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ABSTRACT. A Fréchet algebra endowed with a multiplicatively con-
vex topology has two types of invariants: homotopy invariants (topo-
logical K-theory and periodic cyclic homology) and secondary in-
variants (multiplicative K-theory and the non-periodic versions of
cyclic homology). The aim of this paper is to establish a Riemann-
Roch-Grothendieck theorem relating direct images for homotopy and
secondary invariants of Fréchet m-algebras under finitely summable
quasihomomorphisms.
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1 INTRODUCTION

For a noncommutative space described by an associative Fréchet algebra .o/
over C, we distinguish two types of invariants. The first type are (smooth)
homotopy invariants, for example topological K-theory [27] and periodic cyclic
homology [5]. The other type are secondary invariants; they are no longer
stable under homotopy and carry a finer information about the “geometry”
of the space /. Typical examples of secondary invariants are algebraic
K-theory [29] (which will not be used here), multiplicative K-theory [17] and
the unstable versions of cyclic homology [18]. The aim of this paper is to
define push-forward maps for homotopy and secondary invariants between two
Fréchet algebras &/ and %, induced by a smooth finitely summable quasiho-
momorphism [8]. The compatibility between the different types of invariants
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is expressed through a noncommutative Riemann-Roch-Grothendieck theorem
(Theorem 6.3). The present p aper is the first part of a series on secondary
characteristic classes. In the second part we will show how to obtain local
formulas for push-forward maps, following a general principle inspired by
renormalization which establishes the link with chiral anomalies in quan-
tum field theory [25]; in order to keep a reasonable size to the present paper,
these methods will be published in a separate survey with further examples [26].

We deal with Fréchet algebras endowed with a multiplicatively convex topology,
or Fréchet m-algebras for short. These algebras can be presented as inverse lim-
its of sequences of Banach algebras, and as a consequence many constructions
valid for Banach algebras carry over Fréchet m-algebras. In particular Phillips
[27] defines topological K-theory groups K\°P(«/) for any such algebra &/ and
n € Z. The fundamental properties of interest for us are (smooth) homotopy
invariance and Bott periodicity, i.e. K, F(«/) = K°P(7). Hence there are es-

sentially two topological K-theory groups for any Fréchet m-algebra, K;°P (<)
whose elements are roughly represented by idempotents in the stabilization of
&/ by the algebra £ of "smooth compact operators”, and K}Op(;zf ) whose
elements are represented by invertibles. Fréchet m-algebras naturally arise in
many situations related to differential geometry, commutative or not, and the
formulation of index problems. In the latter situation one usually encounters
an algebra & of ”finitely summable operators”, for us a Fréchet m-algebra
provided with a continuous trace on its p-th power for some p > 1. A typ-
ical example is the Schatten class . = ZP(H) of p-summable operators on
an infinite-dimensional separable Hilbert space H. & can be stabilized by
the completed projective tensor product .#®.7 and its topological K-theory
K°P(#®4f) is the natural receptacle for indices. Other important topolog-
ical invariants of o7 (as a locally convex algebra) are provided by the peri-
odic cyclic homology groups H P, (), which is the correct version sharing the
properties of smooth homotopy invariance and periodicity mod 2 with topolog-
ical K-theory [5]. For any finitely summable algebra .# the Chern character
KP( 7 ®e/) — HP, (/) allows to obtain cohomological formulations of index
theorems.

If one wants to go beyond differential topology and detect secondary invari-
ants as well, which are no longer stable under homotopy, one has to deal with
algebraic K-theory [29] and the unstable versions of cyclic homology [18]. In
principle the algebraic K-theory groups K22(/) defined for any n € Z pro-
vide interesting secondary invariants for any ring <7, but are very hard to
calculate. It is also unclear if algebraic K-theory can be linked to index theory
in a way consistent with topological K-theory, and in particular if it is possible
to construct direct images of algebraic K-theory classes in a reasonable con-
text. Instead, we will generalize slightly an idea of Karoubi [16, 17] and define
for any Fréchet m-algebra &7 the multiplicative K-theory groups M K7 (<),
n € Z, indexed by a given finitely summable Fréchet m-algebra .#. Depend-
ing on the parity of the degree n, multiplicative K-theory classe s are repre-
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sented by idempotents or invertibles in certain extensions of .#®.7, together
with a transgression of their Chern character in certain quotient complexes.
Multiplicative K-theory is by definition a mixture of the topological K-theory
K!P(#%./) and the non-periodic cyclic homology HC,, (7). It provides a
“good” approximation of algebraic K-theory but is much more tractable. In
addition, the Jones-Goodwillie Chern character in negative cyclic homology
K?#8(g/) — HN,(&) factors through multiplicative K-theory. The precise
relations between topological, multiplicative K-theory and the various versions
of cyclic homology are encoded in a commutative diagram whose rows are long
exact sequences of abelian groups

K'P (I o) —> HCp_1 () ——> MK (of) —> K'P(I &0/

] o

HPp 1 (o) —>> HC,_ (/) —2—> HN, (/) ——> HP, (/)

The particular case .# = C was already considered by Karoubi [16, 17] after the
construction by Connes and Karoubi of regulator maps on algebraic K-theory
[6]. The incorporation of a finitely summable algebra .# is rather straightfor-
ward. This diagram describes the primary and secondary invariants associated
to the noncommutative “manifold” «/. We mention that the restriction to
Fréchet m-algebras is mainly for convenience. In principle these constructions
could be extended to all locally convex algebras over C, however the subsequent
results, in particular the proof of the Riemann-Roch-Grothendieck theorem
would become much more involved.

If now & and & are two Fréchet m-algebras, it is natural to consider the ad-
equate “morphisms” mapping the primary and secondary invariants from .o/
to B. Let £ be a p-summable Fréchet m-algebra. By analogy with Cuntz’
description of bivariant K-theory for C*-algebras [8], if & > .#®% denotes a
Fréchet m-algebra containing .#®% as a (not necessarily closed) two-sided
ideal, we define a p-summable quasihomomorphism from <7 to % as a contin-
uous homomorphism

p:a — E> IR ,

where &° and .#° are certain Zs-graded algebras obtained from & and .# by a
standard procedure. Quasihomomorphisms come equipped with a parity (even
or odd) depending on the construction of & and #°. In general, we may
suppose that the parity is p mod 2. We say that . is multiplicative if it is
provided with a homomorphism X : .#®.# — ., possibly defined up to adjoint
action of multipliers on .#, and compatible with the trace. A basic example of
multiplicative p-summable algebra is, once again, the Schatten class £P(H).
Then it is easy to show that such a quasihomomorphism induces a pushforward
map in topological K-theory p : K!°P( S @) — Kfff’p(ﬂ@),%’), whose degree
coincides with the parity of the quasihomomorphism. This is what one expects
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from bivariant K-theory and is not really new. Our goal is to extend this
map to the entire diagram (1). Direct images for the unstable versions of cyclic
homology are necessarily induced by a bivariant non-periodic cyclic conomology
class ch?(p) € HCP?(«/,%). This bivariant Chern character exists only under
certain admissibility properties about the algebra & (note that it is sufficient for
& to be (p+ 1)-summable instead of p-summable). In particular, the bivariant
Chern caracter constructed by Cuntz for any quasihomomorphism in [9, 10]
cannot be used here because it provides a bivariant periodic cyclic cohomology
class, which does not detect the secondary invariants of &/ and #. We give
the precise definition of an admissible quasihomomorphism and construct the
bivariant Chern character ch?(p) in section 3, on the basis of previous works
[23]. An analogous construction was obtained by Nistor [20, 21] or by Cuntz
and Quillen [12]. However the bivariant Chern character of [23] is related to
other constructions involv ing the heat operator and can be used concretely for
establishing local index theorems, see for example [24]. The pushforward map
in topological K-theory combined with the bivariant Chern character leads to
a pushforward map in multiplicative K-theory py : M K7 (/) — MK;f_p(,%’).
Our first main result is the following non-commutative version of the Riemann-
Roch-Grothendieck theorem (see Theorem 6.3 for a precise statement):

THEOREM 1.1 Let p: of — &> QA be an admissible quasihomomorphism
of parity p mod 2. Suppose that & is (p + 1)-summable in the even case and
p-summable in the odd case. Then one has a graded-commutative diagram

K\ (S &) HCp () —— MK/ (o) —— K!°P(I @)

n+1
lpz lchp(p) lp! lp!

K, (I EB) — HC,_1_p(B) — MK (B) — K7, (70.2)
compatible with the cyclic homology SBI exact sequences after taking the Chern
characters K{P(F&-) — HP, and MK — HN,.

At this point it is interesting to note that the pushforward maps py and
the bivariant Chern character ch”(p) enjoy some invariance properties with
respect to equivalence relations among quasihomomorphisms. Two types
of equivalence relations are defined: smooth homotopy and conjugation by
invertibles. The second relation corresponds to “compact perturbation” in
Kasparov K K-theory for C*-algebras [2]. In the latter situation, the Ms-
stable version of conjugation essentially coincide with homotopy, at least
for separable & and c-unital 9. For Fréchet algebras however, Ma-stable
conjugation is strictly stronger than homotopy as an equivalence relation.
This is indeed in the context of Fréchet algebras that secondary invariants
appear. The pushforward maps in topological K-theory and periodic cyclic
homology are invariant under homotopy of quasihomomorphisms. The maps
in multiplicative K-theory and the non-perio dic versions of cyclic homology
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HC, and HN, are only invariant under conjugation and not homotopy. Also
note that in contrast with the C*-algebra situation, the Kasparov product of
two quasihomomorphisms p : & — &> IR and p' : B — F5v IQFC
is not defined as a quasihomomorphism from &7 to ¥. The various bivariant
K-theories constructed for m-algebras [9, 10] or even for general bornological
algebras [11] cannot be used here, again because they are homotopy invariant
by construction. We leave the construction of a bivariant K-theory compatible
with secondary invariants as an open problem.

In the last part of the paper we illustrate the Riemann-Roch-Grothendieck
theorem by constructing assembly maps for certain crossed product algebras. If
I' is a discrete group acting on a Fréchet m-algebra <7, under certain conditions
the crossed product o7 x I' is again a Fréchet m-algebra and one would like
to obtain multiplicative K-theory classes out of a geometric model inspired

by the Baum-Connes construction [1]. Thus let P L M be a principal T-
bundle over a compact manifold M, and denote by «7p the algebra of smooth
sections of the associated «7-bundle. If D is a K-cycle for M represented by
a pseudodifferential operator, we obtain a quasihomomorphism from «/p to
&/ x T and hence a map

MEK;] (ap) — MK, (o xT)

for suitable p and Schatten ideal .#. In general this map cannot exhaust
the entire multiplicative K-theory of the crossed product but nevertheless
interesting secondary invariants arise in this way. In the case where .o/ is the
algebra of smooth functions on a compact manifold, «7p is commutative and its
secondary invaiants are closely related to (smooth) Deligne cohomology. From
this point of view the pushforward map in multiplicative K-theory should be
considered as a non-commutative version of “integrating Deligne classes along
the fibers” of a submersion. We perform the computations for the simple
example provided by the noncommutative torus.

The paper is organized as follows. In section 2 we review the Cuntz-Quillen
formulation of (bivariant) cyclic cohomology [12] in terms of quasi-free exten-
sions for m-algebras. Nothing is new but we take the opportunity to fix the
notations and recall a proof of generalized Goodwillie theorem. In section 3 we
define quasihomomorphisms and construct the bivariant Chern character. The
formulas are identical to those found in [23] but in addition we carefully es-
tablish their adic properties and conjugation invariance. In section 4 we recall
Phillips’ topological K-theory for Fréchet m-algebras, and introduce the peri-
odic Chern character K!°P(#®4/) — HP, (<) when .# is a finitely summable
algebra. The essential point here is to give explicit and simple formulas for
subsequent use. Section 5 is devoted to the definition of the multiplicative
K-theory groups M K:” (/) and the proof of the long exact seque nce relating
them with topological K-theory and cyclic homology. We also construct the
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negative Chern character M K;” («/) — HN, (/) and show the compatibility
with the SBI exact sequence. Direct images of topological and multiplica-
tive K-theory under quasihomomorphisms are constructed in section 6 and
the Riemann-Roch-Grothendieck theorem is proved. The example of assembly
maps and crossed products is treated in section 7.

2 CYCLIC HOMOLOGY

Cyclic homology can be defined for various classes of associative algebras over
C, in particular complete locally convex algebras. For us, a locally convex
algebra &7 has a topology induced by a family of continuous seminorms p :
&/ — R, for which the multiplication &/ x &/ — & is jointly continuous.
Hence for any seminorm p there exists a seminorm ¢ such that p(ajaz) <
q(a1)g(az), Ya; € <. For technical reasons however we shall restrict ourselves
to multiplicatively convex algebras [5], whose topology is generated by a family
of submultiplicative seminorms

p(araz) < plar)p(az) Va; € o .

A complete multiplicatively convex algebra is called m-algebra, and may equiv-
alently be described as a projective limit of Banach algebras. The unitalization
T = C® & of an m-algebra &/ is again an m-algebra, for the seminorms
(Al +a) = |A| + pla), VA € C,a € &/. In the same way, if £ is another
m-algebra, the direct sum o/ & £ is an m-algebra for the topology generated
by the seminorms (p@®¢q)(a,b) = p(a)+q(b), where p is a seminorm on &/ and ¢
a seminorm on AB. Also, the algebraic tensor product &7 ® % may be endowed
with the projective topology induced by the seminorms

(p®q)(c) = inf { Zp(ai)q(bi) such that ¢ = Z a; b, €9 ® ,@} . (2)

The completion B = o @,.P of the algebraic tensor product under this
family of seminorms is the projective tensor product of Grothendieck [14], and
is again an m-algebra.

Cyclic homology, cohomology and bivariant cyclic cohomology for m-algebras
can be defined either within the cyclic bicomplex formalism of Connes [5], or
the X-complex of Cuntz and Quillen [12]. We will make an extensive use of
both formalisms throughout this paper. In general, we suppose that all linear
maps or homomorphims between m-algebras are continuous, tensor products
are completed projective tensor products, and extensions of m-algebras 0 —
I — R — o — 0 always admit a continuous linear splitting o : &/ — Z.

2.1 CyCLIC BICOMPLEX

NON-COMMUTATIVE DIFFERENTIAL FORMS. Let o7 be an m-algebra. The
space of non-commutative differential forms over &7 is the algebraic direct sum
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Qo = @,-, 2" of the n-forms subspaces 2"/ = o+ &7 for n > 1
and Q%«7 = &7, where &/1 is the unitalization of 7. Each of the subspaces
Q"o is complete but we do not complete the direct sum. It is customary
to use the differential notation agday . ..da, (resp. daj ...day) for the string
ap®ay...®ap (resp. 1®ay...®ay). A continuous differential d : Q"o —
Q" *le7 is uniquely specified by d(agda; . .. day,) = dagday . .. da, and d? = 0.
A continuous and associative product Q"& x QMof — Q"T"gf is defined as
usual and fulfills the Leibniz rule d(wiws) = dwiws + (—)|wl|w1dw2, where |w |
is the degree of wy. This tu rns Q.7 into a differential graded (DG) algebra.
On Q¢ are defined various operators. First of all, the Hochschild boundary
map b : Q"le/ — Q" reads b(wda) = (—)"|w,a] for w € Q"&/, and b = 0
on Q% = o/. One easily shows that b is continuous and b? = 0, hence (.o is
a complex graded over N. The Hochschild homology of o/ (with coefficients in
the bimodule &) is the homology of this complex:

HH, (/) = Ho(Qe/\b),  VneN. (3)

Then the Karoubi operator « : Q"«/ — Q"o is defined by 1 — k = db + bd.
Therefore  is continuous and commutes with b and d. One has k(wda) =
(—)"daw for any w € Q"% and a € «/. The last operator is Connes’ B :
O/ — Q"o equal to (1 + K+ ...+ k™)d on Q"o It is also continuous
and verifies B2 = 0 = Bb+bB and Bk = kB = B. Thus Q& endowed with the
two anticommuting differentials (b, B) becomes a bicomplex. It splits as a direct
sum Qo7 = Q&7+ ® Q™ of even and odd degree differential forms, hence is a
Zo-graded complex for the total boundary map b + B. However its homology
is trivial [18]. The various versions of cyclic homology are defined using the
natural filtrations on Q.«/. Following Cuntz and Quillen [12], we define the
Hodge filtration on Q.47 as the decreasing family of Zs-graded subcomplexes
for the total boundary b + B

e =g o Pty Wnei,
k>n

with the convention that F"Q&/ = Q&7 for n < 0. The completion of Q. is
defined as the projective limit of Zy-graded complexes

Qof =lim Qe /[F"Qef = [[ Q"o . (4)
n n>0

Hence O/ = Ot/ & O~/ is a Zo-graded complex endowed with the total
boundary map b+ B. It is itself filtered by the decreasing family of Zy-graded
subcomplexes F"Q.ef = Ker(ef — Qof /F"Q./), which may be written

FrQd =b" oo [[ e, Wnez. (5)
k>n
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In particular the quotient Qo / Qe is a Zo-graded complex isomorphic to
Qo |F™Qef , explicitly

n—1
Qo [F'Qet = PO & Ot [0 Q) (6)
k=0

and it vanishes for n < 0. As a topological vector space, % /F nQ.of may fail
to be separated because the image b(2""1.¢7) is not closed in general.

DEFINITION 2.1 In any degree n € Z, the periodic, non-periodic and negative
cyclic homologies are respectively the (b + B)-homologies

HP,(#) = Hpio(Q) ,
HCp (o) = Hypyon(Qod JF Q) (7)
HN, () = Hypoon(F" Q) .

Hence HP, (&) = HP,12(4) is 2-periodic, HCy (&) = 0 for n < 0 and
HN,(«) = HP, (&) for n < 0. By construction these cyclic homology groups
fit into a long exact sequence

s HPy 1 () -2 HC,_y () 25 HN, (7)) — HP, (/) — ... (8)

where S is induced by projection, I by inclusion, and the connecting map cor-
responds to the operator B. The link between cyclic and Hochshild homology
may be obtained through non-commutative de Rham homology [16], defined as

HD, (o) := Hyyoz (Ve JF" Q) , VneZ. (9)
This yields for any n € Z a short exact sequence of Zs-graded complexes
0 — Gp() — Qi JF"Qd — QO JF" ' Qot — 0 |

where G, is Q"o /bQ" 1o/ in degree n mod 2, and bQ".«/ in degree n — 1
mod 2. One has Hyy27(G,) = HH, (&) and H,,_1422(G,) = 0, so that the
associated six-term cyclic exact sequence in homology reduces to

0—HD, 1(«)— HCp_1() — HH, (&) - HCy (/) — HDy,_o() — 0,

and Connes’s SBI exact sequence [4] for cyclic homology is actually obtained
by splicing together the above sequences for all n € Z:

s HCpi1 () 25 HC, (o) 25 HH, (o) — HC, (/) — ... (10)
Hence the non-commutative de Rham homology group HD, (&) may be

identified with the image of the periodicity shift S : HC)y2(&/) — HC, ().
Clearly the exact sequence (8) can be transformed to (10) by taking the
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natural maps HP, (&) — HC, (&) and HN, (&) — HH, ().

Passing to the dual theory, let Hom(ﬁgf ,C) be the Zs-graded complex of linear
maps Q.o — C which are continuous for the adic topology on Q&7 induced by
the Hodge filtration. It is concretely described as the direct sum

Hom(Q.e/, C) = (P Hom(Q"«/,C)

n>0

where Hom(Q"«7, C) is the space of continuous linear maps Q"< — C. The
space Hom (o7, C) is endowed with the transposed of the boundary operator
b+ B on Q.. Then the periodic cyclic cohomology of & is the cohomology of

this complex: R
HP"(o/) = H" "% (Hom(Q.e7, C)) . (11)

One defines analogously the non-periodic and negative cyclic cohomologies
which fit into an I BS long exact sequence.

2.2  X-COMPLEX AND QUASI-FREE ALGEBRAS

We now turn to the description of the X-complex. It first appeared in the
coalgebra context in Quillen’s work [28], and subsequently was used by Cuntz
and Quillen in their formulation of cyclic homology [12]. Here we recall the
X-complex construction for m-algebras.

Let Z be an m-algebra. The space of non-commutative one-forms Q% is a %-
bimodule, hence we can take its quotient 2'%; by the subspace of commutators
(2, 0' %) = bV Z. Q' A, may fail to be separated in general. However, it is
automatically separated when Z is quasi-free, see below. In order to avoid
confusions in the subsequent notations, we always write a one-form xodxr; €
O'% with a bold d when dealing with the X-complex of Z. The latter is the
Za-graded complex [12]

hd
X(%#): %= Q% , (12)
b

where #Z = X, (%) is located in even degree and Q'%, = X_(#) in odd
degree. The class of the generic element (zodz; mod [,]) € Q'%; is usually
denoted by fzodz;. The map id : Z — Q' %, thus sends x € Z to fdz. Also,
the Hochschild boundary b : Q'% — % vanishes on the commutator subspace
(%, ' %), hence passes to a well-defined map b : Q1 %, — Z%. Explicitly the im-
age of fzodz; by b is the commutator [0, x1]. These maps are continuous and
satisfy idob = 0 and bolid = 0, so that (X (%), 1d®b) indeed defines a Z,-graded
complex. We mention that everything can be formulated when &% itself is a
Zo-graded algebra: we just have to replace everywhere the ordinary commuta-
tors by graded commutators, and the differentials anticommute with elements
of odd degree. In particular one gets bhrdy = (—)I*![z,], where |z| is the
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degree of x and [, y] is the graded commutator. The X-complex is obviously a
functor from m-algebras to Zy-graded complexes: if p : Z — .7 is a continuous
homomorphism, it induces a chain map of even degree X (p) : X(#) — X (),
by setting X (p)(x) = p(x) and X (p)(Grodz1) = i p(zo)dp(21).

In fact the X-complex may be identified with the quotient of the (b + B)-
complex 0% by the subcomplex F'O% = bO02% & [Tiso % of the Hodge
filtration, i.e. there is an exact sequence

O—>F1§<@—>Q%—>X(3?)—>O.

It turns out that the X-complex is especially designed to compute the cyclic
homology of algebras for which the subcomplex FQ% is contractible. This
led Cuntz and Quillen to the following definition:

DEFINITION 2.2 ([12]) An m-algebra Z is called quasi-free if there exists a
continuous linear map ¢ : # — Q2R with property

d(zy) = d(x)y + xo(y) +dody , Vo,y € Z . (13)

We refer to [12, 19] for many other equivalent definitions of quasi-free algebras.
Let us just observe that a quasi-free algebra has dimension < 1 with respect to
Hochschild cohomology. Indeed, the map ¢ allows to contract the Hochschild
complex of Z in dimensions > 1, and this contraction carries over to the cyclic
bicomplex. First, the linear map

o Qlﬁh - 07 gzdy — xdy + b(xd(y))

is well-defined because it vanishes on the commutator subspace [%Z, Q' %] =
bQ2Z by the algebraic property of ¢. Hence o is a continuous linear splitting
of the exact sequence 0 — bQ2%Z — Q'#%Z — Q'%, — 0. By the way, this
implies that for a quasi-free algebra %, the topological vector space Q1'% splits
into the direct sum of two closed subspaces bQ?Z and Q' %;. Then, we extend
¢ to a continuous linear map ¢ : Q"Z — Q"T2% in all degrees n > 1 by the
formula
¢($0d$1 N dSCn) = Z(*)nz(ﬁ(:@)dl‘prl N dSCndSCO N dSCifl .
i=0

The following proposition gives a chain map v : X (%) — Q% which is inverse
to the natural projection 7 : 0% — X (%) up to homotopy. Remark that the
infinite sum (1 — ¢)~! := >/ #" makes sense as a linear map # — Ot % or
0% - Q2.

PROPOSITION 2.3 Let #Z be a quasi-free m-algebra. Then
i) The map v : X (%) — Q% defined for x,y € Z by

() = (1-9¢) (z) (14)
Y(hzdy) = (1—¢) " (ady + b(zé(y)))
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is a chain map of even degree from the X -complex to the (b + B)-complex.
it) Let m : Q% — X(X) be the natural projection. There is a contracting
homotopy of odd degree h : QR — QR such that

moy = Id on X(Z),
yor = Id+[b+B,h] on QZ.

Hence X (%) and Q% are homotopy equivalent.

Proof: See the proof of [22], Proposition 4.2. There the result was stated in
the particular case of a tensor algebra #Z = T/, but the general case of a
quasi-free algebra is strictly identical (with the tensor algebra the image of v
actually lands in the subcomplex Q7@ C OT o for a judicious choice of ¢,
but for generic quasi-free algebras it is necessary to take the completion Q%
of O%). L]

EXTENSIONS. Let &7 be an m-algebra. By an extension of &/ we mean an exact
sequence of m-algebras 0 — ¥ — # — &/ — 0 provided with a continuous
linear splitting &/ — %, and the topology of the ideal .# is induced by its
inclusion in Z. Hence as a topological vector space Z# is the direct sum of
the closed subspaces .# and &/. By convention, the powers ™ of the ideal
# will always denote the image in % of the n-th tensor power .£®...&.# by
the multiplication map. For n < 0, we define .#° as the algebra %Z. Now let
us suppose that all the powers .#™ are closed and direct summands in % (this
is automatically satisfied if % is quasi-free). Then the quotients Z/.#™ are
m-algebras and give rise to an inverse system with surjective homomorphisms

0~ A =R|I —R|I?> — ... —R|I" —

We denote by % = lim 9?/ Z" the projective limit and view it as a pro-
algebra indexed by the directed set Z (see [19]). Since the bicomplex of non-
commutative differential forms Q% and the X-complex X (%) are functorial in
Z, we can define O% and X (@) as the Zs-graded pro-complexes

o~ o~

0% = 1mQ(#Z/I") =l YR/ I")|F" QR I™)
X(#) = lmX(%/I"),

endowed respectively with the total boundary maps b+ B and 9 = id @ b.
When Z is quasi-free, a refinement of Proposition 2.3 yields a chain map 7 :
X (%) — Q% inverse to the projection 7 : Q% — X (%) up to homotopy, which
we call a generalized Goodwillie equivalence:

PROPOSITION 2.4 Let 0 — & — % — o/ — 0 be an extension of m-algebras,
with Z quasi-free. Then the chain map v : X (Z) — QZ extends to a homotopy

equivalence of pro-complezes X(é?) —Q%.
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Proof: We recall the proof because it will be useful for establishing Proposition
3.10. Let us introduce the following decreasing filtration of the space Q™% by
the subspaces H*Q™ %, k € Z:

HQ™ % = Z AT WA L
k0++k7n2k

Clearly H*1Qm% c H*Q™%, and for k < 0 H*Q™% = Q™%. Morally,
H*Q™% contains at least k powers of the ideal .#. The direct sum
D, H*Q™% is stable by the operators d, b, x, B for any k. We have to
establish how k changes when the linear map ¢ : Q™% — Q™ 2% is applied.
First consider ¢ : # — Q2%. If x1,...,x;, denote k elements in Z, one has by
the algebraic property of ¢ (see [12])

le cLj— 1¢ zz)zerl Tk

+ E .SCifleL'Z‘SCZ'Jrl -":ijldszjJrl Tk
1<i<j<k

Taking the elements z; in the ideal .# and using that ¢(.#) C Q?Z yields

k
¢(sF) > s dgdz s+ Y s T T

i=1 1<i<j<k

Therefore ¢(#%) ¢ H*"102% for any k. Now from the definition of ¢ on
Q™A one has

p(srodsM L dstm) Y g(sMdsle L dsie ¢ BT
=0

whenever k = ko + ... + kp, hence ¢(H*Q™ %) C H*-1Q™+2%. Now let us
evaluate the even part of the chain map v: Z — Q+t%. The part of v landing
in Q?™% is the m-th power ¢™. One gets ¢™(F*) C H¥"™Q2™%, hence ¢™
sends the quotient algebra %#2/.#* to Q2™ (% /.#™) provided (1+2m)n < k—m
(indeed 1 + 2m is the maximal number of factors & in the tensor product
02m%). Passing to the projective limits, ¢™ induces a well-defined map
7 QQmﬂ?, and summing over all degrees 2m yields ~ : % H@Jﬁﬁ?.

Let us turn to the odd part of the chain map v : Q'%, — Q~%. By con-
struction, it is the composition of the linear map o : Q'%;, — Q'Z with
all the powers ¢™ : Q1'% — Q?>™*t1%. One has §(F*dZ + #d(I*)) C
1(S*dZ + #%71d.#), and by the definition of o,

ot(sH A% + s ds) ¢ IHAR + IS + W(IEQR) + I ()
c HYO'% +bH'0?°% < H'0'% .
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Therefore (¢™ o o)y(Fkd%Z + #*~1ds) c HF™"10?m+H 1R Since Z is
the direct sum of Z/.#% and .#* as a topological vector space, the quo-
tient Q1(%2/7%); coincides with Q' %Z/(F*d% + #d(I*) + (%, 0 %)), and
the map ¢™ oo : QY#/I*), — Q¥+t (/. F") is well-defined provided
(2m 4 2)n < k —m — 1. Thus passing to the projective limits induces a map
Ql,%?h — Q?m+1% and summing over m yields 7 : Ql@b — 0%

Finally, the contracting homotopy h of Proposition 2.3 is also constructed
from ¢ (see [22] Proposition 4.2), hence extends to a contracting homotopy

h: Q% — QZ%. The relations 7o~ = Id on X(#) and yor =1d + [b+ B, h]
on QZ follow immediately. [

ADIC FILTRATION. Suppose that .# is a (not necessarily closed) two-sided ideal
in #Z, provided with its own topology of m-algebra for which the inclusion
& — Z is continuous and the multiplication map £+ x & x Z+ — 7 is
jointly continuous. As usual we define the powers #™ as the two-sided ideals
corresponding to the image in % of the n-fold tensor products . ®...%.%
under multiplication. Following [12], we introduce the adic filtration of X (%)
by the subcomplexes

F2X(%) : I"T [ %) = 4.9"d % (15)
F2HX(%) - ot =2 y(sdz + smd ),

where the commutator [.#", %] is by definition the image of .#"d% under the
Hochschild operator b, and .#" is defined as the unitalized algebra %% for
n < 0. This is a decreasing filtration because Fyt' X (#) C F'. X (%), and for
n < 0 one has F') X(#Z) = X(#). Denote by X,,(%#,9) = X(Z)/F'} X (%)
the quotient complex. It is generally not separated. One gets in this way an
inverse system of Zs-graded complexes { X, (%, .-#)}nez with projective limit
X(%,.7).

Now suppose that we start from an extension of m-algebras 0 — & — Z —
&/ — 0 with continuous linear splitting, and assume that any power #" is
a direct summand in #Z. Then, the sequence X, (%, .#) is related to the X-
complexes of the quotient m-algebras Z/.#™:

0—Xo(Z,9)=d ||, ) — X\ (R, ) =X(A) — ...
= X (R I — Xopn (R, I) — Xop(R,I) — X(R]I") — ...

Hence the projective limit of the system {X,,(Z, .#)}nez is isomorphic to the
X-complex of the pro-algebra Z#:

X(#,9)=lmX,(%,5)=lmX(#Z/I") = X (%) . (16)

The pro-complex X (%, .7) is naturally filtered by the family of subcomplexes
F"X(#,9)=Ker(X — X,,). f 0 = ¢ — . — % — 0 is another extension
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of m-algebras with continuous linear splitting, then the space of linear maps
between the two pro-complexes X (%, .#) and X (7, #), or between X and

X' for short, is given by

Hom(X, X') = lim (h_n;Hom(Xn, X;n)) , (17)

where Hom(X,,, X/ ) is the space of continuous linear maps between the Zo-
graded complexes X,(#,.#) and X,,(~7, 7). Thus Hom(X,X') is a Z,-
graded complex. It corresponds to the space of linear maps {f : X -
X/ | Vk, In : f(F")A() C Fk)?’}; the boundary of an element f of parity
|f| is given by the graded commutator 8o f — (=)!/If 0 & with the bounary
maps 0 = 1d®b on X and X'. Hom()A(, )A(’) itself is filtered by the subcomplexes
of linear maps of order < n for any n € N:

Hom™(X,X") ={f: X — X' | Vk, f(F**"X)c FFX'} . (18)

These Hom-complexes will be used in the various definitions of bivariant cyclic
cohomology, once the relation between the adic filtration over the X-complex
of a quasi-free algebra Z and the Hodge filtration of the cyclic bicomplex over
the quotient algebra & = %/.# is established.

2.3 THE TENSOR ALGEBRA

Taking Z as the tensor algebra of an m-algebra 7 provides the link with cyclic
homology [9, 12]. The (non-unital) tensor algebra T'# is the completion of the
algebraic direct sum @,,~; #/®" with respect to the family of seminorms

P=Pr=pepepepeprepe...,
n>1

where p runs through all the submultiplicative seminorms on 7. Of course p®»
is the projective seminorm on «®™ defined by a generalization of (2). These
seminorms are submultiplicative with respect to the tensor product &/ on
O™ — 79"t ™ and therefore the completion T'.%7 is an m-algebra. It is free,
hence quasi-free: a linear map ¢ : T/ — Q*T.o/ with the property ¢(zy) =
¢(x)y + x¢(y) + dedy may be canonically constructed by setting ¢(a) = 0
on the generators a € of C T/, and then recursively ¢(a1 ® a2) = daidas,
d(a1 ® az ® az) = (dajdaz)as + d(a1 ® az)das, and so on...

The multiplication map T/ — 7, sending a1 ®. . .®a,, to the product a; ... ay,,
is continuous and we denote by J.< its kernel. Since the inclusion o : & —
T/ is a continuous linear splitting of the multiplication map, the two-sided
ideal J.«f is a direct summand in T'.«/. This implies a linearly split quasi-free
extension 0 — Jo& — T/ — & — 0. It is the universal free extension of
&/ in the following sense: let 0 — ¥ — #Z — o/ — 0 be any other extension
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(Z is not necessarily quasi-free), provided with a continuous linear splitting
o: 9 — Z%. Then one gets a commutative diagram

0> Jof —> T —> of —>0
el
. v Yoo Vo

where p, : T/ — Z is the continuous algebra homomorphism obtained by
setting p.(a) = o(a) on the generators a € & C T.«/. Moreover, the homomor-
phism p, is independent of the linear splitting o up to homotopy (two splittings
can always be connected by a linear homotopy).

As remarked by Cuntz and Quillen [12], the tensor algebra is closely related to
a deformation of the algebra of even-degree noncommutative differential forms
Ot o7, Endow the space Q.o with the Fedosov product

w1 Owy = wiwe — dwidwsy , w; € QT . (19)
Then (27«7, ®) is a dense subalgebra of T'«/, with the explicit correspondence
Ot/ 3 apday ... dag, —— ag @w(a,a2) ® ... @ wlag,_1,a2,) € T .

It turns out that the Fedosov product ® extends to the projective limit Qo
and the latter is isomorphic to the pro-algebra

Tt = lim T/ / (J.o/ )" . (20)

n

Moreover, O and X (f;zf ) = X (T, Jaf) are isomorphic as Zs-graded pro-
vector spaces [12], and this isomorphism identifies the Hodge filtration F "ol
with the adic filtration F")A((Tﬂ, Ja7). By a fundamental result of Cuntz and
Quillen, all these identifications are homotopy equivalences of pro-complexes,
i.e. the boundary b + B on & corresponds to the boundary fd & b on
X(Tw/,J<) up to homotopy and rescaling (see [12]). Hence the periodic and
negative cyclic homologies of &/ may be computed respectively by X (T, Jt)
and F")A((Tsz{, Jo). Also, the non-periodic cyclic homology of &/ may be
computed by the quotient complex X, (T, J</) which is homotopy equiv-
alent to the complex % /F nQ.e/. More generally the same result holds if
tensor algebra T/ is replaced by any quasi-free extension of /. Indeed if
0 — 4 - % — o/ — 0 is a quasi-free extension with ¢ ontinuous linear
splitting, the classifying homomorphism p. : T« — % induces a map of
pro-complexes X (p.) : X(T«/,Jo) — X(%,.7) compatible with the adic
filtrations induced by the ideals J& and .#. It turns out to be a homotopy
equivalence, irrespective to the choice of Z:
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THEOREM 2.5 (CUNTZ-QUILLEN [12]) For any linearly split extension of m-
algebras 0 — I — X — of — 0 with Z quasi-free, one has isomorphisms

HP,(/) = Hyuyoz(X(2,.9)) ,

HCW(o) = Hpron(Xn(Z,.7)) (21)
HDy() = Hppoz(Xns1(Z%,57)) ,

HN () = Hupioz(F"'X(%,.7)) .

These filtrations also allow to define various versions of bivariant cyclic coho-
mology, which may be formulated either within the X-complex framework or
by means of the (b + B)-complex of differential forms.

DEFINITION 2.6 ([12]) Let &7 and % be m-algebras, and choose arbitrary (lin-
early split) quasi-free extensions 0 — & - % — o —-0and 0 — ¢ — & —
B — 0. The bivariant periodic cyclic cohomology of </ and A is the homol-
ogy of the Zo-graded complex (17) of linear maps between the pro-complexes

X(%#,.7) and X(S, 7):
HP"(f,B) = Hyron(Hom(X (%, 9), X (S, 7)), VneZ. (22)

For any n € Z, the non-periodic cyclic cohomology group HC™ (<, B) of degree
n is the homology, in degree n mod 2, of the Zs-graded subcomplex (18) of linear
maps of order < n:

HC" (o, B) = Hyyoz(Hom™(X (%, 9), X (S, 7)) - (23)

The embedding Hom™ < Hom"*? induces, for any n, the S-operation in bivari-
ant cyclic cohomology S : HC™ (o, B) — HC"*?(o/, %), and Hom" — Hom
yields a natural map HC™ (o, B) — HP" (<t , B).

Of course the bivariant periodic theory has period two: HP"t2 = HP". Let
us look at particular cases. The algebra C is quasi-free hence X(T'C, JC) is
homotopically equivalent to X(C) : C 2 0, and the periodic cyclic homology
of C is simply HPy(C) = C and HP;(C) = 0. This implies that for any
m-algebra o, we get the usual isomorphisms HP"(C, &) = HP_, (<) and
HP™(o/,C) = HP" (<) in any degree n. For the non-periodic theory, one has
the isomorphism HC"(C, /) = HN_, (&) with negative cyclic homology, and
HC"(«/,C) =2 HC™(«) is the non-periodic cyclic cohomology of Connes [4].
Finally, since any class ¢ € HCP (47, $) is represented by a chain map sending
the subcomplex F"X (T, J./) to F"~?X (TR, JRB) for any n € Z, it is not
difficult to check that ¢ induces a transformation of degree —p between the
SBI exact sequences for &7 and 4, i.e. a graded-commutative diagram

HP, (o) —2 > HC,_ () —2—> HN,(o/) —— HP, ()

I | & &

HP, p1(B) —> HC,_p_1(B) 2> HN,_,(B) — = HP,_,(%)
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The graded-commutativity comes from the fact that the middle square is actu-
ally anticommutative when ¢ is of odd degree, for in this case the connecting
morphism B anticommutes with the chain map representing ¢.

3 QUASIHOMOMORPHISMS AND CHERN CHARACTER

In this section we define quasihomomorphisms for metrizable (or Fréchet) m-
algebras and construct a bivariant Chern character. The topology of a Fréchet
m-algebra is defined by a countable family of submultiplicative seminorms, and
can alternatively be considered as the projective limit of a sequence of Banach
algebras [27]. In particular, the projective tensor product of two Fréchet m-
algebras is again a Fréchet m-algebra.

We say that a Fréchet m-algebra .# is p-summable (with p > 1 an integer),
if there is a continuous trace Tr : #P? — C on the pth power of .#. Recall
that by definition, .#P is the image in & of the p-th completed tensor product
S & ...%F under the multiplication map. Hence the trace is understood as a
continuous linear map #®...%.# — C, and the tracial property means that
it vanishes on the image of 1 — A\, where the operator ) is the backward cyclic
permutation A(i1 ® ... ®14p) = ip ®i1...Qip—1. In the low degree p = 1 we
interpret the trace just as a linear map .# — C vanishing on the subspace of
commutators [.Z, ] := QLS.

Now consider any Fréchet m-algebra £ and form the completed tensor product
JI®%. Suppose that & is a Fréchet m-algebra containing .#®% as a (not
necessarily closed) two-sided ideal, in the sense that the inclusion .#®% — & is
continuous. The left and right multiplication maps & x S QB x & — I QA are
then automatically jointly continuous (see [7]). As in [13], we define the semi-
direct sum & x .#®.2 as the algebra modeled on the vector space & & .¥ .2,
where the product is such that as many elements as possible are put in the
summand .#©%. The semi-direct sum is a Fréchet algebra but it may fail
to be multiplicatively convex in general. The situation when & x FRAB is a
Fréchet m-algebra will be depicted as

E> IR (24)

to stress the analogy with [8]. The definition of quasihomomorphisms involves
a Zy-graded version of & > .# %, depending only on a choice of parity (even
or odd). It is constructed as follows:

1) EVEN cASE: Define &7 as the Fréchet m-algebra & x .#®%. It is endowed
with a linear action of the group Zs, by automorphisms: the image of an element
(a,b) € & ® I ©% under the generator F of the group is (a+b, —b). We define
the Zs-graded algebra &° as the crossed product &% x Zg. Hence & splits as
the direct sum &7 © &° where &7 is the subalgebra of even degree elements
and &° = F'&} is the odd subspace.

This definition is rather abstract but there is a concrete description of &°
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in terms of 2 x 2 matrices. Consider M(&) = M>(C)®& as a Zg-graded
algebra with grading operator ((1) _01). Thus diagonal elements are of even
degree and off-diagonal elements are odd. &* can be identified with a (non-
closed) subalgebra of M, (C)®& in the following way. Any element z+ Fy € &*
may be decomposed to its even and odd parts z,y € & ® I ©%B, with x = (a, b)
and y = (¢,d). Then x + Fy is represented by the matrix

a+b

$+Fy:(c+d

Z) with a,c€ &, b,de IRAB .
The action of Zy on &7 is implemented by the adjoint action of the following
odd-degree multiplier of My (&):

F((l) é)GMg(C), F?=1. (25)

Denote by . = 4§ @ .9 the Zj-graded algebra M(C)®.#, with .5 the
subalgebra of diagonal elements and .#° the off-diagonal subspace. We thus
have an inclusion of .#*®% as a (non-closed) two-sided ideal in &%, with &* >
SF5®%. The commutator [F,&?] is contained in #°®%. Finally, we denote
by trs the supertrace of even degree on My(C):

/
try : M(C) — C, try (CCL, z)za’—a.

2) OpD CASE: Now regard M, (&) as a trivially graded algebra and define &7
as the (non-closed) subalgebra

(& sen
g+—(f®% @@) (26)

provided with its own topology of complete m-algebra. Let C; = C & C be
the complex Clifford algebra of the one-dimensional euclidian space. Cj is the
Zo-graded algebra generated by the unit 1 € C in degree zero and ¢ in degree
one with €2 = 1. We define the Zs-graded algebra &° as the tensor product
C1®&5. Hence &% = & @ &5 where &5 is the subalgebra of even degree and
&* = e&% is the odd subspace. Similarly, define % = My (C1)®. = I35 & .75,
Then #°®% is a (non-closed) two-sided ideal of &* and one has &° > .7 *®.%.
The matrix

Fs((l) _01) € My(Cy), F?=1 (27)
is an odd multiplier of &% and the commutator [F, &7] is contained in & ©%.
Finally, we define a supertrace tr, of odd degree on C by sending the generators
1 to 0 and € to £v/2i. The normalization 41/2i is chosen for compatibility with
Bott periodicity, see [22]. We will choose conventionally the “sign” as —v/27 in
order to simplify the subsequent formulas. One thus has

" b+eb .
trs : Ma(C1) - C,  trg <Ccliizl diid') = —V2i(d +d).
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The objects F', &° and .#° are defined in such a way that we can handle the
even and odd case simultaneously. This allows to give the following synthetic
definition of quasihomomorphisms.

DEFINITION 3.1 Let &, B, ', & be Fréchet m-algebras. Assume that &
is p-summable and & > FRAB. A QUASIHOMOMORPHISM from o/ to B is a
continuous homomorphism

p:a — ES> IR (28)

sending &/ to the even degree subalgebra &7. The quasihomomorphism comes
equipped with a degree (even or odd) depending on the degree chosen for the
above construction of &°. In particular, the linear map a € o/ — [F,p(a)] €
IR is continuous.

In other words, a quasihomomorphism of even degree p = (p 0 pci ) is a pair of

homomorphisms (py, p—) : & = & such that the difference p;(a) — p_(a) lies
in the ideal #®2% for any a € «/. A quasihomomorphism of odd degree is a
homomorphism p : &/ — M>(&) such that the off-diagonal elements land in
IRQB.

The Cuntz-Quillen formalism for bivariant cyclic cohomology HC" (<7, ) re-
quires to work with quasi-free extensions of &/ and Z. Hence let us suppose
that we choose such extensions of m-algebras

0—-¥Y > > —0, 0— F -Z%—HB—0,

with .% and #Z quasi-free. We always take .# = T/ as the universal free
extension of &7, but we leave the possibility to take any quasi-free extension
Z for A since the tensor algebra T'Z will not be an optimal choice in general.
The first step toward the bivariant Chern character is to lift a given quasiho-
momorphism p : & — &> .#°®% to a quasihomomorphism from .# to %,
compatible with the filtrations by the ideals ¥ C %, # C %. This requires
to fix some admissibility conditions on the intermediate algebra &

DEFINITION 3.2 Let 0 — ¢ — Z — % — 0 be a quasi-free extension of A,
and let & be p-summable with trace Tr : P — C. We say that &> SRR is
provided with an %-admissible extension if there are algebras M > QR and
N> IQ J and a commutative diagram of extensions

0 N M & 0

T

0—= IR I —= IR —> IQB—=0

with the following properties:
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i) Any power A" is a direct summand in A (as a topological vector space);

ii) For any degree n > max(1,p—1), the linear map (I @Z)"d(I Q%) — Q' %,
induced by the trace £t — C factors through the quotient

WIGR)"A(ISR) = (FER)"A(IGR) mod [ M, M)

and the chain map Tr : F;’Q%X(///) — X (Z) thus obtained is of order zero
with respect to the adic filtration induced by the ideals N C M and ¥ C X.

In the following we will say that & is Z-admissible, keeping in mind that the
extension .# is given. Condition i) is automatically satisfied for example if
A is a quasi-free algebra (this will not always be the case). The chain map
Tr of condition ii) is constructed as follows. For n > 1 one has the inclusion
(L) " P dat C 5(I0R)"d(IDR), so that the subcomplex of the & 2.%-
adic filtration reads
Ez’ggl,X(///) D (IR 2 (I RR)"A(I D) .

Then, the trace .#"*! — C induces a partial trace (S @Z)"T! — %. The
latter combined with §(.# ®2Z)"d (I %) — Q1% yields a linear map in any
degree n > max(1,p — 1)

. 2n+1
Tr: 2L X (M) = X(R) (30)

compatible with the inclusions F;"g ;X (M) C F;"g 912X (). The trace over
# "+ ensures that (30) is a chain map. It is not obvious, however, that it is au-
tomatically of degree zero with respect to the .4"-adic and _#-adic filtrations,
i.e. that the intersection F;"g%X(%) NFk X () is mapped to F}X(%’) for
any k € Z. This should be imposed as a condition.

Remark that the case p = 1, n = 0 is pathological, since there is no canoni-
cal way to map the space §((FQZ)dA + .#Td(IRR)) to 2%, using only
the trace over .#. In this situation, it seems preferable to impose directly
the existence of a chain map Tr : F;®%X(j/) — X(Z) in the definition of
admissibility.

EXAMPLE 3.3 When &/ is arbitrary and &8 = C, a p-summable quasihomo-
morphism represents a K-homology class of & in the sense of [4, 5]. Here we
take & = Z¥P(H) as the Schatten ideal of p-summable operators on a sepa-
rable infinite-dimensional Hilbert space H. Recall that .# is a two-sided ideal
in the algebra of all bounded operators .¥ = Z(H). .# is a Banach algebra
for the norm ||z, = (Tr(|]z|?))!/?, .Z is provided with the operator norm, and
the products & x ¥ x & — # are jointly continuous. Since . and ¥ are
Banach algebras, the semi-direct sum . x . is automatically a Banach algebra
and we can write .Z > .. A p-summable K-homology class of even degree is
represented by a pair of continuous homomorphisms (p4,p—) : & = £ such
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that the difference p. — p_ lands to .#. We get in this way an even degree
quasihomomorph ism p : & — £ > #°. Here it is important to note that
by a slight modification of the intermediate algebra .Z, it is always possible to
consider .# as a closed ideal [13]. Indeed if we define & as the Banach algebra

E=ZL %I

then one clearly has & > . and .# is closed in & by construction. The
pair of homomorphisms (p4+,p-) : & = £ may be replaced with a new
pair (o, p) © & = & by setting p(a) = (p—(a),py(a) — p_(a) and
p_(a) = (p-(a),0) in £ & .#. The above K-homology class is then repre-
sented by the new quasihomomorphism p’ : & — &% .75,

In the odd case, a p-summable K-homology class is represented by a continu-
ous homomorphism p : & — (f ;{; ), which can be equivalently described as a
homomorphism p’ : & — M3(&) with off-diagonal elements in .#.

Concerning cyclic homology, the algebra C is quasi-free, hence the quasi-free
extension Z = C and _# = 0 computes the cyclic homology of C. Therefore
by choosing .# = & and 4 = 0, the algebra &> .7 is C-admissible (condition
i) is trivial since Q'Cy = 0).

EXAMPLE 3.4 More generally, if .# is a p-summable Fréchet m-algebra con-
tained as a (not necessarily closed) two-sided ideal in a unital Fréchet m-algebra
£, with Z > #, a p-summable quasihomomorphism from & to & could be
constructed from the generic intermediate algebra & = Z®%, provided that
the map S ®% — & is injective. If 0 — ¢ — % — % — 0 is a quasi-free
extension of &, the choice # = LR and N = f@/ shows that & is
Z-admissible provided that the maps S &% — A and IS J — A are in-
jective. In fact it is easy to get rid of these injectivity conditions by redefining
the algebra
E=(Lx IR,

which contains .#®% as a closed ideal. Then & becomes automatically Z-
admissible by taking # = (£ x F)QZ and N = (£ x F)® _# (remark that
(Z x I)" = ¥ x & for any n because . is unital, hence 4™ is a direct
summand in .#). The chain map Tr : F;"g %X (M) — X (Z) is obtained
by multiplying all the factors in .# and .#, and taking the trace on .#"*+1,
while the compatibility between the .4 "-adic and _#-adic filtrations is obvious.
Although interesting examples arise under this form (see section 7), the algebra
& cannot be decomposed into a tensor product with 4 in all situations.

EXAMPLE 3.5 An important example where & cannot be taken in the previous
form is provided by the Bott element of the real line. Here &/ = C and
B = C=(0,1) is the algebra of smooth functions f : [0,1] — C such that
f and all its derivatives vanish at the endpoints 0 and 1. Take .# = C as
a l-summable algebra, and & = C*°[0,1] is the algebra of smooth functions
f :]0,1] — C with the derivatives vanishing at the endpoints, while f itself
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takes arbitrary values at 0 and 1. & and & provided with their usual Fréchet
topology are m-algebras, and one has & > %. The Bott element is represented
by the quasihomomorphism of odd degree

p:C— &> IQRAB ,

where .#° = My(Cy) and &° C Mo(C1)®& by construction. The homomor-
phism p : C — &7 is built from an arbitrary real-valued function { € & such
that £(0) = 0, £(1) = /2, and sends the unit e € C to the matrix

_1({e 0 cosé  siné
ple) =R 1(0 O>R’ R= <—sin§ cosf) '

The algebra Z is quasi-free hence we can choose Z = %, # = 0 as quasi-
free extension. The cyclic homology of Z is therefore computed by X (4).
Moreover, setting .# = & and .4 = 0 shows that & is #-admissible. Indeed,
Q' %, is contained in the space Q'(0,1) of ordinary (commutative) complex-
valued smooth one-forms over [0, 1] vanishing at the endpoints with all their
derivatives. The chain map Tr : F3' "' X (&) — X(4%) is thus well-defined
for any n > 1, and just amounts to project noncommutative forms over & to
ordinary (commutative) differential forms over [0, 1].

We shall now construct the bivariant Chern character of a given p-summable
quasihomomorphism p : &7 — &*>.7°®%. We take the universal free extension
0 - Jog - Tod — o — 0 for &, and choose some quasi-free extension
0— ¢ — X% — % — 0 for # with the property that the algebra & IR
is Z-admissible. The bivariant Chern character should be represented by a
chain map between the complexes X (T«/) and X (%), compatible with the
adic filtrations induced by the ideals Jo/ and _# (section 2). Our task is thus
to lift the quasihomomorphism to the quasi-free algebras T'.e” and #Z. First, the
admissibility condition provides a diagram of extensions (29). From .#>.7 &%
define the Zo-graded algebra .#° in complete analogy with &°: depending on
the degree of the quasihomomorphism, .#* is a subalgebra of Mo (C)&.# (even
case) or Ma(C1)®.# (odd case), with commutator property [F, #5] C S°Q%.
Also, from A > & _¢ define A% as the Zs-graded subalgebra of M (C)@.A4
or M>(C1)®.4" with commutator [F, #}f] C #5& #. The algebras &°, .#*
and 4° are gifted with a differential of odd degree induced by the graded
commutator [F, | (its square vanishes because F? = 1). Then we get an
extension of Zs-graded differential algebras

0—-N°— H°— & —0.

The restriction to the even-degree subalgebras yields an extension of trivially
graded algebras 0 — A4° — .#7{ — &7 — 0, split by a continuous linear map
o : & — M (recall the splitting is our basic hypothesis about extensions of
m-algebras). The universal properties of the tensor algebra T'e/ then allows
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to extend the homomorphism p : @ — &7 to a continuous homomorphism
px Tl — M3 by setting p.(a1 @ ... ® an) = oplar1) @ ... opla,):

0 J.of To 4 0
T

A priori p. depends on the choice of linear splitting o, but in a way which
will not affect the cohomology class of the bivariant Chern character. This
construction may be depicted in terms of a p-summable quasihomomorphism
pv Tl — M°> IR, compatible with the adic filtration by the ideals
in the sense that J< is mapped to 4% > f‘s@/. Hence, p. extends to a
quasihomomorphism of pro-algebras

p*:fﬁfﬂ/f//\sbfs@@?, (32)

where T'o/ , M* and # are the adic completions of T'w/, .#° and % with
respect to the ideals J&/, A4° and _#. Next, depending on the degree of
the quasihomomorphism, the even supertrace try : M2(C) — C or the odd
supertrace trg : Ma(C1) — C yields a chain map X (.#°) — X () by setting
ax — trg(a)z and faxd(By) — *trs(af)iady for any z,y € A4 and o, €
M3(C) or M2(Cy). The sign + is the parity of the matrix 3, which has to
move across the differential d. Hence composing with the chain map Tr :
F;"g %X (M) — X(Z#) guaranteed by the admissibility condition, we obtain
for any integer n > max(1,p — 1) a supertrace chain map

TP X () S PN (M) B X (%) (33)
of order zero with respect to the .#"*-adic filtration on X (.#*) and the #-
adic filtration on X (#). The parity of 7 corresponds to the parity of the
quasihomomorphism. This allows to construct a chain map X" : Qu P — X(%)
from the (b4 B)-complex of the algebra .Z, in any degree n > p having the
same parity as the supertrace 7. Observe that the linear map » € .#7 —
[F,z] € #2®% is continuous by construction.

PROPOSITION 3.6 Let p: of — &> QB be a p-summable quasihomomor-
phism of parity p mod 2, with %Z-admissible algebra &. Given any integer
n > p of the same parity, consider two linear maps Xy : Q"M — X and
Xy QA — Q' Ry defined by

WL+ 5)

)?g(xodxldxn) = (—) (n+1)'

Z e(N) T('T/\(O) [, -T/\(l)] LR $A(n)])
AESn 41

(34)
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nyntl
% > rh(@o[Fa1]...dai... [Flansa])

i=1

5(\?(.%'0(21.%'1 .. -dxn—i-l) = (—)

where Syp11 s the cyclic permutation group of n + 1 elements and € 1is the
signature. Then Xy and X7 define together a chain map X" : Q#; — X (Z)
of parity n mod 2, i.e. fulfill the relations

REB=0, 4d% —(—)"TiB=0, By —(-)"b=0, yb=0. (35)

Moreover X" is invariant under the Karoubi operator x acting on Q". 43 and
n+1 s
QA3

Proof: This follows from purely algebraic manipulations, using the following
general properties:

- The graded commutator [F, ] is a differential and 7([F, ]) = 0;

- dF =0 so that [F, ] and d are anticommuting differentials;

- Th is a supertrace.

The computation is lengthy but straightforward. [

Thus we have attached to a p-summable quasihomomorphism p : &/ — &° >
F @9 of parity p mod 2 a sequence of cocycles X" (n > p) of the same parity in
the Zy-graded complex Hom (0.7 7, X(#)). They are in fact all cohomologous,
and the proposition below gives an explicit transgression formula in terms of
the eta-cochain:

PROPOSITION 3.7 Let p: of — &> QP be a p-summable quasihomomor-
phism of parity p mod 2, with Z-admissible algebra &. Given any integer
n > p+ 1 of parity opposite to p, consider two linar maps ny : Q" M] — R
and 7 - Q"L — Q' Ry defined by

- L(%)
o (zodzy ... dxy,) = Y iT(FxO[F,xl]...[F,:cn]nL

—_

£

I

(] [Fwal FaolFaa] . [Fioa)

=1

A?(xod:cl N d$n+1) = (36)

F(nJrl) n+1

2 =N ST F + (n+ 2 — i) Fag)[Fyn] . dai. [F o] -
=1

(n +2)!

Then 0y and 77 define together a cochain N € Hom(ﬁ///_f_,X(%)) of parity
n mod 2, whose coboundary equals the difference of cocycles

XX = (d @bt — ()" (b + B)
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FEzxpressed in terms of components this amounts to the identities

o= —()"mB, by — (=)" (b + 1 B) =0, (37)
XiTh o= oudig — ()"t B, bdig T - (<) (b + 7P B) =0 .
Proof: Direct computation. [

REMARK 3.8 Using a trick of Connes [4], we may replace the chain map 7 by
7/ = 17(F[F, ]). This allows to improve the summability condition by requiring
the quasihomomorphism to be only (p + 1)-summable instead of p-summable,
while the condition on the degree remains n > p for X™ and n > p + 1 for
n". It is traightforward to write down the new formulas for X" and observe
that it involves exactly n+ 1 commutators [F, z]. These formulas were actually

obtained in [23] in a more general setting where we allow dF # 0.

DEFINITION 3.9 The bivariant Chern character of the quasihomomorphism p :
o — 5> IR is represented in any degree n > p by the composition of
chain maps

on

ch™(p) : X(Tt) = QT L5 Qs X X (%) (38)

where v : X(Te) — QT .o is the Goodwillie equivalence constructed in section
2 for any quasi-free algebra and p, : T/ — A7 is the classifying homomor-
phism. In the same way, define a transgressed cochain in Hom(X (T« ), X (%))
by means of the eta-cochain in any degree:

=n

oh"(p): X (Tt) 1 QT 2% Quats ™ X (%) . (39)

It fulfills the transgression property ch™(p) — ch™2(p) = [9, (/h"“(p)] where O
is the X -complex boundary map.

Recall that y(z) = (1 — ¢)~1(2) and y(sady) = (1 — ¢) " (zdy + b(x¢(y))) for
any z,y € T.o/, where the map ¢ : Q"T/ — Q2T ¢/ is uniquely defined from
its restriction to zero-forms. Its existence is guaranteed by the fact that T.</
is a free algebra. Several choices are possible, but conventionally we always
take ¢ : T.o/ — Q2T as the canonical map obtained by setting ¢(a) = 0 on
the generators a € &/ C T/, and then extended to all T'.&/ by the algebraic
property ¢(zy) = ¢(z)y + 2¢(y) + dzdy.

Of course ch™(p) and ¢h"(p) are not very interesting a priori, because the X-
complex of the non-completed tensor algebra T'</ is contractible. However,
taking into account the adic filtrations induced by the ideals J&/ C T« and
J C Z yields non-trivial bivariant objects. By virtue of Remark 3.8 we
suppose from now on that .# is (p + 1)-summable.
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PROPOSITION 3.10 Let p: o — &> 5% be a (p + 1)-summable quasiho-
momorphism of parity p mod 2 with Z-admissible extension &, and let n > p
be an integer of the same parity. The composites X" px7y and 77T p,y are linear
maps X (T o) — X (R) verifying the adic properties

X'py iy X(Ted) — FX(2)

T4y o FigX(Tl) — Fi7" 2 X (%)

for any k € Z. Consequently the composite ch™(p) = X" p.y defines a cocycle of
parity n mod 2 in the compler Hom" (X (T, Jo/), X (%, ¥)) and the Chern

character is a bivariant cyclic cohomology class of degree n.:
ch"(p) e HC™ (o, %B), Yn>p. (40)

Moreover, the transgression relation ch™(p) — ch™*2(p) = [0, ¢gh" " (p)] holds in
the complex Hom" (X (Tt , J.<7), X (%, 7)), which implies

ch™2(p) = Sch™(p) in HC""% (o, B) . (41)

In particular the cocycles ch™(p) for different n define the same periodic cyclic
cohomology class ch(p) € HP™ (<, B).

Proof: Let us denote by 0 — ¥4 — % — & — 0 the universal extension
0 — Jo&& - T — o/ — 0. Recall that .#Z° and its ideal A#° are Zo-
graded differential algebras on which the graded commutator [F, | acts as a
differential of odd degree. Moreover the commutation relations [F,.#Z3] C
IEQF and [F, V] C F°& ¢ hold. Now, we have to investigate the adic
behaviour of the Goodwillie equivalence v : X (%) — 0.7 with respect to the
filtration Ff X (.#). The first step in that direction was actually done in the
proof of Proposition 2.4, where the following filtration of the subspaces Q".%
was introduced:

HFO"7 = Z Ggkodgk | A9k c QT .

Let us look at the image of the latter filtration under the maps X" p. and
N ps : QF — X (Z) given by Egs. (34, 36). We know that the homomorphism
px : F — M3 respects the ideals 4 and .#/°. Hence if x,...,z, denote
n + 1 elements in @%0 ... &%~ respectively, with ko + ... + k, > k, then
zx0)[Faa)] - [Fioam] € (A%)F for any permutation A € S,41. Hence
applying the supertrace 7, which is a chain map of order zero with respect to
the A %-adic and _#-adic filtrations on X (.#°) and X (%), yields (from now
on we omit to write the homomorphism p,)

Xp(HFQ F) C gk (42)

In the same way, for n + 1 elements g, ..., Tpyq in R0, GFn+1 the one-
form fzo[F,x1]...da; ... [F,xny1] involves kg + ... + k1 > k powers of the
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ideal .4, hence lies in the subspace §((A *)*d.#Z* + (A *)*~1d.#®). Thus
applying the supertrace 7 one gets

Xi(HNLZ) cu( Az + g 7)) (43)

Proceeding in exactly the same fashion with the maps 73 : Q"% — Z and
QL — QL% it is clear that

i (HRQ7)
T (A7)

st (44)
W 7+ 7hd 7). (45)
However these estimates are not optimal concerning the component Y. We

need a refinement of the H-filtration. For any k € Z, n > 0, let us define the
subspaces

-
-

Gkang = Y gRdF)gM(dF).. g (dF)GE + BT
ko+...+kn>k

Then for fixed n, G*Q™.Z is a decreasing filtration of Q".%, and by convention
GkQn.ZF = Q"F for k < 0. One has GFQ"Z < H*Q".%. Now observe the
following. Since [F, ] and d are derivations, the map zodz; ...dz;...d2,11 —
hao[F,x1]...dx; ... [F, x,+1] has the property that

Gk (d.Z)G" (d.F) ... (dF)G" .. (dF)G "+ —
QAR E, ) (N, ®) . (Al ) ( N5 [F, 3] (N )t
c

and because X (HFH1QHLZ) c y(_#k1d#Z + #*d_¢#) C i _#*dZ, one gets
the crucial estimate
HGFF) C 5 Rz . (46)

Now we have to understand the way - sends the X-complex filtration

FZX(7) : 9" 1 (9% 7] = 9*dz
FZX(7) . 9" =2 y@"ds +9%d9) ,

to the filtration G*Q".Z, in all degrees n. Recall that v(z)|qzmgs = ¢"(z)
and y(hzdy)|gzn+1 ez = ¢"(xdy + b(zd(y))) for any x,y € %, where the map
¢: OF — QnP2.F is obtained from its restriction to zero-forms as

n

¢($0d$1 N dSCn) = Z(*)nz(ﬁ(.fz)dl'“rl N dSCndSCO N dSCifl .
=0

Note the following important properties of ¢. Firstly, it is invariant under the
Karoubi operator k : Q"% — Q™% in the sense that ¢ o kK = ¢, and vanishes
on the image of the boudaries d, B : Q"% — Q""1.%. Secondly, the relation
@b — b = B holds on Q"% whenever n > 1 (see [22] §4). Since we have
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to apply successive powers of ¢ on the filtration G*¥Q™.%, the computation
will be greatly simplified by exploiting k-invariance. Define the linear map

¢ OF — QF2.Z by

n

d)(xodxl e dSCn) = Z(*)ldxo N dxi,l(b(zi)d:czurl e dl‘n .
=0

Then q~5 coincides with ¢ modulo the image of 1 — . In particular the relation
¢" = ¢ o ¢" ! holds. The advantage of the map ¢ stems from the fact that
it does not involve cyclic permutations of the elements z;, and verifies the
following optimal compatibility with the G-filtration

H(GFQF) Cc GFIQTRFE Wk >0,
whereas the map ¢ is only compatible with the (coarser) H-filtration:
p(HFQ"Z) Cc HF1Q" 2.7 Vkn>0.

We shall now evaluate the image of the filtration F£X (%) under the map
v : X(F) — QF. Firstly, one has y(45F1) N Q*nF = ¢"(9*+1). But ¥+ C
GFH1Q0.Z and ¢™ = ¢ o ¢!, hence

NG N QT C H(GFTTPOP TR (47)

Secondly, the image of {9*d.Z in Q?"*+1.Z is given by ¢"(4*d.F +b(G* $(F))).
One has b(9*¢(F)) C [9*d.F, 7| C 9*d.Z, hence we only need to compute
" (9*d.7) C p"(G*FQL.F), and

V(g AF) N QLT C p(GPTHIOPTLE) | (48)

Thirdly, [¢%,.Z] = bi9*d.Z so that v([9*, F]) = (b+ B)y(14*d.#) because v
is a chain map. Therefore, the image of [¢*, %] restricted to Q™. is contained
in B¢"~H(4*d.F) + bp"(9*d.F). We may estimate coarsly the first term as
Bo" Y (¥9*d.F) C Bo" Y (HFQL.Z) ¢ HF"T102".Z | and the second term as
b1 (GEA.F) C bp(GFHLO2 "L F). Hence
(%%, Z]) N Q*"F Cc HF"TIQ*Z +bp(GF I 7). (49)
Fourthly, the image of {9*d¥ in Q*"*1.Z is given by ¢"(4*d¥Y +b(4*4(¥))).
We estimate coarsly ¢"(9%d¥) C ¢"(H*QL.7) ¢ HF"+102" 1% Then,
one has 9*¢(4) Cc ¥*d.#d.F C G¥O2.Z, and using repeatedly the relations
ob—bp = B, $B = 0 gives ¢"b(Z*$(F)) C bo™ (GFQ2.F) + By" L (GFQ2.F) C
bp(GF=TIQ2 F) + BHF-"102F . Thus
v(17*d9) N QL7 ¢ HETIQM L E 4 b (GETM Q) | (50)

Now everything is set to evaluate the adic behaviour of the composites Y~y
and N"vy. We shall deal only with even degrees, the odd case is similar.
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Hence let us start with the map X3"y : & — %. For any k € Z, Eq. (47)
gives X2y (9FHL) C X3 o ¢(GE 2022 7). But X3" is k-invariant, hence
X270 ¢ = X2" 0 ¢. Therefore, R2(&F 1) C R (GF-H1Q2nZ) ¢ _gh-ntl
using GF"T1Q ¢ H*"*1Q and (42). Now we look at its companion Y™ :
O L7, — Q'%,. From (48) one gets X3"(19*d.F) C \3" o p(GF—"H1Qn—1.7).
But {27 is also s-invariant and Y¥2" o ¢ = X2 o ¢, thus 2"y(k¥*d.F) C
GO HLF) C g 7% "dZ% by (46). This allows to estimate the image
of (9%, F] = bt9*d.Z under the chain map x?"v. Indeed Y2"y(bh¥9*d.F) =
X2y (19Fd.7) C by _ZF"d %, so that X3y ([9F, F]) C [ £+, %)]. Collect-
ing these results shows the effect of the map ¥2"y on the adic filtration in even
degree:

T RTIR e Cp
Xy pgkd.F — h/k*”dﬁ

hence ¥2"y : F2FEX(F) — F;k*?"X(%’). To understand the effect on the fil-

tration in odd degree, one has to evaluate 2"y on §4*d%¥. From (50), one gets
Xy (hgkd9) C XA (HF Q2 HLF 4 bo(GFTHLO2#)). But (35) shows
X" ob = 0, and (43) implies \3"v(k9*d¥) C y( £+ d%z + g+ d 7).
One thus gets the adic behaviour of the chain map X" on the filtration of
odd degree:

Xeny . @htl . jkfnJrl
5(\%"’}/ h(gk+1dy+gkdg) _ u(/k_n—i_ld%‘i‘/k_nd/)

hence X"y : F2F ' X(F) — F;C*Q”“X(%) and Y?"v is a map of order 2n.
Using similar methods, one shows that 2”1~ is of order 2n + 1.
Now we investigate the eta-cochain. Consider "y : F — A.
(47) gives My (YY) pEre(GRT2Q ). However 72" is
not k-invariant, so that we cannot replace ¢ by q~5 We are forced
to consider @(GF 202" 2g) C HF"TIO2MZ  and  consequently
mry(@rtt) ¢ _gkntl by (44). Similarly, (49) implies 73"y([9%, F)) C
ﬁgn(kanJrlQ%zj) 4 ﬁgnb¢(Gk7n+1Q2nflgz) C ﬁgn(kanQan) hence
ey (9, Z#]) ¢ _#F . Its companion iy : QL.F, — Q1% evaluated on
19%d.Z uses equation (48) again with ¢(GF—"+1Q2n—1.7) c HFk—nQ2n+lZ7
so that 7?"y(k9*dF) C B (HF"QHLF) C 4( 7k dz + gk ""1d #)
by (45). This shows the effect of 7"y on the filtration of even degree

hoty: G @R T — g
My hghdF — g gE Az + gErmid )

hence %"y : F2*X () — F}k_%_lX(%). For the odd filtration, let us com-
pute from (50) 77"y (19%d9) C R (HF IO HLFZ) L 2nbg(GF IO 7).
But the identities (37) show that 77"b = Y2" ™!, hence using k-invariance one
gets ﬁ%”bqﬁ(Gk_”"'lQQ"lﬁ) C X\?nJrlqﬁ(Gk—n-i-lQQny) C X\?n+l(Gk—nQ2n+2y)_
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Therefore, (45) and (46) imply 7?"y(19%d¥) C §_#Z* "d#. These results give
the adic behaviour of 2"y with respect to the odd filtration

ﬁgn,y . gk-{-l _ /k—n-{-l
Wy G(@EAF +9RdY) — 1 g AR

hence 72"y : F2F 1 X (F) — F;k*?"X(%) and 72"y is a map of order 2n + 1.

Similarly, one shows that $2"*1y is of order 2n + 2. "
Note that the chain maps v and X" extend to the adic completions of all the al-
gebras involved, so that from now on we will consider the bivariant Chern char-
acter ch” (p) € Hom"(X(T«/, J</), X (%, 7)) as a chain map of pro-complexes

ch™(p) : X(Tt) L QT et L5 Q0?55 X() . (51)

We would like to introduce some equivalence relations among quasihomomor-
phisms, and discuss the corresponding invariance properties of the Chern char-
acter. The first equivalence relation is (smooth) homotopy. It involves the
algebra C*°[0, 1] of smooth functions f : [0,1] — C, such that all the deriva-
tives of order > 1 vanish at the enpoints 0 and 1, while the values of f itself
remain arbitrary. We have already seen that C*°[0, 1] endowed with its usual
Fréchet topology is an m-algebra. It is moreover nuclear [14], so that its pro-
jective tensor product &/®C°[0,1] with any m-algebra & is isomorphic to
the algebra of smooth &/-valued functions over [0, 1], with all derivatives of
order > 1 vanishing at the endpoints. We will usually denote by <70, 1] this
m-algebra. The second equivalence relation of interest among quasihomomor-
phisms is conjugation by an invertible element of the unitalized algebra (&) .

DEFINITION 3.11 Let pg : o — &> I°RB and p1 : o — E5> IR be
two quasthomomorphisms with same parity. They are called

I) HOMOTOPIC if there exists a quasihomomorphism p : o — &]0,1)° >
I*R%8[0,1] such that evaluation at the endpoints gives py and py;

1) CONJUGATE if there exists an invertible element in the unitalized algebra
U e (&) with U —1 € &, such that pr = U 'poU as a homomorphism

Remark that the commutators [F,U] and [F,U~!] always lie in the ideal
IS©B C &°. When the algebra & is Ma-stable (ie. My(.#) = 7), two
conjugate quasihomomorphisms are also homotopic, but the converse is not
true. Hence conjugation is strictly stronger than homotopy as an equivalence
relation. The former is an analogue of “compact perturbation” of quasihomo-
morphisms in Kasparov’s bivariant K-theory for C*-algebras, see [2].

The proposition below describes the compatibility between these equivalence
relations and the bivariant Chern character.
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PROPOSITION 3.12 Let py : o — E5> I°RB and py : o — E5> IR
be two (p + 1)-summable quasithomomorphisms of parity p mod 2, with &
admissible with respect to a quasi-free extension % of %B. Let n > p be any
integer of the same parity.

i) If po and p1 are homotopic, then Sch™(py) = Sch™(py) in HC""2(of, B).
In particular ch™(pg) = ch™(p1) whenever n > p + 2.

it) If po and p1 are conjugate, then ch™(po) = ch™(p1) in HC™ (<, B) for all
n > p.

Proof: First observe that if p : & — &°>.7°®% is a quasihomomorphism with
Z-admissible algebra &, the lifting homomorphism p. : T'&/ — .#7 factors
through the tensor algebra T'6} by virtue of the commutative diagram

0 Jof Tt o 0
R

0 JE; TE — = & — >0

. pa Py .

where the homomorphism ¢ : T/ — T&F is (a1 @ ... @ an) = pla1) ®...®
p(an), and the arrow T'¢¢ — .47 maps a tensor product e; ®...®e, € TE to
the product o(e1)...o(e,). By the naturality of the Goodwillie equivalences
Vo : X(TH) — QT </ and Ve X(T&7) — ﬁTz?f_, one immediately sees that
the bivariant Chern character coincides with the composition of chain maps
" (p) : X(Te) X9 x(187) 7% are: X x (@) .

Hence, all the information about the homomorphism p : & — &7 is con-
centrated in the chain map X(y) : X(T'&/) — X(T'¢}). This will simplify
the comparison of Chern characters associated to homotopic or conjugate
quasihomomorphisms.

i) Homotopy: the cocycles ch™(pg) and ch™(p1) differ only by the chain maps
X(pi) : X(Tet) —» X(T6Y), i =0,1. We view p: &/ — &[0,1] as a smooth
family of homomorphisms p; : &/ — & parametrized by t € [0,1], giving a
homotopy between the two endpoints pg and p;. Cuntz and Quillen prove in
[12] a Cartan homotopy formula which provides a transgression between the
chain maps X (y;). At any point ¢t € [0, 1], denote by ¢ = %cp :Tel — T
the derivative of the homomorphism ¢, with respect to ¢, and define a linear
map ¢: QT — Qm_lT&f by

vxodxy ... day) = (ex0)(Px1)d(vx2) ... d(PTm) .
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The tensor algebra T« is quasi-free, hence consider any ¢ : T.o/ — Q?T.o/
verifying ¢(zy) = ¢(x)y + x¢(y) + dady, and let h : X (To) — X (T&7) be
the linear map of odd degree

hz) =no(z),  hhzdy) = u(zdy + b(zd(y)))

(the latter is well-defined on fzdy). Then Cuntz and Quillen show the following
adic properties of h for any k € Z,

h(FfWX(TM))CE§;§X(T£j) if p(Jef)CJES,
WEjy X(Tef)) C Fie. X(TEL) i @(Tef) C IE

and moreover the transgression formula % X (¢) = [9,h] holds. Hence if we
define by integration over [0, 1] the odd chain H = fol dt h, one has

X(p1) = X(po) = [0, H]

in the complex Hom' (X (T.«, JM),)?(Téaj,Jéaj)) in case p(Jo/) C J&, or
in the complex Hom®(X (T.«, JM),)?(T@‘ZSF, J&%)) in case p(T'e/) C J&3. For
a general homotopy we are in the first case ¢(Jo/) C J&7. After composition
by the chain map )?”’ygi € Hom"()A((Té"j,Jé"j),)A((%, 7)), this shows the
transgression relation

ch™(p1) — ch™(po) = (=)"[0, X" s H] € Hom" ™ (X (T, J/ ), X (Z, 7)) ,

whence Sch™(p1) = Sch™(pg) in HC"?(o/,%). The sign (—)" comes from
the parity of the chain map )?’ng.

ii) Conjugation: now g, 1 : T.e/ — T&} are the homomorphism lifts of po
and p1 = U 'poU. Introduce the pro-algebra T'€; = lim, Tz?j/({éaj)k o
[0 Q%% &3, and consider the invertible U € (&) as an element U of the
unitalization (T'€ $)T, via the linear inclusion of zero-forms &5 — T& 7. By
proceeding as in [12], it turns out that U is invertible, with inverse given by
the series N R
U= Ul dudu—)* e (Te)t.
k>0

Of course the image of U ™! under the multiplication map (I'€f)* —>A(@@ )T
is U™!. We will show that ¢;, viewed as a homomorphism T« — T&, is
homotopic to the homomorphism U~lpoU. For any t € [0,1] define a linear
map oy : &/ — TE} by

oi(a) = (1 —t)p1(a) +tU po(a)U , Vae o,

where pg(a) and py(a) are considered as elements of the subspace of zero-
forms &7 — T'&}. Thus oy is a linear lifting of the constant homomorphism
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1: 4 — &;. Then use the universal property of the tensor algebra T'2 to

build a smooth family of homomorphisms (t) : T/ — T& ? by means of the
commutative diagram with exact rows

0 Jof Tof - of 0
W(t)l W(t)l Ut lpl
R R
0 J&; T& —= 67 ——0

By construction one has ¢(0) = ¢1, p(1) = U~lpoU and the derivative ¢
sends T« to the ideal J& 7. Hence from the Cartan homotopy formula of part
i) we deduce that the chain maps X(cpl) and X (U~poU) are cohomologous in
the complex Hom®(X (T, J.of ), X(T&3,Jé&)). Then we have to show that
X (U poU) and X (gp) are cohomologous. Consider the following linear map
of odd degree h : X (T'e/) — X(T&3) = X(T€5,J&5) defined by

h(z) = 4T go(x)dl) ,  h(tady) =0.

It is easy to see that h defines a cochain of order zero, i.e. lies in the complex
Hom’ (X (T;zf J;z%) (Téaj, J&%)). Moreover, one has the transgression rela-

tion X (U ~YpoU)—X (o) = [0, h]. Indeed (we replace @o(x) by z for notational
simplicity)

X0 0)(w) - X(po)a) = Ul —a = (07,0

X (U o) (hedy) — X (o) (gzdy) = 40U~ 2Ud(U~yU) — ady
= (U '2UdU YU + U adyU + U 'aydU — zdy)
b(—yzdUU " 4 aydUU~Y) =40 [z, y]dU
h(bhady)
where in the second computation we use the identity dU-! = —U-'duU!

deduced from d1 = 0. This shows the equality of bivariant cyclic cohomology
classes

X(p1) = X(po) € HCU(,67),

so that after composition with )?"'ygi € HC™(&7,%), the equality
ch™(p1) = ch™(po) holds in HC™ (o, B). L]

Part ii) of the above proof also shows the independence of the cohomology
class ch"(p) € HC™(o/, %) with respect to the choice of linear splitting
o: &} — A3 used to lift the homomorphism p, two such splittings being al-
ways homotopic. Then, from section 2 we know that any class in HC™ (<, %)
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induces linear maps of degree —n between the cyclic homologies of & and %,
compatible with the SBI exact sequence. Hence, if the quasihomomorphism
is (p + 1)-summable and with parity p mod 2, the lowest degree representative
of the Chern character ch?(p) € HCP (47, %) carries the maximal information.
We collect these results in a theorem:

THEOREM 3.13 Let p: o/ — &3> I:RB be a (p+ 1)-summable quasihomo-
morphism of parity p mod 2, with & admissible with respect to a quasi-free
extension of #B. The bivariant Chern character ch?(p) € HCP (/| B) induces
a graded-commutative diagram

HP, (o) —2 > HC,_ (/) —2—> HN, (o/) ——~ HP, ()

lchf’(p) lchf’(p) lchw) lch%m

HPy_pi1(B) —2>HC,_, 1(B) L2~ HN,_,(B) —L~ HP,_,(®)

invariant under conjugation of quasihomomorphisms. Moreover the arrow in
periodic cyclic homology HP,(</) — HP,_,(%) is invariant under homotopy
of quasihomomorphisms.

Proof: The fact that Sch?(p) € HCP™2(a/, %) is homotopy invariant shows its
image in the periodic theory HPP(</, %) is homotopy invariant. n

EXAMPLE 3.14 When & is arbitrary and & = C, we saw in Example 3.3
that a (p + 1)-summable quasihomomorphism p : & — £° > #° represents
a K-homology class of «/. By hypothesis, the degree of the quasihomomor-
phism is p mod 2. The Chern character ch?(p) € HC?(«/,C) = HCP()
is a cyclic cohomology class of degree p over 7, represented by a chain map
X(Tw/,Ja) — C vanishing on the subcomplex FPX(T</, Jg/). Using the
pro-vector space isomorphism X T, Jod) = % , one finds that ch?(p) is
non-zero only on the subspace of p-forms QP.o7, explicitly

ch? (p)(aodas . .. day) = %P Try(FIF, a0 . .. [F.a,)) ,

where Trg : (£%)PT1 — C is the supertrace of the (p+ 1)-summable algebra .#
and ¢, is a constant depending on the degree. One has ¢, = (—)"(n!)?/p! when
p = 2n is even, and ¢, = v/2mi (—)"/2? when p = 2n + 1 is odd. This coincides
with the Chern-Connes character [4, 5], up to a scaling factor accounting for the
homotopy equivalence between the X-complex X (T, J<?) and the (b+ B)-
complex Q.

EXAMPLE 3.15 When &/ = C and & = C*°(0,1), the Bott element (Example
3.5) represented by the odd 1-summable quasihomomorphism p : C — &° >
IR with %-admissible extension & = C*[0, 1], has a Chern character in
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HCY(C, %) = HP;(%). The periodic cyclic homology of % is isomorphic to
the de Rham cohomology of the open interval (0,1), hence HPy(#) = 0 and
HP,(#) = C. Consequently, the Chern character ch'(p) may be represented
by a smooth one-form over [0, 1] vanishing at the endpoints. It involves a real-
valued function £ € &, with £(0) = 0 and £(1) = 7/2, used in the construction
of the homomorphism p : C — &7. One explicitly finds

ch(p) = V2mid(sin®€) ,

so that its integral over the interval [0, 1] is normalized to /2, and of course
does no depend on the chosen function £. This is due to the fact that quasiho-
momorphisms associated to different choices of £ are homotopic.

4 TOPOLOGICAL K-THEORY

We review here the topological K-theory of Fréchet m-algebras following
Phillips [27], and construct various Chern character maps with value in cyclic
homology. Topological K-theory for Fréchet m-algebras is defined in analogy
with Banach algebras and fulfills the same properties of homotopy invariance,
Bott periodicity and excision [27]. For our purposes, only homotopy invariance
and Bott periodicity are needed. A basic example of Fréchet m-algebra is pro-
vided by the algebra JZ of “smooth compact operators”. £ is the space of
infinite matrices (A4;;); jen with entries in C and rapid decay, endowed with
the family of submultiplicative norms

|Alln = sup (14i+j)"Ay < oo Vn eN.
(4,5)EN?

The multiplication of matrices makes " a Fréchet m-algebra. Moreover J£ is
nuclear as a locally convex vector space [14]. If o is any Fréchet m-algebra,
the completed tensor product J# ®.7 is the smooth stabilization of </. Other
important examples are the algebras C*°[0, 1], resp. C*°(0,1), of smooth C-
valued functions over the interval, with all derivatives of order > 1, resp. >
0, vanishing at the endpoints. As already mentioned in section 3, these are
again nuclear Fréchet m-algebras and the completed tensor products «7[0,1] =
d©C>®[0,1] and «7(0,1) = Z/®C>(0,1) are isomorphic to the algebras of
smooth «7-valued functions over the interval, with the appropriate vanishing
boundary conditions. In particular S := &7(0,1) is the smooth suspension
of /. We say that two idempotents ey, e; of an algebra &/ are smoothly
homotopic if there exists an id empotent e € 270, 1] whose evaluation at the
endpoints gives eg and e;. Similarly for invertible elements.

The definition of topological K-theory involves idempotents and invertibles of
the unitalized algebra (¢ ©@</)*. Choosing an isomorphism Ms(#) = ¢
makes (% ®.27)t a semigroup for the direct sum a ® b = (8 g). We denote by
po the idempotent (§ ) of the matrix algebra Ma(# ®.4/)".
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DEFINITION 4.1 (PHILLIPS [27]) Let o/ be a Fréchet m-algebra. The topolog-
ical K -theory of &7 in degree zero and one is defined by

K{®(/) = {set of smooth homotopy classes of idempotents e € Mo(H &.a?)t
such that e — pog € Mo(H @47 }
K{®(o/) = {set of smooth homotopy classes of invertibles g € (H# ®.27)*

such that g — 1 € H @ }

K% (o) and K|°P(</) are semigroups for the direct sum of idempotents and
invertibles; in the case of idempotents, the direct sum e @ e/ € My(# @)t
has to be conjugated by the invertible matrix

1 000
00 1 0 . _

c=101 0 o € My(x# &), ct=c, (52)
00 0 1

in order to preserve the condition c(e @ €')c — po € My(H# ®.47), with o the
diagonal matrix diag(1,1,0,0). The proof that K °P(«/) and K}°°(&) are
actually abelian groups will be recalled in Lemma 5.2. The unit of K;°P(</) is
the class of the idempotent py € Ma(# ®7)", whereas the unit of K;°P (/)
is represented by 1 € (¥ ®@4)7.

The fundamental property of topological K-theory is Bott periodicity [27]. Let
S/ = o7/(0,1) be the smooth suspension of 7. Define two additive maps

a: K\P(o) — KP(Se) | B: K (o) — K{P(Se) (53)

as follows. First choose a real-valued function £ € C°°[0, 1] such that £(0) =0
and £(1) = 7/2 (we recall that all the derivatives of £ vanish at the endpoints).
Let g € (# &.2/)T represent an element of K;°°(27). Then the idempotent

alg) =G 'poG,  alg) —po € Ma(H &SeH)

defines an element of K °P(S.e7), where G : [0, 1] — My(# /)" is the matrix
function over [0, 1]

G:Rl(l O)R with R:( cos Sinf).
g

0 —sin€é  cosé

Now z = exp(4i€) is a complex-valued invertible function over [0, 1] with wind-
ing number 1. The functions z — 1 and 2~% — 1 lie in C°°(0, 1). Then for any
idempotent e € My(# &a/)* representing a class in K;°°(«/), we define the
invertible element

Ble) = (1+(z—1)e)(1 + (z — 1)po) ™" .

One has (1+ (2 — 1)po) ™! = (1 + (27! — 1)py), and the idempotent relations
e? =e, pj = po imply B(e) = 1+ (2 — 1)e(e — po) + (27" — 1)(po — €)po, which
shows that 3(e) — 1 is an element of the algebra Ms( ¥ ®Se/) = H @S,

hence 3(e) defines a class in K°P(S.e7).
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PROPOSITION 4.2 (BOTT PERIODICITY [27]) The two maps defined above « :
K{°P(of) — K°P(Se/) and B : K () — K;°°(S/) are isomophisms of
abelian groups. [

Hence Bott periodicity implies K;°°(S?e7) = K;°°(«7) for i = 0,1, so that we
may define topological K-theory groups in any degree n € Z:

K{°P(e/) n even

K{°P(o/) nodd . (54)

Kr(er) = {
Following Cuntz and Quillen [12], we construct Chern characters with values
in periodic cyclic homology K!°P(</) — HP,(</). Recall (section 2) that
periodic cyclic homology is computed from any quasi-free extension 0 — ¢ —
X — o/ — 0 by the pro-complex

X%, 7)=X(%#) : #=Q'%,

where the pro-algebra R = @n | _F™is the #-adic completion of the quasi-
free algebra Z. In particular, the universal free extension 0 — J&/ — T'@/ —
&/ — 0 is quasi-free and the universal property of the tensor algebra leads to
a classifying homomorphism 7.« — & compatible with the ideals J&/ and ¢
by means of the commutative diagram

0 Jof Tof 4 0
0 7 P 0

for any choice of continuous linear section o : @ — %. The homomorphism
To/ — % thus extends to a homomorphism of pro-algebras T/ — % and the
induced morphism of complexes X (Tﬁ% ) — X (%) is a homotopy equivalence.
The Chern character on topological K-theory requires to lift idempotents and
invertible elements from the algebra .# ®.27 to the pro-algebra

HOR =lim H &(R] I .

If e € Mo(# ®@a7)T is an idempotent such that e — pg € Mo(# ®.47), there
always exists an idempotent lift é € Mg(%@@)* with é — po € M» (%@3?),
and two such liftings are always conjugate [12]. A concrete way to construct an
idempotent lift is to work first with the tensor algebra and then push forward by
the homomorphism % T — HOR. Using the isomorphism of pro-vector
spaces Tod = Ot , the following differential form of even degree defines an
idempotent [12]

)(dede)* € My(# &T)t (55)

é=c¢e

k>1
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where concatenation products over My (%) are taken. We will refer to (55) as
the canonical lift of e, but it should be stressed that other choices are possible.
Denoting also by é its image in My(# ®@%)T, the Chern character of e is
represented by the cycle of even degree

cho(é) = Tr(é —po) €Z , (56)

where the partial trace Tr : My(# ®<@) — % comes from the usual trace of
matrices with rapid decay. We will show below that the cyclic homology class of
chp(é) is invariant under smooth homotopies of é. Moreover, the invariance of
the trace under similarity implies that chg is additive. Next, if g € (# ®@.27)T
is an invertible element such that g —1 € R, we have again to choose
an invertible lift § € (¢ ®%) with § — 1 € #&%. It turns out that any
lifting of ¢ is invertible, and two such liftings are always homotopic [12]. A
concrete way to construct an invertible lift is to use the linear inclusion of
zero-forms & @,Q% — AT = #R0 o/ and consider g as an element
Gg=g¢c (AHTF)t. A simple computation shows that it is invertible, with
inverse

=Y g Ndgdg™")* € (#&Ta)" . (57)

k>0
Here again we shall refer to the above g as the canonical lift of g, but other

choices are possible. Then denoting also by ¢ its image in (JZ ®9?)+ the Chern
character of g is represented by the cycle of odd degree

chy(9) = Trig~'dg € V' %, , (58)

1
V2ri
with the trace map Tr : Q'(F &%), — Q'%,. In this case also we will show
that the cyclic homology class of ch;(§) is invariant under smooth homotopies
of §. Clearly ch; is additive. The factor 1/v/27i is chosen for consistency with
the bivariant Chern character.

Note the following important property of idempotents and invertibles: two
idempotents ég,é1 € My(# @) are homotopic if and only if their projec-
tions eg, e; € Ma(# @/)* are homotopic, and similarly with invertibles [12].
Since the cyclic homology classes of the Chern characters chy(é) and ch;(g) are
homotopy invariant with respect to é and g, one gets well-defined additive maps
chy : K°P(/) — HPy(&/) and ch; : K{°?(«/) — HPi(«/) on the topological
K-theory groups. They do not depend on the quasi-free extension &% since
we know that the classifying homomorphlsm T/ — % induces a homotopy
equivalence of pro-complexes X (T;z{ )= X (3?)

To show the homotopy invariance of the Chern characters, we introduce the
Cherns-Simons transgressions. Let %’[0 1] be the tensor product %@C"o [0, 1],
and let € be any idempotent of Mg(%@%[o, 1))t with é—pg € M> (%@%[0, 1]).
Denote by s : C*[0,1] — Q![0, 1] the de Rham coboundary map with values
in ordinary (commutative) one-forms over the interval. We then define the

DOCUMENTA MATHEMATICA 13 (2008) 275-363



SECONDARY INVARIANTS FOR FRECHET ALGEBRAS. .. 313

Chern-Simons form associated to é as the chain of odd degree
1 ~
cs1(é) = / Tri(—2¢ +1)sédé € Q' %, , (59)
0

with obvious notations. Now let § € (£ ®Z[0,1])* be any invertible element
such that § — 1 € #®%]0,1]. The Chern-Simons form associated to § is the
chain of even degree

N
CSO(g)_ m

LEMMA 4.3 Let é be an idempotent of the algebra My(# QZ[0,1))F with é —
po € Ma(H ©Z%[0,1]). Denote by éy and é; the idempotents of Ma(H %)
obtained by evaluation at 0 and 1. Then one has

~

/O Tr(§'sg) €% . (60)

besy (€) = cho(é1) — cho(éo) € % . (61)

Let § € (A QR[0,1))*F be an invertible element such that § — 1 € A QZ[0,1].
Denote by go and §1 the invertibles of (# ©%)* obtained by evaluation at 0
and 1. Then one has

hdeso(§) = chy(§1) — chy(do) € Q' %, . (62)

Proof: First notice that the current fol is odd, so that

1
besy (€) = —/ bTrh(—2¢ + 1) sédeé
0

and taking into account the fact that sé is also odd, one has
bTrg(—2¢é + 1) sédé = —Tr[(—2é + 1) sé, €] = Tr((2¢ — 1)sé é — ésé)

where we use the idempotent property é2 = ¢é for the last equality. Since s is a
derivation, one has sé = s(é?) = séé + ésé and ésé é = 0, whence

1 1
1_7(381(6) = / TI‘(Séé + éSé) = / sTre = TI‘(él — éo) = Cho(él) — Cho(éo) s
0 0

because éy and é; are the evaluations of € respectively at 0 and 1. Let us
proceed now with invertibles:

R -1 [t .
o (9) = —— /0 Trsd(5~"5) |

and because d is an odd derivation anticommuting with s, one has

Trbd(9™"sg) = Tr(dg~"'sg — g~ 'sdg) .
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1 1

Then, d1 = 0 = sl implies dg~! = —§~'dgg~—" and sg~ sgg~1. But

Trf is a supertrace, hence

=—4

Trg(—g~'dgg"sg — 5 'sdg) = Tri(g~'sgg~'dg — g~ 'sdg) = —sTrh(g~'dg) -
By integration over the interval [0, 1], one gets

gdeso(9) = Try(gy 'dgr — g 'dgo) = chi(g1) — chi(go)

1
V21

as wanted. n

Hence the cyclic homology classes of the Chern characters are homotopy in-
variant as claimed. There is another consequence of the above lemma. Ob-
serve that the suspensions So/ = &/(0,1) and SZ = #(0,1) are subalgebras

of #[0,1] and Z[0,1]. If e € My(# ®Sa/)* is an idempotent representing
a class in K;°?(S.e/), and g € (# &Se/)" an invertible representing a class
in K'°P(Sa7), we choose some lifts é € Ma(# ®SZ)T and § € (X QSH)*.
Then cs1(é) and csp(g) are closed and define homology classes in HP; (<) and
H Py (<) respectively. The following lemma shows the compatibility with Bott
periodicity:

LEMMA 4.4 The Chern-Simons forms define additive maps csy : KSOP(SM) —
HPy (&) and cso : K\°°(Se/) — HPy(«/). Moreover they are compatible
with the Bott isomorphisms o : K, (/) — K{°®(S</) and 3 : K (o) —
K{OP(S,Q%) and Chern characters, up to multiplication by a factor /2mi:

cspoa=V2mich, : K\°°(&/) — HP\(¥),
csopoB=V2michy : KP(«) — HPy() .
Proof: Let é be any idempotent of the pro-algebra M (% ®S@)+. We have to

prove the homotopy invariance of the cyclic homology class determined by the
cycle

1
csl(é)/o Tri(—26 + 1) sédé .

To this end, consider a smooth family of idempotents é; € Ma(# ®S§§)+
parametrized by ¢ € R, such that é; — py € M> (%@Sﬂ?), Vt. Denote by é the
derivative 9é/9t. The idempotent property of the family é implies the following
identity:

a A A A LA A AN AL~ YA AA
ETrh(—Qe + 1)sédé = —gdTr(é(ésé — sée)) — sTrhé(édé — dée) .

Since for any fixed t, the idempotent é; equals py at the boundaries of the
suspended algebra Mo (¢ ©SZ)™", one gets fol sTrhe(edé — déé) = 0 and

a 1 1 . .

—/ Trh(—2é + 1) sédé = hd/ Tr(é(ésé — séé)) .

at Jo 0
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This implies that the cyclic homology class of cs1(€) is a homotopy invariant
of é. Hence if ¢ lifts an idempotent e € My(# @S.e/)*t, the cyclic homology
class of csy(é) only depends on the homotopy class of e, and the map cs; :
K (S.e/) — HP; (<) is well-defined. We now have to show the compatibility
with Bott periodicity. Thus let g € (# ®.«)% be an invertible such that
g—1¢€ #®, and let a(g) be the idempotent G~ 1poG € Mo(H @S.a7)T
constructed by means of a rotation matrix

[ cos{  siné 51 (1 0
k= <—sin§ cosf) ’ G=h <O g)R’
where £ € C*°[0,1] is a real function with £(0) = 0 and £(1) = 7/2. Then, it

is clear that the 1dempotent ée=G" pOG € My (%@Sﬁ%’) is a hftmg of a(g),
where the matrix G = R~ (6 )R is built from any lifting § € (%@%) of g.

Hence, the cyclic homology class of csl(a(g)) is represented by cs1(é). A direct
computation shows the equality

Try(—2¢ + 1) sé dé = s(cos &) Try(—g~'dg + dgf —d by,
so that after integration over [0, 1] one gets, modulo boundaries fd(-)
csl(a/(g)) = Trg(§*dg) mod td = v/27ich;(§) mod bd .

Next, we turn to the map csq. If § € (%@S@)* is any invertible, one has

~ —1 A
cso(g Tr (7 sg

@) \/ 27
We have to show that the cyclic homology class of ¢sp(g) is a homotopy invariant

of g. To this end, consider a smooth one-parameter family of invertibles g; €
(A @S%)*T. One has, with g = 9g/0t,

d,.
a(g

s9) = —47 1997 sg+ 97 sg = [g7"s9,57 19 +s(67'9) -

Since Tr[§~'sg, 571 g] = —bTrig~'sgd(§1§), we get

a 1 o . _ 1 = . .
5 | T 189):b/ Trgg~'sgd(g'9) -
0 0

Hence the cyclic homology class of ¢sy(g) is homotopy invariant. In particular
if ¢ lifts an invertible g € (' ©Sa)*, the cyclic homology class of csy(§)
is a homotopy invariant of g and the map csg : K|°?(Se/) — HPy(</) is
well-defined. Now let e € My(# ©o7)t be an idempotent, with e — py €
My (# ®@47). Tts image under the Bott map 3 is the invertible element 3(e) €
(H @Se/)t given by

Ble) = (1+ (2 = De)(1 + (= po) ",
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where z = exp(4i€). If é € Mg(%@@)* is any idempotent lift of e, it is clear
that the invertible

G=(0+E-1&)1+(z—1)p) ! € (#&S%)*
is a lifting of (e). Hence the cyclic homology class of cso(ﬁ/(\e)) is represented
by cso(g). Let us compute explicitly Tr(§~tsg):

Tr((1+ (2 = Dpo) (1 + (2 = 1)) 's((1+ (z = De)(1 + (= — )po) "))
=Tr((1+ (z7'=1)é)szé— (1+ (27" — 1)po)szpo)
=Tr(é —po) 2z ‘sz .

Since the integration of z~!sz over the interval [0, 1] yields a factor 27i, one is
left with equivalences modulo boundaries b(-)

cso(ﬂ/(\e)) = V27 Tr(é — pg) mod b = v/27i chy(é) mod b
as wanted. (]

Since our main motivation is index theory we will have to consider the stabiliza-
tion of & by a p-summable Fréchet m-algebra .#, that is, .# is provided with
a continuous trace Tr : #P — C as in section 3. Hence it will be convenient to
define a Chern character K!°P(.#®.4/) — HP,(<). The difficulty of course is
that the trace is not defined on the algebra J# ®.# but only on its p-th power.
To cope with this problem, we shall construct higher analogues of the Chern
characters and Chern-Simons forms associated to idempotents and invertibles.
Consider the following p-summable quasihomomorphism of even degree, from
the algebra .f.&/ := Q4 to o

p:IA — E> I E=I"Qd , (63)

where £ is the unitalization of .#. Because p is of even degree, it is entirely
specified by a pair of homomorphisms (p4, p—) : F& = & which agree modulo
the ideal £ C &. Equivalently if we represent &° in the Zs-graded matrix

algebra M»(&) we can write p = (p0+ p(i ) By definition we set

pr=ld: VA - I CE, p—=0.
Let 0 — 7 — % — 4/ — 0 be any quasi-free extension of &7, with continuous

linear splitting o : & — Z%. Then choosing A# = I TRF and N = IT& 7,

one gets a commutative diagram

0 N M & 0
0 I IR I 0
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Since (£ 1)" = #+ for any integer n, one sees that A" = FT® _#™is a direct
summand in .#. Moreover, there is an obvious chain map Tr : F25' X (. #) —
X(Z) for any n > p — 1, obtained by taking the trace .#"*! — C. It follows
that the algebra & > £/ is %#-admissible (Definition 3.2), hence in all de-
grees 2n + 1 > p the bivariant Chern characters ch®"(p) € HC*" (I, o)
are defined and related by the S-operation in bivariant cyclic cohomology
ch?"2(p) = Sch®(p). We recall briefly the construction of ch®*(p). By
the universal properties of the tensor algebra T(.#47), the homomorphism
p:Id — (']097 8) C &7 lifts to a classifying homomorphism p, through the
commutative diagram (31)

0—J(IA)——=T(I) I ol 0
P*l P*l lp
ld@as -
0 NE M= - &5 0

induced by the linear splitting. It extends to a homomorphism of pro-algebras
pe : T(I) — (ﬂd@g) C ////:5_ The bivariant Chern character ch®"(p) is
the composite of the Goodwillie equivalence v : X (T(.7 7)) — QT(.7 o/ ) with
the chain maps p, : QT(I.o) — SA)////}_ and *" : SA)////}_ — X(%). The two
non-zero components of ¥2" are given by Eqs. (34) and defined on 2n and
(2n + 1)-forms respectively:

)?(2)" : QQ"////E Ny , )A(%" : QQ"'H////E — Qléh .

The bivariant Chern character is designed to improve the summability degree
and can be used to define the higher Chern characters of idempotents and
invertibles via the composition
A N h3"

b2 K 7oo) — HP(I6d) S Hp (o), i=0,1. (64)
We shall now establish very explicit formulas for these higher characters.
Let é be an idempotent of the algebra My(# ®.# %), such that é — py €
My(# @I R). Tt is well-known (see for example [5]) that the differential forms

chy,(6) = (—)”% Tr((é — %)(dédé)”) €02 IR) forn>1
chy(é) = Tr(é—po) € QU(IR) (65)

are the components of a (b + B)-cycle of even degree over f@, i.e. fulfill the
relations Bchay, (€) + bchay,12(€) = 0 for any n. Here Tr is the trace over 2. In
the odd case, any invertible element § € (%@f@)* such that g—1 € HRIR
gives rise to a (b + B)-cycle of odd degree with components

iz (§) = (g aglag g €9 ) (66)

21
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The homology classes of these cycles are of course homotopy invariant. If € €
My (H @I Z)0,1])" is a smooth path of idempotents, we define the components
of the associated Chern-Simons form as

cson+1(6) = ()”%/ Tr((—26+ 1)) (dé)'sé(de)> 1) (67)
©J0 i=0

in 027+ (7%). Similarly if § € (#®F%[0,1))F is a smooth path of invert-
ibles, the components of the Chern-Simons form are for n > 1

n—1

csnld) = o (=10 (5700 (g ) e e (09

in Q2"(7%), where w = §~'sg, and for n = 0 we set as before cso(§) =
\/ﬁ fol Tr(w). Simple algebraic manipulations show that the (b + B)-
boundaries of the Chern-Simons forms yield the difference of evaluations of
the Chern characters at the endpoints:

BCSQn 1( ) —+ bCSQn+1( ) = Chgn(é ) — Ch2n (éo) , (69)
Beson(g) + besan+2(9) = chany1(91) — chant1(go) -

The higher Chern characters (64) and their associated Chern-Simons forms are
obtained by evaluation of these (b+ B)-chains on the inclusion homomorphism

L IR — (ﬂd@ 9) C ////:5_ followed by the chain map ¥?" whenever 2n-+1 > p.

LEMMA 4.5 Let & be p-summable and 2n + 1 > p. For any idempotent
é € Mg(%@f@) such that é — py € My( X &.IR), and any invertible
g € (%@f&?)*‘ such that § — 1 € A QIR we define the higher Chern
characters by the explicit formulas

chg"(é) = Tr(é—po)*+t, (70)
1 (n!)?

chi™(g) = mmmg*[@—n@*—lﬂ"dg,

where we take concatenation products over & and Tr is the trace over the
p-th power of HQF. Then one has chi™(é) = X3"i.chy,(é) in % and
ch?"(§) = X2"1.chopni1(9) in Q% R

Similarly, for any idempotent é € My(H @I R[0,1)) and any invertible
g€ (%@f@[o, 1))T, we define the higher Chern-Simons forms by the explicit
formulas

1 n
cs2"(é) = / Trg(—2é+ 1) Z e —po)¥sé(e —po)’mde,  (71)
0

s~ 1 nh2 1 :A_l . a1 S
() = = o [ TG - D - g
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Then cs2"(8) = X2"tucSon11(€) in Q' %, and cs3(§) = X2"1.cs20(§) mod b in

. Moreover the transgression relations hold:
besi"(é) = chg™(é1) —chg™(é0) ,  fdesy™ () = chi™(91) — chi™ (do) -

Proof: Let us brielfy explain the computation of the cycles X2"¢.cha,(é) and
21, chong(§) associated to idempotents é € Ma(# ®.7%)" and invertibles
S (%@f@)*. The upper left corner inclusion ¢y : S % — ////:5_ canonically
extends to a unital homomorphism (# &.7 %)+ — (%@%ﬁ)*, and in matrix

form we can write
. (e 0 . (g O
ot = (0 po) = (0 1) |

Consequently the commutators with the odd multiplier F' = ( é) read

A1 0 p()*é A 0 17@
[F,L*€]<é_p0 0 ) 9 [FaL*g](g_l 0 ) .

It is therefore straightforward to evaluate the differential forms chg, (é) and
cha,+1(g) on the chain map X" given by (34). One finds Y3"t.chay, (&) =
cha™(é) and ¥ X1 "ochani1(§) = chi™(§). Similarly with the Chern-Simons forms

one finds Y3"t.cs9n41(€) = cs3"(é), whereas by setting w = §71sg

2n AN 1 (n')Q ! ~A—1 ~ n
Xo' ' txCS2n () = Wor m/o Tr(w[(g~' = 1)(g—D]"+

G-Vl =@ -D" G =D+ (G - D@ - D))

coincides with ¢s2"(g) only modulo commutators.
Finally, the transgression relations are an immediate consequence of Egs. (69)

and the fact that ¥?" is a chain map from the (b 4+ B)-complex over .5 to
the complex X (). L]

In any degree 2n+ 1 > p the Chern characters chy” : K°P(# &) — HPy(o/)
and chi" : K{°°(#&.e/) — HP,(</) are thus obtained by first lifting idem-
potents e € My(# ®.7./)* and invertibles g € (# @) to some é €
Mg(%@f&?)"’ and g € (H &I R)T, and then taking the cyclic homology
classes of chy" (&) € Z and ch?"(9) € Qlﬁh Although é and § are only defined
up to homotopy, the above lemma shows these higher Chern characters are

well-defined, and moreover independent of the degree 2n because the cocycles

X2" are all related by the transgression relations

- X2 = (0,77 € Hom(Qu25, X (X)) -

Passing to suspensions, lifting any idempotent e € My (# @.#Sa/)* or invert-
ible g € (£ ®.754)" gives rise to an odd cycle cs2"(¢é) € Qlﬁh or an even
cycle csg™(g) € %. As expected, this is well-defined at the K -theory level and
compatible with Bott periodicity:
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LEMMA 4.6 Let & be p-summable. In any degre 2n + 1 > p, the Chern-
Simons forms define additive maps s : K (I &S.e/) — HPy (/) and csg"
K{°(#®8Sa/) — HPy(<), independent of n, and compatible with the Bott
isomorphisms:

es?oa =+V2rmichi" : K{®(S&o) — HP (o),
estho B =V2michy" : KP(I&) — HPy() .

Proof: Consider an idempotent é € Mg(%@f&@) . We have to show the
homotopy invariance of the cyclic homology class cs2"(é) with respect to é.
This can be shown by direct computation from Formulas (71). Define the
matrix idempotent f = (§,2). Then one has sf = (%9) and df = (49),
and cs3"(é) can be rewritten by means of the operator F = ({}) and the

supertrace T:
1 n
(@) = (" [ ra=2f + ) YIR R A
=0

Now suppose that é depends smoothly on an additional parameter t. The above
integrand may be expressed in terms of the odd differential § = s +d + dt% +
[F, ] as

n

ri(—2f + 1) SOIF fI2sfIF, 120 0af = n;11

=0

T f0F)*H s.a

where |; 4 means that we select the terms containing only s, d and not dt.
Because 74 is a supertrace, the cocycle property (s +d + dt2)7h f(5f)*+! =

74 (8f)2"+2 = 0 holds, and projecting this relation on s, d, dt yields

sThFOL)?"  Haae +T8d(FOL)*" ) g0 + dt -7 f(0F)" o =0
This may be rephrased as

0

5 (Trp(—2e+ 1) Z é — po)¥sé(é —po)2n- Z)de)
=0

n 9¢ _
= s(Trg(—26+1)> (6 - po)%a—j(é — )" ~dé) mod td ,
1=0

and integration over the current fol shows the homotopy invariance of the
class cs?"(é). Hence the map cs?” : KP(I@Se) — HPi (o) is well-
defined. Its compatibility with Bott periodicity can be established, without
computation, as follows. Let g € (£ ®.#./)" be an invertible element and
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e = a(g) € My(# ®@7Sa/)* its idempotent image under the Bott isomor-
phism. Choose an invertible lift § € (# ®ST(F/))* of g and an idempo-
tent lift & € My(H QST(F /)" of e. The differential forms chy, 1 () and
Sont1(€) in Q2 LT(.7.47) defined by (66) and (67) are the components of
two (b+ B)-cycles ch,(g) and cs,(€), whose projections on the odd part of the
complex X (T(.#.4/)) are

1
tichy (9) = \/%M_Trhﬁ*ldﬁ, ficsi(€) = /0 Trg(—2€ + 1)sede) .
By Lemma 4.4, the cycles v/27ifich; (§) and fcs; (¢€) are homologous. But we
know that the projection QT(.7.«/) — X(T'(.# 7)) is a homotopy equivalence,
with inverse the Goodwillie map . Hence /27 ch,(g) and cs.(€) are (b+ B)-
homologous in (Alf(f 7). Finally, it remains to observe that under the homo-
morphism p, : Tod — M 7, the invertible p.g = (g ?) gives a choice of lifting
§ € (X &IR)T and the idempotent p, (€) = (§.2) gives a choice of lifting
é e Mg(f%/@f@)*‘. Because the cycles v/27i Y2 p.ch.(§) and X" p.cs. (€) are
homologous in X (%), we have v/27i ch?"(§) = cs2(é) in HPy (/).

We proceed similarly with the map cs3”. Let § € (£ ®.9 Sﬂ?)Jr be an invert-

ible. We have to show the homotopy invariance of the cyclic homology class
cs2™(g). Define the invertible matrix @ = (9 v ) Then st = (59 0) and one has

01 00
()" (nh)?

es?(§) = \/%(271)!/0 (@ ([F,a][F,a~"])"sq) .

Now suppose that g is a smooth family of invertibles depending on an addi-
tional parameter ¢t. The above integrand may be expressed in terms of the odd
derivation § = s + dt% +[F, ] as

o Y([F,a][F,a ') st = 2(73 - 7(a=168)2" |, mod b .
One has the relation (s + dt2)r(a~16a)*" 1 = —7(4~16a)?"*% = 0 mod b,

hence by projection on s, dt

0 -
sT(a o) g + thT(&_léd)%Hh =0modb.

This may be rephrased as

0 ~— ~ ~— n,A ~— ~ ~— nag 7

5 (T @ =)@ = ))"sg) = s(Trg~ (g - (g™ = D]"5;) mod b,
and integration over the current fol shows the homotopy invariance of the class
¢s2™(§). Hence the map cs?” : K|°P(F®Se/) — HPy() is well-defined.
Its compatibility with Bott periodicity is be established as before, replacing
invertibles by idempotents and conversely. ]
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5 MULTIPLICATIVE K-THEORY

Let & and .# be Fréchet m-algebras, .# being p-summable. We shall define
the multiplicative K-theory groups MK (/) in any degree n € Z. They
are intermediate between the topological K-theory K!°P(.#&.¢7) and the non-
periodic cyclic homology HC,, (7). Recall from section 2 that if 0 — ¢ —
% — o/ — 0 is any quasi-free extension, HC,, (&) is computed by the quotient
complex X, (%, #)= X(%’)/F}X(%) induced by the _#-adic filtration:

HC, () = Hyyoz(Xn(#, 7)), Vnel.

Of course HC,, (%) vanishes whenever n < 0. Multiplicative K-theory classes
are represented by idempotents or invertibles whose higher Chern characters
(Lemma 4.5) can be transgressed up to a certain order. As before we adopt the
notation .#&/ = S @/ and IX = f@@, where % is the .#-adic completion
of Z.

DEFINITION 5.1 Let 0 — ¢ — % — & — 0 be any quasi-free exten-
sion of Fréchet m-algebras, and let & be a p-summable Fréchet m-algebra.
Choose an integer q such that 2g + 1 > p. We define the multiplicative K-
theory MK;” (o), in any even degree n = 2k € 7, as the set of equiva-
lence classes of pairs (¢,0) such that é € My(H QIR is an idempotent
and 0 € X,,_1(Z, J) is a chain of odd degree related by the transgression
formula
ch2(@e) =00 € X,, (%, 7).

Two pairs (€o,0p) and (é1,01) are equivalent if and only if there exists an
idempotent é € My(H @I Z[0,1])" whose evaluation vields éy and &, at the
endpoints, and a chain X\ € Xp,_1(Z, 7 ) of even degree such that

01— 0 = cs79(&) +bd\ € X, 1(Z, 7).

In the same way, we define the multiplicative K -theory MK;f((szf), m any odd
degree n = 2k + 1 € Z, as the set of equivalence classes of pairs (§,6) such

that § € (%@f@)"' is an invertible and 0 € X,,_1(%, ¥ ) is a chain of even
degree related by the transgression formula

chi(§) =tdl € X, (%, 7).

Two pairs (o, 6o) and (§1,01) are equivalent if and only if there exists an invert-
ible § € (K @.I%[0,1])T whose evaluation yields go and §1 at the endpoints,
and a chain X\ € X,,_1(Z, 7) of odd degree such that

01 — 0o = cs3(§) + DX € X 1(Z, 7).

We will prove in Proposition 5.4 that for any n € Z the set MK;f(,Q%) depends
neither on the degree 2q + 1 > p chosen to represent the Chern characters nor
on the quasi-free extension % .
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Recall from section 2 that the homology H,_iy2z(Xn(Z#, #)) is the non-
commutative de Rham homology HD,,_1(%/). Hence the transgression relation
ch2?(é) = b9 € X,,_1(Z, #) exactly means that the class of ch3?(é) vanishes
in HD,, (/). Similarly in the odd case, ch}!(§) = 4df € X, (%, #) is
equivalent to chi’(§) = 0 in HD,_5(&). Since the complexes X, _1(%Z, 7 )
vanish for n < 0, we immediately deduce that MK (/) coincides with the
topological K-theory K!°P(.#®./) whenever n < 0.

As in the case of topological K-theory, define an addition on M K:” (<) by di-
rect sum of idempotents and invertibles as follows (¢ is the permutation matrix

(52)):
even case: (&,0)+ (¢,0") = (c(e®é)e, 0+ 6,
odd case: G,0)+(G,0)=(®g,0+0).

This turns MK;” (<) into a semigroup, the unit being represented by (pg,0)
in the even case and (1,0) in the odd case.

LEMMA 5.2 MK (<) is an abelian group for any n € Z.

Proof: We first need to recall the proof that K(g(’p(f ®4/) is a group. Let
e € My(H# ©.F4)T be an idempotent, with e — pg € Ma(H @ .a7). The
idempotent 1 — e is orthogonal to e, as e(1 —e) = (1 —e)e = 0. If X € M>(C)

is the permutation matrix (), we claim that the idempotent

X(1—e)X € My(# @I, with X(1—e)X —po € Ma(H RI)

represents the inverse class of e. Indeed, we shall construct a homotopy between
the direct sum c(e ® X (1 —e)X)c € My(# ®.7a/)" and the unit

IS M4(Ji/®f¢527)+ .

’g

I
co o
co o
cooo
cooco

Choose a smooth real-valued function £ € C*°[0, 1] ranging from £(0) = 0 to
&(1) = 7/2, and consider the paths of invertible matrices

1 0 0 0 cosé 0 0  siné
|0 cos¢ sing 0 _ 0 1 0 0
Ras =1 siné —cosé 0] Bu=1 9 o1 0
0 0 0 1 siné 0 0 —cos¢

A direct computation shows that the idempotents Ras(t)™!(§)Res(t) and
Rig(t)71( 5% 9) R14(t) are orthogonal for any t € [0, 1]. Hence the sum

f=Ry (8 8> Ros + Ry} (1 0 8) Ri € My(# &7 10,1])*
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is an idempotent path such that f —pg € My(# ©.#.27]0,1]), and interpolates
fo=po and f; = c(e® X (1 —e)X)e. This shows that K °P(F&.7) is a group.
It is abelian because a direct sum e @ e’ can be connected via a smooth path
(by conjugation with respect to rotation matrices) to e’ @ e.

Now fix an integer 2¢ + 1 > p and let (¢, 6) represent an element of M K;” (<)
of even degree n = 2k. Hence é € Mg(%@f@)* is an idempotent such
that chp?(¢) = b0 in the quotient complex X, - 1(Z, 7). Consider the smooth
idempotent path f € My(A &I Z[0,1))F constructed as above replacing ./
by its extension # and e by é. It provides an interpolation between fo = po
and f1 = ¢(é® X (1 —&)X)c. We guess that the inverse of (&, 6) is represented
by the pair (X (1 — &)X, cst?(f) — 0). Indeed, one has

besi?(f) = chg(fi) — chg?(fo) = chg?(é) + chg?(X (1 — €)X) |

so that ch2?(X (1 —&)X) = b(cs>4(f) — 6) in the complex X,,_1(%, #) and the
pair (X (1 — &)X, cs2(f) — ) represents a class in MK (). Moreover, the
sum

(6,0)+ (X(1—&)X,cs7(f) —0) = (c(e ® X (1 — &) X)c,cs29(f))

is equivalent to the unit (po, 0) because f provides the interpolating idempotent.
Hence MK;” (o), n = 2k is a group. Abelianity is shown as for topological
K-theory, by means of another interpolation between the idempotents c(é®é’)c
and ¢(é’ @ é)c with the property that its Chern-Simons form cs; vanishes.
One proceeds similarly in the odd case. Let (§,0) represent an element of
MK (o) of odd degree n = 2k + 1. Hence ch}%(§) = tdf in X,,_1(%Z, 7).
Define an invertible path @ € My (# &7 %[0,1])F by means of the rotation
matrix R = ( cosé Smg)'

—sin& cos&/°

o (g O\ ,1(gt O
“_(0 1>R (0 1)R'

Then @ — 1 € Mﬂ%@f@[o, 1]), and @ provides a smooth homotopy be-
tween the invertibles 4y =1 and 4; = (g ggl ) (the same argument shows that

K{°"(F &) is an abelian group) We guess that the inverse class of (g, 6) is
represented by the pair (g1 csO %(@) — 0). Indeed, one has

gdes? (@) = ¢h?(iy) — chi?(dip) = ch3?(g) + ch9(571)
so that chi?(g™1) = fd(csp?(a) — 6) in X, 1(%Z, #) and (™', cs2?(a) — 6)
represents a class in M K;” (7). Moreover, the sum
(§:0)+ (57" es" (@) = 0) = (9 @ 97" s ()
is equivalent to the unit (1,0) through the interpolating invertible @. Hence

MK? (a/), n =2k + 1 is a group as claimed. Abelianity is shown once again
by means of rotation matrices. [
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REMARK 5.3 We know that two different liftings of a given idempotent e €
My(# @7 o)t are always homotopic in Ma(# ®.#%)*. Hence choosing the
universal free extension % = T/ allows to represent any multiplicative K-
theory class of even degree by a pair (é,6) where é € My(# @.7To/)7" is the
canonical lift of some idempotent e. Moreover, the transgression formula es-
tablished in the proof of Lemma 4.6 shows that two such pairs (&g, 0y) and
(é1,01) are equivalent if and only if ey and e; can be joined by an idem-
potent e € My(# ®.7.27[0,1])T such that 6; — 6y = cs79(¢) mod fd, where
é € My(H# &IT[0,1))* is the canonical lift of e. The same is true with in-
vertibles: any multiplicative K-theory class of odd degree may be represented
by a pair (§,6) where § € (£ ®@.#T.</)* is the canonical lift of some invertible
g € (#®I)F. Two such pairs (o,0) and (§1,601) are equivalent if and
only if go and g; can be joined by an invertible g € (£ ®.#.27[0,1])* such that
01 — 0o = cs2?(j) mod b, where § € (£ ®FT.a/[0,1))* is the canonical lift of
g.

The particular case .# = C is essentially equivalent Karoubi’s definition of
multiplicative K-theory [16, 17]. The groups M K;” (</) are designed to fit in
a long exact sequence

KX (I @) — HCo1() > MK (o) — K (F&ef) — HCp_o(F)

(72)
The map K'°P(SF®4) — HC,_o(/) corresponds to the composition of the
Chern character K!°P(#®.a/) — HP, (<) with the natural map HP, (&) —
HC,,_2(«) induced by the projection X (%, 7) — Xn—2(%, #). The map
MK (o) — K%P(a/) is the forgetful map, which sends a pair (¢,8) or (g,0)
respectively on its image e or g under the projection homomorphism # —
/. The connecting map 6 : HC, (/) — MK (/) sends a cycle 0 €

Xn—l(%; /) to
V2mif) n even

§5(0) = (p07 ’

(6) { (1,V2mi0) n odd. (73)

There is also an additive Chern character map ch,, : MK (/) — HN, ()
defined in all degrees n € Z, with values in negative cyclic homology. Re-
call that the latter is the homology in degree n mod 2 of the subcomplex
FriX(#, J) =Ker(X(#, 7)) = Xn1(%, J)):

HNn(fQ{) = Hn+QZ(Fn71)?(‘@’ /)) :

Hence in particular HN, (/) = HP,(«/) whenever n < 0, and HP,, HC,
HN, are related by the SBI long exact sequence (section 2). To define the
Chern character ch,, : MK (&) — HN, (<) in even degree n = 2k, we first
have to choose an integer 2¢ + 1 > p. Then, a multiplicative K-theory class
of degree n is represented by a pair (&, ), such that the transgression formula
ch2?(é) = b6 holds in X,,_1(Z#, 7). Choose an arbitrary lifting 6 € X(%, )
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of #, and define the negative Chern character as
ch,(é,0) = ch2i(e) = b0 € F" 'X (%, 7). (74)

It is clearly closed, and its negative cyclic homology class does not depend
on the choice of lifting 0, since the difference of two such liftings lies in the
subcomplex F" 1 X (%, #). We will show in the proposition below that it does
not depend on the representative (&, 8) of the K-theory class, nor on the integer
2+ 1 > p. In odd degree n = 2k + 1, the Chern character ch,, : M K7 (&) —
HN, (<) is defined exactly in the same way: take a representative (g,0) of
a multiplicative K-theory class, with ch??(g) = §df in X,_, (%, 7). Then if
beX (Z, 7) denotes an arbitrary lifting of 0, the cycle

chy(9,0) = chi!(g) — tdd € F"'X (%, 7) (75)

defines a negative cyclic homology class. The following proposition shows the
compatibility between the K-theory exact sequence (72) and the SBI exact
sequence (8), through the various Chern character maps.

PROPOSITION 5.4 Let &/ and & be Fréchet m-algebras, such that & is p-
summable. Then one has a commutative diagram with long exact rows

K (F &) —> HCy_1 () —> MK (o) —> K'°P(I &)

N I

HP, 1 (o) —2> HC,_ (o) —2—> HN, (o) ——> HP, (/)

where B is the connecting map of the SBI sequence rescaled by a factor —v/2mi.

Proof: We show the exactness of the sequence (72) in the case of even degree
n = 2k (the odd case is completely similar):

K (éa) D HC,_y (o) > MK (o) 5 KPP (5 &) L% HC, o () .
Fix once and for all an integer 2g + 1 > p to represent the Chern characters.
We first have to check that the maps § and ¢ are well-defined. Let 6y and
61 = 6 + tdX be two homologous odd cycles in X,,_1(%, #) representing
the same cyclic homology class [0] € HC,_1(%). Their images by 0 are
respectively (po, v2mi6g) and (po,v/27wif;), which obviously represent the
same class in M K7 (/) by virtue of the equivalence relation 6; — 6 = fd\
(take the constant idempotent pg € Mg(%@f&?[o, 1])* as interpolation, with
¢s79(po) = 0). Hence ¢ is well-defined.

Now take two equivalent pairs (ép,0p) and (é1,601) representing the same
element in MK:;” (7). In particular, the idempotents éy and é; are smoothly
homotopic and their projections eg,e; € Mg(%/@fﬂ)*‘ define the same
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class in K;°P(F&e7). Since 1(é9,00) = eo and 1(é1,01) = ey, the map ¢ is
well-defined.

Ezactness at HC,_1(<7): Let [g] € K;°°(#®4) be a class represented by
an invertible element g € (¥ ®.#.%7)%, and consider its idempotent image
alg) € My(#&.7Se/)t under the Bott isomorphism o : K{P(S &) —
Kmp(f®542f) Choose any invertible lift § € (%@f@)"’ and any idempotent
lift a( ) € Mg(%@f&@) By Lemma 4.6, we have the equality of periodic
cyclic homology classes

1 —
ch?4(g) = es2(a c HP| () ,
1(9) /2 1 (alg)) 1(o)
hence this equality also holds in HC),_1(«). It follows that d(ch;(g)) is repre-
sented by

(et 6 = (i)

But the idempotent path a(g) evaluated at the endpoints is pg, so that the
pairs (po, cs3? (a/(g))) and (po, 0) are equivalent in M K* (<7). Hence doch; = 0.
Now let a class [f] € HC,,—1(%7) be in the kernel of §. It means that the pair
5(0) = (po, V2mi6) is equivalent to (pg,0). Hence there exists an idempotent
¢ € My(H#©.7S%)" and a chain A such that v2mi6 = cs29(¢) + yd) in

X,—1(%, _#). By Bott periodicity, there exists an element [g] € K;°°(S &%)
such that cs??(é) = v/2mi ch?4(§) in HC,_1 (&), where § € (&I R)T is any
invertible lift of g. Whence the equality of cylic homology classes [0] = ch%q (9).
It follows that Kerd = Im ch;.

Ezactness at MK;” (<7): Let [0] € HC,_1(</) be any cyclic homology class.
Then §(8) = (po, v2mi6), and (6(8)) = po is the zero-class in topological K-
theory. Therefore 1o d = 0.

Now let (é,0) € MK;” (/) be in the kernel of 1: it means that é is smoothly
homotopic to po. Hence there exists an idempotent f € My (# &7 Z)0,1])*,
with evaluations fo = ¢é and f1 = po, and the palr (é,0) is equivalent to
(0,0 + cs39(f)). Remark that the odd chain § + cs29(f) € X,_1(%Z, 7) is
closed (indeed, b9 = ch2?(é) and bes??(f) = —chi?(é)), and we can write

(po. 0 +cs(f)) = 6= (0 + es*(f)) -

1
V2me
It follows that Ker: = Im .

Ezactness at K°P(F&.a/): Let (é,0) € MK;” (</) represent any multiplica-
tive K-theory class. Then chj?(¢) = 0 in non-commutative de Rham homology

HD,,_5(<), and therefore also in HC),,_2(«7). Thus, the Chern character of
t(é,0) = e vanishes and chg o = 0.
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Now let [e] € K°P(#&.27) be in the kernel of chg. We know from section 2 that
the natural map HDy_2(e/) — HCp—2(«/) is injective, so that ch?(é) = 0
in HD, (/) for any idempotent lift é € My(# @.#%)+. Hence there exists
an odd chain € X,,_1(Z%, #) such that ch}?(é) = b, and e = (¢,0). This
shows that Kerchy = Im ¢.

Let us now show the independence of multiplicative K-theory upon the choice
of degree 2¢+1 > p. To this end, write (¢,0)? € MK;” (/) for a representative
of a class obtained using the higher Chern character chgq (é) = bf of degree 2q.
We shall construct a map MK, (/)9 — MK;” (<)% which turns out to
be an isomorphism. Let p : &/ — &° > %o/ be the canonical p-summable
quasihomomorphism of even degree considered in section 4, for the construction
of the higher Chern characters. Recall that & = T ®.«7 with extension ./ =
S +@%. From Proposition 3.10, we know that the chain maps x29 : (///‘5)

X (@) associated to p are related in successive degrees by the transgression
formula involving the eta-cochain ¥2¢ — ¥2472 = [9,72¢71]. More precisely:

55(2)11 )?2q+2 _ bﬁ2q+1+A2q+1(b+B)
G- = w0+ B)

The evaluation of the first equation on the (b + B)-cycle ch,(é) € ﬁ*‘(f@)
yields (see section 4; we also omit reference to the inclusion homomorphism

L*:f@%(ﬂojg)cj/_\i)

ch3?(é) — chi™?(e) = b(7; 7" chag42(8)) |

with ch3?(é) = Xalcha,(é) by Lemma 4.5. Therefore, we guess that the map
MEK? (/)1 — MK (a/)7" should send a pair (¢,0)? to the pair (é,0")9F!
with ¢ = H—ﬁfﬁlchgﬁg(é). Indeed, one has the correct transgression relation

b (6) = chi(e) — B chy2(6)) = B0
in the complex X,,_1(#, 7). Moreover, this map is well-defined at the level
of equivalence classes: let (ég,0p)? and (é1,61)? be two equivalent pairs. Then
there exists an interpolating idempotent é € My (¥ ©.#%[0,1])" and a chain
A such that 6; — 6y = cs7%(é) 4+ tdX. Hence the respective images (&g, 6))4+!
and (é1,07)7+! verify
6y — 66 =01 — 0o — 77" (chags2(e1) — chzgi2(é0)) -

But we know the transgression relation (69)

chagi2(é1) — chagya(€0) = Besagr1(€) + beszqis(€)
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so that, using the identities X3%csoqy1(¢) = (hdA2qu1 ﬁQqHB)chqH(A) and
—X1" esagra(@) = 717 beszg4a(€) one gets (recall esy?(€) = X{7cs2q+1(2))

01 —0 = ocs; ( ) 4 gdA
—X17es2411(8) + X717 P esag43(8) + 4d (M7 es2q11(6))
= 7772 (e) +hd (N + g esagr1(8)) -

Hence (ég, 8)7+" and (€1, 0})9+! are equivalent in M K;” («7)7+!. Tt remains to
show that the map M K7 (/)9 — MK (/)7 is an isomorphism. Consider
the following diagram:

HCy1() —= MK (o) — K (S 6.7 )

| l |

HCy 1 () —2> MK (o )1+ —— K'P(5é.a7)

For any cyclic homology class [0] € HC,_1(&/) represented by a
closed chain 6, one has §(0) = (po,v2mif)? in MK (</)?. But ob-
serve that 779 chogia(po) = 0, so that (po,v/2mi8)? is mapped to
(po, V2mi 0)7t! in MK (o/)%*'. Hence the left square is commutative.
Moreover the right square is obviously commutative. The isomorphism
MK (/)1 = MK;” (/)9 then follows from the five-lemma.

The negative Chern character ch,, : MK.;” (/)9 — HN,(&/) is also indepen-
dent of ¢, and compatible with the SBI exact sequence. Indeed if (¢,0)? is a
representative of a class in MK;” (27)9, one has by definition

ch, (é,0)7 = chd?(é) — b |

where 0 € )2'(%’, ) is an arbitrary lifting of . First remark that ch, is
well-defined at the level of equivalence classes: if (éo,ﬁo)q and (é1,61)7 are

equivalent, there exists an interpolation é € My (# ®.7. % [0,1])* and a chain A
such that 0; — 0y = chq( )+bd\ in X,,_1(Z, / Let 6y, 6; and X be arbltrary
liftings; then there exists a chain p € F" 1X(Z, #) such that 6, — 6y =
¢s79(é) 4+ bdX + p in X(%, 7). Hence the difference

Chn(él, 91)‘1 — Chn(éo, 90)11 = Ch2q(A ) — Ch2q(é0) — E(él — éo)
= besy (&) — besi?(8) + bdA + p) = —bp
is a coboundary of the subcomplex F n-1X (%, #), and the Chern character
ch, : MK (/)9 — HN, (&) is well-defined. Now if (¢,0)9 € MK (/)1
is any class, its image in M K;” (/)97 is represented by (&,6')7*! with ¢ =
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0 — 77" chag12(€). One has

chn(e,0)" = chg™?(€) —B(f — 7" chag2(e))
)

and the negative Chern character does not depend on the degree ¢. Finally, for
any cyclic homology class [0] € HC,,_1(), one has

ch, (8(8)) = chy,(po, V2mi 0) = —V27i b(0) ,

which shows the commutativity of the middle square (76). The compatibility
between the negative Chern character and the periodic Chern character on
topological K-theory is obvious, whence the commutativity of the right square
(76).

Concerning the independence of MK (/) with respect to the choice
of quasi-free extension %, it suffices to consider the universal extension
0 - Jo - To/ — o/ — 0 together with the classifying homomorphisms
T — # and Jof — _#. The various Chern characters and Chern-Simons
forms constructed in X (%, ) are obtained from the universal ones in
)A((TQ%, J<7) by applying the chain map )A((TQ%, Jo) — )A((%, ), which we
know is a homotopy equivalence compatible with the adic filtrations. Once
again the conclusion follows from the five-lemma.

The case of odd degree n = 2k+1 is established along the same lines, replacing
idempotents by invertibles. ]

Before ending this section we need to establish the invariance of topological
and multiplicative K-theory with respect to adjoint actions of multipliers on
the p-summable Fréchet m-algebra .#. We say that U is a multiplier if it defines
continuous linear maps (left and right multiplications) z — Uz and z — 22U
on ., which commute and fulfill

i) Ulzy) = (Uz)y, (2U)y=2Uy), (xy)U =2(yU) Vr,ye ./,
i) T([U, #7]) =0 .

U is invertible if there exists a multiplier U~! such that the compositions
UU~! and U~'U induce the identity on .#, while left and right multiplications
by U and U~! commute. In this case the adjoint action of U defined by
AdU(x) = U~'2U is a continuous automorphism of .# preserving the trace
on SP. If o is any Fréchet m-algebra, the adjoint action of U extends to
the tensor product # ®.# .4/ by acting trivially on the factors .# and .7, thus
defines an automorphism of K°P(#®.«7). Similarly if 0 - 7 - % — & — 0
is a quasi-free extension, and (é,6) (resp. (g,6)) represents a multiplicative
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K-theory class of even (resp. odd) degree, the adjoint action of U extends to
an automorphism of the pro-algebra % &.# % and define maps

AdU:  (&,0)— (U eU,0), (§,0)— (U gU,0H) . (77)

The images represent multiplicative K-theory classes because the invariance of
the trace implies chg?(U~1eU) = c¢h2?(é) = b9 and ch?(U~'gU) = ch3?(§) =
hdé. The adjoint action is actually well-defined at the level of K-theory:

LEMMA 5.5 Let U be an invertible multiplier of .%. Then the adjoint action
AdU induces the identity on K!°P(S &) and MK;” (/).

Proof: First we show that an idempotent e € My(# ®.7</)*, with e — pg €
My(# ®.747), is smoothly homotopic to its adjoint U~'eU. Introduce the
idempotent fo = (§ ) € Ma(H ®.74/)*", and choose a smooth real-valued
function & € C*°[0, 1] such that £(0) = 0 and &(1) = /2. We define a path W
of invertible multipliers of My(# ®.# o) by means of the formula

(1 0 [ cos&  sin¢
W=ER (0 U R, R= —sinf cosf )’
where each entry should be viewed as a 2 x 2 block matrix. Hence, W commutes
with the matrix po = (¢ o ) The smooth path of idempotents f = W~ foW

thus provides an interpolation between fo and f1 = (Y OeU 5 ). Put in another
way, cfc interpolates the K-theoretic sums e+ po and U ~'eU +po. This shows
that e and U~ 'eU define the same topological K-theory class.

Now suppose that (¢,0) € MK (/) represents a multiplicative K-theory
class, with é € Mg(%@f@ﬁ 0 € Xn1(%, 7) and ch2?(é) = bh. We define
as before fo = (0 po) and f w1t fOW provides an interpolation between fo
and f; = (Ufer poo). If s : C*[0,1] — Q[0,1] denotes the differential over

[0,1] and d : Z — Q'% the noncommutative differential, the Chern-Simons
form (71) associated to cfc reads

1 q
sit(efe) = [ Tes(-2f + 1) Y7 = po)s(F - poaVaf
0 =0
One has df = W=ldfoW and sf = W1 (—sWW 1 fo + fosWW L)W, hence
q
(=2f + 1) (f —5o)*'sf (f = po)* @ df
=0

(fo — Do) sWW = fo(fo — po)2 1 d fo

MQ

= —Try(- 2fo+1)

.
Il
=)

(fo — o) fosWW = (fo — p0)>@~dfo

MQ

+Trg(—2fo +1)

Il
=)

3

DOCUMENTA MATHEMATICA 13 (2008) 275-363



332 DENIS PERROT

Observe that Trg is a trace. In the first term of the r.h.s., we can use the identity
fo( fo — Pp)2a=) = ( fo - po) (4=1) fo which holds for any two idempotents fo
and pg, and then fodfo( 2fo +1) = fodfo. In the second term of the r.h.s., we
simply write (=2/o+1)(fo—p0)* fo = (=2fo+1) fo(fo—0)* = = fo(fo—p0)*"
Hence we arrive at

q
Teg(—2f +1) Y _(f — po)*'sf(f —po)* " df
=0

= = Tei(fo — Ho)* sWW ™ (fo — $0)*™" fod fo

2

[}

q

= T (fo — 50) > sWW ' (fo — 50)* @ dfo fo

Y
ZTrusWW (fo = o)*'dfo(fo — po)* ™"
=0

by the idempotent property fodfo+dfo fo = dfo. It remains to show that the
latter sum is a boundary:

- Zm sWW = (fo—po)*d fo(fo—po)* ™" = bd (Tr sWW " (fo— o) **H") .
i=0

Indeed d anticommutes with sWW =1, and d(fo — po) = dfo. Hence if we
can show that the terms Tr sWW =L(fo — po)?*1d fo(fo — Po)*¥ ! vanish, the
conclusion follows. Since fod fofo = 0, we can write

Trt sWW = (fo — po)* 1 d fo(fo — po)¥
= TehsWW = (fo — po)* (—fod fopo — od fofo + Bod fopo)(fo — po)?
= TehsWW™(fo — po)? (— fod fopo — dfofopo + dfopo)(fo — po)¥
- 0,

where we used the fact that py commutes with sWW ! and the even powers
of fo — Po. Hence cs2%(cfc) = 0 mod hd, which shows that the pairs (¢,0) and
([7 ~1eU, 0) are equivalent. The adjoint action of U on multiplicative K-theory
groups in even degrees is thus the identity.

One proceeds in the same fashion with odd groups. Let g € (F®./)*
be an invertible such that ¢ — 1 € #®.#.4. Introduce ug = (0 1) and the
invertible path v = W~ lugW, where W = R~! (0 U )R is now viewed as a path
of invertible multipliers of My(# ®.# <7). Hence u interpolates between 1y and
up = (Uf(l)gU (f) This shows that g and U~ 'gU define the same topological
K-theory class.

Now suppose that (§,0) € MK (/) represents a multiplicative K-theory
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class, with §j € (K @IR)*, 0 € Xo_1(Z, #) and ch}!(§) = tdf. We define

Uy = (8(1)), and & = W~'0yW provides an interpolation between 7y and
Gy = (UfégU ?) The Chern-Simons form (71) associated to @ reads

gy = 00 [T - @t — s
esji() = =0 [ Teart(a— G — )i

Using sti = W H(—sWW ~Lig + tosWW L)W, one gets

Tra '[(a—1)(a~t —1)]%sa = —Trag (G — 1)(ag" — 1)]4sWW iy
+Tr g [(Go — 1) (ag " — 1)]%agsWW !
= Omodbd

Hence csg? () = 0 mod b and the pair (U~14U, 8) is equivalent to (§,0). The
adjoint action of U on the odd multiplicative K-theory groups is therefore the
identity. [

EXAMPLE 5.6 Take o = C and .# = ¥P(H) a Schatten ideal. It is known that
K{®(F) = Z and K;°°(.#) = 0. Furthermore HC,(C) = C for n = 2k > 0
and vanishes otherwise. Hence the exact sequence yields

Z n < 0 even
MK/ (C)={ C* n>0odd
0 otherwise

The multiplicative K-theory of C is the natural target for index maps in even
degree, and for regulator maps in odd degree (see [6] and Example 6.4).

Multiplicative K-theory has close connections with higher algebraic K-theory
[16, 29]. In fact there exists a morphism K?*8(&/) — MK (/) in all de-
grees, and composition with the negative Chern character coincides with the
Jones-Goodwillie map K2'8(e/) — HN, (/) [15]. See [7] for an exact sequence
relating topological and algebraic K-theories of locally convex algebras stabi-
lized by operator ideals.

6 RIEMANN-ROCH-GROTHENDIECK THEOREM

In this section we construct direct images of topological and multiplicative K-
theory under quasihomomorphisms and show their compatibility with the K-
theory and cyclic homology exact sequences. This provides a noncommutative
version of the Riemann-Roch-Grothendieck theorem. If .# is a p-summable
Fréchet m-algebra, with trace Tr : P — C, the tensor product .#®.# is in
a natural way a p-sumable algebra with trace Tr&Tr. We demand that .# is
provided with an external product as follows.
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DEFINITION 6.1 A p-summable Fréchet m-algebra % is multiplicative if there
exists a continuous algebra homomorphism (external product)

K: IQI — &

such that the composition Tr o X coincides with the trace Tr@Tr on (S R.7)P.
Two external products X and X' are equivalent if there exists an invertible

multiplier U of % such that X' = AdU oX on S ®.7.

Hence if .# is multiplicative the homomorphism X induces additive maps
KP (I IRd) — KPP(IR) and MK % (/) — MK (&), clearly
compatible with the commutative diagram of Proposition 5.4. Moreover two
equivalent products induce the same maps, the adjoint action Ad U being triv-
ial on K-theory by Lemma 5.5. In practice the algebra .# often arises with
external products defined only modulo equivalence:

EXAMPLE 6.2 Let .# = .ZP(H) be the Schatten ideal of p-summable operators
on a separable infinite-dimensional Hilbert space H, provided with the operator
trace. The tensor product P (H)®.£P(H) is naturally mapped to the algebra
ZP(H® H), and choosing an isomorphism of Hilbert spaces H® H = H allows
to identify £P(H ® H) with Z?(H) modulo the adjoint action of unitary
operators U € Z(H). The product X : £?P(H)®.LP(H) — £P(H) is thus
compatible with the traces, and canonically defined modulo the adjoint action
of unitary operators.

Let 7 and % be any Fréchet m-algebras. Let p: o7 — &°1>.7°®% be a quasi-
homomorphism of parity p mod 2, and suppose that .# is finitely summable
(the exact summability degree is irrelevant for the moment). We want to show
that p induces an additive map

pr: KiP(I@d) — K\ (S0B)  Ynel (78)

provided .# is multiplicative. This is has nothing to do with cyclic homol-
ogy and we don’t need to assume & admissible. Thanks to Bott periodic-
ity, it is sufficient to define p; on K[°P(.#®.7), where it is given by very
explicit formulas. Suppose first that p is even. Then p is described by a
pair of homomorphisms (py,p_) : & = & which coincide modulo .¥®%.
For any invertible element g € (¥ ®.®4)" with g — 1 € # ®.F 2.4 repre-
senting a K-theory class in K[°P(#&.47), one has p+(g) € (# &I GE)T and
pi(9)—p_(g) € # QI I %, where the homomorphisms p; and p_ are ex-
tended to the unitalized algebra (¥ ®.# @47 )* by acting trivially on the factor
K ®.7 and preserving the unit. set

pi(9) = p+(9)p—(9)" € (HQIQILA)T . (79)

Using the homomorphism X : .#®.# — .#, we may therefore consider pi(g) as
an invertible element of (# ®.# ©%)* such that pi(g) — 1 € X RIDB. Tt is
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clear that the homotopy class of pi(g) only depends on the homotopy class of
g, hence the map py : K;? (I &) — K[°P(FQPB) is well-defined.

When p is odd, p is a homomorphism &/ — M5(&") such that the off-diagonal
terms lie in .# ©®4%. For any invertible element g € (¥ ®.#@.4/)" as above, one
has p(g) € Ma(# @I @&)T with off-diagonal elements in # .7 ®.7 0%. Set

p1(9) = p(g) 'pop(g) € Ma(H RIDIORB)T (80)

where py = ( S 8) is the trivial matrix idempotent. Again applying the external
product X we may consider p(g) as an idempotent of My (¥ ®.# %)t such
that pi(g) — po € Ma(# @.7%%). The homotopy class only depends on the
homotopy class of g and we thus obtain py : K;P(F &) — K P (I 2RB).

To define py on K °P(.# &.7) it suffices to pass to the suspensions S.o7 = 7 (0, 1)
and SZ = %(0,1), then apply the pushforward map constructed above py :
K{P(J@Sa/) — K (S ©SA) with trivial action on the factor C*(0,1).

The Bott isomorphisms K!°P(£®-) = K,°P, (F&S") allow to define p for the

original algebras through a graded-commutative diagram

KPP (S &09) — K;P(F2S)

P!l lﬂ! (81)

K'P(I0B) —> K (S DS B)

Note the following subtlety concerning graduations: since K!°P has parity n
mod 2 by definition, the Bott isomorphisms are odd. As a consequence, when p
is also odd, the above diagram must be anti-commutative. These conventions
are necessary if we want to avoid sign problems with the theorem below.

Now choose a quasi-free extension 0 — ¢ — % — % — 0 for 4, and suppose
that the algebra & > . ®% is Z-admissible. We impose the following compat-
ibility between the parity of the quasihomomorphism p and the summability
degree of .#: in the even case .# is (p + 1)-summable with p even, and in
the odd case .# is p-summable with p odd (this complicated choice is dic-
tated by the theorem below). In both cases the bivariant Chern character
ch?(p) € HCP(of , B) constructed in section 3 induces a map

ch?(p) : HC, (/) — HCo_p(B)  Vnel. (82)

Combining p; with the bivariant Chern character yields a transformation in
multiplicative K-theory, compatible with the diagram (76) of Proposition 5.4.
This will be detailed in the proof of the following noncommutative version of
the Riemann-Roch-Grothendieck theorem:

THEOREM 6.3 Let &/, B be Fréchet m-algebras, and choose a quasi-free ex-
tension 0 — ¢ — R — B — 0. Let p: o — %> I*RB be a quasihomo-
morphism of parity p mod 2, where & is multiplicative and (p + 1)-summable
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in the even case, p-summable in the odd case. Suppose that & > IR is
ZR-admissible.  Then p defines a transformation in multiplicative K -theory
p o MK/ (/) — MK;] () compatible with the K-theory exact sequences
for o/ and B, whence a graded-commutative diagram

KIP(I /) ——> HCy 1 () ——= MK (of) —= K(S 6.

e T

Kb _ (I QB) —— HC, 1 (B) — MK,[ (B) — K, (I D2B)

(83)
The vertical arrows are invariant under conjugation of quasihomomorphisms;
the arrow in topological K -theory K!°P(¥&.a/) — K,?’_I’p(fé@%) is also in-
variant under homotopy of quasihomomorphisms. Moreover (83) is compati-
ble with the commutative diagram of Theorem 3.18 (with connecting map B
rescaled by a factor —\/%) after taking the Chern characters MK;” — HN,,
and K!°P(F& . ) — HP,.

Proof: As a general rule, the bivariant cyclic cohomomology HC? (<, B) is
described as the cohomology of the complex Hom” ()? (T, Jod ),)A( (%, 7))
of linear maps of order < p, where we choose the universal free extension
0 —Jo - Tod — o — 0 for & and the quasi-free extension 0 — ¢ —
H# — B — 0 for . By hypothesis, the algebra & > Q% is H#-admissible
(Definition 3.2), i.e. one has a commutative diagram

0 N M & 0

.

0—=IQ I — IQR—> IQB—=0

verifying adequate properties with respect to the trace over .#. The de-
tailed construction of the pushforward map in multiplicative K-theory
pr: MK? (o) — MK;f_p(,%’) depends on the respective parities of n and p.

1) n=2k+1 1S ODD AND p = 2¢ IS EVEN. Our first task is to understand the
composition of the topological Chern character ch? : K°P(.# ®27) — HP, (o)
with the bivariant Chern character ch”(p) € HCP(«/, ). For notational
simplicity, we write as usual ..o/ for the tensor product .#®.<7. Without
loss of generality, we may suppose that an element of K{Op(f &f) is repre-
sented by an invertible g € (&)t such that g — 1 € £« (indeed the al-
gebra J£ of smooth compact operators plays a trivial role in what follows).
Since the universal free extension 7'%/ is chosen, we can take the canonical lift
g € (FT)" which corresponds to the image of g under the canonical linear
inclusion & — Qt.o/ = To/ as the the subspace of zero-forms. Its inverse
is given by the series (57), with . replaced by .#. The p-th higher Chern
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character of g is then represented by the cycle (70)

pray _ L (¢")? A—1TA 1A=L 1\a A 15
Chl(g)—\/Q—m. p Trgg— [(g — 1)(g D)'dg € Q' T,

Observe that (p + 1) powers of .# appear in the products of (§ —1), (7! —1)
and dg hence the trace Tr : #Pt! — C is well-defined. On the other hand, the
bivariant Chern character of the quasihomomorphism p (section 3) is repre-
sented by the composition of chain maps chP(p) = XPpuy : X(T) — QT .t —
Q/// P — X (%’) hence the composite ch?(p) - ch}(§) requires to compute first
the image of chf(g) under the Goodwillie equivalence v : X (Tat) — QT .
This tricky computation can be simplified as follows. We use the isomorphism
S o = CR.I o to identify § with the invertible element

i=1+e®(§—1) € (COIH)T — (TC&IT)*

where e is the unit of C. As usual we regard ( C®.# o/ as the subspace of zero-
forms of the algebra TC®. YT = Q+C®.#Q0+ /. Tt is not hard to calculate
that the inverse of @ is given by the series

it =" ((dede)’ ©[(57" = 1)(§ = V)] +e(dede) @ [(57" = 1)(5 - D))" (5"~ 1)

i>0

with the convention (dede)® = 1. Observe that the power of . is equal to the
power of e in each term of this series. Also, recall that the canonical lift of e is
the idempotent

5)(dede)’ € TC .

1>1

We define the fundamental class of degree p = 2q as the trace [2q] : TC — C
vanishing on all the differential forms e(dede) and (dede)® except e(dede)?, and
normalized so that [2¢]é = 1. One thus have

[2q] e(dede)? = ((;'? ) [2¢] (anything else) =0 .

Of course, [2q] is the generator in degree p of the cyclic cohomology of C. The
fact that it is a trace over T'C is crucial. Indeed, one finds the identity

Df2q) i~ i = L Trzg (g - 1)~ iy € '

so that the Chern character ch¥(g) is exactly the cycle \/7 Trg[2g] @~ 'da. This
simplifies drastically the computation of ychi(g). The Goodwillie equivalence
v is explicitly constructed in section 2; it is based on the linear map ¢ : T/ —
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02T of verifying the properties ¢(zy) = ¢(z)y+zp(y)+dzdy for all z,y € fﬁ%,
and ¢(a) = 0 whenever a € of. We extend ¢ to a linear map

¢ (TC&IT )T - TCOINVT o

acting by the identity on the factor TC®.7 and setting ¢(1) = 0. This implies
d(aa™t) =0 = ¢(a)a~! + ap(a~"') + dada—t. Moreover @ lies in (C&.7.o/)t
so that ¢(@) = 0, and one gets

o) = —a~tdada" .

Now, extending ¢ in all degrees as in section 2 one gets a linear map ¢ :
TC®I VTl — TCR.IQVT2Tof for any i € N. The following computation is
then straightforward (remark that Tr[2q] is a trace hence cyclic permutations
are allowed; moreover the fundamental class [2¢g] selects (p + 1) powers of e,
hence of .#, so that Tr is well-defined):

y(Trg2q] &~ 'da) =Y Tr[2q) ¢' (i) = »_(—)"i! Tr[2q] 4~ di(da " dar)* .

i>0 i>0

Hence ych? (§) is equal to this (b+ B)-cycle over Tof , divided by a factor v/2mi.
It remains to apply the chain map yPp, : QT — X (3?) associated to the
quasihomomorphism p : & — &° > °2%. In 2 X 2 matrix notation, the image
of any x € T/ under the lifted quasihomomorphism p, : Tod — M°> IR
and the odd multiplier F' read

zy O = 0 1
p*xz(o x) MY Fz(1 0) ,
and the difference x4 — z_ is therefore an element of the pro-algebra IXR.

On the other hand, the odd component of the chain map X?p, evaluated on a
(p + 1)-form zodx; ...dxpy1 is given by Eqgs. (34):

p+1
g '
N ool F, pun] - d(pas) . [F puirpea])
|
(p+ 1) =
where 7/ = 17(F[F, |) is the modified supertrace of even degree. Then

we extend canonically p, to a unital homomorphism (f@@fﬁd -
(TC®.7 #5)" by taking the identity on the factor TC&.#. One thus has

Pxll = (ﬁo+ a07 ) with 44 —a_ € TC&.7 K. A direct computation gives

ch”(p) (Tib[2q) a~"'da) = (=)"q! X]p« Tr[2¢)(a~ " da(da " di)?)

O Tusfpg)a @ - D@ - V)an
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where @ = dy0"" € (TC&.I .7 ,%?)Jr may be considered as an invertible element
of the pro-algebra (f@@f ,%?)Jr after applying the homomorphism X : . ®.# —
#. Dividing by a factor v/27i, the right-hand-side should be defined as the
Chern character ch’ (), cf. (70). One thus gets the identity

ch?(p) - chf(g) = chi (w)

at the level of cycles in X (@) Now, observe that the projection of @ onto
the quotient algebra (C&ZZ)T is usu"' = 1+ e@(py(g)p_(g9)~" —1). It
corresponds to the direct image py(g)p—(9)~ = pi(g) by virtue of the isomor-
phism (C®.¥ B)* = (F%)*. Hence we expect that ch} (%) is homologous to
the Chern character of any invertible lift pi(g) € (& @)* To see this, consider
an invertible path ¥ € (TC®.#%|0,1])* connecting homotopically 6y = @ to
9 = 14+é®(pi(g)—1), and such that its projection onto (C&.# %[0, 1])* is the
constant invertible function 1+ e ® (pi(g) — 1) over [0, 1]. Such a path always
exists, for example the linear interpolation

—

b=t(l+é@(pmg)—D)+(1—tu, telo1] (84)

works. Since the evaluation of the fundamental class [2g] on the canonical
idempotent lift € is the unit, a little computation shows the equality

bt (01) = chf (p1(9)) € Q' %,

at the level of cycles. Moreover, the Chern-Simons form associated to 0, defined
in analogy with formulas (71)

pray L (¢")? ! S—1fm _ 1\(5—1 _
Cso(v)f\/Q_m p /OdtTr[Qq]v [(0—1)(v 1)]

fulfills the transgression relation in the complex X (3?)

q00
ot

—

idesg(9) = chf (1) — chi(do) = chi(pi(g)) — chf(u)

as wanted. We are now in a position to define the map p; on multiplicative K-
theory. Let a pair (g, 0) represent a class in M K;” (/) of odd degree n = 2k+1.
From Remark 5.3, we know that § € (.#T.«/)" can be taken as the canonical
lift of some invertible element g € (£&)T. Then, the transgression 6 is a
chain of even degree in the quotient complex X,,_1(T'<, J<7), and the relation
ch¥(g) = §dé holds in X,,_1(T«/, Jo/). We set

2(5,0) = (mi(g) , c(p) -0 +csh(0)) € MK () (85)

where ;Eg\) € (F ,%?)Jr is any invertible lift of pi(g) and ¢ is an invertible
path constructed as above. Let us explain why this defines a multiplicative K-
theory class. First, the bivariant Chern character ch?(p) € HC? (<7, ) induces
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a morphism of quotient complexes X, _1(T%,Jo/) — X,_p_1(Z, 7 ), hence
ch?(p) - 0 is a well-defined chain of even degree in X,,_,_1(%#, #). Regarding
also csfy(0) as an element of X,,_,_1(#, # ), we see that the relation

—

2d(ch”(p) - 6+ csh(0)) = ch”(p) - chi(§) + ch? (pr(g)) — b (@) = chf (pr(g))

holds in this quotient complex, hence pi(g, 8) represents a class in M K;ffp(%’).

—

In fact, the latter does not depend on the choice of lifting pi(g), nor on the in-
vertible path ©. This can be proved simultaneously with the fact that the equiv-
alence class of pi(g, 0) depends only on the equivalence class of (g, ). To show
this, consider two equivalent pairs (go,6p) and (g1,6:1) representing the same
element of M K7 («). It means there exists a homotopy § € (FT.«[0,1],)"
between go and §; (we denote by x the variable of this homotopy, which should
not be confused with the variable ¢ used in the definition of the interpolation
(84)), and a chain A\ € X,,_1(T«, J</) such that ; — 6y = csf(g) + bA. From
Remark 5.3, we may suppose that go, g1 and § are respectively the canonical
lifts of invertibles go, g1 € (£ )T and g € (F[0,1],)T. By definition one
has

—

p1(9i,05) = (p1(gi) 5 chP(p) - 0; +csh(0(g:))) , i=0,1,

where ©(g;) € (TC®7Z[0,1];)* is a choice of invertible path associated to
gi, for example by Eq. (84). Choose an invertible path p/nig\) € (FR0,1],)F
interpolating p!/(g?) and /T(g\l) it can be chosen as a lift of the path pi(g) =
p+(g)p—(g)~t. Our goal is to show that the relation

ch?(p) - (61 — o) + csh(8(g1)) — csb(8(g0)) = csb(p1(9)) mod b

holds in X,,—,—1(Z, #). As before we identify the canonical lift § of g with
the invertible element

i=1+e®(§—1) € (C&OIH[0,1],)T — (TCRITH[0,1],)" ,

and we remark that the higher Chern-Simons form csf(g) given by Lemma 4.5,
Egs. (71), can be written as

1

() = = [ T

where s = dasa% is the de Rham coboundary acting on the space of differential
forms [0, 1],. It follows that the computation of ch”(p) - csf(§) requires first
to evaluate the Goodwillie equivalence v on the one-form & = 4~ 's@. To this
end, we extend ¢ to a linear map

¢ : TCRIVT A N0,1], — TCOIQU T T/ ©0[0,1],
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acting by the identity on the factors TC&®.7 and Q[0,1],. The algebraic
property of ¢ implies ¢(a~1st) = (0~ )su + a4 tsp(a) + da~td(sa). From
é(0) =0, p(a~ ') = —a~'dada~! and da~! = —a~'daa ! we deduce

$(@) = —a~'dadd .

Then the image of [2¢] @ under the Goodwillie equivalence is a straightforward
computation, taking into account the tracial property of the fundamental class
Tr[2q] and the fact that [0, 1], is a commutative algebra:

~v(Tr[2¢] © Z Tr[2q]¢" (&

>0
i—1
Tr[2¢] & + Z (1 —1)! ZTr 2¢) 4~ da(da " da)’ do(da " da) It
i>1 7=0

This is a chain in the bicomplex QT.&&Q[0, 1], endowed with the boundary
maps (b+ B) and s. Its is related to the (b + B)-cocycle v(Tri[2q¢)a—tda) via
the descent equation

(b+ B)v(Tr[2¢)&) + sv(Trg[2¢ja'da) =0,

which can be shown either by direct computation, or simply by observing that
1d(Tr[2q)w) + s(Trh[2¢)a~tda) = 0 and v4d = (b+ B)~, vs = s7. Next we have
to evaluate the image of v(Tr[2¢] &) by the chain map XPp. : 0o — X(é?),
whose even component evaluated on a p-form zodz; ...dz, over Tof reads

q! ]
G+ D W (perr)[F pea)] - - - [F puagp)) -
P " AE€Sp41

Denote as before i = a44-" € (TC&.7Z[0,1],)*, and & = i~ 'st. One finds:

o () (T¥(24) ) = 5 B waq) (a0l - D@ - Dl

@-Do[E ! - D@-1 @ =)+ e @ - 1)@ — 1)]%@_)

After evaluation on the current ﬁ fxlzo, the right-hand-side may be iden-

tified, modulo commutators, with the Chern-Simons form csf(u) defined in
analogy with (71). One thus gets

chP(p) - csh(9) = esh(u) mod b .

Now, introduce a parameter ¢ € [0, 1] and choose an invertible interpolation
b € (TCRIR[0,1],]0,1];)T between dy—o = @ and d—y = 1 + ¢ ® (p(g) — 1),
with the property that it restricts to 9(go) for = 0 and to ©(g1) for x = 1. The
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projection of ¢ on the algebra (C®.# %[0, 1].[0,1];)* may be chosen constant
with respect to t. In the proof of Lemma 4.6 we established at any point
(w,t) € [0,1]? the identity

%(Trpq] o H(0—1)(67 " —1))%s0) = s(Tr[2q] 6*1[(671)(6*171)]‘1@) mod b,

and integrating over [0,1]? this implies
csh(Di=1) — csh(D1—0) = csh(dp=1) — csh(Dp—0) mod b .

Taking into account that 0,—9 = 9(go) and 0,—1 = 9(g1), we calculate mod b
in the complex X,,_,_1(%Z, 7 )

ch”(p) - (61 — 60) + cs5(0(g1)) — es5(2(go)) )

= chP(p) - esh( csh (0p=1) — csf(Dr=0) mod b
csg (w) + csb E® (/;(;) — 1)) — csh(u) mod b
csg(p/!ig\)) mod b .

Hence the direct images pi(go,60) and pi(g1,61) are equivalent and the map
o MK (o) — MK;ffp(,%’) for n = 2k + 1 and p = 2q is well-defined. It
is obviously compatible with the push-forward map in topological K-theory
pr 2 Ki°P(F o) — K\°°(FPB). The compatibility with the push-forward map
in cyclic homology ch?(p) : HC,—1(%/) — HCp_p_1(#) is clear once we re-
mark that the Chern-Simons form cs;?() vanish whenever & = 1. Hence the
diagram (83) is commutative.

We have to check the invariance of p; with respect to conjugation of quasi-
homomorphisms. Let pp and p; be two conjugate quasihomomorphisms
o — &% > 9°%. Hence there exists an invertible element U € (&£§)% such
that p; = U~ 1poU. We follow the proof of Proposition 3.12 and remark that
the lifting homomorphisms pg., p1« : T%/ — .#7 factor through homomor-
phisms ¢, 1 : T — fé’_i The maps poi, p11 : MK” (/) — MK;f_p(,%’)
are obtained by composition of the pushforward maps @or, 11 : MK;” (o) —
MK/ (&) induced by the homomorphisms

©i1(9,0) = (¢i(9), pi(0))

with the map MK/ (&5) — MK,/ (2) associated with the natural (p + 1)-
summable quasihomomorphism of even degree &7 — &°> #°%. Hence it is
sufficient to check that the maps o and p1 : MK;J (/) — MK (&5) co-
incide. From the proof of 3.12 we know that ¢, is smoothly homotopic to
U_lgooU, where U € (Téaj)"‘ is a lifting of U, and the interpolating homomor-
phism ¢ : Tod — TE 7[0,1] is constant modulo the ideal J& 7. Consequently
the morphisms X (¢1) and X (U~'oU) : X(Te/) — X (T&3) are homotopic,

X(p1) — X (U™ oU) = [0, H]
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with H € Hom(X(T«7, J</), X (T&5,J&3)) a cochain of order zero. Let us
now compare the images of (§,0) € MK;” (/) under the pushworwards ¢y
and (U~LpoU):. The images ¢1(j) and U~Lpg(3)U are smoothly homotopic,
with interpolation p(g) € (ﬂfé"j [0,1])T. If moreover g is the canonical lift of
an invertible element g € (£ &)™, Chern-Simons form associated to ¢(g) can
be written as

X 1 (@)? /1 Sy s - X
csh = Tr ! —1)(g~ " —1)]%s
0((9)) N w9 el —1)(9 )N7s0(9)
I 1
= Tr[2 u” " )sp(u)
—— [ Tl ota st
where as usual @ = 1+ e ® (§ — 1) is the invertible associated to ¢, with

o) =1+ex(p(g)—1) € (f@@ff@ﬁj [0,1])". By construction (Proposition
3.12 i)), the r.h.s. coincides with the evaluation of H on the Chern character

chl(g) = ﬁTrh[Qq] @~ 1d, and because H is of order zero one has

csh(p(9)) = Heh () = H(3d0) = 01(0) — (U oU)(0) mod b

in the complex X, _1(T'¢¢,J&7). This proves that ¢11(g,0) is equivalent to
(U~¢oU)1(§,60). Now it remains to show that the image (U~ 'poU)1(9,0) =
(ﬁ_lgoo(g)ﬁ, ﬁ_ltpo(@)ﬁ) is equivalent to ¢o1(g,0) = (po(§), vo(0)). Here we
mimic the proof of Lemma 5.5 and construct a homotopy between the invertible
matrices (‘/"’ég) 9) and (U71<P6)(9)U ?), whose associated Chern-Simons form is

a b-boundary. Since 17_1@0(9)17 = ¢o(#) mod b, we conclude that pg and py
agree on topological and multiplicative K-theories.

Finally we have to check the compatibility with the negative Chern character
MK? — HN,. For any pair (§,0) € MK;” (&), one has

chn(§,0) = chf(§) —tdf € F*" ' X (T, J o),

where 6 is any lift of 6 in X (T'.«/, J</). On the other hand, if § is the canonical
lift of some g € (S /)T, its image pi(g,0) € MKT{p(%’) is represented by the

—

pair (pi(g),ch?(p) - 0 + csh(0)) constructed above, so that
oy (9(3,0)) = ¥ () — (e (o) -6+ esf(@)) € P71 K(2, 7).

But we know that the relation chf (;Eg\)) — gdesh(0) = chP(p) - chf(g) actually
holds in the complex )/(:(3?, J)= X(@) Therefore

chn—p(p1(§,0)) = ch?(p) - (chf(§) — £dB) = ch”(p) - chn(§,0)

and (83) is compatible with the diagram of Theorem 3.13.
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1) n = 2k IS EVEN AND p = 2¢ IS EVEN. As in the case of topological K-theory
we pass to the suspensions of &/ and . We shall only sketch the procedure.
The multiplicative K-theory group of even degree M K:” (/) has an alternative
description in terms of the set M K (/) of equivalence classes of pairs (g, 6),
where § € (' ©.7STa/)* is an invertible and 6 € X,,_1(T./, J</) is a chain
of odd degree such that csf)(§) = bf. The equivalence relation is based on a
higher transgression of the Chern-Simons form: (o, 6p) is equivalent to (g1, 61)
iff there exists an invertible interpolation § € (£ ®.#ST.7[0,1])" and a chain
of even degree A such that

01 — 0 = csP(§) +hd\ € X,, (T, Je) ,

where the odd chain cs?(§) € X(T.«7) is defined modulo kd by the higher
transgression formula (see the proof of Lemma 4.6)

bes?(§) = esf(g1) — esb(go) -

Like M K, one can show that M K/” (/) is an abelian group inserted between

HC,(¢/) and K{°°(.#S54/) in an exact sequence. More precisely there is a
commutative diagram with exact rows:

chy

K (7o) % HCor (o) > MK (o) —> KP(I ) —% HCp—z(/)

C e 1

cs1 ) csQ

KiP (IS8l S HCuo () 2> MK (o) —> K'P(IS8) =% HCpu—o(oH)

Because for even n the group M K, is constructed from invertibles, it has odd
parity by convention. The (odd) map MK;” (/) — MK’ (/) sends a pair
(&,0) to (B(€),v2mif + 1%(é)), where B(é) = (1 + (z — 1)é)(1 + (z — 1)po) "
is the invertible image of é under the Bott map, and [7(é) is the trans-
gressed cochain defined modulo fd by b(I}(é)) = csh(B(é)) — v2mi chf (é). The
map MK"” (/) — K{°°(FSs/) is the forgetful map, and HC, (&) —
MK'” (of) sends a cycle 6 to (1,v/27i6). By the five lemma, MK/’ (<)
is thus isomorphic to M K;” (/). One easily checks that the negative Chern
character ch,, : MK/” (o) — HN,(</) given by ch,(j,0) = csb(§) — bf coin-
cides with the negative Chern character on MK;? (/) up to a factor v/27i.
Hence it suffices to constru ct the pushforward morphism p; for the groups
MK],, whose elements are represented by invertibles of the suspended alge-
bras:

Ki\P(FSet) — HCp_1 () — MK (o) — K\°P(F 57)

e b

K'(ISB) — HCyy—p(B) — MK} (B) —> K (S SB)
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This can be done explicitly as in case i), with the only difference that the Chern
character ch] and Chern-Simons transgression csfj are now replaced respectively
by csh and the higher transgression csllp . The needed formulas were already
established in i): let g € (#S&)T be any invertible with canonical lift § €
(#S8Ta/)*. One can write

ch”(p) - esy(g) = esg (@) — bky ()

with the invertibles & = 1+ e ® (§ — 1) € (fc@ys@z{ﬁ and & = da,4"" €
(TC&.7SZ)*, and kP(4) is a chain defined mod fd. Let p|( ) € (FSR)T be
any invertible lift of pi(g) = p4(g9)p—(g)~1, and © € (TC&.# SZ[0,1])* be an
invertible interpolation between 9p = @ and 91 = 1+ €é® (p/|(;) —1). Then one
has o
Bes?(6) = esh((9)) — csh(@)

Therefore if (§,0) represents a class in M K (/) we define its pushforward as
the multiplicative K-theory class over %

2(5,0) = (pi(g) , (p) -0 + kL (0) + csP(8)) € MKLZ () (86)

with the odd chain ch?(p) - 0 + k¥ (@) + cs(9) sitting in X,,—,—1(%, #). One
shows the consistency of p; with the various equivalence relations using the
properties of higher Chern-Simons transgressions. Details are left to the reader.

m) n = 2k + 1 1S ODD AND p = 2¢ + 1 1S oDD. We first establish

an explicit formula for the composition of the topological Chern character
ch®? . KI°P(# /) — HP)(&/) with the bivariant Chern character ch?(p) €
HCP(o/,%). Remark that & is (2¢ + 1)-summable by hypothesis hence ch?q
is well-defined. As in case i) let g € (#«)" be an invertible, § € (STa)7 its
canonical lift and & = 1+e® (§—1) € (TCR®.LT.o/)7T the associated invertible.
Recall that 1
ch?9(j) = —— Tro[2q] 4 *da € Q' T |
1(9) NorT al24] 0
and the image of Trh[2g] @~ 'da under the Goodwillie equivalence is the (b+ B)-
cycle over Tof

y(Tri[2¢] 4~ *da) = Z( )il Tr[2¢] o~ *da(da " da)” .

Now the quasihomomorphism p : & — &> .°% is of odd degree. Hence, the
image of an element z € T« under the lifted quasihomomorphism p, : T/ —
M > IR is a2 x 2 matrix over .# whose off- diagonal entries lie in IXR.
Moreover the multiplier F' is given by the matrix

F—- (é _01) — e(2po — 1)
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where ¢ is the odd generator of the Clifford algebra . Thus the commutator
[po, p«] lies in the matrix algebra Ms (f%’) for any x € T</. On the other

hand, the component of the chain map ¥Pp, : QT — X (%’) evaluated on a
p-form zodz; ...dzx, reads

I(g+3)
- e(AN)T(pszx Fp.x | F pe ,
TR AEES (N T(psr0) [F, przay] - - [Fs peagpy])

where 7(g-) = —v/2i Tr(-) is the odd supertrace (see section 3). As in case i),
let us extend p, to a unital homomorphism (I'C&IT% )" — (TCRI M) .
Using T'(q + %) = /mp!/(2Pq!) with p = 2¢+ 1, one gets by direct computation

P(p) - chd(g) = 5Trl2q] 5 po, 7Y + 5 Tr(2q] (lpo, W)

= Tr{2q) (5 o, 7)P — by Tusl2q] (i po, )75 i

where @ = p,d is an invertible element of the algebra (TC&.# ////_\i)Jr, and
the commutator [po,u] € My(TC&.7 .7 %)" may be considered as an ele-
ment of M, (TC@f%) after applying the homomorphism X : ./®.4 — .#.
The first term of the r.h.s. is recognized as the higher Chern character
ch2q(f) = Tr[2q](f po)? g1ven by (70) for the idempotent f = u lpou €
My(TC&.7 FRZ)*T (or My(TC&.7%)"), whence the equality

e (p) - (9) = ehi? () ~ B Mozl (F — po)? '

of cycles in X(é?) Then, observe that the projection of ]? to the algebra
My(C&.# )7 is the idempotent py + € @ (p(g) *pop(g) — po). Using the iso-
morphism (C&®.# %)+ = (F%)*, this idempotent may be identified with the
direct image pi1(g) = p(g) " 'pop(g). Hence, it is possible to relate chgq (f) with
the Chern character of a given idempotent lift p|( ) € My(£Z)F, via a homo-
topy with parameter ¢ € [0,1]. Let f € MQ(T(C®J%[O, 1])* be an idempotent
path lifting the constant family po + e ® (pi1(g) — po) and connecting the two
endpoints
fo=1, fi=po+e® (p(g9) —po) -

¢ € TC is the canonical idempotent lift of the unit e € C as in case i). The
lifting f is thus defined up to homotopy (at least after stabilization by the
matrix algebra J¢). The property [2¢] é = 1 implies the equality

chd?(f1) = chg? (;(;)) cx

at the level of cycles. Furthermore, in analogy with Egs. (71) the Chern-Simons
form associated to the idempotent f is defined by

1 q 2
CS1 (f) /0 dt Trl[2q] ( 2f+1 Z f po f f o) (q*i)df,
1=0
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~

and fulfills the transgression relation in X (%)

Bes?(f) = ch2(fy) — ch21(fo) = ch29(pr(g)) — ch2?(F) .

This leads to the definition of the map p1 on multiplicative K-theory. Let (g, 0)
represent a class in M K7 (/) of odd degree n = 2k + 1. By Remark 5.3 we
may suppose that § is the canonical lift of some invertible g € (# &))", and
0 € X, 1(T</,J) is a transgression of the Chern character ch?(g) = gdé.
We set

2(3,0) = (pr(g)  —cb”(p) -0 + h29(@) + s?(f)) € MK (B)| (87)

where p/nig\) € My(FZ)* is any idempotent lift of pi(g), h?I(@) is the chain
1Tr[2q] (f — po)Pu—'du, and f is an idempotent path constructed as above.
The minus sign in front of ch?(p) -  is necessary because the bivariant Chern
character ch”(p) is of odd degree p = 2¢ + 1. This ensures the correct trans-
gression relation

B(—ch?(p) - 0+ 37() + 537 )
= () - h3(3) + B T2q] (7 — po)?i i + ek (7r()) — ()

= h(p(g))

in the quotient complex X,,_,_1(%, #), which shows that pi(g,0) indeed de-
fines an element of M K;l{p(%’). Its class does not dependent on the chosen

idempotent lift ;Eg\) nor on the path f, and moreover p; is compatible with
the equivalence relation on multiplicative K-theory. We proceed as in case
i) and let (go,6) and (G1,61) be two equivalent representatives of a class in
MK (o), provided with an interpolation § € (#T«/[0,1],)* and a chain
X € X, (T, Jef) such that 0; — 6y = csy?(§) + bA. From Remark 5.3 the
elements go, g1 and § can be taken as the canonical lifts of gg, g1 € (F&)T

and g € (F4[0,1],)". Denoting by p.i(g;) = u(gi) € (f@@f////_\iﬁ the
invertible and f(g;) € Ma(TC&.7%[0,1];)" the idempotent path associated to

gi, we have to establish the relation

—ch?(p) - (61 = o) + 13 (@(g1)) — hi*(i(g0)) + es7(f (1)) — esi?(f(90))
= cs]! (p1(g)) mod gd

in the complex X,,_p,_1(%, #), where ;(;) € My(IZ[0,1],)" is a choice

of idempotent interpolation between the liftings p/g(gT-)’s. As usual, let 4 =
l+e®(§—1) € (CoILF[0,1],)" — (TCRILT[0,1],)" be the invertible
identification with g. We know the equality

2q

R S .
csyl(g) = \/%/0 Tr[2q] 4~ st
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where s is the de Rham differential on Q[0,1],. Set @ = 4~ 's@. The computa-

tion of ch?(p) - esg?(§) involves the formula

(Tr2q] @) =
i—1
Tr[2¢] & + Z (1 —1)! ZTr 2¢) 6~ da(da " da)/ do(da " da)
i>1 7=0

as well as the component of the chain map X?p. evaluated on a (p + 1)-form
zodzy ...dxp4q over T

T(g+3) &~
ﬁz Th(peolF, pur] . A(pais) . [F, pepia])
Denote as before & = p.@ the invertible image in (f@@f////_\i[o, 1)), the
associated idempotent f = u 'pou € My(TCR.7%[0,1],)", and the Maurer-
Cartan form @ = = !su. One gets

ch”(p) (Tr[2q] &) =
V2 o) (SO7 - o) o, 81— g T+ (F - o)D)
=0

Now observe that u,—o = u(go) and Uy—1 = u(g1), so that after integration
over the current ﬁ le:O we get the identity (recall ch”(p) is odd)

—a? () - esE1(g) + W (@(gn)) — 3 o)
S o1t 1~
= o= [ WO MR + 5 [ T2 (P

q

= [ etz (Y07 - o) s BF — po) 0 (F - o))

0 i=1

On the other hand, let us calculate the Chern-Simons form associated to the
idempotent f,

q
521 / Tesf2q) (—2F + 1) S (F - po)?'sF(F — po)? e 0d
1=0

in terms of w. Since by definition :fv = U 'ppi, the structure equation st =
[f,&] follows and one finds

5?1 =—ud/ Te[2q] (F - po)?

1 4q ~
[t (300 o) oo 7 o) — (o))
i=1
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Thus holds the fundamental relation
—ch”(p) - esg () + hi"(Ti(g1)) — hi*(ii(g0)) = es7%(f) mod bd .

Now let f € Mﬂf@@f@[@ 1]4[0,1]; )Jr be an idempotent interpolation be-

tween fi_o = f and fi_1 = po + € ® (p|( ) — po), with the property that it
restricts to f(go) for z = 0 and to f(gl) for z = 1. The projection of f to
the algebra My (C®.# %[0,1].[0,1];)" may be chosen constant with respect to
t. In the proof of Lemma 4.6 we established the following identity at any point

(x,t) € [0, 1]2:

q
%(Trupq (=2f +1) Y (f = po)*'sf(f = po)* = df)
=0

q
= s(Trb[2q] ( —2f+1) Z f=o) f (f = po) (qfi)df) mod fd ,
=0

and integration over the square [0, 1]? yields

51 (fre1) — 57 (frmo) = 574 (foe1) — €539 (famo) mod fd .
Since fy—o = f(go) and fy—1 = f(gl) we calculate, modulo fd in the complex
Xn—p—l(%a /)
—ch®(p) - (61 — 90) +hi%(@(g1)) — hY?(@(g0)) + es77(f(g1)) — es? (f(go))
= —ch®(p) - e (9) + AT (a(g1)) — hi*((go)) + es1?(fem1) — et (fio)
CSl 1)+ esi(po+ 2 ® ((9) — po)) — e ()
s ((g)) mod td

as wanted. Hence pi(go,00) and pi(g1,61) are equivalent and the map
pr: MK? (o) — MK;f_p(,%’) for n = 2k+1 and p = 2¢+1 is well-defined. Its
compatibility with the map p; on topological K-theory is obvious. Concerning
its compatibility with the map ch?(p) : HCy—1(&/) — HCh_p_1(HB), we
should take care of a minus sign which shows that the middle square of (83) is
actually anticommutative; this has to be so because all the maps involved in
this square are of odd degree. Hence the diagram (83) is graded commutative.
The invariance of p; with respect to conjugation of quasihomomorphisms
is proved exactly as in case i), by decomposing p as the pushforward map
o1 MK (o) — MK;f(@ﬁj) induced by the homomorphism ¢ : Tod — féaj,
followed by the map MK,/ (&]) — MK;/ (%) associated with the natural
p-summable quasihomomorphism of odd degree & — &% #°%. Also the
compatibility with the negative Chern character is easily established.

IV) n = 2k IS EVEN AND p = 2¢ + 1 Is ODD. As in case ii) we pass to
the suspensions of &/ and % and work with the group M K'” (/). Hence a
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multiplicative K-theory class of degree n over & is represented by a pair (g, 6)
of an invertible § € (#®7ST«)" and an odd chain 0 € X, (T'«/,J )
such that csg?(j) = bf. We are thus led to build a morphism

pr: MK (o) — MK/ (%)

where the group MK,’ifp(%), for n — p odd, is represented by pairs (é,0) of
idempotent é € Mg(%@f&@)"’ and chain of even degree § € X,,_,_1(%, 7 )
such that cs?9(¢) = §df. Note that the parity of MK,’KP(,%’) is even. We
already established the needed formulas in case iii): let g € (£ S&)" be any
invertible with canonical lift § € (#ST«/)". One can write

—cb(p) - es”(§) = es77(f) — adkg? ()

with the invertible & = 1+ e ® (§ — 1) € (TCR7ST«/)", the idempotent
f = 'poli € My(TC&.7SR)t where i = p.ii, and the chain k2(d) =
ffol Tr[2q] (f — po)P@ where & = u'su. Let p/u(;) € My(ISZ)* be any
idempotent lift of pi(g) = p(g) 'pop(g), and f € My(TC®.7 SZ[0,1])* be an
idempotent interpolation between fo = fand fi=po+ew (p/n@ —po). Then
one has by means of the higher transgressions (see the proof of Lemma 4.6)

1des?(f) = 529 (pr(g)) — es29(f)

with cs/02q (f) defined modulo b. Therefore if (§,6) represents a class in
MK!” (/) we define its pushforward as the multiplicative K-theory class over
B

21(5,60) = (pi(g) » (p) -0+ k2(a) + es2(f)) € MKLZ (B) | (88)

with the chain ch?(p)-0+ kg% (@) +csi(f) of even degree sitting in the quotient
complex X,,_,_1(Z, 7). L]

EXAMPLE 6.4 For £ = C a quasihomomorphism &/ — &°>.#° induces a map
MK;/ (o) — MK; (C). Thus if .# is a Schatten ideal on a Hilbert space,
Example 5.6 yields index maps or regulators, depending on the degrees:

MK (o)
MK (o)

4 ifn<p, n=pmod 2,
(0% ifn>p, n=p+1mod?2.

—
—
7 ASSEMBLY MAPS AND CROSSED PRODUCTS

In this section we illustrate the general theory of secondary characteristic
classes with the specific example of crossed product algebras, and build an
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”assembly map” for multiplicative K-theory modelled on the Baum-Connes
construction [1].

Let & be a unital Fréchet m-algebra and I' a countable discrete group acting
on & from the right by automorphisms. The action of an element v € I" on
a € o/ reads a”. We impose the action to be almost isometric in the following
sense: for each submultiplicative seminorm || - ||, on & there exists a constant
C,, such that

la"|le < Callala Vaed ,yel. (89)

The algebraic tensor product & ® CI is identified with the space of 7-valued
functions with finite support over I'. Thus any element of &/ ® CI is a finite
linear combination of symbols ay* with a, € & and v € I'. The star refers to
a contravariant notation. We endow &/ ® CI' with the crossed product defined
in terms of symbols by

(@177)(az2v3) = ai(az)” (y2y1)* Vaied , v el

The crossed product algebra < xI" is an adequate completion of the above space
consisting of @7-valued functions with “rapid decay” over I'. This requires to
fix once and for all a right-invariant distance function d : I' x I' — R,. Endow
the space &/ ® CI" with the seminorms

0 =Ca > oMbVl VbexF®CT,
~el

18]

where the R-valued function og(v) := (1 + d(v,1))?, for 8 > 0, fulfills the
property og(v1v2) < 05(71)03(7v2). One easily checks that || - ||, is submulti-
plicative with respect to the crossed product, hence the completion of & @ CT'
for the family of seminorms (|| - ||,) yields a Fréchet m-algebra & x T

Multiplicative K-theory classes of & x I' may be obtained by adapting the
assembly map construction of [1]. The idea is to replace the noncommutative
space &/ x I' by a more classical space, for which the secondary invariants are
presumably easier to describe. Consider a compact Riemannian manifold M

without boundary, and let P L Mbea I'-covering. I" acts on P from the left
by deck transformations. Denote by

dp = C>®(P; )"

the algebra of I'-invariant smooth .o/-valued functions over P: any function
a € op verifies a(y~1 - z) = (a(x))?, Vo € P,y € I. Thus «/p is the algebra
of smooth sections of a non-trivial bundle with fibre & over M. It can be
represented as a subalgebra of matrices over C°(M)® (/' xT') = C°°(M; .o/ xT)
as follows. Let (U;), i = 1,...,m be a finite open covering of M trivializing
the bundle P, via a set of sections s; : U; — P and locally constant transition
functions v;; : U; NU; — I

YiiVik = Yik over Uy NU; NUg . si(x) = vi5 - si(x) YVeeU,NUj .

DOCUMENTA MATHEMATICA 13 (2008) 275-363



352 DENIS PERROT

Choose a partition of unity ¢; € C*° (M) relative to this covering: supp¢; C U;
and Y., ¢;(z)? = 1. From these data consider the homomorphism p : &p —
M, (C=(M)& (o xT)) sending an element a € o/p to the m x m matrix p(a)
whose components, as (& x I')-valued functions over M, read

pla)ij(x) := ci(x)cj(x)a(s;(x))y;; Vi, j=1,....m, Ve M.

Of course p depends on the choice of trivialization (U;, s;) and partition of unity
(¢;), but different choices are related by conjugation in a suitably large matrix
algebra. Indeed, if (U.,s!), @« = 1,...,u denotes another trivialization with
transition functions 7(/15 and partition of unity (c/,), we get a corresponding
homomorphism p’ : &p — M, (C>®(M)®(« x T)). Introduce the rectangular

matrices u, v over C*°(M)®(«/ x T') with components

Uia(7) = ¢i(2)co ()70, Vai(®) = G (2)ci ()0

(recall & is unital by hypothesis hence CT' C &7 x T'), where the mixed transi-
tion functions 7;a, Ya: are defined by s;(2) = via - 54 (x) and s, (z) = Yai - 8:(x)
for any « € U; NU.,. Then uv and vu are idempotent square matrices, and for
any element a € o/p one has p(a) = up’(a)v and p'(a) = vp(a)u. Moreover,
the invertible square matrix of size m +

W= 1—wuv —u ’ Wl — 1—uv U
v 1—ou —v 1—ou

verifies W_l(p(o") 8)W = (8 p/(()a)), which shows that the homomorphisms p
and p’ are stably conjugate.

In order to get a quasihomomorphism from @p to o/ x I', we need a K-cycle
for the Fréchet algebra C°°(M) (see Example 3.3). By a standard procedure
[4, 5], such a K-cycle D may be constructed from an elliptic pseudodifferential
operator or a Toeplitz operator over M. We shall suppose that D is of parity p
mod 2, and of summability degree p+1 (even case) or p (odd case). Hence (see
Example 3.3) in the even case one has an infinite-dimensional separable Hilbert
space H with two continuous representations C* (M) = £ = £(H) which
agree modulo the Schatten ideal .# = #P+1(H), whereas in the odd case the
algebra C'°° (M) is represented in the matrix algebra (‘% é) with ¥ = £P(H).
Therefore, upon choosing an isomorphism H = H®C™ the composition of
p:p — My, (C®(M)&®(a/ xT)) with the Hilbert space representation induced
by the K-cycle D leads to a quasihomomorphism of parity p mod 2

pp :dp — E°> I@(A 1T,

with intermediate algebra & = Z® (o xT) (or (£ x #)& (o xT'), see Example
3.4). Note that . and .# may be replaced by other suitable operator algebras,
if needed. From the discussion above we see that pp depends only on D up
to conjugation by an invertible element W € &7. Taking into account the
Chern characters in negative and periodic cyclic homology, the Riemann-Roch-
Grothendieck Theorem 6.3 thus yields cube diagrams of the following kind:
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COROLLARY 7.1 A K-cycle D over C*(M) as above yields for any integer
n € Z a commutative diagram

KP (S fp) — K (S (o xT))

e

MK (op) —= MK, _p( xT)

HP,(dp) — = HP,_,(/ xT)

/

HN,(ep) —= HN,_,(«/ xT)

N

where the horizontal arrows are induced by the quasthomomorphism pp : Ap —
ES> IQ( «T).

The background square describes the topological side of the Riemann-Roch-
Grothendieck theorem, namely the compatibility between the push-forward
in topological K-theory and the bivariant Chern character in periodic cyclic
homology. One may choose D as a representative of the fundamental class in
the K-homology of M. If moreover M is a model for the classifying space BT,
one may choose P as the universal bundle ET. For torsion-free groups I' the
morphism K!°P(% o/p) — K,tff’p(f(ﬁ% x T')) thus obtained is related to the
Baum-Connes assembly map [1] and exhausts many (in some cases, all the)
interesting topological K-theory classes of & x T'.

The foreground square provides a lifting of the topological situation at the
level of multiplicative K-theory and negative cyclic homology, i.e. secondary
characteristic classes. Hence a part of MK (& x T') may be obtained by
direct images of multiplicative K-theory over @/p. Note that in contrast to the
topological situation, the push-forward map in multiplicative K-theory does
not exhaust all the interesting classes over &7 x I.

Let us now deal with the case & = C*°(N), for a compact smooth Riemannian
manifold IV, endowed with a left action of I' by diffeomorphisms. We provide
&/ with its usual Fréchet topology, and condition (89) forces the I'-action be
”almost isometric” on N. The crossed product o/ x I' is then isomorphic to a
certain convolution algebra of functions over the smooth étale groupoid I" x IV,
describing a highly noncommutative space when the action of I" is not proper.
The commutative algebra «/p is the subalgebra of smooth I'-invariant func-
tions a € C°(P x N), a(y - z,7-y) = a(z,y) for any (z,y) € P x N, and is
thus isomorphic to the algebra of smooth functions over the (compact) quotient
manifold @ = T\(P x N).
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The problem is therefore reduced to the computation of secondary invariants
for the classical space @. The cyclic homology of &p = C*°(Q) has been de-
termined by Connes [4] and is computable from the de Rham complex of differ-
ential forms over Q. We will see that the multiplicative K-theory M K7 (a/p)
is closely related (though not isomorphic) to Deligne cohomology. We first
recall some definitions. Let Q"(Q) denote the space of complex, smooth dif-
ferential n-forms over @, d the de Rham coboundary, Zj; (Q) = Ker(d : Q" —
Q" *1) the space of closed n-forms and Bfg(Q) = Im(d : Q"' — Q") the
space of exact n-forms. By de Rham’s theorem, the de Rham cohomology
HiR(Q) = Zjr(Q)/Bjir(Q) is isomorphic to the Cech cohomology of Q with
complex coefficients H™(Q;C). For any half-integer ¢ we define the additive
group Z(q) := (2m)?Z C C (the square root of 27i must be chosen consistentl
y with the Chern character on K;°). Let Q denote the sheaf of differential
k-forms over @ and consider for any n € N the complex of sheaves
0—Zn/2) — 9 -L o' -4 . Lot (90)
where the constant sheaf Z(n/2) sits in degree 0 and Q" in degree k +
1. The map Z(n/2) — Q" is induced by the natural inclusion of con-
stant functions into complex-valued functions. By definition the (smooth)
Deligne cohomology HZ(Q;Z(n/2)) is the hyperhomology of (90) in degree
n. The natural projection onto the constant sheaf Z(n/2) yields a well-
defined map from Hy(Q;Z(n/2)) to the Cech cohomology with integral co-
efficients H"(Q;Z(n/2)). On the other extreme, the de Rham coboundary
d: Q"' — Q" sends a Deligne n-cocycle to a globally defined closed n-form
over @, called its curvature, which only depends on the Deligne cohomology
class. It follows from the definitions that the image of the curvature in de Rham
cohomology coincides with the complexification of the Cech cohomology class
of the Deligne cocycle. One thus gets a commutative diagram in any degree n

Hg(Q; Z(n/2)) —= H™(Q; Z(n/2))

dl l@c (91)

ZR(@Q) HiR(Q)

This has to be compared with the commutative square involving the multi-
plicative and topological K-theories of the algebra &/p = C*°(Q), with their
Chern characters:

MK (ep) —= KPS op)
l l (92)
HN, (o/p) — HP,(p)

In fact one can construct, at least in low degrees n, an explicit transformation
from Deligne cohomology to multiplicative K-theory, and the curvature mor-
phism captures the lowest degree part of the negative Chern character. Let
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us explain this with some details. Firstly, it is well-known that the bottom
line of (91) is included as a direct summand in the bottom line of (92). Since
we deal essentially with the X-complex description of cyclic homology (sec-
tion 2), we recall how the latter is related to the de Rham cohomology of Q.
Choose the universal free extension 0 — J&p — T'@/p — /p — 0. The cyclic
homology of &p is computed by the X-complex X (T@p) of the pro-algebra
Tatp = lim Ta/p/(Ja/p)", together with its filtration by the subcomplexes
F")A((Tszfp, Ja/p). As a pro-vector space, X(fﬁ%p) is isomorphic to the com-
pleted space of noncommutative differential forms (Alsz{p, and the Ja/p-adic
filtration coincides with the Hodge filtration F"Qa/p. A canonical chain map

(Tﬂp) — Q*(Q) is given by projecting noncommutative differential forms to
commutative ones, up to a rescaling:

O"ap 3 apday . . . day, — Maoday .. .da, € Q"(Q)

with A, = (f)k(;—,;), if n = 2k and \, = (f)k% if n = 2k + 1. These
factors are fixed in order to get exactly a chain map. Clearly it sends the
Hodge filtration of Q&/p onto the natural filtration by degree on Q*(Q). The
following proposition is a reformulation of Connes’ version of the Hochschild-

Kostant-Rosenberg theorem [4].

PRrROPOSITION 7.2 The chain map X(T\,pr) — Q*(Q) is a homotopy equiva-
lence compatible with the filtrations. Hence follow the isomorphisms

HPn ((Q{P) — @ Hn+2k

keZ
o) = 2@ @) )
dr(@Q k<0
Nn(vQ{P) — ZdR @Hn'f‘Qk
k>0

Of course the injections Z};(Q) — HN,(4/p) and H}y(Q) — HP,(/p) are
compatible with the forgetful maps Zj;(Q) — H}i(Q) and HN,(«/p) —
HP,(op). It is useful to calculate the image of the Chern character of
idempotents and invertibles under the chain map X (T.#/p) — Q*(Q). Let
e € My(# ®@a/p)t be an idempotent such that e — pg € Ma(# ®.o7p), and let
é € My(H# &Talp)t be its canonical lift. The image of the Chern character
cho(é) = Tr(é — po) € X(T./p) is the differential form of even degree

Nk
chqr(e) = Tr(e — po) + Z (k—') Tr((e — %)(dede)k) €0t (Q) .
k>1

Let g € (X @o/p)" be an invertible such that g — 1 € # ®a/p, and let § €
(A @T.o/p)T be its canonical lift. The image of the Chern character ch;(§) =
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\/%hgfldg € X(Te/p) is the differential form of odd degree

char(g) = \/%m kzxy()k@%'il)' Tr(g~tdg(dg~tdg)*) € Q7 (Q) .

We now construct explicit morphisms H2 (Q; Z(n/2)) — MK;” («/p) in degrees
n =0,1,2. In fact the ideal .# is irrelevant and the previous morphisms factor
through the multiplicative group MK, (a/p) := MKS(a/p) associated to the
1-summable algebra C. Then choosing any rank one injection C — .# induces
a unique map MK, (#/p) — MK’ (/p) by virtue of Lemma 5.5.

n = 0: Then Z(0) = Z and the complex 0 — Z(0) — 0 calculates the Cech
cohomology of @ with coefficients in Z. Hence HY (Q;Z(0)) = H°(Q;Z) is the
additive group of Z-valued locally constant functions over ). The map

HY(Q;Z(0)) — MKo(p) = K (tp) (94)

associates to such a function f the K-theory class of the trivial complex vector
bundle of rank f over Q).

n = 1: Then Z(1/2) = /2w Z and H.(Q;7Z(1/2)) is the hyperhomology in
degree 1 of the complex 0 — Z(1/2) — Q° — 0. Choose a good covering (U;)
of Q. A Deligne 1-cocycle is given by a collection (f;,n;;) of smooth functions
fi : Uy — C and locally constant functions n;; : U; N U; — Z related by the
descent equations

fi—fj=V2ming over Uy NU; , mnjp—ng+n; =0over U;NU; NU .

The cocycle is trivial if the f;’s are Z(1/2)-valued. Taking the exponentials
gi = exp(v/2mifi) one gets invertible smooth functions which agree on the
overlaps U; N Uj;, hence define a global invertible function g over Q). The latter
is equal to 1 exactly when the cocycle (f;,n;;) is trivial. Hence HL, (Q;Z(1/2))
is the multiplicative group C*°(Q)* of complex-valued invertible functions over
Q. On the other hand, the elements of M K (/p) are represented by pairs (g, 0)
of an invertible §j € (£ &@T.o/p)T and a cochain 0 € Xo(T.ep, Jp) = C=(Q).
We get a map

Hy(Q;Z(1/2)) = C™(Q)* — MK, (</p) (95)

by sending an invertible g € C*°(Q)* to the multiplicative K-theory class
of (g,0), with § the canonical lift of g (to be precise one should replace g
by 1+ (9 — lap) € (#p)T). This map identifies the curvature morphism
HL(Q;Z(1/2)) — Z z(Q) with the lowest degree part of the negative Chern
character ch; : MK;(e/p) — HN;(o/p). Indeed the curvature of an element
g € C*(Q)* is by definition the closed one-form

1 1
df; = —— g 'dg; = 14 Vi |
If mgz g \/%g g i
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globally defined over Q. But this coincides with the Zjj (Q)-component of the
negative Chern character ch; (g, 0).

n = 2: Then Z(1) = 2mi Z and HZ(Q;Z(1)) is the hyperhomology in degree 2
of the complex 0 — Z(1) — Q% — Q' — 0. A Deligne cocycle relative to the
finite good covering (U;), i = 1,...,m is a collection (4;, fi;, ni;i) of one-forms
A; over U;, smooth functions f;; : U; N U; — C and locally constant functions
nijr : Uy NU; N U, — Z, subject to the descent equations

Ai—Aj =dfi; ,  —fik+ fie — fij = 2mi0ije ;Mg — Nkt + Niji — Nk =0 .

Equivalently, passing to the exponentials g;; = exp f;; a cocycle is a collection
(A;, gi5) such that A; — A; = gfjldgij and ¢;;9x = gik- Two cocycles (A, gij)
and (A, gz’-j) are cohomologous iff there exists a collection of smooth invertible
functions (gauge transformations) «; : U; — C* such that

/ -1 / -1
A=A+ o day Gij = QigijQ;

One sees that a Deligne cohomology class is nothing else but a complex line
bundle over @, described by the smooth transition functions g;; : U;NU; — C*,
together with a connection given locally by the one-forms A;, up to gauge
transformation. Hence

HZ(Q;Z(1)) ={isomorphism classes of complex line bundles with connection}

The group law is the tensor product of line bundles with connections. The
curvature morphism Hz(Q;Z(1)) — Z3z(Q) maps a cocycle (4;,g;;) to the
globally defined closed two-form dA; Vi, i.e. the curvature of the connection of
the corresponding line bundle. The construction of the morphism from Deligne
cohomology to multiplicative K-theory requires to fix a partition of unity (¢;)
relative to the finite covering: supp¢; C U; and ), ¢;(z)? = 1 Vo € Q. Given
a Deligne cocycle (A, g;j), we construct the idempotent e € M,,(C>(Q)) of
rank 1 whose matrix elements are the functions

(e4)ij = cigije; € CZ(UiNUy)

and let e = 1y, be the unit of C*°(Q) (the constant function 1 over Q).
Define e € Ms(a/p)*t as the idempotent matrix (1706’ 60+ ). The Oth degree of
the Chern character chqr(e) is Tr(e — pg) = Tr(ey) — 1o, = 0, so that the
class of e in K;°P(e/p) is a virtual bundle of rank 0. To get a multiplicative
K-theory class (¢é,0) € MK (o/p), we must adjoin to the canonical idempotent
lift é € Mg(f@fp)* an odd cochain 6 € X, (T @p, Jo/p) = X (o/p). Since </p
is the commutative algebra of smooth functions over a compact manifold, its
X-complex reduces to the de Rham complex of @ truncated in degrees > 2,

X (e7p) : C*(Q) <, QY(Q). The fact that e is of virtual rank zero insures that
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any choice of one-form 6 € Q1(Q) satisfies the correct transgression relation
cho(é) = b0 = 0 in the complex X (o7p). We s et

=Y A €9YQ) .

LEMMA 7.3 The assignement (A, gij) — (&, 0) yields a well-defined morphism
HZ(Q;Z(1)) — MKy(<p) (96)

and the curvature of (Ai,gij) corresponds to the Z3z(Q) component of the
negative Chern character cha(é,0) € HNy(a/p).

Proof: We have to show that the multiplicative K-theory class of (¢,6) only
depends on the Deligne cohomology class of (A, gi;). Thus let (Ai,gi;) b
another representative, with A = A; +a; Ldoy; and g” = w;gsja; . This y1elds
a new pair (¢/,0) with (e, )i; = cigj;e; and 0 = =37 ¢ fA; We show that
(é,6) and (&,0") represent the same class in M K5(e7p) by using the following
general fact: if e and ¢/ = W~1leW are conjugate by an invertible W, then
(é,0) is equivalent to (¢/,6 + cs1(f)), where f is the idempotent interpolation
between the matrices (8 p(:)) and (Wféew poo) constructed as in Lemma 5.5.
One has
cs1(f) = Te(W (e — po)dW) mod d in QY(Q) ,

so that ﬁnally (é,0) is equivalent to (¢/,0+Tr(W=1(e—po)dW)). In the present

situation g, ij = Qigijo; -, hence the idempotent e/, is conjugate to ey via the
diagonal matrix W, = d1ag (a7t ... ;1), and of course ¢ = e_ = 1, 50
one can choose W_ = 1. One calculates
Tr(W e —po)dW) = Te(Wi'epdWy) = 3 aicid(e; ")
i

=Y (A - A) =0 -0,

hence (é,6) and (&,0’) represent the same multiplicative K-theory class.

Now we leave the cocycle (Aj, gs5) fixed and change the partition of unity (¢;) to

(c;)7 >,;(ch)? = 1, whence a new idempotent (€, );; = c’gijcz» and a new cochain
=—> )2 A;. Introduce the matrices u;; = czg”c and v;; = ¢;g;j¢;. Then

v l-vu
conjugates ey and €/, in the sense that W_: (e+ O)W+ = (8 e% ) A direct
computation yields

Te (Wit (% 0)dWy) = D ()P Egidgsi = (¢ (A7 — A) =0/ — 0,

9,7 ,J

one has e, = uv, €/, = vu, and the invertible matrix W, = ( 1muv —u ) stably

hence the multiplicative K-theory class of (¢, 6) does not depend on the choice
of partition of unity. A similar argument shows that it does not depend on the
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good covering (U;).

It remains to calulate the lowest component of the negative Chern character.
By definition chy(é, ) is the cycle of even degree in X (T%/p) given by Tr(é —
Po) — bl, where 6 is an arbitrary lifting of 8 € X (o/p). Thus, the image of
chs(é,0) under the chain map X(T.@p) — Q*(Q) has a component of degree
two given by

1 _ 2 2 _ 2 _
~Tr((e — 5)dede) — df = — Zd(ci )A; + chi A = Z ZdA; = dA;

and coincides with the curvature of the line bundle (A4;, g;;). L]

If one forgets the connection A;, the morphism HZ(Q;Z(1)) — MKy (</p) just
reduces to the elementary map H?(Q;Z(1)) — K3°P(o/p) which associates to
an isomorphism class of line bundles over @ its topological K-theory class.

EXAMPLE 7.4 The simplest non-trivial example is provided by the celebrated
non-commutative torus [3]. Here < is the algebra of smooth functions over the
circle N = S* = Z\R. Conventionnally we parametrize the points of N by the
variable y. The group I' = Z acts on N by rotations of angle o € R:

Y= Y+ na VyeN,neZ.

When Z is provided with its natural distance, the crossed product o/ x Z is iso-
morphic to the algebra <7, of the non-commutative torus, presented for example
in [3] by generators and relations: let V; € & be the function V;(y) = €™
over N and Vo = 1* € CZ be the element corresponding to the generator 1 € Z.
Then V4 and V5 are invertible elements of o7, and fulfill the noncommutativity
relation

‘/2‘/1 — 6271'1'0(‘/1‘/2 . (97)

Moreover any element of 7, is a power series >, ., ) cz2 Gnin, Vi V5™ with
coefficients an,n, € C of rapid decay. For a € Q this algebra is Morita equiv-
alent to the smooth functions over an ordinary (commutative) 2-torus, and its
multiplicative K-theory in any degree turns out to be completely determined by
Deligne cohomology in this case. The situation is more interesting for o ¢ Q.
Following the discussion above we introduce the universal principal Z-bundle
P = E7Z = R over the classifying space M = BZ = Z\R. Conventionnally we
parametrize the points of P by the variable z. Thus, &/p = C®(P; <) is the
mapping torus algebra

dp={ac€C®PxN) |alz+1l,y+a)=a(z,y), Ve EP, ye N}.

Equivalently it is the algebra of smooth functions over the commutative 2-torus
Q = Z\(P x N), quotient of R? by the lattice generated by the vectors (1, )
and (0,1). Now to get a quasihomomorphism from @7p to <, we need a K-cycle
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D for the circle manifold M. Let H = L?(M) be the Hilbert space of square-
integrable complex-valued functions. The algebra C°°(M) is represented in
the algebra of bounded operators .Z(H) by pointwise multiplication. D will
be represented by the Toeplitz operator in £ (H) which projects H onto the
Hardy space Hy C H:

e?ﬂ'i nr 4f n Z 0

2mwine\ __
Die )_{o if n<0

One thus obtains a polarization of the Hilbert space H = Hy & H_, with
H_ the kernel of D. In the Fourier basis e?™*"* of H, the representation
C>*(M) — Z(H) is easily seen to factor through the matrix subalgebra

(Z/ ";/) - (Z"é(f;}) Zfsf(ﬁH)*)) = Z(H),

where J is the smooth Toeplitz algebra (the elementary non-trivial extension of
C°°(S1) by th ealgebra %~ of smooth compact operators, see [9] ). The induced
quasihomomorphism pp : @p — &5 > K 5Q.d,, with & = TR, is therefore
1-summable and of odd parity. Theorem 6.3 yields a graded-commutative dia-
gram (remark that MK =~ MK,)

K10 () —= HCy_y(p) ——= MK, (e/p) ——= Ko (afp)

N

KOP (o) ——= HCp—2(Ho) ——= MKp—1(Ho) — K:chl ()

in any degree n € Z. The group K!°P(/p) is isomorphic to the topological K-
theory of the 2-torus Q. Hence in even degree, K (o/p) = Z® 7 is generated
by the trivial line bundle over @) together with the Bott class, whereas in odd
degree K|°P(o/p) = Z ® Z is generated by the invertible functions g (x,y) =
e?™ % and gy (x,y) = e*™@*=Y) The pushforward map K°P(o/p) — K P, ()
is known to be an isomorphism (Baum-Connes). In particular the Bott class
and the trivial line bundle over () are mapped respectively to the classes of the
invertible elements V5 and V5 in K IOP(QZX). For multiplicative K-theory the
situation is more involved. In degree n = 1 the map

MEK:(e/p) = Hy(Q; Z(1/2)) = CF(Q)* — MKo(oa) = Ko™ (o)

simply factors through the topological K-theory group K IOP(JZ{P). In degree
n = 2 one still has an isomorphism MKs(«/p) = HZ(Q;Z(1)), and (98)
amounts to

o ch 1 o
K (afp) = aonds HZ(Q; Z(1)) — K (ep)

e ] e

K(t)op(da) I HCO('Q{Q) - MKl('Q{a) E—— KIOP(JZ{Q) —0
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The map Q'/dQ° — HZ(Q;Z(1)) associates to a one-form \/%m A over Q the

isomorphism class of the trivial line bundle with connection —A, while the
range of H2(Q;Z(1)) — K°®(/p) is generated by the Bott class. For generic
values of a ¢ Q the commutator subspace [47,,9%,] may not be closed in
oy, therefore the quotient HCy(e2,) = HHo(y,) = o /[ Ao, o] may not be
separated. However the quotient HCy(<,) by the closure of the commutator
subspace turns out to be isomorphic to C, via the canonical trace

niyrne 1 ifm:ng:O,
Fa—=C, ity '_){ 0 otherwise .
With these identifications the evaluation of the Chern character ch'(pp) :
01/dQ° — HCo(e,) = C on a one-form A = A,dx + A,dy is easily performed
and one finds

ch'(pp) (\/%) = %/Oldy/oldxflm(%y) :

In particular ch'(pp) - chi(g1) = 1 and ch'(pp) - chi(g2) = @, and one recovers
the well-known fact ([4]) that the image of K°P(,) in HCo(,) is the sub-
group Z + aZ C C.

We may analogously define a new multiplicative K-theory group MK (<)
whose elements are represented by pairs (§,0) with § € C instead of 0 €
A ||, ). Because K;°P () is generated by the invertibles V; and Va any
class in M K (%) is represented by a pair (V"' V52, 0) for some integers n1, ns
and a complex number #. Using a homotopy one shows that this pair is equiv-
alent to (e~ V2OV V"2 0), and by exactness MK () is the quotient of
the multiplicative group C*(V1)(V2) C GL1(#,) by its commutator subgroup
(e2™) C CX, or equivalently the abelianization

MK, (a) = (C (Vi) {V2))ab - (100)
Since the Bott class of Ko(e/p) is sent to [Vi] € K°P(<Z,), one sees that the
range of H2/(Q;Z(1)) — MK;(<,) coincides with the subgroup C* (V7).

REFERENCES

[1] P. Baum, A. Connes: Geometric K-theory for Lie groups and foliations,
Brown University /THES preprint (1982).

[2] B. Blackadar: K-theory for operator algebras, Springer-Verlag, New-York
(1986).

[3] A. Connes: C*-algebres et géométrie différentielle, C. R. Acad. Sci. Paris,
Série I, 290 (1980) 599-604.

[4] A. Connes: Non-commutative differential geometry, Publ. Math. IHES 62
(1986) 41-144.

DOCUMENTA MATHEMATICA 13 (2008) 275-363



362 DENIS PERROT

[5] A. Connes: Non-commutative geometry, Academic Press, New-York (1994).

[6] A. Connes, M. Karoubi: Caractére multiplicatif d’un module de Fredholm,
K-Theory 2 (1988) 431-463.

[7] G. Cortinas, A. Thom: Comparison between algebraic and topological K-
theory of locally convex algebras, preprint math.K'T/0607222.

[8] J. Cuntz: A new look at K K-theory, K-Theory 1 (1987) 31-51.

[9] J. Cuntz: Bivariante K-Theorie fiir lokalkonvexe Algebren und der bivari-
ante Chern-Connes-Charakter, Docum. Math. J. DMV 2 (1997) 139-182.

[10] J. Cuntz: Cyclic theory, bivariant K-theory and the bivariant Chern-
Connes character, Enc. Math. Sci. 121 (2004) 1-71.

[11] J. Cuntz, R. Meyer, J. M. Rosenberg: Topological and Bivariant K-
Theory, Oberwolfach Seminars vol. 36, Birkhauser (2007).

[12] J. Cuntz, D. Quillen: Cyclic homology and nonsingularity, JAMS 8 (1995)
373-442.

[13] J. Cuntz, A. Thom: Algebraic K-theory and locally convex algebras, Math.
Ann. 334 (2006) 339-371.

[14] A. Grothendieck: Produits tensoriels topologiques et espaces nucléaires,
Memoirs of the AMS 16 (1955).

[15] J. D. S. Jones: Cyclic homology and equivariant homology, Invent. Math.
87 (1987) 403-423.

[16] M. Karoubi: Homologie cyclique et K-théorie, Astérisque 149 (1987).

[17) M. Karoubi: Théorie générale des classes caractéristiques secondaires, K -
Theory 4 (1990) 55-87.

[18] J-L. Loday: Clyclic homology, Grundlehren der Mathematischen Wis-
senschaften 301, 2nd Ed., Springer-Verlag (1998).

[19] R. Meyer: Local and Analytic Cyclic Homology, EMS Tracts in Math. vol.
3, EMS Publishing House (2007).

[20] V. Nistor: A bivariant Chern character for p-summable quasihomomor-
phisms, K-Theory 5 (1991) 193-211.

[21] V. Nistor: A bivariant Chern-Connes character, Ann. Math. 138 (1993)
555-590.

[22] D. Perrot: A bivariant Chern character for families of spectral triples,
Comm. Math. Phys. 231 (2002) 45-95.

DOCUMENTA MATHEMATICA 13 (2008) 275-363



SECONDARY INVARIANTS FOR FRECHET ALGEBRAS. .. 363

[23] D. Perrot: Retraction of the bivariant Chern character, K-Theory 31
(2004) 233-287.

[24] D. Perrot: The equivariant index theorem in entire cyclic cohomology,
preprint arXiv:math/0410315, to appear in J. K-Theory.

[25] D. Perrot: Anomalies and noncommutative index theory, Contemp. Math.
434 (2007) 125-160.

[26] D. Perrot: Quasihomomorphisms and the residue Chern character,
preprint arXiv:0804.1048.

[27] N. C. Phillips: K-theory for Fréchet algebras, Internat. J. Math. 2 (1991)
77-129.

[28] D. Quillen: Algebra cochains and cyclic cohomology, Publ. Math. IHES
68 (1989) 139-174.

[29] J. Rosenberg: Algebraic K-theory and its applications, Springer-Verlag
(1994).

Denis Perrot

Université de Lyon
Université Lyon 1

CNRS, UMR 5208

Institut Camille Jordan

43, bd du 11 novembre 1918
69622 Villeurbanne Cedex
France
perrot@math.univ-lyonl.fr

DOCUMENTA MATHEMATICA 13 (2008) 275-363



364

DOCUMENTA MATHEMATICA 13 (2008)



