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1. INTRODUCTION

As long as moduli spaces of bundles on a smooth projective algebraic curve
C have been studied, their Picard groups have attracted some interest. The
first case was the coarse moduli scheme of semistable vector bundles with fixed
determinant over a curve C' of genus go > 2. Seshadri proved that its Picard
group is infinite cyclic in the coprime case [28]; Drézet and Narasimhan showed
that this remains valid in the non—coprime case also [9].

The case of principal G-bundles over C' for simply connected, almost simple
groups G over the complex numbers has been studied intensively, motivated
also by the relation to conformal field theory and the Verlinde formula [1, 12,
20]. Here Kumar and Narasimhan [19] showed that the Picard group of the
coarse moduli scheme of semistable G—principal bundles over a curve C' of
genus go > 2 embeds as a subgroup of finite index into the Picard group of the
affine Grassmannian, which is canonically isomorphic to Z; this finite index
was determined recently in [6]. Concerning the Picard group of the moduli
stack Mg of principal G—bundles over a curve C' of any genus go > 0, Laszlo
and Sorger [23, 30] showed that its canonical map to the Picard group Z of the
affine Grassmannian is actually an isomorphism. Faltings [13] has generalised
this result to positive characteristic, and in fact to arbitrary noetherian base
scheme.

IThe second author gratefully acknowledges the support of the SF B/TR 45 ”Perioden,
Modulrdume und Arithmetik algebraischer Varietéaten”
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36 INDRANIL BISWAS AND NORBERT HOFFMANN

If G is not simply connected, then the moduli stack Mg has several connected
components which are indexed by 71(G). For any d € m(G), let MZ be the
corresponding connected component of M. For semisimple, almost simple
groups G over C, the Picard group Pic(/\/ldG) has been determined case by case
by Beauville, Laszlo and Sorger [2, 22]. Tt is finitely generated, and its torsion
part is a direct sum of 2g¢ copies of 71 (G). Furthermore, its torsion—free part
again embeds as a subgroup of finite index into the Picard group Z of the affine
Grassmannian. Together with a general expression for this index, Teleman [31]
also proved these statements, using topological and analytic methods.

In this paper, we determine the Picard group Pic(/\/ldG) for any reductive group
G, working over an algebraically closed ground field k& without any restriction
on the characteristic of k (for all go > 0). Endowing this group with a natural
scheme structure, we prove that the resulting group scheme Pic(M%) over k
contains, as an open subgroup, the scheme of homomorphisms from 71 (G) to
the Jacobian Jo, with the quotient being a finitely generated free abelian group
which we denote by NS(M%) and call it the Néron—Severi group (see Theorem
5.3.1). We introduce this Néron—Severi group combinatorially in § 5.2; in par-
ticular, Proposition 5.2.11 describes it as follows: the group NS(ME,) contains
a subgroup NS(M gan) which depends only on the torus G*® = G/[G, G]; the
quotient is a group of Weyl-invariant symmetric bilinear forms on the root
system of the semisimple part [G, G], subject to certain integrality conditions
that generalise Teleman’s result in [31].

We also describe the maps of Picard groups induced by group homomorphisms
G — H. An interesting effect appears for the inclusion tg : T¢ — G of a
maximal torus, say for semisimple G: Here the induced map NS(MZ) —
NS(M$,,) for a lift 6 € m1(Tg) of d involves contracting each bilinear form
in NS(M$%) to a linear form by means of & (cf. Definition 4.3.5). In general,
the map of Picard groups induced by a group homomorphism G — H is
a combination of this effect and of more straightforward induced maps (cf.
Definition 5.2.7 and Theorem 5.3.1.iv). In particular, these induced maps are
different on different components of Mg, whereas the Picard groups Pic(M%)
themselves are essentially independent of d.

Our proof is based on Faltings’ result in the simply connected case. To deduce
the general case, the strategy of [2] and [22] is followed, meaning we “cover”
the moduli stack M% by a moduli stack of “twisted” bundles as in [2] under
the universal cover of GG, more precisely under an appropriate torus times the
universal cover of the semisimple part [G,G]. To this “covering”, we apply
Laszlo’s [22] method of descent for torsors under a group stack. To understand
the relevant descent data, it turns out that we may restrict to the maximal
torus T in G, roughly speaking because the pullback ¢, is injective on the
Picard groups of the moduli stacks.

We briefly describe the structure of this paper. In Section 2, we recall the
relevant moduli stacks and collect some basic facts. Section 3 deals with the
case that G = T is a torus. Section 4 treats the “twisted” simply connected
case as indicated above. In the final Section 5, we put everything together to
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THE LINE BUNDLES ON MODULI ... 37

prove our main theorem, namely Theorem 5.3.1. Each section begins with a
slightly more detailed description of its contents.

Our motivation for this work was to understand the existence of Poincaré fam-
ilies on the corresponding coarse moduli schemes, or in other words to decide
whether these moduli stacks are neutral as gerbes over their coarse moduli
schemes. The consequences for this question are spelled out in [4].

2. THE STACK OF G—BUNDLES AND ITS PICARD FUNCTOR

Here we introduce the basic objects of this paper, namely the moduli stack of
principal G-bundles on an algebraic curve and its Picard functor. The main
purpose of this section is to fix some notation and terminology; along the way,
we record a few basic facts for later use.

2.1. A PICARD FUNCTOR FOR ALGEBRAIC STACKS. Throughout this paper,
we work over an algebraically closed field k. There is no restriction on the
characteristic of k. We say that a stack X over k is algebraic if it is an Artin
stack and also locally of finite type over k. Every algebraic stack X # () admits
a point xg : Spec(k) — X according to Hilbert’s Nullstellensatz.

A 1-morphism ® : X — Y of stacks is an equivalence if some 1-morphism
¥ : Y — X admits 2-isomorphisms W o ® = idy and ® o ¥ = idy. A diagram

x —2s y

@l l@’

y-—B. Y
of stacks and 1-morphisms is 2—commutative if a 2—-isomorphism ®’0A = Bo® is
given. Such a 2-commutative diagram is 2—cartesian if the induced 1-morphism
from X to the fibre product of stacks X’ xy» ) is an equivalence.
Let X and ) be algebraic stacks over k. As usual, we denote by Pic(X) the
abelian group of isomorphism classes of line bundles £ on X. If X # (), then

pry : Pic(Y) — Pic(X x V)

is injective because ) : Pic(X x V) — Pic(Y) is a left inverse of pr3.
DEFINITION 2.1.1. The Picard functor Pic(X) is the functor from schemes S
of finite type over k to abelian groups that sends S to Pic(X x S)/ prj Pic(5).

If Pic(X) is representable, then we denote the representing scheme again by
Pic(X). If Pic(X) is the constant sheaf given by an abelian group A, then we

~

say that Pic(X) is discrete and simply write Pic(X) = A. (Since the constant
Zariski sheaf A is already an fppf sheaf, it is not necessary to specify the
topology here.)

LEMMA 2.1.2. Let X and Y be algebraic stacks over k with T'(X,0x) = k.

i) The canonical map

pry : (Y, 0y) — T(X x Y, Oxxy)
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38 INDRANIL BISWAS AND NORBERT HOFFMANN

is an isomorphism.
i) Let L € Pic(X x ) be given. If there is an atlas v : U — Y for which
u*L € Pic(X x U) is trivial, then L € pri Pic(Y).

Proof. 1) Since the question is local in ), we may assume that ) = Spec(A4) is
an affine scheme over k. In this case, we have

DX xY,0xxy) =T(X, (pry)«Oxxy) = (X, A®, Ox) = A=T(Y,Oy).

ii) Choose a point z¢ : Spec(k) — X. We claim that £ is isomorphic to
pry Ly, for L, := z§L € Pic()). More precisely there is a unique isomorphism
L = pry L, whose restriction to {zo} x Y = Y is the identity. To prove this,
due to the uniqueness involved, this claim is local in ). Hence we may assume
Y = U, which by assumption means that £ is trivial. In this case, statement
(i) implies the claim. O

COROLLARY 2.1.3. For v = 1,2, let X, be an algebraic stack over k with
'(X,,0x,) = k. Let ® : Xy — Xy be a 1-morphism such that the induced
morphism of functors ®* : Pic(Xe) — Pic(Xy) is injective. Then

®* : Pic(Xy x V) — Pic(X; x Y)
18 ingjective for every algebraic stack Y over k.

Proof. Since ) is assumed to be locally of finite type over k, we can choose
an atlas u : U — Y such that U is a disjoint union of schemes of finite type
over k. Suppose that £ € Pic(Xz x )) has trivial pullback ®*L € Pic(X; x Y).
Then (® x u)*L € Pic(X; x U) is also trivial. Using the assumption on ®* it
follows that u*L € Pic(Xy x U) is trivial. Now apply Lemma 2.1.2(ii). O

We will also need the following stacky version of the standard see—saw principle.

LEMMA 2.1.4. Let X and Y be two nonempty algebraic stacks over k. If Pic(X)
is discrete, and I'(Y, Oy) =k, then

pry @ prj : Pic(X) © Pic()) — Pic(X x V)
is an isomorphism of functors.

Proof. Choose points g : Spec(k) — X and yp : Spec(k) — Y. The mor-
phism of functors pr] @ prj in question is injective, because

Yo ® xp : Pic(X x V) — Pic(X) @ Pic(Y)

is a left inverse of it. Therefore, to prove the lemma it suffices to show that
Yo D x§ is also injective.

So let a scheme S of finite type over k be given, as well as a line bundle £ on
X x Y x S such that yiL is trivial in Pic(X). We claim that £ is isomorphic
to the pullback of a line bundle on ) x S.

To prove the claim, tensoring £ with an appropriate line bundle on S if nec-
essary, we may assume that y{L is trivial in Pic(X x S). By assumption,
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THE LINE BUNDLES ON MODULI ... 39

Pic(X) = A for some abelian group A. Sending any (y, s) : Spec(k) — Y x S
to the isomorphism class of

(y,8)"(£) € Pic(X)

we obtain a Zariski-locally constant map from the set of k—points in ) x S to
A. This map vanishes on {yo} x S, and hence it vanishes identically on Y x S
because Y is connected. This means that v*L € Pic(X x U) is trivial for any
atlas u : U — Y x S. Now Lemma 2.1.2(ii) completes the proof of the claim.
If moreover x§ L is trivial in Pic()), then £ is even isomorphic to the pullback of
a line bundle on S, and hence trivial in Pic(X x )). This proves the injectivity
of y5 @ x§, and hence the lemma follows. O

2.2. PRINCIPAL, G—BUNDLES OVER A CURVE. We fix an irreducible smooth

projective curve C' over the algebraically closed base field k. The genus of C'

will be denoted by go. Given a linear algebraic group G — GL,,, we denote by
Ma

the moduli stack of principal G-bundles E on C'. More precisely, M is given
by the groupoid M (S) of principal G-bundles on S x C' for every k—scheme S.
The stack M is known to be algebraic over k (see for example [23, Proposition
3.4], or [24, Théoreme 4.6.2.1] together with [29, Lemma 4.8.1]).

Given a morphism of linear algebraic groups ¢ : G — H, the extension of the
structure group by ¢ defines a canonical 1-morphism

Ys : Mg — My
which more precisely sends a principal G-bundle F to the principal H-bundle
¢.F:=FEx%H:=(FExG)/H,
following the convention that principal bundles carry a right group action. One

has a canonical 2—isomorphism (¢ o @), = ¥, o ¢, whenever ¢ : H — K is
another morphism of linear algebraic groups.

LEMMA 2.2.1. Suppose that the diagram of linear algebraic groups

H£>GQ

—_—
Gl $1

is cartesian. Then the induced 2—commutative diagram of moduli stacks

P2) s
MH g MG2

(d’l)*l \L(Wz)*

Mg, —— Mg
(‘Pl)*

is 2—cartesian.
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40 INDRANIL BISWAS AND NORBERT HOFFMANN

Proof. The above 2—commutative diagram defines a 1-morphism
MH — MGl XMG MGZ'

To construct an inverse, let E be a principal G-bundle on some k-scheme
X. For v = 1,2, let E, be a principal G,~bundle on X together with an
isomorphism E, x% G = E; note that the latter defines a map E, — E of
schemes over X. Then G; x G2 acts on E; X x E5, and the closed subgroup
H C G; x G preserves the closed subscheme

F::El XEEggEl XxEQ.

This action turns F' into a principal H-bundle. Thus we obtain in particular
a 1-morphism
MGl XMG MG2 B MH

It is easy to check that this is the required inverse. O

Let Z be a closed subgroup in the center of G. Then the multiplication Z x
G — (@ is a group homomorphism; we denote the induced 1-morphism by

_Q_: Mz xMg— Mg

and call it tensor product. In particular, tensoring with a principal Z-bundle
& on C defines a 1-morphism which we denote by

(1) te : Mo — M.

For commutative G, this tensor product makes Mg a group stack.

Suppose now that G is reductive. We follow the convention that all reductive
groups are smooth and connected. In particular, M is also smooth [3, 4.5.1],
so its connected components and its irreducible components coincide; we denote
this set of components by mo(Mg). This set mo(M¢) can be described as
follows; cf. for example [15] or [16].

Let tg : T¢ — G be the inclusion of a maximal torus, with cocharacter group
A1, = Hom(G,,,, Tg). Let Acoroots € A1, be the subgroup generated by the
coroots of G. The Weyl group W of (G, T¢) acts on Ar,,. For every root a with
corresponding coroot oV, the reflection s, € W acts on A € Ar,, by the formula
Sa(A) = X — (o, \)aY. As the s, generate W, this implies w(\) — A € Acoroots
for all w € W and all A € Ar,. Thus W acts trivially on Az, /Acoroots, S0 this
quotient is, up to a canonical isomorphism, independent of the choice of Tg.
We denote this quotient by 71 (G); if m1(G) is trivial, then G is called simply
connected. For k = C, these definitions coincide with the usual notions for the
topological space G(C).

Sending each line bundle on C' to its degree we define an isomorphism
mo(Mg,,) — Z, which induces an isomorphism mo(Mr,) — Ar,. Its in-
verse, composed with the map

(LG)* : WO(MTG) I WO(MG)7
is known to induce a canonical bijection

1 (G) = ATG /Acoroots e WO(MG),
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THE LINE BUNDLES ON MODULI ... 41

cf. [10] and [16]. We denote by M, the component of M given by d € 71 (G).

LEMMA 2.2.2. Let ¢ : G — H be an epimorphism of reductive groups over
k whose kernel is contained in the center of G. For each d € m1(G), the 1-
morphism

Pt MG — MGy, e=pu(d) € m(H),
18 faithfully flat.

Proof. Let Ty C H be the image of the maximal torus T C G. Let B C G
be a Borel subgroup containing T¢; then

By = ¢(Bg) C H

is a Borel subgroup of H containing 7. For the moment, we denote

e by M%G C M, and MdBG C M p, the inverse images of /\/ldG C Mg,
and
e by M7 C Mr, and M3 C Mp, the inverse images of M¢ C Mpy.

Let mg : Bg - Tq and 7y : By — Ty denote the canonical surjections. Then

M = (m6);(Mi,)  and MG, = (1) (M7,),

G

because mo(Mr,) = mo(Mp,) and mo(Mr,) = (Mg, ) according to the
proof of [10, Proposition 5]. Applying Lemma 2.2.1 to the two cartesian squares

Te << Be——=@G

wrl l«ps l«p

of groups, we get two 2—cartesian squares

d d d
MTG HMBG %MG

(WT)*l l(@s)* l‘/’*

e e e
Tu MBH > MH

of moduli stacks. Since (pr). is faithfully flat, its pullback (¢p). is so as well.
This implies that ¢, is also faithfully flat, as some open substack of M%
maps smoothly and surjectively onto MS$;, according to [10, Propositions 1
and 2]. O

3. THE CASE OF TORUS

This section deals with the Picard functor of the moduli stack M% in the
special case where G = T is a torus. We explain in the second subsection that
its description involves the character group Hom(7T, G,,,) and the Picard functor
of its coarse moduli scheme, which is isomorphic to a product of copies of the
Jacobian Jo. As a preparation, the first subsection deals with the Néron—Severi
group of such products of principally polarised abelian varieties. A little care

DOCUMENTA MATHEMATICA 15 (2010) 35-72



42 INDRANIL BISWAS AND NORBERT HOFFMANN

is required to keep everything functorial in 7', since this functoriality will be
needed later.

3.1. ON PRINCIPALLY POLARISED ABELIAN VARIETIES. Let A be an abelian
variety over k, with dual abelian variety AY and Néron—Severi group
NS(A) := Pic(A)/AY (k).
For a line bundle L on A, the standard morphism
o A— AY

sends a € A(k) to 77(L) ® LY where 7, : A — A is the translation by a.
¢1, is a homomorphism by the theorem of the cube [27, §6]. Let a principal
polarisation
¢: A AY

be given. Let

¢? :NS(A) — End A
be the injective homomorphism that sends the class of L to ¢~ o ¢r. We
denote by 7 : End A — End A the Rosati involution associated to ¢; so by
definition, it sends a: A — A to af :=¢71 0¥ 0 ¢.

LEMMA 3.1.1. An endomorphism a € End(A) is in the image of ¢ if and only
if of = .

Proof. If k = C, this is contained in [21, Chapter 5, Proposition 2.1]. For
polarisations of arbitrary degree, the analogous statement about End(4) ® Q
is shown in [27, p. 190]; its proof carries over to the situation of this lemma as
follows.

Let [ be a prime number, [ # char(k), and let

e; :Tl(A) X Tl(Av) — Zl(l)

be the standard pairing between the Tate modules of A and A, cf. [27, §20].
According to [27, §20, Theorem 2 and §23, Theorem 3|, a homomorphism
1 : A — AV is of the form ¥ = ¢, for some line bundle L on A if and only if

ez, Y.y) = —ei(y, Yex) forall z,y € Ti(A).
In particular, this holds for ¢. Hence the right hand side equals
761(;’/71/)*‘%) = 7€l(y7 ¢*¢;11/}*I) = 6[((;5:1’1/)*1', ¢*y) = 6[(1‘, ¢X(¢71)¥¢*y) ’

where the last equality follows from [27, p. 186, equation (I)]. Since the pairing
e; is nondegenerate, it follows that ¢ = ¢, holds for some L if and only if

Yoy =0 (¢ ) ey forall yeT(A),

hence if and only if 1) = ¢V o (¢~1)V 0 ¢. By definition of the Rosati involution
T, the latter is equivalent to (¢! o)) = ¢~ 0 9. O

Let A be a finitely generated free abelian group. Let A ® A denote the abelian
variety over k with group of S—valued points A ® A(S) for any k—scheme S.
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THE LINE BUNDLES ON MODULI ... 43

DEFINITION 3.1.2. The subgroup

Hom®(A ® A,End A) C Hom(A ® A, End A)
consists of all b : A ® A — End A with b(A\; ® A2)T = b\ ® \;) for all
A1, A2 € AL
COROLLARY 3.1.3. There is a unique isomorphism

¢} : NS(A ® A) = Hom®*(A ® A, End A)
which sends the class of each line bundle L on A ® A to the linear map
(L) :A®A — End A

defined by sending A1 ® Ao for A1, A2 € A to the composition

AN Nt (ne )y BB g Py

Proof. The uniqueness is clear. For the existence, we may then choose an
isomorphism A 2 Z"; it yields an isomorphism A ® A = A". Let

~

=g x - x P AT (AY)" = (A")"
fact

be the diagonal principal polarisation on A". According to Lemma 3.1.1,
¢® :NS(A") — End(4")

is an isomorphism onto the Rosati-invariants. Under the standard isomor-
phisms
End(A") = Mat,x,(End A) = Hom(Z" ® Z",End A),

the Rosati involution on End(A") corresponds to the involution (ay;) — (a;i)
on Mat,,(End A), and hence the Rosati-invariant part of End(A”) corre-
sponds to Hom®(Z" ® Z",End A). Thus we obtain an isomorphism

C¢T

NS(A® A) 2 NS(A") — Hom*(Z" ® Z",End A) = Hom*(A ® A, End A).
By construction, it maps the class of each line bundle L on A ® A to the map

cj{(L) : A ® A — End A prescribed above. O

3.2. LINE BUNDLES ON M%. Let T = G, be a torus over k. We will always
denote by
Ar = Hom(G,,,T)

the cocharacter lattice. We set in the previous subsection this finitely generated
free abelian group and the Jacobian variety Jo, endowed with the principal
polarisation ¢g : Jo — J¢ given by the autoduality of Jeo. Recall that ¢o
comes from a line bundle O(©) on J¢ corresponding to a theta divisor © C Je.

DEFINITION 3.2.1. The finitely generated free abelian group
NS(Mr) := Hom(Ar,Z) @ Hom®(Ar ® Ar,End J¢)
is the Néron—Severi group of M.
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For each finitely generated abelian group A, we denote by Hom(A, Jo) the k-
scheme of homomorphisms from A to Jo. If A =2 Z" X Z/ny X -+ X Z/ng,
then

Hom(A, Jo) & J& x Jo[na] x -+ x Jo[ns]
where Jo[n] denotes the kernel of the map Jo — Jo defined by multiplication
with n.

PROPOSITION 3.2.2. i) The Picard functor Pic(MY) is representable by
a scheme locally of finite type over k.
ii) There is a canonical exact sequence of commutative group schemes

0 — Hom(A7, Je) 2% Pic(M9) <% NS(M7) — 0.
iii) Let & be a principal T—bundle of degree 0 € A on C. Then the diagram

0 — Hom(Ar, Jo) —X> Pi¢(M%) —> NS(Mr1) —=0
| lt? |

0 —— Hom(Ar, J¢&) L Pi¢(MY) - NS(M7) —=0

commutes.

Proof. Let a line bundle £ on MY be given. Consider the point in MY, given
by a principal T-bundle £ on C of degree 0 € Ar. The fiber of L, at this point
is a 1-dimensional vector space L¢, endowed with a group homomorphism

w(L)e : T = Aut(§) — Aut(Le) =Gy,

since £ is a line bundle on the stack. As MY. is connected, the character w(L)¢
is independent of &; we denote it by

w(l): T — Gy,
and call it the weight w(L) of L. Let
q: MO — 93?0

be the canonical morphism to the coarse moduli scheme 909, which is an
abelian variety canonically isomorphic to Hom(Ar, J¢). Line bundles of weight
0 on MY descend to 99, so the sequence

0 — Pic(Mmy) L Plc(/\/lO ) — Hom(Ar,Z)

is exact. This extends for families. Since Pic(A) is representable for any abelian
variety A, the proof of (i) is now complete.

Standard theory of abelian varieties and Corollary 3.1.3 together yield another
short exact sequence

0 — Hom(A7, Jo) — Pic(M%) — Hom®(Ar ® Ap,End Jo) — 0.

Given a character x : T — Gy, and p € C(k), we denote by X*Egni" the line
bundle on MY that associates to each T—bundle L on C' the G,,~bundle . L,
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Clearly, X*Ezniv has weight y; in particular, it follows that w is surjective, so
we get an exact sequence of discrete abelian groups

0 — Hom®(Ar ® Ar, End Jo) — Pic(M%)/Hom(Ar, Jo) — Hom(Ar,Z) — 0.
Since C is connected, the algebraic equivalence class of x*ﬁgni" does not

depend on the choice of p; sending x to the class of X*Egni" thus defines a

canonical splitting of the latter exact sequence. This proves (ii).

Finally, it is standard that ¢7 (see (1)) is the identity map on Pic®(MY) =

Hom(A, Jc) (see [26, Proposition 9.2]), and ¢ induces the identity map on the

discrete quotient Pic(M.)/Pic” (M) because & can be connected to the trivial
T-bundle in M. O

Remark 3.2.3. The exact sequence in Proposition 3.2.2(ii) is functorial in T
More precisely, each homomorphism of tori ¢ : T — T’ induces a morphism
of exact sequences

0 — = Hom(Ag, Jo) 2= Pic(MZ,) —Z= NS(Mg) —= 0

E B

0 — Hom(Ar, Jo) —== Pic(M%) —Z > NS(M7) —= 0.

COROLLARY 3.2.4. Let Ty and Ty be tori over k. Then

pri @ prj : Pic(M7, ) @ Pic(M7,) — Pic(M7, 7,
18 a closed immersion of commutative group schemes over k.
Proof. As before, let Ap,, Ap, and A «7, denote the cocharacter lattices.
Then

pry @ pry : Hom(Ar,, Jo) ® Hom(Ar,, Jo) — Hom(A1, x1,, Jc)

is an isomorphism, and the homomorphism of discrete abelian groups

pri @ pry : NS(Mr,) @ NS(Mr,) — NS(Mryx1)
is injective by Definition 3.2.1. 0

4. THE TWISTED SIMPLY CONNECTED CASE

Throughout most of this section, the reductive group G over k will be simply
connected. Using the work of Faltings [13] on the Picard functor of Mg, we
describe here the Picard functor of the twisted moduli stacks M o.L introduced
in [2]. In the case G = SL,, these are moduli stacks of vector bundles with
fixed determinant; their construction in general is recalled in Subsection 4.2
below.

The result, proved in that subsection as Proposition 4.2.3, is essentially the
same: for almost simple G, line bundles on M@y ;, are classified by an integer,
their so—called central charge. The main tool for that are as usual algebraic
loop groups; what we need about them is collected in Subsection 4.1.
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For later use, we need to keep track of the functoriality in G, in particular
of the pullback to a maximal torus T in G. To state this more easily, we
translate the central charge into a Weyl-invariant symmetric bilinear form on
the cocharacter lattice of Tz, replacing each integer by the corresponding mul-
tiple of the basic inner product. This allows to describe the pullback to T¢
in Proposition 4.4.7(iii). Along the way, we also consider the pullback along
representations of G; these just correspond to the pullback of bilinear forms,
which reformulates — and generalises to arbitrary characteristic — the usual
multiplication by the Dynkin index [20]. Subsection 4.3 describes these pull-
back maps combinatorially in terms of the root system, and Subsection 4.4
proves that these combinatorial maps actually give the pullback of line bundles
on these moduli stacks.

4.1. Loopr GROUPS. Let G be a reductive group over k. We denote

e by LG the algebraic loop group of G, meaning the group ind-scheme
over k whose group of A-valued points for any k—algebra A is G(A((t))),
e by LTG C LG the subgroup with A-valued points G(A[[t]]) C
G(A((1)),
e and for n > 1, by LZ"G C LT G the kernel of the reduction modulo ™.
Note that LTG and LZ"G are affine group schemes over k. The k-algebra
corresponding to LZ"G is the inductive limit over all N > n of the k-algebras
corresponding to L="G /L= . A similar statement holds for L*G.
If X is anything defined over k, let Xg denote its pullback to a k—scheme S.

LEMMA 4.1.1. Let S be a reduced scheme over k. For n > 1, every morphism
¢ : (LZ"G)s — (Gy)s of group schemes over S is trivial.

Proof. This follows from the fact that L="G is pro-unipotent; more precisely:
As S is reduced, the claim can be checked on geometric points Spec(k’) — S.
Replacing k by the larger algebraically closed field k" if necessary, we may thus
assume S = Spec(k); then ¢ is a morphism LZ"G — G,,.

Since the k—algebra corresponding to G, is finitely generated, it follows that ¢
factors through L="G/L=NG for some N > n. Denoting by g the Lie algebra
of G, [8, II, §4, Theorem 3.5] provides an exact sequence

1 — L2VG — L2V — g — 1.

Thus the restriction of ¢ to LZN~1G induces a character on the additive group
scheme underlying g. Hence this restriction has to vanish, so ¢ also factors
through L="G/L=N~1G. Tterating this argument shows that ¢ is trivial. [0

LEMMA 4.1.2. Suppose that the reductive group G is simply connected, in par-
ticular semisimple. If a central extension of group schemes over k

(2) 1—Gp —H-SLTG—1

splits over LZ"G for some n > 1, then it splits over LTG.
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Proof. Let a splitting over L="G be given, i.e. a homomorphism of group
schemes o : LZ"G — H such that m o o = id. Given points h € H(S) and
g € L="G(S) for some k-scheme S, the two elements

h-o(g)-h~! and o(m(h)-g-n(h)™h)

in H(S) have the same image under m, so their difference is an element in
G (S), which we denote by ¢p(g). Sending h and g to h and ¢p(g) defines a
morphism
¢ (LZ"G)n — (G)nt

of group schemes over H. Since LTG/LZ'G = G and L=N"1G/L=N = g for
N > 2 are smooth, their successive extension L*G/L=N G is also smooth. Thus
the limit LTG is reduced, so H is reduced as well. Using the previous lemma,
it follows that ¢ is the constant map 1; in other words, ¢ commutes with
conjugation. ¢ is a closed immersion because 7 o ¢ is, so ¢ is an isomorphism
onto a closed normal subgroup, and the quotient is a central extension

1— Gpm — H/o(L"G) — LTG/L="G — 1.

If n > 2, then this restricts to a central extension of L=""1G/L="G = g by
G- Tt can be shown that any such extension splits.

(Indeed, the unipotent radical of the extension projects isomorphically to the
quotient g. Note that the unipotent radical does not intersect the subgroup
G, and the quotient by the subgroup generated by the unipotent radical and
G, is reductive, so this this reductive quotient being a quotient of g is in fact
trivial.)

Therefore, the image of a section g — H /o (L="G) has an inverse image in ‘H
which 7 maps isomorphically onto LZ"~'G C L*G. Hence the given central
extension (2) splits over L=""1G as well. Repeating this argument, we get a
splitting over LZ'G, and finally also over L1 G, because every central extension
of LYG/LZ'G = G by G,, splits as well, G being simply connected.

(To prove the last assertion, for any extension G of G by G, consider the
commutator subgroup [é , é] of G. It projects surjectively to the commutator
subgroup of G which is G itself. Since [é , é] is connected and reduced, and G
is simply connected, this surjective morphism must be an isomorphism.) O

4.2. DESCENT FROM THE AFFINE GRASSMANNIAN. Let G be a reductive group
over k. We denote by Grg the affine Grassmannian of G, i.e. the quotient
LG/L™G in the category of fppf-sheaves. Let 6C,p denote the completion of
the local ring O¢,p, of the scheme C in a point p € C(k). Given a uniformising

element z € Oc¢ p, there is a standard 1-morphism
glue, . : Grg¢ — Mg

that sends each coset f-LTG to the trivial G-bundles over C'\ {p} and over @C,m
glued by the automorphism f(z) of the trivial G-bundle over the intersection;
cf. for example [23, Section 3], [13, Corollary 16], or [14, Proposition 3].
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For the rest of this subsection, we assume that G is simply connected, hence
semisimple. In this case, Grg is known to be an ind-scheme over k. More
precisely, [13, Theorem 8] implies that Grg is an inductive limit of projec-
tive Schubert varieties over k, which are reduced and irreducible. Thus the
canonical map

(3) pry : T'(S,0g) — I'(Grg xS, Ocre x8)

is an isomorphism for every scheme S of finite type over k.

Define the Picard functor Pic(Grg) from schemes of finite type over k to abelian
groups as in definition 2.1.1. The following theorem about it is proved in full
generality in [13]. Over k = C, the group Pic(Grg) is also determined in [25]
as well as in [20], and Pic(M) is determined in [23] together with [30].

THEOREM 4.2.1 (Faltings). Let G be simply connected and almost simple.
i) Pic(Gro) 2 7.
ii) glue, , : Pic(M¢g) — Pic(Grg) is an isomorphism of functors.
The purpose of this subsection is to carry part (ii) over to twisted moduli stacks

in the sense of [2]; cf. also the first remark on page 67 of [13]. More precisely,
let an exact sequence of reductive groups

(4) 1—G—G%G, —1
be given, and a line bundle L on C. We denote by Mg ; the moduli stack

of principal G-bundles E on C together with an isomorphism dt, £ = L; cf.
section 2 of [2]. If for example the given exact sequence is

1—SL, — GL, 2% G,, — 1,

then Mg, 1 is the moduli stack of vector bundles with fixed determinant L.
In general, the stack Mg ; comes with a 2-cartesian diagram
M@,L - M@
dt.
Spec(k) L s Mg,
from which we see in particular that M a.ris algebraic. It satisfies the following

variant of the Drinfeld-Simpson uniformisation theorem [10, Theorem 3].

LEMMA 4.2.2. Let a point p € C(k) and a principal G-bundle € on C x S
for some k—scheme S be given. FEvery trivialisation of the line bundle dt. &
over (C'\ {p}) x S can étale-locally in S be lifted to a trivialisation of € over

(C\{p}) x 5.

Proof. The proof in [10] carries over to this situation as follows. Choose a max-
imal torus Tz C G. Using [10, Theorem 1], we may assume that £ comes from
a principal Tg-bundle; cf. the first paragraph in the proof of [10, Theorem 3].
Arguing as in the third paragraph of that proof, we may change this principal
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T@fbundle by the extension of G,,—bundles along coroots G,, — Ta. Since
simple coroots freely generate the kernel T of Tz — Gy, We can thus achieve
that this Tz—bundle is trivial over (C'\ {p}) x S. Because G,, is a direct factor

of T, we can hence lift the given trivialisation to the Tz—bundle, and hence

also to £. O

Let d € Z be the degree of L. Since dt in (4) maps the (reduced) identity
component Z% = G,, of the center in G surjectively onto G,,, there is a Z%—
bundle & (of degree 0) on C with dt.(§) ® O¢(dp) = L; tensoring with it defines
an equivalence

te: Mg ooy — Ma -

Choose a homomorphism 6 : G,, — G with dtod = d € Z = Hom(Gy,, Gp).
We denote by t? € LG(k) the image of the tautological loop t € LG, (k) under
04 : LGy, — LG. The map

t6~_:Grg—>Gr§
sends, for each point f in LG, the coset f - LT G to the coset t0f - L*G. Its
composition Grg — Mg with glue, , factors naturally through a 1-morphism
glue, . 5 : Grg — Mé,oc(dp)’
because dt, o(t? - ) : LG — LG —> LG, is the constant map t¢, which via

gluing yields the line bundle O¢(dp). Lemma 4.2.2 provides local sections of
glue, , 5. These show in particular that

glue;,z,é : F(Méyoc(dp)a OM@,OC(dp)) — F(GI‘G, OGrc)

is injective. Hence both spaces of sections contain only the constants, since
I'(Grg, Ocrg ) = k by equation (3). Using the above equivalence t¢, this implies

(5) Mg 1, Omg, ) =F.

PROPOSITION 4.2.3. Let G be simply connected and almost simple. Then
gluey, . 5 iﬂ(Mé,oc(dp)) — Pic(Grg)

is an isomorphism of functors.

Proof. LG acts on Grg by multiplication from the left. Embedding the k-
algebra Ocy, := I'(C'\ {p}, Oc¢) into k((t)) via the Laurent development at p
in the variable t = z, we denote by Lcy,G C LG the subgroup with A-valued
points G(A ®x Ocv,) € G(A((t))) for any k-algebra A. Consider the stack
quotient L ,G\ Grg. The map glue, . descends to an equivalence

Lc\pG\ GI‘G ; MG

because the action of Lc\,G on Grg corresponds to changing trivialisations
over C'\ {p}; cf. for example [23, Theorem 1.3] or [13, Corollary 16].
More generally, consider the conjugate

L2,G=1""Lc\,G -1 C LG,
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which is actually contained in LG since LG is normal in LG. Using Lemma
4.2.2, we see that the map glue,, , 5 descends to an equivalence

6 ~
LC\PG\ GrG - Mé,@c(dp)’

because the action of L‘SC\pG on Grg again corresponds to changing trivialisa-
tions over C'\ {p}.

Let S be a scheme of finite type over k. Each line bundle on S X M@’ ; with
trivial pullback to S x Grg comes from a character (L‘sc\pG)s — (Gn)s,
since the map (3) is bijective. But L‘SC\pG is isomorphic to Lcy,G, and every
character (LeypG)s — (G )s is trivial according to [13, p. 66f.]. This already
shows that the morphism of Picard functors glue;, , 5 is injective.

The action of LG on Grg induces the trivial action on Pic(Grg) = Z, for
example because it preserves ampleness, or alternatively because LG is con-
nected. Let a line bundle £ on Grg be given. We denote by Mump (L) the
Mumford group. So Mumpg(£) is the functor from schemes of finite type over
k to groups that sends S to the group of pairs (f,g) consisting of an element
f € LG(S) and an isomorphism g : f*Ls — Lg of line bundles on Grg x S.
If f =1, then g € G,,(S) due to the bijectivity of (3), while for arbitrary
f € LG(S), the line bundles Lg and f*Lg have the same image in Pic(Grg)(5),
implying that Lg and f*Lg are Zariski-locally in S isomorphic. Consequently,
we have a short exact sequence of sheaves in the Zariski topology

(6) 1— G, — Mumpg(£) 4G — 1.

This central extension splits over LTG C LG, because the restricted action
of LTG on Grg has a fixed point. We have to show that it also splits over
Ly, G C LG.

Note that LSC\pG = 7(Le\pG) for the automorphism v of LG given by conju-

gation with ¢°. Hence it is equivalent to show that the central extension

(7) 1 — G — Mumzg(£) 2% LG — 1

splits over L, G. We know already that it splits over v~ YHL*@Q), in particular
over L=Z"G for some n > 1. Thus it also splits over LG, due to Lemma 4.1.2.
Hence it comes from a line bundle on LG/LTG = Grg (whose associated
Gm—bundle has total space Mumpg(L)/LTG, where L*TG acts from the right
via the splitting). According to Theorem 4.2.1(ii), this line bundle admits a
Ly, G-linearisation, and hence the extension (7) splits indeed over Len,G.

Thus the extension (6) splits over L‘sc\pG, so £ admits an L‘SC\prlinearisation
and consequently descends to Mé,oc( dp)* This proves that glue;,Z,(; is sur-
jective as a homomorphism of Picard groups. Hence it is also surjective as a
morphism of Picard functors, because Pic(Grg) = Z is discrete by Theorem
4.2.1(i). O

DOCUMENTA MATHEMATICA 15 (2010) 35-72



THE LINE BUNDLES ON MODULI ... 51

Remark 4.2.4. Put G* := G/Z, where Z C G denotes the center. Given
a representation p : G® — SL(V), we denote its compositions with the
canonical epimorphisms G — G?! and G — G?? also by p. Then the diagram

. gluey, . .
Pic(Msgrvy) Pic(Grgr,vy)
p*l lp*

. (teo lue,, . )" .
Pic(Mg ;) — "= Pi¢(Grg)

commutes.

Proof. Let t*°° € LSL(V) denote the image of the canonical loop t € LG,,
under the composition pod : G,,, — SL(V'). Then the left part of the diagram

glue, . s te
Grg Mg ocap —=Ma.1L

S

GrSL(V) Gr@ M@ M@

Sk )

Grsr vy Msrvy Msrv)

glue,, .

commutes. The four remaining squares are 2—commutative by construction
of the 1-morphisms glue, , 5, glue, , and t¢. Applying Pic to the exterior
pentagon yields the required commutative square, as L SL(V') acts trivially on
Pic(Grsyv))- O

4.3. NERON—SEVERI GROUPS NS(M) FOR SIMPLY CONNECTED G. Let G be
a reductive group over k; later in this subsection, we will assume that G is
simply connected. Choose a maximal torus Tg C G, and let

(8) Hom (A7, ® Ay, 7)Y

denote the abelian group of bilinear forms b : Ay, ® Ar, — Z that are
invariant under the Weyl group W = Wg of (G, Tq).

Up to a canonical isomorphism, the group (8) does not depend on the choice of
Te. More precisely, let T/, C G be another maximal torus; then the conjugation
vg : G — G with some g € G(k) provides an isomorphism from T¢ to T¢,, and
the induced isomorphism from Hom(Aqy, ® Aqy,, Z)" to Hom(Ar, ® Arg, Z)V
does not depend on the choice of g.

The group (8) is also functorial in G. More precisely, let ¢ : G — H be a
homomorphism of reductive groups over k. Choose a maximal torus Ty C H
containing ¢(T¢).

LEMMA 4.3.1. Let T{, € G be another mazimal torus, and let Ty; C H be a
mazimal torus containing p(T¢,). For every g € G(k) with T{, = v4(Tq), there
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is an h € H(k) with T}, = yo(Th) such that the following diagram commutes:

Yh /
Ty —> Ty

Proof. The diagram

Lw lw lw
-1 7\ Tele) ’
TH .......... > ,Yap(g) (TH) 7y TH

allows us to assume T, = T and g = 1 without loss of generality. Then Ty and
T}, are maximal tori in the centraliser of ¢(T¢), which is reductive according
to [17, 26.2. Corollary A]. Thus T}, = yn(Ty) for an appropriate k—point h of
this centraliser, and 73, o ¢ = ¢ on T by definition of the centraliser. O

Applying the lemma with T/, = T¢ and T}, = TH, we see that the pullback
along ¢, : Ar, — Ap, of a Wy—invariant form Ar, ® Ar, — Z is Wg—
invariant, so we get an induced map
(9) QD* : HOIn(ATH X ATH,Z)WH — HOm(ATG X ATG,Z)WG
which does not depend on the choice of T and Ty by the above lemma again.
For the rest of this subsection, we assume that G and H are simply connected.
DEFINITION 4.3.2. i) The Néron—Severi group NS(Mg) is the subgroup
NS(Mg) € Hom(Az, @ A, 7)Y
of symmetric forms b : Ar, ® Ar, — Z with b(A ® A\) € 2Z for all
A E ATG.
ii) Given a homomorphism ¢ : G — H, we denote by
" : NS(Mp) — NS(Mg)
the restriction of the induced map ¢* in (9).

Remarks 4.3.3. i) If G = G1 x Gy for simply connected groups G; and Ga,
then

NS(Mg) = NS(Mg,) ® NS(Ma,),
since each element of Hom(Aq, ® Aq, Z)"We vanishes on Az, @ Arg, + Az, ®
Arg, .
ii) If on the other hand G is almost simple, then
NS(Mg) =7 b

where the basic inner product bg is the unique element of NS(M ) that satisfies
be(aV,a) =2 for all short coroots o € Aq, of G.
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iii) Let G and H be almost simple. The Dynkin index d, € Z of a homo-
morphism ¢ : G — H is defined by ¢*(bg) = dy, - bg, cf. [11, §2]. If ¢ is
nontrivial, then d, > 0, since bg and by are positive definite.

Let Z C G be the center. Then G*! := G/Z contains Tgea = Tg/Z as a
maximal torus, with cocharacter lattice ATGa s CA,. ®Q.
We say that a homomorphism [ : A — A’ between finitely generated free
abelian groups A and A is integral on a subgroup ACA® Q if its restriction
to AN A admits a linear extension [ : A — A’ By abuse of language, we will
not distinguish between [ and its unique linear extension l.

LEMMA 4.3.4. Every element b: Ar, ® Ar, — Z of NS(Mg) is integral on
Ar,,, ® Arg and on Arg ® Ar,,,
Proof. Let o : Ar, ® Q — Q be a root of G, with corresponding coroot
a € Ar,. Lemme 2 in [5, Chapitre VI, §1] implies the formula

b(A®aY) =a()) bl ®aY)/2

for all A € Ar,. Thus b(-® &) : Ap, — Z is an integer multiple of a; hence
it is integral on Az, , the largest subgroup of Az, ® Q on which all roots are
integral. But the coroots a¥ generate Ar,, as G is simply connected. 0

Now let g : Tg — G denote the inclusion of the chosen maximal torus.

DEFINITION 4.3.5. Given d € Ar_,,
(1a)¥®? : NS(Mg) — NS(Mry,)
sends b: Ar, ® Ar, — Z to
b(—d®_): A, — Z and idj, -b: Ar, ® A, — End Je.
)NS.8

the homomorphism

This map (t¢ is injective if go > 1, because all multiples of id s, are then
nonzero in End Jo. If go = 0, then End Jo = 0, but we still have the following

LEMMA 4.3.6. Every coset d € Ar,,,/Ar, = m(G*) admits a lift § € A,
such that the map (1c)N%% : NS(Mg) — NS(Mr,) is injective.

Proof. Using Remark 4.3.3, we may assume that G is almost simple. In this
case, (1q)VS? is injective whenever § # 0, because NS(Myg) is cyclic and its
generator bg : A, ® Ar, — Z is as a bilinear form nondegenerate. O

Remark 4.3.7. Given ¢ : G — H, let 1y : Ty — H be a maximal torus with
o(Tg) CTy. If 6 € Ar,, or if more generally 6 € Ar_,, is mapped to Apaa by
vs A, ® Q — Ap, ® Q, then the following diagram commutes:

(LH)NS,SO*é

NS(Mp) ————— NS(Mr,,)

C ok
)NS,6

NS(Mg) —@ NS(M,)
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4.4. THE PULLBACK TO TORUS BUNDLES. Let £ = £d°¢ be determinant of
cohomology line bundle [18] on ML, , whose fibre at a vector bundle E on C
is det H*(E) = det HO(E) ® det H (E)dual,

LEMMA 4.4.1. Let € be a line bundle of degree d on C'. Then the composition

tr c
Pic(Mg,,) — Pic(M ) == NS(Mg,,) = Z ® End,,,
maps L to 1 — gc +d € Z and —id ;. € Endy,.

Proof. For any line bundle L on C and any point p € C'(k), we have a canonical
exact sequence

0— L(-p) —L—L,—0

of coherent sheaves on C. Varying L and taking the determinant of cohomology,
we see that the two line bundles £9° and t’(‘o(_p)ﬁd“ on ./\/l%m have the same
image in the second summand End Jo of NS(Mg,, ). Thus the image of tgﬁd“
in End Jo does not depend on &; this image is —id;, because the principal
polarisation ¢g : Jo — J4 is essentially given by the dual of the line bundle
Edet.

The weight of tZEdEt at a line bundle L of degree 0 on C' is the Euler charac-
teristic of L ® £, which is indeed 1 — g¢ 4+ d by Riemann—Roch theorem. (|

Let ¢ : Tsr,, — SL, be the inclusion of the maximal torus Tgr,, := G}}, N SL,,
where G, € GL,, as diagonal matrices. Then the cocharacter lattice Ary, ~is
the group of all d = (dy,...,d,) € Z"™ with d; + --- 4+ d,, = 0. The basic inner
product bgr,,, : ATSL” ® ATSL” —— Z is the restriction of the standard scalar
product on Z".

COROLLARY 4.4.2. Let £ be a principal Tsy,,, ~bundle of degree d € Aty —on C.
Then the composition

*

v . t . CTgr,
Pic(Msr, ) ~— Pic(Mry,,, ) — Pic(M%,, ) — NS(Mr, )

maps L9 to bgr,, (d® -) : Ary, — Z and —idy bs, : Ay, ® Ay, —
End Je.

Proof. Since the determinant of cohomology takes direct sums to tensor prod-
ucts, the pullback of £3°° to Mgn is isomorphic to prj LI @ --- @ pr}, £,
where pr, : G, - G,, is the projection onto the vth factor. Now use the
previous lemma to compute the image of £3° in NS(Mgn ) and then restrict
to NS(MTSL” ) O

COROLLARY 4.4.3. If p : SLy — SL(V') has Dynkin index d,, then the pullback
p* : Pic(Msgpvy) — Pic(Msy,) maps LI to (L£3°5)9% .
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Proof. Let v : Tspvy < SL(V') be the inclusion of a maximal torus that con-
tains the image of the standard torus Tgy,, < SLa. The diagram

. o the(®) s 0 CTsp(v)
PIC(MSL(V)) - PIC(MTSL(V)) —_— PIC(MTSL(V)) — NS(MTSL(V))

p* lp* J{p* Lp*
o

CTsL,

Pic(Msr,) ——> Pic(Mry, ) — > Pic(M{, ) — 2> NS(Muy, )

commutes for each principal Tgr,—bundle £ on C. We choose ¢ in such a way
that deg(§) € Ay, = Z is nonzero if go = 0. Then the composition

CTyy,, © tz o : Pic(Msgr,) — NS(MTSL2>

of the lower row is injective according to Theorem 4.2.1 and Corollary 4.4.2.
The latter moreover implies that the two elements p*(£9) and (£3°%)®4 in
Pic(MsL,) have the same image in NS(Mry, ). O

Now suppose that the reductive group G is simply connected and almost simple.
We denote by Og;,, (1) the unique generator of Pic(Gr¢g) that is ample on every
closed subscheme, and by Og; (n) its nth tensor power for n € Z.

Over k = C, the following is proved by a different method in section 5 of [20].

PROPOSITION 4.4.4 (Kumar-Narasimhan-Ramanathan). If p : G — SL(V)
has Dynkin index d,, then p* : Pic(Grsyy)) — Pic(Grg) maps O(1) to
OGYG (dp)'

Proof. Let ¢ : SLy — G be given by a short coroot. Then d, = 1 by
definition, and [13] implies that ¢* : Pic(Grg) — Pic(Grsr,) maps O(1) to
O(1), for example because ¢* : Pic(M¢g) — Pic(Mgr,) preserves central
charges according to their definition [13, p. 59]. Hence it suffices to prove
the claim for p o ¢ instead of p. This case follows from Corollary 4.4.3, since
glue;,z(ﬁiﬁ) = Ocrgy, (-1). O

As in Subsection 4.2, we assume given an exact sequence of reductive groups
1—G—0% G, — 1
with G simply connected, and a line bundle L on C.
COROLLARY 4.4.5. Suppose that G is almost simple. Then the isomorphism
(te o glue,, . 5)" : Pic(Mg ) — Pic(Grg)
constructed in Subsection 4.2 does not depend on the choice of p, z, £ or 4.

We say that a line bundle on Mg | has central charge n € Z if this isomorphism
maps it to Oy, (n); this is consistent with the standard central charge of line
bundles on Mg, as defined for example in [13].
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Proof. If p : G — SL(V)) is a nontrivial representation, then d, > 0, as
explained in Remark 4.3.3(iii). Using Proposition 4.4.4, this implies that

pr Pic(GrSL(V)) — Pic(Grg)
is injective. Due to Remark 4.2.4, it thus suffices to check that
gluey, , : Pic(Mgy,vy) — Pic(Grspvy)
does not depend on p or z. This is clear, since it maps £t to OGrg vy (1), O
The chosen maximal torus ¢ : Tg — G induces maximal tori tg : Tg — G and
Lgad : Tgaa — G® compatible with the canonical maps G < G — G*. Given
a principal Tz—bundle § on C' and an isomorphism dt. £ = L, the composition
tg A )
M%G é MT@ (ﬁ) M@
factors naturally through a 1-morphism
(10) lg: M%G — M@,L'

Remark 4.4.6. Given a representation p : G* — SL(V), let ¢ : Tspv) —
SL(V) be a maximal torus containing p(Tzaa). Then the diagram

Lo

0 £ ~
MY, Mz

233 Lx
2 Mz, —5 Msiyy)

0
TsLv)

is 2—commutative, by construction of Lg-

PROPOSITION 4.4.7. i) I Mg ;,0m, ,) = k.

&,L
ii) There is a canonical isomorphism

cG E(M@,L) = NS(Mg).
iii) For all choices of 1 : T — G and ong, the diagram

LE

m('/\/lé,[/) : m('/\/l%c;)

lCG lCTG
(LG)NS,3

NS(Mg) ————— NS(Mr,,)

commutes; here 6 € Ar,,, denotes the image Ofg:: degge Ar.

Proof. We start with the special case that G is almost simple. Here part (i) of
the proposition is just equation (5) from Subsection 4.2.

We let cg send the line bundle of central charge 1 to the basic inner product
bg € NS(Mg). Due to Theorem 4.2.1(i), Proposition 4.2.3, Corollary 4.4.5
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and Remark 4.3.3(ii), this defines a canonical isomorphism, and hence proves
(ii).

To see that the diagram in (iii) then commutes, we choose a nontrivial repre-
sentation p : G* — SL(V). We note the functorialities, with respect to p,
according to Remark 4.4.6, Remark 4.2.4, Proposition 4.4.4, Remark 4.3.7 and
Remark 3.2.3. In view of these, comparing Corollary 4.4.2 and Definition 4.3.5
shows that the two images of p* £ € Pic(Mg ;) in NS(Mr) coincide. Since
the former generates a subgroup of finite index and the latter is torsionfree,
the diagram in (iii) commutes.

For the general case, we use the unique decomposition

G=G; x---xG,
into simply connected and almost simple factors G;. As G is generated by its

center and G, every normal subgroup in G is still normal in G. Let G; denote
the quotient of G modulo the closed normal subgroup [] ki Gj; then

0 G G Gm 0
ool
0 G G, —> G, 0

is a morphism of short exact sequences. Since the resulting diagram

é Hi éz
dtt l [Tdt:
Gm diag G:n

is cartesian, it induces an equivalence of moduli stacks
(11) Mg — Mg, X xMg |

due to Lemma 2.2.1. We note that equation (5), Lemma 2.1.2(i), Lemma
2.1.4, Remark 4.3.3(i) and Corollary 3.2.4 ensure that various constructions
are compatible with the products in (11). Therefore, the general case follows
from the already treated almost simple case. O

5. THE REDUCTIVE CASE
In this section, we finally describe the Picard functor m(/\/lé) for any reductive
group G over k and any d € m1(G). We denote

e by (: Z% < G the (reduced) identity component of the center Z C G,
and
e by m: G — G the universal cover of G’ := [G,G] C G.

Our strategy is to descend along the central isogeny

Q-ﬂ':ZOxé—>G,
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applying the previous two sections to Z° and to é, respectively. The 1-
morphism of moduli stacks given by such a central isogeny is a torsor under a
group stack; Subsection 5.1 explains descent of line bundles along such torsors,
generalising the method introduced by Laszlo [22] for quotients of SL,. In
Subsection 5.2, we define combinatorially what will be the discrete torsionfree
part of ﬂ(/\/lé); finally, these Picard functors and their functoriality in G are
described in Subsection 5.3.

The following notation is used throughout this section. The reductive group G
yields semisimple groups and central isogenies

GG »G:=G/7°>c:=q/z
We denote by d € 71(G) C m1(G*!) the image of d € 71 (G). The choice of a
maximal torus tg : T — G induces maximal tori and isogenies
Ts »Tg — Tg — Tgea.
Their cocharacter lattices are hence subgroups of finite index
AT@ — ATG/ — ATG — ATcad
The central isogeny ¢ - m makes Azo @ A, a subgroup of finite index in Ar.

5.1. TORSORS UNDER A GROUP STACK. All stacks in this subsection are stacks
over k, and all morphisms are over k. Following [7, 22], we recall the notion of
a torsor under a group stack.

Let G be a group stack. We denote by 1 the unit object in G, and by g; - g2 the
image of two objects g; and g2 under the multiplication 1-morphism G x G —

g.

DEFINITION 5.1.1. An action of G on a 1-morphism of stacks & : X — )
consists of a 1-morphism

GxX — X, (9,2) — g - x,
and of three 2-morphisms, which assign to each k—scheme S and each object
z in X(9) an isomorphism 1 -z — x in X(S),
(g,z) in (G x X)(S5) an isomorphism ®(g - ) — ®(z) in Y(S),
(g91,92,7) in (G x G x X)(S) an isomorphism (g1 - g2) -z — g1 - (g2 - ) in X(S).

These morphisms are required to satisfy the following five compatibility con-
ditions: the two resulting isomorphisms

(g-1) -z —g-xinX(S),
(1-9) & —>g-zin X(S)
®(1-2) = &(x) in Y(S

(g1 g2) @) — @(x) in 3’(5

and (g1 -g2-93)-© — g1- (g2 - (93 - x)) in X(S),

))
))

coincide for all k—schemes S and all objects g, g1, g2, g3 in G(S) and z in X(S).
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Example 5.1.2. Let ¢ : G — H be a homomorphism of linear algebraic groups
over k, and let Z be a closed subgroup in the center of G with Z C ker(y).
Then the group stack Mz acts on the 1-morphism ¢, : Mg — My via the
tensor product - ® _: Mz X Mg — Mg.

From now on, we assume that the group stack G is algebraic.

DEFINITION 5.1.3. A G-torsor is a faithfully flat 1-morphism of algebraic
stacks ® : X — ) together with an action of G on ® such that the resulting
1-morphism

gXX*)XXva (gv'r)'—)(g'rv'r)

is an isomorphism.

Example 5.1.4. Suppose that ¢ : G — H is a central isogeny of reductive
groups with kernel u. For each d € m1(G), the 1-morphism

(12) Ot ME — M e:=g.(d) e m(H)

is a torsor under the group stack M,,, for the action described in example 5.1.2.

Proof. The 1-morphism ¢, is faithfully flat by Lemma 2.2.2. The 1-morphism
M, x Mg — Mg xpmy Mg, (L,E)— (L® E,E)

is an isomorphism due to Lemma 2.2.1. Since ¢, : m1(G) — w1 (H) is injective,
Mé C Mg is the inverse image of M$; C My under ¢.; hence the restriction

My x M — ME x g, ME
is an isomorphism as well. ]

DEFINITION 5.1.5. Let &, : X, — ), be a G—torsor for v = 1,2. A morphism
of G—torsors from ¥, to ®5 consists of two 1-morphisms

A Xy — X and  B:Y1 — s
and of two 2—morphisms, which assign to each k—scheme S and each object
x in X1(S) an isomorphism ®yA(z) — B®q(x) in Y (S),
(g,7) in (G x &1)(S)  an isomorphism A(g-x) — g- A(x) in X2(S).

These morphisms are required to satisfy the following three compatibility con-
ditions: the two resulting isomorphisms

A(l-x) = A(x) in X2(9),
Py A(g - 1) — B®i(z) in Va(S)
and A((g1 - g2) - ) — g1~ (g2 - A(2)) in Xa(S)

coincide for all k—schemes S and all objects g, g1, g2 in G(S) and x in X;(5).
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Ezample 5.1.6. Let a cartesian square of reductive groups over k
G > Go
wl &2
8
H1 E—— H2

be given. Suppose that ¢; and o are central isogenies, and denote their
common kernel by u. For each d; € 71(G1), the diagram

MG, —= Mg, ds = a,(dh) € 1 (G)
(wl)*l l(%)*
e /B* e
MHll - MHZ2 Cy = ((pV)*(dV) € 7T1(HV)

is then a morphism of torsors under the group stack M,,.

PROPOSITION 5.1.7. Let a G-torsor ®, : X, — Y, with T'(X,,0x,) = k be
giwen for v = 1,2, together with a morphism of G—torsors

X —2 X,

%l ) &2

Vi ——= >

such that the induced morphism of Picard functors A* : Pic(Xe) — Pic(Xy) is
injective. Then the diagram of Picard functors

Pic(X;) < Pic(%,)

] T
Pic(V1) <2— Pic()n)

is a pullback square.

Proof. The proof of [22, Theorem 5.7] generalises to this situation as follows.
Let S be a scheme of finite type over k. For a line bundle £ on S x X,,, we denote
by LinY(L) the set of its G-linearisations, cf. [22, Definition 2.8]. According
to Lemma 2.1.2(i), each automorphism of £ comes from I'(S, O%) and hence
respects each linearisation of £. Thus [22, Theorem 4.1] provides a canonical
bijection between the set LinY(£) and the fibre of

d* : Pic(S x V,) — Pic(S x X,)

over the isomorphism class of L.

Let 7 be an algebraic stack over k. We denote for the moment by Pic(7) the
groupoid of line bundles on 7 and their isomorphisms. Lemma 2.1.2(i) and
Corollary 2.1.3 show that the functor

A* PZC(T X XQ) — PZC(T X Xl)
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is fully faithful for every 7. We recall that an element in LinY (L) is an iso-
morphism in Pic(G x S x X,) between two pullbacks of £ such that certain
induced diagrams in Pic(S x &,) and in Pic(G x G x S x X,) commute. Thus
it follows for all £ € Pic(S x X2) that the canonical map

A* : LinY(£) — LinY(A*L)

is bijective. Hence the diagram of abelian groups

Pic(S x X;) <2— Pic(S x X»)

A

Pic(S x 1) DM Pic(S x Ys)
is a pullback square, as required. ([l
5.2. NERON-SEVERI GROUPS NS(M%) FOR REDUCTIVE G.
DEFINITION 5.2.1. The Néron—Severi group NS(M‘é) is the subgroup

NS(ME) € NS(M0) & NS(Mg)

of all triples iz : Azo — Z,bz : Azo®Azo — End Joand b: Ar,®@Ar, — Z
with the following properties:

(1) For every lift 6 € Az, of d € 71 (@), the direct sum
lz@b(—g(@_) : Ao @ATG‘ — 7

is integral on Ar,.
(2) The orthogonal direct sum

bZ 1 (idJc b) : (AZU (&) AT@) ® (AZU (&%) AT@) — End JC
is integral on Az, ® Ar..

LEMMA 5.2.2. If condition 1 above holds for one lift § € Ar, of d € m(G),
then it holds for every lift 6 € At of the same element dem(Q).

Proof. Any two lifts ¢ of d differ by some element \ € Ar.. Lemma 4.3.4 states
in particular that

b(*)\ ® _) . AT@ — Z
is integral on AT@, and hence admits an extension A7, — Z that vanishes on
Ago. O

Remark 5.2.3. If G is simply connected, then NS(MY,) coincides with the group
NS(Mg) of definition 4.3.2. If G = T is a torus, then NS(M%) coincides for
all d € m1(T") with the group NS(Mr) of definition 3.2.1.

Remark 5.2.4. The Weyl group W of (G, T¢) acts trivially on NS(M%). Hence
the group NS(MZ,) does not depend on the choice of Tg; cf. Subsection 4.3.
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DEFINITION 5.2.5. Given a lift § € A, of d € m1(G), the homomorphism
(16) 5 : NS(ME) — NS(Mry)
sends (Iz,bz) € NS(Mzo) and b € NS(Mg) to the pair
ly®b(—0®_):Ag — Z and by L (idy. b) : Ar, ® A, — EndJe
where 0 € At denotes the image of 4.

Note that this definition agrees with the earlier definition 4.3.5 in the cases
covered by both, namely G simply connected and § € Ar,.
LEMMA 5.2.6. Given a lift § € Ar., of d € m(G), the diagram

NS,§
(te)™™

NS(ME) NS(Mrg)

(¢m*
id@(Lé)NS,S l

NS(M o) & NS(M@) — = > NS(Myo)® NS(MTé)C—> NS(MzoxTé)

is a pullback square; here § € ATG again denotes the image of 6.

ad

Proof. This follows directly from the definitions. O

Let e € m1(H) be the image of d € m1(G) under a homomorphism of reductive
groups ¢ : G — H. ¢ induces a map ¢ : G — H between the universal
covers of their commutator subgroups. If ¢ maps the identity component Z2
in the center Zg of G to the center Zp of H, then it induces an obvious pullback
map
" : NS(Mg;) — NS(ME)

which sends Iz, bz and b simply to p*lz, ¢*bz and ¢*b. This is a special
case of the following map, which ¢ induces even without the hypothesis on the
centers, and which also generalises the previous definition 5.2.5.

DEFINITION 5.2.7. Choose a maximal torus vy : Ty — H containing ¢(T¢),
and a lift 6 € Aq, of d € m1(G); let n € A, be the image of 6. Then the map

PS4 NS(My) — NS(ME)
sends (Iz,bz) € NS(Mzo ) and b € NS(M ) to the pullback along ¢ : Z¢, —
Ty of (tg)N5"(1z,bz,b) € NS(Mrgy, ), together with ¢*b € NS(Mg).
LEMMA 5.2.8. The map ©N5? does not depend on the choice of T, Ty or 6.

Proof. Let W¢ denote the Weyl group of (G, T¢). It acts trivially on A 29,5 and
without nontrivial coinvariants on Ar_; these two observations imply

(13) Hom(ATé X Azg,Z)Wc =0.

Lemma 4.3.4 states that b is integral on ATE ® Ar,; its composition with the
canonical projection A, — Ar, is a Weyl-invariant map b, : Ar ® A, —
Z. As explained in Subsection 4.3, Lemma 4.3.1 implies that ¢*b, : A1, ®
A7, — Z is still Weyl-invariant; hence it vanishes on Ar, ® Azo by (13).

G
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Any two lifts § of d differ by some element A € Ar.; then the two im-
ages of (Iz,bz,b) € NS(M%) in NS(Mr,) differ, according to the proof of
Lemma 5.2.2, only by b.(—A ® ) : Ay, — 7Z. Thus their compositions with
Y Azg — Ap, coincide by the previous paragraph. This shows that the
two images of (Iz,bz,b) have the same component in the direct summand
Hom(A 2o, Z) of NS(MZ); since the other two components do not involve § at
all, the independence on § follows.

The independence on T and Ty is then a consequence of Lemma 4.3.1, since
the Weyl groups W and Wy act trivially on NS(MZ) and on NS(M$). O

LEMMA 5.2.9. For all maximal tori vq : Tg — G and vy : Ty — H with
o(Tg) C Ty, and all lifts 6 € Ar, of d € m(G), the diagram

LE NS,n
NS(M) — T NS(M,)
\LWNS,d lw*
d (LG)NS’J
NS(ME) ————— NS(Mr,)

commutes, with 1 := @0 € A, and e := p.d € m1(H) as in definition 5.2.7.

Proof. Given an element in NS(M$,;), we have to compare its two images in
NS(Mr,). The definition 5.2.7 of ™54 directly implies that both have the
same pullback to NS(M zo,) and to NS(Mr, ). Moreover, their components in
the direct summand Hom®(Ar, ® Ar,,End Jo) of NS(Mr,,) are both Weyl—
invariant due to Lemma 4.3.1; thus equation (13) above shows that these com-
ponents vanish on A, ® A 20, and on A 79, ® Ar,. Hence two images in question
even have the same pullback to NS(M Z%XT@)' But Azg @® A, has finite index
in ATG. O

COROLLARY 5.2.10. Let ¢ : H — K be another homomorphism of reductive
groups, and put [ :=.e € m(K). Then

(pNS,d o ’L/JNS’e = (o (p)NS’d : NS(M%;) — NS(MdG)

Proof. According to the previous lemma, this equality holds after composition
with (1g)N? : NS(MZ) — NS(Mr,) for any lift § € Ar, of d. Due to
the Lemma 4.3.6 and Lemma 5.2.6, there is a lift § of d such that (1g)¥5 is
injective. g

We conclude this subsection with a more explicit description of NS(MZ). It
turns out that genus go = 0 is special. This generalises the description obtained
for k = C and G semisimple by different methods in [31, Section V].

PROPOSITION 5.2.11. Let ¢ : G — G/G' =: G denote the mazimal abelian
quotient of G. Then the sequence of abelian groups

0 — NS(Mgw) - NS(ME) 22 NS(Mg)
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is exact, and the image of the map pry in it consists of all forms b : Ar. ®
Ar, — Z in NS(Mg) that are integral

e on Ar, ® Ar,,, if goc > 1;
e on (Z8) ® Ar,, for alift 6 € Az, of d € m(G), if g = 0.

The condition does not depend on the choice of this lift §, due to Lemma 4.3.4.

*

Proof. Since q : Z° — G®P is an isogeny, ¢* is injective; it clearly maps into
the kernel of pr,. Conversely, let (Iz,bz,b) € NS(MZ) be in the kernel of pry;
this means b = 0. Then condition 1 in the definition 5.2.1 of NS(M$E,) provides
a map

lz@OZATG—>Z

which vanishes on A7, and hence also on Az, ; thus it is induced from a map
on Ar,/Ar,, = Age». Similarly, condition 2 in the same definition provides a
map bz L 0 on Ar, ® Ar, which vanishes on ATé ® A, + A, ® ATG’ and
hence also on ATG, QAT + A1, ® ATG,; thus it is induced from a map on the
quotient Agabr ® Agav. This proves the exactness.

Now let b € NS(ME) be in the image of pr,. Then b is integral on (Z§) ® Ag
by condition 1 in definition 5.2.1. If go > 1, then

_+idy, : Z — End Jo

is injective with torsionfree cokernel; thus condition 2 in definition 5.2.1 implies
that

O@bZ(Azo@ATé)@)ATé —>Z

is integral on Ar, ® Ar,, and hence, vanishing on Azo C Ar,, comes from
a map on the quotient A7, ® Ar,,. This shows that b satisfies the stated
condition.

Conversely, suppose that b € NS(MY,) satisfies the stated condition. Then b is
integral on (ZJ) ® A, ; since A1, C Ar, is a direct summand,

b(—6®_):Ar, — Z

can thus be extended to Ar,. We restrict it to a map lz : Azo — Z. In the
case gc = 0, the triple (Iz,0,b) is in NS(M%) and hence an inverse image of b.
It remains to consider go > 1. Then b is by assumption integral on A1, ® Ar,,,
so composing it with the canonical subjection A, — Ar, defines a linear map
A1, ®AT,, — 7Z. Since b is symmetric, this extends canonically to a symmetric
linear map from

Are @ A1, + A1, @ A1, © A, ® Az

to Z. It can be extended further to a symmetric linear map from Ar, ® Ar,
to Z, because Ar,, C Ar, is a direct summand. Multiplying it with id,.
and restricting to Azo defines an element bz € Hom®(Azo ® Ago,End Jo). By
construction, the triple (Iz,bz,b) is in NS(MZ) and hence an inverse image of
b. O
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In particular, the free abelian group NS(MZ) has rank
d r(r—1)
rkNS(M¢g) =r +7r -1tk NS(Je) + — rkEnd(J¢o) + s
if G*> = G, is a torus of rank r, and G? contains s simple factors.

5.3. PROOF OF THE MAIN RESULT.

THEOREM 5.3.1. i) F(Md,OMdG) =k.
ii) The functor Pic(M%) is representable by a k-scheme locally of finite
type.

iii) There is a canonical exact sequence
0 — Hom(m (G), Je) 2% Pie(M%) <% NS(ML) — 0

of commutative group schemes over k.
iv) For every homomorphism of reductive groups ¢ : G — H, the diagram

0 — Hom(m (H), Jo) —> Pie(Ms;) —2> NS(MS;) —= 0
lw* lW* leS,d
0 — Hom(m1 (G), Jo) —2%= Pie(ME) —S= NS(MZ) —= 0
commutes; here e := ¢, (d) € m1(H).
Proof. We record for later use the commutative square of abelian groups

T (G) i ATG

TC* T(CW)*

pry
Azo < AZUXTG'

The mapping cone of this commutative square
(14) 0— Ago @ATé — Ago @ATG —>7T1(G)—>0

is exact, because its subsequence 0 — ATé — Ap, — m1(G) — 0 is exact,
and the resulting sequence of quotients 0 — Azo = Azo — 0 — 0 is also
exact.

LEMMA 5.3.2. There is an exact sequence of reductive groups
(15) 1—G—G2%G, —1

and an estension 7 : G — G of m: G — G such that 7, : 71 (G) — m1(G)

~

maps 1 € Z = m(Gy,) = 71(G) to the given element d € m1(G).
Proof. We view the given d € 71 (G) as a coset d C Ar, modulo Acoroots. Let
Ar, CAr, ®Z
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be generated by Acoroots ® 0 and (d, 1), and let
(7,dt): G — G x G,

be the reductive group with the same root system as G, whose maximal torus
T = 771(Tg) has cocharacter lattice Hom(G,y,, Tg) = AT@' As 7, maps ATé
isomorphically onto Acoroots, We Obtain an exact sequence

O%ATéLATé&)Z%O,

which yields the required exact sequence (15) of groups. By its construction,

~

7, maps the canonical generator 1 € m1(G,,) = 71(G) to d € 71 (G). O

Let 1 denote the kernel of the central isogeny ¢ - 7 : ZY x G — G. Then
V2% G — G x G, (2%9) — (C() - 7(9), dt(9))
is by construction a central isogeny with kernel pu. Hence the induced 1-
morphism
o s Mo X Mp — ME X Mg,

is faithfully flat by Lemma 2.2.2. Restricting to the point Spec(k) — Mg
given by a line bundle L of degree 1 on C', we get a faithfully flat 1-morphism

(®)r s MGo x Mg | — ME.

Since I'(M, x Mg 1, O) = k by Proposition 4.4.7(i) and Lemma 2.1.2(i), part
(i) of the theorem follows. The group stack M, acts by tensor product on these
two 1-morphisms ¢, and (¢.)r, turning both into M, ~torsors; cf. Example
5.1.4. The idea is to descend line bundles along the torsor (¢.)r,.

We choose a principal Tz—bundle §A on C together with an isomorphism of line
bundles dt*g >~ [. Then & := 7. (SA) is a principal Tg—bundle on C; their
degrees 0 = deg(g) € Ar, and § := deg(§) € Az, are lifts of d € m1(G). The
diagram

id Xtg

(16) ZOXT@4>Z0X@
| |
Te % G — Y G % G

of groups induces the right square in the 2—commutative diagram

id xtg (id Xeg)

(17) Mo x M. My x M3 Mo x MY

lw* |+ lw*

te xid (taxid)«
0 1 ¢ 5 1 G d 1
MG, x ME MG, x M, M x MY
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of moduli stacks; note that te and t¢ are equivalences. Restricting the outer

rectangle again to the point Spec(k) — ./\/l(%;,m given by L, we get the diagram

id Xz

(18) M%UXT@ =— MY, x MOTé e MG, % Mz,
m J{c*@m l(zm
MO (LG)*Otg d
Tq MG

containing an instance ¢z of the 1-morphism (10) defined in Subsection 4.4.
According to the Proposition 3.2.2 and Proposition 4.4.7,

12 Pie(Mg, ) — Pic(M,)

is a morphism of group schemes over k. This morphism is a closed immersion,
according to Proposition 4.4.7(iii), if g¢ > 1 or if gis chosen appropriately, as
explained in Lemma 4.3.6; we assume this in the sequel. Using Lemma 2.1.4
and Corollary 3.2.4, it follows that

(id x1g)" : Pic(M50) ® Pic(Mg ;) = Pic(M%0 x Mg ;) — Pic(M%o,7_)

is a closed immersion of group schemes over k as well.

The group stack M, still acts by tensor product on the vertical 1-morphisms
in (17) and in (18). Since the diagram (16) of groups is cartesian, (17) and
(18) are morphisms of G—torsors; cf. Example 5.1.6. Proposition 5.1.7 applies
to the latter morphism of torsors, yielding a cartesian square

trovr
(19) Pic(M$) e Pic(M,)
lw; J{(m)*
. 0 . (id XLE)* . 0
Pic(MY,) ® Pic(Mg ;) Pic(MZo,1.)

of Picard functors. Thus @(Mdc) is representable, and ¢f o, is a closed
immersion; this proves part (ii) of the theorem.

The image of the mapping cone (14) under the exact functor Hom(-, J¢), and
the mapping cones of the two cartesian squares given by diagram (19) and
Lemma 5.2.6, are the columns of the commutative diagram
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§<—o

Qs

Hom(71(G), Jo) Pic(

Qs
Z,
“u

F—

N
[=}

N
Z
w

=

N
=)
N

Hom(Ago,Jo) ;. . w; 2]
0— o & %&(MA’L)

Z
wu

i@
L}_}/
=)

Hom(Ary, Jco) &) <)
Pic(M7,,) NS(Mr)
JZUXTé . L CZOXTG l
O—>'—H0m(AZ0xT67JC) —>E(MzoxT§) —————= > NS(Myzoxr 0

whose two rows are exact due to Proposition 3.2.2(ii) and Proposition 4.4.7(ii).
Applying the snake lemma to this diagram, we get an exact sequence

0 — Hom(m (G), Je) 22", pic(mé) 24 NS(ME) — 0.

The image of j(tq,d) and the kernel of cg(tg,d) are a priori independent
of the choices made, since both are the largest quasicompact open subgroup
in Pic(MZ). If G is a torus and d = 0, then this is the exact sequence of
Proposition 3.2.2; in general, the construction provides a morphism of exact
sequences

(20)

0 —— Hom(m (G), Jc) Pic(M%) NS(M&) —=0

lpr* ltgmz; l(LG)NSJ
j c

0 ——= Hom(Ary, Jo) ——— S Pie(M§,) —— = NS(Mr,) —=0

JjG(tG,9) cG(tG,9)

whose three vertical maps are all injective. Using Proposition 3.2.2(iii), this
implies that jz (i, d) and ce(ta, d) depend at most on the choice of v : Tg —
G and of §, but not on the choice of @, L or fA, thus the notation. Together
with the following two lemmas, this proves the remaining parts (iii) and (iv)
of the theorem. O

LEMMA 5.3.3. The above map jc(iq,d) : Hom(m (G), Jo) — Pic(MZ)
i) does not depend on the lift 6 € Ar, of d € m1(G),

i) does not depend on the mazimal torus vq : Ta — G, and
iii) satisfies ¢* o ju = jo o ¢* : Hom(m (H), Jo) — Pic(MZ) for all
p:G— H.
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Proof. If G is a torus, then ¢ and ¢ are unique, so (i) and (ii) hold trivially.
The claim is empty for go = 0, so we assume gc > 1. Then the above con-
struction works for all lifts § of d, because L? is a closed immersion for all

3
Given ¢ : G — H and a maximal torus ty : Ty — H with p(Tg) C Ty, we
again put e := ¢,d € m(H) and 1 := 9.0 € Ar,,. Then the diagram

Ju (trm)

(21) Howm(m (H), Jo) Pic(Mf)

ls@* lw*
Hom(m (G), Jo) — 22 Pic(M)
commutes, because it commutes after composition with the closed immersion
tf 0 1} : Pie(M) — Pic(MY, )

from diagram (20), using Remark 3.2.3. In particular, (iii) follows from (i) and
(ii).

i) For G = GLg, it suffices to take ¢ = det : GLy — G, in the above diagram
(21), since det, : m1(GLg) — m1(Gyy,) is an isomorphism.

For G = PGLy, it then suffices to take ¢ = pr : GLy — PGLy in the same
diagram (21), since pr,, : m1(GL2) — 1 (PGLg) is surjective.

As (i) holds trivially for G = SLa, and clearly holds for G x G,,, if it holds for
G, this proves (i) for all groups G of semisimple rank one.

In the general case, let @Y € Ar, be a coroot, and let ¢ : G, — G be the
corresponding subgroup of semisimple rank one. Then the diagram (21) shows
Jjelta,8) = jalia,d + @), since . : m(Go) — m(G) is surjective. This
completes the proof of i, because any two lifts ¢ of d differ by a sum of coroots.
ii) now follows from Weyl-invariance; cf. Subsection 4.3. O

LEMMA 5.3.4. The above map cg(tg,d) : Pic(ME) — NS(ME)

i) does not depend on the lift § € A, of d € m(G),
ii) does not depend on the mazximal torus v¢ : Tg — G, and
i) satisfies pN>%ocy = cgow* : Pic(M$) — NS(MEL) for all p : G —
H.

Proof. If G is a torus, then ¢ and (g are unique; if G is simply connected, then
ca(ta,0) coincides by construction with the isomorphism cg of Proposition
4.4.7(ii). In both cases, (i) and (ii) follow, and we can use the notation cg
without ambiguity.

Given a representation p : G — SL(V), the diagram

CSL(V)

(22) Pic(Msy(v)) NS(Msr(v))
lp* leS,d
ca(ta,d
Pic(Mg) — 0 NS(ME)
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commutes, because it commutes after composition with the injective map
(1) NS(ME) — NS(M1)

from diagram (20), using Lemma 5.2.9, Corollary 4.4.2, Remark 3.2.3, and the
2—-commutative squares

(ta)«

t
0 £ 5 d
M. Mz, Mg

0 tpue Mp*6

Lx
TSL(V) TSL(V) MSL(V))

in which ¢ : Tg,(yy < SL(V) is a maximal torus containing p(7¢).
Similarly, given a homomorphism x : G — T to a torus 7', the diagram

(23) Pic(Mx ) - NS(Mr)
J N
Pie(Mg) — Y NS(ME,)

commutes, again because it commutes after composition with the same injective
map (1) from diagram (20), using Lemma 5.2.9, Remark 3.2.3, and the
2—-commutative squares

(ta)«

t
0 £ 5 d
M, M7, Mg

lx* J{x* lx*
t *

MG\t —— 5,
The two commutative diagrams (22) and (23) show that the restriction of
cc(ta, 0) to the images of all p* and all x* in Pic(MZ,) modulo Hom(m (G), Jc)
does not depend on the choice of § or 1. But these images generate a subgroup
of finite index, according to Proposition 5.2.11 and Remark 4.3.3. Thus (i) and
(ii) follow. The functoriality in (iii) is proved similarly; it suffices to apply
these arguments to homomorphisms p : H — SL(V), x : H — T and their
compositions with ¢ : G — H, using Corollary 5.2.10. O
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