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ABSTRACT. We propose a new method to derive certain higher order
estimates in quantum electrodynamics. Our method is particularly
convenient in the application to the non-local semi-relativistic models
of quantum electrodynamics as it avoids the use of iterated commuta-
tor expansions. We re-derive higher order estimates obtained earlier
by Frohlich, Griesemer, and Schlein and prove new estimates for a
non-local molecular no-pair operator.
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1. INTRODUCTION

The main objective of this paper is to present a new method to derive higher
order estimates in quantum electrodynamics (QED) of the form

(1.1) HHf"/2 (H+C)™"/?|| < const < o0,
(1.2) | [H? | H] (H + C)™"/? | < const < o0,

for all n € N, where C' > 0 is sufficiently large. In these bounds H denotes the
radiation field energy of the quantized photon field and H is the full Hamil-
tonian generating the time evolution of an interacting electron-photon system.
For instance, estimates of this type serve as one of the main technical ingredi-
ents in the mathematical analysis of Rayleigh scattering. In this context, (1.1)
has been proven by Frohlich et al. in the case where H is the non- or semi-
relativistic Pauli-Fierz Hamiltonian [4]; a slightly weaker version of (1.2) has
been obtained in [4] for all even values of n. Higher order estimates of the form
(1.1) also turn out to be useful in the study of the existence of ground states
in a no-pair model of QED [8]. In fact, they imply that every eigenvector of
the Hamiltonian H or spectral subspaces of H corresponding to some bounded
interval are contained in the domains of higher powers of H¢. This information
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is very helpful in order to overcome numerous technical difficulties which are
caused by the non-locality of the no-pair operator. In these applications it is
actually necessary to have some control on the norms in (1.1) and (1.2) when
the operator H gets modified. To this end we shall give rough bounds on the
right hand sides of (1.1) and (1.2) in terms of the ground state energy and
integrals involving the form factor and the dispersion relation.

Various types of higher order estimates have actually been employed in the
mathematical analysis of quantum field theories since a very long time. Here
we only mention the classical works [5, 11] on P(¢)2 models and the more
recent articles [2] again on a P(¢)s model and [1] on the Nelson model.

In what follows we briefly describe the organization and the content of the
present article. In Section 2 we develop the main idea behind our techniques in
a general setting. By the criterion established there the proof of the higher order
estimates is essentially boiled down to the verification of certain form bounds
on the commutator between H and a regularized version of H;' /2 After that,
in Section 3, we introduce some of the most important operators appearing in
QED and establish some useful norm bounds on certain commutators involving
them. These commutator estimates provide the main ingredients necessary to
apply the general criterion of Section 2 to the QED models treated in this
article. Their derivation is essentially based on the pull-through formula which
is always employed either way to derive higher order estimates in quantum
field theories [1, 2, 4, 5, 11]; compare Lemma 3.2 below. In Sections 4, 5, and 6
the general strategy from Section 2 is applied to the non- and semi-relativistic
Pauli-Fierz operators and to the no-pair operator, respectively. The latter
operators are introduced in detail in these sections. Apart from the fact that our
estimate (1.2) is slightly stronger than the corresponding one of [4] the results
of Sections 4 and 5 are not new and have been obtained earlier in [4]. However,
in order to prove the higher order estimate (1.1) for the no-pair operator we
virtually have to re-derive it for the semi-relativistic Pauli-Fierz operator by
our own method anyway. Moreover, we think that the arguments employed
in Sections 4 and 5 are more convenient and less involved than the procedure
carried through in [4]. The main text is followed by an appendix where we show
that the semi-relativistic Pauli-Fierz operator for a molecular system with static
nuclei is semi-bounded below, provided that all Coulomb coupling constants are
less than or equal to 2/7. Moreover, we prove the same result for a molecular
no-pair operator assuming that all Coulomb coupling constants are strictly less
than the critical coupling constant of the Brown-Ravenhall model [3]. The
results of the appendix are based on corresponding estimates for hydrogen-like
atoms obtained in [10]. (We remark that the considerably stronger stability of
matter of the second kind has been proven for a molecular no-pair operator in
[9] under more restrictive assumptions on the involved physical parameters.)
No restrictions on the values of the fine-structure constant or on the ultra-violet
cut-off are imposed in the present article.

DOCUMENTA MATHEMATICA 15 (2010) 207-234



HiGHER ORDER ESTIMATES 209

The main new results of this paper are Theorem 2.1 and its corollaries which
provide general criteria for the validity of higher order estimates and Theo-
rem 6.1 where higher order estimates for the no-pair operator are established.

Some frequently used notation. For a,b € R, we write a A b := min{a, b}
and a V b := max{a,b}. D(T) denotes the domain of some operator T' acting
in some Hilbert space and Q(T) its form domain, when T is semi-bounded
below. C(a,b,...),C'(a,b,...), etc. denote constants that depend only on the
quantities a, b, . .. and whose value might change from one estimate to another.

2. HIGHER ORDER ESTIMATES: A GENERAL CRITERION

The following theorem and its succeeding corollaries present the key idea behind
of our method. They essentially reduce the derivation of the higher order
estimates to the verification of a certain sequence of form bounds. These form
bounds can be verified easily without any further induction argument in the
QED models treated in this paper.

THEOREM 2.1. Let H and F, € > 0, be self-adjoint operators in some Hilbert
space K such that H > 1, F. > 0, and each F_ is bounded. Let m € NU{oco}, let
2 be a form core for H, and assume that the following conditions are fulfilled:

(a) For every e >0, F. maps 2 into Q(H) and there is some c. € (0,00)
such that

(Fey|HF¥) < ce(v|HY), ¢eg.
(b) There is some c € [1,00) such that, for all € > 0,

(Y| F2y) < (| HY), $eD.

(c) For every n € N, n < m, there is some ¢, € [1,00) such that, for all

e >0,
[(H o1 | F'2) — (F o1 | H g2)|
Sen {1 Hor)+ (F oo |[HF o)}, Q1,92 € D.

Then it follows that, for everyn € N, n <m+1,

n—1
(2.1) |FPH 2| < Cp =4 [] e
(=1

(An empty product equals 1 by definition.)
Proof. We define
To(n):= HY2[FP=t H Y H- 22 pne{2,3,4,..}.
T.(n) is well-defined and bounded because of the closed graph theorem and
Condition (a), which implies that F. € Z(Q(H)), where Q(H) = D(H'/?)
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is equipped with the form norm. We shall prove the following sequence of
assertions by induction on n € N, n < m + 1.

An) & The bound (2.1) holds true and, if n > 3, we have
(2.2) Ve>0: |[[Tu(n)] < C,/4c%.

For n =1, the bound (2.1) is fulfilled with C; = ¢ on account of Condition (b).
Next, assume that n € N, n < m, and that A(1),..., A(n) hold true. To find
a bound on || Er* H=(+D/2|| we write

(2.3) FP 002 = Q) 4+ Qo
with

Qi := F.H 'FrH-(»"1/2
By the induction hypothesis we have

)

Q2 = F.[Fr, H | H- (=2,

(2.4) Q| < | Fe B2 [ H 2 Fe | |[F2~ H D2 < O
where Cy := 1. Moreover, we observe that
(2.5) Q2] = [[F- HTV2 To(n +1)|| < ¢||Te(n + 1)

To find a bound on ||T.(n + 1)|| we recall that F, maps the form domain of
H continuously into itself. In particular, since & is a form core for H the
form bound appearing in Condition (c) is available, for all 1, 2 € Q(H). Let
¢, € 2. Applying Condition (c), extended in this way, with

o1 = S22 ¢ Q(H), 2 = STV (/2 ¢ Q(H),
for some d > 0, we obtain
(6] Teln+1) )]
= [(HH 2| FH 02 g) — (FrHV2 g | HH- D2
en inf {81612 + 571 [{HY2 Fym H R R ) )

/N

/N

2eq [{HY? F2H" 2R ol el

The operator {- - - } is just the identity when n = 1. For n > 1, it can be written
as

(2.6) HY2Er=tg=—n/2 = (A2 R} Fr2H- (=272 4 T ().

Applying the induction hypothesis and ¢,c, > 1, we thus get ||T:(2)|| < 2¢1,
IT-(3)|| < 6ceica, || T-(4)| < 14 cPereacs < Cy/4c?, and

cITe(n+ 1) = esup { (D Te(n+1) )| : o, €2, |¢l = ¢l =1}
< 2¢, (P Cho+Cp/4c) < ¢, Cp = Cpyy/4c, n>3,

since ¢? C,_2 < C,, /16, for n > 3. Taking (2.3)—(2.5) into account we arrive at
|F2HY| < 4 2ce; < Co, ||[F2H™32|| < e +6c%cico < C3, and

|Frrt H= (D2 < 2 g+ Crg1 /e < Crsr, >3,

which concludes the induction step. (|
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COROLLARY 2.2. Assume that H and F., € > 0, are self-adjoint operators
in some Hilbert space J¢ that fulfill the assumptions of Theorem 2.1 with (c)
replaced by the stronger condition

(¢’) For every n € N, n < m, there is some ¢, € [1,00) such that, for all

e >0,
[(H o1 | F ) — (F o1 | H @)
Sen{llel® + (F' oo |[HF s} ©1,p2 € 9.

Then, in addition to (2.1), it follows that, for n € N, n < m, [Fl

E

defines a bounded sesquilinear form with domain Q(H) x Q(H) and

H] H—n/2

(2.7) | [Fr, HHE 2| < Cp = 4" ] e
(=1

Proof. Again, the form bound in (¢’) is available, for all ¢1, w2 € Q(H), whence

[(Ho|FPH ") — (FI'¢ |[HH "?4)|

< e inf {8)l6) + 07 |HV2EITNHT ") < 2oy |V TV T
>

for all normalized ¢,v € Q(H). The assertion now follows from (2.1), (2.6),
and the bounds on ||T:(n)|| given in the proof of Theorem 2.1. O

COROLLARY 2.3. Let H > 1 and A > 0 be two self-adjoint operators in some
Hilbert space ¢ . Let k > 0, define

fe@) =t/A+et), t20,  F.:=[fi(4),

for all € > 0, and assume that H and F., € > 0, fulfill the hypotheses of
Theorem 2.1, for some m € NU{oo}. Then Ran(H~™/2) C D(A®™), for every
neN, n<m+1, and

n—1

HAnn H—n/2 || < 4n—1 o H .

=1
If H and F., € > 0, fulfill the hypotheses of Corollary 2.2, then, for every
n € N, n < m, it additionally follows that A*™ H="/? maps D(H) into itself
so that [A®™ , H H="/? is well-defined on D(H), and

n
|| [Ann, H] an/Q || < 4n 1 ]:[Cé )
=1
Proof. Let U : # — L%*(Q,p) be a unitary transformation such that a =
U AU* is a maximal operator of multiplication with some non-negative mea-
surable function — again called a — on some measure space (2,2, ). We pick
some ¢ € K, set ¢, := UH ™21, and apply the monotone convergence
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theorem to conclude that
[ @l 6u @) duw) =t [ 75(@()" (60 (@) due)
Q N0 Jq
= i Fn H*ﬂ/? 2 < " 2
T |2 2l < G,

for every n € N, n < m+1, which implies the first assertion. Now, assume that
H and F, ¢ > 0, fulfill Condition (c’) of Corollary 2.2. Applying the dominated
convergence theorem in the spectral representation introduced above we see
that F* 1) — A®"ap, for every ¢ € D(A®™). Hence, (2.7) and Ran(H~"/?) C
D(A*™) imply, for n < m and ¢,v € D(H),

‘<¢|AnnH—n/2Hw>_<H¢|AnnH—n/2w>|

= lim |(F2 6| HH™"/24) — (Ho |2 H /2 y)
< timsup | (7 HJH | ol 4] < €%l o]
€

Thus, [(H ¢| A" H="/24)| < |||l [|A=™ H="/2|| | H || + C},||¢]| [¢]], for all
¢, € D(H). In particular, A*™ H="/?4) € D(H*) = D(H), for all ¢ € D(H),
and the second asserted bound holds true. O

3. COMMUTATOR ESTIMATES

In this section we derive operator norm bounds on commutators involving the
quantized vector potential, A, the radiation field energy, Hf, and the Dirac
operator, Da. The underlying Hilbert space is

57
H = LA(RE X Zy) @ Fy, = C'® % d*x,
[RS

where the bosonic Fock space, #},, is modeled over the one-photon Hilbert

space
F = LA X Zy,dk), /dk: = / d’k .
A

AEZ;
With regards to the applications in [8] we define A := {k € R?: |k| > m}, for
some m > 0. We thus have

7 =PAY, FV=C, AV =S L} ((AxL)"), neN,

=0
82 = S; is given by
n 1 n
(Sn¢( ))(klavkn) = E Z 1/}( )(kﬂ'(l)7"'5kﬂ'(n))7
’ TES,,

for every (™ e LQ((A X Zg)”), &,, denoting the group of permutations of
{1,...,n}. The vector potential is determined by a certain vector-valued func-
tion, G, called the form factor.
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HypoTHESIS 3.1. The dispersion relation, w : A — [0,00), is a measurable
function such that 0 < w(k) = w(k) < ||, for k = (k,\) € Ax Zy with k # 0.
For every k € (A\{0})xZ3 and j € {1 .3}, GY (k) is a bounded continuously
differentiable function, RS 3 x +— GY ( ), such that the map (x,k) — Gg(j)(k)

18 measurable and G,(g)(— k,\) = GS)(k, A), for almost every k and all x € R?
and \ € Zy. Finally, there exist d_1,dy,ds,... € (0,00) such that

(3.1) 2/w(k)f IGRIZdk < d2,  fe{-1,0,1,2,..},
(3.2) Q/w(k:)_l IV A GRS dk < &2,

where G = (G, G GO)) and |G (k)0 := sup, |Gx(k)], etc.

Example. In the physical applications the form factor is often given as

1 .
(3.3) GoME) = —e 7{""?'} e~ X e(k),

for (x,k) € R® x (R? x Z3) with k # 0. Here the physical units are chosen such
that energies are measured in units of the rest energy of the electron. Length are
measured in units of one Compton wave length divided by 27. The parameter
A > 0 is an ultraviolet cut-off and the square of the elementary charge, e > 0,
equals Sommerfeld’s fine-structure constant in these units; we have e? ~ 1/137
in nature. The polarization vectors, e(k, \), A € Zs, are homogeneous of degree
zero in k such that {k, e(k,0),e(k,1)} is an orthonormal basis of R, for every
k € S2. This corresponds to the Coulomb gauge for Vy - G®* = 0. We remark
that the vector fields S2 5 k — e(lo<, A) are necessarily discontinuous. o

It is useful to work with more general form factors fulfilling Hypothesis 3.1
since in the study of the existence of ground states in QED one usually en-
counters truncated and discretized versions of the physical choice G&*. For
the applications in [8] it is necessary to know that the higher order estimates
established here hold true uniformly in the involved parameters and Hypothe-
sis 3.1 is convenient way to handle this.

We recall the definition of the creation and the annihilation operators of a

photon state f € 3‘151),
(aT(f)w)(n)(kla _n_l/QZf w(n 1) kj—lakj-i-la"')a n e Na

(a(f) V)™ (ki,... k) = (n+ 1)1/2/7(k:)w(”+1)(k,k1, oo k) dk, n €Ny,

and (af(f)¥)© =0, a(f) (®®,0,0,...) =0, for all » = (™), € F, such
that the right hand sides again define elements of %,. af(f) and a(f) are
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formal adjoints of each other on the dense domain

% =Ca @ S, L ((_A X Zg)") ) (Algebraic direct sum.)

comp
n=1

For a three-vector of functions f = (f(V), f2) f(®)) ¢ (ﬁél))g, we write a (f) :=
(a*(fM),at(f®),at(£®))), where a! is af or a. Then the quantized vector
potential is the triplet of operators given by

@
A = AG) = a'(G) +a(G), a*(G) = /[R3 les ® a(Gy) d®x.

The radiation field energy is the direct sum Hy = @50, dl'™(w) : D(Hy) C
P, — F, where dI'?) (w) := 0, and dI'™ (w) denotes the maximal multiplica-

tion operator in ﬁé") associated with the symmetric function (k1,...,k,) —
w(k1) + -+ + w(k,). By the permutation symmetry and Fubini’s theorem we
thus have

34) (Y20 HY?0) = [w) (k) olakyw)db, o6 € D),
where we use the notation
(a(k) )™ (ky, ... kn) = (n+D)Y2p0F Dk ky oo k), neNg,
almost everywhere, and a(k) (¢/(?,0,0,...) = 0. For a measurable function
f:R—Rand ¢ € D(f(Ht)), the following identity in yén)’
(a(k) f(Hp) )™ = f(w(k) + 0™ (w)) (ak) )™, n €N,

valid for almost every k, is called the pull-through formula. Finally, we let
aq, a9, a3, and f := ag denote hermitian four times four matrices that fulfill
the Clifford algebra relations

(35) oo + oo =261, 1,] € {0,1,2,3}.

They act on the second tensor factor in L?(RS x 7,) = L?*(R3) ® C*. As a
consequence of (3.5) and the C*-equality we have

(3.6) o -vlgey =1, veR® | zl|gesy<V2z, zeC?,

where a -z := a1 2 + ap 2 + a32®), for z = (2D, 22 20)) € €3. A
standard exercise using the inequality in (3.6), the Cauchy-Schwarz inequality,
and the canonical commutation relations,

@5 (f), d ()] =0, [a(f),af (@] =(flg)1, figeF,

reveals that every ¢ € D(Hfl/Q) belongs to the domain of a - a*(G) and
(3.7)
1/2 1/2
le-a(G) ol < doy | H Pl e a(G)wl” < 2y [|H 2wl + df )
(Here and in the following we identify Hr = 1® Hy, etc.) These relative bounds
imply that « - A is symmetric on the domain D(Hfl/z).
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The operators whose norms are estimated in (3.9) and the following lemmata
are always well-defined a priori on the following dense subspace of J#,

P = C&(R* xZy) % . (Algebraic tensor product.)

Given some FE > 1 we set

(38) Hf .= Hi+ F

in the sequel. We already know from [10] that, for every v > 0, there is some
constant, C,, € (0,00), such that

(3.9) [l A, B HY || < C/EY?, E>1.

In our first lemma we derive a generalization of (3.9). Its proof resembles
the one of (3.9) given in [10]. Since we shall encounter many similar but
slightly different commutators in the applications it makes sense to introduce
the numerous parameters that obscure its statement (but simplify its proof).

LEMMA 3.2. Assume that w and G fulfill Hypothesis 38.1. Lete > 0, E > 1,
kv ER, v,0,0,7 20, such that v+ + o+ 7 < 1/2, and define

t+F

(3.10) fe(t) = [y

t€0,00).

Then the operator HY ™Y f7(Hy) e - A, f5(Hy)] Hy V0 f=547(Hy), defined a
priori on 9, extends to a bounded operator on F€ and

| Y £2(Hy) loc A f2(Hy)) H V0 f55 (Hy) |

(3.11) < K| 200FD/2 (dy 4 d,) EYFOTOET1/2

where p is the smallest integer greater or equal to 3 + 2|k| + 2|v|.

Proof. We notice that all operators I:Ifs and f2(Hs) leave the dense subspace
@ invariant and that « - af(G) maps 2 into D(H{), for every s € R. Now, let
w0, € 9. Then

(@|H{ ™ f2(Hr) - A, fE(H)] H VP f2 T (H) o)
2) = (| H fE(H) [ a(G), fE(Hp) Hy "0 [ (Hp) )
3) — (ST (He) Hy " lac-a(G), fE(H)) £ (He) H 0| 4)

(
(

For almost every k, the pull-through formula yields the following representa-
tion,

3.1
3.1

APV 2 (He) la(k), f2(H)) BP0 f2547 (He) o = F(ks H) a(k) He Y,
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where

F(k;t) = (t+ E)"" f2(t) (fE(t+w(k) — f£(1)
(B w(k) TR LI (4 w(k)

- ( t+E(k))V(t+E)7 (t+ E +w(k))*+1/2

t+E+w
f2 @) fI(t +w(k))
fEt+wk)

La
/ —fEt+sw(k))ds
0 dS

for ¢t > 0. We compute

kw(k) fot+ sw(k))
(t+swk)+E)(1+et+eswk)+eE)’

(3.14) %ff(wrsw(k)) =

Using that f. is increasing in ¢ > 0 and that
t+wk)+E)/(Et+swk)+E) <1+wk), s€[0,1],
thus
PR+ sw(R) /£ +wk) < Q4+w(k) O, sel0,1],
it is elementary to verify that
IFL(k; 0)] < |5 w(k) (14 w(k))HT—OAR=OAN+1/2 pytdtotr—1/2
for all ¢ > 0 and k. We deduce that the term in (3.12) can be estimated as
HY™ 2 (HE) - a(G) , f2(HD) B £ (H) )|

(
< / Il o - G(k) HY ™Y £2(H) [alk) , f2(He)] Hy Y40 f2547 (Hy) 3| d

< VB [ ol 1@l 1 s 10 o) 17,k
<R VE( [ ol (1w porn- @02 G2, ar)

( / wk) || alk) Hy 2o | dk)w | BY+oFotT=1/2

(3.15)
< 6| 20702 (dy + d,) ol || B P B P || BrOtorToU2,

In the last step we used 6 + 7 < 1/2 and applied (3.4). (3.15) immediately
gives a bound on the term in (3.13), too. For we have

FZET(Hy) HE " o alG), fE(H)) 2 (He) HY ™
= Hy "0 fI(Hp) [f2"(Hr), e a(G) H{ ™[22 (Hy) g,

which after the replacements (v, k,7,d,0,7) — (—v, —k,d,7,7,0) and @ — —1)
is precisely the term we just have treated. 0
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Lemma 3.2 provides all the information needed to apply Corollary 2.3 to non-
relativistic QED. For the application of Corollary 2.3 to the non-local semi-
relativistic models of QED it is necessary to study commutators that involve
resolvents and sign functions of the Dirac operator,

DA = a(—zvx—i—A)—i—ﬁ

An application of Nelson’s commutator theorem with test operator —A+H¢+1
shows that Da is essentially self-adjoint on 2. The spectrum of its unique
closed extension, again denoted by the same symbol, is contained in the union
of two half-lines, 6[Da] C (—o0,—1] U [1,00). In particular, it makes sense to
define

Ra(iy) := (Da —iy)™ ', yeR,
and the spectral calculus yields

. _ ) 2 dy
IRt < 0+ DA Ralin) v P 2 = 01, v e 7.
The next lemma is a straightforward extension of [10, Corollary 3.1] where it
is also shown that Ra (iy) maps D(HY) into itself, for every v > 0.

LEMMA 3.3. Assume that w and G fulfill Hypothesis 3.1. Then, for all k,v € R,
we find k; = ki(k,v,d1,d,) € [1,00), © = 1,2, such that, for ally € R, € > 0,

and E > ky, there exist Yy, (1y), T o (iy) € L () satisfying

(3.16) Ra(iy) Hy " fZ"(Hy) = Hy " f7"(He) Ra(iy) Tro (i)

(317) = H" f7"(Hr) Yoo (i) Ra(iy)

on D(H;"), and || Y, (iv)|, T (i) < ko, where p is defined in Lemma 3.2.

Proof. Without loss of generality we may assume that € > 0 for otherwise we
could simply replace v by v+ & and f& by f§ = 1. First, we assume in addition
that v > 0. We observe that
To == [H{" f7F(Hy), oo A HY fE(He) = T1 + T
on 2, where
Ty = [H", - AlHY,  Tp:= H7V[f-"(He), a- A] fF(Hg) HY .

Due to (3.9) (or (3.11) with € = 0) the operator 77 extends to a bounded
operator on # and ||Ty| < C,/EY?. According to (3.11) we further have
| To|| < Cy.o(dy +d,)/EY/2. We pick some ¢ € 2 and compute

[Ra(iy), Hi " fZ"(Hy) | (Da —iy) ¢ = Raliy) [Hy " f2"(Hs), Da] ¢
= Ra(iy) To Hy ¥ fZ"(H) ¢
(3.18) = Ral(iy) To Hi ¥ f7"(He) Ra(iy) (Da —iy) ¢.

Since (Da —iy) 2 is dense in # and since H;  and f%(H;) are bounded (here
we use that v > 0 and € > 0), this identity implies

Ra(iy) Hi " f2"(Hs) = (1+ Ra(iy) To) Hy ¥ f7"(Hr) Ra(iy) .
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Taking the adjoint of the previous identity and replacing y by —y we obtain
Hy" f7"(He) Raliy) = Ra(iy) Hi f77(Hr) (1 + 15 Ra(iy)) -

In view of the norm bounds on 77 and T, we see that (3.16) and (3.17) are valid
with Ty (iy) := 3720 {~T¢ Ra(iy)} and T, (iy) == 3720 {—Raliy) Ty},
provided that F is sufficiently large, depending only on k,v,d;, and d,, such
that the Neumann series converge.

Now, let ¥ < 0. Then we write T on the domain Z as

s

Ty = Hi " f27(Hy) [ec- A, HY fE(Hy)]
and deduce that
Ra(iy) HY f£(Hy) (1 +To Ra(iy)) = Hf f£(Hr) Ra(iy)
by a computation analogous to (3.18). Taking the adjoint of this identity with
y replaced by —y we get
(1+ Raliy) Tg) HY £ Ra(iy) = Ral(iy) Hy f7(Hs).

Next, we invert 1+ Ra (iy) T by means of the same Neumann series as above.
As a result we obtain

HY f£(Hy) Ra(iy) = Ra(iy) Yo (iy) HY f£(Hr) = Yoo (iy) Ra(iy) HY f2(H),

where the definition of T, , and T,w, has been extended to negative
v. Tt follows that Ra(iy) Te,(iy) = Te.(iy) Ra(iy) maps D(H;") =
D(H; " f=*(Hy)) = Ran(HY f£(Hy)) into itself and that (3.16) and (3.17) still
hold true when v is negative. 0

In order to control the Coulomb singularity 1/|x| in terms of |Da | and Hy in the
proof of the following corollary, we shall employ the bound [10, Theorem 2.3]

21

(3.19) Z— < |Dal|+ Hy + kd?,
7 |x]

which holds true in sense of quadratic forms on Q(|Dal) N Q(Ht). Here k €
(0, 00) is some universal constant. We abbreviate the sign function of the Dirac
operator, which can be represented as a strongly convergent principal value [6,
Lemma VI.5.6], by

. T v 4
(3.20) Saty = Da|Dal"'y = Tlinéo/ RA(Zy)lﬁ?y-

We recall from [10, Lemma 3.3] that Sa maps D(H/) into itself, for every
v > 0. This can also be read off from the proof of the next corollary.

COROLLARY 3.4. Assume that w and G fulfill Hypothesis 3.1. Let k,v € R.
Then we find some C = C(k,v,d1,d,) € (0,00) such that, for all v,6,0,7 >0
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withy+0+oc+7<1/2and alle 20, E > ki,

(3.21) | HY f2(Hr) Sa He f27(Hy) || < G,
(3.22)  ||[DAlY2EHIYY £ (H) [Sa, f2(HOVHH f2547 (Hy) || < €,
(3.23) || [x|7V2 HY f2(Hs) [Sa, fE(H) H 7077 f257 (Hy) || < ©

(k1 is the constant appearing in Lemma 3.3, Hy is given by (3.8), f- by (3.10).)
Proof. First, we prove (3.22). Using (3.20), writing
[Ra(iy), f£(H)] = Ra(iy) [f£(He), - A] Ra(iy)

on 2 and employing (3.16), (3.17), and (3.11) we obtain the following estimate,
for all p, v € 2, and E > ky,

|(IDAY? o | HYY f2(He) [Sa, f2(He) H " fo(Hy) ™7 0)]
s /KHfVﬂ'DA'l/Q‘P f2(Hz) [f£(Hy) , Ra(iy)] x
R

X HH ) )| 2

N 1A R i) T i) F g2 ) 2 - A

X H{VJFS fs_ﬁ-H—(Hf) TH rv—s(1y) Ra(iy) ¢ >} —

< Cyw (d1 + dp) pytototT=1/2 Sup{HTmer,Y(zy)H |\TK777U,5(iy)|\}
ye

(LAl ratn el 2) ([ ratin )P 2) "

Crdr,a, BT g ||¢|\

N

This estimate shows that the vector in the right entry of the scalar prod-
uct in the first line belongs to D((|Da|/?)*) = D(|Dal|'/?) and that
(3.22) holds true. Next, we observe that (3.23) follows from (3.22) and
(3.19). Finally, (3.21) follows from | X| < const(v,k,d;,d,), where X :=
HY f5(Hg)[Sa, Hi” f="(H¢)]. Such a bound on || X| is, however, an imme-
diate consequence of (3.22) (where we can choose £ = 0) because

X = [HY, SA]Hy " + H{ [f£(Hy), Sa) fZ"(Hr) He”

on the domain 2. O

4. NON-RELATIVISTIC QED

The Pauli-Fierz operator for a molecular system with static nuclei and N € N
electrons interacting with the quantized radiation field is acting in the Hilbert
space

(4.1) Ay = ANL*((R* x Z)N) ®@ P,
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where Ay = A% = A}, denotes anti-symmetrization,

1 s
(An ¥)(X) = N Z (=)™ W (Xr(1)sSn(1)s - - - » X(N)5 Sm(N)) 5

TESN
for U € L?((R? x Z4)N) and a.e. X = (x;,5)N; € (R® x Z4)N. a priori it is
defined on the dense domain
In = ANCF((R* x Z4)V) @ %y,

the tensor product understood in the algebraic sense, by

N
(4.2) mY, = BY.(G) = Y (DY) + V + H;.

i=1
A superscript (i) indicates that the operator below is acting on the pair of
variables (x;,¢;). In fact, the operator defined in (4.2) is a two-fold copy of the

usual Pauli-Fierz operator which acts on two-spinors and the energy has been
shifted by N in (4.2). For (3.5) implies

(4.3) Di=Ta®Ta, Ta:=(0-(—=iVx+A) +1.

Here o = (01,02,03) is a vector containing the Pauli matrices (when ¢, j €
{0,1,2,3}, are given in Dirac’s standard representation). We write HY. in the

form (4.2) to maintain a unified notation throughout this paper.
We shall only make use of the following properties of the potential V.

HypOTHESIS 4.1. V can be written as V = Vi — V_, where V3 > 0 is a
symmetric operator acting in Ay L?((R®xZ4)*) such that I C D(Vy). There
ezista € (0,1) and b € (0, 00) such that V_ < a H2,+b in the sense of quadratic
forms on Dy

Ezxample. The Coulomb potential generated by K € N fixed nuclei located at
the positions {R1,...,Rg} C R3 is given as

N K e27 N e?
. k
(4.4) Vo(X) = *ZZM > [x: — ;]

i=1 k=1 Bi=1

i<j
for some e,Z1,...,Zx > 0 and ae. X = (x;,6)Y, € (R® x Zy)N. Tt is
well-known that V¢ is infinitesimally H? -bounded and that V¢ fulfills Hypoth-
esis 4.1. <o

It follows immediately from Hypothesis 4.1 that H". has a self-adjoint Friedrichs
extension — henceforth denoted by the same symbol HY. — and that Zy is a
form core for HY.. Moreover, we have

(4.5) (D2, (D)2 Ve Hy < HY < (1—a)" " (HY. +b)

on Zy. In [4] it is shown that D((HY.)"/?) D(an/Q), for every n € N. We
re-derive this result by means of Corollary 2.3 in the next theorem where

By = info[HY], H = HY —E,+1.
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THEOREM 4.2. Assume that w and G fulfill Hypothesis 3.1 and that V' fulfills
Hypothesis 4.1. Assume in addition that

(4.6) 2 / (k) [V A G2 dk < 2,5,
(4.7) / w(k)! [V - G(R)[2, dk < 2,5,

for all £ € {—1,0,1,2,...}. Then, for every n € N, we have D((HI‘]/Y)”/Q) C
D(an/Q); an/2 (H'! )=™/% maps D(HY.) into itself, and

—n/2 C(N7 n,a, ba d*lv dla d5+n) (|EUY| + 1)(3n_2)/2 )

Cl(Na n,a, b7 d*la d17 d5+n) (|EUY| + 1)(3"—1)/2 .

| HE () 2 | <
[ Hy) () ™| <
Proof. We pick the function f. defined in (3.10) with £ = 1 and verify that
the operators FI' := ;’/Q(Hf), e >0,n €N, and H/ fulfill the conditions
(a), (b), and (¢’) of Theorem 2.1 and Corollary 2.2 with m = oco. Then the
assertion follows from Corollary 2.3. We set Hr := Hy + E in what follows. By
means of (4.5) we find

Eyn+b+FE

(4.8) (U F20) < (U He W) < =

(V[H, V),

for all ¥ € 2y, which is Condition (b). Next, we observe that F. maps 2y
into itself. Employing (4.5) once more and using —V_ < 0 and the fact that
V4 > 0 and F. act on different tensor factors we deduce that

<F€\II‘(V+Hf)FE\Ij> < Hfs”oo<\lj‘(v++Hf)\Il>
E,+b+E
1—

for every U € Zy. Thanks to (3.11) with k = 1/2, v =y=d=0=7=0,
and (4.5) we further find some C € (0, 00) such that

(4.9) < [ felloo (W[ H, W),

7 _ 2
2 folloo DY W2 + 2| folloo || F - A, B | (19

1Dy Fow |
(4.10)

NN

for all U € 2. (4.9) and (4.10) together show that Condition (a) is fulfilled,
too. Finally, we verify the bound in (¢’). We use

[a- (—iVyx),a Al = 2-B —i(Vy-A),

where B := af(Vx A G) + a(Vx A G) is the magnetic field and the j-th entry
of the formal vector X is —i €;,e o i, j, k, € € {1,2,3}, to write the square of
the Dirac operator on the domain & as

Di =D+ -B—i(Vx-A)+(a-A?+2a-Aa-(—iVy).
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This yields
N
Hi =3 (DR P2 = 30 {[2BY, B2 —i[(Va - A©), FY
i=1 i=1
+a-AD[a-AD F+[a-AD F2DY —a-AD —25)}
on Pn. For every i € {1,..., N}, we further write
[a-AD FP DY = QW) (DY Fr-t - QY
on 9y, where

(4.11) QY = [a-AD FMFF" neN,  QU) :=o0.

e,n €

Fn 2)

g,n—1

According to (3.11) we have QU < n20D2(dy + dsi),
1H2 QY B2 < n2+9/2(dy + dyy,). Likewise, we write

o A PP o AD = QU), ({ae- AW 17 V2} f1}? o=t = W) | Fre?)

on Zn, where |\a-AH;1/2||2 < 2d%+4d?, by (3.7). Furthermore, we observe
that Lemma 3.2 is applicable to 3 - B as well instead of a - A; we simply have
to replace the form factor G by Vx A G and to notice that |- v|| ¢ 1) = ||,
v € R3, in analogy to (3.6). Note that the indices of dy are shifted by 2 because
of (4.6). Finally, we observe that Lemma 3.2 is applicable to Vx - A, too.
To this end we have to replace G by (Vx - G,0,0) and dy by some universal
constant times da4¢ because of (4.7). Taking all these remarks into account we
arrive at

N
F2)02)| < Y { Il [ 1= B, R R | F 7w

i=1

+ 1| || [div AD FPY R FR T O

1 o A2 B2 QU H P FE |

+ W] QUL (21 DR F2=" Wa| + llev- A B V2| |y B2~ )

+ 31 1QUUINIQL, - HIF2 =2 s + 21w QLN IBI 1 F2 " wall |

for all 1, Uy € Pn. From this estimate, Lemma 3.2, and (4.5) we readily infer
that Condition (¢’) is valid with ¢, = (|Ene| +1)C"(N,n,a,b,d_1,...,ds4n).
O

(o | 1A

nr?

5. THE SEMI-RELATIVISTIC PAULI-FIERZ OPERATOR

The semi-relativistic Pauli-Fierz operator is also acting in the Hilbert space
A introduced in (4.1). It is obtained by substituting the non-local operator
|Da| for D% in HY.. We thus define, a priori on the dense domain %y,

N
Y = 8Y(G) =Y |DY| + V + Hy,

=1
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where V' is assumed to fulfill Hypothesis 4.1 with HY. replaced by HY. To
ensure that in the case of the Coulomb potential Vo defined in (4.4) this yields
a well-defined self-adjoint operator we have to impose appropriate restrictions
on the nuclear charges.

Ezample. In Proposition A.1 we show that HY¢ is semi-bounded below on %y
provided that Zy € (0,2/me?], for all k € {1,...,K}. Its proof is actually a
straightforward consequence of (3.19) and a commutator estimate obtained in
[10]. If all atomic numbers Zj, are strictly less than 2/me? we thus find a € (0, 1)
and b € (0, 00) such that

NE ez
k 0
(5.1) sz <aHg+b
i=1 k=1

in the sense of quadratic forms on 2. In particular, Vi fulfills Hypothesis 4.1
with H?. replaced by HY. as long as Zj, € (0,2/me?), for k € {1,...,K}. o

For potentials V as above HY has a self-adjoint Friedrichs extension which we
denote again by the same symbol HY . Moreover, 9y is a form core for HY
and we have the following analogue of (4.5),

52) DY DM, Ve, Hy < HY < (1—a) (HY +b)

on Zy. In order to apply Corollary 2.3 to the semi-relativistic Pauli-Fierz
operator we recall the following special case of [7, Corollary 3.7):

LEMMA 5.1. Assume that w and G fulfill Hypothesis 3.1. Let 7 € (0,1]. Then
there exist 6 > 0 and C = C(4,7,dy1) € (0,00) such that
(5.3) C +|Da|+7H; > 6(|Do|+ Ht) =6 (|Do| + 71 Hy) > 6*|Da| —6C

in the sense of quadratic forms on 2.

In the next theorem we re-derive the higher order estimates obtained in [4] for
the semi-relativistic Pauli-Fierz operator by means of Corollary 2.3. (The sec-
ond estimate of Theorem 5.2 is actually slightly stronger than the corresponding
one stated in [4].) The estimates of the following proof are also employed in
Section 6 where we treat the no-pair operator. We set

E,, = info[Hy], H =HY -FE,+1.

THEOREM 5.2. Assume that w and G fulfill Hypothesis 3.1 and that V fulfills
Hypothesis 4.1 with HL, replaced by HY.. Then, for every m € N, it follows

that D((HY)™/?) D(HW/Q), Hm/2 (H.)=™/2 maps D(HY) into itself, and
|| H’"/2 m/2| (N,m,a,b,dy, dsim) (| Es| +1)372/2
C'(N,m,a,b,dy, dssm) (| Eee| + 1)1/

Proof. Let m € N. We pick the function f. defined in (3.10) with £ = k; v C.
(k1 is the constant appearing in Lemma 3.3 with kK = m/2, v = 0, and depends
on m, di, and dsin,; C is the one in (5.3).) We fix some n € N, n < m,

| <C
| . 2 <
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and verify Conditions (a), (b), and (¢’) of Theorem 2.1 and Corollary 2.2 with

F, = 1/2(Hf) e > 0. The estimates (4.8) and (4.9) are still valid without any
further change when the subscript nr is replaced by sr. Employing (5.3) twice
and using (5.2) we obtain the following substitute of (4.10),

(F.W||Da| F. W) <67 |Do| V2 F. 0| + 6 ||H} F. 0|2
< O | elloo (Il DolY2 )12 + | 2 W)?) < C' || felloo (@ | HL W),

for all U € Pn. Altogether we see that Conditions (a) and (b) are satisfied. In
order to verify (¢’) we set

(54) U =[S, FMFF = FrF, SY)F., ie{l,...,N}.

By virtue of (3.22) we know that the norms of U and U [DY|1/2 are
bounded uniformly in € > 0 by some constant, C' € (0, 00), that depends only
on n, dy, and ds;,. We employ the notation (4.11) and (5.4) to write

N
MLm= S (DY ) = Y50 DY, £
=1 i=1
N
Z{ U(’) |D(Z RETN (@) D Z)|1/2 Fr-1
i=1

0QU L 4 S0 QU et
The previous identity, (5.2), and |Da| > 1 permit to get
N .
(O P02 )| < Y2100 {C || 1DR)2 Bt 0
i=1
+ CIQUNNIFL 2 W || + |QU, | | F2 1 s}
S e {02+ (FN T o | HL FE7H 0, ) )

for all ¥1, ¥y € Py and some constant ¢,, = C”(n, a,b,d1,ds+n) (|Es| +1). So
(¢’) is fulfilled also and the assertion follows from Corollary 2.3. O

6. THE NO-PAIR OPERATOR

We introduce the spectral projections

1 1 -
(6.1) PZ = E[O,oo)(DA) = 5]14— §SA, P, = ]l—PZ.

The no-pair operator acts in the projected Hilbert space

N
Ky = HF(G) = PLy s, Piyo=][Pa".

DOCUMENTA MATHEMATICA 15 (2010) 207-234



HiGHER ORDER ESTIMATES 225

and is a priori defined on the dense domain PZ N 9N by

N
1Y, = HY,(G) == P{y {308 + v+ b Ly

i=1
Notice that all operators Dg), .. .,DEXN) and Pj{’(l), . .,PX’(N) commute in
pairs owing to the fact that the components of the vector potential A®)(x),
AU (y), x,y € R%, i,j € {1,2,3}, commute in the sense that all their spectral
projections commute; see the appendix to [9] for more details. (Here we use
the assumption that Gx(—k, A\) = Gk(k, A).) So the order of the application of

the projections PZ’(i) is immaterial. In this section we restrict the discussion
to the case where V is given by the Coulomb potential Vi defined in (4.4). To
have a handy notation we set

2

i e 7y, e
v = — — Wi = ————
' — |xi — Ry|’ Y ki xg)”

foralli e {1,...,N} and 1 < i < j < N, respectively. Thanks to [10, Proof
of Lemma 3.4(ii)], which implies that Py maps 2 into D(|Do|) N D(HY), for
every v > 0, and Hardy’s inequality, we actually know that Hr‘l/g is well-defined
on Zy. In order to apply Corollary 2.3 to Hr‘l/g we extend HXE to a continu-
ously invertible operator on the whole space .7#y: We pick the complementary
projection,
Pyy = 1-Pfy,
abbreviate
PZ(Z’J’) — PX’(i) PX’(j) _ PX,(]‘) PX’(i), 1<i<j<N,

and define the operator ﬁnp a priori on the domain 2y by

N N
~ i +,(1 +,(3 +,(4,5 +,(%,5
Hyp := Z{|D§x)|+PA()UiPA()}+ ZPA( j)wijPA( 7
=1 i,j=1
i<j

(6.2) + P{ Ny Hi Py + Pay He Pa y -

Evidently, we have [ﬁnp, P ] =0 and ﬁnp Py = Hr‘l/g Py on Zy. In
Proposition A.2 we show that the quadratic forms of the no-pair operator Hr‘l/g

and of ﬁnp are semi-bounded below on 2y provided that the atomic numbers

Z1,...,Zk = 0 are less than the critical one of the Brown-Ravenhall model
determined in [3],
(6.3) Znp = (2/€3)/2/7 +7/2).

Therefore, both HXS and ﬁnp possess self-adjoint Friedrichs extensions which
are again denoted by the same symbols in the sequel. Py is a form core for
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H,,, and we have the bound

N

=~ +.G6), pl) - Zop+ 2]
(6.4) anf;PA v PEW < 7|7 (Hop+C(N, 2, R,d_1,d1,ds5))
on Iy, where | Z| := max{Zi,...,Zx} < Znp,. Moreover, it makes sense to
define
E,p = inf U[Hr‘é‘?],
so that

Hl, = Hup — Enp Py +1 > 1.

THEOREM 6.1. Assume that w and G fulfill Hypothesis 3.1 and let N, K € N,
e>0, 2 = (Z1,...,7K) €0, Zup)X, and Z = {Ry,...,Rg} C R3, where
Znp 1s defined in (6.3). Then D((Hflp)m/Q) C D(Hfm/Q), for every m € N, and

m/2 —m m/2 —m
H Hy r%”; (Hup = (Enp — 1) ]l%”;> & Hg(jfg,jﬁv) < H Hy (Hrllp) & H
< C(N7 m, gv’%a €, d*la dla d5+m) (1 + |Enp|)(3m72)/2 < 00.

Proof. Let m € N. Again we pick the function f. defined in (3.10) and set
F. = 51/2(Hf>, € > 0. This time we choose E = max{kd3, k1, C} where k is
the constant appearing in (3.19), C = C(dy) is the one in (5.3), and k; the one
appearing in Lemma 3.3 with || = (m + 1)/2, |v| = 1/2. Thus k; depends
only on m, dy, and ds4.,,. On account of Corollary 2.3 it suffices to show that
the conditions (a)—(c) of Theorem 2.1 are fulfilled. To this end we observe that
on 7y the extended no-pair operator can be written as H,, = HY+1+W,
where

N N

W .= ZPZa(l) v; PZa(l) + Z PZa(%J) wij PXv(ZaJ)
=1 i,j=1
i<j

— Enp PX v —2Re [P y Hy Py x| -

The semi-relativistic Pauli-Fierz operator HY. has already been treated in the
previous section and the bound

(6.5) Hy < 2Pf y Hy Py +2Px x Hr Pa

together with (6.4) implies

(6.6) HY < 2Ho, =2 PV o PO <O (1 + | Bupl) HY,
=1

on 9y, for some C' = C'(N, %, %,d_1,d1,ds) € (0,00). Hence, it only remains
to consider the operator W.
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We fix some n € N, n < m. When we verify (a) we can ignore the potentials
v; since they are negative. Using [F)", Py y] = [P;,N, F!'] we obtain

2Re ( P{ y F- U | Hy Py y F. W )|
<|HP PGB+ ||H? PAy FO
< 2| felloo [ H? PEn @ + 2101 felloo |72 PRy @)
+ 4[| H P [P BT || 1 0,
for every U € 2y, where, for all n € N and v € R,

N 1—1
rTUV ny ry—v —-n v pt,(J) r7—v
HY [PX v, FI' Hy " F! :Z{HHfPA(j)Hf }X

=1 j=1
N
TV +,(7 ny rr—v —n TV n— +,(k) t7—v —n
X{Hf [PA()vFa]Hf Fal }{ H HfFa 1]DA()I{f Fal }
k=i+1
on Pn. On account of Corollary 3.4 we thus have, for |v| < 1/2,

(6.7) sup | HY [P, FETHy " Fo™" || < C(Nm,dy, dagn)
€

Likewise we have
(E | PO wy PEOD FwY| < 2| ||| wif* PE w |
(6.8) a|w/? P EBLHTY | E ),

where the first norm in the second line of (6.8) is bounded (uniformly in & > 0)
due to Lemma 6.2. Taking these remarks, v; <0, (6.4), and (6.5) into account
we infer that

(FV|H,F.U) < c(V|H,, V),  V¥eDy,

showing that (a) is fulfilled. The condition (b) with some constant ¢ =
C(N,Z,%,d_1,dy,ds)(1+]|Epp|) follows immediately from F2 < Hy < HL+E
on Zn and (6.6). Finally, we turn to Condition (c). To this end let PKN and
PKN be PX,N or PX,N' On 2N we clearly have

(6.9)
[PK,NHfPA/bX,NaFg] = i[PANaF ]HfPAN + PANHf[PAN’Fn]

For ¥, ¥, € Yy, we thus obtain
(01| [Py He Py F2] )

< NHP | || BV P FR HYPFS ||| HYP FEVPS W
(6.10)  +|[H? Py Ui || B [PLy, FY H; Y FE|| (1P R0y,
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where we can further estimate
|H}? FI=1 P4y 0|
< {1+ [P Fr P YR RV R FR T )

(6.11) < {1+ |1E? PR P H v FIm N HE FR
and, of course,
(6.12) ||H? FPt Wl < | Py F27 || + |2 Py P27 0|

The operator norms in (6.10) can be estimated by means of (6.7) with v =
+1/2, the one in the last line of (6.11) is bounded by some C(n,dy,ds4n) €
(0,00) due to (3.21). In a similar fashion we obtain, for all i,57 € {1,..., N},
1< j,and ¥q,¥y € Dy,

K\IﬁHPX’(i’j) __P+7(i,j) , FM 0, >’

< || Fr w2 Er POV EY (2 | [P g P |
(6.13)

+{Jwi/? P W ||| wl? PO, FREE Y| P ER W,
Here we can further estimate

| wi/? F2 P Py Wy < | wy/? PE0) Frot |

(614) + ||’LU1/2 Fn 1 P+ (1J)] 1/2}71 n|| ||H1/2Fn 1\11 ||
Lemma 6.2 below ensures that all operator norms in (6.13) and (6.14) that
involve wllj/ % are bounded uniformly in € > 0 by constants depending only

on e,n,d;, and ds4,. Furthermore, it is now clear how to treat the terms
involving vl or E,p. (In order to treat v; just replace Pj{’(”) by PX’(Z), w;; by
v;, and w /2 by |v;|'/2 in (6.13) and (6.14).) Combining (6.9)—(6.14) and their
analogues for the remaining operators in W we arrive at

[(Wa | W, F2Y )

<C Z {<‘I’1’PK,NHng,N\II1>+<Fg_1‘II2’PK,NHng,NFg_l‘I’QH
ge{+,L}

N
+ O (0 | Py Py POy
ij=1

i<j

+ <F67171\I/2 ’PZ#(ZJ),LUUPZ#(ZJ)F;171\P2 >}

N

+ O {0 [ PO | P w0 )+ (FR 0 | PR | P FP T W, )
i=1

+C (14 | Enp) {1911 + [ F27H 022}

for all ¥1, Uy € 2y and some e-independent C' = C(N,n, e, dy,dsrn) € (0,00).

Employing successively (3.19), which implies |v;| < (7762|Q‘”|/2)(|DX)| + Hy),
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after that (3.21), which yields || /> Py W|[2 < O(dy, da) (| H{ " PL W12 +
||Hf1/2 PJJX_,N U||?), and finally (6.4) we conclude that Condition (c) is fulfilled
with ¢, = C(N,n, Z,%Z,e,d_1,d1,ds+n)(1 + | Enpl). |
LEMMA 6.2. Foralli,j€{l,...,N},i<j,n€Z, ando,7 = 0 witho+7 <

sup|| " wif? (F2, PY OO Y EY |
e>0

= sup H w1/2 FO' [P+ 2 (4,9) F—n] Hf—l/Q an-i—r H < eC(n,dl,d5+n) < 00.

e>0 c
Proof. We write

w/PFE PO POV FSM AR = vt wlPYe + Y,
where
Vi = {w)f” B2 (PR Fo H P TP Fon T PO P R,
Yo = By F [Py , Fo) AR
Yy = wilj/2 [Fe, PX’(i)] [Pza(j) ol Hf—l/Q FEnJrT.
Applying Corollary 3.4 we immediately see that ||Yi|| < eC(n,d1,ds+,) and
that
1Vl < ||w/? [F2, POWVEZ|||| B2 (PO, Fom 27| < e C(nydiy dsn)
uniformly in € > 0. Employing (3.19) (with respect to the variable x; for each
fixed x;) and using [|DX)|1/2, PZ’(z)] = 0, we further get

lwi/* Yo v’
< (71'62/2 ||P+7(1) |2 || |D(j)|1/2 Fa [Per(]') F—n Fn+7'H2 ||H;1/2||2
+ (we?/2) || HYP PED B AP R PR For YR BT

By Corollary 3.4 all norms on the right hand side are bounded uniformly in
€ > 0 by constants depending only on n,d;, and dg4y,. O

APPENDIX A. SEMI-BOUNDEDNESS OF HY° AND H[¢

In this appendix we verify that the semi-relativistic Pauli-Fierz and no-pair op-
erators with Coulomb potential are semi-bounded below for all nuclear charges
less than the critical charges without radiation fields. We do not attempt to
give good lower bounds on their spectra since this is not the topic addressed
in this paper. Our aim here is essentially only to ensure that these operators
possess self-adjoint Friedrichs extensions. We recall that the stability of matter
of the second kind has been proven for the no-pair operator in [9] under cer-
tain restrictions on the fine-structure constant, the ultra-violet cut-off, and the
nuclear charges. The stability of matter of the second kind is a much stronger
property than mere semi-boundedness. It says that the operator is bounded
below by some constant which is proportional to the total number of nuclei
and electrons and uniform in the nuclear positions. The restrictions imposed
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on the physical parameters in [9] do, however, not allow for all atomic numbers
less than Z,;.

First, we consider the semi-relativistic Pauli-Fierz operator. The following
proposition is a simple generalization of the bound (3.19) proven in [10] to the
case of N € N electrons and K € N nuclei.

PRrROPOSITION A.1. Assume that w and G fulfill Hypothesis 3.1 and let N, K €
N, e>0, Z = (Z1,...,Zx) € (0,2/me*]¥, and Z = {Ry,...,Rg} C R3.
Then

N
(A.1) STIDY| + Vo + 0He > —C(5,N, Z,%,d1) > —o0,
=1

for every § > 0 in the sense of quadratic forms on Py .

Proof. In view of (3.19) we only have to explain how to localize the non-local
kinetic energy terms. To begin with we recall the following bounds proven in
[10, Lemmata 3.5 and 3.6]: For every x € C*°(R2, [0, 1]),

(A-2) D¢ Salll < IVxllse,  [|Da [x, De Sal ]| < 211VxI%.

Now, let B,.(z) denote the open ball of radius r > 0 centered at z € R® in R3.
We set g := min{|Ry — Ry| : k¥ # ¢}/2 and pick a smooth partition of unity
on R®, {xx}/_y, such that xx = 1 on B,/>(Ryx) and supp(xx) C By(Rs), for

k=1,...,K, and such that Z?:o X% = 1. Then we have the following IMS
type localization formula,

K

(A.3) |Dal| = Z{Xk |Dalxr + % Xk Xk [ Dal]] }
k=0

on 2, for every i € {1,..., N}. A direct calculation shows that

(A4) [Xk > [Xk> |DAl]] = 2ia- (Vxk) [Xk: SA] + Da [xk > [xks Sal]
on 2. By virtue of (3.6) and (A.2) we thus get

(A.5) | Dxi s Do DAl ]| < 411Vx%

for all k € {0,..., K}. Since we are able to localize the kinetic energy terms
and since, by the choice of the partition of unity, the functions R® 3 x —
|x — Rg| ™' x7(x) are bounded, for k € {1,...,K}, £ € {0,...,K}, k # £,
the bound (A.1) is now an immediate consequence of (3.19) (with § replaced
by §/N). (Here we also make use of the fact that the hypotheses on G are
translation invariant.) O

Next, we turn to the no-pair operator discussed in Section 6. The semi-
boundedness of the molecular N-electron no-pair operator is essentially a con-
sequence of the following inequality [10, Equation (2.14)], valid for all w and
G fulfilling Hypothesis 3.1, v € (0,2/(2/7 + 7/2)), and § > 0,

(A6)  Pi (DY —~/Ix|+ 0 H) PL > PY (c(7) |Do| - C) P,
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in the sense of quadratic forms on P4 2. Here C = C(6,7,d—1,do,d;) € (0,00)
and c(v) € (0,00) depends only on ~.

ProOPOSITION A.2. Assume that w and G fulfill Hypothesis 3.1 and let N, K €
N,e>0, Z=(Z1,...,Zk) € (0, Znp)", and Z = {R, ..., Rk} C R, where
Znp is defined in (6.3). Then the quadratic form associated with the operator
ﬁnp defined in (6.2) is semi-bounded below,

Hyp > —C(N,K, 2, R,d_1,d1,d5) > —o0,
in the sense of quadratic forms on ZDy.

Proof. We again employ the parameter ¢ > 0 and the partition of unity
introduced in the paragraph succeeding (A.2). Thanks to [10, Proof of
Lemma 3.4(ii)] we know that P{ maps D(Do ® HY) into D(Do ® H{ ™), for
every v > 1. The IMS localization formula thus yields

P;ry(i) v Pzw(l)

K

{XS) PZa(l) v; Pji‘v(z l)
k=0

2 [Xkl)a [ (7) P+ ,(1) vi P+ (l)H}

on D(Dg ® Ht), where a superscript (i) indicates that y; = xé) depends on

the variable x;. Using v; < 0, we observe that
2 B PO RO
= =20, P (P
+2Re { PX" Vi [ g P 1T )
(A7) > 2Re { PX’(Z) v; [sz) , [XS , PX’(Z)]] } .

(i)]

We recall the following estimate proven in [10, Lemma 3.6], for every x €

C>(R3, [0,1]),
I Do e, PRV HY2 | < 822 |V
where Hy = Hy + F with E > 1V (4dq)?. Together with (A.7) it implies
(v s PE e PO )
> =6 ([ He ) — (8| VxllZ/0) 19,

forall k € {0,...,K},ie{l,...,N}, 0 >0, and ¥ € D(Do ® H¢). Next, we
pick cut-off functions, (1, ...,k € C§°(R2,[0,1]), such that ¢x = 1 in a neigh-
borhood of Ry, and supp(¢x) C 89/4(Rk), for k € {1,..., K'}. By construction,
supp(¢r) Nsupp(xe) = &, for all k € {1,..., K} and £ € {0, ..., K} with k # E

Denoting ¢, := 1 — (; and using the superscrlpt () to indicate that ( = Ck
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is a function of the variable x;, we obtain

<\If‘ ()’UZPJF(Z) (Z)\I/>
2Z .
\p’ (%) P+ (i) € P+ 2 (%) (1)\1,>
< | R| A k
f by €2 £ | )
AR - <\11‘ )P+()78P \I/>
e¢k
B (@) (i) € 2.g, £ | )
(A.9) Z< ’ P TR P w),
l;tk

for all ¥ € D(Dg ® H¢). The operators appearing in the scalar products in
(A.9) are bounded by definition of ¢,. Their norms depend only on Z since
e?Z; < 1. Furthermore, by virtue of Lemma A.3 below the term in (A.8)
is bounded from below by —& (W | He ¥) — Cy || 0|2, for all § > 0 and some
Cs = Cs5(#,d1,ds) € (0,00); see (A.11).

Taking all the previous remarks into account, using (A.3)—(A.5), w;; > 0,
DY) > PO DY P and writing

N K
= S Y ) e
i=1 k=0
we deduce that
Hap
z (1*35)PXNHfPXN + (1*35)PiNHfP§N

2
pt { ® pr() (Du €y, 9 H) pH@ O
+ne{z+:ukzo N ZX i—RlirN A Xk
6 al 2 7 2 7
+NZ( @ po g1, py +ZX AT ARN A ())}PKN
i=1

— const(N, %, dy,dy)

on 9y, for every § > 0. Thanks to Corollary 3.4 (with e = 0) we know that

[Px(i), Hy] H{UQ extends to an element of £ (/%) whose norm is bounded by
some constant depending only on d; and ds, whence

Z Z VPR e | PR (PR H Y PR )
i=1 k=0

—(8/2) | H? Py )1 — (5/2) (PR, Hi H VPP w3,

for every ¥ € 9y, # € {4, L}, and b = +. For a sufficiently small choice of
6 > 0, the assertion of the proposition now follows from the semi-boundedness
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of PY (DY — €2 7, /|x; — Ry| + (6/N) Hy) P ensured by (A.6) and the
condition Zj, < Zyp. O

LEMMA A.3. Let ¢ € C§°(R3, [0, 1)), x € C>(R3,[0,1]), such that 0 € supp(()
and supp(¢) Nsupp(y) = 2. Set Hi := Hy + E, where E > ky vV d2. Then

(A.10) | Da H?CPEXHTV? | < O xodr,da),
(A.11) |5 PAxH 2| < C'(Coxodayda).

Proof. We pick some X € C*°(R3,[0,1]) such that supp(¥) Nsupp(¢) = @ and
X = 1 on supp(Vy). Using ¢ x =0 = (X we infer that, for all ,v € 2,

’<DA§0’H1/2€P+ H 1/2 >‘ _ ’<DA90‘H1/2C[PXaX]H;1/2w>‘

< [ [(Da| 172 ClRatin) . Riex- VxR (in) 20 )52
= [ [(Da| 117 ¢ Ratin) i V5 R(in) e W Ra(i) 70 )| 2

= [ (¢ Da | Ratin) Yo alin) ic- V% Ralin) Yo alin)

x ic- Vx Ra(iy) Yo1/2(iy) >’27r
In the last step we repeatedly applied (3 16) Commuting ¢ and Da and using

|Da Ra(iy)]l <1, [|[Ra(iy)||* < (1+9?)~", and the fact that || Yo 1/2(iy)| is
uniformly bounded in y € R, we readily deduce that

[(Dae|H*CPLX AT 0)| < OCxXodida) o] 4]
which implies (A.10). The bound (A.11) follows from (A.10) and the inequality

— rl/2 1/2
IxI™ e |” < 4l DaelP + 417 0ll, ¢ eD(Dow H?),

which is a simple consequence of standard arguments (see, e.g., [10, Equa-
tion (4.7))]). 0
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