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ABSTRACT. Let GG be a connected reductive complex algebraic group.
This paper and its companion [GN] are devoted to the space Z of
meromorphic quasimaps from a curve into an affine spherical G-
variety X. The space Z may be thought of as an algebraic model
for the loop space of X. The theory we develop associates to X a
connected reductive complex algebraic subgroup H of the dual group
G. The construction of H is via Tannakian formalism: we identify
a certain tensor category Q(Z) of perverse sheaves on Z with the
category of finite-dimensional representations of H.

In this paper, we focus on horospherical varieties, a class of varieties
closely related to flag varieties. For an affine horospherical G-variety
Xhoro, the category Q(Znoro) is equivalent to a category of vector
spaces graded by a lattice. Thus the associated subgroup Hipero is
a torus. The case of horospherical varieties may be thought of as a
simple example, but it also plays a central role in the general theory.
To an arbitrary affine spherical G-variety X, one may associate a
horospherical variety Xporo. Its associated subgroup Hyoro turns out
to be a maximal torus in the subgroup H associated to X.
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1. INTRODUCTION

Let G be a connected reductive complex algebraic group. In this paper and
its companion [GN], we study the space Z of meromorphic quasimaps from a
curve into an affine spherical G-variety X. A G-variety X is said to be spherical
if a Borel subgroup of G acts on X with a dense orbit. Examples include
flag varieties, symmetric spaces, and toric varieties. A meromorphic quasimap
consists of a point of the curve, a G-bundle on the curve, and a meromorphic
section of the associated X-bundle with a pole only at the distinguished point.
The space Z may be thought of as an algebraic model for the loop space of X.
The theory we develop identifies a certain tensor category Q(Z) of perverse
sheaves on Z with the category of finite-dimensional representations of a con-
nected reductive complex algebraic subgroup H of the dual group G. Our
method is to use Tannakian formalism: we endow Q(Z) with a tensor product,
a fiber functor to vector spaces, and the necessary compatibility constraints so
that it must be equivalent to the category of representations of such a group.
Under this equivalence, the fiber functor corresponds to the forgetful functor
which assigns to a representation of H its underlying vector space. In the pa-
per [GN], we define the category Q(Z), and endow it with a tensor product
and fiber functor. This paper provides a key technical result needed for the
construction of the fiber functor.

Horospherical G-varieties form a special class of G-varieties closely related to
flag varieties. A subgroup S C G is said to be horospherical if it contains
the unipotent radical of a Borel subgroup of G. A G-variety X is said to be
horospherical if for each point x € X, its stabilizer S, C G is horospherical.
When X is an affine horospherical G-variety, the subgroup H we associate to
it turns out to be a torus. To see this, we explicitly calculate the functor which
corresponds to the restriction of representations from G. Representations of G
naturally act on the category Q(Z) via the geometric Satake correspondence.
The restriction of representations is given by applying this action to the object
of Q(Z) corresponding to the trivial representation of H. The main result of
this paper describes this action in the horospherical case. The statement does
not mention Q(Z), but rather what is needed in [GN] where we define and
study Q(Z2).

In the remainder of the introduction, we first describe a piece of the theory
of geometric Eisenstein series which the main result of this paper generalizes.
This may give the reader some context from which to approach the space Z
and our main result. We then define Z and state our main result. Finally, we
collect notation and preliminary results needed in what follows. Throughout
the introduction, we use the term space for objects which are strictly speaking
stacks and ind-stacks.

1.1. BACKGROUND. One way to approach the results of this paper is to in-
terpret them as a generalization of a theorem of Braverman-Gaitsgory [BG,
Theorem 3.1.4] from the theory of geometric Eisenstein series. Let C' be a
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smooth complete complex algebraic curve. The primary aim of the geomet-
ric Langlands program is to construct sheaves on the moduli space Bung of
G-bundles on C' which are eigensheaves for Hecke operators. These are the
operators which result from modifying G-bundles at prescribed points of the
curve C. Roughly speaking, the theory of geometric Eisenstein series constructs
sheaves on Bung starting with local systems on the moduli space Buny, where
T is the universal Cartan of G. When the original local system is sufficiently
generic, the resulting sheaf is an eigensheaf for the Hecke operators.

At first glance, the link between Buny and Bung should be the moduli stack
Bunpg of B-bundles on C, where B C G is a Borel subgroup with unipotent rad-
ical U C B and reductive quotient 7' = B/U. Unfortunately, naively working
with the natural diagram

Bung — Bung

!

Bunr

leads to difficulties: the fibers of the horizontal map are not compact. The
eventual successful construction depends on V. Drinfeld’s relative compactifi-
cation of Bunp along the fibers of the map to Bung. The starting point for
the compactification is the observation that Bunpg also classifies data

G
(P¢ € Bung, Pr € Bung, o : Pr — PexG/U)

where o is a T-equivariant bundle map to the Pg-twist of G/U. From this
perspective, it is natural to be less restrictive and allow maps into the Pg-twist
of the fundamental affine space

G/U = Spec(C[G]Y).

Here C[G] denotes the ring of regular functions on G, and C[G]Y C C[G] the
(right) U-invariants. Following V. Drinfeld, we define the compactification
Bunpg to be that classifying quasimaps

aG—
(P € Bung, Pr € Bunp, o : Pr — PexG/U)
where o is a T-equivariant bundle map which factors
G G——
UlC’ : TT|C’ — ‘PGxG/U|C/ — TGxG/U|C/,
for some open curve C' C C. Of course, the quasimaps that satisfy
G
o:Pr — PexG/U

form a subspace canonically isomorphic to Bung.

Since the Hecke operators on Bung do not lift to Bung, it is useful to introduce
a version of Bunp on which they do. Following [BG, Section 4], we define the
space o Bung to be that classifying meromorphic quasimaps

G—
(C € C,Pq € Bung, Pt € Bunr,o : fPT|C\c — fPGxG/U|C\C)

DOCUMENTA MATHEMATICA 14 (2009) 19-46



22 GAITSGORY AND NADLER

where o is a T-equivariant bundle map which factors

G G—
0’|C/ : TT|C’ — ‘PGxG/U|C/ — ‘PGxG/U|C/,

for some open curve C' C C'\ ¢. We call ¢ € C the pole point of the quasimap.
Given a meromorphic quasimap with G-bundle P¢ and pole point ¢ € C, we
may modify Pg at ¢ and obtain a new meromorphic quasimap. In this way,
the Hecke operators on Bung lift to o Bung.

Now the result we seek to generalize [BG, Theorem 3.1.4] describes how the
Hecke operators act on a distinguished object of the category P(,,Bung) of
perverse sheaves with C-coefficients on o Bunp. Let Ag = Hom(C*,T) be the
coweight lattice, and let Ag C A be the semigroup of dominant coweights of
G. For A € A, we have the Hecke operator

H) : P(sBung) — P(,,Bung)

given by convolving with the simple spherical modification of coweight A. (See
[BG, Section 4] or Section 5 below for more details.) For u € Ag, we have the
locally closed subspace OOBun% C ~Bung that classifies data for which the
map

o G——
Pr(p-c)leve = PaxG/U|cn\e

extends to a holomorphic map

o G——
Pr(p-c) = PexG/U
which factors
- G G—
Pr(p-c) = PexG/U — PexG/U.
We write OoBuné“ C soBung for the closure of OoBunﬁl; C sBung, and

< —
IC;%B € P(Bung)

< R
for the intersection cohomology sheaf of ooBung“ C soBung.

THEOREM 1.1.1. [BG, Theorem 3.1.4] For A\ € A}, there is a canonical iso-
morphism
<0 <
Hé(IC;BTnB) ~ Y I ® Homy (VE, V)
HEAT

Here we write Vé‘ for the irreducible representation of the dual group G with
highest weight A € A}, and VTf‘ for the irreducible representation of the dual
torus T of weight ;€ Ag.

In the same paper of Braverman-Gaitsgory [BG, Section 4], there is a general-
ization [BG, Theorem 4.1.5] of this theorem from the Borel subgroup B C G
to other parabolic subgroups P C G. We recall and use this generalization in
Section 5 below. It is the starting point for the results of this paper.
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1.2. MAIN RESULT. The main result of this paper is a version of [BG, Theorem
3.1.4] for X an arbitrary affine horospherical G-variety with a dense G-orbit
X C X. For any point in the dense G-orbit X C X, we refer to its stabilizer
S C G as the generic stabilizer of X. All such subgroups are conjugate to each
other. By choosing such a point, we obtain an identification X~G /S.

To state our main theorem, we first introduce some more notation. Satz 2.1
of [Kn] states that the normalizer of a horospherical subgroup S C G is a
parabolic subgroup P C G with the same derived group [P, P] = [S,S]. We
write A for the quotient torus P/S, and A4 = Hom(C*, A) for its coweight
lattice. Similarly, for the identity component S° C S, we write Ag for the
quotient torus P/Sp, and Ay, = Hom(C*, Ay) for its coweight lattice. The
natural maps T'— Ay — A induce maps of coweight lattices

Ar L Ag, 5 Ay,

where ¢ is a surjection, and 7 is an injection. For a conjugate of S, the associated
tori are canonically isomorphic to those associated to S. Thus when S is the
generic stabilizer of a horospherical G-variety X, the above tori, lattices and
maps are canonically associated to X.

For an affine horospherical G-variety X with dense G-orbit X C X, we define
the space Z to be that classifying mermorphic quasimaps into X. Such a
quasimap consists of data

G
(ce C,Pg € Bung,0: C\ c — PaxX|c\c)
where o is a section which factors
G o G
0‘|C/ : Cl — ng><X|C/ — ‘PGxX|C/,

for some open curve C' C C'\ c.
Given a meromorphic quasimap into X with G-bundle P and pole point ¢ € C,
we may modify Pg at ¢ and obtain a new meromorphic quasimap. But in this
context the resulting Hecke operators on Z do not in general preserve the
category of perverse sheaves. Instead, we must consider the bounded derived
category Sh(Z) of sheaves of C-modules on Z. For X\ € AE, we have the Hecke
operator

H} : Sh(Z) — Sh(Z)
given by convolving with the simple spherical modification of coweight A. (See
Section 5 below for more details.) For x € Aa,, we have a locally closed
subspace Z" C Z consisting of meromorphic quasimaps that factor

G o G
0:0\c— PoxX|o\e — Pax Xl

and have a singularity of type x at ¢ € C. (See Section 3.5 below for more
details.) We write Z<% C Z for the closure of Z* C Z, and

IC3" € Sh(Z)
for its intersection cohomology sheaf.

Our main result is the following.
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THEOREM 1.2.1. For )\ € Ag, there is an isomorphism

HM(1C35%) = Y > 103" @Homg (VE, V) (266, 1))-
KEAAy pEAT q(1)=K

Here the torus Ap and its coweight lattice A4, are those associated to the
generic stabilizer S C G. We write M for the Levi quotient of the normalizer
P C G of the generic stabilizer S C G, and 2p), for the sum of the positive
roots of M.

In the context of the companion paper [GN], the theorem translates into
the following fundamental statement. The tensor category Q(Z) associated
to X is the category of semisimple perverse sheaves with simple summands
IC%”, for kK € Aa,, and the dual subgroup H associated to X is the subtorus
Spec C[A4,] C T.

1.3. NoTATION. Throughout this paper, let G be a connected reductive com-
plex algebraic group, let B C G be a Borel subgroup with unipotent radical
U(B), and let T'= B/U(B) be the abstract Cartan.

Let Ag denote the weight lattice Hom(T, C*), and AE C Ag the semigroup of
dominant weights. For A € [\g, we write Vé‘ for the irreducible representation
of G of highest weight .

Let A denote the coweight lattice Hom(C*, T), and AE C Ag the semigroup of
dominant coweights. For A € AJCS, let Vé‘ denote the irreducible representation
of the dual group G of highest weight .

Let AZ”® C A denote the semigroup of coweights in A which are non-negative
on A}, and let R C AP denote the semigroup of positive coroots.

Let P C G be a parabolic subgroup with unipotent radical U(P), and let M
be the Levi factor P/U(P).

We have the natural map

7 Ay, — Ac

of weights, and the dual map

T AG — AM/[M,M]

of coweights.

Let /v\ap C /v\M/[M,M] denote the inverse image #~'(Af). Let A C
Anryar v denote the semigroup of coweights in Apz/ar,a) which are non-
negative on Af; . Let Ry, C ARy denote the image r(RE™).

Let Wy, denote the Weyl group of M, and let WMAE C A¢ denote the union
of the translates of Ag by Was. Let i\gﬁ; C A}, denote the semigroup of
dominant coweights of M which are nonnegative on 'W M[\Jé.

Finally, let (-,-) : Ag X Ag — Z denote the natural pairing, and let gy € Ag
denote half the sum of the positive roots of M.
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1.4. BUNDLES AND HECKE CORRESPONDENCES. Let C' be a smooth complete
complex algebraic curve.

For a connected complex algebraic group H, let Bungy be the moduli stack of
H-bundles on C. Objects of Bung will be denoted by Py.

Let Hy be the Hecke ind-stack that classifies data

(C € Ca T}{vg)%[ € BUHH,Oé : ‘:P}{|C\c = ':P%I|C\c)

where « is an isomorphism of H-bundles. We have the maps
Bung hHH Hy =2 Bung
defined by

and the map
T:Hyg —C
defined by
7(e, P, P4, ) = c.

It is useful to have another description of the Hecke ind-stack Hy for which we
introduce some more notation. Let O be the ring of formal power series C[[t]],
let K be the field of formal Laurent series C((¢)), and let D be the formal disk
Spec(0). For a point ¢ € C, let O, be the completed local ring of C at ¢,
and let D, be the formal disk Spec(OQ.). Let Aut(O) be the group-scheme of
automorphisms of the ring 0. Let H(O) be the group of O-valued points of H,
and let H(X) be the group of K-valued points of H. Let Gry be the affine
Grassmannian of H. It is an ind-scheme whose set of C-points is the quotient
H(X)/H(0).

Now consider the (H(Q) x Aut(0O))-torsor

Bung xC — Bung xC
that classifies data
(CGC,‘:PH GBU.DH,ﬁZDXHLTH|DC,’72D:>DC)

where ( is an isomorphism of H-bundles, and ~ is an identification of formal
disks. We have an identification

_— (H(O)xAut(0))
X

Hyg ~ Bung xC 1928

such that the projection hz corresponds to the obvious projection from the
twisted product to Bung.

For H reductive, the (H(O) x Aut(0))-orbits Gry; C Gry are indexed by
A € AL, For A € A};, we write 33, C Hy for the substack

 (H(O)xAut(0))
HY, ~ Bung xC X Gr}\i .
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For a parabolic subgroup P C H, the connected components Spgy C Grp are
indexed by 6 € Ap/A(p pjse, where [P, P]*¢ denotes the simply connected cover
of [P, P]. For 0 € Ap/A(p pse, we write 8py C Hp for the ind-substack

(P(O)xAut(0))
Sp,g ~ Bunp X X P,o-

For 0 € Ap/Ap pjsc, and X € AJIQ, we write 8}79 C Hp for the ind-substack

——(P(0)xAut(0))
83\370 ~ Bunp xC X 1’\319

where S 1’\379 denotes the intersection Sp g N Gry;.
For any ind-stack Z over Buny xC, we have the (H(O) x Aut(O))-torsor

Z—2
obtained by pulling back the (H(O) x Aut(O))-torsor
BLEI—{\XC — Bunyg xC.

We also have the Cartesian diagram

he
Hyg x 2 &8 Z
Bungyg xC
! o
fH:H h*H> BunH

and an identification

_ (H(0)xAut(0))
Hy ox 2~k

Bung xC

T

such that the projection hy; corresponds to the obvious projection from the
twisted product to Z. For I € Sh(Z), and P € P(g(0)xaut(0))(Gra), we may
form the twisted product

(FRP)" € Sh(Hy  x  2).

Bung xC

with respect to the map hyz. In particular, for A € A};, we may take P to

be the intersection cohomology sheaf Ag of the closure @2 C Grpy of the
(H(O) x Aut(0))-orbit Gry; C Gry.

2. AFFINE HOROSPHERICAL (G-VARIETIES

A subgroup S C G is said to be horospherical if it contains the unipotent
radical of a Borel subgroup of G. A G-variety X is said to be horospherical if
for each point x € X, its stabilizer S, C G is horospherical. A G-variety X
is said to be spherical if a Borel subgroup of G acts on X with a dense orbit.
Note that a horospherical G-variety contains a dense G-orbit if and only if it
is spherical.
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Let X be an affine G-variety. As a representation of G, the ring of regular
functions C[X] decomposes into isotypic components

C[X]~ Y C[X]x.
XeAd

We say that C[X] is graded if

CIX]AC[X], C CX a4y,
for all A\, u € AE. We say that C[X] is simple if the irreducible representation
V of highest weight A occurs in C[X], with multiplicity 0 or 1, for all A € AZ,.
ProproOSITION 2.0.1. Let X be an affine G-variety.
(1) [Pop, Proposition 8, (3)] X is horospherical if and only if C[X] is graded.
(2) [Pop, Theorem 1] X is spherical if and only if C[X] is simple.
We see by the proposition that affine horospherical G-varieties containing a

dense G-orbit are classified by finitely-generated subsemigroups of [\Jé. To
such a variety X, one associates the subsemigroup

X+ X+
A% CAG
of dominant weights A with dim C[X], > 0.
2.1. STRUCTURE OF GENERIC STABILIZER.

THEOREM 2.1.1. [Kn, Satz 2.2] If X is an irreducible horospherical G-variety,
then there is an open G-invariant subset W C X, and a G-equivariant isomor-
phism W ~ G/S xY, where S C G is a horospherical subgroup, and Y is a
variety on which G acts trivially.

Note that for any two such open subsets W C X and isomorphisms W ~
G/S x Y, the subgroups S C G are conjugate. We refer to such a subgroup
S C G as the generic stabilizer of X.

LEMMA 2.1.2. [Kn, Satz 2.1] If S C G is a horospherical subgroup, then its
normalizer is a parabolic subgroup P C G with the same derived group [P, P| =

[S,S] and unipotent radical U(P) = U(S).

Note that the identity component S° C S is also horospherical with the same
derived group [S°, S°] =[S, S] and unipotent radical U(S?) = U(9).

Let S C G be a horospherical subgroup with identity component S° C S, and
normalizer P C G. We write A for the quotient torus P/S, and A4 for its
coweight lattice Hom(C*, A). Similarly, we write Ay for the quotient torus
P/S% and A4, for its coweight lattice Hom(C*, Ag). The natural maps

T— Ay — A
induce maps of coweight lattices
Ar 2 Aag = A,

where ¢ is a surjection, and ¢ is an injection. For a conjugate of S, the associated
tori, lattices, and maps are canonically isomorphic to those associated to S.
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Thus when S is the generic stabilizer of a horospherical G-variety X, the tori,
lattices and maps are canonically associated to X.

We shall need the following finer description of which subgroups S C G may
appear as the generic stabilizer of an affine horospherical G-variety. To state it,
we introduce some more notation used throughout the paper. For a horospher-
ical subgroup S C G with identity component S° C S, and normalizer P C G,
let M be the Levi quotient P/U(P), let Mg be the Levi quotient S/U(S), and
let Mg be the identity component of Mg. The natural maps

SO -8 —P
induce isomorphisms of derived groups
We write App/a,a for the coweight lattice of the torus M/[M, M], and
Anrg s, ms) for the coweight lattice of the torus M$/[Ms, Ms]. The natu-
ral maps
Mg/[Ms, Ms] — M/[M, M] — Ay
induce a short exact sequence of coweight lattices

0 — Ano v, ms) — Aaaypaany — Aag — 0.

PROPOSITION 2.1.3. Let S C G be a horospherical subgroup. Then S is the
generic stabilizer of an affine horospherical G-variety containing a dense G-
orbit if and only if

An9 s, ms) NV AG P = (0).

Proof. The proof of the proposition relies on the following lemma. Let V be a
finite-dimensional real vector space, and let V* be an open set in V which is
preserved by the action of R®?. Let V be the dual of V, and let VP° be the
closed cone of covectors in V' that are nonnegative on all vectors in V*. For a
linear subspace W C V, we write W+ C V for its orthogonal.

LeEMMA 2.1.4. The map W — I/T/Vl provides a bijection from the set of all
linear subspaces W C V such that WNV™ # () to the set of all linear subspaces
W C V such that W N VP = (0).

Proof. It WNV T # (), then clearly W-NVP° = (0). Conversely, if WNVP =
(0), then since VT is open, there is a hyperplane H C V such that W C H, and
HNVPS = (0). Thus H+ C W+, and H-NVT # (), and so WANVT £0. O

Now suppose X is an affine horospherical G-variety with an open G-orbit and
generic stabilizer S C G with normalizer P C G. Then we have /v\} C /v\ap,
since otherwise [S, 5] would be smaller. We also have that A% intersects the
interior of /V\a p» since otherwise [S, S] would be larger. Applying Lemma 2.1.4,
we conclude
Ang9 s, ms) VAGTp = (0).

Conversely, suppose S C G is a horospherical subgroup with normalizer P C G.
We define X to be the spectrum of the ring C[X] of (right) S-invariants in the
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ring of regular functions C[G]. Then C[X] is finitely-generated, since S contains
the unipotent radical of a Borel subgroup of G. We have A} C AE p, since
otherwise [S,.S] would be smaller. Suppose

An9ims,ms) NVAG P = (0).
Applying Lemma 2.1.4, we conclude that A;r( intersects the interior of AJCFF, p-
Therefore S/[S, S] consists of exactly those elements of P/[P, P| annhilated by
A;r(, and so S is the generic stabilizer of X. g

2.2. CANONICAL AFFINE CLOSURE. Let S C G be the generic stabilizer of an
affine horospherical G-variety X containing a dense G-orbit. Let C[G] be the
ring of regular functions on G, and let C[G]® C C[G] be the (right) S-invariants.
We call the affine variety
G/S = Spec(C[G]°)
the canonical affine closure of G/U. We have the natural map
G/S — X
corresponding to the restriction map
C[X] — C[G/S] ~ C[G)*.

Since S is horospherical, the ring C[G]® is simple and graded, and so the affine
variety G—/S is spherical and horospherical.

Although we do not use the following, it clarifies the relation between X and
the canonical affine closure G/S.

PROPOSITION 2.2.1. Let X be an affine horospherical G-variety containing a

dense G-orbit and generic stabilizer S C G. The semigroup [\27/5 C Ag is the

intersection of the dominant weights AE C A with the group generated by the
SEMIGroup A} C Ag.

Proof. Let P C G be the normalizer of S C G. The intersection of /v\g and the
group generated by /v\;r( consists of exactly those weights in /V\JCE’ p that annhilate
S/[S, S]. O

3. IND-STACKS
As usual, let C' be a smooth complete complex algebraic curve.

3.1. LABELLINGS. Fix a pair (A, AP%) of a lattice A and a semigroup AP°® C A.
We shall apply the following to the pair (Aaz/ar, a1, A p)-
For gP°® € AP°5 we write LU(6P°®) for a decomposition

gPos — aneglos
m
where 0P°% € APS\ {0} are pairwise distinct and n,, are positive integers.
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For #P°% € AP and a decomposition (6P, we write C*(?™) for the partially

symmetrized power [] . C(m) of the curve C. We write C’él(em) c cuor™)
for the complement of the diagonal divisor.

For © a pair (,4(0P°%)) consisting of 6 € A, and H(6P°%) a decomposition of
0P € AP we write C'® for the product C' x C*™) . We write C§  C® for
the complement of the diagonal divisor. Although C® is independent of 6, it
is notationally convenient to denote it as we do.

3.2. Ind-stack ASSOCIATED TO PARABOLIC SUBGROUP. Fix a parabolic sub-
group P C G, and let M be its Levi quotient P/U(P). For our application, P
will be the normalizer of the generic stabilizer S C G of an irreducible affine
horospherical G-variety.

Let oBunp be the ind-stack that classifies data

(c € C,Pq € Bung, Pryiar,n) € Bunpgyaranys

G
o TM/[M,MHC\C — PaxG/[P, P”C\c)
where o is an M/[M, M]-equivariant section which factors

G G
U|C/ : fPM/[M,M]lC’ — ‘PGxG/[P, P]|C/ — ‘PGxG/[P, P]|C/

for some open curve C’ C C'\ c.

3.2.1. Stratification. Let © be a pair (6,U(0P°%)), with 6 € Apgiara, and
0P € Ag'p. We recall that we have a locally closed embedding

jo : Bunp XCg) — o Bunp

defined by

P
jo(Pp, (e, 05 cmn)) = (¢, Pp X G, Pp x [P,P(—0-c—> 05 cmn),0)

m,n m,n

where o is the natural map

P ) P G
Pp X [P P](—0-c— Y 00 - cpmn)lcve = Pr x GXG/[P, Pllcy
induced by the inclusion
- ) [
X

G
Pp x PJ[P,P] C Pp x GJ[P.P] ~ Pp x GXGJ[P, P].

The following is an ind-version of [BG, Propositions 6.1.2 & 6.1.3], or [BFGM,
Proposition 1.5], and we leave the proof to the reader.

PROPOSITION 3.2.2. Let © be a pair (6,4(0°%)), with 0 € Anar,m, and
ores € Apccjig.
Every closed point of .oBunp belongs to the image of a unique jo.
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For © a pair (6,4(6°)), with 6 € Aprarar, and 0P € A%, we write
OOB—un?g C sBunp for the image of jg, and OOB—un]Sg@ C ooBunp for the closure
of oo Buny C oo Bunp.

For © a pair (0,4(0)), with 6 € Apziar,a, the substack OOB—um](z C «Bunp
classifies data (c, Pa, Par/ar,a, o) for which the map

o G
Patjiarn)(0 - )l erve = PaxXG/[P, Pllen

extends to a holomorphic map

o G
':P]\/I/[M,M](e . C) — :PGXG/[P, P]

which factors

o G [ P
Paryaan (0 - ¢) 5 PexG/[P,P] — PaxG/[P, P).
In this case, we write jy in place of jg, OoBun(jg in place of OOBunl(z, and OoBunISf)

. —<0O — <0 RN
in place of cBunp . For example, . cBunp C Bunp is the closure of the
canonical embedding

Jo : Bunp xC' — o Bunp.

3.3. Ind-stack ASSOCIATED TO PARABOLIC SUBGROUP. Fix a parabolic sub-
group P C G, and let M be its Levi quotient P/U(P). As usual, for our
application, P will be the normalizer of the generic stabilizer S C G of an
irreducible affine horospherical G-variety.

Let oBunp be the ind-stack that classifies data

G
(c € C,Pg € Bung, Par € Bunpr, 0 : Parlene — PaxG/U(P)|cne)
where ¢ is an M-equivariant section which factors
G G——
O’|C/ : (PM|C/ — TGXG/U(P”C/ — TGXG/U(P”C/
for some open curve C' C C'\ c.

3.3.1. Stratification. For 0°° € AR, we write £1(§P°) for a collection of (not

necessarily distinct) elements 2% ¢ ]\pccjip \ {0} such that
PO = " r(65).

m

We write r(£4(6P°%)) for the decomposition such a collection defines.
Let © be a pair (6, 4(0P°)) with 6 € Aj;, and 6°° € A}, and let © be the
associated pair (r(0), r((6P%))). We define the Hecke ind-stack

<) &)
j'CM,o -Gy
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to be that with fiber over (c, cygros)) € C®, where Ci(orosy = D, r(éﬁfs) “ Crms
the fiber product
= gros
Higle x H Hor lew-
Bunjs

Bunjps

The following is an ind-version of [BG, Proposition 6.2.5], or [BFGM, Propo-
sition 1.9], and we leave the proof to the reader.

PROPOSITION 3.3.2. Let © be a pair (8, 4(6°°%)) with 6 € AL, and 67 ¢ ASTp
On the level of reduced ind-stacks, there is a locally closed embedding
jo :Bunp x 3‘(%0 — oolgaflp.
BunM ’

FEvery closed point Ofoolil/np belongs to the image of a unique jg .

e s (0 $((QPos : n + pos pos : > ©
For © a pair (6,4(67*)), with 0 € A}, and 0P € Ag”p, we write oo Bunp C
__ <O _
woBunp for the image of jg, and Bunp C oBunp for the closure of

6 _
coBunp C oo Bunp.
~ ~ ~ —§
For © a pair (6,8(0)), with § € A}, we write j; in place of jg, «oBunp in
— 6 —~— <0 - <6 5 <0 .
place of . Bunp, and oBunp in place of ,.Bunp For example, . Bunp is

the closure of the canonical embedding
Jjg : Bunp xC' — Oolgil/np.

3.4. Ind-stack ASSOCIATED TO GENERIC STABILIZER. Let X be an irreducible
affine horospherical G-variety with generic stabilizer S C G. Recall that the
normalizer of S is a parabolic subgroup P C G with the same derived group
[P, P] =[S, S] and unipotent radical U(P) = U(S). Let M be the Levi quotient
P/U(P), and let Mg be the Levi quotient S/U(S).

Let Zcan be the ind-stack that classifies data

(c € C,Pg € Bung, ?MS/[MS,MS] € Bunysg /(vs, M5

G
0 Porg s, ms)laone — PaxG/[S, Sllene)
where o is an Mg/[Mg, Mg]-equivariant section which factors

G G
U|C/ : TMS/[MS,MS]|C/ — TGXG/[S, S”C/ — ?GXG/[S, S”C/
for some open curve C' C C'\ c.

The following is immediate from the definitions.

ProrosiTiON 3.4.1. The diagram

ann - ooBunP
! !

Bunysg /ias,ms) = Bunagar,

is Cartesian.
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3.4.2. Stratification. Let © be a pair (6,U(0P°%)), with 6 € Apgiara, and
oros € AP
G,P:

.. 59 = . . .
We write Z,, C Zcan for the substack which completes the Cartesian diagram
- =—6
can - OOBunP
! !

Bunysg/ivs,ms) —  Bunagar, g

and ZS C Zcan for the closure of Z_,, C Zcan.

For © a pair (0,4(0)), with 0 € Apgiar,ar, We write Zaia
—<0
and Zg,

can

embedding

©

can?

. in place of Z

. =<0 =<0 . .
in place of Z_,,. For example, Z_,, is the closure of the canonical

n

Bung XC C Zean.

3.5. NAIVE IND-STACK ASSOCIATED TO X. Let X be an affine horospherical
G-variety with dense G-orbit X C X and generic stabilizer S C G.
Let Z be the ind-stack that classifies data

G
(ce C,Pg € Bung,0: C'\ ¢ = PaxX|e\.)

where o is a section which factors
, G G
0‘|C/ :C —>fPGxX|C/—>ng><X|C/

for some open curve C' C C'\ c.

For the canonical affine closure G—/S, we write Z¢ay for the corresponding ind-
stack.

We call the ind-stack Z naive, since there is no auxilliary bundle in its definition:
it classifies honest sections. Let *Z be the ind-stack that classifies data

G
(c € C,Pg € Bung, Parjnrs € Bunpgnrg, 0 2 Parynislone — PaxXlene)

where o is an M /Mg-equivariant section which factors

G o G
UlC’ : TM/MS|C’ — ng><X|Cr — ‘PGxX|C/

for some open curve C/ C C'\ c. Here as usual, we write M for the Levi quotient
P/U(P) of the normalizer P C G of the generic stabilizer S C G, and Mg for
the Levi quotient S/U(S).

For the canonical affine closure G—/S, we write *Zgay for the corresponding
ind-stack.

The following analogue of Proposition 3.4.1 is immediate from the definitions.

ProrosiTiON 3.5.1. The diagram
Z — *Z
l l

Bun<1> — BU.DI\/[/I\/[S

is Cartesian.
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3.5.2. Stratification. We shall content ourselves here with defining the sub-
stacks of the naive ind-stack Z which appear in our main theorem. (See [GN]
for a different perspective involving a completely local definition.) Recall that
we write A for the quotient torus P/S, and A4 for its coweight lattice. Sim-
ilarly, for the identity component S° C S, we write Ay for the quotient torus
P/S°, and A4, for its coweight lattice. The natural map Ag — A provides an
inclusion of coweight lattices Ag, — Aa. For k € A4, we shall define a closed
substack Z<% C Z. When k € A,,, the closed substack Z<* C Z appears in
our main theorem.

For k € Ay, let *Z" C *Z be the locally closed substack that classifies data
(¢,Pa, Par/ng, o) for which the natural map

- G
Parypas (B 0)lene = PexX]ene

extends to a holomorphic map

- G
fPI\/[/I\/[s (H . C) — fPG x X
which factors
; G . G
:PM/MS(K . C) — TGXX — fPGxX.

We write *Z=F C *Z for the closure of *2Z* C *Z.
For k € A4, let Z" C Z be the locally closed substack completing the Cartesian
diagram

ZI{ N *ZK

1 l

Bungy — Bunpng -

We write Z<* C Z for the closure of Z* C Z.

4. MAPS

4.1. THE MAP t: Bunp — oBunp. Let © be a pair (0,41(6P°%)), with 6 €
Anryiaany, and 0P € AL, and U(6P°%) a decomposition 9P = 37 n,, 05,

S S . : =—0 =
Let .oBunp C Bunp be the inverse image of . Bunp C Bunp under the
natural map

t: oBunp — Bunp.
‘We W%uld like to describe the fibers of the restriction of t to the substack

coBunp C mﬁﬁl P
First, we define the Hecke ind-substack

j‘f?\/(le) C j'(:]\/[
to be the union of the spherical Hecke substacks
fJ-C‘fM C j'(:]\/[,

for 1 € A}, such that r(u) = 6.
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Second, if there exists P € ]\gfj; such that r(P°®) = 6P°%, we define the
Hecke substack ‘
j_cb(ép”“) cCH
M M
to be the union of the spherical Hecke substacks

~pos

9{};4 C j‘CM,

for iP%s € APO; such that r(aPes) = 6bos.
Finally, we define the Hecke ind-stack

b(© &)
j{zv(f,o) -Gy
to be that with fiber over (c, cy(grosy) € C®, where C1(0705) = D 000+ Conms

the fiber product 1
g{?\ge”c X H g{b(e CWL,n'

unpg
Bunjy,

The following is an ind-version of [BG, Proposition 6.2.5], or [BFGM, Proposi-
tion 1.9], and we leave the proof to the reader. It is also immediately implied
by Proposition 3.3.2.

PROPOSITION 4.1.1. Let © be a pair (0, L(6P)), with 0 € Apgiar,n, 0P €
AGp, and U(6°°%) a decomposition 0P =37 1,05
If for all m there exists i € Apojg such that r(AE%) = OP°5, then on the level
of reduced stacks there is a canonical isomorphism
)
Bunp ~ Bunp Xx U{b(e)

BunM

such that the following diagram commutes

— 0
oBunp ~ Bunp X U{b(e)
Bunjs
! o !
coBunp o~ Bunp XC’?

where the right hand side is the obvious projection.
If there is an m such that 6P°° is not equal to r(fiP°®), for any P € APGO;,

__©
then ~Bunp s empty.

4.2. THE MAP 9 : Zean — Zean. Let X be an irreducible affine horospherical
G-variety with generic stabilizer S C G. Recall that the normalizer of a horo-
spherical subgroup S C G is a parabolic subgroup P C G with the same derived
group [P, P] =[5, S] and unipotent radical U(P) = U(S). We write M for the
Levi quotient P/U(P), Mg for the Levi quotient S/U(S), and MY for the iden-
tity component of Mg. We write A for the quotient torus P/S, and A 4 for its
coweight lattice. Similarly, for the identity component S° C S, we write Ay for
the quotient torus P/S°, and A4, for its coweight lattice. The natural map
M/[M,M] — Aq induces a surjection of coweight lattices Apr/iara — Aa,
which we denote by p. The kernel of p is the coweight lattice AMg/[MS,MS}.
(Note that the component group of Mg is abelian.)
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Associated to the canonical affine closure G/S, we have a Cartesian diagram
of ind-stacks

7can - oomP

pl Ly

Zean *Zcan

We would like to describe some properties of the vertical maps.

PRrOPOSITION 4.2.1. The map p : o ocBunp — *Z.ay is ind-finite.

For 0 € A/, its restriction to o Bunp is an embedding with image *Z’C)gfl),

L. =<6 . . g
and its restriction to . Bunp s finite with image *ch.ﬁl(e).

Proof. For a  point  (c,Pa, Par/ar,m1,7) € ~Bunp, we write
(¢,P6,Prms,0) € *Zean for its image under p.  Observe that for
0 € AM/[]\/I,]\/I]v the point (C,Tg,TM/[]M,]\/[](Q . C),E) S Oomp maps to
(¢,Pc, Parjms (p(0) - ¢),0) € *Zean under p. Therefore to prove the proposi-
tion, it suffices to show that the restriction of p to the canonical embedding

Bunp C oBunp is an embedding with image the canonical embedding
Bunp C *Zcan, and its restriction to oOB—unIS;O is a finite map with image *Z=0° .
The first assertion is immediate from the definitions. To prove the second,
recall that by [BG, Proposition 1.3.6], ..Bunp is proper over Bung, and so the

map p is proper since it respects the projection to Bung. Therefore it suffices

to check that the fibers over closed points of the restriction of p to OOBUDISDO
are finite. o

Let © be a pair (0,4(6°*)), with 6°° € A", The stack o Bunp classifies
data

(¢,Pp,co, TM/[]M,]\/I])

together with an isomorphism
P
a:Ppx P/[P, P] ~ TM/[M,M](C@)-
The fiber of p through such a point classifies data
(Pp,cors :PM/[M,M])
together with an isomorphism
P
o :Ppx P/[P,P] ~ ?’M/[M7M](c’@/)

such that the labelling co = co — cg, takes values in A M0 /[Ms, Ms]- Therefore
we need only check that for 6P € AZ’p, there are only a finite number of
¢ € Apjosiaas, s such that 0P + ¢ € A&’ By Proposition 2.1.3, the lattice
Anro /inis,ms) intersects the semigroup Ag”p only at 0. Since Agp is finitely-
generated, this implies that for 0 € Ay (ar, a1, the coset 0P + AMg/[M&MS]
intersects A% in a finite set. O
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COROLLARY 4.2.2. The map P : Zean — Zean 15 ind-finite.

is an embedding with image Zé’éﬁ),

is finite with image Z=E®) .

. .. —0
For 0 € AM/[M,M], its restriction to Z,,

. L <0
and its restriction to Z_,

n

4.3. THE MAP § : Zcan — Z. Let X be an affine horospherical variety with
dense G-orbit X C X and generic stabilizer S C G.

Associated to the natural map G/S — X, we have a Cartesian diagram of
ind-stacks

Zean —  *Zcan
5] ls
VA — *Z.

We would like to describe some properties of the vertical maps.

PROPOSITION 4.3.1. The map s : *Zcan — *Z is a closed embedding.

For k € A4, its restriction to *Z7,  is an embedding with image *Z", and its

K

restriction to *Z=F is a closed embedding with image * Z=".

Proof. First note that s is injective on scheme-valued points since for
(¢,PG, Prr/nms0) € *Zean, the map

G
o TM/M5|C\C — fPG X G/S|C\c
factors
G G ——
aler ?M/MS|C/ — Pa x G/S|lcr — Pa x G/S|cv,

for some open curve ¢’ C C'\ ¢, and the map G/S — X restricted to G/S is
an embedding.

Now to see s is a closed embedding, it suffices to check that s satisfies the
valuative criterion of properness. Let D = Spec C[[t]] be the disk, and D* =
Spec C((¢)) the punctured disk. Let f : D — Z be a map with a partial lift
F* :D* — Zcan. Let ‘Pé be the D-family of G-bundles defined by f, and let

fPf\} /M be the D-family of M/Mg-bundles defined by f. We must check that

any partial lift
R P! S GTS
tParglevexpx = P X G/Slcveyxpx
of a map
. pf ;¢
o : Panglenaxp = P X Xleve)xp
which factors
L Pl % a/s Pl %X
olerxp M/MS|C’><D — Jg X /Slcrxp — g X lox D,

for some open curve C/ C C'\ ¢, extends to (C'\ ¢) x D. Since G/S — X
restricted to G/S is an embedding with image G/S, we may lift o|c'xp to
extend ¥* to C' x D. But then ¥* extends completely since TQ/MS“C\C)XD

is normal and the complement of ng\} /M |c'xp is of codimension 2.
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Finally, for a point (¢, P, Par/arss Ocan) € *Zean, we write (¢, Pa, Par/nig, o) €
*Z for its image under s. Observe that for x € A4, the point (¢, Pa, Pas/arg (k-
€);0can) € *Zean maps to (¢, Pa, Prrjnis (k- ¢),0) € *Z under 5. Therefore to
complete the proof of the proposition, it suffices to show that the restriction
of s to the canonical embedding Bung xC C *Z.., has image the canonical
embedding Bung xC C *Z. This is immediate from the definitions. (|

COROLLARY 4.3.2. The map s : Zean — Z is a closed embedding.
For k € Ay, its restriction to Z£,, is an embedding with image Z*, and its

restriction to ZS% is a closed embedding with image Z<".

5. CONVOLUTION

Let X be an affine horospherical G-variety with dense G-orbit X C X and
generic stabilizer S C G.
The following diagram summarizes the ind-stacks and maps under considera-
tion
ooBH;lP i) oomP L *ann
Te TE

Zean > Zem — Z.

Each of the ind-stacks of the diagram projects to C' x Bung, and the maps of
the diagram commute with the projections.
Let Z be any one of the ind-stacks from the diagram, and form the diagram

he hg
Z £ He x 2z 8 Z
Bung xC
! ! !
hg hg
Bung < Ha = Bung

in which each square is Cartesian.
For \ € AE, we define the convolution functor

H} : Sh(Z) — Sh(Z)
on an object ¥ € Sh(Z) to be
HE(T) = hg ((AgHIT)’

where (Aggff)r is the twisted product defined with respect to hg, and A
is the simple spherical sheaf on the fibers of hg corresponding to A. (See
Section 1.4 for more on the twisted product and spherical sheaf.)

5.1. CONVOLUTION ON Oogl;;lp. Recall that for a reductive group H, and
A € AJ;, we write Vg for the irreducible representation of the dual group H of
highest weight A.

We shall deduce our results from the following.
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THEOREM 5.1.1. [BG, Theorem 4.1.5]. For A\ € Af, there is a canonical iso-
morphism

HHICS_ )~ N~ ICi%E]P®HomM(V V3).

scBunp M’
#GAL

5.2. CONVOLUTION ON Bunp. Recall that r : Ay — Apg(ar,00) denotes the
natural projection, 20, the sum of the positive roots of M, and (2pr, u) the
natural pairing, for pu € Ajpy.

THEOREM 5.2.1. For \ € AJCE, there is an isomorphism

)2 Z Z Ici%un ®H0mT(VH Vé\)[<2pv]\/1au>]

OC€ NN/, 0] BEAN 7 (11)=0

HM(ICSY

~cBunp

Proof. Step 1. For the projection

t: oBunp — o Bunp,
we clearly have
(1) H)(v choo ) t:HG(ICiO )
Let us first analyze the left hand side of equation 1. We may write the push-

forward t ICS%_  in the form
- Bunp

T ICS%V ~1CSY __ @g=0

scBunp ~cBunp

where J<0 € Sh(,,Bunp) is isomorphic to a direct sum of shifts of sheaves of
the form

IC=2_ | for pairs © = (0, 4(67%)), with 67> € A%}, \ {0}.
co Bbunp

The asserted form of J=° follows from the Decomposition Theorem, the fact
that the restrictions of ICSOAH/n to the strata of . Bunp are constant [BFGM,
[eS] P

Theorem 1.12], and the structure of the map t described in Proposition 4.1.1.
For any 7°° € Ag5 \ {0}, and decomposition $(7P°*), we have the finite map
Tu(npos) : Cu(npos) X OOBU.np — OOBU.np

defined by

Tu(npos)(z N Cmn,s (¢, Pa, ':P]M/[M,M]v o))

m,n

= (C, fPGafPM/[M,M] anos Cmn )

Note that for n € Apz/ar,m], and © the pair (n,ﬂ(npos)), the restriction of
Tg((npos) Provides an isomorphism

Tgi(mpos) - (CHO™) % Bunp)o > Bung
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where the domain completes the Cartesian square

(Cu nPo%) « OO—BHH?J)O N Cﬂ(nDOS) % Oo—Bun?j
!
x C)o — cHm™) x ¢

pos

(Cﬂ(n
where as usual
(CHO™) 5 Yy € OO

denotes the complement to the diagonal divisor.
We define the strict full triangulated subcategory of irrelevant sheaves

IrrelSh(s,Bunp) C Sh(.Bunp)
to be that generated by sheaves of the form
Tugeos), ICAT ) RF)
where npos runs through Apos {0}, L(nP°®) runs through decompositions of
nPos, ICC ") denotes the intersection cohomology sheaf of C*(""™) and F
runs through objects of Sh(,,Bunp).

LEMMA 5.2.2. The sheaf 1= is irrelevant.

Proof. Let © be a pair (0, 4(6°°%)), with 6 € Ayr/iar,ar), and 6°°° € AZ™S \ {0}

Then we may realize the sheaf ICSGL as the pushforward
Bunp

IC—— ~ 'Tu(gpos) | (ICL[(B ) & ICO

s Bunp o Bunp )

To see this, we use the isomorphism
$1(6P0 =0, ~ =0
Ty(grosy : (C (0) « coBunp)g — cBunp,

and the fact that 7y (gros) is finite. O

LEMMA 5.2.3. If € is an irrelevant sheaf, then H)(E) is an irrelevant sheaf.
Proof. Clearly we have a canonical isomorphism
84 $(nPo
HY (1 (o), (ICH" ) BF)) 2 myg(oosy, (ICE" ) KHY(F)).
O

By the preceding lemmas, we may write the left hand side of equation 1 in the
form
(2) HA®ICS0_ )~ BYICS), )@ HA(0Z)

- Bunp s Bunp
where H)(J=0) is an irrelevant sheaf.
Let us next analyze the right hand side of equation 1. By Theorem 5.1.1, we
have

wHHICSY_ ) ~ Z thCi’}%ﬁPQ@HomM(V“ V).

woBunp M’

NEAL
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LEMMA 5.2.4. For u € A};, we have

wICS > 3 (ICT) g1=H) @ Homy (Vy, Vi) (261, )]

coBunp B

veEAm
where JS* 4s isomorphic to a direct sum of shifts of sheaves of the form

ICS% , for pairs © = (0,4(6P°%)).

Proof. We may form the diagram

—_— — —_— —_—

wBunp & Hyy X  soBunp ¥ Bunp

BunM xC
! ! !
hi hy
Bung < Ha = Bung

in which each square is Cartesian. We define the convolution functor
“: Sh(sBunp) — Sh(sBunp)
on an object F € Sh(sBunp) to be
HY (5) = hiygy (A5, 25)"

where (.A‘If/[@?) is the twisted product defined with respect to hy;, and A%,
is the simple spherical sheaf on the fibers of h}; corresponding to p. Theorem
4.1.3 of [BG] provides a canonical isomorphism
Iz <0 ~ TOSH
HM(ICxéTfnp) o~ ICwéanP .

We also have a commutative diagram

— — —

coBunp e Hor X  oBunp
BunM xC
vl R4

= Pty v
—

o Bunp Hnry, X o Bunp

Bunps/ar,a) XC

where the modification map hj; /M, M] is given by

Wty (05 (63 Pa, Paayina vy, 0)) = (¢ P Paryina, iy (=0 - €), 0).
We conclude that there is an isomorphism

0 IC=1_ o B g o (AR RTC=0_ ),

s Bunp s Bunp

Now the map t’ factors into the projection of the left hand factor
Humr X ooBunP — g{M/[M,M] X ooBU-nP
Bunjs xC BUHZ\/I/[JVI,JVI] xC

followed by the projection of the right hand factor

St =
:HM/[]M,]\/I] X coBunp — iHM/[M,M] X coBunp.
Bunyas/(ar,m XC Bunjps/a,m XC
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Thus we have an isomorphism

(AL RIC=._ )T N (Ici‘;mP @9=%) ® Hom(VZ, V) [(2pn, V)]

oo Bunp

vEAM
where as before
< <
nICSY_ ~ 100 90
soBunp BunP

where J=0 is isomorphic to a direct sum of shifts of sheaves of the form
ICi%mP, for pairs © = (0, 4(6P%)), with 67 € AZ \ {0}

Finally, applying the modification hj, JIMM)! with twist 7(u) to the above iso-
morphism, we obtain an isomorphism

wICS o~ 3 (0T g1=H) @ Homyp (Vy, Vi) (261, )]

~Bunp
vEANM

Here we write J# for the result of applying the modification hy J[M,M]! with
twist 7(u) to J=Y. Clearly the modification Wr)iv,a) takes strata to strata so

we conclude that J<# is isomorphic to a direct sum of shifts of sheaves of the
form

IC=2_ | for pairs © = (0, L(6P>)).
scBunp
O

Note that the proof actually shows that J<# is isomorphic to a direct sum of
shifts of sheaves of the form

<o . . .
10~ 5 for pairs © = (0, 4(67°%)), with 0P € Az’ \ {0},

and so in particular is irrelevant, but we shall have no need for this.
Combining the formulas given by Theorem 5.1.1 and the preceding lemma, we
may write the right hand side of equation 1 in the form
(3)

<60 .
wHH(IC=)_ )~ > 1C=4 @ Homg (VY V) (2pm, 1)) B3

O€A N /0, 0] pEA N (1) =0

Bunp

where J is isomorphic to a direct sum of shifts of sheaves of the form
<o O
ICme, for pairs © = (6, U(0P°%)).
Finally, comparing the left hand side (equation 2) and the right hand side
(equation 3), and noting that ICS% is not irrelevant, we conclude that
oo P

IR > 105 @Homg (VA V2)(2pm, m)] &M

~Bunp

HA(1CSY

Bunp
OE€A e, ) LEA N T (1) =0

where M is is isomorphic to a direct sum of shifts of sheaves of the form

ICS(]_;un , for pairs © = (0, L(6P°®)).
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Step 2. Now we shall show that M is in fact zero. To do this, we shall show
that its restriction to each stratum of ..Bunp is zero.
Let ® be a pair (¢, U(¢P%)), with ¢ € Aprarng, and ¢P> € AZH. Let

H) (ICi(])BHP )& be the restriction of HG(ICi%ﬂp) to the stratum OOBunp. For

0 € Anryiar,ng, let A% be the restriction of ICSGBHP to the stratum mmi,
and let Mg be the restriction of M. Note that by step 1, [BFGM, Theorem
7.3] and Lemma 5.2.5 below, all of the restrictions are locally constant.

We shall calculate Hé}(ICS%H )o in two different ways and compare the re-
sults. s

On the one hand, by Step 1, we have

(4)

HA(ICZ1 Do

R

S % AeHom vl e
O€A N /(e 0] pEA N (1) =0

Bun

On the other hand, let us return to the definition of the convolution, and
consider the diagram

—  hG ——<0 hg —<0
wBunp < Hg X coBunp < coBunp
Bung xC
hg hg
Bung << Ha < Bung

Recall that by definition

Hg(lci?3 ) = hg (AARICSL )T

where (A/C\;g ICSOBm )" is the twisted product defined with respect to hg, and
oo P
A/c\: is the simple spherical sheaf on the fibers of hg corresponding to A.

Bunp

To calculate Hé}(ICS%m )@, consider the inverse image hgfl(ooBun}{;). Pro-
oo P

jecting along hg , we may decompose the inverse image into a union of locally
closed substacks

(€:4(6™))
he " (ooBunp) =~ |_|8PM><OOB np

EERY,

Projecting each piece back along hg, we arrive at a spectral sequence for
Hé(ICSL )o with FEy term
scBunp

> S A gy © Homg (VE, V(200 1)
EERY S, nEAM T (1) =p—E

In fact, the spectral sequence degenerates here for reasons of parity, but we
shall not need this. What we do need is the following cyclicity.

LEMMA 5.2.5. Let ¥ be a pair (¢, U(yP%)), with ¢ € Angjiar,n, and PP €

ApoS Let 0 S A]\/I/[M M]- Then .A (W, uU(yppes)) = A (Y46, 4(pPos))
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Proof. The modification
(¢, Pa, Paryina,mys @) = (¢, Pa, Paaypne, i (0 - ), 0).

defines an isomorphism ., Bunp — o Bunp which restricts to an isomorphism

(w U(@P™)) ~ Y+6, u(w""b))

~Bun ~Bun,

O

We apply the lemma with ¢ = £, P = ¢P°°, and make the substitution
0 = ¢ — &, to write the E5 term

(5) > S A ey © Homp(VE, V2201, 1)
(25—9632;15;, ,U.GA]VI,T(,U,) 0

Comparing our two calculations (equations 4 and 5), we conclude by a dimen-
sion count that Mg must be zero. O

5.3. CONVOLUTION ON Zcan.

THEOREM 5.3.1. For \ € Ag, there is an isomorphism

HHIC3 )~ ) > Icifn®HomT(va‘,v§)[<2pM,u>].

a;

OEA N e, n) WEAN (1) =0

Proof. By Proposition 3.4.1, for 6 € Apz/(as,ar), we have

3 (LSS (=

coBunp Z can

Clearly the pullback £* commutes with convolution

H (e 1050 _ RE P HHICSL ).

~Bunp

Thus by Theorem 5.2.1, we conclude

H(1C3 )

Z can

~ HY(E 102 _ )

scBunp

~ EH(ICT =)

~ ) o wIest o @Homp(VE, V) (26w, )]

GGAM/[M,M] HEAN T (1)=0
<6 )
E 1C2 ®H0mT~([/TfL, V%)[<2PM7M>]-

can
OCEA N ar, 0] WEAN (1) =0

12
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5.4. CONVOLUTION ON Z. Recall the map of coweight lattices
q:Am 5 AM/[M,M] = Aa,.
THEOREM 5.4.1. For )\ € AJCS, there is an isomorphism
HAICE)) ~ > > ICE" @Homg (VE, V) (26, m)].
K€M pEAT q(1)=K

Proof. By Corollary 4.2.2, for 6 € Apz/(ar,01), We have
P 1059 ~IC;”

By Corollary 4.3.2, for k € A4, , we have
s 105" ~1C3"
Clearly the pushforwards p; and s, commute with convolution
Hg\;(sgp! ICZiZ) ~ S!p!Hé(ICZCSa?]).
Thus by Theorem 5.3.1, we conclude
Ha(1C3°)
~ Hé(sgp! IC%SM)
zs;p;Hé(IC%? )
~ ) S s IC* _ @Homgp(Vy, V) (266, )]

OEAN /0, 0a) LEA N, (1) =0

> > ICE @ Homp(VE, VE)[(26n, ).

KEAAy pEAT,q(H)=K

R

6. COMPLEMENTS

For our application [GN], we need a slight modification of our main result. As
usual, let X be an affine horospherical G-variety with dense G-orbit XcX
and generic stabilizer S C G. Let S° be the identity component of S, and let
7o(S) be the component group S/S°.

For a scheme 8, we write Cgs for the product 8§ x C. For an 8-point (¢, Pg, o)
of the ind-stack Z, the section ¢ defines a reduction of the G-bundle P to
an S-bundle P over an open subscheme C§ C Cg which is the complement
Cs \ D of a subscheme D C Cg which is finite and flat over 8. By induction,
the S-bundle P defines a my(S)-bundle over Cg. We call this the generic
mo(S)-bundle associated to the point (¢, Pg, o).

We define 'Z C Z to be the ind-substack whose 8-points (¢, P, o) have the
property that for every geometric point s € §, the restriction of the associated
generic mo(S)-bundle to {s} x C C Cs is trivial. It is not difficult (see [GN])
to show that 'Z is closed in Z. Observe that we have a short exact sequence

0—>AA0—>AA—>S/SO—>O.
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Thus for k € A 4,, it makes sense to consider the locally closed substack 'Z* C
'Z and its closure 'Z<"® C 'Z. Observe as well that from the fibration S —
G — G/S, we have an exact sequence

o

m1(G) — 1 (X) — mo(9).
Thus for A € AJCE, we have the convolution functor
H :Sh('Z) — Sh('Z).

The same arguments show that our main result holds equally well in this con-
text.

THEOREM 6.0.2. For \ € AJCS, there is an isomorphism

HAICT) ~ > > ICT @Homg (VE, V) (26, ).

KENMAG pEAT q(1)=FK
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