DOCUMENTA MATH. 157

RATIONALLY CONNECTED FOLIATIONS ON SURFACES

SEBASTIAN NEUMANN

Received: November 21, 2008

Communicated by Thomas Peternell

ABSTRACT. In this short note we study foliations on surfaces with
rationally connected leaves. Our main result is that on a surface there
exists a polarisation such that the Harder-Narasimhan filtration of the
tangent bundle with respect to this polarisation yields the maximal
rationally connected quotient of the surface.
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1 INTRODUCTION

Let X be a smooth projective variety over the complex numbers. In this note
we are interested in foliations with rationally connected leaves. In [KSCTO07] it
is shown how to construct such foliations from the Harder-Narasimhan filtra-
tion of the tangent bundle of the variety. This construction depends heavily
on a chosen polarisation, and therefore the question arises how this foliation
varies with the polarisation.

There is another way to construct a fibration with rationally connected fibers,
the mazimal rationally connected quotient. This is a rational map whose fibers
are rationally connected. Almost every rational curve in X lies in a fiber of
this map.

We can ask if the Harder-Narasimhan filtration of the tangent bundle always
induces the maximal rationally connected quotient with respect to any polari-
sation. The answer is negative already on surfaces as shown by an example of
Thomas Eckl [Eck08].

In this note we will prove that on surfaces there always exists a polarisation such
that the Harder-Narasimhan filtration yields the maximal rationally connected
quotient.
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2 PRELIMINARY RESULTS AND NOTATION

Let X be an n-dimensional projective variety over the complex numbers with
an ample line bundle H. Given a torsion-free coherent sheaf F on X, we define
the slope of F with respect to H to be

Cc1 (.7:) - Hn1

rk(F)
We call F semistable with respect to H if for any nonzero proper subsheaf G of
F we have pup(G) < pn(F).
If there exists a nonzero subsheaf G C F such that pun(G) > pn(F), we will
call G a destabilizing subsheaf of F.

pr (F) =

THEOREM 2.1 ([Mar80, Proposition 1.5.]). Let F be a torsion-free coherent
sheaf on a smooth projective variety and H be an ample line bundle on X.
There exists a unique filtration

0O=FCcHC...CFr=F

of F depending on H, the Harder-Narasimhan filtration or HN-filtration, with
the following properties:

(i) The quotients G; := F;/Fi_1 are torsion-free and semistable.

(i) The slopes of the quotients satisfy pp(G1) > ... > pu(Gr).

DEFINITION 2.2. Let F be a torsion-free coherent sheaf on a smooth projective
variety. The unique sheaf F; appearing in the Harder-Narasimhan filtration of
F is called the mazimal destabilizing subsheaf of F.

DEFINITION 2.3. Let F be a coherent torsion-free sheaf on a smooth projective
variety with Harder-Narasimhan filtration

O=FoC...CF=F

with respect to an ample line bundle H. If the slope of the quotient F;/F;_1
is positive with respect to H, then F; is called positive with respect to H.
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REMARK 2.4. Note that the construction of the Harder-Narasimhan filtration
naturally extends to Q- and R-divisors, i.e. we do not need to assume that the
chosen polarisation is integral.

Obviously, the Harder-Narasimhan filtration depends only on the numerical
class of the chosen ample bundle. In particular it makes sense to ask how the
filtration of a given sheaf depends on the ample bundle sitting in the finite
dimensional vector space of all divisors modulo numerical equivalence.

We can now state an important result originally formulated by Miyaoka and
explicitly shown in [KSCTO07]. For a survey on these and related results we
refer the reader to [KSCO06].

THEOREM 2.5 ([KSCT07, Theorem 1]). Let X be a smooth projective variety
and let
O0=FoCF1C...CFp=TX

be the Harder-Narasimhan filtration of the tangent bundle with respect to a po-
larisation H. Write p; := up(F;/Fi—1) for the slopes of the quotients. Assume
w1 >0 and set m := max {i € N|u; > 0}. Then each F; with i < m is a folia-
tion, i.e. a saturated subsheaf of the tangent bundle closed under Lie bracket.
Furthermore the leaves of these foliations are algebraic and for general x € X
the closure of the leaf through x is rationally connected.

Let X be a smooth projective variety and assume the conditions of Theorem
(2.5) are fulfilled. Thus we obtain foliations Fi,...,F) with algebraic and
rationally connected leaves. By setting

gi: X --» Im(g;) C Chow(X)
x +—  F;-leaf through =

we obtain a rational map, such that the closure of the general fibre is rationally
connected, see [KSCTO7] Section 7.

There is another map with this property called the mazimal rationally con-
nected quotient, or MRC-quotient, for short based on a construction by Cam-
pana [Cam81] [Cam94]| and Kollar-Miyaoka-Mori [KMM92], see also [Kol96,
Chapter IV, Theorem 5.2].

THEOREM 2.6 ([KMM92, Theorem 2.7.]). Let X be a smooth projective variety.
There exists a variety Z and a rational map ¢ : X --+ Z with the following
properties:

e the fibers of ¢ are rationally connected,

e a very general fiber of ¢ is an equivalence class with respect to rational
connectivity and

e up to birational equivalence the map ¢ and the variety Z are unique.

In this paper we ask if the Harder-Narasimhan filtration with respect to a
certain polarisation yields the MRC-quotient. We will give a positive answer
for surfaces in the next section.
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3 RaTioNALLY CONNECTED FOLIATIONS ON SURFACES AND THE MRC-
QUOTIENT

In this section X denotes a smooth projective surface over the the field of
complex numbers.

We want to investigate the regions in the ample cone which induce the same HN-
filtration. More precisely we divide the ample cone into parts, so that in each
part we get the same HN-filtration of the tangent bundle. With this at hand we
are able to show that the MRC-quotient comes from the Harder-Narasimhan
filtration of the tangent bundle with respect to a certain polarisation.

In order to compute the HN-filtration of the tangent bundle on surfaces, we
only have to search for a destabilizing subsheaf whose quotient is torsion-free.
This is formulated in the next lemma.

LEMMA 3.1. Let X be a smooth projective surface. If F C TX is a destabilizing
subsheaf with respect to a polarisation such that TX/F is torsion-free, then the
Harder-Narasimhan filtration is given by 0 C F C TX.

Proof. Let H be a polarisation and F a destabilizing subsheaf of TX with
respect to H. Consider the exact sequence

0— F —TX —TX/F — 0.

Using that the rank and the first Chern class are additive in short exact se-
quences, we obtain

1 1
pr(TX) = Spu(TX)F) + Spm (F).
Since pg (F) > pp(TX), we therefore have g (F) > py(TX/F). That is,

0CFCIX

satisfies the properties of the Harder-Narasimhan filtration and by the unique-
ness of the HN-filtration we are done. O

NOTATION 3.2. We write N'(X) for the Néron-Severi group and Ng(X) (resp.
N (X)) for the vector space of Q—divisors (resp. R—divisors) modulo numerical
equivalence on X. The convex cone of all ample R—divisors in N3 (X) is denoted

by Ampg(X).

Now we define the regions in Ampg(X) we are interested in. Let H € Ng(X)
be an ample bundle. If TX is not semistable with respect to H, let F be
the maximal destabilizing subsheaf of TX with respect to H, i.e. the Harder-
Narasimhan filtration of TX with respect to H is given by 0 C F C TX. We
call

. 1 .
Ap = {H € Ampg(X) | (c1(F) — 501(TX)) -H > O}
the destabilizing chamber with respect to H.
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REMARK 3.3. By Lemma (3.1) the condition (c1(F) —4¢1(7X))-H > 0 ensures
that for all polarisations in Ay we get the same HN-filtration, namely 0 C F C
TX. So we have indeed defined the regions in the ample cone, in which the
Harder-Narasimhan filtration of the tangent bundle remains constant.

Note that if the tangent bundle is semistable with respect to a certain polar-
isation, then we get a chamber such that for all polarisations in this chamber
TX is semistable. This region is called the semistable chamber.

Concerning the structure of these chambers we prove the following lemma.

LEMMA 3.4. Let X be a smooth projective surface. We have:

(i) The destabilizing chambers and the semistable chamber are convex cones
in Ampg(X).

(ii) The semistable chamber is closed in Ampgy(X).
(iii) The destabilizing chambers are open in Ampg(X).

(iv) The destabilizing chambers and the semistable chamber give a decompo-
sition of the ample cone, i.e. the union of all chambers is the ample cone
and the chambers are pairwise disjoint.

Proof. The convexity property of both the semistable chamber and the desta-
bilizing chamber follows directly from the linearity of the intersection product.
Statement (i47) is a direct consequence of the continuity of the intersection
product, since for a maximal destabilizing subsheaf 7 C TX the condition

(er(F) - %cl(TX)) H>0

is an open condition.

To prove (iv) note that by definition of the chambers, each polarisation appears
in at least one chamber. Since for a given polarisation the associated maximal
destabilizing subsheaf of T'X is unique, the polarisation appears in exactly one
chamber.

Statement (i¢) is a direct consequence of (ii7) and (iv). O

In the proof of our main result, we will use the following corollary.

COROLLARY 3.5. Let X be a smooth projective surface. Let £ be a line segment
in Ampg (X)), such that ¢ does not intersect the semistable chamber. Then (¢ is
contained in a single destabilizing chamber.

Proof. Assume / intersects at least two destabilizing chambers. By Lemma
(3.4) we get a partition of ¢ into disjoint open sets. This is impossible because
¢ is connected. O
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To prove semistability of the tangent bundle on certain surfaces having many
automorphisms, we will give a useful lemma. Let o0 € Aut(X) and F C TX.
By means of the differential of o, we can identify TX and ¢*7X. Thus we can
interpret o*(F) as a subsheaf of TX. For instance, if p € X and F := TX ® 7,
then o* (.7:) is identified with TX ® Ia-—l(p) cTX.

LEMMA 3.6. Let X be a smooth projective surface and let o € Aut’(X). Let
F be the mazimal destabilizing subsheaf of TX with respect to some polarisa-
tion. We then have o*F = F. In particular: If F is a foliation then the
automorphism o maps each leaf of F to another leaf of F.

Proof. Let H € Ampg(X) and let F be the maximal destabilizing subsheaf of
TX with respect to H. We compute the slope of o*(F) C TX:

pr(0*(F)) = H-(a(o"(F))
= H-o"(a(F))

H'Cl(]:)

> 1c(TX) - H.

We give an explanation of the third equality. Recall that the group of auto-
morphisms acts on the Néron-Severi group. Since N'(X) is discrete, Aut®(X)
acts trivially on N1(X), i.e. 0*(c1(F)) = c1(F).

We therefore have shown that o*(F) is a destabilizing subsheaf of TX. By
Lemma (3.1) and the uniqueness of the maximal destabilizing subsheaf of TX,
we conclude that o*F = F. O

EXAMPLE 3.7. Hirzebruch Surfaces

Let ¥, be the n-th Hirzebruch surface and let 7 : 3,, — P! be the projection
onto the projective line. We denote the fiber under the projection by f and
the distinguished section with selfintersection —n by Cjy. Recall (see [Har77],
chapter V.2) that N(¥,) =< Co, f > and a divisor D =, aCp + bf is
ample if and only if @ > 0 and b > an. The canonical bundle is given by
—Ky,, =2Cp+(2+n)f. The relative tangent bundle of 7 is a natural candidate
for a destabilizing subbundle. We have the sequence

0—Tsg, p —T%, — TP = 0
Let H := 2Cy + yf be a polarisation. Then one can compute that Ty /p1 is
destabilizing if and only if —2z — nx 4+ 2y > 0. In particular we compute for
n > 2:
—2x—nzr+2y > -2z —nx+2nr=—-2x+nx > 0.

Therefore, for n > 2 the HN-filtration is given by

0C TX/PI cTX
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Figure 1: The ample cone of X = ¥ and the chamber structure. Here T)l( /p1

and T)Q( /p1 denote the relative tangent bundle of the first and second projection.

for all polarisations. In other words we obtain only one destabilizing chamber.
For n = 0 we have ¥y = P! x P! and we get three chambers. The two destabiliz-
ing chambers correspond to the two relative tangent bundles of the projections.
They are cut out by the inequalities x > y and x < y. There is a chamber of
semistability, which is determined by the equation z = y.

For n = 1 we see that for z > %y the relative tangent bundle is destabilizing.
Since ¥; is the projective plane blown up at a point p, the group of automor-
phisms is the automorphism group of the projective plane leaving p fixed. The
destabilizing foliation corresponds to the radial foliation through p in the plane.
So if there were another foliation F coming from the Harder-Narasimhan fil-
tration of T'31, we could deform the leaves with these automorphisms. Then
we would again obtain leaves of this foliation by Lemma (3.6). So unless F is
the foliation given by the relative tangent bundle of the projection morphism,
we could deform each leaf of F while leaving a point on the leaf not lying on
Cy fixed. Thus the foliation induced by F would have singularities on a dense
open subset of ¥; which is absurd. So the tangent bundle is semistable for
< %y

Now we want to answer the question if there always exists a polarisation, such

that the Harder-Narasimhan filtration gives rise to the MRC-quotient.

THEOREM 3.8. Let X be a uniruled projective surface. Then there exists a
polarisation, such that the maximal rationally connected quotient of X is given
by the foliation associated to highest positive term in the Harder-Narasimhan
filtration with respect to this polarisation.

Proof. To start, observe that there is always a polarisation A such that ¢; (TX)-
A > 0. Indeed, there exists a free rational curve f : P! — X. See [Deb0l,
Corollary 4.11] for a proof of the existence of such a curve. Writing

[H(TX) = Oar) ® O(as)
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with a1 + as > 2, we compute
~Kx - fiP' =a; +ax >2.

Write ¢ := f,P! for this curve. Since £ is movable, it is in particular nef. So for
an ample class H, the class ¢ + eH will be ample. Thus for sufficiently small e
the class £ + eH will intersect — K x positively.

First let us assume that X is not rationally connected. As we have just seen,
we can find a polarisation H with ¢1(TX) - H > 0. There exists a destabilizing
subsheaf F of T'X, since otherwise X would be rationally connected by Theorem
(2.5). Furthermore the slope of F has to be bigger than ¢;(7X)-H and therefore
positive. So this sheaf will give a foliation with rationally connected leaves and
hence the maximal rationally connected quotient.

Now we consider the case where X is rationally connected. We then fix a very
free rational curve ¢ on X. For a proof of the existence of a very free rational
curve see [Deb01, Corollary 4.17]. This means that TX|, is ample. So we know
that each quotient of TX |, has strictly positive degree.

Since /£ is movable, it is in particular nef. Let H be an ample class. Because ¢
is nef, we know that H, := £ 4 ¢H is ample in Né)(X) for any € > 0. Observe
that ¢ (TX) - He > 0 for sufficiently small €, say for 0 < e < eg. If TX is
semistable with respect to a certain polarisation H, with 0 < € < €q, the claim
follows since TX has positive slope and induces a trivial foliation which gives
the rationally connected quotient. If TX is not semistable for all polarisations
H, with 0 < € < €p, let F, be the maximal destabilizing subsheaf of TX with
respect to H.. Because of Corollary (3.5) the ray H, stays in one destabilizing
chamber and Remark (3.3) ensures that F := F. remains constant.

Now it is clear that for sufficiently small € both the slope of F and the slope of
TX/F will be positive with respect to H.. Therefore the HN-filtration of TX
with respect to H, yields the maximal rationally connected quotient. O
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