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1 INTRODUCTION

It is well known that the eigenvalues of the one—particle Dirac operator are
in much better accordance with the spectroscopic data then the eigenvalues of
the Schroédinger operator. However, due to the presence of the negative con-
tinuum of positronic states the multiparticle Coulomb-Dirac operator has no
eigenvalues and its essential spectrum is the whole real line. Coupling with the
quantized electromagnetic field does not correct this situation. However, there
are ways to construct a semibounded operator which will take the relativistic
effects into account. Such models, although nonlocal, find their applications
in numerical studies of heavy elements and cosmology, where the relativistic
effects cannot be ignored.

The most obvious choice of the kinetic energy (sometimes called Chandrasekhar
or Herbst operator) given by /p2c? + m2c*, p and m being the momentum
and mass of the particle, suffers from the lack of semiboundedness for nuclear
charges exceeding 87, as shown in [9]. Most other operators considered in the
literature are obtained by reducing the (multiparticle) Dirac operator onto some
subspace on which it becomes semibounded. One of such models, extensively
studied recently, is by Brown and Ravenhall ], see also Bethe and Salpeter [3],
Sucher [T8, [T9]. In this model every particle is confined the positive spectral
subspace of the free Dirac operator. Since the multiplication by interaction
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potentials does not leave this subspace invariant, the potential energy terms
are projected back by the corresponding projector.

The mathematical study of the Brown—Ravenhall operator started from the
one—particle case in the article of Evans, Perry, and Siedentop [f]. The au-
thors have proved that the atomic Hamiltonian is semibounded from below for
nuclear charges not exceeding 124. This makes the Brown-Ravenhall model
applicable to all existing elements. It was also proved in [7] that the essential
spectrum of the one-particle atomic Brown-Ravenhall operator is [mc?, 00)
with m being the mass of the particle, and that the singular continuous spec-
trum is empty.

Further studies of the Brown-Ravenhall operator include the improved lower
bounds by Tix [21], 22] (see also Burenkov and Evans [B]) in the atomic case,
the proof that the eigenvalues of Brown—Ravenhall operator are strictly bigger
than those of the one—particle Dirac operator by Griesemer et al. [§], proofs
of stability of one-electron molecule by Balinsky and Evans [2], the proof of
stability of matter by Hoever and Siedentop [I0)], and the asymptotic result
on the ground state energy for large atomic charges Z (with Z/c fixed) by
Cassanas and Siedentop [6].

The essential spectrum of the multiparticle operator was characterized by
Jakubala—Amundsen [I2, [[3], and in our joint work with S. Vugalter [T6] in
terms of two—cluster decompositions. This is usually referred to as HVZ theo-
rem after the well known result for the multiparticle Schrédinger operator. In
[I1] an analogous result is proved in presence of the constant magnetic field. It
is also proved in [I6] that the neutral atoms or positively charged atomic ions
have infinitely many bound states.

In all these previous studies the nuclei were considered as fixed sources of the
external field, the particles were assumed to be identical, and the interaction
potentials were purely Coulombic.

In this paper we generalize the HVZ theorem of [I2, [[3] [T6] as follows: We allow
any number of (massive) particles of the system to be identical. We allow quite
general matrix interaction potentials. In particular, our result applies in the
presence of the magnetic fields if the vector potential decays at infinity in some
weak sense. Another problem we address is the reduction to any irreducible
representations of the groups of rotation—reflection symmetry and permuta-
tions of identical particles. Note that such a reduction allows to analyze the
eigenvalues of some irreducible representations even if they are embedded into
the continuous spectrum of some other representations. For some particular
models (including atoms and molecules in the Born—Oppenheimer approxima-
tion) the existence of such eigenvalues can be shown along the same lines as in
[16].

From the technical point of view, the nonlocality of the model due to the
presence of the spectral projections of the free Dirac operator is overcome with
the same ideas as in [I6]. One more complication should be stressed: for the
Brown-Ravenhall operator the center of mass motion cannot be separated in
the same way as it is usually done for Schrodinger operators, where the complete
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Hamiltonian without external field can be represented in suitable coordinates

as
H=A®I+1®B,

where A describes the free motion of the center of mass and B is the internal
Hamiltonian of the system (see [I4]). Such a decomposition appears to be
especially fruitful in the presence of rotation symmetries. Since it cannot be
obtained for pseudorelativistic operators due to the form of kinetic energy, we
have used a completely different approach based on the commutation of the
Hamiltonian with the absolute value of the total momentum of the system.
Note that the proof of the HVZ theorem for a system of particles described
by the Chandrasekhar operator was till now not known for operators reduced
to irreducible representations of the rotation-reflection symmetry group (see
the article of Lewis, Siedentop and Vugalter [IA] for the case without such
reductions). Such a proof can now be obtained as a simplified modification of
the proof given in this paper.

In Section ] we introduce the model and make the necessary assumptions. At
the end of this section we formulate the main result in Theorem Bl The rest of
the article contains the proof of this theorem.

2 SETUP AND MAIN RESULT

[A, B] = AB — BA is the commutator of two operators. (,-) and || -|| stand for
the inner product and the norm in L2(R3d7C4d), where d is the dimension of
the underlying configuration space. Irrelevant constants are denoted by C'. I
is the indicator function of the set 2. For a selfadjoint operator A we denote its
spectrum and the corresponding sesquilinear form by o(A) and (A-,-) = (-, A-),
respectively. We use the conventional units 7 = ¢ = 1. Sometimes we denote
the unitary Fourier transform by ™.

In the Hilbert space Ly (R?, C*) the Dirac operator describing a particle of mass
m > 0 is given by

D,, = —ia-V + fm,

where a = (a1,a2,a3) and @ are the 4 x 4 Dirac matrices [20]. The
form domain of D,, is the Sobolev space H'/ 2(R3,C*) and the spectrum is
(—o0,—m] U [m,4+00). Let A, be the orthogonal projector onto the positive
spectral subspace of D,,:

—ia -V + Om
2V—A+m?2’

We consider a finite system of N particles with positive masses m,, n =
1,...,N. To simplify the notation we write D,, and A,, for D,, and A,,,,

N
respectively. Let Hx := ® A,L2(R*,C*) be the Hilbert space with the inner
n=1

1
A =5+ (2.1)

N - - N
product induced by those of ® La(R3,C*) 2 Lo(R3N ,C*"). In this space the
n=1
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N-particle Brown-Ravenhall operator is formally given by

N N
Hy = AN (Z(Dn + V) + ZUM)AN, (2.2)

n=1 n<jg
with

N
H = Zé (2.3)

Here and below the indices n and j indicate the particle, on whose coordinates
the corresponding operator acts. In ([Z2) V,, is the external field potential
for the n'" particle, i.e., the operator of multiplication by a hermitian 4 x 4
matrix—function V,,(x,), n = 1,...,N, and U,; is the potential energy of
the interaction between the n!" and j** particles, given by the operator of
multiplication by a hermitian 16 x 16 matrix—function Uy;(x, — x;), n < j =

., N. More explicitly, if we let s; € {1,2,3,4} be the spinor index of the
jth particle, then

(Vah) (X1, 815+« Xny Sny e oo 3 XNy, SN)

= 3 VT (X1, $15 X Bk X 8N

Sn

and
(Unj) (X1, 815+ -5 Xn, Sps -+ -5 X5, 845+ - ; XN, SN)
Z US"SJ’S"SJ (X, — X;)(X1, 15+ - X, Snj - - -3 Xy, S5+ - - S XN, SN )-
50,5

Before we make other assumptions on the interaction potentials, let us consider
possible decompositions of the system into two clusters. Let Z = (Z71, Z2) be a
decomposition of the index set I := {1,..., N} into two disjoint subsets:

I1=721UZy, Z1NZy=0

Let
N] = #Zja .7 = 172 (24)

be the number of particles in each cluster. We will write n#j if n and j belong
to different clusters. Let

Hzi= Y (Dn+Va)+ > Unj, (2.5)

n€Zy n,j€Z1
n<j
szg = E D, + E Un]’. (26)
neZs n,j€EZ2
n<jg
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We omit Hz ; if Z; = @, j = 1,2. Let us introduce the operators corresponding
to noninteracting clusters, with the second cluster transferred far away from
the sources of the external field:

Hz;:=AzHzMz;, in §7;:= 8 ML(RCY, j=12, (27)

where

Az = HA

We make the following assumptions:

ASSUMPTION 1 There exists C > 0 such that for any Z and j = 1,2

[(Hzj0,0)| < Cliglmrelldllmiz,  forany o0 € ® HYX(R?,CY). (2.8)

nez;

For Coulomb interaction potentials &) follows from Kato’s inequality.
ASSUMPTION 2 There exist C1 > 0 and Co € R such that for any Z

(Hzj, 1) = C1( Y Dut,9b) — Col|v]%,

neZ; (2.9)
forany YeE ® AnHl/Q(R3,(C4), ji=12.
neZ;

REMARK 3 Note that for € ® A, HY?(R3 C*) the metric

neZ;

(> Daw )2 = || 3 1Dl 2y

nez; nez;

1s equivalent to the norm of ¢ in ® H1/2(R3,(C4), since
nGZj

ApnDpAy = Ap|Dp|Ap = A/ —A + m2A,. (2.10)
An equivalent formulation of Assumption [Jis that the operator H 7.5 is semi-
bounded from below even if we multiply all the interaction potentials by 1+ &

with € > 0 small enough. This is only slightly more restrictive than the semi-
boundedness of Hz ;.

ASSUMPTION 4 For any R > 0 there exists a finite constant Cr > 0 such that

([ o) (o) "< e

=1 n<j
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This means that the interaction potentials are locally square integrable.

ASSUMPTION 5 For any € > 0 there exists R > 0 big enough such that for all
n=1...,N

V(x> my 0l < e[| Dal 29|, for all o € H/?(R?,CY),  (2.12)

and for alln<j=1,...,N

103 Ty 5yl < e min {1026, 125126},

(2.13)
for all o e HY*(RS,C'9).
By Remark Bl this assumption is weaker then the decay of L, norms of the
interaction potentials at infinity.
It follows from (29) and Remark Bl that for any Z there exists a constant C' > 0
such that for any 1 € ®Z A, H'Y2(R?,C*)
nes;

1112, < C((Hz0,9) + [9]?), j=1,2. (2.14)

Hence by Assumptions [ and Bl the quadratic forms of operators (1)
(and, in particular, Hy) are semibounded from below and closed on

® A HY?(R3 C*). Thus these operators are well-defined in the form sense.
neZ;

Some particles of the system (say, k" and ') can be identical (in which case
my = my, Vi = Vi, and Uy; = Uy for all j). Then the operator Hy can be
reduced to the subspace of functions which transform in a certain way under
permutations of identical particles. The most physically motivated assumption
is that any transposition of two identical particles should change the sign of
the wave function ¢ € $y describing the system. This is the Pauli principle
applied to the identical fermions (the model describes spin 1/2 particles, thus
fermions).

Let IT be the subgroup of the symmetric group Sy generated by transpositions
of identical particles. We denote the number of elements of IT by hr;. Let E be
some irreducible representation of II with dimension dg and character {g. For
Y€ Hy let

d -
PPy =22 En(mmy, (2.15)
1
mell
where 7 is the operator of permutation:
(M) (X1, 815+ 5 XN, 8N) = V(Xp-1(1), Sx-1(1)5 - X1 (N)s Sr-1(N))-
Here s1,...,sy are the spinor coordinates of the particles. The operator P¥

defined in (ZIH) is the projector to the subspace of functions in $x which
transform according to the representation E of II. Since any 7 € II commutes
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with Hy, P reduces Hy. Let HE be the corresponding reduced selfadjoint
operator in
9% = PEay.

For a decomposition Z = (Z1, Z3) let HJZ be the group generated by transposi-
tions of identical particles inside Z;, j = 1, 2. For any irreducible representation
E; of HjZ with dimension dg; and character {g; the projection to the space of
functions in §z ; transforming according to E; under the action of HJZ is given
by

dg. -
Pij = ﬁ Z §Ej (77)7T¢a w € fJZ,j7

5 z
J TrEHj

where hyz is the cardinality of HJZ . Projectors PPs reduce operators H z,;- We
J

. ~E; .
introduce the reduced operators ’HZ’j in

97 =P%%z;, j=12

Given an irreducible representation E of IT and a decomposition Z = (Z, Z5),
we have
9N C @ (974 ®9H%%), (2.16)
E1,E») ’ ’

where E o are some irreducible representations of Hf 5. We write (E1, E2) ; E

if the corresponding term cannot be omitted on the r.h.s. of [I@) without
violation of the inclusion.

Apart from permutations of identical particles the operator H% can have some
rotation-reflection symmetries. Let v be an orthogonal transform in R3: the
rotation around the axis directed along a unit vector n, through an angle ¢.,
possibly combined with the reflection x — —x. The corresponding unitary
operator O, acts on the functions 1/ € H” as (see [200], Chapter 2)

N
(O’Yw)(xh s ’XN) = H e—i(ﬂ—yn-y'snw(,y—lxh s 77_1XN)-

n=1

Here S,, = —%an A ay, is the spin operator acting on the spinor coordinates of
the nt" particle. The compact group of orthogonal transformations v such that
O., commutes with V;, and U,,; for all n, j = 1,..., N (and thus with HE) we
denote by T'. Further, we decompose $% into the orthogonal sum

9k = @ ay”, (2.17)
acA

where ﬁga’E consists of functions which transform under O,, according to some
irreducible representation D, of I', and A is the set indexing all such irre-
ducible representations. The decomposition [ZI1) reduces HL. We denote the
selfadjoint restrictions of HE to Sﬁﬁ“’E by HJ[\),“’E. For any fixed irreducible
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representation D with dimension dp and character (p the orthogonal projector
in $H onto the subspace of functions which transform according to D is

PP —dp /F o ()0 dpu(),

where p is the invariant probability measure on I'.
For j = 1,2 let D; be some irreducible representations of I" with dimensions
dp, and characters (p,. The corresponding projectors in $)z ; are given by

PPi = dp, /F 0, (7)0~5dp(v),
where O, ; is the restriction of O, to $z ;:

(O’%jw)(xnu e 7X71Nj) = H eiup’yn’y.snw(’yilxnlv T ’,ylean )
nEZj

Given representations D; and FE;, projector PPi PEi = PEi PPi reduces ﬁz,j.
We denote the reduced operators in

ﬁlzj,];E" .= PPipEig,
by ﬁgJ]EJ . Let
(2, Dy, Ej) == inf o (Hy}™). (2.18)
We write (D1, Ey; D, Es) ; (D, E) if the corresponding term cannot be omit-
ted on the r.h.s. of

D.E D, ,FE Do, E

‘6 ) C ‘6 1,541 ®‘f) 2,552

N (D17E1)( Z,1 Z,2 )
(D2, E2)

without violation of the inclusion. For Zs # @ let

»(Z,D,E)
o inf{5¢1(Z, D1, E1)+2(Z, Dy, Es) : (D1, Ex; D, E) p (D,E)}, Z, # @,
%2(Z7D,E), Zl = .

(2.19)

The main result of the article is

THEOREM 6 Suppose Assumptions[, @ [, and @ hold true. For N € N let D
be some irreducible representation of I', and E some irreducible representation
of I1, such that PP PF £0. Then

Ooss (H][\),’E) = [%(D, E), oo) ,
where

(D, E) =min {3(2,D,E) : Z = (Z1,22), Zo # @} (2.20)

DOCUMENTA MATHEMATICA 13 (2008) 51-79



ESSENTIAL SPECTRUM OF BROWN-RAVENHALL OPERATORS 59

REMARK 7 We only need Assumptiond for the operators ’I—NZ?JEJ which appear

3 COMMUTATOR ESTIMATES

3.1 ONE PARTICLE COMMUTATOR ESTIMATE

LEMMA 8 Let x € C3(R?) (i. e. a bounded twice—differentiable function with
bounded derivatives). Then for m, > 0 the commutator [x, A,] is a bounded
operator from Lo(R3,C*) to HY(R3,C*). There exists C(m) > 0 such that

||[X’A"]HLQ(RS,(}‘l)—»Hl(Ri",(}‘l) < C(mn)(HvXHLoo + H82X||Loc) (31)
Here ||0°xr.. = max  [3x(z)].
k,e{1,2,3}

PROOF. In the coordinate representation for f € C}(R3,C*) the operator A,
acts as

f(x)imy a - (x—y)
() = 150+ Tt [ S (b 1) Sy

VI [ (Rl
RS Ix —yl Ix — vl

A2 QY) Ko (ma|x —YI))f(Y)dy,

where the limit on the r.h.s. is the limit in Ly(R3,C*) (see Appendix B of [I6],
where this formula is derived in the case m, = 1). The rest of the proof is an
obvious modification of the proof of Lemma 1 of [I6], where the case m,, =1
is considered. e

REMARK 9 Since we only deal with a finite number of particles with positive
masses, we will not trace the m-dependence of the constant in Bl any longer.

3.2 MULTIPARTICLE COMMUTATOR ESTIMATE

LEMMA 10 For any d,k € N there exists C > 0 such that for any x € C5(R?)
and u € H'/?(R?,C*)

Ixull mrire@a,cry < ClIxlo@ay + 1VXI Lo @) |2l 172 Ra ey (3.2)

Proor or LEmMA [l We can choose the norm in H'/2(R%, C*) as (see [I],
Theorem 7.48)

|u(x) — u(y)]

2
||u||§—[1/2(Rd,Ck) = ||u||2L2(]Rd,(Ck) +/ |X — y|d+1 dXdy
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Then
2
e e o[ e =X,
XUl 12 re,cr) = IXUIILy (e ,CF) |x [+ y
2 2
2 e )" Jux) —u@)|* | xx) = x3)[’Jue)]
< Il + ff (R 2L ) ORI )y
X\X
< Il o + sup / It |d+1‘ dxull3,.
yER?
(3.3)
The supremum on the r.h.s. of [B3)) can be estimated as
2 2
x(x )| [x(x) — x(¥)|
sup —d_de < sup —d_de
y€ER? |X - Y| yeRe J|x—y|<1 |X - Y| (3 4)

2
‘X(X) - X(Y)| d—1 2 2
+ sup / P =X)L g < 81 (192 + 42 ).
yerd Jix—y|>1 X =yl ( Fee o)

where [S971| is the area of (d — 1)-dimensional unit sphere. Substituting (B4)

into B3) we obtain ([B2). e

LEMMA 11 For any x € C%(R3YN) the operator [x, AN] is bounded in
HY2(R3N (C4N), and for any ¢ € HY?(R3N, C4") we have

106 AY e < CUVXI L + 10X 2) (X2 + VX2 ) 1] 1112

(3.5)
with C' depending only on N and the masses of the particles.
PROOF. Successively commuting y with A,, n=1,..., N (see [Z3)) we obtain
N n—1 N
DOANT =D T Al Al T A (3.6)
n=1k=1 l=n+1

where the empty products should be replaced by identity operators. By (E1I)
the operators A,, are bounded in H'/2 for any n = 1,...,N. This, together
with ([B8) and Lemmata 8 and [0, implies B3). o

4 LOWER BOUND OF THE ESSENTIAL SPECTRUM

In this section we prove that

inf oess (HN'T) = (D, E). (4.1)
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4.1 PARTITION OF UNITY

LEMMA 12 There exists a set of nonnegative functions {xz} indezxed by possi-
ble 2—cluster decompositions Z = (Z1, Za) satisfying

. xz € C®(R3N) for all Z;
2. xz(kX)=xz(X) foral|X|=1, k> 1, Zy # @,
3. Y Xx%(X) =1, for all X € R?; (4.2)
z
There exists C' > 0 such that for any X € supp xz
min{|xj —Xpn| 1X; € Z1, Xp € Z2; |Xn| 1% € Zg} > CIX|;

Xz(YX1, .- YXN) = xz(X1,...,XnN) for any orthogonal

5.
transformation -y;

6. xz is invariant under permutations of variables preserving Z ».

PROOF. The proof is essentially based on the modification of the argument
given in [I7], Lemma 2.4.

1. We first prove that for any X = (x1,...,xy) € R3*" with |[X| = 1 there
exists a 2—cluster decomposition Z = (Z7, Zs2) such that

min{|xj —Xp| X € Z1, Xy € Zo; |Xp| 1 %y € Zg} > N—3/2, (4.4)
Indeed, let k be such that |xx| > |x;| for all j =1,..., N. Then, since |X| =1,
x| > N2, (4.5)

Choose Cartesian coordinates in R3 with the first axis passing through the
origin and xg, so that x; = (|x;¢|7 0, 0). Consider N regions

Ry = {x eR3: ' < |xk|/N}7
R = {XER3:x1 € ((1 = 1)xx|/N, 1|xk|/N}}, I=2,...,N.

At least one of these regions does not contain x; with j # k. Let Iy be the
maximal index of such regions. Let Z5 be the set of indices n such that x,, €
lUl R;. Zs is nonempty since xi € Z3. Setting Z; := I \ Z2 we observe that
>lo

min{|xj —Xp| 1 Xj € Z1, X € Zo; |Xp| 1 X € Zg} > |xk|/N,

which together with H) implies ().

2. Choose n € C* (R4, [0,1]) so that
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2[5 | 2[x; — Xy
o) T o emis ) T of Lt
(2(X) = ng |X|N—3/2 H1 |X|N—3/2
— 7](2|X|), Zy = .
(4.6)
Functions (H) satisfy conditions 1, 2, 4 (with C = N=3/2/2), 5 and 6 of
Lemma Moreover, by the first part of the proof

> ¢z(X)>1, forall XeRW,

Hence all the conditions are satisfied by the functions

Xz :=¢/" ( Z §Z> o
Z

Let
X#(X) = xz(X/R), (4.7)

where the functions xz are defined in Lemma The derivatives of xZ decay
as R tends to infinity:

IVxZle < CR™Y 0°xZ ] < CR™2. (4.8)

To simplify the notation we omit the superscript R further on.

4.2 CLUSTER DECOMPOSITION AND LOWER BOUND

We now estimate from below the quadratic form of HJ?,’E on a function ¢ from

N
sz’E NAN ® HY?(R3,C*), which is the form domain of H]?,’E
n=1

(HEEp, ¢) = (ZD + V) +

Z Um) > X3 v)

= Z<(Z(Dn + Vo) +

Here we have used ([22) and the relation

Z Unj)XZ¢,XZ¢>-

n<j

N

S Valda) = Do (2. Y Valxzg) + (5D Va

A n=1

N8

>g> (4.9)
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which holds for any f,g € (]E\é H'/2(R3,C*). The last term on the r.h.s. of
E3) is equal to zero due ton(ﬁ). Thus
MR = 3 ((Hza + Hza) A Xz, AV z0)
Z=(Z1,25)
+{((Hz + Hazo)xz, AN, AN X 290)
+{(Hz1 + Hz2)xz, [xz, AN]¥) (4.10)
+

Z VnX2Z¢a ¢> + <Z UanQZwa ¢>)
=

By 12), @13), E&3), @), and T the terms at the last line of [EI)

can be estimated as

(D Vaxzw, ) + (O Unjx3,90) 2 —e1(R) (Hy P, ) + [9%)  (4.11)
neZs n<jg
n#j

with 1(R) — 0 as R — oo. The terms at the second and third lines of EIT)
can also be estimated as

(Hza +Hz2)xz, AN, AN xz9) + (Hza + Hz2)xz¢, Xz, AN]Y)
> —ea(R)(HEP0.0) + [01). ex(B) — 0.
according to (), B2), BH), EF), and ZId). For Z; # & we estimate

the terms at the first line of EIM) in the following way (recall the definitions
EI3), @I3) and @20)):

(Hz1 + Hz2) AV X2, AV x29)

= ) (M1 PP PEY 4 Hyn PP2 PE2AN y o, ANy 500)

(D17E1;D2,E2)§(D,E)

> > ((>1(Z, D1, Ex) PP PP
(DhEl?DZ,EZ);(D’E)
+ 36(Z, Do, E3)PP2 PE2) AN x 29p, AN x 290)
> (D, E)(AN x 20, AN x z9)
(4.12)

By B2), B3), @X), and T the last term on the r.h.s. of {I) can be

estimated as

#(D, EY{[AN, xz|, xz%) > —e3(R) (Hy v, ¢) + |[Y[?), es(R) — 0.

R—o00

(4.13)
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Substituting the estimates ) — EI3) into EIM) we obtain

(HR B0, 8) = (D, E) > X3, 0) + (Y " AN x 1,090, AV X (1,0)0)
Z=(Z1,2Z2)
Zo#D

— ea(R)(HY P, ) + [¥)1?), ea(R) — 0.

R—o0
(4.14)
4.3 ESTIMATE INSIDE OF THE COMPACT REGION

It remains to estimate from below the quadratic form of Hg’E on AN XS{]7Q)TZ).
Note that according to Lemma [ and ) supp x(7,e) C [—2R, 2R3N, To
simplify the notation let

X0 ‘= X(1,2)-
LEMMA 13 For M > 0 let
Wiar = {p e R* : |p)| < M,i=1,...,3N}, Wiy := RN\ Wy,
There exists a finite set Qpr C Lo(R3N) such that for any f € Lo(R3N) with

suppf C [-2R,2R]*N, f1Qu holds

A 1 -
[ PG AR A FNCSLOE
The proof of Lemma [[3 is analogous to the proof of Theorem 7 of [23] and is
given in Appendix C of [T6].
It follows from () that for any M > 0

N
(MY PAN o, ANxot) = C1(>_ DI AN xotr, ANxot) — Call x|
n=1
(4.15)

Here IWM is the operator of multiplication by the characteristic function of

WM in momentum space.
‘We choose
M :=8(5(D,E) 4+ C5)Cy ! (4.16)

and assume henceforth that f := xo¢ is orthogonal to the set Qs defined
in Lemma Since in momentum space the operator D, acts on functions
from A, L2(R3,C*) as multiplication by +/|p|2 + m2, by construction of Wy,

we have

N
(> DTy AN xoth, AV xot) = M| I, AN xot)|*. (4.17)
n=1
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Inequalities (E1H) and [EID) imply
(Hy P AN xotb, AN xot) = CLM || T, AN xot0]* = Callxo||?

M(HI“ Xo|l — HI’WM » X0 1/1||) — Callxo¥|?

M (G, X ? — [T, AN, xal9lI”) = Callxow? (4.18)
4( (D, B) + Co) | I, xo¥ |1
_8(%(D7E)+02)H 7XO]1PH2 — Collxo¥|%

At the last step we have used ([I6]). The second term on the r.h.s. of [EIX)
can be estimated analogously to [EI3) as

~8((D, B)+ o) | A xolu|* > s (R) (HE 0, 0) + [161P), es(R) — 0.

For the first term on the r.h.s. of [I¥) Lemma [[3 implies
4| I, xot |1 = [Ixov|*. (4.19)
As a consequence of [EI¥) — EIJ), we have

(HNEAN xot0, AN xo1b) = 3¢(D, E)||xo||> — e5(R) ((H"1, ) + |[¢]?),
E5(R) — 0.

R—o

(4.20)

4.4 COMPLETION OF THE PROOF

By (m)a (M), and (m)
(M0, 0) 2 (D, E)[Y|* = eo(R)(Hy ", ) + [017), 26(R) — 0.

R—o0

for any v in the form domain of H%E orthogonal to the finite set of functions
(cardinality of this set depends on R). This implies the discreteness of the
spectrum of ’HJ[\),’E below (D, E) and thus EJ).

5 SPECTRUM OF THE FREE CLUSTER

In this section we characterize the spectrum of the cluster Z5 which does not
interact with the external field.

PROPOSITION 14 For any irreducible representations Do, Fo of rotation—

reflection and permutation groups the spectrum of ’HD2 2 g

(HD2 E2) = Uess(HD2 E2) = [%2(Z7 D2;E2); OO);
with some 33(Z, Dy, Es) € R.
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PROOF. Let us introduce the new coordinates in the configuration space R3Nz
of the cluster Zs = {n1,...,nn,}, in the same manner as it is done in [I5]. Let
M = Zne 7, Mn be the total mass of the particles constituting the cluster.
We introduce

ne€Zs (51)
Yk = Xnpy —Xng, k=1,...,Na—1.
The Jacobian of this variable change is one. Here yq is the coordinate of the

center of mass, whereby yx, k = 1,..., No — 1 are the internal coordinates of
the cluster. Accordingly,

1 Ny—1
an = YO - M ; mnk+1yk‘)
Nao1 (5.2)
an+1:y0+yl*M Zmnk“}’ka 1:17"'7N2*]-~
k=1
The momentum operators in the new coordinates are
m No—1
. ni .
Pn, i= —iVx, = =P — Z (7ZVYIC)’
M= (5.3)
. m .
Pn, = —iVx, = ]\;’“ P+ (-iVy, ,), k=2,...,Ny,

where P is the total momentum of the cluster:

P:= ) —iVy, =—iVy,.

neZs

Let Fo be the partial Forurier transform on 53222’]52 defined by
1 —iPyo
(fof)(P7yla"'7yN2—1) = W s f(y07Y1a---aYN2—1)€ dyO

By Z4) and 1) we have
7Dy, E 1R D2,E2}
Hzz " =Fo AzaHz5 Az Fo,

where in the new coordinates

N2—1
,}—HZ),22’E2 = Z (a"p"+ﬁnm")+ Z Unlnk (Yk)+ Z Unknz (Yk_Yl)a
neZs k=2 1<k<I<N2—1

(5.4)
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KZ’Q = H Kn, (55)
neZs
2 2yph+my

operators p,, are given by (B3)), and P should now be interpreted as multiplica-
tion by the vector—function. The operators (&4l) and (&) obviously commute
with 9 := |P|. The operator F, 'PFo (unlike F, 'PFy) is well-defined in
S’JD2’ 2 since it commutes with PP? an P®2 in $z,2. This implies that HDQ’E2
commutes with F; 'PFo.

Let w := P/ € S2. We decompose the Hilbert space j’JDz’Ez into the direct
integral

3,‘)DQ,EQZ/ 9557 Ppap. (5.6)
0

The fibre space S’JD2’EQ’q3 can be considered as a subspace of L2(R3N2_3 X
52 Cc* 2) with the inner product

(f:9)« :=/ (fs9)caradyr - dyn,—1dw.
R3(N2—1) y G2

For f € S§D2’E2 the corresponding element of j’JDQ’EQ’m is given by
fp = Foflpl=p-
We have -
17 = [ 1 plea 5.7

in compliance with (B28)). The form domain of 7?[127722’]52"}3 is
DF .= AT, PP PP gV 2(RIV2-D) 5 62 €472

where A?Q is given by (&) with the only difference that we should replace P
by wP in (B3F). The operators on fibres of the direct integral (BH) are

D7E7 . pY D,E,‘B‘B
HD 2,E2 _AZ2H 2,E2 AZ2’

where HZQQ’E2’m is given by the r.h.s. of (&) with P replaced by wP in (3.
We thus have -
Hyy"e = / dHy5 P PP, (5.8)
0

Dz,Ez

The spectrum of ‘H can be represented as

(HDQ’E2 ) = ess U D2’E2’ ) (5.9)
BeR4
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where the essential union is taken with respect to the Lebesgue measure in R .
The bottom of the spectrum of H%Q’EQ’m is given by

W) = g EE T

5.10
I e (5.10)

LEMMA 15 Function (BI0) is continuous on R.

Proor oF LEMMA [[O Let us fix P € Ry and € > 0. We will prove that
|1(B +p) — u(P)| < e if |p| is small enough. Choose ¢ € D¥ such that

77 Da BB
}W -um| < 5. (5.11)
Let
¢ =AY 3Py € DFTP,
We have
N2
¢—p=AF" — AL =) JTAErP@Er —ab) [[a¥e.  (12)
k=1i<k j>k

Let F be the unitary Fourier transform in Lo(R3(N2=1) x §2, (C4N2) defined by

(-7'—5)(“1;%7 s 7qN2*1)

No—1
a1 —i > aryk
= (2m)3(1=N2)/2 W, y1,.. ., ¥yNo—1)e K= dyi---dyn,-1
R3(Ng—1)
We can rewrite (12) as
Ny
p—p=F "> T[AEP@AE?Y —AT) [ AY 7o, (5.13)
k=1i<k >k
where /A\?, n € Zo are the operators of multiplication by the symbols
N 1 n An n!lin
AP =4 w (5.14)
2 2ypr+m
m No—1
~ ni
p'r‘L1 = —w%_ Z qk7
M k=1 (5.15)
M,

ﬁnk = Mwm+qk‘71; k:2,...,NQ.
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The matrix—functions (EId) are uniformly continuous in B. Thus by [I3)
16— 1172 g sn cae) < C Z IRE =R ol ——, 0. (5.16)
We write
(Hzs ™ ¥ 06,00 = (Hps™ P, 0) + (Mg ™R (6 = 0).9).
+ (M50, (6 — 0 +{(HZE P = 155 %)0, 9)..

The second and third terms on the r.h.s. of (BIT7) tend to zero as |[p| — 0
according to (EIH) and ([ZF). The last term also tends to zero for small |p|,
since the symbol of the difference is

~ m
]:(HQEE%‘B-‘FP _ H1277227E2ﬂ3)‘7:_1 _ Z _nan - wp.

(5.17)

From ([&10) and (B13) follows that
(Hzs™ P, ) (Hp5" %9, 9).
K8l 1F el
if |p| is small enough. Hence by &I and (EI8) for any € > 0

[W(B+p) —w(P)| <e

9
< 9 1
; (5.18)

for |p| small enough. e

Now we prove that p is semibounded from below and tends to infinity as || —
oo. This, together with () and Lemma [ implies that the spectrum of
HDQ’E2 is purely essential and is concentrated on a semi—axis. Proposition [
W111 be thus proved.

According to (1) for j = 2 and EI0) we have

(H75"20,0) > LY V=D +m2, ) — Ca[ ]2,

neZ (5.19)

for any ¢ € PPPF ® AnHl/Q(R3, ch.
neZs

Since all the operators corresponding to the quadratic forms involved in (BI9)
commute with 7 YBFo, it follows from (EH) that for almost all ¢ the inequal-

ity

nEZ2

holds for every ¢ € D%, where p,, are defined in (EI5). Thus p is semibounded
from below. Since by (BIH)

‘32‘2@“

neZs
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there exists n € Z5 such that

) \/ﬁ%er%}Nl;.

neEZs
Thus the r.h.s. of (B20) tends to infinity as P — oo. e

and hence

6 ABSENCE OF GAPS
We are now ready to finish the proof of Theorem B by proving that
[5(D, E),0) C a(HN"). (6.1)

Let us first fix a decomposition Z on which the minimum is attained in 20).
Following the general strategy of [[4], we will prove that for any irreducible
representations (D1, Eq; Do, E9) ; (D, E) any

A > %1(2, Dl,El) + %Q(Z, DQ,EQ)

belongs to o(HYF). This will imply (BI) according to the definition (ET).
Let

)\1 =\ — %1(Z,D1,E1) 2 %2(2, DQ,EQ). (62)

We will use the notation and results of Section Bl The following lemma is a
slight modification of Theorem 8.11 of [I4] and is proved along the same lines:

LEMMA 16 Let A be a selfadjoint operator in a Hilbert space $ and U(y) be
a continuous representation of a compact group I' by unitary operators in $
such that U(y)Dom A C Dom A and U(y)A = AU(y) for any v € I'. Then
for any irreducible (matrix) representation D of T' the corresponding subspace
PP§ reduces A. For every \ € U(AD) where AP is the reduced operator and
every € > 0 there exists a D—generating subspace G of Dom A such that

[[Auw — Au|| < e||u|l, for allu € G.

REMARK 17 Recall that a subspace G of § is called D—generating if the op-
erator U(%)|G is unitary in G for all v € T' and there exists an orthonormal
base in G such that for every v € T the operator U(Y)|G is represented by the
matriz D(y).

ProoF ofF LEMMA [[A Let r be the dimension of the representation D : v —
(le(fy));kzl. Let us introduce in $ the bounded operators Py, by

Plk = T/ le(’Y)U(’Y)dﬂ(V)7 l7 k= 17 s, Ty
I
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where p is the invariant probability measure on I'. It is shown in the proof of
Theorem 8.11 of [T4] that P; are orthogonal projections onto mutually orthog-
onal subspaces of $ and that

PP =%"py. (6.3)
=1

In fact, Py is the projection on the subspace of function which belong to the
I*" row of the representation D. Moreover, Py, is a partial isometry between
Pup$ and Py $. Since A € o(AP), there exists a vector ug € Dom AP such that

1APuo = Auo|| < elfuo]-

It follows from (B3)) that there exists [ € {1,...,7} such that || Pyuo| > r~'.
We can thus define u; := Pyug/|| Puuo|| and then uy := Pyu; for k=1,...,7.
The subspace G spanned by {u}}_, satisfies the statement of the lemma. o
Let

ryi=dim(D; ® E;), j=1,2. (6.4)

Since s11(Z, D1, E1) belongs to the spectrum of ﬁIZ)fl’El (see definition [ZIF)),
by Lemma [[6 we can choose a sequence of (D; ® Fj)-generating subspaces
{Gq}g2y of Dom(H?fI’El) such that for all ¢ € N

[HZ:" 64 = 21(Z, D1 BNyl < a0 l1d4llszs, forall ¢, € Gy (6.5)

Analogously, for any 8 > 0 we can find a sequence {qu}go:l of (Dy ® E3)—

generating subspaces of Dom ﬁlZ)fQ’Ezm such that
™Dy, Es, -
725" P — p@wd|l, <a Mwd,, forallwf €GF. (6.6)

Moreover, we can choose an orthonormal basis {w?l};il in qu in such a way

that for every ¢ € N and [ = 1,...,72 %4, belongs to the I*" row of the
representation (Dy ® Es) and satisfies ({@0). By Proposition [[4 Lemma [H
and ([E2) we can choose Py in such a way that

1(Po) = A1 (6.7)

We choose Ry > ¢ so that I2) and @I3)) hold true for all n,j =1,..., N,
n < j with

£ = q_l(N1 + 1)_1N;1/20%/2(C2 + |)‘1| + 2)_1/2’ (6'8)

where N; 2 are the numbers of elements in Z; 5, and C 2 are the constants in
E3) for j = 2, and so that for some orthonormal base {¢q 1}, of G,

H(l B H I{‘xj|<Rq})¢q’k

JjE€EZy

70 (6.9)

<—2
2 )
L2(R3N17c4N1) 4dE’I“17“2
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where dg is the dimension of E, 712 are defined in (@2)), and the constant
vy > 0 depending only on E, FE;, Es will be specified later in the proof of
Lemma 211

By Assumption ] and Lemma [[H, we can choose a sequence of positive numbers
{04152, tending to zero in such a way that

[W(PB) = M| <g7! forall P e [FBo, Po + g, (6.10)

1 _
7.3 (Po +00)*0Cr, < 7%, (6.11)
where Cg, is the constant in (ZTIl), and

2

1 4 v,
m(‘po +04)%0q - 7Ry < .

3™ < o (6.12)

Let us choose a function f; € Lo(Ry) with supp fq C [Bo, Bo + d¢] so that

Po+dq )
L P -1 (6.13)
Let
wq,l(}’o, ce s YNy—1)
1 Po+dg (6 14)
= (2%)% / /eimwyofq(%)wzfl (W, Yi,--- ,yN2_1)‘J32dwd‘I§, '
Po 52

where {yo,...,¥nN,—1} and {x, }nez, are related by (&) and (B2). It follows
from ([EI3) and the choice of w;fl that

||wqyl||ﬁz,2 = 17 l= ]-a .. '7N2; (615)

and that 4 ; belongs to the Ith row of (Dy ® Es). Clearly the linear subspace

G, spanned by {1,,}72, is a (Dy © Es)-generating subspace of Dom 7?[12722]52

LEMMA 18 For anyn € Zy and ¢ € éq with ||¢]| = 1 the one—particle density

2
Py,n(Xn) = / W’(Xm 7o Xnpy, )‘ (dxn, - 'anNQ)/an
R3N2—3

satisfies

1
lpg,nll Lo (r3) < ﬁ(‘ﬁo +64)54.
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Proor. By ([EI4)

1Pwmll o ®sy < (27) 732Dl Ly (mo)

1 / / /‘BoJrziq/ /‘Boﬂ%/ e,ip(yoJrrn)efi&Bwyof ©9)
(277)6 R3 R3N2 o 52 o 52 1

X w?* (W,Y1, s 7yN2—1)ei$Gyofq(§i)w?(&vyla s 7YN2—1)‘I32‘$2

X dw d‘i dwdPBdyody: - -dyn,—1

(6.16)

dp,

where r,, := x,, — yo, see (2). Integrating the r.h.s. of [EIH) in yo we obtain
(27)38 (p+Pw —P&) from all the factors involving yo. Estimating the absolute
value of the integral by the integral of absolute value and taking into account
that [d(p+...)dp =1 we get

lovllicee < oz [ TMQ N TMQ L1l )

X |1/)qm(W,Y1, s 7yN2*1)‘ ‘w;ﬁ(&ayla s 7yN2*1)|q32§132 (617)

1
(27)347‘-0130 + 5q)26q7

where at the last step we have used Schwarz inequality and ||¢|| = 1. The
formal calculation (BEI0) — (EID) is justified by the fact that the integral over

R3™2 can be considered as a limit of integrals over expanding finite volumes,
since ¢ € Lo(R3N2). o

X do dP dw dB dy: - - dyn, 1 <

COROLLARY 19 For any W € Ly(R3), n € Zy, and ¢ € G, with ||| = 1 we
have

2 1
/ ‘W(Xn)w(xnu-'wanQ)‘ dxnl "'anNQ < 92 2(‘330+5q)25q||w||2-
R3N2 T
Let Fy be the subspace of $y spanned by the functions

Oa kit (X1, XN) = g k(Xj 1 J € Z1) @ Ygi(xy, 1 1 € Z3),

(6.18)
k=1,....,r, l=1,...,19,

where {¢g1},2, and {14,;};2, are orthonormal bases of G, and éq, respec-
tively. We obviously have ”(p%kvl”Lz(RSN oaNy = 1.

LEMMA 20 For any q € N F;, C Dom'Hy. For any ¢ € Fy
_1.1/2 1/2
1(Hn = Vel < 5g7 11 gl
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PROOF. It is enough to show that the functions ([EI8) belong to Dom Hy and
satisfy

(M = Neal p,gon cavy <5a7" (6.19)

Indeed, by triangle and Cauchy inequalities for

T1 T2
Y= Z Z CklPq,k,l (6.20)
k=11=1
we have
T1 T2
[(Ha =Nl <D0 leml||(Ha = Mgl
k=1 1=1

2yl

< sup||(Hy = Mgl
The operator domain of HN can be characterized as the set of functions
¢ from the form domain ® A, H'Y?(R? C*) on which the sesquilinear form

n=

(HNE,+) is a bounded hnear functional in . Functions ([EIF) belong to
N
® A, HY?(R3 C*) by construction. By Z2), @3), and [ZH) we have
n=1

HN =Hz1+Hzz2+ AN< Z Vi + Z Un]-)AN. (6.21)
neZs n;]
n#j

The sesquilinear forms ((Hz1 + Hz,2)@q.k1,-) are bounded linear functionals
over Ly(R3N, C4"), since Gq.k € Dorn(’HD1 E1) and 1, € Dom HY%"™2. More-

over, by (E3)
H(Hz1 —(Z, D1, Er) qule = H Hyy o — %1(ZaD1aE1))¢q,kH <q
and by (E8), @0), EI0), EI), and (EIH)
|(Hz2 = M)@gri]l = (HZ5"* = M)gu|| < 207" (6.22)

In view of [@2ZI)—@E2ZA) and E2), to prove that ¢qr; € DomHy and that
(ETI) holds true it is enough to obtain that

H( D Vet Unj)SDq,k,l 27" (6.23)
neZs n<j
n#j
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To do this, we first note that by (ZI2), ZI3), and Cauchy inequality

H< Y Valgasrg + Y Und{|xn_xj|>Rq}>soq,k,z

neZs n<jg
n#j
Wi+ 1) 3 10alEv] < s+ ONF (X Dl vl )
ness ness
(6.24)
By @3), ([EI5), and 622,
> IDY200l? < O ([(RD5™ = M)wall + Ca + Il
ne€Zs (625)
<O (Ca+ M| +2¢77).
Thus by Z), (E2H) and @) for ¢ > 1 we obtain
H( Z Vil{x,|>R,} T Z Unjf{xnxj|>Rq})<Pq,k,z <q (6.26)
neZs n<jg
n#tj
Now the scalar functions
Vn,q(x) = |Vn (X)‘I{IXKRQ}(X) and UnJ q ‘UW )|I{|x|<Rq}(X)
(6.27)
are square integrable by (ZTIl). By Corollary [ for n € Z5
2 2 1 2
Vaa®atetll? = 1Va,g¥a1? < 5504(Bo + 8| Vaall7, re (6.28)

and for n < j, n#j

2 1
1Unsaanill® < U [1Ungal = 2)al]” < 3584(Bo + 801Ul Fces)-
zE

(6.29)
Hence by (62Z1), (628), E29), 1), and @IT)

H( Y Valfxai<ry T Unjf{xnxﬂ@q})%,k,l

neZs n<jg

n#tj

It remains to add (E26) and (E30) to obtain ([E23), finishing the proof of the
lemma. e

The subspace F, spanned by the functions [EIX) is D1 ® E1 @ Dy ® Eo—

generating. Since (D1, Eq; Do, E9) ; (D, E), F,; contains some nontrivial D—

1
ST (6.30)

generating subspace. Hence the subspace K, := pP F, is not equal to {0} and
is contained in F.
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LEMMA 21 There exists a constant Cg > 0 such that for every ¢ € N
IPPoll > Crllell,  for all ¢ € Fy. (6.31)

PROOF. Projector [ZIH) can be written as

PP == Z Ep(m)m + Z—E Z Ep(m)m. (6.32)

n€ll? x11Z n€Il\(I1Z x11%)
We will denote the first term in [E32) by QF, and the second by R¥. Then

PPl = (o, PPo) = (0,Q%0) + (¢, RF ). (6.33)

Relation (D1, Ey; D, Es) ; (D, E) implies that the representation E|le x 114
k .
is unitarily equivalent to a sum @ n;E®) where n; > 0 are multiplicities of the
i=0
irreducible representations E(*) of the group 117 x 1§ with E(®) = E; ® Es.
For the corresponding characters this gives

k
Ep(m) = Zm{(i)(w), for all 7€ M7 x 115,
i=0

Hence
k
E
Q¥ => wp,
i=0

where v; > 0 and P; is the projector corresponding to the representation F(*).
By construction, Py = ¢ for any ¢ € F, hence P,p =0fori=1,...,k. Thus
for any ¢ € F,

(v, Q%) = mollell*, o >0. (6.34)
We will now estimate the second term on the r.h.s. of [E33). For any n € Z,
and any ¢ € G, with ||| =1 by Corollary [@ and (EI2) we have

2

v,
I, ’<—— 6.35
H {|x7|<Rq}wH 16d4E7“%T% ( )
For any functions (I8 and any 7 € II inequality (@) implies that
Vo
K TP . T T < Iris. AR =~ 7 3Ny + ——.
|<‘Pq (pq,k,l>| S < H {|xJ\<Rq}|‘pq | |90q7k71|>L2(]R ) 4d2E7"17’2

JEZ,
Now if 7 € II\ (I x I1%), then there exists jo € Z; such that 7jo € Z5. Hence
by (E33)
vy

Igix. , =) < ok =)< .
<jgl {l J|<Rq}|90q,k,l| 7r|<pq7k,l|> <|50q,k,l| {l ,0\<Rq}7r|50q,k7l|> 4d2E7“17“2
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Thus o
(ot mo, 50 < g m €T\ (I X TI5). (6.36)

Any ¢ € F, can be written as (E20). By (E30) and Cauchy inequality for any
7 ell\ (17 x 1)

Yo
(o) < D lemtlleggl|{@aktsmo, 50| < ﬁlls@llQ- (6.37)
Kkl E
Since the number of elements of I\ (I1# x I1¥) does not exceed dr; and for any

T ‘{E(w)‘ < dg as a trace of unitary matrix of dimension dg, [E37) implies
that

(0, RE0)| < wollell? /2.
By (E33)) and ([E34)) we conclude that [E3T) holds with Cg = \/1/2.
Lemmata and 21 imply that L, := PFK, is a nontrivial subspace of
Dom Hﬁ’E and for every f = PPy € L,

D,E i1
IHRE =N F]| < | (Hy =N < 5g7'rErf el < 5q7'riri M1 Fll g €N
This implies that \ € J(’H][\),’E), and thus finishes the proof of Theorem @
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