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INTRODUCTION

The Allegretto-Piepenbrink theorem relates solutions and spectra of 2nd order
partial differential operators H and has quite some history, cf. [1, 5, 6, 7, 34,
35, 36, 43, 37, 38].

One way to phrase it is that the supremum of those real E for which a nontrivial
positive solution of H® = F® exists coincides with the infimum of the spectrum
of H. In noncompact cases this can be sharpened in the sense that nontrivial
positive solutions of the above equation exist for all E < inf o(H).

In the present paper we consider the Allegretto-Piepenbrink theorem in a gen-
eral setting in the sense that the coefficients that are allowed may be very
singular. In fact, we regard H = Hy + v, where Hj is the generator of a
strongly local Dirichlet form and v is a suitable measure perturbation. Let us
stress, however, that one main motivation for the present work is the conceptual
simplicity that goes along with the generalisation.

The Allegretto-Piepenbrink theorem as stated above consists of two statements:
the first one is the fact that positive solutions can only exist for E below the
spectrum. Turned around this means that the existence of a nontrivial positive
solution of H® = E® implies that H > E. For a strong enough notion of
positivity, this comes from a “ground state transformation”. We present this
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simple extension of known classical results in Section 2, after introducing the
necessary set-up in Section 1. For the ground state transformation not much
structure is needed.

For the converse statement, the existence of positive solutions below o(H), we
need more properties of H and the underlying space: noncompactness, irre-
ducibility and what we call a Harnack principle. All these analytic properties
are well established in the classical case. Given these tools, we prove this part
of the Allegretto-Piepenbrink theorem in Section 3 with arguments reminiscent
of the corresponding discussion in [18]. For somewhat complementary results
we refer to [14] where it is shown that existence of a nontrivial subexponentially
bounded solution of H® = E® yields that E € o(H). This implies, in partic-
ular, that the positive solutions we construct for energies below the spectrum
cannot behave to well near infinity. We dedicate this paper to Jiirgen Voigt -
teacher, collaborator and friend - in deep gratitude and wish him many more
years of fun in analysis.

1. BASICS AND NOTATION CONCERNING STRONGLY LOCAL DIRICHLET
FORMS AND MEASURE PERTURBATIONS

DIRICHLET FORMS. We will now describe the set-up; we refer to [22] as the
classical standard reference as well as [13, 19, 23, 31] for literature on Dirichlet
forms. Let us emphasize that in contrast to most of the work done on Dirichlet
forms, we treat real and complex function spaces at the same time and write
K to denote either R or C.

Throughout we will work with a locally compact, separable metric space X
endowed with a positive Radon measure m with suppm = X.

The central object of our studies is a regular Dirichlet form £ with domain D
in L2(X) and the selfadjoint operator Hy associated with €. Let us recall the
basic terminology of Dirichlet forms: Consider a dense subspace D C L2(X,m)
and a sesquilinear and non-negative map £: D x D — K such that D is closed
with respect to the energy norm || - ||¢, given by

lullz = Elu, ul + [l 22 x )

in which case one speaks of a closed form in L?(X,m). In the sequel we will
write

Elu] == Elu, ul.
The selfadjoint operator Hy associated with £ is then characterized by
D(Ho) C D and €[f,v] = (Hof |v) (f € D(Ho),v € D).

Such a closed form is said to be a Dirichlet form if D is stable under certain
pointwise operations; more precisely, 7' : K — K is called a normal contraction
if T(0) =0and |T(§) —T(C)] < |€—¢| for any &, ¢ € K and we require that for
any u € D also

ToueDand &[T ou] < E[ul.
Here we used the original condition from [9] that applies in the real and the
complex case at the same time. Today, particularly in the real case, it is mostly
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expressed in an equivalent but formally weaker statement involving « V 0 and
u A1, see [22], Thm. 1.4.1 and [31], Section I.4.

A Dirichlet form is called regular if D N C.(X) is large enough so that it is
dense both in (D, || - ||¢) and (Ce(X), || - |loo), where C.(X) denotes the space
of continuous functions with compact support.

CAPACITY. Due to regularity, we find a set function, the capacity that allows
to measure the size of sets in a way that is adapted to the form &: For U C X,
U open,

cap(U) := inf{|[v[[3 | v € D, xv < v}, (inf = o0),
and

cap(A) := inf{cap(U) | A C U}

(see [22], p. 61f.). We say that a property holds quasi-everywhere, short g.e.,
if it holds outside a set of capacity 0. A function f : X — K is said to be
quasi-continuous, q.c. for short, if, for any € > 0 there is an open set U C X
with cap(U) < € so that the restriction of f to X \ U is continuous.
A fundamental result in the theory of Dirichlet forms says that every u € D
admits a q.c. representative @ € u (recall that u € L?(X,m) is an equivalence
class of functions) and that two such q.c. representatives agree q.e. Moreover,
for every Cauchy sequence (uy) in (D, || - ||¢) there is a subsequence (uy, ) such
that the (@, ) converge g.e. (see [22], p.64f).

MEASURE PERTURBATIONS. We will be dealing with Schrédinger type oper-
ators, i.e., perturbations H = Hy + V for suitable potentials V. In fact, we
can even include measures as potentials. Here, we follow the approach from
[45, 46]. Measure perturbations have been regarded by a number of authors in
different contexts, see e.g. [4, 24, 47] and the references there.

We denote by Mg(U) the signed Radon measures on the open subset U of X
and by Mp o(U) the subset of measures v that do not charge sets of capacity
0, i.e., those measures with v(B) = 0 for every Borel set B with cap(B) = 0.
In case that v = vy —v_ € Mg o(X) we can define

V[u,v]:/ avdy for u,v € D with 4,9 € L*(X,vy +v_).
b'e

We have to rely upon more restrictive assumptions concerning the negative
part v_ of our measure perturbation. We write Mp ; for those measures v €
Mp(X) that are £-bounded with bound less than one; i.e. measures v for
which there is a k < 1 and a ¢, such that

viu,u] < kEu] + c,1||u||2.

The set Mp 1 can easily be seen to be a subset of Mpgo. We write v €
Mp,0— MR, if the positive part v of the measure is in Mg o and the negative
v_isin Mpg;.

By the KLMN theorem (see [39], p. 167), the sum & + v given by D(€ +v) =
{u e D|ae L?X,vy)} is closed and densely defined (in fact DN C.(X) C
D(E+v)) for v € Mpo—Mp1. We denote the associated selfadjoint operator
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by Hp +v. An important special case is given by v = Vdm with V € L{ (X).
As done in various papers, one can allow for more singular measures, a direction

we are not going to explore here due to the technicalities involved.

APPROXIMATION AND REGULARITY. By assumption the Dirichlet form (&, D)
is regular. We show now that this property carries over to the perturbed form
(€4 v,D(E+v)). Along the way we prove an approximation result which will
be useful in the context of Theorem 2.3. It will be convenient to introduce a
notation for the natural norm in D(€ + v). For all ¢ € D(E + v) we define

[0l12 4, = I¥NE + v, 9) -

LEMMA 1.1. Letv e Mpo— Mg, and £ and € + v be as above. Then

(a) For each uw € D(E + v) there exists a sequence (uy,) in DN L (X) such
that |up| < |ul| for alln € N and ||u — up|lg+r — 0 for n — co.

(b) For anyv € DNL(X) withv >0 and anyn € DNC(X) withn=1 on
the support of v there exists a sequence (¢r) in DN C.(X) with ¢, — v in
(DE+v),| - lle+v) and 0 < v, ¢p <n for all n € N.

In particular, DN C.(X) is dense in (D(E +v),| - |le+v) and the form (€ +
v,D(E +v)) is regular.

Note that DN LE(X) C D(E +v).

Proof. By splitting u into its real and imaginary and then positive and negative
part we can assume afterwards that u > 0.

We now prove the first statement. Since £ is regular there exists a sequence
(¢n) in DN Ce(X) such that ||u — ¢,|le — 0. By the contraction property of
Dirichlet forms we can suppose that ¢,, > 0 and deduce that u, := ¢, Au — u
in (D,] - |le) as well. (Note that u, = T (¢, — u) with the normal contraction
T:R — R T(y) =y fory < 0and T(y) = 0 for y > 0.) Choosing
a subsequence, if necessary, we can make sure that u, — % q.e. Therefore
U, — @ a.e. with respect to vy and v_. Now (£ 4 v)-convergence follows by
Lebesgue’s dominated convergence theorem.

Now we turn to the proof of the second statement. Without loss of generality
we may chose 0 < v < 1. Consider the convex set

C:={peDNC(X)|0<p<n}

Since C is convex, its weak and norm closure in (D(€ + v), || - |le4.) coincide.
Therefore it suffices to construct a sequence (¢,,) C C that is bounded w.r.t || -
lle+» and converges to © q.e. By regularity we can start with a sequence
(n) € DN Cu(X) such that ¢, — v wr.t || - ||e and ¢, — & q.e. By the
contraction property of Dirichlet forms the sequence ¢,, := 0V, An is bounded
in (D, - |le). Since 0 < ¢, < 0, (¢n) is also bounded in L3(vy +v_). We
finally prove the ’in particular’ statemtent. Since & is regular, we can find an
ne€DNC(X),0<n<1withn =1 on suppv. Now, the proof follows from
the previous parts. 0
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STRONG LOCALITY AND THE ENERGY MEASURE. & is called strongly local if
Elu,v] =0

whenever w is constant a.s. on the support of v.
The typical example one should keep in mind is the Laplacian

Hy=—Aon L*(Q), Qc R?open,
in which case

D = Wy *(Q) and E[u,v] = / (Vu|Vv)dz
Q

Now we turn to an important notion generalizing the measure (Vu|Vv)dz ap-
pearing above.

In fact, every strongly local, regular Dirichlet form £ can be represented in the
form

Elu,v] = /X dT(u, v)

where I is a nonnegative sesquilinear mapping from D x D to the set of K-valued
Radon measures on X. It is determined by

[ ¢drtu) = Elugul - 5020

for realvalued v € D, ¢ € DN C.(X) and called energy measure; see also [13].
We discuss properties of the energy measure next (see e.g. [13, 22, 47]). The
energy measure satisfies the Leibniz rule,

dl (u - v, w) = udl (v, w) + vdl(u, w),
as well as the chain rule
dT(n(u),w) = 7' (u)dl (u, w).
One can even insert functions from D). into dI', where Dj,. is the set
{u € L}, | for all compact K C X thereis ¢ € Ds.t. ¢ =u m-a.e. on K},

as is readily seen from the following important property of the energy measure,
STRONG LOCALITY:
Let U be an open set in X on which the function i € Dy, is constant, then

xvdl'(n,u) =0,

for any w € D. This, in turn, is a consequence of the strong locality of £ and
in fact equivalent to the validity of the Leibniz rule.
We write dI'(u) := dI'(u,u) and note that the energy measure satisfies the

CAUCHY— CHWARZ INEQUALITY:
< /. |f|2dr<u>) < /. |g|2dr<v>)

5 [ IEar 5 [ laPar()
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In order to introduce weak solutions on open subsets of X, we extend £ and
V['v ] to Dloc(U) X DC(U) Where,

Dioe(U) :={u € L (U) | Vcompact K C U ¢ € D s.t. ¢ =u m-a.e. on K}

loc

D.(U) := {¢ € D|supp ¢ compact in U}.
For u € Dioc(U), p € D.(U) we define

Elu, ] := Enu, ¢l

where n € DN C.(U) is arbitrary with constant value 1 on the support of ¢.
This makes sense as the RHS does not depend on the particular choice of
by strong locality. In the same way, we can extend v[,-], using that every
u € Dioc(U) admits a quasi continuous version @. Moreover, also I' extends to
a mapping I : Dioc(U) X Dioc(U) — Mg (U).

For completeness reasons we explicitly state the following lemma.

LEMMA 1.2. (a) Let U € Dipe N LYE(X) and ¢ € DN LX(X) be given.
Then, VU belongs to D.
(b) Let ¥ € Dy and o € DNLX(X) be such that dU(¢) < C-dm. Then,
W belongs to D.

Proof. Let K be the support of ¢ and V an open neighborhood of K.
(a) Locality and the Leibniz rule give

Jarew) = [ epar) <2 [ pvirew+ [ wpa).

Obviously, the first and the last term are finite and the middle one can be
estimated by Cauchy Schwarz inequality. Putting this together, we infer
Jdl (V) < .

(b) Clearly, it suffices to treat the case ¥ > 0. Since ¥,, := ¥ A n is a normal
contraction of ¥ for every n € N it follows that dI'(¥,,) < d['(¥). By part (a)
we know that U, € D and an estimate as above gives that

5(‘:0\1/71) = /X dr(‘P\Ijn)

2(/}( @er(qfn)Jr/X‘I’idF(so))
2 (/X @2dD (W) +C/Xxv\112dm) ;

is bounded independently of n € N. As ¢W,, converge to ¢V in L?(X,m), an
appeal to the Fatou type lemma for closed forms, [31], Lemma 2.12., p. 21
gives the assertion. |

IN

IN

We close this section by noting that both DNC.(X) and DNLF(X) are closed
under multiplication (due to Leibniz rule).
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THE INTRINSIC METRIC. Using the energy measure one can define the intrinsic
metric p by

plx,y) = sup{|u(x) — u(y)| |u € Dioe N C(X) and dl'(u) < dm}

where the latter condition signifies that I'(u) is absolutely continuous with
respect to m and the Radon-Nikodym derivative is bounded by 1 on X. Note
that, in general, p need not be a metric. We say that & is strictly local if p is a
metric that induces the original topology on X. Note that this implies that X
is connected, since otherwise points in z,y in different connected components
would give p(x,y) = oo, as characteristic functions of connected components
are continuous and have vanishing energy measure. We denote the intrinsic

balls by
B(x,r) = {y € X[p(x,y) <r}.

An important consequence of the latter assumption is that the distance function
pz(+) = p(z,-) itself is a function in Dio with dI'(py) < dm, see [47]. This
easily extends to the fact that for every closed E C X the function pg(x) :=
inf{p(x,y)|y € E} enjoys the same properties (see the Appendix of [14]). This
has a very important consequence. Whenever ( : R — R is continuously
differentiable, and 1 := { o pg, then 7 belongs to Djo. and satisfies

(1) dl'(n) = (¢ 0 pp)*dL(pp) < (¢ 0 pp)*dm.

For this reason a lot of good cut-off functions are around in our context. More
explicitly we note the following lemma (see [14] as well).

LEMMA 1.3. For any compact K in X there exists a p € Co(X)ND with p =1
on K, ¢ >0 and dT'(p) < Cdm for some C > 0. If L is another compact set
containing K in its interior, then ¢ can be chosen to have support in L.

Proof. Let v > 0 be the positive distance of K to the complement of L. Choose
a two times differentiable ¢ : R — [0, 00) with ((0) = 1 and support contained
n (—oo,r). Then, ¢ o px does the job by (1). O

IRREDUCIBILITY. We will now discuss a notion that will be crucial in the
proof of the existence of positive weak solutions below the spectrum. In what
follows, h will denote a densely defined, closed semibounded form in L?(X)
with domain D(h) and positivity preserving semigroup (T3;t > 0). We de-
note by H the associated operator. Actually, the cases of interest in this
paper are h = £ or h = £+ v with v € Mpo — Mpi1. We refer to
[40], XIII.12 and a forthcoming paper [30] for details. We say that b is re-
ducible, if there is a measurable set M C X such that M and its complement
M¢ are nontrivial (have positive measure) and L?(M) is a reducing subspace
for M, i.e., 1);D(h) C D(h), b restricted to 1, D(h) is a closed form and
E(u,v) = E(ulpr,vlpg) + E(ul pe, vl pze) for all u,v. If there is no such de-
composition of h, the latter form is called irreducible. Note that reducibility
can be rephrased in terms of the semigroup and the resolvent:

THEOREM 1.4. Let h be as above. Then the following conditions are equivalent:
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e N is irreducible.

o T} is positivity improving, for everyt > 0, i.e. f >0 and f # 0 implies
that Ty f > 0 a.e.

e (H + E)~! is positivity improving for every E < inf o(H).

In [30] we will show that for a strictly local Dirichlet form £ as above and a mea-
sure perturbation v € Mg o — Mpg,1, irreducibility of £ implies irreducibility
of £+ v.

2. POSITIVE WEAK SOLUTIONS AND THE ASSOCIATED TRANSFORMATION

Throughout this section we consider a strongly local, regular Dirichlet form,
(£,D) on X and denote by T' : Dipe X Dipe — M (X) the associated energy
measure. We will be concerned with weak solutions ® of the equation

(2) (Hy+V)® =E - ®,

where Hj is the operator associated with £ and V is a realvalued, locally inte-
grable potential. In fact, we will consider a somewhat more general framework,
allowing for measures instead of functions, as presented in the previous sec-
tion. Moreover, we stress the fact that (2) is formal in the sense that ® is
not assumed to be in the operator domain of neither Hy nor V. Here are the
details.

DEFINITION 2.1. Let U C X be open and v € Mpo(U) be a signed Radon
measure on U that charges no set of capacity zero. Let E € R and ® € L%, (U).
We say that ® is a weak supersolution of (Hy +v)® =E-® in U if:

(i) @ € Dioe(U),
(ii) ddv € My(U),
(iii) Vo € DNC,(U), ¢ >0

E[®, o] + /U pdv > E - ().

We call ® a weak solution of (Ho +v)® = E - ® in U if equality holds in (iii)
above (which extends to all p € DNC.(U)). If V € L}, (U) we say that ® is

a weak (super-)solution of (Hg 4+ V)® = E - ® in U if it is a weak (super-)
solution of (Hy +v)® = E - ® for v =Vdm.

REMARK 2.2. (1) Ifv =Vdm and V € L3 (U), then property (i) of the
Definition above is satisfied.

(2) If ® € LE.(U) and v € Mg(U) then (i) of the Definition above is
satisfied.

(3) If v € MR(U) satisfies (ii) above then v — Edm € Mpg(U) satisfies
(i) as well and any weak solution of (Hy+v)® = E-® in U is a weak
solution of (Hy+v— Edm)® =0 in U. Thus it suffices to consider the
case B = 0.

(4) If @ is a weak solution on U, then

E[®, p] + /U ©®dv = E - (D).
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for all o € DN L (U). This follows easily from (b) of the approzima-
tion Lemma 1.1. (Note that we can indeed approzimate within U by
first choosing an appropriate n with compact support in U according to
Lemma 1.5.)

We will deal with function ® € D, with & > 0. If ® is such a function and
d~1 € Lg°, we can use the chain rule and suitable smoothed version of the
function x — 1/x to conclude that &~ ! must belong to Djoc as well. This will
be used various times in the sequel.

Here comes the first half of the Allegretto-Piepenbrink Theorem in a general
form.

THEOREM 2.3. Let (£,D) be a regular, strictly local Dirichlet form, Hy be the
associated operator and v € Mpo(U). Suppose that <I> is a weak solution of
(Ho +v)® = E-® in U with ® > 0 m-a.e. and ®, &' € L (U). Then, for
all g, € DN LX(U):

loc

Elp, ] + vl ] = / B2 (01, ) + - (o],

In particular, €+ v > E if furthermore U = X.

Proof. The “in particular” is clear as the desired inequality holds on DNC.(X)
and the form is regular by Lemma 1.1.

For the rest of the proof we may assume E = 0 without restriction, in view of
the preceding remark. Without loss of generality we may also assume that ¢
and ¢ are real valued functions. We now evaluate the RHS of the above equa-
tion, using the following identity. The Leibniz rule implies that for arbitrary
w e Dloc(U)i

0 =dl'(w,1) = dl(w,®®" ') = & 1dl'(w, ®) + ®dT(w, @~ ') (%)
Therefore, for ¢, ¢ € DN C.(X):
/ P2r (pd 1, @™t = / Ol (0, @) + / O2pdl(® 1, @)
X X X

(by symmetry)

dl(p Dpdl (o, !
i /X Ydl(p, @77)
+/ O2pdl (@1, &)

= oyl + /X S (oo, 3 )

(by (%) = Elp.] - /X dr (oo, ®)
= Elp.y] - Elppe!, @].
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As @ is a weak solution we can now use part (4) of the previous remark to
continue the computation by

Elp, ¥ = (—vlpp@™", )
= Elp, ¥l + vlp,¢l.
This finishes the proof. O

We note a number of consequences of the preceding theorem. The first is rather
a consequence of the proof, however:

COROLLARY 2.4. Assume that there is a weak supersolution ® of (Ho+v)® =
E-® on X with ® >0 m-a.e. and ®, 71 € L (X). Then E+v > E.

loc

For the Proof we can use the same calculation as in the proof of the Theorem
with ¢ =9 and use the inequality instead of the equality at the end.

REMARK 2.5. (1) We can allow for complex measures v without problems.
In the context of PT-symmetric operators there is recent interest in
this type of Schrédinger operators, see [8]
(2) Instead of measures also certain distributions could be included. Cf [25]
for such singular perturbations.

We will extend Theorem 2.3 to all of ¢,1 € D. This is somewhat technical.
The main part is done in the next three propositions. We will assume the
situation (S):
(S) Let (£,D) be a regular, strictly local Dirichlet form, Hy be the associ-
ated operator and v € Mg o— Mg, 1. Suppose that @ is a weak solution
of (Hy+v)® = E-® in X with ® > 0 m-a.e. and ®,®~1 € L (X).

loc

PROPOSITION 2.6. Assume (S). Let w € D(E + v) be given. Let (uy) be a
sequence in D(E + v) N L (X) which converges to u with respect to || - ||g4v-
Then, pu,®~1 and pu®=! belong to D(€ + v) and

||<pun<I>_1 — g0u<I>_1||g+l, — 0,n — oo

for any ¢ € DN C(X) with dT'(¢) < Cdm for some C > 0. In particular,
u®~1 belongs to Dioe.

Proof. Without loss of generality we assume E = 0.

As shown above p®~! belongs to DN L. Hence, pu, @~ = u,(p®1!) is a
product of functions in D N Lg° and therefore belongs to D N L as well.

As @®~! belongs to L*, the sequence @u,®~! converges to @u®~! in
L?(X,m). It therefore suffices to show that ¢u,®~! is a Cauchy sequence
with respect to || - ||g4v-

As (uy,) is Cauchy with respect to || - ||e4, and @1 is bounded, convergence
of the v part is taken care of and it suffices to show that

E(o(Un — Upm)® ™) — 0,1, m — oo.
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Let K be the compact support of . Let ¢ > 0 be an upper bound for ®~2 on
K. Choose n,m € N and set v := u,, — u,,. Then, we can calculate

E(pvd™t) = /dl"((pvd)_l)
K
1 _
= /K@qﬂdr(wq) h

< ¢ 9%l (pvd 7Y
K
(Previous theorem) = ¢(E(pv) + v(pv))

(&(
= c(E(p(un — um)) + v(o(tun — um))).

Now, convergence of v(p(un, —um)) to 0 for n,m — oo can easily be seen (with
arguments as at the beginning of the proof). As for £(p(un, — uym,)) we can use
Leibniz rule and Cauchy-Schwarz and dI'(¢) < C'dm to compute

Eplun —un)) = [ AVl —un)

= /@2df(un — Um) + 2/90(% — U )AL (0, Uy, — U
+/|un — U [*dL(p)
2(/ @2dT (ty, — ) + / [t — um|*dD ()

2|0 |2E (1 — ) + zc/ i, — 1|2,

IN

IN

This gives easily the desired convergence to zero and (pu,®~ ') is a Cauchy
sequence with respect to || + ||e4u-

We now turn to a proof of the last statement: By Lemma 1.3, for any compact
K we can find a ¢ satisfying the assumptions of the proposition with ¢ =1 on
K. Then, pu®~! belongs to D by the above argument and agrees with u®~!
on K be construction. 0

PROPOSITION 2.7. Assume (S). Let u € D(E + v) be given. Let (u,) be a
sequence in D(E + v) N LL(X) which converges to u with respect to || - ||g4v-
Then,

/wdr(unqu) — /zpdr(u@*l)
for any ¢ € L (X).

Proof. We start with an intermediate claim.

Claim. For any ¢ € L>®(X) and ¢ € DN C.(X) with dI'(¢) < Cdm for some
C >0, we have [dl(ou, @) — [dl(pud®~t).
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Proof of the claim. By triangle inequality, the difference between the terms in
question can be estimated by

| [ odrete = un)e pu, ) 4] [ var(eud gl w)e ),
By Cauchy Schwarz inequality these terms can be estimated by
[ llocE ((p(un — u)@™1)2E (pu, @7 1)1
and
1]l ((plun —u)@ ™) 2E(pud™ )12,
The previous proposition gives that &(p(u, — u)®~1) — 0, n — oo and the

claim follows.

Let now ¢ € L°(X) be given. Let K be the compact support of ). We use
Lemma 1.3 to find ¢ € C.(X)ND with ¢ =1 on K and dl'(¢) < Cdm. for
some C' > 0. Locality gives

/;/;dr(un@*l) = /wdf(cpuanl)
and
/wdr(uqu) = /wdr(wqu)
and the proposition follows from the claim. |

PROPOSITION 2.8. Assume (S). Let u € D(E + v) be given. Let (u,) be a
sequence in D(E + v) N L (X) which converges to u with respect to || - ||g4v-
Then,

/<I)2d1"(un<1>_1) — /¢2d1"(u<19_1)
for any ¢ € LX(X).

Proof. Without loss of generality we assume E = 0. We start with the following
claim.

Claim. &(u) + v(u) > [ ®2dl (ud~t).
Proof of claim. By convergence of w,, to u w.r.t. || - ||+, and the last theorem,
we have

E(u) +v(u) = lim E(un) +v(u,) = lim O2dr (u, @ 1).

n—oo
Now, the claim follows easily from the preceeding proposition.
We now note that for fixed n € N, the sequence (t, — ty)m converges to u —uy,
w.r.t. || - [|e+r. We can therefore apply the claim to u — u,, instead of w. This
gives
E(u—un) +v(u—uy) > /<I>2d1"((u —u,)®71) >0

for any n € N. As the left hand side converges to zero for n — oo, so does the
right hand side.
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Mimicking the argument given in the proof of the Claim of the previous propo-
sition, we can now conclude the desired statement. O

COROLLARY 2.9. Let (£,D) be a regular, strictly local Dirichlet form, Hy be the
associated operator and v € Mp o — Mp,1. Suppose that ® is a weak solution
of (Hy+v)® =E-® in X with® > 0m-a.e. and ®, &' € L (X). Then, for

all , € D(€ + v), the products ®~1, @1 belong to Dj,e and the formula

(3) Elp. ] + Vg 4] = /X B2 (o0 b)) 1 E - (o)
holds.

Proof. Without loss of generality we assume E = 0. It suffices to consider
¢ = 1. By Proposition 2.6, o®~! belongs to Djye. According to Lemma 1.1,
we can choose a sequence (¢,,) in D N L°(X) converging to ¢ w.r.t. || - || gsu-
This convergence and the last theorem then give

E(p) +v(p) = lim E(pn) +v(pn) = lim [ &0 (p, 7).

n—oo

The previous proposition then yields the desired formula. O

3. THE EXISTENCE OF POSITIVE WEAK SOLUTIONS BELOW THE SPECTRUM

As noted in the preceding section, we find that Hy 4+ v > E whenever £ + v is
closable and admits a positive weak solution of (Hy+v)® = E®. In this section
we prove the converse under suitable conditions. We use an idea from [18] where
the corresponding statement for ordinary Schrédinger operators on R? can be
found. A key property is related to the celebrated Harnack inequality.

DEFINITION 3.1. (1) We say that Hy+ v satisfies a Harnack inequality for
E € R if, for every relatively compact, connected open Xy C X there is
a constant C' such that all positive weak solutions ® of (Hyo+v)® = E®
on X are locally bounded and satisfy

esssupp(, U < Cessinfp(, ryu,

for every B(x,r) C Xy where esssup and essinf denote the essential
supremum and infimum.

(2) We say that Hy + v satisfies the Harnack principle for E € R if for
every relatively compact, connected open subset U of X and every
sequence (®,,),en of nonnegative solutions of (Hy +v)® =E-® in U
the following implication holds: If, for some measurable subset A C U
of positive measure

sup || P, 1 4ll2 < o0
neN

then, for all compact K C U also

sup || P, 1 k|2 < oc.
neN
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(3) We say that Hy + v satisfies the uniform Harnack principle if for every
bounded intervall I C R, every relatively compact, connected open
subset U of X and every sequence (®,)nen of nonnegative solutions of
(Hy+v)® = E, -® in U with E,, € I the following implication holds:
If, for some measurable subset A C U of positive measure

sup || @, 142 < o0
neN

then, for all compact K C U also

sup || Pl k|2 < oc.
neN

Note that validity of a Harnack principle implies that a nonnegative weak
solution @ must vanish identically if it vanishes on a set of positive measure (as
&,, := n® has vanishing L? norm on the set of positive measure in question).
Note also that validity of an Harnack inequality extends from balls to compact
sets by a standard chain of balls argument. This easily shows that Hy + v
satisfies the Harnack principle for E € R if it obeys a Harnack inequality for
E € R. Therefore, many situations are known in which the Harnack principle
is satisfied:

REMARK 3.2. (1) Forv =0 and E =0 a Harnack inequality holds, when-
ever € satisfies a Poincaré and a volume doubling property; cf [12] and
the discussion there.

(2) The most general results for Hy = —A in terms of the measures v that
are allowed seem to be found in [24], which also contains a thorough
discussion of the literature prior to 1999. A crucial condition concern-
ing the measures involved is the Kato condition and the uniformity of
the estimates from [24] immediately gives that the uniform Harnack
principle is satisfied in that context. Of the enormous list of papers on
Harnack’s inequality, let us mention [2, 10, 11, 17, 24, 26, 27, 33, 41,
42, 49, 50]

Apart from the Harnack principle there is a second property that will be im-
portant in the proof of existence of positive general eigensolutions at energies
below the spectrum: We say that & satisfies the local compactness property if

Do(U):=Dn CC(U)H.”g is compactly embedded in L?(X) for every relatively
compact open U C X. (In case of the classical Dirichlet form this follows from
Rellich’s Theorem on compactness of the embedding of Sobolev spaces in L?.)

THEOREM 3.3. Let (€,D) be a regular, strictly local, irreducible Dirichlet form,
Hy be the associated operator and v € Mpo— Mp,1. Suppose that £ satisfies
the local compactness property and X is noncompact. Then, if E < inf o(Hy +
v) and Ho + v satisfies the Harnack principle for E, there is an a.e. positive
solution of (Hy + v)® = EP.
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Proof. Let E < info(Hp + v). Since X is noncompact, locally compact and
o-compact, it can be written as a countable union

X = U Ugr, Ug open, relatively compact ,Ur C Ur1;
ReN
where the Ug can be chosen connected, as X is connected, see [30] for details.
For n € N let g, € L*(X) with suppg, C X \ Uny2, gn > 0 and g, # 0. It
follows that
®,:=(Hy+v+E)1g, >0
is nonzero and is a weak solution of (Hyo+v)® = E® on X \supp g, in particular
on the connected open subset U, 2. Since (Hg+v+ E)~! is positivity improv-
ing, it follows that |®, 1y, ||z > 0. By multiplying with a positive constant we
may and will assume that ||®,1y, |2 = 1 for all n € N. We want to construct
a suitably convergent subsequence of (®,),en so that the corresponding limit
® is a positive weak solution.
First note that by the Harnack principle, for fixed R € N and n > R we know
that

sup || ®5 Ly |2 < oo,
neN

since all the corresponding ®,, are nonnegative solutions on Ug42. In particular,
(®, 117, )nen is bounded in L?(X) and so has a weakly convergent subsequence.
By a standard diagonal argument, we find a subsequence, again denoted by
(®,,)nen, so that @, 1y, — ¥x weakly in L2(X) for all R € N and suitable ¥ .
As multiplication with 1y, is continuous and hence also weak-weak continuous,
there is ® € L% (X) such that U = ®1y,. We will now perform some
bootstrapping to show that the convergence is, in fact, much better than just
local weak convergence in L? which will imply that ® is the desired weak
solution.

Since for fixed R > 0 and n > R the ®,, are nonnegative solutions on Ugr42 the
Caccioppoli inequality, cf [14] implies that

/ dr(®,) < C d2dm
Ur

Ur+1

is uniformly bounded w.r.t. n € N. Combined with Leibniz rule and Cauchy
Schwarz inequality this directly gives that fUR dl'(¢p®,,) is uniformly bounded
w.r.t. n € N for every ¢ € D with dI'(¢)) < dm (see [14] as well). Therefore,
by Lemma 1.3, we can find for suitable cut-off functions ng € DN C.(X) with
1, < nr < 1y,,, such that the sequence (nr®,) is bounded in (D, || - [|¢)-
The local compactness property implies that (nr®,) has an L?-convergent
subsequence. Using a diagonal argument again, we see that there is a common
subsequence, again denoted by (®,,),en, such that

1y, — @y, in L*(X) as n — oo

for all R € N.
As a first important consequence we note that ® # 0, since |P1y, |2 =
hmn H(I)n]lUl ||2 =1.
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Another appeal to the Caccioppoli inequality gives that

/ dU(®,, — @) < C’/ (®,, — ®y)%dm — 0 as n, k — oo.
Ur Ur+1

Therefore, by the same reasoning as above, for every R € N the sequence
(nr®,) converges in (D, || - ||¢). Since this convergence is stronger than weak
convergence in L?(X), its limit must be nr®, so that the latter is in D. We
have thus proven that ® € Dj,.(X). Moreover, we also find that

E[®n, 0] — E[P, ¢] for all o € DNC(X),

(since, by strong locality, for every cut-off function n € DN C.(X) that is 1 on
supp ¢, we get

E[Pn, @] = EMPr, ] — EMP, ] = E[P, ¢].)

We will now deduce convergence of the potential term. This will be done in two
steps. In the first step we infer convergence of the v_ part from convergence
w.r.t. || -]l and the relative boundedness of v_. In the second step, we use
the fact that ® is a weak solution to reduce convergence of the v; part to
convergence w.r.t. || - ||¢ and convergence of the v_ part. Here are the details:
Consider cut-off functions nr for R € N as above. Due to convergence in
(D, |l - lle), we know that there is a subsequence of (ng®,)nen that converges
q.e., see [22] and the discussion in Section 1. One diagonal argument more
will give a subsequence, again denoted by (®,,)nen, such that the P, converge
to @ q.e., where ~ denotes the quasi-continuous representatives. Since v is
absolutely continuous w.r.t capacity we now know that the @, converge to
® v-a.e. Moreover, again due to convergence in (D, || - ||¢), we know that
(NRPy )nen is convergent in L2(v_) as v_ € Mp,. Its limit must coincide with
nr®, showing that ddv_ € Mp.
We now want to show the analogous convergence for v, ; we do so by approx-
imation and omit the ™ for notational simplicity. By simple cut-off procedures,
every ¢ € D.(X) N L>®(X) can be approximated w.r.t. || -|¢ by a uniformly
bounded sequence of continuous functions in D with common compact support.
Thus, the equation

5[@7 90] + V[(I)a 50] =E- (q)|90)a
initially valid for ¢ € DNC.(X) extends to ¢ € D.(X)NL>*(X) by continuity.
Therefore, for arbitrary k € N, and R < min(n — 2,m — 2)

/@ (@0 — B ypdy < / (B — B ) {(—k) V (B — Bpu) A k}yrdirs

n—®m|<k
= v[(®n = @), {(=K) V (P — D) A K}nr]
= E((®n—2n){.. . }nr) +v-[(Pn — Pm), {.. . }1r)]
—E[(@n = Pin), {(=F) V (Pn — D) A K}1R]
By what we already know about convergence in D, L? and L?(v_), the RHS

goes to zero as n,m — oo, independently of k. This gives the desired conver-
gence of ng®,,, the limit being nr® since this is the limit pointwise.
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Finally, an appeal to the Harnack principle gives that ® is positive a.e. on
every Ugr and, therefore, a.e. on X. O

REMARK 3.4. That we have to assume that X is noncompact can easily be
seen by looking at the Laplacian on a compact manifold. In that situation any
positive weak solution must in fact be in L? due to the Harnack principle. Thus
the corresponding energy must lie in the spectrum. In fact, the corresponding
energy must be the infimum of the spectrum as we will show in the next theorem.
The theorem is standard. We include a proof for completeness reasons.

THEOREM 3.5. Let (€,D) be a regular, strictly local, irreducible Dirichlet form,
Hy be the associated operator andv € Mpo—MRp,1. Suppose that X is compact
and & satisfies the local compactness property. Then, Hy 4+ v has compact
resolvent. In particular, there exists a positive weak solution to (Hy + v)® =
Ey® for Ey := info(Hy + v). This solution is unique (up to a factor) and
belongs to L?(X). If Hy + v satisfies a Harnack principle, then Ey is the only
value in R allowing for a positive weak solution.

Proof. As X is compact, the local compactness property gives that the op-
erator associated to £ has compact resolvent. In particular, the sequence of
eigenvalues of Hj is given by the minmax principle and tends to co. As vy is
a nonnegative operator and v_ is form bounded with bound less than one, we
can apply the minmax principle to Hyg + v as well to obtain empty essential
spectrum.

In particular, the infimum of the spectrum is an eigenvalue. By irreducibility
and abstract principles, see e.g. [40], XIII.12, the corresponding eigenvector
must have constant sign and if a Harnack principle holds then any other en-
ergy allowing for a positive weak solution must be an eigenvalue as well (as
discussed in the previous remark). As there can not be two different eigenval-
ues with positive solutions, there can not be another energy with a positive
weak solution. 0

Combining the results for the compact and noncompact case we get:

COROLLARY 3.6. Let (£,D) be a regular, strictly local, irreducible Dirichlet
form, Hy be the associated operator and v € Mpo — Mp1. Suppose that
& satisfies the local compactness property and Hy + v satisfies the Harnack
principle for all E € R. Then,

inf o(Ho + v) < sup{E € R|3 a.e. positive weak solution (Hy + v)® = Ed}.

This doesn’t settle the existence of a positive weak solution for the groundstate
energy inf o(Hp + v) in the noncompact case. The uniform Harnack principle
settles this question:

THEOREM 3.7. Let (£,D) be a regular, strictly local, irreducible Dirichlet form,
Hy be the associated operator, v € Mpro— Mp1. Suppose that £ satisfies the
local compactness property and Hy + v satisfies the uniform Harnack principle.
Then there is an a.e. positive weak solution of (Hy + v)® = E® for E =
inf o(Hy + v).
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Proof. Tt suffices to consider the case of noncompact X. Take a sequence (E,,)
increasing to E = inf 0(Hy + v). From Theorem 3.3 we know that there is an
a.e. positive solution ¥, of (Hy+v)® = E,,®. We use the exhaustion (Ur) ren
from the proof of Theorem 3.3 and assume that

19,1y, ||z =1 for all n € N.

As in the proof of Theorem 3.3 we can now show that we can pass to a sub-
sequence such that (nzr¥,,) converges in D, L?(m) and L?(vy + v_) for every
R € N. The crucial point is that the uniform Harnack principle gives us a con-
trol on ||nr¥y,l|2, uniformly in n, due to the norming condition above. With
aruments analogous to those in the proof of Theorem 3.3, the assertion fol-
lows. 0

Note that Corollaries 2.4 and 3.6 together almost give
inf o(Hy + v) = sup{E € R|3 a.e. positive weak solution (Hy + v)® = Ed}.

The only problem is that for the “>” from Corollary 2.4 we would have to
replace a.e. positive by a.e. positive and ®,®~! € L. This, however, is
fulfilled whenever a Harnack inequality holds.

COROLLARY 3.8. Let (£,D) be a regular, strictly local, irreducible Dirichlet
form, Hy be the associated operator and v € Mpo— Mpg1. Suppose that €
satisfies the local compactness property and Hy+v satisfies a Harnack inequality

for all E € R. Then,

inf o(Ho + v) = sup{E € R|3 a.e. positive weak solution (Hy + v)® = Ed}.

4. EXAMPLES AND APPLICATIONS

We discuss several different types of operators to which our results can be
applied. Parts of the implications have been known before. However, previous
proofs dealt with each of the mentioned operators separately, while we have a
uniform argument of proof.

ExAaMPLES. Classical examples of operators for which our results have been
known before can be found in [5, 6, 7, 34, 35, 36, 18]. They concern Schrodinger
operators and, more generally, symmetric elliptic second order differential op-
erators on unbounded domains in R?, whose coefficients satisfy certain regular-
ity conditions. For Laplace-Beltrami operators on Riemannian manifolds the
Allegretto-Piepenbrink theorem has been stablished in [51].

Here we want to concentrate on two classes of examples which have attracted
attention more recently: Hamiltonians with singular interactions and quantum
graphs.
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Hamiltonians with singular interactions. These are operators acting on RY
which may be formally written as H = —A — «d(- — M) where « is a pos-
itive real and M C R? is a manifold of codimension one satisfying certain
regularity conditions, see e.g.[15] or Appendix K of [3]. In fact, the delta
interaction can be given a rigorous interpretation as a measure v); concen-
trated on the manifold M. More precisely, for any Borel set B C R?, one
sets vpr(B) = volg_1(B N M) where volg_; denotes the (d — 1)-dimensional
Hausdorff measure on M. In [15], page 132, one can find suitable regularity
conditions on M under which the measure v, belongs to the class Mg ;. Thus
the singular interaction operator H falls into our general framework, cf. Remark
3.2.

If M is a C2%-regular, compact curve in R? the essential spectrum of H equals
Oess(—A) = [0,00), cf. [15]. On the other hand, the bottom of the spectrum of
H is negative and consists consequently of an eigenvalue. This can be seen using
the proof of Corollary 11 in [16]. In Section 3 of [21] it has been established
that the ground state is nondegenerate and the corresponding eigenfunction
strictly positive. This corresponds to part of our Theorem 3.3.

Quantum graphs. Quantum graphs are given in terms of a metric graph X and
a Laplace (or more generally) Schrodinger operator H defined on the edges of X
together with a set of (generalised) boundary conditions at the vertices which
make H selfadjoint. To make sure that we are dealing with a strongly-local
Dirichlet form we restrict ourselves here to the case of so called free or Kirchoff
boundary conditions. A function in the domain of the corresponding quantum
graph Laplacian Hj is continuous at each vertex and the boundary values of
the derivatives obtained by approaching the vertex along incident edges sum
up to zero. Note that any non-negative Borel measure on X belongs to the
class Mpo(X). For vy € Mpo(X) and v— € Mp1(X) the quantum graph
operator H = Hy + vy — v_ falls into our framework.

See Section 5 of [14] for a more detailed discussion of the relation between
Dirichlet forms and quantum graphs.

APPLICATIONS. The ground state transformation which featured in Theorem
2.3 and Corollary 2.9 can be used to obtain a formula for the lowest spectral
gap. To be more precise let us assume that £, v and ® satisfy the conditions
of Theorem 2.3 with U = X. Assume in addition that ® is in D(€ 4+ v). Then
® is an eigenfunction of H corresponding to the eigenvalue £ = mino(H). We
denote by

E' = inf{€[u,u] + vu,u] |u e D,|ul| =1,u L &}

the second lowest eigenvalue below the essential spectrum of H, or, if it does
not exist, the bottom of oes5(H). Then we obtain the following formula

(4) E' —FE= inf / O2dr (ud ™, ud™)
{ueD(E+v),|lul|=1,uld} [x
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which determines the lowest spectral gap. It has been used in [28, 29, 52]
to derive lower bounds on the distance between the two lowest eigenvalues of
different classes of Schrodinger operators (see [44] for a related approach). In
[28] bounded potentials are considered, in [29] singular interactions along curves
in R? are studied, and [52] generalises these results using a unified approach
based on Kato-class measures.

If for a subset U C X of positive measure and a function u € {u € D, ||u| =
1,u L ®} the non-negative measure I'(u®~!, u®~1) is absolutely continuous
with respect to m, one can exploit formula (4) to derive the following estimate
(cf. Section 3 in [52], and [28, 29] for similar bounds). Denote by y(u®~1) =

dr(wb;ijn’mbﬂ the Radon-Nykodim derivative. Then

/U<I)2d1“(u<1)1,u<1)1)2%ir[}f@2 (/U \/fmdm>2

m

In specific situations one can chose u to be an eigenfunction associated to the
second eigenvalue E’ and use geometric properties of ® and u to derive explicit
lower bounds on the spectral gap.

Other uses of the ground state transformation include the study of LP-L9
mapping properties of the semigroup associated to £ [20] and the proof of
Lifschitz tails [32].

ACKNOWLEDGEMENTS. We would like to thank J. Brasche and N. Peyerimhoff
for helpful discussions concerning the previous literature.

REFERENCES

[1] S. Agmon. On positivity and decay of solutions of second order elliptic
equations on Riemannian manifolds. In Methods of functional analysis and
theory of elliptic equations (Naples, 1982), pages 19-52. Liguori, Naples,
1983.

[2] M. Aizenman and B. Simon. Brownian motion and Harnack inequality for
Schrodinger operators. Commun. Pure Appl. Math., 35:209-273, 1982.

[3] S. Albeverio, F. Gesztesy, R. Hgegh-Krohn, and H. Holden. Solvable models
in quantum mechanics. AMS Chelsea Publishing, Providence, RI, second
edition, 2005. With an appendix by P. Exner.

[4] S. Albeverio and Z. M. Ma. Perturbation of Dirichlet forms—lower semi-
boundedness, closability, and form cores. J. Funct. Anal., 99(2):332-356,
1991.

[5] W. Allegretto. On the equivalence of two types of oscillation for elliptic
operators. Pac. J. Math., 55:319-328, 1974.

[6] W. Allegretto. Spectral estimates and oscillation of singular differential
operators. Proc. Am. Math. Soc., 73:51, 1979.

[7] W. Allegretto. Positive solutions and spectral properties of second order
elliptic operators. Pac. J. Math., 92:15-25, 1981.

DOCUMENTA MATHEMATICA 14 (2009) 167-189



THE ALLEGRETTO-PIEPENBRINK THEOREM 187

[8] C.M. Bender, S. Boettcher and P. Meisinger. PT symmetric quantum me-
chanics. J.Math. Phys., 40:2201-2229, 1999.

[9] A. Beurling and J. Deny. Dirichlet spaces. Proc. Nat. Acad. Sci. U.S.A.,
45:208-215, 1959.

[10] M. Biroli. Schrédinger type and relaxed Dirichlet problems for the subel-
liptic p-Laplacian. Potential Analysis, 15, 1-16, 2001.

[11] M. Biroli and S. Marchi. Harnack inequality for the Schrodinger problem
relative to strongly local Riemannian p-homogeneous forms with a potential
in the Kato class. Bound. Value Probl. 2007, Art. ID 24806, 19 pp.

[12] M. Biroli and U. Mosco. A Saint-Venant type principle for Dirichlet forms
on discontinuous media. Ann. Mat. Pura Appl., IV. Ser., 169:125-181,
1995.

[13] N. Bouleau and F. Hirsch. Dirichlet forms and analysis on Wiener space,
volume 14 of de Gruyter Studies in Mathematics. Walter de Gruyter & Co.,
Berlin, 1991.

[14] A. Boutet de Monvel, D. Lenz, and P. Stollmann. Schnol’s theorem for
strongly local forms. Israel J. Math., to appear, 2008.

[15] J. F. Brasche, P. Exner, Y. A. Kuperin, and P. Seba. Schrodinger operators
with singular interactions. J. Math. Anal. Appl., 184(1):112-139, 1994.
[16] J. F. Brasche. On eigenvalues and eigensolutions of the Schrédinger
equation on the complement of a set with classical capac-
ity zero Methods Funct. Anal. Topology, 9(3), 189-206, 2003.

http://www.math.chalmers.se/ brasche/ett.pdf

[17] F. Chiarenza, E. Fabes, and N. Garofalo. Harnack’s inequality for
Schrodinger operators and the continuity of solutions. Proc. Amer. Math.
Soc., 98(3):415-425, 1986.

[18] H. L. Cycon, R. G. Froese, W. Kirsch, and B. Simon. Schridinger Oper-
ators with Application to Quantum Mechanics and Global Geometry. Text
and Monographs in Physics. Springer, Berlin, 1987.

[19] E. B. Davies: Spectral theory and differential operators. Cambridge Uni-
versity Press, Cambridge, 1995.

[20] E. B. Davies and B. Simon. Ultracontractivity and the heat kernel for
Schrodinger operators and Dirichlet Laplacians. J. Funct. Anal., 59(2):335—
395, 1984.

[21] P. Exner. An isoperimetric problem for leaky loops and re-
lated mean-chord inequalities. J. Math. Phys., 46(6):062105, 2005.
http://arxiv.org/abs/math-ph/0501066.

[22] M. Fukushima. Dirichlet forms and Markov processes. North-Holland
Mathematical Library, Vol. 23. Amsterdam - Oxford -New York: North-
Holland Publishing Company. Tokyo: Kodansha Ltd. X, 196 p., 1980.

[23] M. Fukushima, Y. Oshima, and M. Takeda. Dirichlet forms and symmetric
Markov processes. de Gruyter Studies in Mathematics. 19. Berlin: Walter
de Gruyter. viii, 392 p., 1994.

[24] W. Hansen. Harnack inequalities for Schrodinger operators. Ann. Scuola
Norm. Sup. Pisa Cl. Sci. (4), 28(3):413-470, 1999.

DOCUMENTA MATHEMATICA 14 (2009) 167-189



188 D. LENZ, P. STOLLMANN, I. VESELIC

[25] I. W. Herbst and A. D. Sloan. Perturbation of translation invariant positiv-
ity preserving semigroups on LQ(RN). Trans. Amer. Math. Soc., 236:325—
360, 1978.

[26] M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, and N. Nadirashvili. Inte-
rior Holder estimates for solutions of Schrodinger equations and the regu-
larity of nodal sets. Commun. Part. Diff. Eqns, 20:1241-1273, 1995.

[27] M Kassmann. Harnack inequalities: an introduction. Bound. Value Probl.
2007, Art. ID 81415, 21 pp. 35-01

[28] W. Kirsch and B. Simon. Comparison theorems for the gap of Schrodinger
operators. J. Funct. Anal., 75:396-410, 1987.

[29] S. Kondej and I. Veselié¢. Lower bounds on the lowest spectral gap
of singular potential Hamiltonians. Ann. Henri Poincaré, 8(1), 2006.
http://arxiv.org/abs/math-ph/0605080.

[30] D. Lenz, P. Stollmann and I. Veselié¢. Irreducibility and connectedness for
Dirichlet forms. In preparation, 2008

[31] Z.-M. Ma and M. Rockner. Introduction to the theory of (non-symmetric)
Dirichlet forms. Universitext. Berlin: Springer-Verlag, 1992.

[32] G. A. Mezincescu. Lifschitz singularities for periodic operators plus random
potentials. J. Statist. Phys., 49(5-6):1181-1190, 1987.

[33] J. Moser. On harnacks theorem for elliptic differential equations.
Comm. Pure Appl. Math., 14:577-591, 1961.

[34] W.F. Moss and J. Piepenbrink. Positive solutions of elliptic equations.
Pacific J. Math., 75(1):219-226, 1978.

[35] J. Piepenbrink. Nonoscillatory elliptic equations. J. Differential Equations,
15:541-550, 1974.

[36] J. Piepenbrink. A conjecture of Glazman. J. Differential Equations,
24(2):173-177, 1977.

[37] Y. Pinchover. Topics in the theory of positive solutions of second-order
elliptic and parabolic partial differential equations. In Spectral theory and
mathematical physics: a Festschrift in honor of Barry Simon’s 60th birth-
day, volume 76 of Proc. Sympos. Pure Math., pages 329-355. Amer. Math.
Soc., Providence, RI, 2007.

[38] R.G. Pinsky. Positive harmonic functions and diffusion, volume 45 of
Cambridge Studies in Advanced Mathematics. Cambridge University Press,
Cambridge, 1995.

[39] M. Reed and B. Simon. Methods of Modern Mathematical Physics II,
Fourier Analysis, Self-Adjointness. Academic Press, San Diego, 1975.

[40] M. Reed and B. Simon. Methods of Modern Mathematical Physics 1V,
Analysis of Operators. Academic Press, San Diego, 1978.

[41] L. Saloff-Coste. Parabolic Harnack inequality for divergence-form second-
order differential operators. Potential Anal., 4(4):429-467, 1995. Potential
theory and degenerate partial differential operators (Parma).

[42] J. Serrin. Local behavior of solutions of quasi-linear equations. Acta Math.,
111:247-302, 1964.

DOCUMENTA MATHEMATICA 14 (2009) 167-189



THE ALLEGRETTO-PIEPENBRINK THEOREM 189

[43] B. Simon. Schrédinger semigroups. Bull. Amer. Math. Soc. 7 (3): 447-526
(1982).

[44] T. M. Singer, B. Wong, S.-T. Yau, and S. S.-T. Yau. An estimate of the
gap of the first two eigenvalues in the Schrédinger operator. Ann. Scuola
Norm. Sup. Pisa CI. Sci. (4), 12(2):319-333, 1985.

[45] P. Stollmann. Smooth perturbations of regular Dirichlet forms. Proc. Am.
Math. Soc., 116(3):747-752, 1992.

[46] P. Stollmann and J. Voigt. Perturbation of Dirichlet forms by measures.
Potential Anal., 5(2):109-138, 1996.

[47) K.-T. Sturm. Analysis on local Dirichlet spaces. I: Recurrence, conserva-
tiveness and LP-Liouville properties.

[48] K.-T. Sturm. Measures charging no polar sets and additive functionals of
Brownian motion. Forum Math., 4(3):257-297, 1992.

[49] K.-T. Sturm. Harnack’s inequality for parabolic operators with singular
low order terms. Math. Z., 216(4):593-611, 1994.

[50] K.T. Sturm. Analysis on local Dirichlet spaces. III: The parabolic Harnack
inequality. J. Math. Pures Appl. (9) 75 (1996), 273-297.

[51] D. Sullivan. Related aspects of positivity in Riemannian geometry. J. Dif-
ferential Geom., 25(3):327-351, 1987.

[52] H. Vogt. A lower bound on the first spectral gap of Schrodinger operators
with Kato class measures. to appear: Ann. Henri Poincaré.

Daniel Lenz Peter Stollmann,

Mathematisches Institut Fakultat fiir Mathematik
Friedrich-Schiller TU Chemnitz

Universitat Jena 09107 Chemnitz

Ernst-Abbé Platz 2 Germany

07743 Jena stollman@mathematik.tu-chemnitz.de
Germany

daniel.lenz@uni-jena.de
http://www.analysis-lenz.uni-jena.de/

Ivan Veseli¢

Emmy-Noether-Programme

of the DFG &

Fakultat fiir Mathematik

TU Chemnitz

09107 Chemnitz

Germany
http://www.tu-chemnitz.de/mathematik /enp/

DOCUMENTA MATHEMATICA 14 (2009) 167-189



190

DOCUMENTA MATHEMATICA 14 (2009)



