 we choose F, of weight 4m + 2, i.e. we take w = 4m + 1. Such

a cusp form exists if d > 180 according to Proposition 3.1. For such d we see
~+ m . ey .

that B(_s4) < 1. Then the obstruction constant C'p(O (Léd))) is positive if

1

4m + 1)8m+3(28m+3 + 2) < \/E

’ Bam+2

BSm+2

This inequality gives us the bound on d in Theorem 1.1.
This completes the proof of Theorem 1.1.

In the proof of Theorem 1.1 above we have seen that the (—2)-part of the branch
divisor forms the most important reflective obstruction to the extension of the
~+

0 (Lg‘y))—invariant differential forms to a smooth compact model of ]—"2(;"). Let

us consider the double covering SF g;) of fQ(ZL) for d > 1 determined by the
special orthogonal group:

m AT m m
S‘Féd) =50 (Léd))\DLng —’]:Q(d)-

Here the branch divisor does not contain the (—2)-part. Theorem 4.2 below
shows that there are only five exceptional varieties 8.7-'2(;”) with m > 0 and
d > 1 that are possibly not of general type.

The variety S}“Q(j) can be interpreted as the moduli space of K3 surfaces of

degree 2d with spin structure: see [GHS2, §5]. The three-fold S}“Q(g) is the
moduli space of (1, t)-polarised abelian surfaces.

THEOREM 4.2 The variety S}“g;) is of general type for any d > 1 if m > 3. If

m = 2 then sz(j) is of general type if d > 3. If m =1 then S]-"Q(;) is of general
typeifd=5ord>T.

Proof. The case m = 2 is [GHS2, Theorem 5.1], and the result for m > 5 is
immediate from Theorem 1.1. For m = 1, 3 and 4 we can prove more than
what follows from Theorem 1.1.

The branch divisor of SF g;) is defined by the reflections in vectors r € Lg;)

such that —o, € SA6+(LS:)), because the rank of Lg;) is odd. Therefore
r? = —2d, by Proposition 2.1.

AT m . .
If F € Map41(SO (Lgd))) is a modular form (note that the character det is
trivial), d > 1 and z € Dz(m) is such that (z,7) = 0, then
2d

F(z) = F(=0,(2)) = F(=2) = (=1)**'F(2).

Therefore any modular form of odd weight for SA6+(LS;I)) vanishes on the
branch divisor.
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To apply the low-weight cusp form trick used in the proof of Theorem 1.1
one needs a cusp form of weight smaller than dimS}'g;) = 8n + 3. By
Proposition 3.1 there exists a cusp form Fiiyam € Su+4m(SA6+(LgZI))). For
m > 3 we have that 11 4+ 4m < 8m + 3. Therefore the differential forms
Ff1+4mF(4m,8)k(dZ)k, for arbitrary F4,—s)y, € M(4m,8)k(SA6+(LgZI))), ex-

tend to the toroidal compactification of S]-"g;) constructed in Theorem 1.3.

This proves the cases m > 3 of the theorem.

~+
For the case m = 1 we use a cusp form of weight 9 with respect to SO (Léz))

constructed in Proposition 3.1. O

We can obtain some information also for some of the remaining cases.

PROPOSITION 4.3 The spaces Sfél) and Sfl(%) have non-negative Kodaira di-
mension.

Proof. By Proposition 3.1 there are cusp forms of weight 11 for SA6+(Lé1))
and §()+(L§12)). The weight of these forms is equal to the dimension. By the
well-known observation of Freitag [F, Hilfssatz 2.1, Kap. III] these cusp forms
determine canonical differential forms on the 11-dimensional varieties S]:s(l)
and SF). O

These varieties may perhaps have intermediate Kodaira dimension as it seems
possible that a reflective modular form of canonical weight exists for Lél) and
LY.

In [GHS2] we used pull-backs of the Borcherds modular form ®15 on Dy, , to
show that many moduli spaces of K3 surfaces are of general type. We can also
use Borcherds products to prove results in the opposite direction.

THEOREM 4.4 The Kodaira dimension of]-'l(}n) is —oo for m =0, 1 and 2.

Proof. For m = 0 we can see immediately that the quotient is rational: a
straightforward calculation gives that F 1(?) = T'\H; x H; where Hj is the usual
upper half plane and T is the degree 2 extension of SL(2,Z) x SL(2,Z) by the
involution which interchanges the two factors. Compactifying this, we obtain
the projective plane Ps.

For m = 1, 2 we argue differently. There are modular forms similar to ®15 for
the even unimodular lattices Ils 19 and Ils13. They are Borcherds products
Do50 and P1o7 of weights 252 and 127 respectively, defined by the automorphic
functions

A(T) N ) By (1) = ¢+ 5044 ¢(...)

and
A(T)HT)Ey(1) = ¢ + 254+ q(...),
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18 V. GRITSENKO, K. HULEK AND G. K. SANKARAN

where ¢ = exp(2miT) and A(7) and E4(7) are the Ramanujan delta function
and the Eisenstein series of weight 4 (see [B1]). The divisors of ®a50 and $197
coincide with the branch divisors of f}}) and fﬁ) defined by the (—2)-vectors.
Moreover ®o55 and P17 each vanishes with order one along the respective divi-
sor. Therefore if Fiox(dZ)* (or Fig,(dZ)) defines a pluricanonical differential
form on a smooth model of a toroidal compactification of fl(}) or }‘ﬁ), then
Fior (or Fig) is divisible by ®&., (or ®F,.), since Fio or Fig, must vanish
to order at least k along the branch divisor. This is not possible, because the
quotient would be a holomorphic modular form of negative weight. O
We have already remarked that the space F 1(? is the moduli space of K3 sur-
faces with an elliptic fibration with a section. Using the Weierstrass equations
it is then clear that this moduli space is unirational (such K3 surfaces are
parametrised by a linear system in the weighted projective space P(4,6,1,1)).
In fact it is even rational: see [Le].
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