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ABSTRACT. This is the first part of a series of two papers, which
investigate spectral properties of Dirac operators with singular poten-
tials. We examine various properties of complex dilated Dirac oper-
ators. These operators arise in the investigation of resonances using
the method of complex dilations. We generalize the spectral analysis
of Weder [50] and Seba [46] to operators with Coulomb type poten-
tials, which are not relatively compact perturbations. Moreover, we
define positive and negative spectral projections as well as transforma-
tion functions between different spectral subspaces and investigate the
non-relativistic limit of these operators. We will apply these results
in [30] in the investigation of resonances in a relativistic Pauli-Fierz
model, but they might also be of independent interest.
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1 INTRODUCTION AND DEFINITIONS

A fascinating question in the mathematical analysis of operators describing
atomic systems is the fate of eigenvalues embedded in the continuous spectrum
if a perturbation is “turned on”. Typically, these eigenvalues “vanish” and
one has absolutely continuous spectrum. But the eigenvalues leave a trace:
For example, the scattering cross section shows bumps near the eigenvalues, or
certain states with energies close to the eigenvalues have an extended lifetime
(described by the famous “Fermi Golden Rule” [13, Equation (VIIL.2), p. 142]
on a certain time scale). These energies are called resonances or resonance
energies. Mathematically, resonances are described by poles of a holomorphic
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continuation of the resolvent (or matrix elements of it) or the scattering am-
plitude to a second sheet.

The generic systems in which resonances occur are many-particle systems. This
can be many-electron systems, in which the electron-electron interaction is the
perturbation. The corresponding physical effect is called “Auger effect”: Ex-
cited states (“autoionizing states”) relax by emission of electrons. Another
typical system in a one- or many-electron atom interacting with the quantized
electromagnetic field, in which case excited states can relax by emitting pho-
tons. Resonances can also occur in one-particle systems, although this is not
typically the case. It is well known (see [8] for example) that for a Schrodinger
operator with Coulomb potential the set of resonances is empty.

During the last decades numerous results were obtained in the mathematical
investigation of resonances so that it seems hopeless to give a complete account
of the available literature. Nevertheless we would like to give an overview and
mention at least some of the relevant works.

The investigation of resonances as poles of holomorphic continuations of scat-
tering amplitude and resolvent goes back to Weisskopf and Wigner [53] and
Schwinger [45]. The mathematical theory of resonances was pushed further by
Friedrichs [14], Livsic [36], and Howland [27, 28]. One of the mathematical
methods in the spectral analysis is the method of complex dilation, which as-
sociates the “vanished” embedded eigenvalue with a non-real eigenvalue of a
certain non-selfadjoint operator and was investigated by Aguilar and Combes
[2] and Balslev and Combes [6] (see [43] for an overview). Resonances in the
case of the Stark effect were investigated by Herbst [24] and by Herbst and
Simon [25]. Simon [48] initiated the mathematical investigation of the time-
dependent perturbation theory. This was carried on by Hunziker [32]. Herbst
[23] proved exponential temporal decay for the Stark effect.

The spectral analysis of non-relativistic atoms in interaction with the radia-
tion field was initiated by Bach, Frohlich, and Sigal [4, 5]. It was carried on
by Griesemer, Lieb und Loss [18], by Frohlich, Griesemer und Schlein (see for
example [15]) and many others (see for example Hiroshima [26], Arai and Hi-
rokawa [3], Dereziniski and Gérard [9], Hiroshima and Spohn [12]), Loss, Miyao
and Spohn [37] or Hasler and Herbst [21, 20]). In particular, Bach, Frohlich,
and Sigal [5] proved a lower bound on the lifetime of excited states in non-
relativistic QED. Later, an upper bound was proven by Hasler, Herbst, and
Huber [22] (see also [29]) and by Abou Salem et al. [1]. Recently, Miyao and
Spohn [38] showed the existence of a groundstate for a semi-relativistic electron
coupled to the quantized radiation field.

Our overall aim is to show that the lifetime of excited states of a relativis-
tic one-electron atom obeys Fermi’s Golden Rule [30] and coincides with the
non-relativistic result in leading order in the fine structure constant. We will
investigate the necessary spectral properties of a Dirac operator with potential,
projected to its positive spectral subspace, coupled to the quantized radiation
field. Following Bach et al. [5] and Hasler et al. [22], our main technical tool is
complex dilation in connection with the Feshbach projection method.
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In this first part of the work, we investigate the necessary properties of one-
particle Dirac operators with singular potentials. In particular, we will derive
the necessary properties of complex dilated spectral projections and discuss the
non-relativistic limit of complex dilated Dirac operators. This serves mainly as
a technical input for the second part of our work [30]. However, we believe that
some of the results presented in the first part are also of independent interest.
Note that the method of complex dilation has already successfully been applied
to Dirac operators (see Weder [50] and Seba [46]). However, these authors
assume the relative compactness of the electric potential so that their method
does not apply to Coulomb type potentials. Note moreover that Weder [51]
considers very general operators including relativistic spin-0-Hamiltonians with
potentials with Coulomb singularity. The basic assumption of this work is,
however, that the unperturbed operator is sectorial, which is not fulfilled for
the Dirac operator. Our results cover a class of Dirac operators which includes
Coulomb and Yukawa potentials (with exception of Lemma 11 and Lemma 12
which we prove for the Coulomb case only).

Our results about the spectral projections of the dilated Dirac operator can be
used to generalize the Douglas-Kroll transformation (see Siedentop and Stock-
meyer [47] and Huber and Stockmeyer [31]) to dilated operators.

2 DEFINITIONS AND OVERVIEW

The free Dirac operator (with velocity of light ¢ > 0)
Do = —ica-V +2f (1)

is an operator on the Hilbert space H := L?(R3;C*). It is self-adjoint on the
domain Dom(D. ) := H'(R3;C*) [49, Chapter 1.4]. Here « is the vector of
the usual Dirac a- matrices, and [ is the Dirac g-matrix.

We define for € > 0 the strip Se := {z € C||[Imz| < €}. Let x : R®> - R a
bounded, measurable function. We will suppose that there is a © > 0 such
that 6 — x(e’z) admits a holomorphic continuation to § € Sg for all z € R3.
We abbreviate xp = X(ee-). We will need the following two properties at
different places:

sup |x(e’z)| <1 (H1)
feSe,xz€R3
sup |x(e’z) — x(z)| < C|A] for some C > 0 (H2)

r€R3

It is easy to see that these properties are fulfilled for the Coulomb potential
(x(xz) = 1) or the Yukawa potential (x(z) = e~ ** for some a > 0). The Dirac
operator with potential V := x/| - |

D¢ = —ica -V +c*3 -~V (2)

is an operator on the Hilbert space L?(R3;C*) as well. It is self-adjoint on
the domain Dom(D. ) := Dom(D.o) = H'(R3;C*) for v € R with || <
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cV/3/2 [49, Chapter 4.3.3]. 7 is called coupling constant. The interacting Dirac
operator describes a relativistic electron in the field of a nucleus, where the free
operator yields the kinetic energy of the electron, whereas the electric potential
gives its potential energy in the electric field of the nucleus.

The operator D, ., has the set (—oo, —c*]U[c?, 00) as essential spectrum. We as-
sume that the operator has a nonempty set of positive eigenvalues, all of which
have finite multiplicity. We number the eigenvalues by Eﬂnyl(c, v) (not counting
multiplicities). Here n € N (or n € {1,..., Npax} for some Nyax € N if there
are only finitely many eigenvalues) denotes the principal quantum number and
1 e{l,...,N,} for some N,, € N labels the fine structure components. We
choose the numbering in such a way that for alln’ > n,alll € {1,...,N,} and
all I’ € {1,..., N} the inequality E, (c,7) < En y(c,7) holds and such that
Eni(c,) < Enyp(c,) for I < I'. This numbering is natural for all values of ¢ for
the Coulomb potential, where the eigenvalues are explicitly known (see [35]).
The spectrum of a Dirac operators can be shown to have this structure if ¢ is
large enough for general potentials (see [49]). We set E,, ;(c,7) := Eni(c,v)—c>.
We define for § € C and v € R the dilated operators

Deo(0) == —ice ?a -V 4 324 (3)

and
D.~(0) = —ice PV 426 — ~V(0) (4)

with V(6) := e~y Ve on Dom(D,.o(0)) = Dom(D, (0)) = H*(R3; C*), where
Ve = 1/] - | is the Coulomb potential. It is clear that D, o(f) is closed on
this domain and that (because of Hardy’s inequality) D. () is at least well
defined under assumption (H1). We shall prove further properties in Section
4. For technical reasons, we will assume ¢ > 1 in the following. We will
assume moreover that v > 0. Further, we define for §# € R the unitary dilation
UB) : L2AR%CY — LXR%:CY), UO)f) (@) = e3°f(ebx). Tt fulfills the
identity U(0)D¢,,U(0)* = D, (). The operators D, () are extensions of the
operators U(0)D. ,U(0)* for complex #. Note that the mapping U(#) cannot
be continued as a bounded operator to a complex domain, but the mapping
0 — U(0)y for an analytic vector ¢ admits such an continuation, whose radius
of convergence depends on the vector 9 (cf. [42, Chapter X.6]). However, we
will prove in Section 8, that under certain conditions the restrictions of U/(6)
to certain spectral subspaces have bounded, bounded invertible extensions.
We add a short guide through the paper: We define a version of the Foldy-
Wouthuysen transformation for non-self-adjoint Dirac operators in Section 3.
Just as its analog for self-adjoint operators, it diagonalizes the free Dirac op-
erator. It is however not a unitary operator any more so that one has to
prove explicit estimates on its norm (see Theorem 1). The Foldy-Wouthuysen
transformation serves as a technical input for the following sections.

We prove in Section 4 that the method of complex dilation can be successfully
applied to Dirac operators with potentials with Coulomb singularities. In par-
ticular, we shall see that the dilated operators define a holomorphic family of
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type (A) in the sense of Kato (see Theorem 2). Moreover, we provide a spectral
analysis of such operators in Theorem 3. Just as in the case of Schrodinger
operator, the real eigenvalues remain fixed under the complex dilation, whereas
the essential spectrum swings into the complex plane and thus reveals possible
non-real eigenvalues, which correspond to resonances of the original self-adjoint
operator (see Figure 7?). Note that there are no resonances for the Coulomb
potential (see Remark 3).

In Section 5 we extend the notion of positive and negative spectral projections
to the complex dilated Dirac operators. The definition of the spectral projec-
tions in Formula (32) is a straightforward extension of a well known formula
from Kato’s book (see [33, Lemma VI.5.6]). The rest of this section is devoted
to the proof that the operators defined in (32) are actually well defined projec-
tions (see Theorem 4), that they commute with the dilated Dirac operator (see
Theorem 5), and that their range is what one expects it to be (see Theorem
5 as well), which is not completely obvious in the non-self-adjoint case. Note
that the projections themselves are not orthogonal projections.

These results enable us to define transformation functions between the positive
spectral projections of the dilated and not dilated Dirac operators in Section
6, which is essential in order to show that also the projected Dirac operators
are holomorphic families — even if they are coupled to the quantized radiation
field. This will be accomplished in [30]. Moreover, these results can be used
to generalize [47] to complex dilated operators. Transformation functions as
defined in Formula (60) are similarity transformations between two (not neces-
sarily orthogonal) projections (see Formula (57) in Theorem 6). Note that our
definition requires that the norm difference between the projections be smaller
than one, but there are more general approaches. For details on transformation
functions we refer the reader to [33, Chapter II.4].

In Theorem 7 in Section 7 we prove a resolvent estimate for the dilated Dirac
operator projected and restricted onto its positive spectral subspace. In par-
ticular, we prove that the norm of the resolvent converges (essentially) to zero
as the inverse distance to the right complex half plane. Note that this really
requires the restriction of the operator to its positive spectral subspace and
that the norm of the resolvent of a non-self-adjoint operator is not bounded
from above by the inverse distance of the spectral parameter to the spectrum.
In Section 8 we will investigate the non-relativistic limit of dilated Dirac op-
erators and thereby generalize and extend the results in Thaller’s book [49] in
various directions. We prove in Theorem 8 and Corollary 2 that complex dilated
Dirac operators converge to the corresponding (complex dilated) Schrodinger
operators in the sense of norm resolvent convergence as the velocity of light
goes to infinity. As in the undilated case, this convergence is needed to gain
information about the spectral projections onto the eigenspaces belonging to
the real eigenvalues and their behaviour in the nonrelativistic limit (see for ex-
ample Lemma 7 or Lemma 8). In particular, the complex dilation, restricted to
an eigenspace is a bounded operator (uniformly in the dilation parameter and
the velocity of light — see Lemma 9) and the projections onto the fine structure
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components are uniformly bounded as well (see Corollary 5). These statements
will be needed in [30]. Note that for Schrodinger operators and non-relativistic
QED the above mentioned problems are absent, since there is neither a fine
structure splitting nor the additional parameter of the velocity of light which
has to be controlled.

Moreover, we show in Theorem 9 and Theorem 10 that the lower Pauli spinor
of a normed eigenfunction of the Dirac operator converges to zero in the sense
of the Sobolev space H!(R3;C?) and that the upper Pauli spinor is bounded
in the sense of H'(R?;C?) as the velocity of light tends to infinity. This shows
that the notion of “large” and “small” components of a Dirac spinor, which is
frequently used by physicists, is also justified for dilated operators. Moreover,
it follows that certain expectation values of the Dirac a-matrix vanish as the
velocity of light tends to infinity. We will apply this fact in [30].

Note that in the discussion of the non-relativistic limit in Section 8 we need
some estimates from Bach, Frohlich, and Sigal [5] which we cite in Appendix
A for the convenience of the reader.

3 FoLDY-WOUTHUYSEN-TRANSFORMATION

In this section we investigate the complex continuation of the Foldy-Wouthuy-
sen transformation and show some important properties in Theorem 1. We need
this as a technical input for the spectral analysis in the following sections. Let us
mention that a complex continuation of the Foldy-Wouthuysen transformation
was implicitly used by Evans, Perry, and Siedentop [11] for the investigation
of the spectrum of the Brown-Ravenhall operator. Also Balslev and Helffer [7]
use holomorphic continuations of the Foldy-Wouthuysen transformation.

For p € R® we define the matrix D, o(p;0) := ce %a - p + c23. We use the
convention /- : C\Ry — C: /z = ret ®/2 for the complex square root, where
z =reél? with r > 0 and —7 < ¢ < 7. Note that for w € C with |argw| < T
the estimate

Revw > VRew >0 (5)

holds, which follows immediately from the formula cos(2¢) = (cos¢)? —
(sin¢)? < (cos ¢)?. Next, we define for p € R and 6 € S, /5 the matrix

1 (¢® + Ec(p; 0))12x2 ce o p (©)
Ne(p; 0) —ce o p (® + Ec(p;0))1ax2 )’

)
where E.(p;0) := \/e=20c2p? + ¢* and N.(p;0) := \/2E.(p;0)(c2 + E.(p; 9)).
Upw (c; 0) is the maximal multiplication operator on L2(R3; C*) which is gen-
erated by Upw (p, ¢; 0). Analogously, we define

UFW(cap; 9) L=

A+ E.(p;0) —ce pa-p
Ne(p; 0)

and Vrw (c; 0). The corresponding Fourier transforms are Upw (c; 0) :=
FWrw(c;0)F and Vew(c;0) == F~Vew(c; 0)F. Note that these operators

VFW (pa c;0): = (7)
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coincide with the usual Foldy-Wouthuysen transformation for 6 = 0 (see [49]),
but are not unitary for § ¢ R. Nevertheless they define a similarity transfor-
mation, which diagonalizes the free Dirac operator. This will be important
in the following sections, since the diagonalized operator v —c2e=20 A + ¢4 is
normal, contrary to the operator D, ¢(9).

THEOREM 1. Let 6 € Sy /4. Then the following statements hold:

a) The operator Upw(c; 0) is a bounded operator on L?(R3; C*) with bounded
inverse Vew (c; 0). There is a constant Crw (independent of ¢ and 0) such
that

|Urw(c; 0)| < /1 + Crw|sinTm 6] (8)

and

[Vew (c; 0)| < ¢1+pr|sin1m9|. (9)

b) The Foldy- Wouthuysen transformation diagonalizes the Dirac operator:
Urw (¢;0)Dc.o(0)Vew (c;0) = V/ —c2e 20 A + 1. (10)

Proof.
a) A simple calculation shows

Urw (p, ¢;0)Vew (p, ¢ 0) = Vew (p, ¢; 0)Upw (p, ¢; 0) = 1. (11)

We have |[Upw(c;0)|| < sup,eps |Urw.e(p; 0)||. Thus, it suffices to consider
the case ¢ = 1 and Ref = 0. In view of the identity |Upw c(p;0)|> =
lUrw c(p; 0)*Urw c(p; 0)| we find with 9 € (—n/4,7/4)
R e . 1+ B (p;i9))(1 + Ey(p; —id)) + p?
UFW,c(p;1ﬂ> UFW,c(p;lﬂ) _ ( 1(p ))( N 1(p )) p
L Pecp(en (14 Ba(pi —i9)) — (L + Ea(pii9)))
N
where N := VAE1(p;10)Er (p; —19)(1 + E1(p;19))(1 + E1(p; —19)). Note that
the expression under the square root is real, and that |1 + Ey(p;+id)| >
|E1(p; £i9)| = /1 + 2cos(20)p? + p* > /1 + p*, where we used |[J] < 7/4.
Thus the denominator in (12) can be estimated as

IN| > 2y/1+ [p[*. (13)

(12)

)

Next, observe that
| sin(2¢)]
/% + cos(29)’

where we used the estimate |w| > |Rew| and (5). From (14) it follows that

e By (p;19) — eV By (p; —i9)| < (14)

|BeepE!” (1+E1 (p;i0)—e " (14 Ex(p; =i9))) || < 2[p||sin(d)|+]sin(20)]. (15)
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Moreover, we have

_ (4 Ev(pi—19)) (1 + Ea(p319)) +p?
N

_ WA (4 Beoi) A+ B 1)

N (N + (1 + E1(p; —i9)) (1 4 Ey(p;i0)) +p2))

1

Using ((1 + E1(p; —i9))(1 + E1(p;i9)) + p*) > 0 and (13) we estimate the
denominator by

IN(N + (1 + By (p; —i9)) (1 + Exr(p:id)) + p*))| = 4(1 + [p|*). (17)
In order to estimate the enumerator we find after some calculations

4B (p; —19)Er (p;19) (1 + Er(p; —19)) (1 + Ev(p;i9)) (18)
— ((1+ Ex(p; —i0))(1 + By (p;19)) + p?)*
:2p4 + 2(62i19 + e—2i19)p2 + 2p2(e—2i19E1(p; —i 19) + €2i19E1(p; 119))
—2p® — 2p*(E1(p; —i9) + E1(p;19)) — 2p° By (p; —i9) Ex (p; 19).

We combine suitable terms in (18): We have

(2?7 4 e727)p2 — 2p? = 2(cos(20) — 1)p?, (19)

12p°(e72'? B (p; —19) +€* " E1(p;19)) — 2p%(E1 (p; —19) + E1(p; 19))| < 4p°

(20)

2sin(29) < 4|p| sin(29),

X|\/p2+62i19_\/p2+e—2i19| < 4p2|\/p2+621ﬁ+\/p2+e’2m| =

and
2p* + 2 cos(20)p* — 2p° B (p; —19) E1(p;i9)] < 2[sin(29)°.  (21)
Summarizing the estimates (13) and (15) through (21), we finally obtain

lpl+1 | p*+2p[+1

Vit 1+l

where we used that |sin(29)] < 2|sind| for |9 < w/4. If we set Cpw =

t+1 t2 42641
SUPept | iyr T 14

The claim on the inverse operator Viw(c; ) can be proven analogously.
b) We have Upw (¢, p; 0)De.o(p; 0)Vew (¢, p;0) = Deo(p; 0)Vew (¢, p; 0)? as well
as Vew (¢, p; 0) = Upw (e, p; 0) — 2ce~?Bac - p/N.(p; §). From this it follows that

1Upw (0, p)* Upw (i9,p) — 1]| < |sin(9)[, (22)

< 00, equation (22) shows the claim on Upw/(c;0).
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Urw (¢, p; 0) De,o(p; 0)Vew (¢, 03 0) = Deo(p; 0) — A, where A= gias

D..o(p; 0)[2ce™?Ba - p[c® + E.(p;0) — ce=%Ba - p]. A little calculation shows

2 —26_2 .
A= ,% + ce P - p, which implies

Urw (¢, p;0) De.o(p; 0)Vew (¢, p; 0) = Ee(p; 0)0 (23)

and thus proves (10). O

4  DILATION ANALYTICITY AND SPECTRUM

We show that the operators in equations (3) and (4) define holomorphic families
of closed operators. Since we will be interested in the non-relativistic limit
later on, we consider only such values of ¢ and v which can be dealt with using
Hardy’s inequality. For 6 € S5 we define the set M,,. := {0 € (C|277 <
cos(Im@)}. We define Vi(0) := e=%2xp\/Vo and Va(0) := e~ 9/2\/V. Note
that V(0) = V1(0)Va(0).

THEOREM 2. Let 0 € Suin{e,r/2y and suppose that (H1) holds. Then the
operator D, (0) is closed for 22 < cos(Im @) on Dom(D. ,(0)) = H'(R3;C*),
and we have D ~(0)* = D.~(0). D.~(8) is a holomorphic family of type (A)
in the sense of Kato for 0 € M, .. D.o(0) is an entire family of type (A).

Proof. For f € H'(R3;C*) the estimate ||D.o(0)f||*> > |Ree ?|?c?|Vf|?
holds. Hardy’s inequality implies ||[7V(0)f||> < 4v%e~?|?||Vf||* and thus

V(@O fl] < mHDc,O(@)]‘H, which proves that the operator D, -(6)

is closed and has a bounded inverse. Thus, the domain Dom(D.,(6)) =
H'(R?;C*) is independent of § € M, /.. It is clear that for f € Dom(D. -(0))
the mapping M., ;. — L*(R3;C*), § — D, () f is holomorphic, which implies
that D, ,(6) is a holomorphic family of type (A) [33, Chapter VII-2.1].

Moreover, obviously D, ~(0)* D D, .(6) holds. Thus, it suffices to prove the
inclusion Dom(D..~(#)*) € Dom(D, (6)) = Ran(D.~(8)~!). We adapt a well
known strategy from the case of self-adjoint operators (cf. [52, Satz 5.14]). We
have Dom(D, - (0)~!) = Ran(D, . (0)) = L?(R3;C*). For f € Dom(D.~(9)*)
we find fo := De~(0) "' De~(0)"f € Dom(D,(0)) C Dom(D,(0)*). Thus
D¢~ (0)fo = De~(0)* fo, and the definition of fo implies D ~(0)* f = D, () fo.

From this it follows that D, (0)*(f — fo) = 0 and thus f — fo € N(D.,(0)*) =
Ran(D.~(0))* = {0}, implying f = fo € Dom(D..~(9)). O

REMARK 1. Note that if V is the Coulomb potential or the Yukawa potential,
then D.(0) is equal to a multiple of the self-adjoint operator —ico -V + Vi
up to a bounded operator so that the proof of the above theorem is trivial. Note
moreover, that for V = Vg, the operator D.(0) is entire.

REMARK 2. Theorem 2 and its proof imply that H'(R3;C*) is the mazimal
domain of the operator on L?(R3;C*) generated by the differential expression
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—eYica -V 4 23—V (). To see this set

-
dﬂ
o
—

D
S~—

I

Moy = {f € L*(R3;,CYH|D.,(0) f € L*(R3;CY},

where the gradient is to be understood in distributional sense. Note that f €
Max implies Vf € Ly, (R* C*), since V(0) € L*(R*) + L=(R?). If Max 2

HY(R3;C*), then the operator D, (0) defined by the differential expression

De(0) on the domain D(D,, ., (0)) := Mmax is a strict extension of the operator
D.~(0). As in the proof of Theorem 2 it would follow that there was a 0 #
g € Muyax such that Dy, (8)g = 0. It follows by partial integration from Vg €

L}, (R*CY) that (D.(0)f,9) = 0 for all f € C(R*CY). By density of
C3°(R?; C*) in H' (R C*) this equality extends to (D.~(0)f,g) = 0 for all
f € H (R*C*) = D(D.,(0)). Since D.~(0) is onto, it follows g = 0, a

contradiction, which implies H'(R3; C*) = M ax.

The following lemma, whose simple proof we omit, contains a useful fact:

/a202p2+c4 a
LEMMA 1. Let a,b > 0. Then sup,cps Ve < max{1, ¢}.

Now we need the spectrum of the operator D, (f). Theorem 1 shows (see
Figure 1) o(D.o(0)) = 3 (0) U S} (0), where ¥ (0) = +E.(R;0).

In the case of self-adjoint operators the compactness of the difference of free
and interacting resolvent would imply that D.¢(6) and D.(0) with v # 0
have the same essential spectrum. This is however not true for non-self-adjoint
operators in general. In particular there exist several different definitions of
the essential spectrum, which do not coincide in general and have different
invariance properties.

In the case of relatively compact perturbations this difficulty can be mastered
using the analytic Fredholm theorem [50]. Since Coulomb type potentials are
not relatively compact, we adapt a strategy invented by Nenciu [40] for the
self-adjoint case. We need the following lemma:

LEMMA 2. Let 0 € Sy/y and z ¢ 0(Dco(0)). Then the operator Vcl/2(Dcyo(9) -
2)~ 1 is compact.

Proof. 1t suffices to consider the case z = 0. We write V(/1~/2D,,,7()(t9)’1 =
—1

Vé/z (\/ —c2em20A + 045) (\/ —c2e 20N + 046) D.o(0)"'.  Because of

Vé/Q € LS8 (R?) and 1/(£+/c2e20(-)2 4+ ¢* — 2) € L5(R?), the operator

Vé/2(\/ —c2e 20 A + 43 — z)~! is compact [44]. Moreover, Theorem 1 implies
(V—c2e 20 A+ cAB)D.o(0) || < 1+ Cpw|Im@|. This shows the claim. O

For z ¢ 0(D,.0(0)) we define the operator M, .g(z) := Va(0)(Dc0(0)—2)"1V1(0).

Moreover, let Bep.+ and Beg,— (see Figure 1) the closed subsets of {z €
C|Rez > 0} and {z € C|Rez < 0} respectively, which are enclosed be the
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xxxx

Figure 1: The spectrum of the operator D, ¢(f) and sets B4 for ¢ = 1 and
0 =in/4.

curves [c?,00) and E.(R;60) ((—o0,—c?] and —E.(R;#) respectively). We set
Bep = Bejgi+ U Beyg;—
Furthermore, for 0 € S, /4 we define the constants

cos(2Im 6)

Clm6) := cos(Im 6)

, Ci(Im0) := C(Im0) + (24)

Note the inequality 1/ cos(Im6) < C'(Im 0).

The following theorem yields a precise description of the spectrum of the op-
erator D, (6). In particular, outside the set B g the spectra of D, ,(#) and
D, ~(0) coincide so that one particle resonances — if any exist — can be located
only within the set B, g.

Let B(L?(R3; C%)) be the set of bounded and everywhere defined operators on
L?(R3; C*). Moreover, we set B, (z) := {z € R3||z — x¢| < a} for a > 0 and
o € R?

THEOREM 3. Let 0 € Snin{r/s,0)y and 2—g—C(Imt?) < 1. Suppose that (H1)
holds. Then o(D¢~(0)) = 0(Dec,0(8)) U Ac 0, where Ac 0 is a discrete subset
of C\o(Dc,0(0), and we have Ac 19N (C\ Be;p) = 0aisc(De,y(0)). The set Ac .0
has at most the accumulation points +c. For z ¢ o(D.(0)) the resolvent
identity
(Deqy(0) = 2)71 = (Deo(0) —2)~'+
+7(Deo(8) = 2) " VA(0)(1 — ey Meio(2)) ™ Va(0)(Deo(6) — 2) 7" (25)

holds.

Proof. We denote the r.h.s. of (25) by R. ~;9(2).
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Step 1: Proof of (25) for z =1in, n € R. Using Kato’s inequality and Theorem 1
we obtain

yre R0 (1 4+ Cpw|Im 6))
2

C(Im#6), (26)

[y Mep (i)l = [7V2(0)(Deo(0) —in) VA (0)|] <
Vi v

X <
| \/— cos(2Im 0)c2e—2ReOA + ¢4 = c2

where we used additionally (5) and Lemma 1. Equation (26) shows that (25)
holds for z =in, n € R.
Step 2: Proof of (25), general case. We have

1=y Me;p(z) =1=7Me;p(0)—y(Mep(2)—Me;0(0)) = (1=7Mei0(0)) (1-N(2)),

where N(z2) := z (1 — yMep(0)) " [Va(0)De,o(0) " (De,0(0) — 2)~1Vi(0)] . Us-
ing Step 1 and Lemma 2 we see that N(z) is compact and a holomorphic
function of z for z € C\ o(D.(0)). Applying the analytic Fredholm the-
orem [41, Theorem VI.14] yields that (1 — N(z))~! is a meromorphic func-
tion on C \ (D o(#)) with values in B(L?(R3;C*)), whose residues are op-
erators of finite rank. Using Step 1 once more, we see that this also holds
for (1 — e %yM,o(2))~!. In particular, there is a set A. .9 C C\ o(D.0(0))
which has no accumulation point in C\ (D, o(6)) such that z — R .9(2) is
holomorphic in C\ (o(D¢,0(0)) U Ac.4:0)-

Step 3: The mapping z +— Rec;0(2) (De(0) — 2) f with f € Dom(D.(0))
is holomorphic on C\ (6(D.(#)) U Ac,4:0). Because of Step 1 the operator
R..0(2) equals the resolvent of D, ,(0) for z = in, n € R. It follows that
Rer0(2) (Dey(0) —2) f = f forall z € C\ (6(Deo(0)) U Acri0) and f €
Dom(D. ~(0)).

Moreover, it is easy to see that Ran R, .¢(z) C H'/?(R3;C*). Thus, we obtain
as before (g,(Dc~(0) — 2) Reqyio(2)f) = (g, f) for all f € L?*(R3C*), g €
HY2(R3;C*) and z € C\ (0(De0(0)) U Ac.0). Tt follows that Ran R .(2) C
HY(R?,C*) and (D.~(0) — 2)Re0(2)f = f for f € L?*(R%C*) and 2z € C\
(0(Deo(0)) U Acri0). Summarizing, we find Re0(2) = (De(0) — 2)~! for
all z € C\ (6(Deco(0)) U Ac vi9). In particular, it follows that o(D.(0)) C
o(Deg(6) U Aeri.

Let now zg € A ;9. Then the analytic Fredholm theorem implies the existence
of f € L?(R3;C*) with (1 — N(20))f = 0, and thus also (1 — yM_..¢(z0))f = 0.
We proceed as follows: Since (D, o(f) — z)~1V1(#) is bounded, we find f €
Ran(V5(0)), i.e. f = Va(0)g for g = (Deo(0) — 2)"Va(0)f € L2(R3;CY). It
follows that (D.o(60) — z0)g = YVi(0)f = vV (0)g in H'/2(R3;C*). Rewrit-
ing this equality (in the sense of H~'/?(R3;C*)) we find —ice ’a - Vg —
Bc2g — vV (0)g = z0g9. Since the r.h.s. of this equality is a (regular distri-
bution generated by a) function in L?(R3;C*), the Lh.s. is. This implies that
g € H'(R3;C*) = D(D,(0)) by Remark 2, i.e. 29 € 0(D,-(6)) which in turn
proves o(De(0)) 1 (C\ 5(Deo0))) = Acro
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Step 4: It remains to show that o(D.(0)) N o (Deo(#)) = 0(Dc,0(6)) holds.
To show this, we pick E € o(D.o(f)) and p € R® with E = E.(p;0) in order
to construct a suitable Weyl sequence. Let us define ¢, ..o € C*°(R3;C*) by

Up.eo(x) i= Ne(p;0) 71 (¢® + Ee(p; 0)€, ce o - p&) e (27)

with ¢ = (1,0)7. Equations (7) and (23) imply
(—ica -V + B )by ci0(x) = Ee(p; 0)p,co(). (28)
We pick a function 0 # ¢ € C§°(R3) with supp¢ C B1(0) and set for n € N

On(x) = (b(%x —nep) with e; = (1,0,0)T as well as f,, := ¢ntbp ;0. Obviously,
we have f,, € Dom(D, (0)). First, we calculate

1£all > (1+ Crw) " 2ll¢nll = n*2(1 + Crw) =2 (l9]], (29)

where we used the definition (27) of ¥, .0, Equation (7), Equation (11), Equa-
tion (8) and the identity [dz¢n(z)? = [dzd(iz — ner) = n® [da ()
Furthermore, we find for n > 2

1
Ve full? Z/dw Wﬂﬁn(%)g||¢p,c;e(0)||2 (30)

4 4(1 + C, Imé6
<1+ Crwltm 02 [ doon (o IR 2

since supp ¢, C By (n?e1) and [|1hp0(0)]] < /1 + Cpw|Im 0] because of For-

mula (9). Moreover, we obtain

C\/l +CFw|Im9|n3/2|
n

[[(ca - Vo )hp,eo ()| < Vol (31)

Formulas (28) through (31) imply

D B 27132/2 en3/? v
|(Dey(0)—Ec(p; 0)) frl < /T oy [Tm ] = H¢H|LZ —— IV
Il frull m”w n—0o0

Thus D.~(0) — Ec(p;0) does not have a bounded inverse and E.(p;0) €
o(De(0))-

Step 5: The proof of A¢ 4,9N(C\ Beg) = 0aisc(De,4(0)) is a standard argument,
which uses the dilation analyticity of the operators D, (0) (see [43, Chapter
XII.6] or [46]). The same holds for the claim on the accumulation points. [

REMARK 3. Note that for V= Vi the set of resonances is empty. This follows

similarly as for the Schrodinger case (see [8]): If there was a resonance, then
D, ~(7) would have a non-real eigenvalue.
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5 SPECTRAL PROJECTIONS

In this section we extend the notion of positive and negative spectral projections
to dilated Dirac operators. We define for p € R3 the matrices ASEO) (p; 0) :=

11+ %). A calculation shows that ASB) (p;0)% = ASB) (p; 0) and

ASB) (p;0)Dco(p; 0) = £E.(p; H)ASB) (p; 0). Moreover, one verifies the identity

ASB) (p;0) = % + % ngx;o ffR dn m. These observations motivate the

following definition for the dilated interacting operators:
1,1 R 1

+ — :
Agy,}(@) =3 + o s-lim dn

—_— 32
T R—oo R Dc,'y(e) — 177 ( )

It is well known [33, Chapter VI-5.2, Lemma 5.6] that Equation (32) yields the
positive and negative spectral projections for real §. Note that similar formulas
for not necessarily self-adjoint operators are known (see [16, Chapter VX]).
These authors use a different definition for the spectral projections, however.
First, we show in Theorem 4 that these operators are well defined and bounded
projections even if § ¢ R. We need the following technical lemma:

LEMMA 3. Let 0 € Sy4. Then for alln € R

|D.o(Re )| —in
: <
H Dc,O(G) _ ”7 ” = Cl(ImQ)a (33)
where C1(Im ) is defined in (24).
Proof. We prove the estimate
D¢o(Reb)| —in D¢ o(Reb)
| PeoReDl 0y oy DeoReDl___y gy

V=e=202A A3 —in

,/7672962A+C467177
1 1
+|l

L —| < + -
/202N 1 A3 —in cos(2Im@)  cosIm@

We estimate the first summand using inequality (5) and Lemma 1. For the sec-
ond summand we restrict ourselves to the case Im 6 < 0. The proof for Im 6 > 0
works analogously, and (33) holds obviously if Im# = 0. Moreover, it suffices
to consider Re # = 0. We investigate the term |y/e=20c2p? + ¢* —in|. Forn > 0
the inequality Im y/e=20¢2p? 4 ¢t < 0 yields | —v/e~20¢c2p? + ¢t +in| > |n|. For
n < 0 the inequality Im /c2p? + et20¢t > 0 implies |/c2p? + et20ct —jet0n| >
— cos(Im 6)n = cos(Im 0)|n|, which proves (34). The claim follows using Theo-
rem 1. O

THEOREM 4. Let 6 € Spingr/a,0} and 2%C(Imé’) < 1. Suppose that (HI1)
holds. Then the following statements hold: ASEV) (0) € B(L*(R3;C*")), ASEV)(H) =
ASEV) (0)? and Aé?(@) + Aé,;) (0) = 1. The operators ASEV)(H) are bounded holo-
morphic families in 0 for 6 € M., ..
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Proof. The proof is inspired by similar estimates in [47].
Step 1: The resolvent equation (25) and the estimate (26) yield the convergence
of the series

in norm.
Step 2: We show that the expression

R 1 1

dm | s e = T Do =10

f.g € LX(R%CY) (36)

defines a bounded operator on L?(R3; C*). In order to achieve this, we estimate

1 1 n—1 1
|(f7mv1(9)[7v2(9)mv1(9)} %(e)mg)‘
IVI |V| v S
< T T ey <
| De.of Re9I1/2 |Dc Re9)| 1
H| ORe9 N +in HHl OReG “in gHC1 Im 0)* ( C’(Im@)) ,

where we used (26) in the first estimate and Lemma 3 in the second estimate.
C(Im#) and C;(Im @) were defined in (24). As in [47, Proof of Lemma 1] we

. 1/2 .. /2
obtain [, dn || st Al ipesReanrmoll < wlflllgll and thus

oo 1 1
/—oo dn’(f’ [Dc,'y(e) - 177 - DC,O(H) - ”7}9)’ =

< 72219l Cr (1m0

Step 8: The expressions

1

1
G OET

MO0 55—,

Vi(0)] nil%(9)mg)

are holomorphic functions of 6 € Spyin(r/1,0). These estimates show the exis-
tence of an integrable and summable majorant, independent of ¢ for 6 € M., /..
Thus, the operator in Equation (36) is a holomorphic function of 6 [33, Chap-

ter VII-1.1], and the identity AS;) 0) = AS;)(G){ which is obviously true for
0 € R, extends to 0 € M., i.e. Aé?(@) is a projection.
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Step 4: We show that the limit exists as a strong limit and estimate for g €
H'/?(R3;C*) as follows:

1 1 n—1 1
U b= O =) Y Om =Y
2 Deo(Reb)| 1
S L - T

x Cy(Im 0)> (Q%C(Im 6)"

Here we estimated the expression in the square brackets similarly to (26), but
used Hardy’s inequality instead of Kato’s inequality. Moreover, we used the
estimate (33) twice. Since o(D.o(Ref)) = (—o0,c?] U [c?, 00), we have

R0 ®eD2 )y VAL g, Ly,
[DeoRe )| +in"  n>e2 /A2 +02 ~ ¢ /Il

This estimate shows that the convergence in formula (36) is uniform in f €

L?(R3;C*), which implies the strong convergence [33, Theorem III.1.32 and

Lemma IT1.3.5], since H'/2(R3;C*) is dense in L?(R?;C*). O

Obviously, the identity A(+)( 0) + A(_)( f) = 1 holds. We set H(i)( 0) =
A (9)L2(R3;C*) and find L2(R3; C*) = HEL (6) + 1.3 (0), wehre + denotes
the direct sum. We call the Aﬁ,)( 0) positive and negative spectral projections

and HSEY) (0) positive and negative spectral subspaces, respectively. This is
justified because of Theorem 5.

The following corollary generalizes [47, Lemma 1] to dilated spectral projec-
tions.

COROLLARY 1. Let 0 € Siingr/4,0) and suppose that (H1) holds. Then there
exists a constant Cnyr > 0 such that for 2%C(Im 0) < 1 the estimate

IASS(®) ~ AL @) < Oxn

holds.

Proof. This follows directly from Equation (37) in the proof of Theorem 4. O

The next theorem shows that the spaces Hﬁ,ﬁ)(e) are invariant under D ~(6)
and describes the spectrum of the restriction of the operator to these spaces.
If a part of the spectrum is contained in a Jordan curve, analogous statements
can be found in [33, Theorem III-6.17]. The following theorem describes a
more general situation, but the essential elements of the proof of [33, Theorem
I11-6.17] can be adapted.

For a closed operator A we denote its resolvent set by p(A).
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THEOREM 5. Let ) € Siin(r/a,0} and %C(Im 0) < 1. Suppose that (H1) holds.
Then the identity

AE(0)(Dey (0) — 2) 71 = (Do (0) — 2) 1AL (0) (38)

holds for all z € p(D.(0)). The subspaces RanAgﬁY) (0) and Ran Aﬁ;’(@) are
invariant subspaces for D, ~(0). In particular,

o(D =0(D.~(0))N{z € CRez > 0} (39)

&Y (9) |Ran AEQ (9))
and

(D,

(Ol 2 9y) = 7(De1(0)) N {2 € CIRe 2 < 0} (40)

hold.

Proof. Obviously, for all z ¢ (D, ,(f)), all n € R and all f € L*(R3;C?) the

equation (D;~(0) —2) " (Dey(0) —in) ™' f = (Dey(0) —in) "1 (Dey(0) — 2) 7L f
is true. This immediately implies

R

(Dey(0) —2)™" Jim [ i (Dey(6) —im) ™" f =
—o0 J_R
R
= lim [ dy (Deqy(0) —=in) " (Deq(0) —2) " f
—o0 J_R

and thus (38). It follows that [33, Chapter I1I-5.6 and Theorem II1.6.5]
(Dery(8) — 2)"'RanAl () ¢ RanASS(0) and ALY (9) Dom(D..(6))
Dom(D,~(0)) as well as DC,V(G)HS;) 0) C HS@’(@). We define the operators
DI (0) = Der(0)]35) gy and (for z ¢ o(De(9)) at the moment) the resol-
vents Riﬁ)e(z) = (DSEY) (0) — 2)7t = (Deqy(0) — 2
+
o(DE5)(9)) € (Do, (6)).
On the other side, we have f € HS;)(H) and z ¢ o(D.~(9)) R(i)e( V=

(Deny(0) — 2) 71 f = (Dey(0) — z)_lAgﬁ)(H)f. Using the first resolvent identity,
we find for z € C with Re z < 0 respectively Rez > 0

)~ |H§iw)(0)' In particular,

1 [~ 1
— )" ITA) -
(De0) =) AEOF = —5 [ dn—

(Deqy(0)—im)~'f,  (41)

since for z € C Wlth Re z < 0 respectively Re z > 0 the residue theorem implies
. R
limp_ oo f dn —= ”7 =limp_ oo f_Rdn ﬁ = Fr.

The r.h.s. of equation (41) is holomorphic in z ¢ iR. Thus, Rt(:y)e( ) has

a holomorphic continuation to {z € C|Rez < 0}, and R( ) ¢(2) has a holo-
morphic continuation to {z € C|Rez > 0}. The holomorph1c1ty of the

resolvent implies {z € C|Rez < 0} C p(D(Jr)(O)) and {z € ClRez >
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0} C p(Dé_V) (0)). This proves J(Dg:} (0)) ¢ {# € CRez < 0} and
J(Dg;) (#)) C {# € CJRez > 0}. On the other side, z € o(D.~(f)) cannot
fulfill both z € p(D,(:;Y) (0)) and z € p(Dt(;_tY)(H)), because otherwise the identity
(Dery(0)—2) 71 = (DEE) (0)—2) " ALE () + (DL (0) —2) =1 AL (9) would imply
the contradiction z € p(D, ~(6)). This shows (39) and (40). O

Next, we need spectral projections for the eigenvalues: We define for all n > 1
(and n < Npax if there only finitely many eigenvalues) the spectral projections

1 1
Pn ’ 79 = . —d B 42
(c 7 ) 2mi /l"n(c,v) DCy’Y(Q) -z ‘ ( )

where 2z runs through I, (¢, ) in the positive sense. I';, (¢, ) is chosen such that
for all 1 < I < N, the eigenvalues Eﬂnyl(c, ~) are located within the contour,
but no other elements of the spectrum D, - (6).

For later, we need spectral projections for the fine structure components. We
set forn>1and 1<l <N,

1 1
Pn ) 99 = -5 d 5 43
(e, 7;0) 271 Jr oy Don(l) 2 (43)

where z runs through I, ;(¢,y) in the positive sense, and I’y ;(¢,) is chosen

such that only the eigenvalue F, ;(c,~) lies within the contour. We denote the
corresponding normed eigenfunctions by ¢, i(c,v; 6).

6 TRANSFORMATION FUNCTIONS

We need transformation functions between the spectral subspaces of dilated
and not dilated operators for the resolvent estimate in Section 7 and in order
to establish the dilation analyticity of a relativistic Pauli-Fierz model in [30].
Another example for a transformation function is the Douglas-Kroll transfor-
mation, which was investigated by Siedentop and Stockmeyer [47] (see also
Huber and Stockmeyer [31]). Contrary to the situation there, our spectral
projections are not self-adjoint and thus the transformation function is a non-
unitary similarity transformation. The estimates in this section can be used to
generalize the Douglas-Kroll transformation to complex dilated operators.

In order to prove the existence of the transformation function, we need norm
estimates on the difference between the spectral projections.

LEMMA 4. Let 0 € Syin{r/a,0}- Suppose that (H1) and (H2) hold. Then the
following statements hold:

a) There is a constant Cpr, > 0 (independent of ¢, v and 0) such that for
Q%C(Im 0) < 1 the estimate

1A (0) = AL (0)]] < Corlo) (44)
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holds. The operator |DC_,0(O)|1/2[ASEY)(O)7A£ﬁ)(9)]|D670(0)|71/2 is a holo-
morphic function of 6 € M, ..

b) Let moreover 0 < q¢ < 1. Then there is a constant Cprg > 0 (independent
of ¢, v and 8) such that for 2%C(Im 0) < q the estimate

1 De,0(0)] 2 [AZE) (0) = ALE(0)]|De.0 (0)| 1% < Cslf| (45)
holds.

Proof. We adapt method which was used by Siedentop and Stockmeyer [47]
and by Griesemer, Lewis and Siedentop [19] for other choices of projections.
We start with the difference of resolvents

(Deo(0) —in)~" = (Deo(0) —in)~*
= ic[e_‘g —1)(Dc,0(8) — in)la- V(D.,0(0) — in)~t  (46)

and note that |e=? — 1| < B|6| holds with B = ™/ for all || < 7 /4.
Step 1: Proof for the free projections. Equation (46) it and Lemma 3 imply
that

(£, [(Deo(0) —in) ™" = (De,o(0) —in)~'g)|
<BI0|[[| De,o(Re 0)]"2(|Deo(Re )] +1in) ™" fI[[I| De,o(0)[/(Deo(0) —in) ]|
D¢ o(Reb)| — 177”

_ mym
% [|1De,o(Re 8)] 7'/ 2car - V| De,o(0)] /2]l

D.o(0) —in
Bl |De.o(Ref)[Y/? |De.o(0)]*/2
Im 6 :
e Ree/QCl( )|||DC,O(R69)|+”7f||” c, (0)_ UgH’

where we used the estimate ||c|V||D.o(Re )|~ < 1/eRe?.
This proves (cf. [47, Proof of Lemma 1] and proof of Corollary 1) HA(i)( 0) —
ALD(0)]| < Cprlf] with a Cpr, > 0 and analogously |||D.0(0)[/?[A gj?(()) -

AT (0)]1Deo(0)] /2] < CpLl6], since [De,o(0)['/? commutes with all operators
in (46).
Step 2: Proof of (44). We write

1 1
I [%(O)WW (0)] — [Vg(O)m%(O)] | (47)
—0 676
H[‘/l(@)mmvz(@ﬂ - [W(@mm%(@)] f
+| [chm(xge*" — )V < B|290|7T(C(Im9) +1+0),
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where we estimated the second summand by B(1 4+ C)|f]7/(2¢) from above,
and the second summand — similarly as in (26) — according to

(e = D[a(0) g car Vmw I<
< D e o0 < P )
In the same way we obtain
| [e8/2Ve (Deo®) = i)™ = V& (Deol0) i) g “8)

<|e=%% - 69/2|He_9V61,/2(DC_,0(9) —in)"tea - V(D o(0) —in) gH

—0/2_qi|l1/1/2 1 [T [Deo(0)[*/2
+le 1|V DC,O(O)—ingH < B|g| 2C(C(Ima) + 1/2)\17])670(0) 7ingH.
Lemma 3 implies

|| 1/2 € —0/2 | |DCO(R69)|1/2

<
0(0) — 177g|| < Ci(Imé) 2c| c.0(Ref)| — gH (49)
and (see Formula (26))
[VE2e(Deo0) — i)~ V32| < TR, (50)
c
Formulas (47) through (50) show
n O [Va(O)— o Vi(B)]" Ve ()=
|y (fam 1(0)[Va( )m 1(0)]" Va( )mg)—
1 1 n—1 1
" f, =—————V1(0)|V2(0) =———— V1 (0 Vs
(S Deo(0) 17 1(0) [Va( )Dc,o(O)—ln 1(0)] O~ 0 —in 9)|
< B|9|(”02(£m 9))”*1(”012(011119))(0(11119 )+ 1+0)
H |DCO fH[ H |DCO R69)| 1/2 H H |DCO( )| 12 gm
|D. |De,o( Re9|+177 0(0)+1in7"
which implies (44).
Step 3: Proof of (45). We use the expansion
(Dey(0) = i)™t = (Deo(6) —in) ™
- 1 1 n—1 1
= " — V(0 - V() ——— (51
;’y Dc70(9)—177[ ( )Dc70(9)—177] ( )Dc70(9)—177 (51)
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and start with the necessary estimates on the differences of the resolvents:
Using Hardy’s inequality, we obtain as in (26)

IV (0)(Deo(8) = in) ™" = V(0)(Deo(0) — im) ][ De,o(0)| 29| (52)
/2
< %w'(c(lme) +14+C ||7|DC E’é)” 1Wg||,
and we find analogously
e ? ~
Vel S = XDc.,o(Ol) = 2Bcw' (CImf) +1+C)  (53)
as well as
[(Deo(8) +im) ™" = (Deo(0) +im) ™" Deo(0)] /2 ] (54)
g e’ | Deo(0)]"/? | Deo(0)]"/?
<N eV prtiy g < 2BIICam O 2 |

For the terms with the resolvents we use Lemma 3 and Lemma 1 to estimate

1 |De.o(0)] 1/2 H H |Deco(Red)|
Deo(0) —in ~ ¢"'Deo(0) —in
< 2Ci(Im0)e ﬂ/SH |De.o(Re )|/? ;
- |Dco(Re®)| —in

V() 1Deo(0) " 2g|  (55)

)

and (cf. Formula (26))

1 2 . 1 C(Im 6)
VOB @y =t = cliPeoRell 5=yl < = 0)
Formulas (52) through (56) show
(Do | 5 [V(O) 5|V () 5
e Deo(0) —in Deo(0) —in Deo(0) —in
~ 1 1 et 1 1
DC,O(O) - 177 [VDC,O(O) - 177} Dc 0(0) - ”7} |DC7O(O)| g)’
/d 2vC(Im0)\n-1,2yCi(Im |Dc0( )|1/2
|Dc0(R€9 |1/ |Dc0(0)|
ol 2RO DO

which in turn proves (45).

Step 4: Holomorphicity. This follows as in the proof of Theorem 4, since
1 1 n—1 1 -

(£, 10O 5= [V O psr=rs ] V() psgr=ry| Deo(0)|71/2g) are

holomorphic functions of § and the above estimates imply the existence of

summable and integrable majorant which does not depend on 6. o
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Before we turn to the existence of a transformation function in Theorem 6,
we need two operator inequalities, one of which was proven in [19]. Since the
other inequality can be proven completely analogously, we omit the proof. Let
us mention that there exits an improved version of one of these inequalities
(see [39]). But since we will be interested in the non-relativistic limit only, it
is sufficient to use the original version.

LEMMA 5 ([19], Lemma 2). Suppose that 9 € R and 2 < 1. Then the operator
inequalities

(1 = ZDIDeo@)] < Dey ()] < (1 -+ )| Deo(9)

hold.

Now we can turn to the transformation function Upz,(c,y; 0) defined below. It
enables us to consider the operator Upz,(c, v; G)Dﬁﬁ)(H)UDL(c, 7v;0)~t instead of
the operator Dfi) (0). This is necessary for technical reasons, since the latter

operates on a fixed space (i.e. Ran At(;fy)(O)). We will prove in [30] that this
operator defines a holomorphic family of operators. Moreover, we will need the
transformation function in the proof of the resolvent estimate in Theorem 7.

THEOREM 6. Suppose that 0 € Swyin{r/a,0} 2—g—C’(Im 0) < 1 and Cpr|0| < ¢
for some 0 < ¢ < 1. Suppose moreover that (H1) and (H2) hold. Then the
following statements hold:

a) There is a bounded mapping Upr,(c,v;0) : L?(R3;C*) — L*(R3; C*) with
the property

Up(e;7: O)ALE (O)pr (e, 7:0) 7" = ALH(0) (57)

1

and bounded inverse Vpy,(c,7;0) := Upr(c,v;0)~'. There is a constant

Cupr > 0, independent of ¢, v and 0, such that
[UpL(c,v:0) = 1| < CupLlf] (58)
holds.

b) Suppose that additionally Cprs|0| < q holds. Then there is a constant
CupLrs, independent of ¢, v and 0, such that

[1De,0(0)[**Un(c, 7:0)| Deo(0)| /% = 1| < Cuprslf] — (59)
is true. The same estimates hold for Vpy,(c,~;0).
¢) The operator Upy,(c,v;8), and for Cprs|0] < g the operator
[ De,0(0)["* Ui (¢, 7; 0)|De.o(0)] 1/

and the operator |Dco(0)] =" 2UpL(c,7;0)|Deo(0)|*/2, are holomorphic
functions of 0. The same statements hold for Vpr(c,7;0).

DOCUMENTA MATHEMATICA 14 (2009) 297-338



SPECTRAL ANALYSIS OF RELATIVISTIC ATOMS 319
Proof. We follow [47, Theorem 1] and [33, Chapter I-4.6.] and define

Up(c,v;0) = [ALL (0)ALE) (0) + AL (0)AL) (0)][1 — (ALH (6) — ALY (0))2]:/?
60
It is easy to see that (AEE)(G) - At(;fy)(O))2 commutes with ASCY) (#) and At(:fy)(O)
and that Upy, (¢, v; 0) is invertible with inverse Vpr, (¢, v; 0) := [Agt,) (H)ASCY) (0)+
+ A 0)AZ 0 [1— (AL (0) — AL (0))2]71/2, and that Equation (57) holds.
Lemma 4 implies that Up, (¢, 7; 6) is a holomorphic function 6, since (1—A)~1/2
has a norm convergent series expansion for bounded operators A with || A|| < 1.

Proof of (58): We follow [47, Proof of Lemma 5]. We have ASCY)(O)ASZ) 0) +
AL ()AL (0) = 1 [AL)(0) = ALD(0)] [AL5(8) — ALD(0)] and thus

Ui (c,7:6) = {1~ [A0) - AD©O)] [AH)6) - 48 0)] }

x |1- <A§,@> (0) = AL (0]

—1/2

Using the representation (1 —a?)~1/2 = 1 f_ dy (see [17, Formula

3.197.4]) we obtain

21 ya

Upr(e.7:60) = {1 - [A(0) - AE) (0)] [A<+><9> - A<+><o>} }

% _/ 1—y21— (A(+)( 0) — A(-‘r)( ))dy

Lemma 4 implies that the estimates || [AL) (0)— AL (0)] [ALE (0)—ALH (0)] ]| <
QCDL|9| and

1
!\;[1 T 21_ (A(+>(9) >(0))2dy -1f| =
)

<A£,v (6) — A5 (0)) ,
_H_/ 1—y 1 —y(AT)(6) - A(fW)(O))dyHSCCDLIGI

hold for some C’ > 0.
Proof of (59): The strategy is similar to the proof of (58). We write

| De.o(0)[*Upr(c,7:0) | Deo(0)| 7/ =
~{1 = 1Deo(0)121 D, ()2 [AL)(0) = AL (0)] 1Dy ()2 Do (0)| /2
X [Deo(0)]/2 [AL)(0) = ALD(0)] 1Deo(0) 72}
/ 1
X J—
T I VI 1=y Do (02 (ALD(0) = A (0) ) Do (0)] 12

Y,
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where we used that |D.(0)|~/2 commutes with A'%)(0). Using Lemma 5 and
Lemma 4 we obtain the claim as before. O

A first application of the transformation function Upy(c,;6) is the following
lemma, which estimates the difference between the dilated Dirac operator and
its original version.

LEMMA 6. Under the assumptions of Theorem 6 b) there is a constant Cyp > 0,
independent of v, ¢ and 0, such that

[1De.0 (07172 [Uo (e, 6) Decry (UL (c,7:6) !

— D (0)]1Deo(0) || < Cunlol (61)
holds.

Proof. We have

|De,0(0)| 72 Upr(e, 7:0) Dey (O)UpL (e, 73 0) ™" = Dy (0)]| De,o(0)| 712
Deo(0)]~ 2 Upr(e,7:0) = ][ De,o(0)]/*[De,o(0)| /2 Dey (6)| Do (0) 7172

)
| De,o(0)/2Up(e, 7 6) ™} De,o(0)] 72+
De,o(0)] /D (9)_Dcn(o)]ch,O(O)'_lp
) (
)

X

+

)

X|D¢,0(0 |1/2UDL( 10) 7! De,0(0)| 7% + | De,o(0)] /2 De,y (0)| Deo(0) 712
x| De,o(0)]"/? UpL(c, %9) — 1]|Deo(0)] /2,

which implies the claim, if we use additionally

11D0(0)| ™ [Dery(6) — Doy (O] Do (0) /2] = [ De(0) 72 (62)
X [(e™ = Djicar- T = 4(V(6) = V)| Deo(0)] 2] < (B +C)lel(1+ 2)

and Theorem 6. Moreover, we used the inequality [e=? — 1| < B|0| with B =
e™/* and Kato’s inequality in the proof of (62).
o

7 A RESOLVENT ESTIMATE FOR THE DIRAC OPERATOR

In the following, we choose an 7 > 0 such that for some n > 1and all ¢ > 1 the
inequalities Fj 7 (c,7) < ¢ —n and Ejy11(c,7) > ¢ —n hold. If 72 = Nyax,
then the second condition has to be omitted.

Using the notation of Section 5 we define Pgisc 7 (c,y Zl<n<n (¢, 7; 0)
and Pisc.i(c,7:0) == 1 — (AS(0) + Passc.i(c,y 9)) Note that Pyise.s(c,7;0)
projects onto a subspace of the positive spectral subspace.
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The following theorem partly generalizes [5, Lemma 3.8] for Dirac operators
(see also Theorem A.1). We will slightly extend this theorem in the non-
relativistic limit (see Lemma 7 and Corollary 4). This theorem and Corollary 4
enable us to control the norm of the resolvent of the non-self-adjoint operator
Dey(0)|Ran Pusec s (c,v:0)- Note that the usual theorems about the norm of the
resolvent of a self-adjoint operator fail in general, and that for the following to
hold it is essential that to restrict the operator to (a subspace of) the positive
spectral subspace.

THEOREM 7. Suppose that the assumptions of Theorem 6 b) hold. Assume
additionally that the inequalities Cup|0|(1+27v/c) < q and 27y(14+Crw|Im 0]) <
q are fulfilled for some 0 < g < 1. Then the following statements are true: The
operator De(0)|ran Py n(c,yi0) — 2 has a bounded inverse for all z € C with
Rez < ¢ — 1. There is a constant Cr > 0, independent of ¢, v and 0, such
that for all z € C with Rez < c® — 1 the estimate

—1 CRdeisc,ﬁ(ca’y;e)H

2—n—Rez

H |:Dcﬂ’ (9)|Ran Paise,n (c,7:0) — z PdiSCil (C, g 9) H <

holds.

Proof. We make a case distinction:

Case 1: Rez < 0. Theorem 6 implies the inclusion Ran(Upy,(c,;0)

X Paise.n(c,7;0)UpL(c,v;0)71) C Ran(Agi,) (0)). Thus, using Theorem 6 again,
it suffices to show

_ _ C
| [UDbL(c,v;0)De~(0)UpL(c,7; 0) 1)|RanA§§)(o)_ 27 hED0)] < = —Rez’
As in [5, Proof of Lemma 3.8], we use a resolvent expansion:
[UpL(e,7: 0) Dery (OWUDL(C, 13 0) ™| ah) (0 — 217 1AL (0) (63)

- Z[DC-,’Y (0)|Ran Aéty)(o) - Z]ilAgty)(OﬂDc,’Y (0)|1/2
n=0

X [AEE)(0)|Dcn(0)|71/2|Dc,0(0)|1/2|Dc,0(0)|71/2
x [UpL(c,7;0)De(0)Upr(c,v;0) ™" — D (0)]
X [De,0(0)| 72| De,o(0) 12| De. (0)]71/2ALD)(0)

(
X |Dey(0)['/2[De (0) = 2] AL (0)[Dey (0)]2| | Dey (0)] 712

|Ran Aﬁty) (0)

In order to prove the convergence of the series, we have to estimate the terms
in (63). First, we note that

1D (0l (Der (0) gy a0y — 2) ALD(0) = sup

— <1 64
ase2 A=z T (64)
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holds, since Re z < 0. Moreover, the spectral theorem implies

I1De (0)]/*[De,5, (0)
<[De(

|Ran AR ) ~ Z]ilAéﬁ)(O)HQ (65)

0l a0~ A AL O]

C

D ~(0)|| D~ (0 - 5
% [[|De.(0)|[Der (0) p—

|Ran AD )~ Z]_IAEE)(O)” <

Lemma 6, Lemma 5 and (64) prove the convergence of the series in (63). Using
Formula (65), the claim follows for Re z < 0 from (63).
Case 2: 0 <Rez < ¢2 — 1. We use the resolvent expansion

o0

[Dey(8) =217 =D [Deo(8) = 2] 'V (O)[Deo(8) — 217" (66)

n=0

Hardy’s inequality and Theorem 1 yield ||yV (6)[Deo(0) — 2] 71| < 2ve Ref(1+

I I. In order to control this norm, we estimate as
\/—6*2902A+C4ﬁ—z

follows:
e Ry 1 p|
sup < sup
peRr3 [\/e20c2p2 + ¢t 4 2| \/cos(2Im 0) pers |\/c?p? + ¢t £ Rez
Since ——2L—— < 1/¢, it suffices to consider the case with the minus sign.
c2p2+4-ct+Rez

We need to find the supremum of the function f.; : [0,00) — R, foi(r) :=

ﬁ for0< < (02 —1). If we differentiate this function, we find that it

attains its maximum at the point ro := 7Vc41_l% Now, we define the function

9e(l) = feulro) = o=z for 0 < 1 < (c2 —1). This function is obviously

monotonously increasing in [ and therefore attains its maximum at the point
2 _ _

lo :==¢® — 1. We have g.(lp) = \/647(‘36271)2 = g <L

Thus, Equation (66) and Theorem 1 yield the estimate ||[D.~(0) — 2]71| <
Cll1/(\/e=20c2p? 4+ AB — 2)|| with some C' > 0. Since \/e=29¢2p2 + 43 is
normal, we find ||[D. () — z]7!|| < Cr/(c* —n — Re z), which remains true, if
we restrict the resolvent to Ran Pyisc 7 (c,7; 0).

o

8 NON-RELATIVISTIC LIMIT

In this section we investigate the non-relativistic limit of complex dilated Dirac
operators. We will use these results in [30], where we will discuss the interac-
tion with the second quantized radiation field. Moreover, we can extend the
resolvent estimate of Theorem 7 to the region close to the spectrum of the
operator and control the norm of the projection occurring there.
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8.1 GENERAL THEORY

We extend some statements from [49] to the non-self-adjoint case. We define
By =3(1+£p) aswellas M :={z € C|—1 < Rez <0, [Imz| <1} and fix a
v > 0 such that D, - (0) — ¢* has no eigenvalues F with Re E < —1. This is at
least true for 0 < v < 1 in the case of V = Vo, which can be seen, for example,
using the explicit formula for the eigenvalues, see [35]. We define as operators
on L?(R3; C*):

6726 6720
Dec,0(0) == ——5 4 Doy (0) == — 5 A= YV (0)B+
22 22
Kc0(0) := (Dso,o(0) — 2 — 2_02>71, KCW(H) = (Dooy'y(e) -z 2_02)71
as well as
Reo,0:0(2) := (Doo,0(0) — Z)_la Re0.0(2) = (Deo(0) — Z)_l
Roc5:0(2) i= (Doo 5 (0) — 27 Reqi0(2) == (Dey(0) — 2)7h

First, we generalize [49, Theorem 6.1 and Theorem 6.4] to dilated operators.
As in [49], Theorem 8 is the starting point for the investigation of the non-
relativistic limit.

THEOREM 8.  a) Suppose that 0 € Sy /4 andc > 1. Then for z ¢ o(D0(0))U
0(Doo,0(0)) the resolvent relation

2¢2

(Dua0) % =27 = (8 i (cica T £.2))

X <1 ¥ 2%222 (£Duo 0(0) — z)l) i (£Doc0(8) —2)~" (67)

holds.

b) Suppose that 0 € Siin{x/a,6} 2%C(Im 0) < 1 and that (H1) holds. Then
for z € M\ R the relations

(Deqy(0) — -zt = <5+ + %CQ(—ice*Ga -V + z))
X Ko (0) (1= 5V O) (mice "o V4 2)Ken(0) (68)

and
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Proof.

a) We follow the proof of [49, Theorem 6.1], noting that z € C with 2(1+5%) ¢
e~ %m0, 00) is equivalent to z + c2 ¢ O‘(DQQ(@)). In order to show Equation
(67), we define the operators A4 (0) := D.o(0) £c*+£2 = —ica- Vi 2¢%64 + 2
and note that A, (0)A_(0) = A_(0)A4 (0) = —c?e~ 29 A—2c?2—22. This yields

a0 =220 (boa0) - ) (70

which in turn implies the claim. Note that all operators are equivalent to
multiplication operators.

b) We follow the proof of [49, Theorem 6.2]. Theorem 3 implies that
z+c* ¢ 0(D.(0)). It follows that D.~(0) — (* +2) = A_(0) —yV(0) =
(1 +~V(0)A_(0)"1)A_(0). Since D.~(0) — (c*> + z) and A_(6) have bounded
inverses, the bounded operator 1 + vV (8)A_(6)~! is bijective, and is thus in
particular bounded invertible. From Equation (70) it follows that

(Dey(0)—c*=2) = (A_(0) =V ()" '=A_(0) " (1—V(O)A_(0) )~

(71)

2,2

1
- <ﬂ+ T g (mice o V Z>> (Docol) =2 = 5)"™

% (1= AV (081 Keol6) — 515V (0) (—ice oV + 2)Ke(6) -

z € M\ R implies z + 2?/(2¢) € M \ R and in particular z(1 + =) ¢
0(Doo,~(8)), which shows (69). Moreover K.~(0) = K.0(0) — ’yV(H)ﬂ =
1 - 7V(9)5+K570(9)_1)K670(9) holds. To see this, note that z + ¢? ¢
0(De(0)) implies z + ¢ ¢ o(D.o(0)), which in turn implies z(1 + 5%) ¢
0(Dso,0(0)), ie. K. 0(0) is bounded invertible. Thus, the bounded operator
1- ’yV( )B+Kco0(0)~! has a bounded inverse, and

Kc,v(e)il = Kc,O(H)il(l - VV(9)6+K6,0(9)71)71 (72)

as well as

(1= AV (O)8: Keol0) — 55V O)(—ice eV +2)Keo(6) B
= (1= V(0)Keo(0) ' By) "

< (1= GV O) (mice eV + 2)Keo )L~ W OKeo)5)7)

hold. Using (72) and (73), (68) follows from (71). O

We denote the real eigenvalues of Do o(0) by En(00,7) = En(y), ordered by
size and not counting multiplicities. Note that by dilation analyticity these
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eigenvalues are the same as the eigenvalues of Do, 4(0) and that |E,(co,7) —
Eni(c,y)=0(1/c?) foralll € {1,...,N,} by [49, Theorem 6.8]. We pick now
1 as in Section 7 and define for each € > 0 the set

Mye:={2€C|1 <Rez < —(n+€), Imz| <1, dist(z,0(D.(0))) > €}.

Moreover, we set D(w,r) := {z € C||z —w| < r} for w € C and r > 0. Fix
€ > 0 so small that for all n,n’ € N with n # n’ and 1 < n,n’ < 7 the
sets D(E,(00,7),2€) and D(E,/ (c0,7),2€) are disjoint and contained in the
set {z€C|l <Rez< —(n+¢é), |[Imz| <1}. Now we pick for € > 0 a contour
I' with positive orientation such that I' is contained M, : and has only the
eigenvalue E,, () in its interior, but no other eigenvalues of 0(Dso (6)). Then
we define

1
P, (00,7;0) := ~om FdZROO7—Y;0(Z>ﬂ+.
We set Paise(00,7;0) = Z?lei(oo,'y;@) and Pyise(00,7;0) = 1 —

Piisc(00,7;0). Note that using the definitions in Appendix A and in slight
abuse of notation Paisc(00,7;0) = Paisc(7;0)8+ and Pyise(00,7;0) = - +
Pise ('7; 0)B-

Now we are in the position to generalize [49, Corollary 6.5] to dilated operators.

COROLLARY 2. Suppose that |0] < 6y, where 0y is sufficiently small (see Ap-
pendiz A), and 0 € Spinir/a,0) as well as 2—g—C(Im 0) < 1. Suppose moreover
that (H1) holds. Then the resolvent expansion

[Des(0) = (@ +2)] =3 Cian(z). (74)
n=0

holds for all z € M, ¢ and all sufficiently large c. The series converges in norm,
uniformly in 0 and z. In particular,

[DeH(0) — (02 + Z)]_l — [Deo(0) — Z]_1ﬁ+

c—00
uniformly in 6 and z.

Proof. First, we need an estimate on the resolvent of D ,(#). We split the
resolvent according to

[Doow(e) - Z]_l = [Dtxw(e)lRan Pise(c0,7;0) — z]_lpdisc(oo,'y; 9) (75)

+ Z[Doo,v(e)lﬁan P, (co0,y;0) — Z]_lpn(ooa v 9)
n=1

Theorem A.1 implies that the norm of the first summand in (75) is bounded

by 2/n. The norms of the other summands can be estimated according to
- . Pn((X), 19) cle .
H [D°°17(9)|Ran Pp(00,7;0) — Z] 1Pn (OO, Y5 9)| < (li‘ist(z,EZ(’y)”) < dist(z,‘EL(’y)) usimg
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Corollary A.1. Thus, we have for sufficiently small 1/¢ (dependent on €) and
all z € M, ¢ the expansion

22 22

(1= 55 (Doory(0) = 2) ™) = (Dooyy(0) = 2) 7 Y (55 (Docy(0) — 2) 71"

Hardy’s inequality implies for f € H?(R3;C*) the estimates ||V f|| < 2|V f]| <
al|Af|| + (1/a)||f]| and e 2R Af]] < 1/(1 — 2a7)||[ Doo,y(0) f]| + 27/[a(l —
2a7)]||f|| with a sufficiently small @ > 0. It follows that

IV O)(ice ™00 +2) (Do (0)-2) " < 2C+Cal(Dcr(0)-2) ]

holds with C7,Cy > 0 (independent of ~, ¢ and 6), which implies that the
last factor in (68) has a norm convergent series expansion in 1/¢ for 1/¢ small
enough. O

REMARK 4. We find Ro(2) := B4+ Roo,y:0(2) asin [49]. Asin [49, Remark after
Corollary 6.5], the operators occurring with even powers of 1/c¢ are even, and
the operators occurring with odd powers of 1/¢ are odd .

LEMMA 7. Suppose that the assumptions of Corollary 2 hold. Then there is a
constant Cp n, > 0 (independent of ¢ and 0) such that for sufficiently large ¢
the estimate

CP,n

c

[1Pn(c,7;0) = Pu(oo, % 0)| <
holds.
Proof. This follows immediately from Corollary 2. O
The following two corollaries extend Theorem 7.

COROLLARY 3. Suppose that the assumptions of Corollary 2 hold. Then there
is a constant C' > 0 (possibly dependent on 0) such that for all z € C with
—1<Rez < —nand [Imz| <1 and all sufficiently large ¢ the estimate

|| [DC,7(9)|Ran Paise,n(c,730) — (02 + Z)]ilpdiscﬁ (C, v 9)” < C
holds.
Proof. Corollary 2 implies that [De,(0)|ran Bay.. 5 (c,v;0)— (¢>+2)] ! is uniformly

bounded in z € M, ¢ and ¢ (for sufficiently large ¢). Lemma 7 and Lemma 4
yield the existence of an upper bound on

1 Paisc,(e, v 0)| = 111 = (AL (8) + Paisc.an(e, 7:0))ll,

which does not depend on c. Thus the claim holds for z € M, ;.
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Let zo € D(E,(00,7),€). Then I' := {z € C||z — Ey (00, 7)| = 2€} C M, ¢ holds
because of the definition of the set M ¢. Since [De(0)|ran Py s (c,v:60)) — (?+
2)7tinze{z€C|-1<Rez< -7, [lmz| <1} is holomorphic,

o 1
[De~(0)|Ran Pateen (e7i0) — (c® 4 20)] * Paise.(c, 7 0) = o
L 1
X \/[DC-,'Y(QHRELH F’disc,ﬁ(cv'y;e)) — (C2 + Z)] 1Pdisc,’fl(ca s 0) _ dZ
r V4 20

holds, where the contour is oriented in the positive sense. This implies the
claim for zy € D(E,(c0,7), €). O

COROLLARY 4. Suppose that the assumptions of Theorem 7 and Corollary 2
hold. Then there is a C > 0 (possibly dependent on 0) such that for all z € C
with =1 < Rez < —n and |Imz| < 1 or with —oo < Rez < —1 and all
sufficiently large c the estimate

C

Dy (0)|Ran Paee s (er:0) — (€ + 2] Paisen(c, 73 0)|| < T —TRez

s true.

Proof. This follows immediately from Corollary 3 and Theorem 7 together with
Lemma 7. O

Now, we define a transformation function Uxr (c,7;0) : L?(R3;C*) —
L*(R*;C*) by

Unr(c,7;0) := [Pn(c,7;0)Pn(00,7;0) + (1 — Pu(c,7;0))(1 = Pu(o0,7:0))]
X [1 = (Pa(e,7:0) = Pa(00,7:0))%]71/2.
LEMMA 8. Suppose that the assumptions of Corollary 2 and the inequality

Cp.n/c < q <1 hold for some 0 < q < 1. Then the mapping Unr(c,v;0) is
bounded with bounded inverse VNr(c,7;8). The relations

Unr(c,v;0) Pi(00, v; O)Unr (¢, 73 0) ™" = Pi(c,;0) (76)

and

C
[tr(e,v;0) = 1)) < = (77)

hold with a constant Cxrp > 0 independent of ¢ and 6. Unr(c,v;0) is a
holomorphic function of 0.

Proof. Using Lemma 7 this can be proven in the same way as Theorem 6.
For the holomorphicity in 6 note that the power series (in 1/¢) for R ~.0(2),
P, (c,7v;0) and Unr(c,;8) converge uniformly in 6. O
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REMARK 5. As in [49] we obtain by Remark 4 that in the series expansion of
Unr(c,7; 8) the operators occurring with even powers of 1/¢ are even and the
operators occurring with odd powers of 1/c¢ are odd. In particular,

1
Unr(c,v;0) =Unr,g(c,7;0) + EUNR,ug(Ca% 0), (78)

where Unr,g(c,7;0) and Unr,ug(c, v; 0) are even and odd operators holomorphic
inl/c.

The following theorem generalizes [49, Theorem 6.7] and shows that the lower
component of an eigen-spinor of the Dirac operator converges to zero as ¢ — 0.

THEOREM 9. Suppose that the assumptions of Lemma 8 hold. Then the normed
eigenfunctions ¢n(c,7;0) of Dc(0) with eigenvalue E, ;(c,v) have the form

1
Gn,i(c,750) = dny 4 (c,7:0) + Eqﬁn,z,—(cm; 0),
Pn+(c,7;0) € BLLA(R% CY), (79)

where ¢, 1.+ (c,7v;0) are continuous functions of 1/c.

Proof. We have Py, (c,v;0)De~(0) Py (c,v;0) = — 5= |1 D= 1% - Any eigen-
vector ¢y, (c,7;0) of Py(c,v;0)De~(0)Pa(c,v;0) and thus any eigenvector of
D.~(0) with eigenvalue E,, ;(c,v) is given by ¢,.(c, ;)

= Unr(c,7;0)pni(00,7;0) for a ¢ni(o0,v;0) € B+ L*(R3;C*). Remark 5
and the analytic perturbation theory imply ¢ni(c,7;0) = énis(c,7;0) +
%qul,_(c, ~; 6), where q;n,l(c, ~; 6) and qgml,i(c, ~; 6) are holomorphic functions
of 1/c. Since the projections P, (c,~;#) are nor orthogonal, the normed eigen-

functions are in general not holomorphic functions of 1/c. But nevertheless
[6ni(c,7:0)|| > 1 — CL holds for some C' > 0 and thus (79) follows. O

We use these statements to prove that eigenfunctions are bounded in the norm
of H'(R3; C*).

THEOREM 10. Suppose the assumptions of Lemma 8 hold. Then there is a con-
stant Cgr > 0, independent of ¢, such that the normed eigenfunctions ¢, (c,~; 6)
of D..~(0) with eigenvalue E, ;(c,v) fulfill the estimates

IVbni+(c,v;0)| < Cgr (80)
and
CEF
IVoni,—(c,v;0)| < — (81)

for sufficiently large c.
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Proof. We follow Esteban and Séré [10, Proof of Lemma 7 and Theorem 3],
who considered the non-relativistic limit of self-adjoint Dirac-Fock operators.
Since D, ~(0) is not self-adjoint, there are some additional difficulties. To
simplify the notation, we suppress the dependence of ¢, (c,~;0) on ¢, v and
0. We have

En,l(cv 7)2”@1,1”2 = |‘DC,7(9)¢n,l||2
26_2Re‘9[02(1 —2sinIlm 6 — v/4) — 4¢]|| Vi
+[c*(1 — 2sinIm 0) — 167v¢?]| pn||?,

2

where we used Hardy’s inequality. Since E,, ;(c,v)? — ¢* <0, it follows that

Eni(c)’ = c' 4+ 2sinlmbe” + 162, o
21— 2sinlm0 — 1/4) — dey 1™
< C(sinlm6c® + 1) [|pn|*  (82)

IV nall® <

for sufficiently large ¢, where C' > 0 does not depend on c.

Note that the term proportional to ¢? in (82) does not occur for Im 6 = 0, which
implies immediately the boundedness of |V, | in this case. To circumvent
this difficulty, we write the Dirac equation in its components, where (in abuse
of notation) ¢, + denotes the upper and, respectively, lower components of

¢n,l:
ce™ o Vo1 — V(O bni+ + dnit = Bni(c,V)bni+ (83)
cela - Voniy =V (O)bni— — Pni— = Eni(c,y)bni— (84)

Dividing (83) by ¢, using Hardy’s inequality and the boundedness of E,, ;(c, ) —
¢?, Formula (82) implies

2 |En,l(ca ’Y) - C2|
[Vni,—II < E||v¢n,l,+” + WH%,LH\ <C (85)

for some C' > 0 independent of ¢, i.e. || V¢, | is bounded in ¢. Dividing (84)
by ¢, we obtain

2 |En,l(ca’7) + CQ'
[Vni+| < EHV%,L—H + WH%,L—H <C (86)

for some C' > 0 independent of ¢, where we used Theorem 9 and Equation (85).
This shows (80). Inserting (86) in (85), Equation (81) follows. O

REMARK 6. Their validity of Theorem 9 and Theorem 10 in the Coulomb case

could be derived from the explicit form of the eigenfunctions (see the proof of
Lemma 11).
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Moreover, we need a bound on the norm of the dilation operator (), restricted
to the spaces Ran P, (c,;6).

LEMMA 9. Suppose that the assumptions of Lemma 8 hold. Then the family
of operators U(0)|Ran P, (c,v:0) : Ran Py(c,v;0) — Ran P, (c,v;0) is uniformly
bounded in ¢ and 6.

Proof. Surely U(0)|ran P, (s0,v;0) : Ran P, (c0,7;0) — Ran P, (0c0,7;0) is well
defined for all @ € C with |0 < min{nr/4,0} (see [2, 6]) and (as a mapping
between finite-dimensional vector spaces) bounded. Since the operator is a
holomorphic function of @ for |#| < min{n/4,0}, there is a bound C’ > 0
(independent of ) on its norm.

Let f € RanP,(c,7;0). Then there is a fe Ran P, (00,7;0) with f =
Unr(c,7:0)f, and for real 0 f(0) := Uea(0)f = UO)Unr(c,v;0)U0) " f(0) =
Unr(c,v;0)f(0) holds, where f(0) := Ua(f)f. By holomorphic continua-
tion we obtain for complex 6 the equality f(f) = Unr(c,v;0)f(6). Thus
Lemma 8 implies [|f(0)] < [Uxr(c,OIF@] < (1 + Cxnp/OCIfI <
(14 Cngrp/c)C|| f]| for some C" > 0 independent of ¢ and . O

The following corollary shows that also the projections on the fine structure
components are bounded uniformly in ¢. This follows from the fact the dilated
projections are similar to the corresponding orthogonal projections belonging
to the corresponding self-adjoint Dirac operators because of Lemma 9. Note
that in general such projections are not uniformly bounded in the perturbation
parameter (see [33, Chapter II-1.5]).

COROLLARY 5. Let 1 < n < n and suppose that the assumptions of Lemma 9
hold. Then || Py i(c,v;0)|| < C for some C > 0 independent of n, I, ¢ and 0.

Proof. This follows from Lemma 5, since the projections P, ;(c,7;0) =
=U(0)"1 P, (c,v;0)U(0) are orthogonal. O

8.2 APPLICATION TO EXPECTATION VALUES OF DIRAC MATRICES

We are now in the position to investigate expectation values of the matrices
«. Since these matrices are odd, such expectation values involve scalar prod-
ucts of the upper component of one spinor with the lower component of the
other spinor. Therefore, one expects that such expectation values converge to
zero like 1/¢ as ¢ — oo uniformly in a set of suitable spinors. We show in the
following that this is true, if one of the spinors is in the set of eigenstates (in
the positive part of the gap) and the other state is an arbitrary state from the
positive spectral subspace. Note that this is not true, if both states are arbi-
trary states from the positive spectral subspace. At least for the free spectral
subspaces this can be seen from the explicit form of the projections (see Section
5). We will apply this result in [30].
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LEMMA 10. Suppose that the assumptions of Lemma 9 hold and let n as in
Section 7. Then there is a constant C' > 0, independent of ¢ and 6, such that
foralll<n,n' <n,1<1<n,1<U<n and ki, ky € R3

Clk |

| Pri(c,y; 0)ky - ae™ ™ Py 1i(c,v;0)|| < e

Proof. This follows from Theorem 9 and Corollary 5, since ¢ is an odd operator.
O

LEMMA 11. Suppose that V =Ve. Let ¢ > 1 and /¢ < \/3/2 Then there is
a constant C > 0, independent of ¢, such that

[l Pni(c,7; 0) < ©

holds, where x denotes the operator of multiplication with the space variable.

Proof. We define the unitary dilations U, f.(x) := (U.f)(z) := ¢~ 3/2f(c"'x)
and note that U.D.,U; ' = ¢*Dy /.. Thus, if f € H'(R* C?*) is a normed
eigenfunction of D, with eigenvalue E, ;, then f. is a normed eigenfunction
of Dy /. with eigenvalue E,1/c?. The radial parts f. 1 (r) of the upper and
lower component, respectively, of f. are (see [35, Abschnitt 36])

+(20)32 (14 B,y /AT(25 +np + 1)

3 — 2\ F—1_—Ar
Je () = 1y A5 (& — R)ny! AT
X {(lA — K)F(=np, 25+ 1,20r) F . F(1 =y, 25+ 1,2)07) )
C

Here the radial quantum number fulfills n,. € Ny if K < 0 and n,- € N if x > 0,
and £ € £N is the eigenvalue of the spin-orbit operator (see [49, Chapter
4.6]). F denotes the confluent hypergeometric function, which reduces to a
polynomial in 2Ar here (see [35, Abschnitt 36] and [34, Abschnitt d]). Moreover,

¥i=/K2=~2/c?2 and A := /1 — Egyl/c‘l. Thus, the radial parts fi (r) of the
upper respectively lower components of f are

CE£(2eN)?2 (1 £ By /D29 + 1, + 1)

— 2\ F—1_—cAr
Fe0) = T 12(Z — m)n, ! (2Ar)T e
x {(% — K)F(=np, 29+ 1,2eA7) F . F(1 — 0y, 29+ 1,2eAr)

Using the explicit formula (see [35]) for the eigenvalues, we see that cA is a
function bounded in ¢ with ¢A — +/n for ¢ — oco. Moreover, obviously
4 — || holds. This shows the claim. O

REMARK 7. At this point we make use of the explicit from of the eigenfuntions
of the Coulomb Dirac operator. There do not seem any results to be available
in the literature about exponential decay of eifenfunctions of the Dirac operator
uniformly in the velocity of light.
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LEMMA 12. Suppose that the assumptions of Lemma 9 are fulfilled and let n
as in Section 7. Let moreover f : C — C with |f(z)| < |z|. Then there is a
constant C > 0, independent of ¢, such that for all 1 <n <n,1<1<n and
kl, ko € R3

[P, (e;7; 0)k1 - e f (ko - ) P (¢, 0)| <

Proof. Lemma 11 implies that ||zP, ;(c,v;0)| is uniformly bounded in ¢, in
particular (using the notation of Theorem 9) x¢, 1+ (c,7v;0). Now the claim
follows exactly as in Lemma 10. O

Clka k2|
a—

The following theorem generalizes Lemma 10. Note that the statement of
Lemma 10 is not completely obvious, since not even the lower component of
the free positive spectral projection converges to zero in norm as ¢ — oo. This
is, however, compensated by the fact that the H'-norm of the upper component
of bound states is bounded uniformly in ¢ (Theorem 10).
THEOREM 11. Suppose the assumptions of Lemma 9 hold and let 1 as in Section
7. Then there is a constant C' > 0, independent of ¢ and 0 such that for all
1<n<n,1<1<nandky, ks € R?
Clk1|(1 + |k2|)

- .
Proof. Corollary 1 and Corollary 5 imply || Pni(c,v;0)k1 - ikz'zA(i)( 0)] <
| Poi(c,v; 0)k1 - ek ””A ( )+ Cxr|k1|2 with some C' > 0 independent of 6
and c. Thus, it suffices to show || P,(c,v;0)k - ae™ > IAEB)( )| < 7C|k1‘(i+‘k2l)

for some C' > 0. In a first step, we pick f € Ran P, (c,v;0) and g €
T

|Pi(e,y; 0)ky - e 2 A (9)]| <

Ran ASB)(G) normed, but arbitrary otherwise. We have g = pr(c 0)(g,0)
for some g € L?(R3;C?). It follows that g = F~1( +€p(559)]—“, S (p”(,p]:g)
where F denotes both the Fourier transform on L?(R?; C?) and on L?(R3;C%).
We decompose f = (fi, f_)T with fi € L?(R3;C?). It follows that

((F, Pra(esv; 0)nae™ *ALT (0)9)

—ce o c? + E.(p;0)

<|(fi k1o F 1 fg + kIl f=1l1lg sup .
s o F DI+ gl sup | o
Similarly to the proof of Theorem 1 we see that the supremum
SUP,cRs |Lp(gsm| is bounded independently of ¢ and 6. Thus, Theorem

9 implies the claim for the second summand.
—6
For the first summand, observe that sup,cgs |%| < e™/*/c. Thus

—0
ikox €€ O D 1.
Ly - kowp =% 7 P
|(fg, b1 -oe™"F N.p:0) F9)l
) _ .0 k /4
(o (“iV)h - g p F gy < Rl

Ve fll|gll-
Nolp:0) I + gl
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Theorem 1 yields ||g]| < y/1+ Crw|Imé|||g||, which shows
[(f, Pa(c,v; O)krae™ =AY 0)g)] < CI £ ]lgll (87)

for some C > 0, if one takes Theorem 9 and Theorem 10 into account .

Now, pick f,g € L2?(R3;C*) arbitrarily and apply (87) to the functions
Poi(e,v;0)f and AS[O)(Q)g. This implies the claim together with Corollary
5 and Lemma 4. O

A SOME ESTIMATES TAKEN FROM BACH, FROHLICH, AND SIGAL [5]

In this appendix we quote some results from [5] which we need for the inves-
tigation of the non-relativistic limit in Section 8. We quote the result only in
the generality which we need here and would like to mention that it also holds
for suitable multi-particle Schrédinger operators.

We define
o260
H,(8) :=— 5 A —~V(0) (88)
as operator on L?(R3;C?) and pick some eigenvalue E;. We define (with
r > 0 small enough) P,/ (7;0) := —(2mi)~! flE /—z|:T(H'Y(9) — 2)7ldz as

projection onto the eigenspace of H,(0) with eigenvalue E,,. We abbrevi-
ate Ppi(7;0) == 1 — Py(0). For n > 0 with Bz < —n < Esy1 we define
Paise(7:0) := 3245, <y Fi(130) and Paise(7;0) := 1 = Paisc (73 0).

In the following, we pick a sufficiently small 8y > 0.

LEMMA A.1 ([5], Corollary 1.4.). There is a constant C > 0 such that for all
6] < 0o the estimate ||[H(0) — Hy(0)](H,(0) £1)~t|| < C|6]| holds.

Lemma (A.1) implies

CorOLLARY A.1 ([5], Equation (3.79)). There is a C > 0 such that for all
|0] < Oy the estimate || Pn(7;6) — Pn(7;0)|| < C|6] holds. The same estimate is
true if one replaces Py, with Pgisc-

Using Lemma A.1 and Corollary A.1 as well as a resolvent expansion one shows

THEOREM A.1 ([5], Lemma 3.8.). Let z € C with Rez < ¥ —n. Then the
operator H.(0) — z is invertible on Ran Pyisc(7y; 0) for sufficiently small |6|(1 +
(—n —Rez)~ 1) and the estimate

1 (0) 2y i) — 2) ™ Patec (7 0)]| < 2(—7 — Re )™
holds.

ACKNOWLEDGEMENTS. The author would like to thank his thesis advisor Heinz
Siedentop for suggesting the investigation of the lifetime of relativistic excited
states and constantly surveying the progress of the work, which is part of his

DOCUMENTA MATHEMATICA 14 (2009) 297-338



334

MATTHIAS HUBER

PhD thesis. He would like to thank Ira Herbst, David Hasler, Hubert Kalf and
Tomio Umeda for interesting conversations, Christiane Tretter for pointing
out reference [16], and the referee of a previous version of the paper for useful
comments. He acknowledges support by the Deutsche Forschungsgemeinschaft
(DFG), grant no. SI 348/12-2, as well as by a “Doktorandenstipendium” from
the German Academic Exchange Service (DAAD).

REFERENCES

1]

[10]

[11]

W. K. Abou Salem, J. Faupin, J. Froehlich, and I. M. Sigal. On the Theory
of Resonances in Non-Relativistic QED and Related models. ArXiv e-
prints, 711, November 2007.

J. Aguilar and J. M. Combes. A class of analytic perturbations for one-
body Schrédinger Hamiltonians. Comm. Math. Phys., 22:269-279, 1971.

Asao Arai and Masao Hirokawa. Ground States of a General Class of
Quantum Field Hamiltonians. Rev. Math. Phys., 12(8):1085-1135, 2000.

Volker Bach, Jiirg Frohlich, and Israel Michael Sigal. Quantum electrody-
namics of confined nonrelativistic particles. Adv. Math., 137(2):299-395,
1998.

Volker Bach, Jiirg Frohlich, and Israel Michael Sigal. Spectral analysis for
systems of atoms and molecules coupled to the quantized radiation field.
Comm. Math. Phys., 207(2):249-290, 1999.

E. Balslev and J. M. Combes. Spectral properties of many-body
Schrédinger operators with dilatation-analytic interactions. Comm. Math.
Phys., 22:280-294, 1971.

E. Balslev and B. Helffer. Limiting absorption principle and resonances
for the Dirac operator. Adv. Appl. Math., 13(2):186-215, 1992.

Erik Balslev. Resonances, resonance functions and spectral deformations.
In Resonances—models and phenomena (Bielefeld, 1984), volume 211 of
Lecture Notes in Phys., pages 27—63. Springer, Berlin, 1984.

Jan Derezinski and Christian Gérard. Scattering theory of infrared diver-
gent Pauli-Fierz Hamiltonians. Ann. Henri Poincaré, 5(3):523-577, 2004.

M. J. Esteban and E. Séré. Nonrelativistic limit of the Dirac-Fock equa-
tions. Ann. Henri Poincaré, 2(5):941-961, 2001.

William Desmond Evans, Peter Perry, and Heinz Siedentop. The spectrum
of relativistic one-electron atoms according to Bethe and Salpeter. Comm.
Math. Phys., 178(3):733-746, July 1996.

DOCUMENTA MATHEMATICA 14 (2009) 297-338



[12]

[13]

[20]

[21]

[22]

24]

[25]

SPECTRAL ANALYSIS OF RELATIVISTIC ATOMS 335

Hiroshima F. and Spohn H. Two-fold degeneracy of the ground state
band for the pauli-fierz model with spin. Adv. Theor.Math. Phys., page to
appear, 2002.

Enrico Fermi. Nuclear Physics. A course given at the University of
Chicago. - Notes compiled by Jay Orear, A. H. Rosenfeld and R. A.
Schluter. Revised edition. Chicago: University of Chicago Press; London:
Cambridge University Press., 1950.

K. O. Friedrichs. On the perturbation of continuous spectra. Communi-
cations on Appl. Math., 1:361-406, 1948.

J. Frohlich, M. Griesemer, and B. Schlein. Rayleigh scattering at atoms
with dynamical nuclei. Comm. Math. Phys., 271(2):387-430, 2007.

Israel Gohberg, Seymour Goldberg, and Marinus A. Kaashoek. Classes
of Linear Operators. Vol. I, volume 49 of Operator Theory: Advances and
Applications. Birkhduser Verlag, Basel, 1990.

1.S. Gradshteyn and I.M. Ryzhik. Table of Integrals, Series, and Products.
Academic Press, 4th edition, 1980.

M. Griesemer, E. Lieb, and M. Loss. Ground states in non-relativistic
quantum electrodynamics. Inv. Math., 145:557-595, 2001.

Marcel Griesemer, Roger T. Lewis, and Heinz Siedentop. A minimax
principle for eigenvalues in spectral gaps: Dirac operators with Coulomb
potential. Doc. Math., 4:275-283, 1999.

D. Hasler and I. Herbst. Absence of Ground States for a Class of Trans-
lation Invariant Models of Non-relativistic QED. Comm. Math. Phys.,
279(3):769-787, may 2008.

D. Hasler and I. Herbst. On the self-adjointness and domain of Pauli-Fierz
type Hamiltonians. Rev. Math. Phys., 20(7):787-800, 2008.

D. Hasler, I. Herbst, and M. Huber. On the Lifetime of Quasi-Stationary
States in Non-Relativistic QED. Ann. Henri Poincaré, 9(5):1005 — 1028,
2008.

I. Herbst. Temporal exponential decay for the Stark effect in atoms. J.
Funct. Anal., 48(2):224-251, 1982.

Ira W. Herbst. Dilation analyticity in constant electric field. I. The two
body problem. Comm. Math. Phys., 64(3):279-298, 1979.

Ira W. Herbst and B. Simon. Dilation analyticity in constant electric field.
II. N-body problem, Borel summability. Comm. Math. Phys., 80(2):181—
216, 1981.

DOCUMENTA MATHEMATICA 14 (2009) 297-338



336

[26]

27]

28]

[29]

[30]

[31]

32]

33]

[34]

MATTHIAS HUBER

Fumio Hiroshima. Ground states of a model in nonrelativistic quantum

electrodynamics. II. J. Math. Phys., 41(2):661-674, 2000.

James S. Howland. Perturbation of embedded eigenvalues. Bull. Amer.
Math. Soc., 78:280-283, 1972.

James S. Howland. Puiseux series for resonances at an embedded eigen-
value. Pacific J. Math., 55:157-176, 1974.

Matthias Huber. Modelle relativistischer wund mnicht-relativistischer
Coulomb-Systeme [Dissertation an der Fakultat fir Mathematik, Infor-
matik und Statistik der Ludwig-Mazimilians- Universitat Miinchen]. Logos-
Verlag Berlin GmbH, 2008.

Matthias Huber. Spectral analysis of relativistic atoms — interaction with
the quantized radiation field. In preparation., 2009.

Matthias Huber and Edgardo Stockmeyer. Perturbative implementation
of the Furry picture. Lett. Math. Phys., 79(1):99-108, 2007.

Walter Hunziker. Resonances, metastable states and exponential decay
laws in perturbation theory. Comm. Math. Phys., 132(1):177-188, 1990.

Tosio Kato. Perturbation Theory for Linear Operators, volume 132
of Grundlehren der mathematischen Wissenschaften. Springer-Verlag,
Berlin, 1 edition, 1966.

L.D. Landau and E.M. Lifschitz. Lehrbuch der theoretischen Physik. Band
3: Quantenmechanik. 9., bearb. Aufl. Frankfurt am Main: H. Deutsch.,
1992.

L.D. Landau, E.M. Lifschitz, V.B. Berestetskij, and L.P. Pitaevskij.
Lehrbuch der theoretischen Physik. Band 4: Quantenelektrodynamik. 7.,
bearb. Aufl. Frankfurt am Main: H. Deutsch., 1991.

M. S. Livsic. The method of non-selfadjoint operators in scattering theory.
Uspehi Mat. Nauk (N.S.), 12(1(73)):212-218, 1957.

Michael Loss, Tadahiro Miyao, and Herbert Spohn. Lowest energy states
in nonrelativistic QED: atoms and ions in motion. J. Funct. Anal.,
243(2):353-393, 2007.

Tadahiro Miyao and Herbert Spohn. Spectral analysis of the semi-
relativistic pauli-fierz hamiltonian. Journal of Functional Analysis, In
Press, Corrected Proof:—, 2008.

Sergey Morozov. Extension of a minimax principle for Coulomb-Dirac
operators. Master’s thesis, Mathematisches Institut, Ludwig-Maximilians-
Universitat, Theresienstr. 39, 80333 Miinchen, Germany, August 2004.

DOCUMENTA MATHEMATICA 14 (2009) 297-338



[40]

SPECTRAL ANALYSIS OF RELATIVISTIC ATOMS 337

G. Nenciu. Self-adjointness and invariance of the essential spectrum for
Dirac operators defined as quadratic forms. Comm. Math. Phys., 48:235—
247, 1976.

Michael Reed and Barry Simon. Methods of modern mathematical physics.
1. Functional analysis. Academic Press, New York, 1972.

Michael Reed and Barry Simon. Methods of modern mathematical physics.
II. Fourier analysis, self-adjointness. Academic Press, New York, 1975.

Michael Reed and Barry Simon. Methods of Modern Mathematical Physics,
volume 4: Analysis of Operators. Academic Press, New York, 1 edition,
1978.

Michael Reed and Barry Simon. Methods of modern mathematical physics.
I1I. Academic Press, New York, 1979. Scattering theory.

Julian Schwinger. Field theory of unstable particles. Ann. Phys., 9:169—
193, 1960.

Petr Seba. The complex scaling method for Dirac resonances. Lett. Math.
Phys., 16(1):51-59, 1988.

Heinz Siedentop and Edgardo Stockmeyer. The Douglas-Kroll-Hef8
method: Convergence and block-diagonalization of Dirac operators. Ann.
Henri Poincaré, 7(1):45-58, 2006.

Barry Simon. Resonances in n-body quantum systems with dilatation
analytic potentials and the foundations of time-dependent perturbation
theory. Ann. of Math. (2), 97:247-274, 1973.

Bernd Thaller. The Dirac Equation. Texts and Monographs in Physics.
Springer-Verlag, Berlin, 1 edition, 1992.

R. A. Weder. Spectral properties of the Dirac Hamiltonian. Ann. Soc.
Sci. Bruzelles Sér. I, 87:341-355, 1973.

Ricardo Weder. Spectral analysis of pseudodifferential operators. J. Funct.
Anal., 20:319-337, 1975.

Joachim Weidmann. Lineare Operatoren in Hilbertraumen. Teil 1. Mathe-
matische Leitfaden. [Mathematical Textbooks]. B. G. Teubner, Stuttgart,
2000. Grundlagen. [Foundations].

V. WeiBkopf and E. Wigner. Uber die natiirliche Linienbreite in der
Strahlung des harmonischen Oszillators. Z. f. Physik, 65:18—-29, 1930.

DOCUMENTA MATHEMATICA 14 (2009) 297-338



338 MATTHIAS HUBER

Mathias Huber

Fakultat fiir Mathematik
und Informatik
FernUniversitdat in Hagen
Liitzowstr. 125

58095 Hagen

Germany
Matthias.Huber@gmx.de

DOCUMENTA MATHEMATICA 14 (2009) 297-338



