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1 INTRODUCTION

Supersymmetric matrix models derive from superstring theory which ultimately
aims at a quantum field theoretic model of all known forces, including gravity.
Some of the basic mathematical properties of supersymmetric matrix models
are still open and pose a challenge to mathematics.

One of the key properties of supersymmetric matrix models - often assumed
for granted in physics, but difficult to prove mathematically - is the existence
of a ground state. lLe., the self-adjoint and nonnegative Hamiltonian opera-
tor H = H* > 0 specifying the supersymmetric matrix model under consid-
eration is assumed to have an eigenvalue at 0, the bottom of its spectrum.
Since its spectrum is purely essential and covers the entire positive half axis,
o(H) = [0,00) (see [3, 11]), the existence of zero-energy eigenstates, i.e., the
non-triviality Ker(H) # 0 of the zero-energy subspace, is not a consequence of
standard methods of regular perturbation theory.

The Hamiltonian H acts on (an appropriate dense domain in) the Hilbert space

H = L*(R4N 2_1)) ® F of square-integrable functions of coordinate variables
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x = (%14)tep, aen With values in the fermion Fock space F spanned by vectors
of the form )\LhAl "'Alk,Ak|O>v where {)\LA}QG&AGN are standard fermion
creation operators, and |0) is the vacuum vector. The index ranges are denoted
by D:={1,2,...,d}, N :={1,2,...,N?>—1},and S := {1,2,...,d—1}. Note
that dim¢ F = 2 d-1(N*=1)

On H, the Hamiltonian assumes the form

H=-A®1+V(z)®1+ Hp, (1)

(N%-1)

where A, is the Laplacian on R¢ The potential V' is a homogenous,

quartic polynomial in the coordinates x,

1
V(z) = 3 fasc fapcr Tsp Tie Tspr Trcr, (2)

with (fABC)A,B,CeN being real, antisymmetric structure constants of SU(N)
and using Einstein’s summation convention (i.e., repeated indices are summed
over). The operator Hp, the fermionic part of the Hamiltonian, is linear in z,
but quadratic in the fermion creation operators )\L 4 and their adjoints A 4, =

()\L 4)", the fermion annihilation operators,

d—2
Hr = faBc { - 21’( > mic Fg,ﬁ) Aadss (3)
t=1
+ (:Cdfl,C + ’L'IL'd_’C) )‘LA )‘LB - (SCdeC - ’L'IZ?d_’C) )\aA AaB}’

where (I'*)%=2 are purely imaginary, antisymmetric (d — 1) x (d — 1) matrices
that represent the Clifford algebra {I'*, T} = 2§ - 1a—1)x(d—1), With s,t €
{1,2,...,d— 2} and d € {2,3,5,9}.

The Hamiltonian H commutes with the generators {Ja}aen of su(NV), where
Ja = _71 fABC(Q‘TSBasc+)\LB)\O¢C+)\O¢C)\LB) and O,c = %, and the ground
state sought for is required to be SU(N)-invariant. That is, the spectral analy-
sis of H is carried out on the subspace Ho = [ 4o Ker(J4) € H. On Ho, the
Hamiltonian H arises as the restriction of the square of supercharges (Q3)ges-
These supercharges are selfadjoint (matrix-valued, first-order partial differen-
tial) operators on H, which we don’t describe here in detail, but we note that
the Hamiltonian H |3,= Q% 11,> 0, is manifestly nonnegative on Hp.

Two main difficulties arise in the analysis of H:

(a) The quartic potential V' has many vanishing directions. E.g., given
€= (ea)aen € RN*-1 and denoting Z; = (z1a)acnr, the potential V(z) van-
ishes on all hyperplanes M(é) = {z |Vt € D : % € Ré}. So, even though
the potential V' grows to lim, .. V(nz) = oo, for almost all z € Rd(NZ*U,
this growth at infinity is not confining enough for H to have purely discrete
spectrum, as shown in [3].
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(b) The fermionic part Hp of the Hamiltonian is indefinite, so it doesn’t con-
tribute an obviously confining term to —A+V(z). Yet, their sum H restricted
to Hyp is nonnegative and is expected to yield a zero eigenvalue at the bottom
of its spectrum, for d = 9. In contrast, if d = 2 and N = 2 then zero is not an
eigenvalue of H, as was shown in [5].

A lot of effort was put into the question of existence of zero-energy states in
these SU(N)-invariant supersymmetric matrix models given by H 14,,. The
original formulation uses Clifford variables {©s,4};c5 gen 1046.4,05 g} =
dg 35 Ap rather than fermion creation and annihilation operators employed here,

where 8 := {1,2,...,2(d — 1)} and the relation between Clifford variables and
the fermion creation and annihilation operators is the standard one, ©,, 4 :=

T (Aa+Aaa) and Oara-1,a = F (A4 —A,4), foralla € Sand A € V. In

terms of these Clifford variables, the Hamiltonian reads H = [-A, 4+ V(z)] ®
1+ Hp, where B
Hp = ifapctic, 506405, (4)

and (7!)¢ep are real, symmetric 2(d — 1) x 2(d — 1) matrices given by

s 0 It s (01 o (1 0
vo= ( —il—‘t 0 ’ voi= 1 0 ) Y= 0 -1 ) (5)

with t =1,2,...,d — 2 [6]. The matrices (y*);ep form a real representation of
the Clifford algebra {v*,7'} = 244 - 1, with s,¢ € D, of minimal dimension,
provided d = 2, 3,5,9. B B

The reason for recalling the form H of the Hamiltonian is that H is manifestly
Spin(d)-invariant. The fermion creation and annihilation operators leading to
(3) correspond to the particular choice (5) of (v'):ep. In attempts to construct
a ground state explicitly [9], fermion creation and annihilation operators are
used rather than Clifford variables. This is so, mainly because they provide
the Hilbert space on which the Hamiltonian acts irreducibly from the very
beginning. Namely, the creation and annihilation operators, )\L Ar A4, With
a € S and a € N, form a representation of the canonical anticommutation
relations (CAR): {A 4, M5} = {Aaa. At = 0 and {A, 4, M55} = dapdas,
where the anticommutator is {a,b} := ab + ba. The CAR have an explicit
representation as linear operators on the fermion Fock space

(d-1)(N>-1)

F= @ span{M, 4 A, 400008 4;eN},  (6)
k=0

which is a complex Hilbert space of dimension 2(4=D® *~1). The vectors
{)\Ll7A1 ...)\Lk7Ak|O> | aj € S, Aj € N} C F form an orthonormal basis;
|0) is called vacuum vector. The Hilbert space H can be viewed as a direct
integral
@
H = / Fde = L(RIN-D; 7Y, (7)
R

d(N2-1)
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whose elements are linear combinations of the form
(d—1)(N?-1)

U(z) = Yo W), (8)

k=0
k
Z Z w((xl),Al...,ak,Ak(‘T) )‘Ll,Al T )‘Lk,Ak 10). (9)

a1, ,ap €S Ar,..., AReEN

<

e

&
[

While the fermion creation and annihilation operators above (and in attempts
to explicitly construct a ground state as in [9]) are chosen independently of x,
the asymptotic form of the ground state wave function was determined with
the help of space-dependent fermions [7, 6, 5]. The analysis of the asymptotic
form H*WU = 0 of the solutions of HV = 0 leads for N = 2 and d = 2,3,5
to absence of a zero-energy states, as proved in [5], since these solutions are
not square-integrable at » — oo, where r > 0 is introduced in (12), below. On
the other hand, for d = 9, this asymptotic form of the wave function is square-
integrable at infinity, and it is believed that for d = 9, the supersymmetric
matrix models do possess zero enery eigenstates, for all N € N. This belief is
supported by the recent existence proof for a related model [4].

MAIN RESuULTS: In this paper we study the asymptotic Hamiltonian H* de-
scribed in detail in (16)—(18). The asympotic Hamiltonian H* = HY + H
splits into a bosonic part Hg and a fermionic part Hg’, similar to the full
Hamiltonian H.

The bosonic Hamiltonian HZ is a sum of harmonic oscillators and we first
focus our attention on the ground state subspace of HZ with corresponding
ground state energy 2(d — 1). This leads us to study the spectral properties of
2(d— 1) + H. We derive a dynamical SU(2) symmetry in (39) and observe
the formation of ‘Cooper pairs’ [e.g., in the ground state of 2(d — 1) + H
computed in (46) and (48)] that arise in the SO(d)-breaking formulation when
diagonalizing certain ingredients of the fermionic part of the Hamiltonian.
Thereafter, we transform the zero energy equation on Fock space into a sys-
tem of graded equations (52) obtained by its natural grading derived from the
fermion number. We show that this system of equations can be solved by a
recursive insertion (58) of solutions, provided a certain invertibility condition
on the graded Hamiltonians hold, which is known to hold true for the first
recursion step (54). We finally observe a sum rule for the graded equations and
apply this to the asymptotic ground state of sq + Hp (62)—(64).

To ease the reading, we carry out our analysis first in the case N = 2, i.e., for
the asymptotic SU(2) theory. In the last section we note that several features
extend to the non-asymptotic case and/or to general N > 2. We mostly restrict
the dimension d to the most interesting case d = 9.

2 ASYMPTOTIC FORM OF THE HAMILTONIAN

The bosonic configuration space is a set of d = 2,3,5, or 9 traceless hermitian
matrices {X,}9_, corresponding to the Lie algebra su(N) of the gauge group
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SU(N). Given selfadjoint generators T = (T4)acn of su(N) with [T, Ts] =
ifapcTc, the coordinates x derive from expanding X; = z44T4 = @ - T in
these generators. B
For simplicity, we start by taking N = 2 and 27 to be the Pauli matrices
& = (01,09,03), 80 fapc = eapc. The potential, which for general N > 2 is
given by
1 2
V(:L') = 75 Z Tr ([X57Xt] )ﬂ (10)
s,teD
assumes the form .
Vi) = 3 ST (@ g (11)
s,teD
where (FAY)4 = eapc T Yo, as usual. Observe from (11) that V(z) vanishes
if 2 € M := Uzeps M(€), recalling that M (€) are the hyperplanes M () =
{z |Vt € D: ¥ € Re}. We remark that, for N = 2, the condition x € M is
even equivalent to V(x) = 0, while a necessary condition for the vanishing of
the potential is more complicated for N > 2. We coordinatize € R3? by (see,

e.g., 6,5
g, 6, 5]) B . 12 -
T = rEée+r Uts (12)

for t = 1,...,d, where € € R3 and E = (Ey,...,E;) € R? are unit vectors,
r > 0, and 4, € R? are perpendicular to both E and € in the sense that
Esjs =€ -3, =0, for all t = 1,...,d. They derive from = € R3¢\ {0} by the
requirement that the euclidean length of the projection z!l of 2 along R- F @ &
be maximal. Indeed, € and E are normalized eigenvectors of (x; Aztg)i B1
and (25424 A)it:l, respectively, corresponding to the largest eigenvalue r2 > 0
which, in turn, is the square of the length » = |zll| = (E ® €,z) = Eyx4e4 of
zll. The component 2+ = 2 —z!l perpendicular to E®¢& then yields i7; = r/2%-.
Writing F as E(E, 0,p) = (COSHE, sin @ cos p, sinf sin gp) in spherical coor-
dinates, the coordinate vectors ¥y assume the form

¥, = rcosO E, & + r2 g, (13)

fort=1,...,d—2, and
Ty1+iZg = rsinfe™ e + r V2 (fa_1 + i), (14)
where € € R3 and E = (El,EQ,...,Ed_Q) € R?%2 are unit vectors, § €

(—m/2,7/2), ¢ € (0,27), and r > 0.

To derive the asymptotic form of the Hamiltonian (cf. [5, 9]), we substitute

(13)—(14) (and the corresponding differentials) into H, divide by r, and obtain
1
“H — H™ (15)
r

as the resulting limit, as  — co. Note that, while the difference of H/r and
H*® is of lower order in r, the limit » — oo is formal, as this difference is an un-
bounded (differential) operator. Moreover, it ignores the question whether the
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coordinate change (13)—(14) defines a global diffeomorphism. The asymptotic
Hamiltonian H*° in (15) is of the form

H™ = HY + HY, (16)

where the bosonic part

82

H%O = —(1—E5Et) (1—6A€B) + YsAYsa (17)

aysA ath
is a sum of harmonic oscillators in the variables ¢; in all s4 = 2(d — 1) spatial
directions perpendicular to both F and €, with ground state energy equal to
sq¢ = 2(d—1) = 2,4,8,16, for d = 2,3,5,9, respectively, and ground state
eigenvector Oo(¥1,...,71) = exp[—(1 — EsEy) (1 — eaep) ysa y18]-

The fermionic part Hg® of the asymptotic Hamiltonian H in (16) results from
(3) by inserting (13)—(14), with ¢ = 0 and r = 1,

HE = 2cosf (—ieceapc) lap /\LA AsB (8)

+ sinf e’ (eceanc) /\LA/\LB + sinf e " (ec€anc) Ay pAaas

with Tag := 07 BT .
We henceforth assume the unit vectors E € R42, &€ R3 and 0 € (—m/2, 7/2),
¢ € (0,27) to be fixed. Our goal is to find an explicit unitary transformation on
Fock space F which brings Hg® into normal (i.e., particle number preserving)
form. It is a well-known fact (see, e.g., [2, 1]) that, since HZ is quadratic in
the creation and annihilation operators, such a unitary exists and is of the form
/\L — ukyg/\}; + ’UkyeAZ, i.e., linear. While the existence of such a unitary follows
from the diagonalizability of self-adjoint matrices, the determination of that
unitary in an explicit and managable form can be difficult and depends on the
special properties of the model (here: H3) under consideration.
Note that both (Map = —ieceapc)a,p=1,2,3 and (Faﬁ)i,_ﬂlzl are imaginary,
antisymmetric, and thus self-adjoint matrices.
Since M@ = i€ A ¥, an orthonormal basis {€,7,7_} C C? of eigenvectors,
Me =0,

Mny = €Ny = £y (19)

is given by the usual orthonormal dreibein: € L fiy L fi_. We choose iy =
fi+(€) to depend continuously on € and to obey 7+ = 7i+. Hence

— — —

—ieceapc = (4)a(fiy)p — (-)a(i-)p = (Ap)a (o) — (7-)a (74)B-.

(20)
Similary, for d = 3, 5,9, we observe that, due to > = E?-1=1and TrI' =0,
there is an orthonormal basis {é,;| 0 = 4,5 = 1,...,(d — 1)/2} C C¢~1 of
eigenvectors of I' such that

léy; = +éuj, (21)
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for all j =1,...,(d —1)/2. Again we choose E €1 continuous and é4; =
é1j. SO7
Tag = D [(Eri)a (C-i)s = (E-i)a (Eri)a), (22)

J
where the summation ranges over j =1,...,(d —1)/2.

Using the orthonormal (eigen)vectors é4;, fix, and 7y := €, we define space-
dependent fermion creation operators (for d = 3, 5, 9)

Mjr = (Eo)a (1) Mo, (23)
whereo € {+,-},j=1,...,(d—1)/2,and 7 € {4, —,0}. Note that the matrix
U defined by Usjraa := (€sj)a (7+)a is unitary and, hence, )\LA — )\LjT is
implemented by a unitary conjugation on (the operators on) Fock space F.

Le., A,;.|0) =0and AL, A . fulfill the CAR.
Using the new creation operators )\L jr» We introduce
T . uiend T
Ap = e AL AL (24)
P it
Bl = dem" AL AL, (25)

and A; = (A})* and B, := (BI)*, for j = 1,...,(d — 1)/2, which may be
considered (Cooper) pair creation and annihilation operators. Note that these
operators obey commutation relations somewhat reminiscent to the canonical
ones, namely

(AL, Al = [Bl,B}] = [Al,B]] = [4,,B]] = 0, (26)
45, AL] = O (N;A) —1) = by ()‘lj+ Apjr T )‘T—j— Aj- — 1)(27)
[B; Bzi] = O (N;B) —1) = ok (AT—j‘f‘ Aje T Aij— Apjm — 1)(28)

The asymptotic Hamiltonian H*°, when acting on the ground state of H,
can be written as

sa+ HY = HP + H® + H®, (29)
where
HE = s4 + 2cosf Z(N;A) —N;B)), (30)
j
HY = 2sin0 Y (Al + B, (31)
j
H>® = 2sin0 Y (A;+B;). (32)

J

We remark that the degrees of freedom defined by the parallel fermions )\l jo =
(+j)a€araa do not appear in Hp® and can be dropped, henceforth.
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For the d=2 case we instead of (23) define )‘jt = (ﬁi)A)\Z, and the corre-
sponding expressions for the asymptotic Hamiltonian in (29) are simply

HP =2, HP =20, H*® =20 Cf =i Al (33)

3 DYNAMICAL SYMMETRY

For definiteness, we restrict our attention in this and the following sections to
the most interesting case: d = 9. Denoting

34
35

Jr®1 = At == Y Al 1eJ, = B = Y. Bl (34)
Jo@1l:=A = Y,A, 1®J = B = ) B, (35)
(36)
(37)

J3@1 = JNW —4) = L(Z, NP —4), 36
10J; = (N® —4) == 3(T, NP —4), 37

with
[T, J-] = 203, [Js,Ja] = +Ju, Jo = Ji%is, (38)

Egs. (29)—(32) can be written as

1
4 + ZH%O = (24cosfJ3+sinfJi1)®1 + 1® (2—cosb J3+sinb Ji), (39)

thus exhibiting the dynamical symmetry mentioned above. (We recall that a
dynamical symmetry refers to the situation that the Hamiltonian, being one of
the generators of a symmetry Lie group, has nontrivial commutation relations
with the other symmetry generators rather than commuting with them.)

The relevant SU(2) representations are the tensor product of four spin % rep-

resentations, i.e., direct sums of two singlets [note that both (A; Az + A2 A4 —
A1A4 — A2A3)|0> and (A1A2 + A3A4 — A1A4 — A2A3)|0> are annihilated by
AT A and %(N(A) — 4)], three spin 1 representations, and (most importantly,
as providing the zero-energy state of H) one spin 2 representation acting irre-
ducibly on the space spanned by the orthonormal states

0 540, = (AD0), 5 (A0, AN (o)
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Restricting to that space (correspondingly for the Bt’s), we can write

0
0

V6
0
0

0

o

0 0
NG
0 V6
0 0
0 0

0
0
JJ,_: 0
V6
0

S O O N O
N O O OO
oS O O O
N
I
o O O O
S OO O N
(@)
SN O O O
—
o
—
N

\
—_
o O OO
O = O OO
N OO oo
—
W
S
N

0

Since the spectrum of sin 6.J; 4 cos 6.J3 is the same as that of J3, the spectrum
of 4+ iH & clearly consists of all integers between zero and eight,

1
4

Its unique zero-energy state ¥ is most easily obtained by solving individually,
for each A; resp. B; degree of freedom,

a(4+ H;O) - {0,1,2,...,8). (43)

(14 c0s0 08 +5in0 o) w = T3 (1 £0{))FH0 0 L 0, (44)

where we identify

4
0, = p @111 +...+ 1®1®1®akzZofj). (45)
j=1

In our notation O’éj) |0) = —|0) and O’éj)A;|0> = +A;|O>, and we easily find the
solution to (44) as

G G 1 .
U= (He—%wé”) (He%wé” Bj,)|o> = ¢ IR (B o). (46)
J J '

Using the nilpotency of A; and B]T for

ea(A;7A1)|O> — cosaretana 4] |0) and efo‘(B;fo)BﬁO) — sina et B |0},

(47)
the ground state can also be written as
V= (48)
- L e~ (sing) H {(sin@ — (1 —cos G)AT) (sin9 — (1 + cos H)BT) }|0)
16 4 j !
J
R TV 1—cosb 14 cosé _C,
= 5¢ (sin@)* exp [ -~ A o BJ|0) e~?|0),
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with Cp 1= =80 (], @ 1) 4 1£288(1 @ ). Alternatively, one can solve the

sin 6 sin 6
2 x 2 matrix eigenvector equations resulting from (44),

(1 + cosf (NI —1) + sinf (Al + 4,)0 = o, (49)
(1 — cosO(NP —1) + sin0 (Bl + B,))¥ = o0, (50)
to obtain (48).
For d=2 the asymptotic ground state is easily found from (33),
_cf
U = %e <oy = %(1 — Coh)o). (51)

An interesting feature of the form (46) for the ground state is that it expresses
it as a spin-rotation by an angle 6 applied to some reference state (BT)*|0)
(which itself also varies in the first d — 2 directions in space according to (13),

(23), (21)).

4 GRADED CHAIN OF HAMILTONIANS

We henceforth drop the superscript “co” and write Hy = Hg®, Hy = H$°, and

H_ = H*. Consider the grade- resp. fermion number-ordered equations
HoVy + H_VUy, =0,
H, 9y + Hy¥y + H_¥; =0,
HY, + HyVy + H_¥g =0,
: (52)

H VU, + HWyy + H ¥ =0,
H Uy + HoVie = 0,

which we obtain by writing ¥ = 27116:0 U, requiring (N 4+ NBEN, = n ¥,
and the ground state equation

(16 + HE)W = (Ho+ Hy + H)(Wo+Us 4 ... +U35) = 0. (53)

(Recall that we have dropped the eight non-dynamical parallel fermions )\1 jo =
(E+j)aCaraa-)

The following method to construct the ground state we believe to be relevant
also for the fully interacting, non-asymptotic theory. We use the first equation
in (52) to express ¥y in terms of W,

Uy = —Hy'H_ Vs, (54)

H)j is certainly invertible on the zero-fermion subspace, even in the full theory
(cf. [9]). Inserting (54), the second equation in (52) can be written as

HyWy + H Wy = 0, with Hy := Hy — Hy Hy'H_, (55)
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which yields
Uy = —Hy'H_ 0y, (56)

provided Hs is invertible on H_ Wy, resp. the two-fermion sector of Fock space.
Continuing in this manner, denoting

Sy, = span {(AN)"(BY)"]0)} (57)

m,n=0,1,2,3,4, m+n==k

for the considered 2k-fermion subspace, we find that if we assume invertibility
of Hoy, on J%; we can form

Hogy1y o= Ho— HyHy'H_ (58)

on %‘Z(Hl) and solve for Way in terms of Wy(;,1). The final equation for W6
is HlG\IjlfS =0. e A
For concreteness, denote an orthonormal basis of J# = @ % by |k, 1) :=
|k) @ |l), where, as in (40),
1 k
|k) := = J710). (59)
()

Then, e.g., H+H51H, acts on jg’?‘tridiagonally’ according to

1
——H,H;'H_|k,l) =
sin® 6 o L

k(5 — k) 1(5-1)
(4+(kll)c089 4+(kl+1)cose)|k’l>
VIG =1k +1)(4 -
i 44 (k—1+4+1)cosd

VEG—K)(I+1)(4 -
+ 44 (k—1—1)cosb

k
)|k+1,l—1)

Dik—1,041). (60)

Calculating the spectra of Hyi on jg’;k (e.g., with the help of a computer)
one can verify the /i{lvertibility of all Hy, on jg’;k for k < 8, while Hig is
identically zero on 7. Hence, one can also start with the state U145 ~ A4B4|O)
(with correct normalization in 6) and generate the lower grade parts of the full
asymptotic ground state ¥ using the relations (54), (56), etc.

We finish this section by noting a simple consequence of the graded form (52)
of the ground state equation H¥ = 0 (for general d and N). Taking the inner
product of the grade 2k-equation with Wo yields

(Wor, H Wopyny) = —(Ho)or — (War, Hy Wa—1))
= —(Ho)or — (Wak—1), H_ Vo), (61)
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where (Ho)op := (Var, HoWay). The first equation reads (Vo, H_Wo) = —(Hp)o
which is real. The second then becomes (Vo, H_W4) = —(Hp)a + (Hp)o, and
so on, so that in the last step one obtains

A
> (=D)¥(Ho)ar = 0, (62)
k=0
where A is the total number of fermions in the relevant Fock space.
It is instructive to verify (62) for the asymptotic N = 2 case studied above,
since there all relevant terms can be calculated explicitly. Using the basis (59)
and the notation o := 1 — cosf, 6 := 1+ cosf, we find

o (=D () =D/ ()
T ~ e 0) :;Waﬂk)@;Wﬂﬂl). (63)

Hence,

(Wopn, HyWs,,) = 61—4(sin9)8_2" > (2) (Lzl) (4+ (k—1) cos) a®* g, (64)

k+l=n
5 GENERAL SU(N)

We now compute the ground state energy of
Hp = ifapcric, 504405, (65)

for general N > 2 and in regions of the configuration space where the poten-
tial V' is zero (see egs. (2), (3), and recalling that fapc denote the structure
constants of SU(N) in an orthonormal basis). By (10), the vanishing of the po-
tential V means that all X are commuting, hence can be written X, = UD ;U f
where U is unitary and independent of s and the Dy are diagonal. If we look
into a particular direction (which corresponds to fixing € in the SU(2) case)
and choose a basis {T'4} accordingly, we may write X, = Dy = x,4Ta = x T},

and 24, = 0, where k = 1,..., N — 1 are indices in the Cartan subalgebra and
a,b=N,...,N? — 1 denote the remaining indices.
Denoting the eigenvalues of X, by ul, ie., X; = diag(p,..., %), the eigen-
vectors {eg b o of MYy := —ifacwic = —if 52,5 satisfy (cf. e.g. [8])

Mlew = (np — uiew =t pigen, (ef)" = efy. (66)
The crucial observation is that these eigenvectors are independent of ¢. Now,

Hp = *72,@ M, 04,405 5, = Wi, 5, ©aa ©44 (67)
where W := — 3", 7" ® M"'. From the above observations we have the ansatz
E, 11 = v, ® ey for the eigenvectors of W, yielding

WEuw = =S v veMen = v(k1)v, @ ex, (68)

t
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where (k1) := — 3, puh, 7" squares to >, (uk,;)?. Denoting by v, = v the
corresponding 16 eigenvectors of v(k, 1), we find

WEsjm = £, I (14)? Exju, (69)
t

and H F therefore has

By = =163 | > (uh — pf)? (70)

k<l t=1

as its lowest eigenvalue.

This agrees with the following two previously known cases: [8], where only Xg
is assumed to have large eigenvalues so that Eg — —16 )", _, [u) — pf|; as well
as the SU(2)-case studied above and in [7], where (13) with, e.g., e4 = dag3

gives Ey = —16r. Note also [10], where the eigenvalues of Hp are stated, with
the SU(N) symmetry fixed.
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