DOCUMENTA MATH.

VANISHING OF HOCHSCHILD COHOMOLOGY
FOR AFFINE GROUP SCHEMES
AND RIGIDITY OF HOMOMORPHISMS

BETWEEN ALGEBRAIC GROUPS
BENEDICTUS MARGAUX

Received: April 2, 2009
Revised: November 17, 2009

Communicated by Wolfgang Soergel

ABSTRACT. Let k be an algebraically closed field. If G is a linearly
reductive k—group and H is a smooth algebraic k—group, we establish
a rigidity property for the set of group homomorphisms G — H up
to the natural action of H(k) by conjugation. Our main result states
that this set remains constant under any base change K/k with K
algebraically closed. This is proven as consequence of a vanishing
result for Hochschild cohomology of affine group schemes.

2000 Mathematics Subject Classification: 20G05
Keywords and Phrases: Group schemes, representations, linearly re-
ductive group, deformation theory.

CONTENTS

1. Introduction.

2. Generalities on Hochschild cohomology
2.1. Definition and basic properties

3. Vanishing of Hochschild cohomology
3.1. Linearly reductive groups

3.2. Finiteness considerations.

3.3. Proof of Theorem ?7?

4. Rigidity and deformation theory

4.1. Locally finitely presented S—functors
4.2. Formal étalness

5. Applications

5.1. Rigidity

5.2. Lie algebras

6. Appendix: Affine group schemes which are essentially free
References

DOCUMENTA MATHEMATICA 14 (2009) 653-672

653

653
654
655
657
657
659
660
663
663
664
668
668
669
670
671



654 BENEDICTUS MARGAUX

1. INTRODUCTION.

Our original goal was to prove a strong version of a rigidity principle for ho-
momorphisms between algebraic groups which is part of the area’s folklore.
The general philosophy is that if G and H are algebraic groups over an alge-
braically closed field k, then the set Homy_ ¢, (G, H) modulo the adjoint action
of H should remain constant under any base change K/k with K algebraically
closed. Our result is as follows.

THEOREM 1.1. Let k be an algebraic closed field. Let G be a linearly reductive
(affine) algebraic k—group, and H a smooth algebraic k—group scheme. Then
for every algebraically closed field extension K/k, the natural map

Homy_ 4 (G,H)/H(k) — Homg_4 (G, Hg)/H(K)

18 bijective.

When £k is of characteristic 0 and G and H are both reductive this result
has been established by Vinberg [19, prop. 10] by reducing to the case where
G = GLy and H is connected. Our proof is very different in spirit than
Vinberg’s, and the main result more general. The proof we give is based on
the deformation theory & la Demazure-Grothendieck described in [17], which
is itself linked to the analytic viewpoint later taken by Richardson on similar
problems [12] [13] [16]. The main auxiliary statement we use is case (i) of

the following Theorem, a vanishing result for Hochschild cohomology of affine
group schemes which is of its own interest.

THEOREM 1.2. Let R be a commutative ring. Let G be a flat affine group
scheme over Spec(R). Assume that the fibers of G over all closed points of
Spec(R) are linearly reductive groups (as affine groups over the corresponding
residue fields. See §3.1 below for the relevant definitions and references). Let
L be a G-R—module (see §2.1 below). Assume that one of the following two
conditions holds:

(i) R is noetherian,

(i1) the group G is of finite presentation as an R-scheme, and L is a direct
limit G-R-modules which are finitely presented as R-modules.

Then
HY(G,L) =0 forall i > 0.

This result extends a theorem of Grothendieck for R—groups of multiplicative
type [17, IX.3.1].

At this point we recall some standard notation that will be used throughout
the paper. Let S be scheme, and G a group scheme over S. For all scheme
morphism S — T we will denote as it is customary the T-group G xg T by
Gr. If T = Spec(R) we write Gp instead of Gr, and G(R) instead of G(T).
Group schemes over a given scheme S will for brevity and convenience some-

times be refereed to simply as S—groups, or R-groups in the case when
S = Spec(R).
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2. GENERALITIES ON HOCHSCHILD COHOMOLOGY

In this paper, we deal with Hochschild cohomology of a flat affine group scheme
G over an affine base X = Spec(R), and their corresponding G-Ox—modules
[17,14.7]. This set up is equivalent to that of G-R-modules as we now explain.
Let G = Spec(R[G]). The group structure of G gives the R-algebra R[G] a
coassociative and counital Hopf algebra structure. We have thus a comultipli-
cation Ag : R[G] — R[G] ®g R[G], a counit € : R[G] — R and an antipode
map ¢ : R[G] — R[G].

For any ring homomorphism R — S recall that the S-group G x .S obtained by
base change is denoted by Gg. This is an affine S—group with S[G] = S®r R[G]
as its Hopf algebra. Similarly, for any R-module L we denote the S—module
L®rS by Lg.

2.1. DEFINITION AND BASIC PROPERTIES. Let L be an R-module, and p : G —
GL(L) a linear representation of G. This amounts to give for each R-algebra
S an S-linear representation pg of the abstract group G(S) on the S—module
Lg in such a way that the family (pg) is “functorial on S.” We also then say
that L is a (left) G-R-module. Because G is affine, to give L a G-R—module
structure is equivalent to give L a (right) R[G]-comodule structure, that is an
R-linear map
Ar : LHL(X)RR[G]
satisfying the two following natural axioms:

(CM1) The following diagram is commutative

L N L ®r R[G]

ALJ{ idL®AGJ(

AL®id
Log RG] ~X29, o - RIG] @r R[G]
(CM2) The composite map

I Ar L®R R[G] idr, ®e I

is the identity map idy,.

The flatness condition on G/R is natural within the present context since the
category of G-R-modules is then abelian. See [15, prop. 2].! Recall that the
fixed points of L under G are defined by

LE:={fel | AL(f)=f®1}

This is an R—submodule of L. Because of the assumption on flatness, the
Hochschild cohomology groups H™ (G, L) are the derived functors of the “fixed
point” functor G-R — mod — R — mod given by L — LS [17, 1 5.3.1]. The

H™(G, L) can thus be computed as the cohomology groups of the complex [4,
11 §3.3.1]

IThe existence of the unit section of G, more precisely of the counit €, shows that R[G]
is in fact a faithfully flat R-algebra.

DOCUMENTA MATHEMATICA 14 (2009) 653-672



656 BENEDICTUS MARGAUX

(2.1) LB LerRG] & LorRGYELokRGY— -

where as usual R[G"] = R[G x --- X G] ~ R[G]| ®g --- ®r R[G], and both
products and tensor products are taken n-times. We denote as it is customary
ker(9;) by Z*(G, L) (the cocycles), and Im(d;_1) by B*(G, L) (the cobound-
aries). In particular we have the exact sequence

22) 0—-LS=HYG,L)—-L % ZYG,L)— HYG,L)— 0.

The following four properties easily follow from the resolution (2.1).

LEMMA 2.1. Let L be a G-R-module.
(1) Let I be an ideal of R which annihilates L. Then Lr;; = L ®r R/I is nat-
urally a Gg/r-R/I-module, and H™(G, L) = H"(GRryr,Lgr) for alln > 0.
(2) If S/R is a flat extension of rings, then

H"(G,L)®r S — H"(Gg, Ls) for alln > 0.
(8) Let L = lim L; be the inductive limit of G-R-modules. Then

@HH(G,Li) — H™(G, L) for all n > 0.

(4) Let S = lim So be an inductive limit of R-rings. Then

limH"(Gs,,, Ls,) — H"(Gg, Ls) for all n > 0.

[e3

Proof. (1) The natural map L — L ®g R/I is an isomorphism of both R and
R/I-modules. We have R and R/I-module isomorphisms

L®r RIG" ~ L®g R/I®r RIG"] ~ L@ R/I[G"] ~
~ L@r R/I®p/ R/I[G"] >~ L)1 ®p/1 R/I[G"].
Now (1) follows from the fact that H"(G, L) and H"(Gg/r, Lr/r) are com-

puted by the cohomology of the same complex. This is also a special case of
[17, IIT 1.1.2].

(2) See [10, 1.4.13].
(3) See [10, 1.4.17].
(4) The terms of the complex (2.1) for the Gg-S—module Lg are
Ls ®s S[G"] = (L®g S) ®s (S ®r R[G"]) ~(L ®r R[G"]) @ S
So this complex reads
LorS — (LorR[G])®rS — (Lo R[G?))®r S —(L®r RIG’]) ®r S+ -
which is the inductive limit over the S, of the complexes
L®RSa — (LORR[G])®rSa — (LORRIG?])®rSa —(LORR[G®]) @RS -
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whence the statement. O

The third property in the last Proposition is useful in view of the following
fact.

PROPOSITION 2.2. (Serre) Assume that one of the following hypothesis holds.

(i) R is noetherian,

(ii) G is essentially free over R (see §6).

Let L be a G-R-module. Then L is the inductive limit of its G-R submodules
which are of finite type as R—modules.

Proof. (i) See [14, prop. 2].
(ii) See [17, VI 11.10].

We also recall the following application of erasing functors.

LEMMA 2.3. Let d > 0 be a positive integer such that HY(G,L) = 0 for all
G-R-modules L. Then H¥(G,L) = 0 for all G-R-modules L and for all
1> 0.

Proof. Tt is enough to prove the vanishing for d + 1. Let er be the trivial R—
group, and view L as a (necessarily trivial) eg-R—module. We also view L as
a trivial G-R-module which we denote by L° to avoid any possible confusion.
Now we embed L into the induced G-R-module ind$ (L) = L° @ R[G] via
the comodule map A, and denote by @ the resulting quotient. We know that
the Shapiro lemma holds [10, 1.4.6], namely that

HY(G,indg (L)) > H'(er,L) =0 Y i > 0.

The long exact sequence for cohomology for 0 — L — indf’(L) — @ — 0 yields
an isomorphism H%(G, Q) ~ H1(G, L), whence the result. O

3. VANISHING OF HOCHSCHILD COHOMOLOGY

The proof of Theorem 1.2 proceeds by considering successively the cases of
fields, artinian rings, complete noetherian rings and local rings. We begin by
recalling and collecting a few facts about linearly reductive groups.

3.1. LINEARLY REDUCTIVE GROUPS. Let k be a field. A k—group G is linearly
reductive if it is affine and its corresponding category Rep, (G) of finite dimen-
sional linear representations is semisimple. We recall the following criterion.

PropPOSITION 3.1. Let G be an affine k-group. Then the following are equiva-
lent:

(1) G is linearly reductive.

(2) Every linear representation of G is semisimple.

(3) HY(G,V) =0 for any finitely dimensional G-k-module V.
(4) HY(G,V) =0 for any G-k-module V.

(5) HY(G,V) =0 for any G-k-module V and all i > 0.
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(6) k is a direct summand of the G-k-module structure on k[G] corre-
sponding to the right reqular representation.
(7) k is an injective G-k—module.

Proof. For the equivalence of the first five assertions, see [4, II prop. 3.3.7].
(2) = (6): This follows from the fact that k is a submodule of k[G].

(6) = (7): See [10, 1.3.10].

(7) = (3): If k is an injective G-k-module, the group H' (G, V) = Extg (k, V)
vanishes for each finite dimensional G-k-module V' (by duality). O

The property of being linearly reductive behaves well with respect to base
change.

PROPOSITION 3.2. Let G be an affine algebraic k—group. Let K/k be a field
extension. For the K-group Gg to be linearly reductive it is necessary and
sufficient that G be linearly reductive. In particular, if k is an algebraic closure
of k and Gy, is a linearly reductive k-group, then G is linearly reductive.

This result is certainly known. We give three different proofs for the sake of
completeness.

Proof. (1) As observed by S. Donkin in §2 of [5], G is linearly reductive if and
only if the injective envelope Eg (k) of the trivial G-k—module k coincides with
k. One also knows [ibid. eq. (1)] that Eg, (K) = Ec(k)®; K. The proposition
follows.

(2) Assume that the k—group G is linearly reductive. By the criterion (6) of
Proposition 3.1, k is a direct summand of k[G]. Hence K is a direct summand
of K[G] and therefore G is linearly reductive. Conversely if G is linearly
reductive and V is a G-k-module, then by Lemma 2.1.2 we have H*(G, V) @,
K ~ Hl(GK,VK> =0.
(3) The argument depends on the characteristic of k. One uses [4] IV prop. 3.3
in characteristic 0, and Nagata’s theorem (ibid. théoréme 3.6) if the character-
istic is positive.

O

REMARK 3.3. Let G be an affine algebraic group over a field k. Let S be a
scheme over k, and consider the S-group scheme Gg = G X S. The fibers
of Gg are then affine algebraic groups over the corresponding residue fields.
It follows from the previous proposition that if any of the fibers is linearly
reductive, then all fibers are linearly reductive.

The following useful statement seems to have gone unnoticed in the literature.

PROPOSITION 3.4. Let 1 — G; — G2 — Gz — 1 be an exact sequence of
affine algebraic k—groups. Then the following are equivalent:

(1) Gg is linearly reductive ,
(2) G1 and Gs are linearly reductive.
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Proof. (1) = (2): Since G3/G; is affine, we know that the induction functor
indgf is exact [10, 1.5.13], and therefore Shapiro’s lemma hence holds (ibid.
1.4.6). Thus

for any Gi-k-module V;. Thus H*(G1,V;) = 0 for i > 0 and Proposition 3.1
shows that G is linearly reductive. Since the functor indgf is exact we can use
the Hochschild-Serre spectral sequence in this framework (ibid. 1.6.6.) Given
a finite dimensional representation V3 of Gs, this spectral sequence reads as
follows

E;,q = H?(Gs, HY(G1,V3)) = Hp+q(G2,V3).

Since Gi is linearly reductive HY9(Gq,V3) vanishes for all ¢ > 1, hence
H"(G3,V3) — H"(Ggy,V3) for all n > 0. Since H'(Gg,V3) = 0,
H'(G3,V3) = 0 and we conclude that Gg is linearly reductive by Proposition
3.1.

(2) = (1): Assume that G; and Gg are linearly reductive. Let us check that
G is linearly reductive by again appealing to Proposition 3.1. Let V5 be a
finitely dimensional representation of Gg. Again we can use the Hochschild-
Serre spectral sequence which now reads as follows

E; , = H?(G3, H(G1,Vh)) = H"TY(Gy,V3).

The only non zero Er-term is H°(Gs, H°(G1,V2)) = H°(Gy,V2). Hence
H¥(Gg,Vs) =0 for i > 0. Thus Gg is linearly reductive. O

Note that Proposition 3.4 agrees with Nagata’s theorem characterizing linearly
reductive groups over an algebraically closed field [11].

PROPOSITION 3.5. Let G be an affine algebraic k—group which admits a com-
position series where each of the factors is of one of the following types:

(i) algebraic k-groups of multiplicative type,
(ii) finite étale k-group whose order is invertible in k,

(111) reductive k-group if k is of characteristic zero.

Then G is linearly reductive.

Proof. By Proposition 3.4 we are reduced to verifying the result for each of
the given types. Proposition 3.2 permits us to assume that the base field &
is algebraically closed. Case (i) is then that of a diagonalizable k—group [17,
th. 1.5.3.3]. Case (ii) is the case of a finite constant group of invertible order
(Maschke’s theorem, see [11]). Case (iii) is a classical result due to H. Weyl
(see [18, th. 27.3.3]). O
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3.2. FINITENESS CONSIDERATIONS. Recall that for arbitrary groups schemes
G and H over a scheme S the functor Homg_4,(G,H) : Sch/S — Sets is
defined by

T +— Homs,gT(G, H)(T) = HOIIlT,gT(GT7 HT)

for all schemes T'/S.

The following observations will be repeatedly used in the proofs of our main
results. For the remainder of this section we assume that G and H are finitely
presented group schemes over S.

Assume that T' = Spec(B) is an affine scheme (in the absolute sense) over S. In
what follows we will encounter ourselves several times in the situation where
B is given to us as an inductive limit

(3.1) B = lim B,
AEA

over some directed set A. Note that the Spec(B)) do not in general have any
natural structure of schemes over S.

Under these assumptions the group schemes Gp and Hp are defined over some
B, by [17, VIp 10.10.3], i.e. there exists pr € A and finitely presented B,,—group
schemes G, and H,, such that

(32) GB:GM ><B”Band HB:HH XBM B.

Furthermore if either G is affine (resp. flat, smooth), so is G, by [9] 8.10.5
(resp. 11.2.6, 17.7.8). Similarly for H.
It follows from the very definition that
(3.3)
Homg_ g, (G,H)(B) = Homp_g,(Gp,Hp) = HomBu—gp(Gw H,)(B)

For all A > p define Gy = G, xp, By and Hyx = H,, xp, Bx. Then the
canonical map

(34) Hﬁm}HomBk,gr(G,\,HA) HHOmB,gT(GB,HB).
A>p

is bijective by [17, VIp 10.10.2] (see also [9, théoreme 8.8.2]).

REMARK 3.6. From the foregoing it follows that if u,v : G — H are two
homomorphisms of S-group schemes, then there exist y € A such that up
and vp are obtained by the base change B, — B from group homomorphisms
Uy, v, € Homp, g, (G, Hy).

LEMMA 3.7. Let L be a Gp-B-module which is of finite presentation as a B-
module. Then there exists an index u and a G-B,-module L, which is finitely
presented as a B, -module such that L =L, ®p, B.

Proof. According to (3.2) and proposition 8.9.1 (ii) of [9] we can find an index «,
a B,—group G, and a finitely presented B,-module L, such that G, xp_ B =
Gpand L,®p,B = L.For A > a, weset Gy = Goxp,Byand Ly = L®p, Bi.
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By [9] 8.5.2.2, we have an isomorphism

lim Homp, (Lx, Ly ® 5, Br[Gh]) - Homp (h_m> Ly, lim Ly @5, BA[GA]) -
A>« A>a A>a

= Homp(L, L ®5 B[G])).

It follows that there exists A > «a such that the B-module homomorphisms
Ay : L — L®pB[G] is obtained by the base change By — B from a By—module
homomorphism Ay, : Ly — Ly ®p, Ba[Gx]. The same reasoning applied to
Homp(L,L ®p B[G] ®p B[G]) and Homp(L, L) show that there exists p > X
such that Ay, satisfies conditions (CM1) and (CM2) after applying the base
change By — B,,. ([l

3.3. PROOF OF THEOREM 1.2. We assume throughout that ¢ > 0.
CASE (1) R a noetherian ring: The proof is a classical dévissage argument [8,

§7.2.7)].
Case of R a field: The result follows from Proposition 3.1.

Case of R local artinian: Let m be the maximal ideal of R, and k the corre-
sponding residue field. By our assumption on the closed fibers of G the k—group
G = G X g k is linearly reductive.

Fix an integer e > 2 such that m® = 0. Thus there exists a smallest integer
j = j(L) such that 0 < j < e and m?L = 0. We reason by induction on j.

If j = 1 then mL = 0. By Lemma 2.1.1, we have H*(G, L) = H*(Gy, Ly) for
all i, and H*(Gy, L) vanishes since Gy, is linearly reductive. Assume now that
HY(G,M) = 0 for all G-R-modules M satisfying m’M = 0. If m/T'L = 0, we
consider the exact sequence

0—-mL—-L—L —0

of G-R-modules. Observe that m?(mL) = 0 and that mL’ = 0. This sequence
gives rise to the long exact sequence of cohomology [10, 1.4.2]

- — H(G,mL) —» H(G,L) — H(G,L') — ---

We have H!(G, L') = 0 by the case j = 1 and H*(G,mL) = 0 by the induction
hypothesis. Thus H*(G, L) = 0 as desired.

Case of R local and complete: We denote by m the maximal ideal of R, and set
R, = R/m™*! for all n > 0.
By Lemma 2.3 it will suffice to establish the case ¢ = 1. Furthermore, Propo-
sition 2.2 together with Lemma 2.1.3 allows us to assume that L is finitely
generated over R. By the Artin-Rees lemma [7, cor. 0.7.3.3 ] we have a natural
isomorphism

L= lim L,,

where L, = L @ R,. We are given a cocycle z € Z*(G, L) and our goal is
to show by using approximation that z is a coboundary. Since R, is a local
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artinian ring we have H'(G,, L,) = 0 where G,, = G xg R,.> We consider
the exact commutative diagram

0 —— H°G,L) L —% . 7Y(G,L) —— HY(G,L) — 0

! ! ! !

90,n

0 —— H°G,,L,) L, ‘ ZY(Gn,Ly,) —— HY(Gn,L,) =0.

Then the images z, of z in the Z*(G,,, L,,) define elements b,, € B'(G,,, L,,) C
ZYG, Ly,). We look now

0 — HGn,Ly) Ly~ BY Gy, Ln) — 0.

Since HY(G,, L,,) is a finitely generated R,-module, it is artinian. Hence the
system (HO(G,Ln))n>O satisfies the Mittag-Leffler condition [7, cor. 0.13.2.2

]. We get then an exact sequence (ibid. prop. 13.2.2)

0 —— lim H°G,,L,) —— lim L, —— lim BY(Gn,L,) —— 0.
—n —n —n

It follows that there exists [ € L such that z = 9p(I) modulo m™*! for all
n > 0. Thus z = 9y(1) and therefore the image of z in H!(G, L) vanishes.

Case of R local: We know that the completion R of R is local noetherian and
faithfully flat over R [7, cor. 0.7.3.5]). By Lemma 2.1.2, we have

H(G,L)®r R~ H' (G, Lp).

The right hand side vanishes by the local complete case, hence H'(G, L) = 0
by faithfully flat descent.

Case of R arbitrary noetherian: By the same reasoning used in the previous
case we have H(G,L) ®g R = 0 for any maximal ideal m of R. Thus
HY(G,L)=0.

CASE (11) The group G is finitely presented as an R-scheme and L is a direct
limit of G-R-modules which are finitely presented as R-modules: By Lemma
2.1.3 we may assume that L is a finitely presented R—module. The same rea-
soning used in the final step of the noetherian case allows us to assume that
R is a local ring. Let m be the maximal ideal of R and k its residue field.
We consider the standard filtration R = @)}\ Ry of R by its finitely generated
(hence noetherian) Z-subalgebras. For each A, we consider the prime ideal
px = pN Ry of Ry, and the corresponding local ring R} := (Rx),, whose
maximal ideal py R} we denote by my. Note that the residue field ky of R} is a
subfield of k. We have R = li_m»\ R/, and the following commutative diagram

20ne of course verifies that the Rn-groups G, satisfy the assumptions of the theorem.
Similar considerations apply to the reductions that follow.
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R}, —— R

! !

k,\ = Rl)\/m)\ _— R/m: k.

We now apply the considerations of §3.2 to the case when S = Spec(R), B=R
and By = R). This yield the existence of an RL, an affine, flat and finitely
presented R;f group scheme G, and a GM-RL-module L, such that G =
G, X Ry, Rand L=1L, Ry, R. By Lemma 2.1.4, we have

(3.5) H'(G,L) = lim H'(G, g, R\, L, ®r, R}).
A>p
We also have by the transitivity of base change that
(36) (GH XRL ku) Xk, k~ GH XRL k ~ (GM XRL R) Xpk= G Xgk.

From our assumptions on the R—group G it follows that the k—group G xp
k is affine algebraic and linearly reductive. It then follows from (3.6) and
Proposition 3.2 that the k,—algebraic group G, x R, k, is linearly reductive as
well. This shows that the R;Lfgroup G, satisfies the assumption of the first
part of the theorem. Similar considerations apply to the R} -group G, x R, R
for all A > p. Thus the noetherian case that we have already established shows,
with the aid of (3.5), that H*(G, L) = 0. O

4. RIGIDITY AND DEFORMATION THEORY

4.1. LOCALLY FINITELY PRESENTED S—FUNCTORS. Let S be a scheme and
F: Sch/S — Sets a contravariant functor. We recall the following definitions:

- F' is locally of finite presentation over S if for every filtered inverse system of
affine S-schemes Spec(B;), the canonical morphism

lim F(B;) — F(lim B;)
—- —

is an isomorphism [3, §8.3].3
- F is formally smooth (resp. formally unramified, formally étale) if for any
affine scheme Spec(B) over S and any subscheme Spec(By) of Spec(B) defined
by a nilpotent ideal I of B, the map

F(B) — F(Bo)
is surjective (resp. injective, bijective) [17, XI.1.1].
Note that all these definitions are stable by an arbitrary base change T' — S.

In the second definition, we can require furthermore that I? = 0. The following
lemma is elementary.

3This reference has assumptions on the nature of S related to Artin’s approximation
theorem which are relevant to their work, but not to ours. As it is customary, given an affine
scheme Spec(B) over S, we write F/(B) instead of F'( Spec(B)).
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LEMMA 4.1. Assume that F' is locally of finite presentation over S. Consider
a field extension K/k over S, that is morphisms Spec(K) — Spec(k) — S.
Assume that k is separably closed and K is a separable field extension of k.
Then the map F (k) — F(K) is injective.

REMARK 4.2. If k is algebraically closed, any field extension K/k is separable,
hence the Lemma applies.

Proof. We may assume without loss of generality that S = Spec(k). We are
given two elements «, 5 € F'(k) with same image in F/(K). Since K is the induc-
tive limit of its finitely generated subalgebras, there exists a finitely generated
k—algebra A such that « and 8 have same image in F(A). Since K/k is sep-
arable, the finitely generated k—subalgebras of K are separable over k. Hence
A is integral and absolutely reduced (i.e. A®y k is reduced), and therefore the
affine variety Spec(A) admits a k—point [1, AG.13.3]. In other words, the ring
homomorphim ¥ — A admits a section. This, in turn, induces a section of the
group homomorphism F(k) — F(A), hence o = 8 in F (k). O

4.2. FORMAL ETALNESS. We recall the following crucial statement of deforma-
tion theory for group scheme homomorphisms due to Demazure.

THEOREM 4.3. ([17, cor. I111.2.6]) Let G and H be group schemes over a scheme
S. Assume that G is affine (in the absolute sense) and flat, and that H is
smooth. Let Sy be a closed subscheme of S defined by an ideal I of Og such
that I2 = 0. We set Gg = G x5Sy and Hy = H x5 Sg. Let fo: Gg — Hg be a
homomorphism of So-groups, and let G act on Lie(Hg) via fo and the adjoint
representation of Hy. Then

(1) If H*(Go, Lie(Ho) ®og, I) = 0 the homomorphism fo lifts to an S-
group homomorphism f: G — H.

(2) IfH! (GO,Lie(H0)®oSU I) = 0, then any two liftings f and " of fo as
in (1) are conjugate under an element of ker (H(S) — H(Sp)). More
precisely f' =int(h)f for some h € ker (H(S) — H(S))). O

Combined with the vanishing result given by Theorem 1.2 we are very close
to the completion of the proof of our main result. The missing ingredient is
some detailed information pertaining to the nature of certain functors related
to homomorphisms between group schemes.

Let G and H be group schemes over a scheme S. The functor Homg_4, (G, H)
was already defined in §3.2. Any element h € H(T') defines an inner automor-
phism int(t) € Auty_g-(Hr), and this last group acts naturally on the set
Homgs_ (G, H)(T'). This allows us to define a new functor Homgs_, (G, H) :
Sch/S — Sets by

T — Homg_ (G, H)(T) = Homr_ 4. (Gr, Hr) /H(T).

The final functor which is relevant to us is the transporter of two elements of
Homg_g4(G,H). Let u,v : G — H two homomorphisms of S-group schemes.
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Recall the subfunctor Transp(u,v) of H defined by
T — Transp(u,v)(T) = {h € H(T) | up = int(h)vr}.
We begin with an easy observation.

LEMMA 4.4. Let G and H be finitely presented group schemes over S, and let
u,v € Homg_g4 (G, H). The S-functors Homg_4 (G, H), Homg_, (G, H)
and Transp(u,v) are locally of finite presentation.

Proof. For every filtered inverse system of affine schemes Spec(B,) over S based
on some directed set A, and we have to show that the canonical morphisms

lim Homs (G, H)(B)) — Homs_y, (G, H)(lim By) = Homs,-(G,H)(B),
lim Homg_,,.(G,H)(B)) — Homs_ 4. (G,H)(lim By) = Homg_,-(G,H)(B),
and

lim, Transp(u, v)(By) — Transp(u, o) (lm By) = Transp(u, v) (B)

are bijective. Taking into account (3.2), (3.3) and (4.1) we may replace S by
Spec(B,,) for some suitable index 1 € A, and replace A by the subset of A
consisting of all indices A > p. Denote G xp, By and H xp, Bx by Gy and
H), respectively, just as we did in §3.2. Then (3.4) shows that Homg_,, (G, H)
is locally of finite presentation.

As for the second assertion, we look in view of (3.3) at the map

lim Homp, — 4 (G, Hx)/Hx(B)) — Homp_,,(Gp, Hp)/Hp(B)

which is already known to be surjective. For the injectivity, we are given

ba, ¢, € Homp,_4(Ga,Hy) for some o > p whose images ¢, ¢ in
Homp_4 (Gp,Hp) are conjugated under Hg(B) = H(B). Since H is of finite
presentation lim H(By) — H(B). So there exists 3 > a and hg € H(Bg)
such that ¢ = int(h)¢’ where h stands for the image of hg in H(B). By (3.4)
there exists v > 3 such that ¢, xp, idp, = int(h,)(¢, X, idp, ), where h is
the image of hg in H(B). In other words, ¢q, ¢}, map to the same element of
Homp_ 4 (G, Hy)/H,(By), hence define the same element in the inductive
limit lim Homp, (G, Hx)/Hx(By). We conclude that Homs_ (G, H) is
locally of finite presentation.

Finally we look at the case of the transporter. Assume that h € H(B) is such
that up = int(h)vp. Since H is finitely presented there exists @ > p and an
element h, € H(B,) whose image in H(B) is h. Then the two elements u, and
int(hq)ve of Homp, (Ga, Hy) map to the same element of Homp(Gp, Hp).
By (3.4) there exists > « such that ug = int(hg)vg (where the subindex
B denotes the image of the element in question under the map B, — Bg).
This shows that our map is surjective. Note that from the definition of the
transporter it follows that

(4.1) Transp(u,v)(B) = Transp(up, vg)(B) = Transp(u,, v,)(B)
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Injectivity is clear since for all A > p we have Transp(u,,v,)(Bx) C H,(B))
and H, is of finite presentation. O

THEOREM 4.5. Let S be a scheme and let G and H be finitely presented group
schemes over S. Assume that G is affine (in the absolute sense) and flat, and
that H is smooth. Assume that for all s € S the fiber G is linearly reductive
(as an affine algebraic group over the residue field k(s) of s). Then

(1) The functor Hom(G, H) is formally smooth.

(2) The functor Hom(G, H) is formally étale.

(8) If u,v : G — H are two homomorphisms of S-group schemes, the subfunc-
tor Transp(u,v) of H is formally smooth.

The case when G is of multiplicative type is an important result of
Grothendieck [17, XI prop. 2.1]. If S is of characteristic zero and G is re-
ductive, the first statement is due to Demazure [17, XXIV prop. 7.3.1.a).

Proof. We note that if Homg_4(G,H) is formally smooth, then
Homgs_ (G, H) is formally smooth as well. As a consequence, to estab-
lish (1) and (2) it will suffice to prove that Homg_,.(G,H) is formally
smooth and that Homg_g, (G, H) is formally unramified. We are given an
affine scheme Spec(B) over S, and a closed subscheme Spec(By) defined by an
ideal I of B satisfying I? = 0, and we need to show that

(I) Homgs_4 (G, H)(B) — Homg_ 4, (G, H)(By) is surjective,

(II) Homg_ 4 (G, H)(B) — Homg_,- (G, H)(By) is injective, and

(IIT) Transp(u,v)(B) — Transp(u,v)(By) is surjective.

Proof of (I) and (II): By the first equality of (3.3) we may assume with no loss
of generality that S = Spec(B). We claim that, with the obvious adaptations
to the notation of Theorem 4.3,

(4.2) H'(Go, Lie(Ho) ®p, I) =0 forall i > 0.

Write B = lim By where the limit is taken over all finitely generated Z-
subalgebras (hence noetherian) By of B. Then Jy := I N By is an ideal of
By such that J3 = 0 and I = lim Jy. Consider the trivial Go-By module

I :=Jy X By By.

Since Jy is a Bj-module of finite presentation, I is a Bp-module of finite
presentation. We have an isomorphism of Bp-modules

limI, — I
—_—
hence an isomorphism of Gg-By—modules
lim (Lie(Ho) ®p, 1) — Lie(Hop) @3, I.

Because Hy is a smooth By—group Lie(Hp) is a finitely presented Bp—module
(see [4] IT §4.8). Since the tensor product of finitely presented modules is finitely
presented, Lie(Hg) ®p, I is a direct limit of Go-Bp—modules which are finitely

DOCUMENTA MATHEMATICA 14 (2009) 653-672



VANISHING OF HOCHSCHILD COHOMOLOGY . .. 667

presented as Bp-modules. It is clear that the By-groups Gg and Hj satisfy the
assumptions of Theorem 1.2.2. This shows that (4.2) holds, and we can now
apply Theorem 4.3 to obtain (I) and (II)

Proof of (III): For convenience we denote Transp(u,v) by T(u,v). Con-
sider the B-group homomorphisms ug,vp € Homp_,4 (Gpg,Hp) induced by
the base change Spec(B) — S. By the definition of the transporter we see
that T(u,v)(B) = T(up,vp)(B) and T(u,v)(By) = T(up,vs)(By) where
Spec(By) — Spec(B) is the natural map. From this it follows that to establish
(IIT) we may assume without loss of generality that S = Spec(B).

Let uo and vg be the elements of Homp, — 4(Go, Ho) induced by the base change
B — By. Let hy € Transp(ug, v9)(Byo), so that ug = int(hg)vg. Lift ho to an el-
ement h’ € H(B) (which is possible since H is smooth), and set «’ = int(h')vp.
Then v’ and up map to the same element of Homp, 4 (Go, Ho), namely ug. By
IT there exists h” € H(B) such that up = int(h"”)u’. Furthermore, because of
(4.2) we may assume that h” € ker (H(B) — H(By)). Then h = h""h’ € H(B)
maps to ho and satisfies ug = int(h)vp. O

REMARK 4.6. The assumption on the fibers of G is not superfluous. Let B =
Cle] be the ring of dual numbers over C, and let S = Spec(B). If I = Ce, then
By = C. Consider now the case when G = G, and H = G,,, (the additive and
multiplicative groups over B.)

It is well-known that Homp_ ., (G, H)(By) = Homc_ 4 (Gq,c, Gm,c) is trivial.
On the other hand Hompg_ 4, (G, H)(B) is infinite; it consists of the homomor-
phisms {¢, : z € C} which under Yoneda correspond to the B—Hopf algebra
homomorphisms ¢* : B[t*1] — B[z] given by ¢} : t + 1 + zex. Since H
is abelian the functors Homp_,4, (G, H) and Homp_, (G, H) coincide. The
above discussion shows that Homp_ 4, (G, H) is not formally étale.

LEMMA 4.7. If G is essentially free over S (see §6), the functor Transp(u,v)
1s representable by a closed S—subscheme of H

Proof. Consider the two morphisms ¢1,¢2 : H — Hom(G, H) which for all
schemes T/S and h € H(T) are given by and ¢1(h) = ur and g2(h) =
int(h)vr. Since G is assumed essentially free over S and H is separated over
S, Grothendieck’s criterion [17, VIIL.6.5.b] applied to X = H, Y = G,
Z = H shows the representability of Transp(ui,us2) by a closed S—subscheme
of H. O

COROLLARY 4.8. Under the assumptions of Theorem 4.5, assume furthermore
that G is essentially free over S. Let u,v : G — H be two homomorphisms
of S-group schemes. Then the S-functor Transp(u,v) is representable by a
smooth closed S-subscheme of H. In particular, if u = v, then the centralizer
subfunctor Centr(u) of H is representable by a smooth closed subscheme of H.

Proof. By the last Lemma the S-functor Transp(u,v) is representable by a
closed subscheme of H, which is locally of finite presentation by Lemma 4.4
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and [9] 8.14.2, and formally smooth by Theorem 4.5. Thus Transp(u,v) is a
smooth scheme over S. 0

COROLLARY 4.9. Under the assumptions of Theorem 4.5, assume furthermore
that G is essentially free over S and that S = Spec(B) where B is a henselian
local ring of residue field k. Then the map Hom(G,H)(B) — Hom(G,H)(k)
1s injective. Thus two homomorphisms u,v : G — H of S-group schemes are
conjugate under H(B) if and only if ug, v : G xp k — H Xp k are conjugate
under H(k).

Proof. By Corollary 4.8, the B—functor Transp(u,v) is representable by a
smooth B—scheme. By Hensel’s lemma [3, §2.3] the map

Transp(u,v)(B) — Transp(u, v)(k)

is surjective. Thus if ug, v : G xg k — H x g k are such that ug = int(hg)vs
for some hg € H(k), then there exists h € H(B) such that v = int(h)v. O

5. APPLICATIONS
5.1. RIGIDITY. Our first result establishes Theorem 1.1

THEOREM 5.1. Let k be a field. Let G be a linearly reductive algebraic k—group
and let H be a smooth algebraic k—group. Let K/k be a field extension such
that k and K are both separably closed and K is separable over k (for example
if both k and K are algebraically closed).
Then the map

Homy,_ (G, H)(k) - Homy_,4 (G, H)(K) = Homg_4(Gg,Hg ) (K)
1s bijective.
Proof. By Lemma 4.1.1 and Lemma 4.4 the map Homy_,, (G, H)(k) —
Hom;_, (G,H)(K) is injective. =~ Conversely we are given an element
v € Homg_g4(Gr,Hg) and we want to show that there exists vy €
Homy_g-(G,H) and h € H(K) such that vy X idg = int(h)u.
The homomorphism u : Gxg — Hp arises by base change from some A-group
scheme homomorphism v € Homy_ g (G4, Ha), i.e. u = vk, where A C K
is a finitely generated k—algebra. Under our assumption on k we may assume,
by considering a basic open affine subsheme of Spec(A) if needed, that A is
smooth over k. In particular, A is normal.
Since A is separable over k and k is separably closed, there exists a maximal
ideal m of A such that A/m = k. Then v gives rise to a k~homomorphism
vo : G — H. Denote by B the (strict) henselization of the local ring Ay,. Then
B is noetherian and may be identified with a subring of a separable closure
of the fraction field of A [M, 1.4.10, 11]. In particular B can be assumed to
embed into K. By Proposition 3.2 and Remark 3.3 the group G (which is
clearly affine and free of finite rank over B) satisfies the assumption on the
fibers of Theorem 4.5. By Corollary 4.9, vy X idp = int(h)(v x 4 id) for some
h € H(B). Thus vy X idg = int(hg)u as desired. O
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REMARK 5.2. The assumption that G be linearly reductive is not superflu-
ous. Recall (see §3.1) that H'(G,V) = Extg(k, V). Assume that k is alge-
braically closed of positive characteristic, and let K/k be an arbitrary field
extension. One knows from Nagata’s work that for each non-trivial semisim-
ple k-group G there exists a non-trivial finite dimensional irreducible G-k—
module V' such that H!(G,V) # 0. This implies that Theorem 5.1 fails for
Homy,_,(G,GL,,) if n = dim(V) + 1. Indeed Homy_,, (G, GL,,)(k) mea-
sures the equivalence classes of n—dimensional linear representations of G. We
know that Extg(k, V), which by assumption is a non-trivial k-space, can be
identified with the subset of Homy_,,. (G, GL,)(k) that corresponds to those
representations of G that are extensions of k by V. Similar considerations
apply to Homg_ 4 (G, GL,, k) (K). Since HY(G,V) @y K = H'(Gg, Vk)
the foregoing discussion shows that the natural map Homy_ 4 (G, H)(k) —
Homy,_ (G, H)(K) is not surjective whenever k # K.

REMARK 5.3. Let H be a simple Chevalley Z-group of adjoint type. In [2]
Borel, Friedman and Morgan provide a considerable amount of information
about the set of conjugacy classes of n-tuples x = (z1, -+ , x,) of commuting
elements of finite order of H(C).* The methods used in [2] are topological and
analytic in nature, and do not immediately translate to other algebraically
closed fields of characteristic 0. One of the reasons why this problem is relevant
is because of its applications to infinite dimensional Lie theory. The interested
reader can consult [6] for details and further references about this topic.

Fix an n-tuple m = (myq, - -- ,m,,) of positive integers, and let Fy, be the finite
constant Q-group corresponding to the finite group Z/miZ x --- x Z/my,7Z.
Because of the nature of our base field the group Fy, is diagonalizable, hence
linearly reductive. Let K be an algebraically closed field of characteristic 0. The
conjugacy classes of n-tuples x = (1, - -+ , ) of commuting elements of H(K)
where the z; satisfy z;"" = 1 are parametrized by Hompg _ g, (Fm x, Hg ) (K).

By Theorem 1.1 we have natural bijections
Hompg g (Fimx, Hr)(K) ~ Homg_, (Fmm, Hg)(Q)) =~
~ Homc_ 4 (Fm,c, Hc)(C).
This allows us to translate the relevant information within [2] to the group

5.2. LIE ALGEBRAS. Assume henceforth that the base scheme S is of “charac-
teristic zero”, i.e. that S is a scheme over Q. Let G/S be a semisimple group
scheme and let H/S be an affine smooth group scheme. In this case, we already
know that the functor Homg_ 4, (G, H) is representable by a smooth affine .S-
scheme of finite presentation [17, XXIV.7.3.1]. Furthermore, if G/S is simply
connected, we have an S-scheme isomorphism

Homg_y(G,H) — Homg_ ;. (Lie(G), Lie(H)).

4When lifted to the simply connected cover of H(C) the n-tuples will be comprised of
“almost commuting” elements.
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From this and Theorem 4.5 it follows that the functor
T +— HomT_Lie (LIG(GT), Lle(HT)) /H(T)
is formally étale.

COROLLARY 5.4. Let k be an algebraically closed field of characteristic zero.
Let g be a finite dimensional semisimple Lie algebra over k. Let H be a smooth
algebraic k—group. If K is an algebraically closed field extension of k, then the
map

Homy, 10 (g, Lie(H))/H(k) — Homg _1ie(g ®% K, Lie(H) @) K)/H(K)

is bijective. O

6. APPENDIX: AFFINE GROUP SCHEMES WHICH ARE ESSENTIALLY FREE

DEFINITION 6.1. [17, VIII 6] A morphism of schemes X/S is essentially free
if there exists an open covering of S by affine schemes S; = Spec(A4;), and for
all i an faithfully flat extension S, = Spec(A}) — S; such that each X xg S|
admits an open covering by affine schemes (Spec(B; ;)) such that B; ; is a free
Al—module for all j.

Note that an essentially free morphism is flat. Furthermore this property is
stable by arbitrary base change and is local with respect to the Zariski and the
frpqc topology. Recall that that a sequence

1-G1 -Gy —G3—1

of S—group schemes is said to be exact if it is exact as a sequence of fpgc-sheaves
over S [17, VIg 9].

LEMMA 6.2. (1) Let G/S be a flat group scheme which is essentially free
over S. Let X — S be a G—torsor which is locally trivial for the fpgc—
topology. Then X is essentially free over S.

(2) Let 1 — Gy — Go — Gz — 1 be an exact sequence of S—group
schemes. If Gy and Gs are essentially free over S, then Go is essen-
tialy free over S.

Proof. (1) Since we can reason locally for the Zariski and for the fpgc topology,
we can assume that X is the trivial torsor, namely X = G.

(2) Similarly, we can assume that S = Spec(A4) and that G; (resp. Gg) is
covered by open affines subschemes Spec(B;) (resp. Spec(Cj)) for the fpgc
topology such that the B; and the () are free A-modules. Up to refining the
second fpqc covering, we can furthermore assume that

G2 x @, Spec(C)) — G1 x5 Spec(C}).

It follows that the Spec(B;® 4 C;)’s form a fpge—cover of Go where the By® 4 C
are free A—modules. Thus G is essentially free over S as desired. g

Several well-known affine group schemes are essentially free.
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PROPOSITION 6.3. Let G/S be an affine S—group scheme which admits locally
for the fpqc topology a composition series with factors of the following kind:

(i) S-group schemes of multiplicative type,
(ii) twisted finite constant S—group schemes,

(#11) smooth S-group schemes with connected geometric fibers.

Then G is essentially free over S.

Note that the last case includes reductive group schemes over S and their
parabolic subgroups.

Proof. By Lemma 6.2 it suffices to verify each of the three cases locally for
the fpgc topology. Case (i) is then the case of diagonalizable groups which are
essentially free over S by definition. Case (ii) is that of finite constant S—group
schemes which are also essentially free over S by definition. Case (iii) has been
noticed by Seshadri [15, Lemma 1 p. 230] using a result of Raynaud. O
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