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ABSTRACT. Suppose given functors A x A’ £, B & ¢ between
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that F(X,—), F(—,X’) and G are left exact, and such that further
conditions hold. We show that, E;-terms exempt, the Grothendieck
spectral sequence of the composition of F(X,—) and G evaluated at
X' is isomorphic to the Grothendieck spectral sequence of the com-
position of F(—, X’) and G evaluated at X. The respective Eo-terms
are a priori seen to be isomorphic. But instead of trying to com-
pare the differentials and to proceed by induction on the pages, we
rather compare the double complexes that give rise to these spectral
sequences.

2000 Mathematics Subject Classification: 18G40
Keywords and Phrases: Grothendieck spectral sequence, Lyndon-
Hochschild-Serre spectral sequence.

CONTENTS

U INTRODUCTION

DOCUMENTA MATHEMATICA 13 (2008) 677-737



678 MaTTHIAS KUNZER

DOCUMENTA MATHEMATICA 13 (2008) 677-737



COMPARISON OF SPECTRAL SEQUENCES INVOLVING BIFUNCTORS 679

[ ACYCLIC CE-RESOLUTIONY 719
El_Defimitiod . . . . o oo e 719
L2 Atheoremof Beyl . . . . . . . . o 720

B APPLICATIONT 721

I&] A Hopf a gebra emmal ....................... 721
R11 Definitiod . . . . . . o oo 721

R1.2 Some basic propertied . . . ... ... L. 722
R13 Nommality . . .. ..o 724
R14 Someremarksandalemma . . . . . ... ... ..... 725
R.2__Comparing Hochschild-Serre-Hopf with Grothendiecl . . . . . . 730
83 Comparing Lyndon-Hochschild-Serre with Grothendiecl . . .. 732
8.4 _Comparing Hachschild-Serre with Grothendiecd . . . . . . .. . 733
.5 _Comparing two spectral sequences for a change of ringd . . . . 734

0 INTRODUCTION

To calculate Ext*(X,Y), one can either resolve X projectively or Y injectively;
the result is, up to isomorphism, the same. To show this, one uses the double
complex arising when one resolves both X and Y; cf. [B, Chap. V, Th. 8.1].

Two problems in this spirit occur in the context of Grothendieck spectral se-

quences; cf. §§L2

0.1 LANGUAGE

In §8 we give a brief introduction to the Deligne-Verdier spectral sequence
language; cf. [T, 11.§4], [6, App.]; or, on a more basic level, cf. [T1, Kap. 4].
This language amounts to considering a diagram E(X ) containing all the images
between the homology groups of the subquotients of a given filtered complex
X, instead of, as is classical, only selected ones. This helps to gain some elbow
room in practice: to govern the objects of the diagram E(X) we can make use
of a certain short exact sequence; cf. §3.41

Dropping the E;-terms and similar ones, we obtain the proper spectral sequence
E(X ) of our filtered complex X. Amongst others, it contains all Ei-terms for
k > 2 in the classical language; cf. §§B.6

0.2 FIRST COMPARISON

Suppose given abelian categories A, A’ and B with enough injectives and an
abelian category C. Suppose given objects X € ObA and X’ € ObA’. Let

Ax A" —Z+ B be a biadditive functor such that F(X,-) and F(—, X') are left

G
exact. Let B— C be a left exact functor. Suppose further conditions to hold;

see 011

DOCUMENTA MATHEMATICA 13 (2008) 677-737



680 MaTTHIAS KUNZER

We have a Grothendieck spectral sequence for the composition G o F(X, —)
and a Grothendieck spectral sequence for the composition G o F(—, X'). We
evaluate the former at X’ and the latter at X.

In both cases, the Es-terms are (R'G)(R/F)(X, X’). Moreover, they both
converge to (R (G o F)) (X, X'). So the following assertion is well-motivated.

THEOREM 1l The proper Grothendieck spectral sequences just described are
isomorphic; i.e. E(F?’Exﬁ)’G(X’) ~ E(F?’LX,)’G(X) .

So instead of “resolving X' twice”, we may just as well “resolve X twice”.
In fact, the underlying double complexes are connected by a chain of dou-

ble homotopisms, i.e. isomorphisms in the homotopy category as defined in

doubl .
[l IV.§4], and rowwise homotopisms (the proof uses a chain e LT e T,

TOWW. double . . . . .
— o —— o). These morphisms then induce isomorphisms on the associ-

ated proper first spectral sequences.

0.3 SECOND COMPARISON

Suppose given abelian categories A and B’ with enough injectives and abelian
categories B and C. Suppose given objects X € ObA and Y € ObB. Let

AL+ B be a left exact functor. Let B x B’ %, ¢ be a biadditive functor
such that G(Y, —) is left exact.

Let B € ObCl0 (B) be a resolution of Y, i.e. a complex B admitting a quasiiso-
morphism ConcY — B. Suppose that G(B¥,—) is exact for all k > 0. Let
AeOb C[O(A) be, say, an injective resolution of X. Suppose further conditions
to hold; see §&11

We have a Grothendieck spectral sequence for the composition G(Y,—) o F,
which we evaluate at X. On the other hand, we can consider the double
complex G(B, FA), where the indices of B count rows and the indices of A
count columns. To the first filtration of its total complex, we can associate the
proper spectral sequence Er (G(B, FA))

If B has enough injectives and B is an injective resolution of Y, then in both
cases the Eo-terms are a priori seen to be (R'G)(Y, (R?F)(X)). So also the
following assertion is well-motivated.

TueorEM BAL We have EGT, ., ((X) = Ei(G(B,FA)) .

So instead of “resolving X twice”, we may just as well “resolve X once and Y
once”.

The left hand side spectral sequence converges to (R (G (Y, —) o F))(X). By
this theorem, so does the right hand side one.

The underlying double complexes are connected by two morphisms of double
complexes (in the directions ¢ — e <— o) that induce isomorphisms on the
associated proper spectral sequences.

Of course, Theorems Bl and B4 have dual counterparts.
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0.4 RESULTS OF BEYL AND BARNES

Let R be a commutative ring. Let G be a group. Let N < G be a normal

subgroup. Let M be an RG-module.

BEYL generalises Grothendieck’s setup, allowing for a variant of a Cartan-

Eilenberg resolution that consists of acyclic, but no longer necessarily injective

objects [, Th. 3.4]. We have documented BEYL’s Theorem as Theorem H in

our framework, without claiming originality.

BEYL uses his Theorem to prove that, from the Es-term on, the Grothendieck
_\N _\G/N

spectral sequence for RG-Mod (i RN -Mod o R-Mod at M is iso-

morphic to the Lyndon-Hochschild-Serre spectral sequence, i.e. the spectral

sequence associated to the double complex ra(Barg/n;r ®rBarg,r, M); cf.

H. Th. 3.5], B, §3.5]. This is now also a consequence of Theorems Bl and B4

as explained in §§2

BARNES works in a slightly different setup. He supposes given a commutative

ring R, abelian categories A, B and C of R-modules, and left exact functors

F: A— Band G : B—C, where F is supposed to have an exact left adjoint

J : B— A that satisfies F' o J = 15. Moreover, he assumes A to have ample

injectives and C to have enough injectives. In this setup, he obtains a general

comparison theorem. See [2, Sec. X.5, Def. X.2.5, Th. X.5.4].

BEYL [] and BARNES [2] also consider cup products; in this article, we do not.

0.5 ACKNOWLEDGEMENTS

Results of BEYL and HAAS are included for sake of documentation that they
work within our framework; cf. Theorem H] and § No originality from my
part is claimed.

I thank B. KELLER for directing me to [I[2, XII.§11]. T thank the referee for
helping to considerably improve the presentation, and for suggesting Lemma E1
and @82 T thank G. CARNOVALE and G. Hiss for help with Hopf algebras.

Conventions

Throughout these conventions, let C and D be categories, let A be an additive category, let

B and B’ be abelian categories, and let £ be an exact category in which all idempotents split.

e For a, b € Z, we write [a,b] :={c€Z : a<c<b}, [a,b]:={c€Z : a<c<b},
etc.

e Given I CZ and i € Z, we write I>;:={j €I : j>i}and Io;:={j €l : j<i}.

e The disjoint union of sets A and B is denoted by A U B.
a b ab
e Composition of morphisms is written on the right, ie. — — = — .
e Functors act on the left. Composition of functors is written on the left, i.e.

F G GoF
—_— ——> = ——

e Given objects X, Y in C, we denote the set of morphisms from X to Y by (X,Y).

e The category of functors from C to D and transformations between them is denoted
by [c,DI.
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Denote by C(A) the category of complexes
d . d . d . d
X = ( > Xzfl > X? > Xz+1 > )
with values in .A. Denote by CIO(A) the full subcategory of C(A) consisting of com-

. Conc
plexes X with X% = 0 for i < 0. We have a full embedding A — C[0(A), where,
given X € Ob A, the complex Conc X has entry X at position 0 and zero elsewhere.
Given a complex X € ObC(A) and k € Z, we denote by X*T* the complex that
) —nkd
has differential Xtk S Xit1+k between positions ¢ and i + 1. We also write
Xo—1.= xot(=1) ete.

Suppose given a full additive subcategory M C A. Then A/ M denotes the quotient
of A by M, which has the same objects as A, and which has as morphisms residue
classes of morphisms of A, where two morphisms are in the same residue class if their
difference factors over an object of M.

A morphism in A is split if it isomorphic, as a diagram on e — e, to a morphism

10
00

of the form X @Y —> X @ Z. A complex X € ObC(A) is split if all of its
differentials are split.

An elementary split acyclic complex in C(A) is a complex of the form

.—>0—>T—1>T—>0—> ey

where the entry T is at positions k& and k£ + 1 for some k € Z. A split acyclic complex
is a complex isomorphic to a direct sum of elementary split acyclic complexes, i.e. a
complex isomorphic to a complex of the form
L) (1) I (1) IO (1)
) Tt o T7,+1 T7,+1 o Tz+2 Tz+2 o T7,+3

Let Cspac(A) C C(A) denote the full additive subcategory of split acyclic complexes.
Let K(A) := C(A)/Csp ac(A) denote the homotopy category of complexes with values
in A. Let KI(A) denote the image of CI°(A) in K(A). A morphism in C(A) is a
homotopism if its image in K(A) is an isomorphism.

We denote by Inj B C B the full subcategory of injective objects.

Concerning exact categories, introduced by QUILLEN [14], p. 15], we use the conventions
of [I0, Sec. A.2]. In particular, a commutative quadrangle in £ being a pullback is
indicated by

A——B

l I_ l
C E—— D k]
a commutative quadrangle being a pushout by

A——B

.

C——=D.

Given X € ObC(&) with pure differentials, and given k € Z, we denote by Z*X
the kernel of the differential X* — X*+1 by Z’*X the cokernel of the differ-
ential X*=1 — X% and by B¥X the image of the differential X*—1 — X%,
Furthermore, we have pure short exact sequences B¥X —e— Zk¥X —— HFX and
HFX —e» 7k X ——> BFF1X.
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e A morphism X — Y in C(€) between complexes X and Y with pure differentials is
a quasiisomorphism if H* applied to it yields an isomorphism for all k € Z. A complex
X with pure differentials is acyclic if H¥X ~ 0 for all £ > 0. Such a complex is also
called a purely acyclic complex.

F
e Suppose that B has enough injectives. Given a left exact functor B —> B’, an object
X € ObBis F-acyclicif R®"FX ~ 0 for all ¢ > 1. In other words, X is F-acyclic if for

an injective resolution I € Cl9(Inj B) of X (and then for all such injective resolutions),
we have H'F'I ~ 0 for all i > 1.

e By a module, we understand a left module, unless stated otherwise. If A is a ring, we
abbreviate 4(—, =) := A _Mod(—,=) = Homy (—,=).

1 DOUBLE AND TRIPLE COMPLEXES

We fix some notations and sign conventions.
H
Let A and B be additive categories. Let C(A) — B be an additive functor.

1.1 DOUBLE COMPLEXES
1.1.1 DEFINITION

A double complex with entries in A is a diagram

o 4] 14]
d . . d . . d . . d
Xz+2,] X’L+2,j+1 N X’L+2,j+2 = o ...
o 3] 4]
d . . d . . d . . d
X = e Xz+1,] X’LJrl,jJrl _— X’L+1,j+2 —_— ...
o 3] 4]
o xid — 4 o gt — 4 iz 4 o
o 4] 14]

in A such that dd = 0, 00 = 0 and d0 = Od everywhere. As morphisms
between double complexes, we take all diagram morphisms. Let CC(A) denote
the category of double complexes. We may identify CC(A) = C(C(A)).

The double complexes considered in this 1] are stipulated to have entries in
A.

Let CC-(A) := CI°(C(A)) be the category of first quadrant double complezes,
consisting of double complexes X such that X%/ = 0 whenever i < 0 or j < 0.
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Given a double complex X and i € Z, we let X** € Ob C(A) denote the com-
plex that has entry X%/ at position j € Z, the differentials taken accordingly;
X%* is called the ith row of X.

Similarly, given j € Z, X*J € ObC(A) denotes the jth column of X.

1.1.2 APPLYING H IN DIFFERENT DIRECTIONS

Given X € ObCC(A), we let H(X*~) € ObC(A) denote the complex that
has H(X*7) at position j € Z, and as differential H(X*7) — H(X*J+1)
the image of the morphism X*J —» X*7J+1 of complexes under H. Similarly,
H(X~*) € ObC(A) has H(X7*) at position j € Z.

“_»

In other words, a “x” denotes the index direction to which H is applied, a
denotes the surviving index direction. For short, “x” before “—”.

1.1.3 CONCENTRATED DOUBLE COMPLEXES

Given a complex U € ObCl(A), we denote by Concy U € ObCC-(A) the
double complex whose Oth row is given by U, and whose other rows are zero;
i.e. given j € Z, then (Concy U)%I equals U7 if i = 0, and 0 otherwise, the
differentials taken accordingly. Similarly, Concy U € Ob CC“(B) denotes the
double complex whose Oth column is given by U, and whose other columns are
Zero.

1.1.4 ROW- AND COLUMNWISE NOTIONS

A morphism X I, Y of double complexes is called a rowwise homotopism if

X EAN Y%* is a homotopism for alli € Z. Provided A is abelian, it is called a

rowwise quasiisomorphism if X»* — Y»* is a quasiisomorphism for all 7 € Z.

A morphism X I, Y of double complexes is called a columnwise homotopism
it x93 yriis a homotopism for all j € Z. Provided A is abelian, it is
called a columnuwise quasiisomorphism if X*J EA Y*J is a quasiisomorphism
for all j € Z.

Provided A is abelian, a double complex X is called rowwise split if X** is split
for all ¢ € Z; a short exact sequence X’ —= X — X" of double complexes is
called rowwise split short exact if X'%* — Xb* — X""6* ig split short exact
for all ¢ € Z.

A double complex X is called rowwise split acyclic if X%* is a split acyclic
complex for all i € Z. It is called columnwise split acyclic if X**J is a split
acyclic complex for all j € Z.
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1.1.5 HORIZONTALLY AND VERTICALLY SPLIT ACYCLIC DOUBLE COMPLEXES

An elementary horizontally split acyclic double complex is a double complex of

the form

0 Tt Tt 0
0 1%}
0 T T 0

A horizontally split acyclic double complex is a double complex isomorphic to
a direct sum of elementary horizontally split acyclic double complexes, i.e. to

one of the form

S s il

(65)

= Thi

00
00

(¥9)

00
00

(

0
1

(10)

TitLiHl S s it Ll g it it — >

)

Tii+l — s il g it — o
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An elementary vertically split acyclic double complex is a double complex of
the form

0 0
Ti d i+l
Ti d Ti+1
0 0

A wertically split acyclic double complex is a double complex isomorphic to a

direct sum of elementary vertically split acyclic double complexes, i.e. to one
of the form

do0
0d
—> TH‘IJ @TH‘QJ _ Ti+11j+1 @Ti+27j+1 _ > ..

(0) (¥0)
(62)

s TRIETIHL ——— s PGl il o

oo
oo

A horizontally split acyclic double complex is in particular rowwise split acyclic.
A vertically split acyclic double complex is in particular columnwise split
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acyclic.

A double complex is called split acyclic if it is isomorphic to the direct sum
of a horizontally and a vertically split acyclic double complex. Let CCqp ac(A)
denote the full additive subcategory of split acyclic double complexes. Let

KK(A) = CC(A)/CCspaC(A)a

cf. [Bl, IV.§4]. A morphism in CC(A) that is mapped to an isomorphism in
KK(A) is called a double homotopism.

A speculative aside. The category K(A) is Heller triangulated; cf.
[0, Def. 1.5.(i), Th. 4.6]. Such a Heller triangulation hinges on two in-
duced shift functors, one of them induced by the shift functor on K(A). Now
KK(A) carries two shift functors, and so there might be more isomorphisms
between induced shift functors one can fix. How can the formal structure of
KK(A) be described?

1.1.6 TOTAL COMPLEX

Let KK“(A) be the full image of CC-(A) in KK(A).
The total complex tX of a double complex X € ObCC-(A) is given by the
complex

48 0
(X — (Xo,o 49) o1 @ X0 (6-a-0) X02 g XLl @ X20

X3 g X120 X2l g X30 —» . )

in Ob C[O(.A). Using the induced morphisms, we obtain a total complex func-

tor CC-(A) N ClO(A). Since t maps elementary horizontally or vertically
split acyclic double complexes to split acyclic complexes, it induces a functor
KK*-(A) . KI(A). If, in addition, A is abelian, the total complex func-
tor maps rowwise quasiisomorphisms and columnwise quasiisomorphisms to
quasiisomorphisms, as one sees using the long exact homology sequence and
induction on a suitable filtration.

Note that we have an isomorphism U =+ t Conc; U, natural in U € Ob Cl°(A4),
having entries 1y,, lv,, —luv,, —lus, lu,, etc. Moreover, U = t Concy U,
natural in U € Ob C0(A).

1.1.7 THE HOMOTOPY CATEGORY OF FIRST QUADRANT DOUBLE COM-
PLEXES AS A QUOTIENT

LEMMA 1 The residue class functor CC(A) — KK(A), restricted to
CC-(A) — KK"(A), induces an equivalence

OC(A)/(CCspac(A) NCC-(A)) =+ KK“(A) .
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Proof. We have to show faithfulness; i.e. that if a morphism X —Y in
CC+(A) factors over a split acyclic double complex, then it factors over a split
acyclic double complex that lies in Ob CC-(A). By symmetry and additivity,
it suffices to show that if a morphism X — Y in CC*(.A) factors over a hor-
izontally split acyclic double complex, then it factors over a horizontally split
acyclic double complex that lies in Ob CC-(A). Furthermore, we may assume
X — Y to factor over an elementary horizontally split acyclic double complex
S concentrated in the columns k and k + 1 for some k € Z. We may assume
that S =0 for i < 0 and j € Z. If kK < 0, and in particular, if k = —1, then
X — Y is zero because S — Y is zero, so that in this case we may assume
S = 0. On the other hand, if k£ > 0, then S € Ob CC-(A). o

Cf. also the similar Remark

1.2 TRIPLE COMPLEXES
1.2.1 DEFINITION

Let CCC(A) := C(C(C(A))) be the category of triple complexes. A triple
complex Y has entries Y*4™ for k, £, m € Z.

d
We denote the differentials in the three directions by Yk&m s yktl.Lm,

yhtm B2 ykttim g g yktm B, yktm+l respectively.

Let k, ¢, m € Z. We shall use the notation Y == for the double complex hav-
ing at position (k,m) the entry Y™ differentials taken accordingly. Similarly
the complex Y 4* etc.

Given a triple complex Y € Ob CCC(A), we write HY —=* € ObCC(A) for
the double complex having at position (k,£) the entry H(Y*%*), differentials
taken accordingly.

Denote by CCC*(A) C CCC(.A) the full subcategory of first octant triple com-
plexes; i.e. triple complexes Y having Y%#™ = 0 whenever k < 0 or £ < 0 or
m < 0.

1.2.2 PLANEWISE TOTAL COMPLEX

For Y € ObCCC*(A) we denote by t12Y € ObCC-(A) the planewise total
complex of Y, defined for m € Z as

(tl,QY)*’m = t(Y_’:’m),

with the differentials of t; 2} in the horizontal direction being induced by the
differentials in the third index direction of Y, and with the differentials of
t1,2Y in the vertical direction being given by the total complex differentials.
Explicitly, given k, £ > 0, we have

(t1.2Y)"" = @ VAR

4,j20,i+j=k
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By means of induced morphisms, this furnishes a functor

CCC-(A) —3%  CC-(A)
Y — tl,QY.

2 CARTAN-EILENBERG RESOLUTIONS

We shall use QUILLEN’s language of exact categories [I4], p. 15] to deal with
Cartan-Eilenberg resolutions [B, XVIL.§1], as it has been done by MAC LANE
already before this language was available; cf. [I2] XII.§11]. The assertions in
this section are for the most part wellknown.

2.1 A REMARK

REMARK 2 Let A be an additive category. Then
C[O(-A)/(C[O(-A) N Csp aC(-A)) - K[O(-A)
s an equivalence.

Proof.  Faithfulness is to be shown. A morphism X —=Y in CI0(A)
that factors over an elementary split acyclic complex of the form
(++—>0—T=—=T—0—---) with T in positions k and k + 1
is zero, provided k < 0. o

2.2 EXACT CATEGORIES

Concerning the terminology of exact categories, introduced by
QUILLEN [I4] p. 15], we refer to [I0, Sec. A.2].

Let £ be an exact category in which all idempotents split. An object I € Ob&
is called relatively injective, or a relative injective (relative to the set of pure
short exact sequences, that is), if ¢(—,I) maps pure short exact sequences of
£ to short exact sequences. We say that £ has enough relative injectives, if
for all X € Ob¢&, there exists a relative injective I and a pure monomorphism
X ——1.

In case £ is an abelian category, with all short exact sequences stipulated to
be pure, then we omit “relative” and speak of “injectives” etc.

DEFINITION 3 Suppose given a complex X € Ob Cl?(£) with pure differentials.
A relatively injective complex resolution of X is a complex I € Ob C[O(S),
together with a quasiisomorphism X — I, such that the following properties
are satisfied.

(1) The object entries of I are relatively injective.
(2) The differentials of I are pure.

(3) The quasiisomorphism X — I consists of pure monomorphisms.
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We often refer to such a relatively injective complex resolution just by I.

A relatively injective object resolution, or just a relatively injective resolution,
of an object Y € Ob ¢ is a relatively injective complex resolution of ConcY'.
A relatively injective resolution is the complex of a relatively injective object
resolution of some object in &£.

REMARK 4 Suppose that £ has enough relative injectives. Every complex X €
Ob C[O(E) with pure differentials has a relatively injective complex resolution
I € ObCIO(&). In particular, every object Y € Ob& has a relatively injective
resolution J € ObCI0(&).

Proof. Let X°—» I° be a pure monomorphism into a relatively injective
object I. Forming a pushout along X —e— I9 we obtain a pointwise purely
monomorphic morphism of complexes X — X’ with X’0 = I and X'* = X*
for £ > 2. By considering its cokernel, we see that it is a quasiisomorphism.
So we may assume X° to be relatively injective.

Let X! —— I' be a pure monomorphism into a relatively injective object I'.
Form a pushout along X! —e— I etc. o

REMARK 5 Suppose given X € ObCO(E) with pure differentials such that
H*X ~ 0 for k > 1. Suppose given I € ObCI(E) such that I* is purely

d
injective for k > 0, and such that the differential I — I' has a kernel in £.
Then the map

ko (X, I) — ¢(Kern(X° —. X1, Kern(I -2~ )

that sends a representing morphism of complexes to the morphism induced on
the mentioned kernels, is bijective.

Suppose £ to have enough relative injectives. Let Z C £ denote the full subcat-
egory of relative injectives. Let CI0*5(7) denote the full subcategory of CI°(Z)
consisting of complexes X with pure differentials such that H* X ~ 0 for k£ > 1.
Let KI%:7¢5(7) denote the image of CI0:*3(Z) in K(&).

REMARK 6 The functor Cl0r(T) — £, X —H%(X), induces an equiva-
lence
KOre(1) =~ £

Proof. This functor is dense by Remark Bl and full and faithful by Remark Ha

REMARK 7 (EXACT HORSESHOE LEMMA)

Given a pure short exact sequence X' — X — X" and relatively injective
resolutions I' of X' and I" of X", there exists a relatively injective resolution
I of X and a pointwise split short exact sequence I' —= I — I"" that maps
under HO to X' — X — X",
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Proof. Choose pure monomorphisms X’ —e—» I’ and X" —e— I""* into relative
injectives I’° and I"’°. Embed them into a morphism from the pure short exact
sequence

X —e X 4+ X"

to the split short exact sequence

@o, @),
Insert the pushout T of X’ —e> X along X’ —e~ I’ and the pullback of
I @ 1" —+~ 10 along X" —e>I"% to see that X —= I @ I"° is purely
monomorphic. So we can take the cokernel B'I’ — B! —» B'I” of this
morphism of pure short exact sequences. Considering the cokernels on the
commutative triangle (X, T,I"° @ I'°) of pure monomorphisms, we obtain a
bicartesian square (T, I’ & I""°, BLI’, B1I) and conclude that the sequence of
cokernels is itself purely short exact. So we can iterate. o

I/ I/ @ I// I// .

2.3 AN EXACT CATEGORY STRUCTURE ON C(A)
Let A be an abelian category with enough injectives.

REMARK 8 The following conditions on a short ezxact sequence
X' — X — X" in C(A) are equivalent.

(1) All connectors in its long exact homology sequence are equal to zero.
(2) The sequence BEX' — B¥ X — B* X" is short exact for all k € Z.
(3) The morphism ZFX — Z* X" is epimorphic for all k € Z.

(3") The morphism Z'* X' — 7'* X is monomorphic for all k € Z.

(

4) The diagram

BF X' ZF X! HEX'
BFX ZFX HkX

o

BkX// - ZkX// - HkX//
has short exact rows and short exact columns for all k € Z.

Proof. We consider the diagram in (4) as a (horizontal) short exact sequence
of (vertical) complexes and regard its long exact homology sequence. Taking
into account that all assertions are supposed to hold for all £k € Z, we can
employ the long exact homology sequence on X’ — X — X" to prove the
equivalence of (1), (2), (3) and (4).

Now the assertion (1) <= (3) is dual to the assertion (1) < (3'). o
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REMARK 9 The category C(A), equipped with the set of short exact sequences
that have zero connectors on homology as pure short exact sequences, is an exact
category with enough relatively injective objects in which all idempotents split.
With respect to this exact category structure on C(A), a complex is relatively
injective if and only if it is split and has injective object entries.

Cf. T2, XI1.§11], where pure short exact sequences are called proper. A rela-
tively injective object in C(A) is also referred to as an injectively split complez.
To a relatively injective resolution of a complex X € ObC(A), we also refer
as a Cartan-FEilenberg-resolution, or, for short, as a CE-resolution of X; cf.
[, XVIL§1]. A CE-resolution is a CE-resolution of some complex. Considered
as a double complex, it is in particular rowwise split and has injective object
entries.

Given a morphism X L X'in C(A), CE-resolutions J of X and J' of X', a

. fhd .
morphism J L i CC(A) such that (J"? L J") = (0—0) fori <0

and such that

HO(J*,fﬂ:J/*,f) _ (X—f>X/)

is called a CE-resolution of X =N X'. By Remarks @ and Bl each morphism
in C(A) has a CE-resolution.

Proof of Remark@. We claim that C(A), equipped with the said set of short
exact sequences, is an exact category. We verify the conditions (Ex 1,2,3)
listed in [I0, Sec. A.2]. The conditions (Ex 1°,2°,3°) then follow by duality.

Note that by Remark B (3’), a monomorphism X — Y in C(A) is pure if and
only if Z'¥(X — Y') is monomorphic in A for all k € Z.

Ad (Ex 1). To see that a split monomorphism is pure, we may use additivity
of the functor Z’* for k € Z.

Ad (Ex 2). To see that the composition of two pure monomorphisms is pure,
we may use Z'* being a functor for k € Z.

Ad (Ex 3). Suppose given a commutative triangle

Y

SN

in C(A). Applying the functor Z’* to it, for & € Z, we conclude that
Z'*(X — Y) is monomorphic, whence X — Y is purely monomorphic. So

X

Z,

DOCUMENTA MATHEMATICA 13 (2008) 677-737



COMPARISON OF SPECTRAL SEQUENCES INVOLVING BIFUNCTORS 693

~
SN

X————7

we may complete to

A

B

in C(A) with (X,Y, B) and (A, Y, Z) pure short exact sequences. Applying Z'*
to this diagram, we conclude that Z’*(A — B) is a monomorphism for k € Z,
whence A — B is a pure monomorphism.

This proves the claim.

Note that idempotents in C(.A) are split since C(.A) is also an abelian category.
We claim relative injectivity of complexes with split differentials and injec-
tive object entries. By a direct sum decomposition, and using the fact that
any monomorphism from an elementary split acyclic complex with injective
entries to an arbitrary complex is split, we are reduced to showing that a pure
monomorphism from a complex with a single nonzero injective entry, at posi-
tion 0, say, to an arbitrary complex is split. So suppose given I € OblInj A,
X € ObC(A) and a pure monomorphism Conc I —s= X. Using Remark B (3’),
we may choose a retraction to the composite (I —> X9 — Z/°X). This yields
a retraction to I — X9 that composes to 0 with X ! — X° which can be
employed for the sought retraction X — Conc I. This proves the claim.

Let X € ObC(A). We claim that there exists a pure monomorphism from X
to a relatively injective complex. Since A has enough injectives, by a direct
sum decomposition we are reduced to finding a pure monomorphism from X to
a split complex. Consider the following morphism ¢y, of complexes for k € Z,

(10)
0 Xk Xkp7kX 0
s k2 L k1 d Xk 4o kit .

where X* —10)—> 7' X is taken from X. The functor Z’* maps it to the identity.
We take the direct sum of the upper complexes over k € Z and let the mor-
phisms ¢, be the components of a morphism ¢ from X to this direct sum. At
position k, this morphism ¢ is monomorphic because ¢ is. Moreover, Z'*(¢)
is a monomorphism because Z'*(¢) is. Hence ¢ is purely monomorphic by
condition (3’) of Remark B This proves the claim. o

REMARK 10 Write £ := C(A). Given £ > 0, we have a homology functor

14 C Hl
£ A, which induces a functor C(E) ey C(A). Suppose given a purely

acyclic compler X € ObC(E). Then C(H*)X € ObC(A) is acyclic.
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Proof. This follows using the definition of pure short exact sequences, i.e.
Remark B (1). o

2.4 AN EXACT CATEGORY STRUCTURE ON C[O(A)

Write CC- “F(Inj A) for the full subcategory of CC“(A) whose objects are
CE-resolutions. Write KK“ “(Inj A) for the full subcategory of KK-(A) whose
objects are CE-resolutions.

REMARK 11 The category C[O(.A), equipped with the short exact sequences that
lie in CI°(A) and that are pure in C(A) in the sense of Remark® as pure short
exact sequences, is an exact category wherein idempotents are split. It has
enough relative injectives, viz. injectively split complezes that lie in C[O(.A).

Proof. To show that it has enough relative injectives, we replace ¢q in the proof

/ 1
of Remark @ by X o, Conc X°, defined by X o, Xo at position 0. o

2.5 THE CARTAN-EILENBERG RESOLUTION OF A QUASIISOMORPHISM

Abbreviate £ := C(A), which is an exact category as in Remark @l Consider
CC-(A) C ClO(&), where the second index of X € ObCC-(A) counts the
positions in & = C(A); i.e. when X is viewed as a complex with values in &,
its entry at position k is given by X** € £ = C(A).

REMARK 12 Suppose given a split acyclic complexr X € Ob C[O(.A). There
exists a horizontally split acyclic CE-resolution J € ObCC- “F(Inj A) of X.

Proof. This holds for an elementary split acyclic complex, and thus also in the
general case by taking a direct sum. o

LEMMA 13 Suppose given X € Ob CC"-(A) with pure differentials when con-
sidered as an object of CI°(E), and with H*(X*~) ~0 in C°(A) for k > 1.
Suppose given J € ObCC-(Inj.A) with split rows J** for k > 1. In other
words, J is supposed to consist of relative injective object entries when consid-
ered as an object of CIO(E).

Then the map

HO((-)"")

(*) KKL(A)(Xv J) K[O(A)(HO(X*’_), HO(J*’_))
is bijective.
Proof. First, we observe that by Remark Bl we have

(x4) ko)X, J) e, e(H(X™7), HO(J97)) -

DOCUMENTA MATHEMATICA 13 (2008) 677-737



COMPARISON OF SPECTRAL SEQUENCES INVOLVING BIFUNCTORS 695

So it remains to show that (x) is injective. Let X—f> J be a morphism
that vanishes under (x). Then H?(X*~) —H°(J*™) factors over a split
acyclic complex S € ObCP(A); cf. Remark I Let K be a horizontally split
acyclic CE-resolution of S; cf. Remark By Remark Bl we obtain a mor-
phism X — K that lifts H° (X*’_) — S and a morphism K — J that lifts
S —H°(J*~). The composite X — K — J vanishes in KK"(A). The
difference

X Lo )) - (X — K — )

lifts HO(X*) N HO(J*~). Hence by (**), it vanishes in KI°(€) and so a
fortiori in KK*“(.A). Altogether, X .+ J vanishes in KK"(A). o

()

PROPOSITION 14 The functor CC “F(Inj A)
equivalence

ClO(A) induces an

HO((—)*—
KK" CE(Inj A) #» KCA) .
Proof. By Lemma [[3 this functor is full and faithful. By Remark Bl it is
dense. o

COROLLARY 15 Suppose given X, X' € ObC0(A). Let J be a CE-resolution
of X. Let J' be a CE-resolution of X'. If X and X' are isomorphic in KI°(A),
then J and J' are isomorphic in KK*(A).

The following lemma is to be compared to Remark

LEMMA 16 Suppose given an acyclic complex X € Ob C[O(.A). There exists
a rowwise split acyclic CE-resolution J of X. Fach CE-resolution of X is
isomorphic to J in KK“(A).

Proof. By Corollary [H it suffices to show that there exists a rowwise split
acyclic CE-resolution of X. Recall that a CE-resolution of an arbitrary com-
plex Y € ObC(A) can be constructed by a choice of injective resolutions of
HFY and B*Y for k € Z, followed by an application of the abelian Horseshoe
Lemma to the short exact sequences BFY — Z¥Y — H*Y for k € Z and
then to Z*Y — Y* — B**1Y for k € Z; cf. B, Chap. XVII, Prop. 1.2].
Since H*X = 0 for k € Z, we may choose the zero resolution for it. Applying
this construction, we obtain a rowwise split acyclic CE-resolution. o

Given X —2» X’ in Cl(A4), a morphism J—Le s in CC-(A) is called a

CE-resolution of X —1+ X' if HO(f*~) ~ f, as diagrams of the form e — e.
By Remark B given CE-resolutions J of X and J' of X', there exists a

CE-resolution J . J of X i X'.
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PROPOSITION 17 Let X Lo X be a quasiisomorphism in CIO(A).  Let

J—f> J' be a CE-resolution of X I X'. Then f can be written as a com-
posite in CC- CF (Inj . A) of a rowwise homotopism, followed by a double homo-
topism.

Proof. Choose a pointwise split monomorphism X —+ Ainto a split acyclic
complex X. We can factor

1
(x L x1y = <X”—“)»X’@A@»X’>,

so that (fa) is a pointwise split monomorphism. Let B be a CE-resolution of
A. Choosing a CE-resolution b of a, we obtain the factorisation

(L) = <Jﬂ yont J’).

1 1

Since X'@ A @» X' is a homotopism, J' @B @» J is a double homotopism;
cf. Corollary T8 Hence f is a composite of a rowwise homotopism and a double
homotopism if and only if this holds for (f»). So we may assume that f is
pointwise split monomorphic, so in particular, monomorphic.

By Proposition [[d, we may replace the given CE-resolution f by an arbitrary
CE-resolution of f between J and an arbitrarily chosen CE-resolution of X'
without changing the property of being a composite of a rowwise homotopism
and a double homotopism for this newly chosen CE-resolution of f.

Let X L+ X/ — X be a short exact sequence in CIO(A). Since f is a quasi-
isomorphism, X € ObCI(A) is acyclic. Let J be a rowwise split acyclic

CE-resolution of X; cf. Lemmal[l8 The short exact sequence X I X' — X
is pure by acyclicity of X; cf. Remark B(1). Hence by the exact Horseshoe
Lemma, there exists a rowwise split short exact sequence J — J' — J of
CE-resolutions that maps to X e X' —+ X under H°((=)*7); cf. Remark @

Since J is rowwise split acyclic and since the sequence J — J" — J is row-

wise split short exact, J — J’ is a rowwise homotopism. Since J — J' is a

CE-resolution of X N X', this proves the proposition. o

3 FORMALISM OF SPECTRAL SEQUENCES

We follow essentially VERDIER |17, I1.4]; cf. [6] App.]; on a more basic level, cf.
[T, Kap. 4].

Let A be an abelian category.
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3.1 POINTWISE SPLIT AND POINTWISE FINITELY FILTERED COMPLEXES

Let Zoo := {—o00o} UZ U {oo}, considered as a linearly ordered set, and thus as
a category. Write |a, 8] := {0 € Zoo : a <o < B} for o, f € Zy such that
a < (3 ete.
Given X € Ob[lZ.,,C(A)], the morphism of X on a < § in Zs shall be
denoted by X(a) — X(3).
An object X € Ob [ Z,,, C(A)1 is called a pointwise split and pointwise finitely
filtered complex (with values in A), provided (SFF 1,2,3) hold.

(SFF 1) We have X (—o0) = 0.

(SFF 2) The morphism X () = X(B)* is split monomorphic for all
1€Z and all o < fin Zo.
(SFF 3) Foralli € Z, there exist o, ag € Z such that X (a)! — X (3)"
is an identity whenever a < 6 < Gy or ap < a < [ in Zo.
The pointwise split and pointwise finitely filtered complexes with values in A
form a full subcategory SFFC(A) C [Z.,, C(A)].
Suppose given a pointwise split and pointwise finitely filtered complex X with
values in A for the rest of the present §8
Let o € Zoo. Write X () := Cokern (X (a — 1) — X (a)) for o € Z. Given
i € Z, we obtain X (a)" ~ Doe)—co.a] X (o), which is a finite direct sum. We

identify along this isomorphism. In particular, we get as a matrix representa-
tion for the differential

(X ()i =5 X (a)i*1)

(d5,)or

= @ae]foo,a] X(U)l @Te]—oqa] X(T)H_l

where df,’T = 0 whenever o < 7; a kind of lower triangular matrix.

3.2 SPECTRAL OBJECTS

Let Zoo = Zoo x Z. Write a** := (a,k), where a € Zy, and k € Z. Let
ath < BT inZy if k <lor (k=/and a < f3), i.e. let Z be linearly ordered
via a lexicographical ordering. We have an automorphism a™* —— at*+! of
the poset Zo, to which we refer as shift. Note that —oot* = (—o00)**.

We have an order preserving injection Zo, —> Zoo , > a0 We use this
injection as an identification of Z., with its image in Z. , i.e. we sometimes
write o := a0 by abuse of notation.

Let Z% = {(a,) € Zoo X Zoo : B71 < a < B < afll. We usually
write 8/a = (a, 3) € Z%; reminiscent of a quotient. The set Z% is partially
ordered by 3/a < '/’ <= (8 < ' and o < ’). We have an automorphism
B/ar— (8/a)t!t ;= atl/j3 of the poset Z7 , to which, again, we refer as shift.
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We write Z# := {/a € Z% : —oo < a < 3 < oo}. Note that any element of
Z7 can uniquely be written as (3/a)** for some 3/a € ZZ, and some k € Z.
We shall construct the spectral object Sp(X) € Ob [ Z7% , K(A) 1. The morphism

of Sp(X) on B/a < B/’ in Z% shall be denoted by X (3/) = X3 /o).
We require that

(X((ﬁ/a)Jrk) N X((g’/a/)+k)) _ (X(ﬁ/a) N X(ﬁ//a’)).+k

for B/a < B'/a’ in Z% ; i.e., roughly put, that Sp(X) be periodic up to shift of
complexes.

Define
X(8/a) = Cokern (X (a) —= X(3))

for 3/« € ZZ,. By periodicity, we conclude that X (a/a) = 0 and X (a™!/a) =
0 for all @ € Z.
Write

Do grar = (ds Doelas), rejarp) = X(Bla) — X(6'[a’) !

fori € Z and B/a, /o’ € Z%.
Given —co < a< <y < oo and i € Z, we let

, (10)

(X == x/a)) = (X L2 X(5/a) 0 X(0/5))

(x(6/a) & x5 0, X(/5)
X(3/a) ).

(e == x(/8)
(xtsor = x@y) = (x6/07

D6, 6/a

By periodicity up to shift of complexes, this defines Sp(X). The construction
is functorial in X € Ob SFFC(A).

3.3 SPECTRAL SEQUENCES

Let ZZ# .= {(y/a,0/8) € Z x 2% : 6 ' <a <<y <d<at'}) Given
(v/a,8/8) € Z%#, we usually write d/3/v/a := (v/a,d/B). The set ZZ¥ is
partially ordered by

8[Bfv/a<d'[B |V /o' = (v/a<y'/a’ and 6/ <6'/F).
Define the spectral sequence E(X) € ObLZ## Al of X by letting its value on
8/Bfvfe < 8'/B ] [
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in Z%# be the morphism that appears in the middle column of the diagram

H(X (v/@)) —+—=E(0/B/~/o)(X) ——=H’(X(3/0))

H°<z>l l HO(I)J«

H (X (v'/a")) —+—=E(0'/8' [ /o) (X) —e—=H(X(&'/5")) -
Given 6/3/)v/a € Z%# and k € Z, we also write
E(3/B]v/a)™M(X) = E((6/8)"* ) (v/a) ) (X) .
Altogether,
[Z,C(A)D D SFFC(A) — [Z% KA — [Z%# Al

X — SpX) — E(X).

3.4 A SHORT EXACT SEQUENCE

LEMMA 18 Given e ' <a <3< y<d<e< atl in ZOO, we have a short
exact sequence

E(e/B/v/a)(X) —= E(e/B8/5/a)(X) — E(e/v/3/a)(X).
Proof. See [10, Lem. 3.9]. o

LEMMA 19 Givene ' <a<gB8<y<di<e<atl in Z, we have a short
exact sequence

B(e/7/0/a)(X) —~ B(e/v/3/8)(X) —~ B(a™'/v/6/8)(X).

Proof. Apply the functor induced by 8/a+—a*!/3 to Sp(X). Then apply
[I0, Lem. 3.9]. o
The short exact sequence in Lemma is called a fundamental short exact
sequence (in first notation), the short exact sequence in Lemma [[ is called
a fundamental short exact sequence (in second motation). They will be used
without further comment.

3.5 CLASSICAL INDEXING

Let 1 <r < oo and let p, g € Z. Denote
EP? = EP9(X) = E(—p—1+7r/—p—1/—p/—p—r)""T(X),

T

where ¢ + 00 :=oco and 7 — 00 := —oo for all ¢ € Z.
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ExXAMPLE 20 The short exact sequences in Lemmata [8 [ allow to derive the
exact couples of Massey. Write

D4 = DY(X) = B(—i/—o00)—i—r+1/—00) T (X)
for i, j € Z and r > 1. We obtain an exact sequence
Di’j e, Di‘“’fl °, Ei*’“‘2’j_’“+2 °, Df”'_l’j_’“” °, Df”'_Q’j"'”

by Lemmata I8 TA

3.6 COMPARING PROPER SPECTRAL SEQUENCES

Let X I, Y be a morphism in SFFC(A), i.e. a morphism of pointwise split and

BE(f
pointwise finitely filtered complexes with values in A. Write E(X) B, E(Y)

for the induced morphism on the spectral sequences.
For a, 8 € Zo, we write o < 3 if

(a<pB) or (a=p and ae{cc™ : keZ}U{-oco™ : keZ}).
We write
Zo#o# = {§/B)y/acZt# . 51 <a<pB<y<i<atl}.

We write ' ' .

for the proper spectral sequence of X; analogously for the morphisms.

LEMMA 21 If E(a+ 1/a—1/a/a—2)F(f) is an isomorphism for all oo € Z
and all k € Z, then E(f) is an isomorphism.

Proof. Claim 1. We have an isomorphism E(v/3 — 1/8/8 — 2)*k(f) for all
k€ Z,all g € Z and all v € Z such that v > 3. We have an isomorphism
E(B+1/8—1/8/a—1)**(f) for all k € Z, all 8 € Z and all o € Z such that
a < f.

The assertions follow by induction using the exact sequences

e

E(y+2/v/v+1/8)™" — E(v/8-1/3/6—2)"*
—~ B(y+1/8-1/8/8—2)"* — 0

and

0 — E(B+1/8-1/B/a—2)"* — E(B+1/8-1/8/a—1)**

— E(B—-1/a—2)a—1/a—3)Tk+.

DOCUMENTA MATHEMATICA 13 (2008) 677-737



COMPARISON OF SPECTRAL SEQUENCES INVOLVING BIFUNCTORS 701

Claim 2. We have an isomorphism E(y/3—1/8/a— 1)*k(f) for all k € Z and
all a, B, v € Z such that a < 8 < 7.

We proceed by induction on v — . By Claim 1, we may assume that o <
0 —1< g4+ 1<~. Consider the image diagram

E(y—1/8-1/8/a—1)** <+ B(y/8-1/8/a—1)"* — E(y/B-1/B/a)*" .

Claim 3. We have an isomorphism E(6/3/v/a)™*(f) for all k € Z and all
a, B,7,0 € Z such that o < <y < 4.

We may assume that v — 3 > 1, for E(§/3/8/a)t™* = 0. We proceed by
induction on v — 8. By Claim 2, we may assume that v — 3 > 2. Consider the
short exact sequence

E(3/8/y — 1/a)tF —~ E(5/8/v/a)™ <~ B(/y—1/v/a)™ .

Claim 4. We have an isomorphism E(6/3/v/a)*k(f) for all k € Z and all
a, 8,7, 0 € Zy such that a < 8 < v < 4.

In view of Claim 3, it suffices to choose & € Z small enough such that
B(3/B/7/3)(f) = B(6/8/7/ —o0) HH(f); etc.

Claim 5. We have an isomorphism E(6/8/v/a)™*(f) for all k € Z and all
a, 3,7, 0 € Zy such that a < 3 < < 6.

In view of Claim 4, it suffices to choose B € Z small enough such that
E(3/B]v/—00) " (f) = B(3/—00/v/—00)T*(f); ete.

Claim 6. We have an isomorphism E(6/3/v/a)*k(f) for all k € Z and all
a, 3,7, 0 € Zo such that —co < ' <a<B<y<o00< —oot! <6< atl.
In view of Claim 5, it suffices to consider the short exact sequence

E(oo/Bf7/07 )tk — B(oo/BJv/a)™ —~ B(8/B/y/a)™ .

Claim 7. The morphism E(f) is an isomorphism.
Suppose given o, 3, 7, § € Zy such that 6 ' <a <3<y < d<atl Viaa
shift, we may assume that we are in the situation of Claim 5 or of Claim 6. o

3.7 THE FIRST SPECTRAL SEQUENCE OF A DOUBLE COMPLEX

Let A be an abelian category. Let X € ObCC-(A). Given n € Z.,, we write
X [™* for the double complex arising from X by replacing X%/ by 0 for all i €
[0,n]. We define a pointwise split and pointwise finitely filtered complex t; X,
called the first filtration of tX , by letting t; X (o) := tX[~®* for a € Z; and by
letting t; X (a) — t1.X (3) be the pointwise split inclusion t X [~®* — t X[
for a, B € Zoo such that o < 8. Let E; = E(X) := E(t;X). This construction
is functorial in X € Ob CC-(A). Note that t; X (a) = X ~®k+e,

We record the following wellknown lemma in the language we use here.
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LEMMA 22 Let o €]—00,0]. Let k € Z such that k > —a. We have

Er(a/a—1fa/a—1)*(X) = HFo(X—)
Ei(a+1/a—-1/a/a—-2)TF(X) = H*HF*(X"*)),

naturally in X € Ob CC-(A).
Proof. The first equality follows by Ej(a/a—1/a/a—1)tF = H*; X (a/a—1) =
Hk+a(X_a’*).

The morphism t;X (a/a—1) — ;X ((a—2)" /a—1) = t;: X (e — 1/ —
from Sp(t1X) is at position k& > 0 given by

2)0+1

- 18 _
tIX(a)k _ Xfa,kJra #, X*Ot+1,k+a — tIX(a N 1)k+1 :

cf. JLTA In particular, the morphisms

e

Eila+1/afa+1/a)tF 1 — Ei(a/a—1)a/a—1)*F
—+ Eila—1/a—2/a—1/a—2)Tk+!
are given by
S )

HkJra(Xfafl,*) HkJra(Xfa,*)
(—1)*HET(3)

Hk-l—oz(X—oz-i-l,*) .

Now the second equality follows by the diagram

Ei(a+1/a—1/a/a—2)T

/\\

Ei(a/a—1)a/a—2)T Er(a+1/a—1ja/a—1)tF

\'\/

e

Ei(a+1/afa+1/a) ‘HC 1 — Ej(a/a—1Ja/a—1) +k _>El(a 1/a—2/a—1/a— 2)+k+1 .

o

REMARK 23 Let X — Y be a rowwise quasiisomorphism in CC-(A). Then
E1(8/8/)v/a)tE(f) is an isomorphism for 6 ' <a <<y < i< atl inZy
and k € Z.

Proof. Tt suffices to show that the morphism Sp(trf) in [Z# , K(A)1 is point-
wise a quasiisomorphism. To have this, it suffices to show that t f** is a quasi-
isomorphism for k& > 0. But f** is a rowwise quasiisomorphism for k& > 0; cf.

qLTda o
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LEMMA 24 The functor CC-(A) N 0Z%#, Al factors over

KK-(A) —~ [Z## AD.
Proof. By Lemmalll we have to show that E; annihilates all elementary horizon-
tally split acyclic double complexes in Ob CC*(A) and all elementary vertically
split acyclic double complexes in Ob CC-(A).
Let U € Ob CC"(.A) be an elementary vertically split acyclic double complex
concentrated in rows ¢ and ¢ + 1, where ¢ > 0. Let V € ObCC"(A) be an
elementary horizontally split acyclic double complex concentrated in columns
j and j + 1, where 5 > 0.
Since V is rowwise acyclic, E; annihilates V by Remark Z3, whence so does Er.
Suppose given

(%) o <a<f<y<s<oo

in Zo, and k € Z. We claim that the functor Ef(6/3/~v/a)** annihilates U.

We may assume that 3 < ~. Note that E;(6/3/v/a)t*(U) is the image of
H* (tiU(v/a)) — H*(t1U(5/))

The double complex U9+ / Ul=P* is columnwise acyclic except possibly if
—fB =i+ 1orif —0 =i+ 1. The double complex U[’%*/U[’O"* is columnwise
acyclic except possibly if —a =i+ 1 or if —y = i+ 1. All three remaining
combinations of these exceptional cases are excluded by (*), however. Hence
E1(8/8/v/a)t*(U) = 0. This proves the claim.

Suppose given

(x%) Sl<a<pf<y<oo< -0 <d<att.
in Zo, and k € Z. We claim that the functor E;(6/3/v/a)™* annihilates U.

We may assume that 3 < v and that 6! < a. Note that E;(§/8/v/a)**(U)
is the image of

HF (tU (v/ar)) — HF (U (B/07Y)) .
The double complex Ul=7* JU (=67 s columnwise acyclic except possibly
if —~(0=') =i+ 1orif —f =i+ 1. The double complex Ul=7*/Ul-a* is
columnwise acyclic except possibly if —y = i+1 or if —a = i+1. Both remaining
combinations of these exceptional cases are excluded by (x*), however. Hence

E1(6/8/~/a)t*(U) = 0. This proves the claim.
Both claims taken together show that E; annihilates U. o

4 GROTHENDIECK SPECTRAL SEQUENCES

4.1 CERTAIN QUASIISOMORPHISMS ARE PRESERVED BY A LEFT EXACT
FUNCTOR

Suppose given abelian categories A, B, and suppose that A has enough injec-

F
tives. Let A — B be a left exact functor.
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REMARK 25 Suppose given an F-acyclic object X € Ob A and an injective res-
olution I € ObC0(InjA) of X. Let ConcX I I be its quasiisomorphism.

F
Then Conc F X i, F1I is a quasiisomorphism.

Proof. This follows since F is left exact and since H (FI) ~ (R'F)X =~ 0 for
1> 1. =

REMARK 26 Suppose given a complex U € Ob C[O(.A) consisting of F-acyclic
objects.  There exists an injective complex resolution I € ObC0(Inj.A)

of U such that its quasiisomorphism U—f> I maps to a quasiisomorphism
FU - F1

Proof. Let J € Ob CC- “®(Inj A) be a CE-resolution of U; cf. Remark @l Since
the morphism of double complexes Concy U — J is a columnwise quasiiso-
morphism consisting of monomorphisms, taking the total complex, we obtain
a quasiisomorphism U — tJ consisting of monomorphisms. By F-acyclicity
of the entries of U, the image Concy FU — F'J under F is a columnwise
quasiisomorphism, too; cf. Remark Bl Hence F maps the quasiisomorphism
U — tJ to the quasiisomorphism FU — FtJ. So we may take I :=tJ. o

LEMMA 27 Suppose given a complex U € Ob C[O(.A) consisting of F-acyclic

objects and an injective complex resolution I € Ob Cl9(Inj A) of U. Let U I, 1
F

be its quasiisomorphism. Then FU i, F1I is a quasiisomorphism.

Proof. Let U — I’ be a quasiisomorphism to an injective complex resolution

I’ that is mapped to a quasiisomorphism by F’; cf. Remark Since U — I’

is a quasiisomorphism, the induced map g(4\(U,I)<~— gal’,I) is surjec-
tive, so that there exists a morphism I’ — I such that (U —I' —I) =

U L, I) in K(A). Since, moreover, U L risa quasiisomorphism, I’ — I
is a homotopism. Since FU — F'I’ is a quasiisomorphism and FI' — F1 is
a homotopism, we conclude that FU — F'I is a quasiisomorphism. o

4.2 DEFINITION OF THE GROTHENDIECK SPECTRAL SEQUENCE FUNCTOR

Suppose given abelian categories A, B and C, and suppose that A and B have

enough injectives. Let A L Band B <, C be left exact functors.
A (F,G)-acyclic resolution of X € Ob A is a complex A € Ob CI°(A), together
with a quasiisomorphism Conc X — A, such that the following hold.

(A1) The object A® is F-acyclic for i > 0.
(A2) The object A® is (G o F)-acyclic for i > 0.

(A3) The object FA* is G-acyclic for i > 0.
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An object X € Ob.A that possesses an (F,G)-acyclic resolution is called
(F, G)-acyclicly resolvable. The full subcategory of (F,G)-acyclicly resolvable
objects in A is denoted by A(r,q)-

A complex A € Ob C[O(.A), together with a quasiisomorphism Conc X — A,
is called an F'-acyclic resolution of X € Ob A if (A 2) holds.

REMARK 28 If F' carries injective objects to G-acyclic objects, then (A1) and
(A 3) imply (A2).

Proof. Given i > 0, we let I be an injective resolution of A%, and I the acyclic
complex obtained by appending A° to I in position —1. Since A* is F-acyclic,
the complex F1I is acyclic; cf. Remark BFl Note that FBT ~ F A’ is G-acyclic
by assumption. Since

(RFG)FI! — (R*G)FB/T'I — (R*'G)FBII
is exact in the middle for 7 > 0 and k£ > 1, we may conclude by induction on

j and by G-acyclicity assumption on F' I’ that FBIT is G-acyclic for j > 0. In
particular, we have (R*G)(FB/I) ~ 0 for j > 0, whence

GFB’] — GFI’ — GFB'*']

is short exact for 5 > 0. We conclude that (G o F)I is acyclic. Hence A’ is
(G o F)-acyclic. o

To see Remark 28 one could also use a Grothendieck spectral sequence, once
established.

REMARK 29 Suppose given X € Ob A, an injective resolution I of X and an
F-acyclic resolution A of X. Then there exists a quasiisomorphism A — T

that is mapped to 1x by H°. Moreover, any morphism A —+ T that is mapped
to 1x by HY is a quasiisomorphism and is mapped to a quasiisomorphism

Fu
FA—— FI by F.

Proof. Let I’ be an injective complex resolution of A such that its quasiisomor-
phism A — I’ is mapped to a quasiisomorphism by F’; cf. Remark We
use the composite quasiisomorphism Conc X — A — I’ to resolve X by I'.
To prove the first assertion, note that there is a homotopism I’ — I resolving
1x; whence the composite (A — I’ — I) is a quasiisomorphism resolving
1x.

To prove the second assertion, mnote that the induced map
KA(A I) ~— g, I) is surjective, whence there is a factorisation

A—TI—1)= (A = I) in K(A) for some morphism I’ — I, which,
since resolving 1x as well, is a homotopism. In particular, A > Tisa quasi-

F
isomorphism. Finally, since FI' — FI is a homotopism, also F'A “S FIis
a quasiisomorphism. o
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Alternatively, in the last step of the preceding proof we could have invoked
Lemma P71

The following construction originates in [Bl XVIL.§7] and [7 Th. 2.4.1]. In its
present form, it has been carried out by HAAS in the classical framework [J].
‘We do not claim any originality.

I do not know whether the use of injectives in A in the following construction
can be avoided; in any case, it would be desirable to do so.

We set out to define the proper Grothendieck spectral sequence functor

oGr

E =
Apa —= Tz## c].

We define E%YG on objects. Suppose given X € ObApg). Choose an
(F,G)-acyclic resolution Ax € ObCl0(A) of X. Choose a CE-resolution
Jx € ObCC-(InjB) of FAx. Let EF'4(X) := Ei(GJx) = E(tiGJx) €
Ob [Zfo#, CJ1 be the Grothendieck spectral sequence of X with respect to F
and G. Accordingly, let

E@L(X) == Ei(GJx) = B(uGJx) € OblZ## ]l

be the proper Grothendieck spectral sequence of X with respect to F' and G.
We define EgYG on morphisms. Suppose given X € Ob A ), and let Ax
and Jx be as above. Choose an injective resolution Ix € ObCl0(InjA) of

X. Choose a quasiisomorphism Ax 2T x that is mapped to 1x by H° and
to a quasiisomorphism by F; cf. Remark Choose a CE-resolution Kx €

Ob CC*(Inj B) of FIx. Choose a morphism Jy —» Kx in CC"(Inj B) that is
mapped to Fpx by HO((—)*7); cf. Remark B

Note that Jx —~» Kx can be written as a composite in CC- “E(Inj B) of a
rowwise homotopism, followed by a double homotopism; cf. Proposition [

Hence, so can GJx Gax, GKx. Thus EI(GJX) M EI(GKX) is an
isomorphism; cf. Remark B3l Lemma P41

Suppose given X Jyvin A(r,c). Choose a morphism Iy I, Iy in C0(A)

that is mapped to f by H°. Choose a morphism K x A Ky in CC-(Inj B)
that is mapped to Ff’ by H’((—)*7); cf. Remark Bl Let

E¢.(x Ly) =

. E1(Ggx . Ei(Gf") - Er(Ggy)
<EI(GJX) B, i (GRy) 20y (GRy) SG) EI(GJY)> .
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The procedure can be adumbrated as follows.

"

Kx Ky
‘”7' "Y/'
Jx Jy
!
IX IY
p;y’ m/
AX AY
f
X Y

We show that this defines a functor E}G,fG cAre — [ZO#O#, CJ. We need to
show independence of the construction from the choices of f’ and f”, for then
functoriality follows by appropriate choices.

Let Ix %» Iy and Kx . Ky be alternative choices. The residue classes of
f"and f" in KI°(A) coincide, whence so do the residue classes of F f’ and F f’
in KI°(B). Therefore, the residue classes of f” and f” in KK“(B) coincide; cf.
Proposition [ Hence, so do the residue classes of Gf” and Gf” in KK* (©).
Thus Er(Gf") = Er(Gf"); cf. Lemma P4

We show that alternative choices of Ax, Ix and px, and of Jx, Kx and qx,
yield isomorphic proper Grothendieck spectral sequence functors.

Let A X 25T x and J X K x be alternative choices, where X runs through
Ob A(rq).-

Suppose given X I, Y in A(p,). We resolve the commutative quadrangle

X—f>Y

|, |

X—Y
in A to a commutative quadrangle

IXfﬁIy

uxl luy
JE/

fX—>fy
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in K[O(A), in which ux and uy are homotopisms; cf. Remark Bl Then we
resolve the commutative quadrangle

Ff’
Flxy —= Fly

Fuxl/ lF’uy
Ff'

FfX —_— ny
in KI°(B) to a commutative quadrangle

KXf—>Ky

le lvy
f//

RX—>ky

in KK"(B); cf. Proposition [[Al Therein, vx and vy are each composed of a
rowwise homotopism, followed by a double homotopism; cf. Proposition [ So
are Gux and Guy. An application of EI(G(f)) yields the sought isotransfor-
mation, viz.

EI(iQX) EI(GKX) El(ivx) EI(Gf(X) El(i(ix)

(Ex(Gx) Ei(Gx) )

at X € Ob A(pg); cf. Remark E3 Lemma P41

Finally, we recall the starting point of the whole enterprise.

REMARK 30 ([B, XVIL§7], [@, TH. 2.4.1]) Suppose given X € ObArq
and k, £ € Z>o. We have

EFo(—k+1/=k—1/—k/-k=2)""(X) =~ RFG)R'F)(X)
Bf;(00/ —00/ 00/ —00) HEH(X) ~ (RMY(GoP))(X),

naturally in X.

Proof. Keep the notation of the definition of E%YG .
We shall prove the first isomorphism. By Lemma B2 we have

BfG(—k+1/—k =1/ —k/~k = 2)"H(X) ~ BYH'(GI™)).

Since Jx is rowwise split, we have HY(GJy™) ~ G(H'Jy™). Note that
HfJ" is an injective resolution of H* FAx; cf. Remark B (1). By Remark 29

HOFAx "7 MR T ~ (REF)(X). So
HE(HY(GIY)) ~ HYGH T™) ~ (RFG)(H FAx) ~ (RFG)(RFF)(X) .
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We shall prove naturality of the first isomorphism. Suppose given X =N Y
in A(p,g). Consider the following commutative diagram. Abbreviate E :=

E(—k+1/—k—1)—k/—k—2)tkte,

B(t;Gax) B(t Gf') B(t;Gay)
E(tiGJx) — 2> BtiGKx) ———> E(tiGKy) ~————— E(t:G.Jy)
2 14 14 14
HkHle;(’* HFHEG 11—+ HkHle;’*
H*H'GJ* —— H'H'GK " ———> H*H'GK, " =<— HFH'GJ, "
2 14 14 14
chH’fq;(v* HEGuef—* chH’-’q;v*
HFGH J " ——— H*GH'K " HFGH'K " <———— HFGH I,
2 14 14 14
(RFa)H Fp (RFa)HEF ! (RF@)H  Fpy
(RFG)H FAx ——— (RFG)H'FIx —— (R*Q)H*FIy =——— (R*GQ)H'FAy
14 14

®RFG)®RIF)()
RFQRF)(X) —— RFORF)(Y)

We shall prove the second isomorphism. By Lemma 1 the quasiisomorphism

FAx — tJx maps to a quasiisomorphism GFAx — tGJx ~ GtJx. By

Lemma 7 the quasiisomorphism Ax 2N x maps to a quasiisomorphism

GFAx %% GFI.. So

E%fG(oo/foo//oo/foo)Jrk”(X) ~ HFY(tGIx) ~ HFY(GtJy)
~ HYGFAx) ~ HY(GFIx)
~ (RFYGoF))(X).

We shall prove naturality of the second isomorphism. Consider the following
diagram. Abbreviate E := EF';(co/—o00/00/—o0) Tt

- B(t;Gax) . BE@rGf') BE(t;Gay) .
E(tIGJx) — E(tIGKx) EEE—— E(tIGKy) <7 E(tIGJy)
2 z z 2
Hk+fthX aktligy! Hk+£thY
HGIx ——> HM Y9G K x ——— B YYG Ky <—— H 9GJy
2 z 2 2
H)H’[thx ak+laey! H)H’[thy

HGtIx —— HFY Gtk x ——— HFPUGtKy <—— H MGty

? !

kG Ep ko HE G Fpy
HFCGFAx —— H'M'GFIx —— HFY'GFIy <——— HFY'GFAy

? ?

(Rk+Z(G ° F))(X) m (Rk+£(G ° F))(Y)
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4.3 HAAS TRANSFORMATIONS

The following transformations have been constructed in the classical framework
by Haas [B]. We do not claim any originality.

4.3.1 SITUATION

Consider the following diagram of abelian categories, left exact functors and
transformations,

A—t.p—%.¢

o) 2|

A/LB/_>C/,

ie. loUVoF and G' oV —WoG. Suppose that the conditions
(1,2,3) hold.

(1) The categories A, B, A" and B’ have enough injectives.
(2) The functors U and V carry injectives to injectives.

(3) The functor F' carries injective to G-acyclic objects. The functor F’
carries injective to G'-acyclic objects.

We have A(p ) = A since an injective resolution is an (F, G)-acyclic resolution.
Likewise, we have A'(F,’G,) =A.

Note in particular the case U =14,V =1gand W = 1¢.

We set out to define the Haas transformations

I 11
h “ h,,

Elg}",G’ (U(_)) - E(F}'TG’OV( _) - ElngoG( _) )

where hL depends on F, F', G', U, V and u, and where h},l depends on F', G,
G',V, W and v.

4.3.2 (CONSTRUCTION OF THE FIRST HAAS TRANSFORMATION

Given T' € Ob A, we let E%YG(T) be defined via an injective resolution Iy of T
and via a CE-resolution Jp of Flp; cf. §2A

Given T” € Ob A’, we let E%{G,(T’) be defined via an injective resolution I%,
of T" and via a CE-resolution J7, of F'I7,; cf. &2

We define hL. Let X € ObA. By Remark B there is a unique morphism

h' X ' X
Il —> Ulx in KI°(A) that maps to 1yx under HO. Let J},, —> V.Jx
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be the unique morphism in KK-(B’) that maps to the composite mor-
phism (F'I};x B2Y Pure VFIx) in KO(B') under HO((-)""); cf
Lemma Let the first Haas transformation be defined by

I

. h X .
(B 6 (UX) 2 B (X))

Ei(G'h" X
= (EI(G’J{JX) {G R X)

EI(G’VJX)) .

We show that hL is a transformation. Let X I, Y be a morphism in A.

Let Ix ——» Iy resolve X —+Y. Let Jy —— Jy resolve Fly - FIy.

Let Iy i I,y resolve UX Yy, Let J/x L, Juy resolve

F/ !
FIIUX — F/IUy. The quadrangle

UX=—7=UX
a |o
Uy —=UY

commutes in A’. Hence, by Remark [ applied to I}, and Uly, the resolved
quadrangle

X
I{JX ——=Ulx

L

I, ——=UI
Uy oy Y

commutes in K°(A’). Hence both quadrangles in

F/I(/JX M)F/U]X LVFIX

F’f’l l/F’Uf’ lVFf’

FIII /
Uy WFUIYTVFIY

commute in KI°(B’). By Lemma [[3 applied to Jirx and VJy, the outer quad-
rangle in the latter diagram can be resolved to the commutative quadrangle

Ty WX Vix
fT// l/ l Vf”
!
JUY ING% VJY
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in KK“(B’). Applying EI(G’ (7)) and employing the definitions of E%{G,,
E%TG/OV and hL , we obtain the sought commutative diagram

I

Ef e (UX) Efaoy (X)
ngVG,(Uf)l lngclgv(f)
E%,GI(UY) . E}G«“,rG'oV(Y)

huY
in [2?0#, c'1.

4.3.3 (CONSTRUCTION OF THE SECOND HAAS TRANSFORMATION

We maintain the notation of L3I
Given X € Ob A, we let the second Haas transformation be defined by

(E(F;,rcov(X) - Eg,rWoG(X)) = (EI(GIVJX) B, EI(WGJX)) .

It is a transformation since v is.

5 THE FIRST COMPARISON

5.1 THE FIRST COMPARISON ISOMORPHISM

Suppose given abelian categories A, A’ and B with enough injectives and an
abelian category C.

Let A x A’ LN B be a biadditive functor. Let B G, C be an additive functor.
Suppose given objects X € ObA and X’ € Ob.A’. Suppose the following
properties to hold.

(a) The functor F(—, X') : A— B is left exact.
(a’) The functor F(X,—) : A — B is left exact.
(b) The functor G is left exact.

(¢) The object X possesses a (F(—,X’), G)—acyclic resolution A €
Ob ClO(A).

(¢/) The object X’ possesses a (F(X,f),G)—acyclic resolution A’ €
ObClo(A").

Moreover, the resolutions appearing in (c) and (¢’) are stipulated to have the
following properties.
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(d) For all £ > 0, the quasiisomorphism Conc X — A is mapped to a quasi-
isomorphism Conc F(X, A’*) — F(A, A’*) under F(—, A'%).

(d") For all k > 0, the quasiisomorphism Conc X’ — A’ is mapped to a
quasiisomorphism Conc F(AF, X') — F(AF, A’) under F(A*, ).

The conditions (d,d’) are e.g. satisfied if F((—, A’*) and F(AF, —) are exact for
all £ > 0.

THEOREM 31 (FIRST COMPARISON) The proper Grothendieck spectral se-
quence for the functors F(X,—) and G, evaluated at X', is isomorphic to
the proper Grothendieck spectral sequence for the functors F(—,X') and G,
evaluated at X ; i.e.

EIG'“EX,—),G(X/) = EIG«“f—,XI),G(X)
n [Zfo#,C].

Proof. Let Ja, Jar, Jaar € ObCC-(InjB) be CE-resolutions of the com-
plexes F(A, X'), F(X,A"), tF(A,A’") € ObCl(B), respectively.

The quasiisomorphism ConcX —= A is mapped to the morphism
F(Conc X, A"y — F(A,A"), yielding F(X,A") —tF(A,A"), which is a
quasiisomorphism since Conc F(X, A’*) — F(A, A’*) is a quasiisomorphism
for all £k > 0 by (d).

Choose a CE-resolution Jgr — Ja 4+ of F(X,A") —tF(A,A"); cf. Re-
mark Since the morphism F(X, A’) — tF(A, A’) is a quasiisomorphism,
Jar — J4 4 is a composite in CC" CE(Inj B) of a rowwise homotopism and
a double homotopism; cf. Proposition [ So is GJar — GJ4 4. Hence, by
Remark B3 and by Lemma B4l we obtain an isomorphism of the proper spectral
sequences of the first filtrations of the total complexes,

Efix)6(X) = El(GJa) =+ El(GJaa) .
Likewise, we have an isomorphism
BE xn.a(X) = Eil(GJa) = Ei(GJaa).

We compose to an isomorphism ngx .eX) — E%@ x1),c(X) as sought.o

5.2 NATURALITY OF THE FIRST COMPARISON ISOMORPHISM

We narrow down the assumptions just as we have done for the introduction of
the Haas transformations in 3 J]in order to be able to express, in this narrower
case, a naturality of the first comparison isomorphism from Theorem EIl

Suppose given abelian categories A, A’ and B with enough injectives and an
abelian category C.

G
Let A x A’ -, B be a biadditive functor. Let B — C be an additive functor.
Suppose that the following properties hold.
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(a) The functor F'(—, X’) : A— B is left exact for all X’ € Ob A'.
(a’) The functor F(X,—) : A" — B is left exact for all X € Ob A.
(b) The functor G is left exact.

(¢) For all X’ € Ob A’ the functor F(—, X’) carries injective objects to
G-acyclic objects.

(¢') For all X € Ob.A, the functor F(X,—) carries injective objects to
G-acyclic objects.

(d) The functor F(I,—) is exact for all I € ObInj.A.
(d") The functor F(—,I’) is exact for all I’ € ObInj.A’.

PROPOSITION 32 Suppose given X X in A and X' € ObA’". Note that
we have a transformation F(x,—) : F(X,—) — F(X,—). The following
quadrangle, whose vertical isomorphisms are given by the construction in the

proof of Theorem BIl, commudtes.

EGr (Xl) hIF(zﬁ)X, EGr (X/)
F(X,-),G - T 7FX,-),G

(I 3

. _xn o) . -
. F(—,X"),G N
EZ xn.e(X) EZ xn.a(X)

For the definition of the first Haas transformation h%(xﬁ), see 32
An analogous assertion holds with interchanged roles of A and A'.

Proof of Proposition BA. Let I resp. I be an injective resolution of X resp. X in

A. Let I —= I be a resolution of X — X. Let I’ be an injective resolution
of X in A'. N

Let J}X) resp. J}X) be a CE-resolution of F(X,I') resp. F(X,I').

Let Jy 1 resp. J; ;, be a CE-resolution of tF(,I") resp. tF(I,1').

Let Jr resp. J; be a CE-resolution of F(I, X') resp. F(I, X").

We have a commutative diagram

, F(z,I) ~
F(X,I')—— F(X,I)

| |

tF(z,1") 19
tF(I, 1) ———>+tF(I,T)

| ]

F(2,X") ~
F(IX") 2 pi, x)
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in CI°(B), hence in KI°(B). By Proposition [ it can be resolved to a commu-
tative diagram

JE0 — 4O

L

J],[/ —>Jf,p

]

Jr——J;

in KK“(B). Application of Ey (G(—)) yields the result; cf. Lemma 21

We refrain from investigating naturality of the first comparison isomorphism in

G.

6 THE SECOND COMPARISON

6.1 THE SECOND COMPARISON ISOMORPHISM

Suppose given abelian categories A and B’ with enough injectives, and abelian
categories B and C.

Let A I+ B’ be an additive functor. Let B x B’ G, C be a biadditive functor.
Suppose given objects X € ObA and Y € ObB. Let B € ObCl°(B) be
a resolution of Y, i.e. suppose a quasiisomorphism ConcY — B to exist.
Suppose the following properties to hold.

(a) The functor F is left exact.

(b) The functor G(Y, —) is left exact.
(
(d

)
¢) The object X possesses an (F, G(Y, —))-acyclic resolution A € Ob CI0(A).
) The functor G(B*, —) is exact for all k > 0.

)

(e) The functor G(—, I’) is exact for all I’ € ObInjB’.
REMARK 33 Suppose given a morphism D L p in CC-(C). If HY(f~*) is
a quasiisomorphism for all £ > 0, then [ induces an isomorphism

(D) —L0 (D)

of proper spectral sequences.

Proof. By Lemma EI1 it suffices to show that Er(a + 1/a — 1/a/a — 2)1k(f)
is an isomorphism for all « € Z and all k € Z. By Lemma B2 this amounts to
isomorphisms H*H!(f~*) for all k, £ > 0, i.e. to quasiisomorphisms H*(f~*)
for all £ > 0. o
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Consider the double complex G(B, FA) € ObCC"(C), where the indices of B
count rows and the indices of A count columns. To the first filtration of its
total complex, we can associate the proper spectral sequence Ei(G(B, FA)) €

ob [Z## 1.

THEOREM 34 (SECOND COMPARISON) The proper Grothendieck spectral se-

quence for the functors F' and G(Y,—), evaluated at X, is isomorphic to
Ei(G(B, FA)); i.e. _ _
EfGy y(X) ~ Ei(G(B, FA))

in [20#0#,67].

Proof. Let J' € ObCC-(InjB’) be a CE-resolution of FA. By definition,

Eg,rc(y,f)(X) = Ei(G(Y,J")). By RemarkB3 it suffices to find D € Ob CC-(C)

and two morphisms of double complexes

G(B,FA) —~ D ~— G(Y,J')

such that Hf(u~*) and H*(v™"*) are quasiisomorphisms for all £ > 0.

Given a complex U € Ob Cl%(B), recall that we denote by ConcoUl' € Ob CC-(B)
the double complex whose row number 0 is given by U, and whose other rows
are zero.

We have a diagram

G(B,Concy FA) — G(B,J') =— G(ConcY,J")

in CCC*(C). Let ¢ > 0. Application of H((—) =) yields a diagram
(x)  HY(G(B, Concy FA)~=*) — H(G(B, J')~=*) =— H*(G(ConcY, J')~=*)
in CC-(C). We have

HY(G(B, Concy FA)~ =)

12

G(B , HY((Conc, FA)”*))
= G(B,ConcH!(FA))

and
HY(G(B,J)"=*) ~ G(B,H'(J™)),

since the functor G(B*,—) is exact for all k > 0 by (d), or, since the
CE-resolution J is rowwise split. Since the CE-resolution J’ is rowwise split,
we moreover have

H'(G(ConcY,J')™=*) =~ G(ConcY,H (J'™*)).
So the diagram (x) is isomorphic to the diagram
(#¥) G(B,ConcH!(FA)) — G(B,H!(J'~*)) ~— G(ConcY, H (J'~)) ,
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whose left hand side morphism is induced by the quasiisomorphism
Conc HY(FA) — H*(J'~*), and whose right hand side morphism is induced
by the quasiisomorphism ConcY — B.
By exactness of G(B*, —) for k > 0, the left hand side morphism of (**) is a row-
wise quasiisomorphism. Since H(J%*) is injective, the functor G(—, H(J"**))
is exact by (e), and therefore the right hand side morphism of (xx) is a column-
wise quasiisomorphism. Thus an application of t to (xx) yields two quasi-
isomorphisms; cf. §LT0 Hence, also an application of t to () yields two
quasiisomorphisms in the diagram

tH®(G(B, Concg FA)™=*) — tH*(G(B, J') 7 =*) <— tH*(G(Conc Y, J') ~=%).
Note that t o He((—)”:’*) = He((—)f’*) o t19, where t1 o denotes taking the
total complex in the first and the second index of a triple complex; cf. JLZA
Hence we have a diagram
HY((t1,2G(B, Concz FA))™*) — H ((t1,2G(B, J')) ") =— H*((t1,2G(ConcY, J')) ")

consisting of two quasiisomorphisms. This diagram in turn, is isomorphic to
B (G(B,FA) ™) — B ((t.2G(B,J) ™) ~— H((GO,7)77),

where the left hand side morphism is obtained by precomposition with the
isomorphism G(B, FAF) =t Conc; G(B, FA*) = (t12G(B, Concy FA)) ™k,
where k > 0; cf. JLTH

Hence we may take

(G(B,FA) —= D ~—G(B,J)))
= (G(B,FA) — 12G(B,J") ~— G(Y,.J)) .

6.2 NATURALITY OF THE SECOND COMPARISON ISOMORPHISM

Again, we narrow down the assumptions just as we have done for the introduc-
tion of the Haas transformations in 30l to express a naturality of the second
comparison isomorphism from Theorem B4l

Suppose given abelian categories A and B’ with enough injectives, and abelian

F

categories B and C. Suppose given additive functors A — B’ and a transfor-
~ el F

mation F 2+ F. Let B x B' — C be a biadditive functor.

Suppose given a morphism X —“+ X in A and an object Y € ObB. Let B €
obclo (B) be a resolution of Y, i.e. suppose a quasiisomorphism ConcY — B
to exist. Suppose the following properties to hold.

(a) The functors F and F are left exact and carry injective to G(Y, —)-acyclic
objects.

(b) The functor G(Y, —) is left exact.
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(c) The functor G(B*,—) is exact for all k > 0.

(d) The functor G(—, I’) is exact for all I’ € ObInjB’.

Let A—— A in Cl°(Inj A) be an injective resolution of X — X in A. Note
that we have a commutative quadrangle

G(B,¢A)

G(B,FA) G(B,FA)

G(B,Fa)l lG(B,ﬁ‘a)

- G(B,pA) - -
G(B,FA) ——> G(B,FA)

in CC-(C). ) )
Note that once chosen injective resolutions A of X and A of X, the image of
G(B, Fa) in KK"(C) does not depend on the choice of the resolution A Y|

S G(B,F(— . :
of X -2+ X for ClO(A) CBFO), oo (C) maps an elementary split acyclic
complex to an elementary horizontally split acyclic complex.

LEMMA 35 The quadrangle

G B, @) .o -
Er e, (X) Exo,—(X)

w J
. Ei(G(B,Fa)) . .
Ei(G(B, FA)) ——— Ei(G(B, F'A))

commutes, where the vertical isomorphisms are those constructed in the proof
of Theorem B4l

Proof. Let J' %, J' be a CE-resolution of FA % FA. Consider the following
commutative diagram in CC-(C).

G(Y.a .
a, ) —0Y L Gy 7

l , t1,2G(B,a) l
t172G(B,J)%t172G(B, I)

T G(B,Fa ~
6B, FA) T G, FA)

An application of Er yields the result. o
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LEMMA 36 The quadrangle

hi X Gr
vy (X)) ———— EF,G(Y,—)(X)
|

lz
. E1(G(B,pA)) . -
E1(G(B, FA)) ————— E1(G(B, F A))

" Gr
EF,G

commutes, where the vertical morphisms are those constructed in the proof of
Theorem B4l

For the definition of the first Haas transformation h%(myf), see 32
Proof. Let J' 2, J' be a CE-resolution of FA i FA. Consider the following

commutative diagram in CC-(C).

G(Y,d o
av, ) —2 s Gy, )

|

t12G(B,J")

| |

G(B,pA -
G(B,FA) 22 (B, FA)

t1,2G(B,4)

An application of Er yields the result. o

We refrain from investigating naturality of the second comparison isomorphism
inY.

7 AcycrLic CE-RESOLUTIONS

We record BEYL’s Theorem [, Th. 3.4] (here Theorem EJ) in order to document
that it fits in our context. The argumentation is entirely due to BEYL [l Sec. 3],
so we do not claim any originality.
Let A, B and C be abelian categories. Suppose A and B to have enough

F G
injectives. Let A —— B —— C be left exact functors.

7.1 DEFINITION

Let T € ObCl(B). In this §1 a CE-resolution of T will synonymously (and
not quite correctly) be called an injective CE-resolution, to emphasise the fact
that its object entries are injective.

We regard C[O(B) as an exact category as in Remarks [ and [l
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DEFINITION 37 A double complex B € CC-(B) is called a G-acyclic
CE-resolution of T if the following conditions are satisfied.

(1) We have H(B*~) ~ T and H¥(B*~) ~ 0 for all k > 1.

(2) The morphism of complexes B** — B**+1:* consisting of vertical dif-
ferentials of B, is a pure morphism for all £ > 0.

(3) The object BY(B**) is G-acyclic for all k, £ > 0.
(4) The object Z‘(B**) is G-acyclic for all k, £ > 0.
A G-acyclic CE-resolution is a G-acyclic CE-resolution of some T' € Ob Cl°(B).

From (3,4) and the short exact sequence Z‘(B**) —» B¢ —» B+ (Bkx),
we conclude that B** is G-acyclic for all k, £ > 0.

From (3,4) and the short exact sequence Bf(B**) — Z¢(B**) — Hf(B**),
we conclude that HY(B**) is G-acyclic for all k, £ > 0.

EXAMPLE 38 An injective CE-resolution of T is in particular a G-acyclic
CE-resolution of T

Note that given V¥ € ObC(B) and ¢ € Z, we have Z'GY ~ GZ'Y,
whence the universal property of the cokernel H‘GY of GY* ! — Z‘GY
induces a morphism H‘GY — GHYY. This furnishes a transformation

HY(GXF) X GH*(X"**), natural in X € ObCC-(B).

REMARK 39 If B is a G-acyclic CE-resolution, then the morphism
HY(GB~) LA GHY(B~*) is an isomorphism for all £ > 0.
Proof. The sequences

GBE(Bk,*) _ Gzé(Bk,*) _ GHE(Bk,*)
Gzéfl(Bk,*) . GBk,Zfl . GBZ(BI@,*)

are short exact for k, £ > 0 by G-acyclicity of B(B**) resp. of Z‘~*(B**). In
particular, the cokernel of GB*~1 — GZ*(B**) is given by GH*(B**). ¢
7.2 A THEOREM OF BEYL

Let X € ObA(rg). Let A € C°(A) be a (F, G)-acyclic resolution of X. Let
B € CC-(B) be a G-acyclic CE-resolution of FA.

THEOREM 40 (BEYL, [d, TH. 3.4]) We have an isomorphism of proper spec-

tral sequences _ _
E¢(X) ~ B(GB)

in [Zﬁg#,c].
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Proof. Since the proper Grothendieck spectral sequence is, up to isomorphism,
independent of the choice of an injective CE-resolution, as pointed out in §2
our assertion is equivalent to the existence of an injective CE-resolution J of
FA such that Ef(GJ) =~ Ei(GB). So by Remark B3 it suffices to show
that there exists an injective CE-resolution J of FA and a morphism B — J
that induces a quasiisomorphism H¢(GB~*) — H*(GJ~*) for all £ > 0. By
Remark B3 and Example B8 it suffices to show that GH(B~*) — GH*(J~*)
is a quasiisomorphism for all ¢ > 0.

By the conditions (1,2) on B and by G-acyclicity of HY(B**) for k, £ > 0, the
complex HY(B~*) is a G-acyclic resolution of Hf(FA); cf. Remark [l

By Remark B there exists J € ObCC*-(Inj B) with vertical pure morphisms
and split rows, and a morphism B — J consisting rowwise of pure monomor-
phisms such that H*(B*~) — H¥(J* ) is an isomorphism of complexes for
all £ > 0. In particular, the composite (Concg FA — B — J) turns J into
an injective CE-resolution of FA.

Let £ > 0. Since B is a G-acyclic and J an injective CE-resolution of FA,
both Conc Hf(FA) — H*(B—*) and Conc HY(FA) — H(J~*) are quasiiso-
morphisms. Hence Hf(B~*) — H’(J*) is a quasiisomorphism, too. Now
Lemma B shows that GH*(B~*) — GH’(J~*) is a quasiisomorphism as
well. o

8 APPLICATIONS

We will apply Theorems BIland Bdlin various algebraic situations. In particular,
we will re-prove a theorem of Beyl; viz. Theorem B3 in §&31

In several instances below, we will make tacit use of the fact that a left exact
functor between abelian categories respects injectivity of objects provided it
has an exact left adjoint.

8.1 A HOPF ALGEBRA LEMMA

We will establish Lemma B in 8T needed to prove an acyclicity that enters
the proof of the comparison result Theorem B2 in §&2 for Hopf algebra coho-
mology, which in turn allows to derive comparison results for group cohomology
and Lie algebra cohomology; cf. §§B3

8.1.1 DEFINITION
Let R be a commutative ring. Write ® := ®gr. A Hopf algebra over R is

an R-algebra H together with R-algebra morphisms H —~+R (counit) and

H-2wH ® H (comultiplication), and an R-linear map H Ny (antipode)
such that the following conditions (i-iv) hold.

Write xA = ZZ ru; @ xv; for v € H, where u; and v; are chosen maps from H
to H, and where ¢ runs over a suitable indexing set. Note that

Yulrrzt+s yu@(r-x+s-yv = - (O 2u @av) + 5 (D, yui @ yuy)
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for x,y € H and r, s € R, whereas u; and v; are not necessarily R-linear
maps.
The elegant Sweedler notation [I5] §1.2] for the images under A(A®1) etc. led

the author, being new to Hopf algebras, to confusion in a certain case. So we
will express them in these more naive terms.

Write H®H—V>H,m®yl—>z~yandR—n>H,r|—>r~1H.

Write H®H—T>H®H,x®yl—>y®z.
(i) We have A(e ®idy) = (x> 1r ® x), i.e. Y, vue - xv; = x for v € H.
(") We have A(idy ®¢) = (x> 2 ® 1g), i.e. ), zu; - xvie = x for x € H.

(i) We have A(idy ®A) = A(A @ idp), ie. Y, ; 7u; @ Tvju; ®@ T00; =
Zi,j TUu; ® Tuv; @ zv; for v € H.

(ili) We have A(S ®idy)V =en, i.e. Y, xu;S - xv; = xe - 1y for v € H.
(ili’) We have A(idg ®S)V =en, i.e. Y, zu; - xv;S = xe - 1y for x € H.
(iv) We have S? = idy.
In particular, imposing (iv), we stipulate a Hopf algebra to have an involutive

antipode.

8.1.2 SOME BASIC PROPERTIES

In an attempt to be reasonably self-contained, we recall some basic facts on
Hopf algebras needed for Lemma B below; cf. [T5, Ch. IV], [1} §2], [I3, §§1-3].
In doing so, we shall use direct arguments.

Suppose given a Hopf algebra H over R.

REMARK 41 ([I8, Prop. 4.0.1], [1, TH. 2.1.4], [13, 3.4.2])
The following hold.

1) We have 3 (z-y)u; @ (x-y)v; = 32, ;(2ui-yu;) @ (zv;-yvj) forz, y € H.
2) We have 1gS = 1g.
4) We have Se = €.

(1)
(2)
(3) We have (z-y)S =y forz,y € H.
(4)
(5)

We have A(S ® S)T = SA, i.e. Y, 2u;S @ 2v;8 = Y, xSv; ® xSu; for
xc H.

(6) We havex-y=7", (Z](xuz)uj Y- (:Eui)ij) ~xv; forz,y € H.
(6") We havey -z =73, zu; - (Zj(xvi)ujs Y- (xvi)vj> forz,y € H.
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(7) We have ), xv; - xu;S = xe - 1y for x € H.
(7") We have _, xv;S - xu; = xe - 1y for v € H.
Proof. Ad (1). Given z, y € H, we obtain
> @yu; ® (zy)vi = (zy)A = zA-yA = 37, (wu; - yuj) ® (2v; - yvy) -
Ad (2). Remarking that 1A = 1y ® 1y, we obtain
14S = 1gAS @idg)V 2 1ye 1y = 1p .
Ad (3). Given z, y € H, we obtain

(x-y)S 2 Zi,k(ﬂwi - TUE - YU - YURe)S
(@) >igx(@ui - yug - yoge)S - aviuj - 2008
(i) D igne(@ui - yuR)S - wviug - yugue - yogveS - o058
2% (i) Zi,j,k,z(xui“j S YURUe)S - TUV; - YURVe - YURS - 208
@ Z”k(xul cyuR)uS - (zug - yug)v; - yoRsS - zuS
(i) Zi,k(I“i cyuk)e - yuS - xv; S
2 ><:(i) 2 ik (yure - yor)S - (wuse - wvi) S

yS- xS .
Ad (4). Note that (ye-2)e =ye-ze = (y-z)e for y, = € H. Given z € H, we
obtain
zSe 2 (O, wuse - xv;)Se = (3, xuie - xvS)e = (3, vui - xv;S)e
(i) (xze-1g)e = ze.
Ad (5). Given x € H, we obtain
zA(S® S)T

= Yilewie i) A(S® S)T
= Y (zue-1g)A-zv,A(S® S)T

= > (uigS - auv) A e AS @ S)T
= Ziyj inUjSA . xuij . xle(S & S)T

Zij zu SA - zviu A - zvv; AS @ S)T
= Zi,j,k,é zuSA - (zvjujug @ zviuvg) - (XV;0v0S @ Tv;vueS)
Zi,j,k,é zUSA - (zvjujug - T;V00S @ TV U UL - TV V;UeS)

Zi,j,k,é 2uSA - (zvju; - TVVjUEVES @ TV VUL - TV VU VEULS)
ZZ—J’H zuSA - (zvju; - TVVjUES ® TV uRUe - TV U UEVeS)

Zm,k zu; SA - (zviu) - 20008 ® zv;vuke - 1)
= Zm,k zu; SA - (zviu; - (2v;05v5 - 2V;0URE)S © 1g)

= X, ruiSA - (zviug - wviv;S © 1)
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@) Yo xuiSA - (zvie - 1g @ 1)
= Y .(zu; - zvie)SA

=  xSA.
Ad (6). Given x, y € H, we obtain

Ty ) Do TUGY-TVE (& Zi,j TU; Y TVUS S TV;V; @ Zi’j TUUG Y TUV;S - TV;.
Ad (6"). Given z € H, we obtain

Ad (7). Given z € H, we have
> T - xuS () > 2S%; - 2SS ® > 2Su;S - 2.Sv;5?
2 ; TS S - xSy (1) xSe -1y @ ze-lg .
Ad (7). Given z € H, we have
> TS - xu, ) Do xS5%0;S - 5%, © > xSu;S? - xSv; S

(it

) > vSu; - xSv; S i) zSe -1y @ ze- 1y .
[m}
In the present §811 we shall refer to the assertions Remark EIl(1-7") just by
(1-7").

8.1.3 NORMALITY

Suppose given a Hopf algebra H over R, and an R-subalgebra K C H. Suppose
H and K to be flat as modules over R.

Note that K ® K — H ® H is injective. We will identify K ® K with its
image.

The R-subalgebra K C H is called a Hopf-subalgebra if KA C K ® K and
KS C K. In this case, we may and will suppose the maps u; and v; to restrict
to maps from K to K.

Suppose K C H to be a Hopf-subalgebra. It is called normal, if for all a € K
and all x € H, we have

Yoiruica-rvS € K and doiruiS-a-av; € K.

An ideal I C H is called a Hopf ideal if IA C I ® H + H ® I (where we have
identified I ® H and H ® I with their images in H ® H), Ie =0 and IS C I.
In this case, the quotient H/I carries a Hopf algebra structure via

H/I — R, z+1 > e

A
H/I — H/I®H/I, z+1 +—> > (zu;+1I)® (zv;+1)
H/I -~ HJI, e+l +— aS+1.
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Suppose K C H to be a normal Hopf subalgebra. Write K+ :=
Kern(H — R). By (6,6/,3,4), HK+ = K+ H is a Hopf ideal in H.

8.1.4 SOME REMARKS AND A LEMMA

Suppose given a Hopf algebra H over R and a normal Hopf-subalgebra K C H.
Suppose H and K to be flat as modules over R.

Write H := H/HK™T. Given x € H, write 7 := v + HK*+ € H for its residue
class.

Let N', N, M, M’ and Q be H-modules. Let P be an H-module, which we
also consider as an H-module via H — H, z — Z.

We write x(N,M) = g(N|x,M|r) for the R-module of K-linear maps from
N to M.

REMARK 42 Given f € g(N,M) and x € H, we define x- f € r(N,M) by
[n)(z - f) = >0 auq - [z0iS - n]f
for n € N. This defines a left H-module structure on p(N,M).

Formally, squared brackets mean the same as parentheses. Informally, squared
brackets are to accentuate the arguments of certain maps.

Proof. We claim that ©' - (z - f) = (¢/ - x) - f for x, 2’ € H. Suppose given
n € N. We obtain

(] (2" (2 - f))

Yo wlug - [2'vS - nl(z - f)

Do @i auy - 2wy S - a'viS - nlf
> (@i - wug) - (2" - av;)S - ] f

>oi(@ - x)uy - [(2 - x)v S - nlf
[n)((2"-z) - f).

We claim that 1 - f = f. Suppose given n € N. We obtain

—~
w
=

—~
—
~—

(L f) = S lgu - [LgwS-nlf = 1g-[1aS - nlf € [nf

remarking that 1IgA =1 ® 1. o

I owe to G. Hiss the hint to improve a previous weaker version of Corollary B3]
below by means of the following Remark B3l

Denote by
MK .= {meM : a-m=ac-mforallacK}
the fixed point module of M under K.

REMARK 43 Letting & - m := x-m for x € H and m € MY, we define an
H-module structure on M.
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Proof. The value of the product Z - m does not depend on the chosen represen-
tative z of Z since, given y € H, a € KT and m € M*X, we have

y-a-m =y-ac-m = 0.

It remains to be shown that given x € H and m € M¥ the element 2 - m lies
in M¥ . In fact, given a € K, we obtain

(6")

a-r-m = ). xu;- (Zj(xvi)ujS'a'(:cvi)vj) -m
= Y, au;- (Zj(xvi)ujs ‘a- (xvi)vj>€ -m
= D, TUi - VU SE - A€ - TV UE - M

= D0, TUi  TVUGE - AE - TVVGE - M

= )2, TUU) - TUVSE - GE - TVE * M

= >, TU; - G - TVE-M

ag-xr-m.

REMARK 44 We have (g(N, M))* = g(N, M), as subsets of p(N,M).

Proof. The module ( (N, M))* consists of the R-linear maps N L\ M that
satisfy

Yo rug - [xvS - nlf = xe-[n]f .
for x € H and n € N. The module g(N, M) consists of the R-linear maps
N I, M that satisfy

[z-nlf = z-[nlf

for z € H and n € N. By (iii’), we have (g(N, M))* D (N, M).
It remains to show that (N, M) C x(N,M). Given f € (&N, M))¥,
x € H and n € N, we obtain

z-[n]f = Y, wu;-xve-[n]f
= Y, zu;- [zve-n|f
= Z” U - [2viugS - xvv; - nlf

>oij vugug - [zuvgS - xvi - nlf
= Y, xue - [xv; - nlf
9 foenls.

[m}
COROLLARY 45 Given f € g(N,M) and x € H, we define - f € (N, M) by
)z - f) = X aui - [zviS - n]f
for n € N. This defines a left H-module structure on (N, M).
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Proof. By Remark B2, we may apply Remark B3 to g(N, M). By Remark B4l
the assertion follows. o
REMARK 46 Given f € g(N,M), x € H, and H-linear maps N 2 N,
M -2 M, we obtain

v(@- flu = z-(vfu).

Proof. Given n’ € N’, we obtain

W) (v(@- flp) = ;2w lzvS-n'vf)p = 3, 2u; - [zvS - n'|(vfu)
= [z (vfu).

o

The following Lemma B has been suggested by the referee, and has been
achieved with the help of G. CARNOVALE. It is reminiscent of [I6, Cor. 4.3],
but easier. It resembles a bit a Fourier inversion.

Note that the right H-module structure on H induces a left H-module structure
on R(I{7 M)

LEMMA 47 We have the following mutually inverse isomorphisms of
H-modules.

K(H,M) - R(H,M)
[ (@ > aui - [2v;8]f)
H)

(HvM) < R(
(xl—»Zj:ﬂvj~[:EujS]g) ~— g

M)

=

Proof. We claim that ® is a welldefined map. We have to show that f® is
welldefined, i.e. that its value at  does not depend on the representing element
x. Suppose given y € H and a € K. We obtain

1
>ia)ui - [(ya)viSIf = 32, 5 yui - au; - [(yvs - avy)S]f
= X, Yui - aug - [av;S - yuiS]f
= >, Yui-auj-aviS - [yvS]f

(i) > yui - ag - [yviS]f
0.

—
—

—
=

We claim that ® is H-linear. Suppose given y € H and « € H. We obtain
[z ((mf)®) 2 wui - [zviS)(Yf)

2oiwuiyug - [yv; S -z SIf

>oi g wuyuy - [(zo; - yv;) STf

2@ yui - [(z - y)viS]f

[Z](m(f2)) .
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We claim that U is a welldefined map. We have to show that g¥ is K-linear.
Suppose given a € K and x € H. Note that au; € K for all 4, whence also
au;S € K, and therefore au;S =g+ au;Se - 1. We obtain

>la-a)v;-[(a-z)u;Slg
>i; avi - wvj - [(au; - zuj)Slg
>i; avi - wvj - [zu;S - au;Slg
>i; avi - wvj - [zuyS - au;Selg

[a-z)(g¥)

—~
—
—

—~
w
N2

—~
Ol

>oi auE - avi - avj - [2u;S]g

—
=

Do a v [2u;S]g
a - la)(g¥) .

We claim that ®¥ = id, (g ar)- Suppose given x € H. We obtain

[2)(few) = X, xv;-[2u;S](fP)
= Zi,jxv' zu;Su; - [xu;Sv;S|f

>0, Tj - wuiS - [rujuiS?lf

> i TV; - wujuiS - [wujug) f

—~
ot
N

,\,\
c =

> i TV - wvjuS - [vugl f
> wvie - [ ] f
[=]f -

—~
-
—

—~
=

We claim that U@ =id 7 7). Suppose given x € H. We obtain

~

[z](g¥®) = > wui-[rviS](gV)
= > ru; - wvSvj - [2v;Su;S g
© > TUi - wU;usS [zvv;82]g
) D TUi - wo;usS [:L'UZU] lg

@ Zi,j TUU; - TU0;S - [TU; g
>, aue - (77l
= lzlg.

Finally, it follows by H-linearity of ® and by ¥ = ®~! that ¥ is H-linear. o
The tensor product N ® M is an H-module via A. Note that R is an H-module
via €. Note that R® M ~ M ~ M ® R as H-modules by (i,1).

REMARK 48 (cF. [3, LEM. 3.5.1]) We have mutually inverse isomorphisms
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of R-modules

f o (poq—Id®f))
(pH~(g—~[p®dg) -~ g,
natural in P € Ob H-Mod, Q € Ob H-Mod and M € Ob H-Mod.

Proof. We claim that « is welldefined. We have to show that fa is H-linear.
Suppose given x € H. We obtain

2 TU - pRav; - q

= >z - ql(mag - (pf))
= > ruwuy - [zuu;S -z - ql(pf)

= i vui - [wviugS - zvvg - gl (pf)
Zi TU; + [CUUz'E : Q] (pf)

= z-[q(pf)

= z-ped(fa).

We claim that (3 is welldefined. First, we have to show that [p](g3) is K-linear.
Suppose given a € K. We obtain

z-(p®q)

[p1(98) ) _
a-q > [p®a-qlg = Y, [auE-pRav;-qlg = Y, [at;-pRav;-qlg = a-[pR4lg .

Second, we have to show that g3 is H-linear. Suppose given 2 € H. We obtain

|
@
sy

Tp F% (g—[T-p®d|g)
® TU; - TUE
O (g 5 fowrE- 2 9 0)l0)
(i) (g > ;[T - p ® vviu; - wvv;S - q)]g)
Y (g T - p© cu; - 20,8 - g)lg)
— (g >, zu; - [p®2v;S - qlg)
= Z-(g—[p®dqyg).
Finally, o and 3 are mutually inverse. o

COROLLARY 49 We have g(P,M%) ~ g(P, x(R,M)) =~ gu(P,M) as
R-modules, natural in P and M.

Proof. Note that M ~ g(R, M) as H-modules, whence M* ~ (R, M) as
H-modules by Remarks B3, B4l Now the assertion follows from Remark B8,
letting Q@ = R. o
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8.2 COMPARING HOCHSCHILD-SERRE-HOPF WITH GROTHENDIECK

Let R be a commutative ring. Suppose given a Hopf algebra H over R (with
involutive antipode) and a normal Hopf-subalgebra K C R; cf. €T3 Write
H := H/HK*. Suppose H, K and H to be projective as modules over R.
Suppose H to be projective as a module over K.

Let B € ObC(H-Mod) be a projective resolution of R over H. Let B €
Ob C(H-Mod) be a projective resolution of R over H. Note that since H is
projective over R, B|r € ObC(R-Mod) is a projective resolution of R over R.
Let M be an H-module.

By Corollary Bl and by Remark Bl we have a biadditive functor

(H-Mod)° x H-Mod —— H-Mod
(X ) X/) — U(XaX/) = K(XaX/)'
Write

(H-Mod)° x H-Mod —» H-Mod
Y ., Y —  V(N,M):= g(N,M)

for the usual Hom-functor.

LEMMA 50 The H-module U(H, M) is V (R, —)-acyclic.

Proof. By Lemma B this amounts to showing that r(H,M) is V (R, —)-
acyclic, which in turn amounts to showing that V( , r(H, M) )
H(B , R(H, M )) has vanishing cohomology in degrees > 1. Now,

I:I(BvR(E[aM)) = R(H®HBaM) = R(BaM)a

whose cohomology in degree ¢ > 1 is Ext’é(R, M) ~0. o
Consider the double complex

D(M) - Di’:(M) = V(B*a U(B:aM)) - H(BfaK(B:aM))'

Note that D(M) is isomorphic in CC*(R-Mod) to p(B- ®r B—, M), natu-
rally in M; cf. Remark E]
We have functors

U(R—)  _ V(R,—)
H-Mod —— H-Mod —— R-Mod.
M —  U(R,M)~ MX )
P > V(R,P)~ PH

LEMMA 51 Given a projective H-module P, the H-module U(P,M) is
V (R, —)-acyclic.
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Proof. It suffices to show that U([[ H, M) ~ [[[U(H, M) is V(R,-)-
acyclic for any indexing set I". By Lemma B, it remains to be shown that
RV(R,[[;Y) is isomorphic to [[rR'V(R,Y) for a given H-module Y and
for ¢ > 1. Having chosen an injective resolution J of Y, we may choose the
injective resolution [ [ J of [[ Y. Then

1

RIV(R [} Y) ~ HV(R[[pJ) ~ H [ V(R,J)

[ HV(R,J) ~ [[.RV(R,Y).

1

THEOREM 52 The proper spectral sequences

E((D(M)) and  Efle ) vr_y(M)

are isomorphic (in [Zfo#, R-Mod 1), naturally in M € Ob H-Mod.

Proof. To apply Theorem Bl with, in the notation of oIl

(AxA'i»Bi»c)

= ((H-Mod)° x H-Mod U A-Mod B2 R-Mod ) ,

and with X = R and X' = M, we verify the conditions (a—d’) of loc. cit. in
this case.

Ad (c). We claim that B is a (U(—, M), V(R,—))-acyclic resolution of R. We
have to show that U(B;, M) is V(R, —)-acyclic for ¢ > 0; cf. §£2A Since B; is
projective over H, this follows by Lemma BTl This proves the claim.

Ad (¢’). Let I be an injective resolution of M over H. We claim that I is a
(U(R,—), V(R, —))-acyclic resolution of M. We have to show that U(R,I?)
is V(R, —)-acyclic for i > 0. In fact, by Corollary B, U(R, I') is an injective
H-module. This proves the claim.

Ad (d,d’). We claim that U(B;, —) and U(—, I*) are exact for i > 0; cf. §51l
The former follows from H being projective over K. The latter is a consequence

of I'| k being injective in K-Mod by exactness of K-Mod Mo H-Mod. This

proves the claim.
So an application of Theorem Bl yields

ECU;ER,f),V(R,f)(M) = ECUh(L,M),V(R,—)(R) .
To apply Theorem B4l with, in the notation of §&1],
G
(Ai» B, BxB ——C)
o U(va)

= ((H-Mod)> "=~ H-Mod, (H-Mod)° x H-Mod —— C),

DOCUMENTA MATHEMATICA 13 (2008) 677-737



732 MaTTHIAS KUNZER

and with X = R and Y = R, we verify the conditions (a—e) of loc. cit. in this
case.

Ad (c). We have already remarked that B is a (U(—, M), V(R, —))-acyclic
resolution of R. - -

Ad (d). As a resolution of R over H, we choose B.

So an application of Theorem B4 yields

BG anwino(B) = B(V(B_, UB=, M))).
Naturality in M € Ob H-Mod remains to be shown. Suppose given M M
in H-Mod. Note that the requirements of §oZare met. By Proposition B2 with

roles of A and A’ interchanged, we have the following commutative quadrangle.

~Gr
EG(r,—),v(r,—) (M)

ECU;ER,f),V(R,f)(M) ECU;ER,f),V(R,f)(M)
zT Tz
. h! R .
Gr vi-m) Gr
EgC anvir—(B) Eoan.vm— &)

Note that the requirements of §6.2 are met. By Lemma B we have the follow-
ing commutative quadrangle.

h} R .
~Gr U(—m) Gr
EU(_aM)7V(R1_)(R) EU(va)iv(va)(R)

B (V(B-, U(B=, M))) BV (B U= ) Bi(V(B-, U(B=, 1))

8.3 COMPARING LYNDON-HOCHSCHILD-SERRE WITH GROTHENDIECK

Let R be a commutative ring. Let G be a group and let N < G be a
normal subgroup. Write G := G/N. Let M be an RG-module. Write
Barg,g € ObC(RG-Mod) for the bar resolution of R over RG, having
(Barg.r): = RG®UHY for i > 0, the tensor product being taken over R.

Note that RG is a Hopf algebra over R via

RG — RG®RG, g +——> g®gq
RG S RG g > g!
RG — R, g — 1,

where g € G; cf. 8Tl Moreover, RN is a normal Hopf subalgebra of RG
such that RG/(RG)(RN)* ~ RG; cf. §T3

DOCUMENTA MATHEMATICA 13 (2008) 677-737



COMPARISON OF SPECTRAL SEQUENCES INVOLVING BIFUNCTORS 733

Note that RG, RN and RG are projective over R, and that RG is projective
over RN. . -

We have functors RG-Mod i» RG -Mod i» R-Mod, taking respective
fixed points.

THEOREM 53 (BEYL, [, TH. 3.5]) The proper spectral sequences
E(G_r)N, ()& (M) and EI ( RG((BarG‘;R)— XRr (BarG;R)= s M))

are isomorphic (in [2?0#, R-Mod 1), naturally in M € Ob RG -Mod.

BEYL uses his Theorem E{ to prove Theorem We shall re-derive it from
Theorem B2 which in turn relies on the Theorems EIl and B21

Proof. This follows by Theorem o

8.4 COMPARING HOCHSCHILD-SERRE WITH GROTHENDIECK

Let R be a commutative ring. Let g be a Lie algebra over R that is free
as an R-module. Let n < g be an ideal such that n and g := g/n are free
as R-modules. Let M be a g-module, i.e. a U(g)-module. Write Barg.p €
Ob C(U(g)-Mod) for the Chevalley-Eilenberg resolution of R over U(g), having
(Barg,r); = U(g) ®r A'g for i > 0; cf. [B, XII1.§7] or [I8, Th. 7.7.2].

Note that U(g) is a Hopf algebra over R via

Ug) — U@Ug), g9 > go1+11yg
S

Ug) — U(g), g = —g

Ug — R, g — 0,

where g € g; f. 8TT1
Note that U(g), U(n) and U(g) are projective over R, and that U(g) is projective
over U(n); cf. [I8, Cor. 7.3.9].

8

(=" (=)
We have functors U(g) -Mod —— U(g)-Mod —— R-Mod, taking respective
annihilated submodules; cf. [I8] p. 221].

THEOREM 54 The proper spectral sequences
B Cp()  and B (e)(Bargr)- 9 (Barg)-, M)

are isomorphic (in [Zfo#, R-Mod 1), naturally in M € ObU(g)-Mod.

Cf. BARNES, [2 Sec. IV.4, Ch. VII].

Proof. This follows by Theorem o

DOCUMENTA MATHEMATICA 13 (2008) 677-737



734 MaTTHIAS KUNZER

8.5 COMPARING TWO SPECTRAL SEQUENCES FOR A CHANGE OF RINGS

The following application is taken from B, XVI.§6].
Let R be a commutative ring. Let A 2, B be a morphism of R-algebras.
Consider the functors

A(B,—) o B(—,=)
AMod 2% B-Mod, (B-Mod)® x B-Mod 2~ R-Mod .

Let X be an A-module, let Y be a B-module.

We shall compare two spectral sequences with Es-terms ExtiB (Y, Ext%(B7 X)),
converging to Extf:”(Y,X). If one views X115 := (B, X) as a way to induce
from A-Mod to B-Mod, this measures the failure of the Eckmann-Shapiro-type

) 2 )
formula Exts (Y, x5 ~ Ext% (Y, X), which holds if B is projective over A.

Let I € ObCl(A-Mod) be an injective resolution of X. Let P €
Ob Cl°(B-Mod) be a projective resolution of Y.

ProproOSITION 55 The proper spectral sequences
ESs ) sv (X)) and  Ei(B(P-, AB,I7)))
are isomorphic (in [Zfo#, R-Mod 10).

Proof. To apply Theorem B4, if suffices to remark that for each injective
A-module I’; the B-module 4(B,I’) is injective, and thus (Y, —)-acyclic. o

REMARK 56 The functor 4(B,—) can be replaced by (M, —), where M is an
A-B-bimodule that is flat over B.

8.6 COMPARING TWO SPECTRAL SEQUENCES FOR Ext AND ®

Let R be a commutative ring. Let S be a ring. Let A be an R-algebra. Let
M be an R-S-bimodule. Let X and X’ be A-modules. Assume that X is flat
over R. Assume that Extp(M,X’) ~ 0 for ¢ > 1.

ExaMPLE 57 Let T be a discrete valuation ring, with maximal ideal generated
by t. Let R = T/t* for some £ > 1. Let S = T/t* where 1 < k < £. Let G be
a finite group, and let A = RG. Let M = S. Let X and X’ be RG-modules
that are both finitely generated and free over R.

Consider the functors

A(—==)

M,_
(A-Mod)° x A-Mod —— R-Mod ) S -Mod
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PRrROPOSITION 58 The proper Grothendieck spectral sequences
Gr ~Gr
ESGco), s (X)) and BT o ar(X)
are isomorphic (in [Zfo#, S-Mod 1).

Both have Eo-terms BExth (M, ExtQ(X, X’)), and both converge to
Extf:rj(X ®pr M, X’). In particular, in the situation of Example Bd, both
have Eo-terms Ext (5, Exth (X, X’)) and converge to Ext (X/tF, X7).
Proof of Proposition b8 To apply Theorem Bl we comment on the conditions
in §o11
(c) Given a projective A-module P, we want to show that the R-module
AP, X") is g(M,—)-acyclic. We may assume that P = A, which is to
be viewed as an A-R-bimodule. Now, we have Extl (M, a(4, X)) ~
Extz (M, X") ~ 0 for i > 1 by assumption.
(¢) Given an injective A-module I’, the R-module 4(X,I’) is injective since
X is flat over R by assumption. o

8.7 COMPARING TWO SPECTRAL SEQUENCES FOR &zt OF SHEAVES

Let T I S be a flat morphism of ringed spaces, i.e. suppose that
Or @10, — 1 f'Os-Mod — Or-Mod

is exact. Consequently, f* : Og-Mod — Or-Mod is exact.
Given Os-modules F and F', we abbreviate o4(F,F’) := Homey(F,F') €
Ob R-Mod and o (F,F")) := Homog (F,F') € ObOs-Mod.
Let F be an Os-module that has a locally free resolution B € Ob C(Os -Mod);
cf. [9 Prop. II1.6.5]. Let G € ObOr-Mod. Let A € ObCl0(Or-Mod) be an
injective resolution of G.
Consider the functors

u (==)

Or-Mod L Og-Mod, (Og-Mod)® x Os-Mod —=—""+ Og-Mod .
ProproOSITION 59 The proper spectral sequences
E?r os((]—‘,—))(g) and EI(OS((B—7 f*A:)))

are isomorphic (in [Zfo#, Os-Mod 1).

In particular, both spectral sequences have Eo-terms Extés(}" , (R f*)(g)) and
converge to (R I£)(G), where Tr(—) = ol(F, f«(—)) = fro(f*F,—).
For example, if S = {x} is a one-point-space and if we write R := Og(S), then
we can identify Og-Mod = R-Mod. If, in this case, F = R/rR for some r € R,
then g/, 5 (G) ~ T'(T, G)[r] :={g € G(T') : rg =0}.

Proof of Proposition B To apply Theorem B4l we comment on the conditions

in §611
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Since f. maps injective Op-modules to injective Os-modules by flatness

of T N S, the complex A is an (f*7 os(F, —)))—acyclic resolution of G.

If 7 is an injective Os-module and U C S is an open subset, then Z|y
is an injective Oy-module; cf. [0, Lem. II1.6.1]. Hence o4(—,Z)) turns a
short exact sequence of Os-modules into a sequence that is short exact
as a sequence of abelian presheaves, and hence a fortiori short exact as a
sequence of Og-modules. In other words, the functor oy (—,Z)) is exact.o
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