DOCUMENTA MATH. 267

BLOW-UP OF SOLUTIONS TO A PERIODIC

NONLINEAR DISPERSIVE ROD EQUATION

LIANGBING JIN, YONGMING LIU, AND YONG ZHOU"

Received: November 12, 2009
Revised: April 6, 2010

Communicated by Heinz Siedentop

ABSTRACT. In this paper, firstly we find an optimal constant for a
convolution problem on the unit circle via the variational method.
Then by using the optimal constant, we give a new and improved
sufficient condition on the initial data to guarantee the corresponding
strong solution blows up in finite time. We also analyze the cor-
responding ordinary difference equation associate to the convolution
problem and give numerical simulation for the optimal constant.
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1 INTRODUCTION

Although a rod is always three-dimensional, if its diameter is much less than
the axial length scale, one-dimensional equations can give a good description
of the motion of the rod. Recently Dai [16] derived a new (one-dimensional)
nonlinear dispersive equation including extra nonlinear terms involving second-
order and third-order derivatives for a compressible hyperelastic material. The
equation reads

Ur + 0100 + OaVger + 03(20evee + vugee) = 0,
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where v(€, 7) represents the radial stretch relative to a pre-stressed state, o1 #
0, 02 < 0 and o3 < 0 are constants determined by the pre-stress and the
material parameters. If one introduces the following transformations

e N R
o1

then the above equation turns into
Ut — Utgy + JUlUy = V(2UgUspy + UWlgrs), (1.1)

where v = 303/(0102). In [17], the authors derived that value range of ~ is
from -29.4760 to 3.4174 for some special compressible materials. From the
mathematical view point, we regard v as a real number.

When v =1 in (1.1), we recover the shallow water (Camassa-Holm) equation
derived physically by Camassa and Holm in [4] (found earlier by Fuchssteiner
and Fokas [18] as a bi-Hamiltonian generalization of the KdV equation) by ap-
proximating directly the Hamiltonian for Euler’s equations in the shallow water
region, where u(x,t) represents the free surface above a flat bottom. Recently,
the alternative derivations of the Camassa-Holm equation as a model for water
waves, respectively as the equation for geodesic flow on the diffeomorphism
group of the circle were presented in [27] and respectively in [9, 29]. For the
physical derivation, we refer to works in [10, 26]. Some satisfactory results
have been obtained for this shallow water equation. Local well-posedness for
the initial datum wo(xz) € H® with s > 3/2 was proved by several authors,
see [30, 32, 35]. For the initial data with lower regularity, we refer to [33]
and [2]. While the regularized generalized Camassa—Holm equation was an-
alyzed in [15]. Moreover, wave breaking for a large class of initial data has
been established in [5, 7, 8, 30, 38, 39]. However, in [37], global existence of
weak solutions is proved but uniqueness is obtained only under an a priori
assumption that is known to hold only for initial data ug(x) € H! such that
Ug — Upge 1S & sign-definite Radon measure (under this condition, global exis-
tence and uniqueness was shown in [12] also). Also it is worth to note that
the global conservative solutions and global dissipative solutions (with energy
being lost when wave breaking occurs) are constructed in [2, 22, 24] and [3, 25].
Recently, in [21], Himonas, Misiolek, Ponce and the third author showed the
infinite propagation speed for the Camassa-Holm equation in the sense that a
strong solution of the Cauchy problem with compact initial profile can not be
compactly supported at any later time unless it is the zero solution, which is
an improvement of previous results in this direction obtained in [6].

If v =0, (1.1) is the BBM equation, a well-known model for surface waves in
a canal [1], and its solutions are global.

For general v € R, the rod equation (1.1) was studied sketchily by the Con-
stantin and Strauss in [13] first. Local well-posedness of strong solutions to
(1.1) was established by applying Kato’s theory [28] and some sufficient con-
ditions on the initial data were found to guarantee the finite blow-up of the
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corresponding solutions for spatially nonperiodic case. Weak solutions was con-
structed in [14, 23]. Later, in [41], the third author proved the well-posedness
result in detail, and various refined sufficient conditions on the initial data were
found to guarantee the finite blow-up of the corresponding solutions for both
spatially periodic and nonperiodic cases. Recently, blow-up criteria for a spe-
cial class of initial data for the periodic rod equation was presented in [31, 42],
where S = R/Z is the unit circle. Furthermore, in [20], Guo and the third
author have investigated the persistence properties for this rod equation. It
should be mentioned that for v < 1, (1.1) admits smooth solitary waves ob-
served by Dai and Huo [17]. Let u(z,t) = ¢(§),£ = x — ct be the solitary wave
to (1.1). It was shown that ¢(£) satisfies

£ =—V— <%7T + arcsin oyt e O+ 1)C> —In (Vele = d) + Vele—19))*

(L=7)e (1 =)o
for v < 0 and
B VR T R VAT G D) N L L R A O

(I —=7)e ! (1-7)¢

for 0 < v < 1. In [13] (see [40] also), Constantin and Strauss proved the
stability of these solitary waves by applying a general theorem established by
Grillakis, Shatah and Strauss [19].

We conclude this introduction by outlining the rest of the paper. In section 2,
we recall the local well-posedness for (1.1) with initial datum ug € H®, s > 3/2,
and the lifespan of the corresponding solution is finite if and only if its first-
order derivative blows up. In section 3, formulation of the optimal constant for
a convolution problem is settled by a variational method described in Struwe’s
book [36]. Then we solve the nonlinear ordinary differential equation in section
4. In section 5, a new blow-up criterion is established by applying the best con-
stant for the convolution problem. Finally, in section 6, another representation
will be showed, and a numerical simulation will be given.

2 PRELIMINARIES

In this section, we concentrate on the periodic case. In [13, 41], it is proved
that

THEOREM 2.1 [13, 41] Let the initial datum uo(x) € H*(S), s > 3/2. Then
there exists T = T(||uo||ms) > 0 and a unique solution w, which depends con-
tinuously on the initial datum wug, to (1.1) such that

we C([0,T); H*(S)) N C* ([0,T); H*~X(S)) .

Moreover, the following two quantities E and F are invariants with respect to
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time t for (1.1).

E(u)(t) = /S (u?(z,t) +ul(z,t)) da,

F)(t) = [ (1) + yu(e, 00 (a.)

s
Actually, the local well-posedness was proved for both periodic and nonperiodic
case in the above paper.
The maximum value of T' in Theorem 2.1 is called the lifespan of the solution, in
general. If T' < oo, that is limsup;7 |[u(., t)||zs = 0o, we say that the solution

blows up in finite time. The following theorem tells us that the solution blows
up if and only if the first-order derivative blows up.

THEOREM 2.2 [13,41] Let up(z) € H*(S), s > 3/2, and u be the corresponding
solution to problem (1.1) with lifespan T'. Then

sup  |u(z, t)| < C(JJuo||g1)- (2.1)
zeS,0<t<T

T is bounded if and only if

hrtr%%nfglclég{'yuz(z, 1)} = —o0. (2.2)
For ~ # 0, we set
m(t) := ing (ug(z,t)sign{y}), t >0, (2.3)
zTE
where sign{a} is the sign function of ¢ € R and we set mg := m(t = 0).

Then for every t € [0,T) there exists at least one point £(t) € S with m(t) =
ug (€(), 1)

LEMMA 2.3 [13] Let u(t) be the solution to (1.1) on [0,T) with initial data
ug € H5(S), s > 3/2, as given by Theorem 2.1. Then the function m(t) is
almost everywhere differentiable on [0,T), with

dm(t) = u (€(%),t), a.e. on (0,T).
dt
Consideration of the quantity m(t) for wave breaking comes from an idea of
Seliger [34] originally. The rigorous regularity proof is given in [8] for the
Camassa-Holm equation.
Set Q° = (1 — 82)*/2, then the operator Q2 can be expressed by

Q*f=G*f=AGw—wﬂw@
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BrLow-upr OF RobD EQUATION 271

for any f € L*(S) with

cosh(x — [z] — 1/2)
2sinh(1/2) ’

G(z) = (2.4)

where [x] denotes the integer part of z. Then equation (1.1) can be rewritten
as

3
Us + YUty + 0,Q 2 (TWUQ + %ui) = 0. (2.5)

Just as in [13, 41], it is easy to derive a equation for m(¢) from (2.5) as

e 2w - o (S T e @o)

a.e. on (0,7, where m(t) and &(t) are defined in (2.3) and Lemma 2.3.

If v = 3, it turns out that (2.6) is a Riccati type equation with negative initial
data for any nonconstant ug. So the solutions to (1.1) in periodic case definitely
blow up in finite time with arbitrary nonconstant initial data wug.

In what follows, we assume that 0 < v < 3.

3 THE BEST CONSTANT FOR A CONVOLUTION PROBLEM-FORMULATION

To prove the blow-up result, one of the basic ingredients is to analyze equation
(2.6). It is clear that the difficult part is the convolution term.
In this section, we consider the following convolution problem

G (f24 512 (@),

where G, defined by (2.4), is the Green function for Q=2 in the unit circle,
a > 0 is a constant, and function f belongs to H'(S).
Direct computation which already done in [43] yields

1

G (2 + 55)(@) 2 5@,

for any = € S.
Therefore,

G (£ +9£2) (@) 2 minfo, 1)G = (2 + 3 £2)(@) > minfo, 1} 5 /().
Our goal is to find an optimal constant C'() for the following inequality:
G (24 512) (@) = Cla) (@), (3.1)
for all f € HY(S).
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For this purpose, let
A={f e H'(S)|Ifllr= =1}

and
1@ =G+ (£ +572) @) = [ 6= (W) +5£0)

Since I[f] is a translation invariant on the unit circle S, we can assume that A
is defined on the interval [0, 1] with f > 0 and f(0) = f(1) = 1 without loss of
generality. Hence finding the best constant for the problem (3.1) is equivalent
to finding the minimum value for

1

ST /01 cosh(z — 1/2) (f2(:c) + %fﬁ(z)) de.

110 = 5

From now on, we follow the variational method discussed in a comprehensive
book written by Struwe [36].
It is clear that

._JE@A<Fm+ﬁ@»wsﬂmm

min{a, 1} 5ok

% /O (F2(@) + f2(2)) de,

for any f € A. The above inequality means that I[f](0) is equivalent to the
H'-norm of f.

Suppose that {fx}°; is a minimizing sequence, i.e., I[fx](0) — inf fe 4 I[f](0),
as k — co. Hence it is easy to show that there exists a subsequence { fi;}72; C
{fr}72, denoted it by {fr}3>, also, and a function g € A with fr — ¢ as
k — oo. For the details we refer to [38].

Due to the identities cosh(3z) = cosh®(z) + 3 cosh(z) sinh?(z) and sinh(3z) =
4 sinh®(x) 4 3sinh(z), we have

< max{a, 1}

I [cosh(z —1/2)/ cosh(1/2)] (0)
1
2sinh(1/2) cosh?(1/2)

X /01 (coshg(x —-1/2)+ %cosh(x —1/2)sinh®(z — 1/2)) dx

1/2 o o
= QSinh(1/2)1COSh2(1/2) /1/2 (cosh(?):c) + (5 — 3) cosh(z) sinh (z)) dx

2sinh(3/2) + (o — 6)sinh®(1/2) 6 + (a + 2) sinh®(1/2)
6sinh(1/2) cosh?(1/2) B 6 cosh?(1/2)
(4 — a)sinh?(1/2)

= 1= 6 cosh?(1/2) <1=1I1)0),
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BLow-up oF RoD EQUATION 273
provided that a < 4.

For the case a > 4, we consider the family

B+ cosh(x — 1/2)
B+ cosh(1/2) ~’

where 8 > 0 is a constant to be determined later. By the same steps, one can
get

B+ cosh(x — 1/2)
B + cosh(1/2) } (©)
6(8 + 1)sinh(1/2) 4 (a 4 2) sinh®(1/2) + 63 cosh(1/2) sinh(1/2) + 33
6sinh(1/2)(8 + cosh(1/2))? '

1

Direct computation yields

B + cosh(x — 1/2)
! [ Frcosniz) | O <t
provided that
655-1) _
sinh?(1/2) za-d

The above inequality implies that 1 is not the minimizer for I[f](0), in other
words, there exists region U where the value of g is strictly less than 1.

Let ¢ be a smooth function with compact support in U. One can choose € is
sufficient small such that g + e¢ € A. Now we set

i(t) = I[g + te6)(0) = / G(a) ((g+ ted) + 59z + teg)?) da.

where ¢ € R such that g + te¢ € A. Since g is the minimizer, we have

1 1
0=14(0)= 6/0 (2G99 + aGgypy)dr = 6/0 (2Gg — a(Ggy)g)pd.

Therefore the equation for g in the region g < 1 reads

cosh(z — 1/2)

a(Ggz). = 2Gg, with G(z) = 2sinh(1/2)

Just as what was done in [38], we have the following claim that g < 1 at all
points except 0 and 1. So the equation for g is
0(Gga)a =2Gg, i (0,1), with g(0) = g(1) = 1. (3:2)

After changing variable we can rewrite (3.2) as

cosh(z)g" (z) + sinh(z)g'(z) — gcosh(x)g(x) =0, (3.3)

DOCUMENTA MATHEMATICA 15 (2010) 267-283



274 LIANGBING JIN, YONGMING LI1U, AND YONG ZHOU

x € (—1/2,1/2), where prime means taking derivative with respect to x.
If & = 1, equation (3.3) has been solved in [43] as

1+ arctan(sinh(z — 1/2)) sinh(z — 1/2)
B 1 + arctan(sinh(1/2)) sinh(1/2) ’

for x € [0, 1].

For general case o # 1, we will solve the equation in the next section.
However, here we can find the optimal constant for the functional I achieved
by ¢ satisfying the equation (3.3). Actually, from the equation (3.2), one has

(6] (6]
Gg® + 56‘93 =5 (Ggz), -

Therefore,
160) = [ (G,
= Srmtqm O(1/2)9/(1/2 - 0) = g(=1/2)g'(-1/2+0))
tanhamgl(lﬂ - 0),

since g(z) is an even function on [-1/2,1/2], and ¢g(—1/2) = ¢(1/2) = 1.
Hence, we have the following theorem

THEOREM 3.1 For all f € HY(S), and a > 0, the following inequality holds

G (f2+512) (@) = Cla) (@), (3.5)
with
C(0) = oz (/2= 0) (3.6)

where g(x) is an even function on [—1/2,1/2] satisfying (3.3).

¢ = % * 2sinh(1/2) +a2r(:i?$é?r(ﬂll/(3)2))sinh2(1 /2) ~ 0.865,

which has been founded in [43].

REMARK 3.1 From the above variational approach, it implies that C(a) < 1
for any o > 0.
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4 SOLVE THE ORDINARY DIFFERENTIAL EQUATION
For our convenience, we rewrite the equation (3.3) as
cosh(z)u¥ (z) + sinh(z)u) (z) — A(A + 1) cosh(z)uy(z) = 0, (4.1)

T € (—1/2,1/2), with A = Y2EY2 > ¢

Now, letting s = sinh(z) and vy (s) = ux(x), then (4.1) changes to
(1 + s?)vX(s) + 2504 (5) — A\ + Dva(s) = 0. (4.2)

In general, the solution to (4.2) can be represented as the following power series:

n—1
A=2k)(A+1 2k:

(2n)!

with convergence radius of 1. Hence it is convergent at s = sinh(1/2).

It is easy to find that, (4.3) is a polynomial with finite terms for A being a
positive even number, i.e., A = 2m, k € N. For A = 2m + 1, the solution to
(4.2) can be obtained by

s dr
’UA(S) = —V1 (S)/O m (44)

where

<1+Z I, )\+2k)(>\+12k)s2n>

2n+1)!

is another solution to (4.2), which is independent of (4.3).
Due to the strategic steps established here, we can write down the solutions to
(4.2) for A € N. For example, we have

s d
ui(x) = —s/o 72(17172) =1+ sarctan s = 1 + sinh(z) arctan(sinh(x)),

(3.4) is recovered again. We also can write down the following solutions.

us(z) =1+ 352 = 1 + 3sinh?(x),

) 5 d
us(x) = -—s <1+ §SQ>/ . T2
0 T2(14372)" (1+72)

1—}—15 24 9—1—15 ) arctan s
= —s +s| -+ —s
4 4 4

9

1
= 14+ % sinh(z)? + s (Z + Z5 sinh(z)2> arctan (sinh(x)),
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35 35
ug(z) = 1+ 10s% + 334 = 1+ 10sinh?(z) + 5 sinh?(z),

105 15
us(z) = 1+ HSQW +9s5%) + 6—43(15 + 70s% + 63s%) arctan s

105
= 1+47 sinh®(z) (7 + 9sinh®(z))

15
+6—4 sinh(z) (15 + 70sinh*(z) + 63 sinh4(ac)) arctan (sinh(z)) ,

231
1+ 21s% +63s* + ?56

231
1 4 21 sinh?(z) 4 63 sinh*(z) + - sinh®(z).

ug(x)

For general A > 0, we only have the form of (4.2) at present. We will do some
computation in section 6.

5 BLOW-UP CRITERIA

After local well-posedness of strong solutions (see Theorem 2.1) is established,
the next question is whether this local solution can exist globally. As far as
we know, the only available global existence result is for the case v = 1: see
the paper by Constantin [5] for a PDE approach, and the paper by Constantin
and McKean [11] for an approach based on the integrable structure of the
equation. If the solution exists only for finite time, how about the behavior
of the solution when it blows up? What induces the blow-up? On the other
hand, to find sufficient conditions to guarantee the finite time blow-up or global
existence is of great interest, especially for sufficient conditions added on the
initial data.

The main theorem of this section is as following:

THEOREM 5.1 Let 0 <~ < 3. Assume that ug € H*(S) satisfies mg < 0 and

9 3—7 2y cosh(1/2) 9
1— 1 1
mg > 2 C 3 Snh(1/2) l[woll7(s)s (5.1)

where C (%) is defined by (3.6). Then the life span T > 0 of the correspond-
ing solution to (1.1) is finite.

REMARK 5.1 When v = 1, we recover the theorem established in [43]. The
cases for v < 0 and v > 3 were discussed in [{1, 42].

First, we have the following blow-up result for a Riccati type ordinary differ-
ential equation.
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LEMMA 5.2 [43] Assume that a differentiable function y(t) satisfies

y'(t) < —Cy*(t) + K, (5.2)

with constants C, K > 0. If the initial datum y(0) = yo < — %, then the
solution to (5.2) goes to —co in finite time.

Secondly, let us recall the best constant for a Sobolev inequality proved in [38].
cosh(1/2)

o — 1(S) 5.3

1117 sy < 5 1nh(1/2>||f||ﬂ ) (5.3)

for f € H'(S). Moreover, it is an optimal constant for the Sobolev imbedding
H' C L™ in the sense that (5.3) holds if and only if f(x) = AG(x —y) for some
Ay €eR

We start the proof for the main theorem from (2.6).

o= e 2o - |6 (e 4 T )| @0
= g+ e - 257 o (w4 52| o
< g+ S0 - 200 (2 ) et
< —qw+ 20 (1m0 (G2)) v

where we used (3.5) and (5.3).
So, the proof can be completed by using the condition in Theorem 5.1 and
Lemma 5.2.

6 ANOTHER PRESENTATION AND NUMERICAL SIMULATION

We have the equation (4.2), and the local solution to (4.2) can be represented
as the power series (4.4), which is convergent at s = sinh(1/2) = 0.521 - - -
By the transformation of variables

2= =52, yr(s) := va(s)
and let
a;:—)\/Q’b::()\—f—l)/Q,CZ:l/Q,
then .
2" T (a4 k)( b+k)
)=1 b, 6.1
D% s e AU D A (3
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where F(a, b, c;z) is called the hypergeometric function, a regular solution of
the hypergeometric differential equation

2(1 = 2)yN(2) + [c = (a+ b+ 1)2]y;(2) — abyr(z) = 0.
Since
, ab
F'(a,b,c;2z) = —F(a+1,b+1,c+ 1;2),
c
we obtain the analytic expression

cosh?(1/2)F(a +1,b+ 1, ¢+ 1; —sinh?(1/2))
sinh(1/2)F(a, b, ¢; — sinh?(1/2))

C(a) =

3

where a = 2/(A(A + 1)).

Although the value of C(«) for each A can be obtained by calling the hyper-
geometric functions in softwares such as Mathematica, Maple or MATLAB,
generally the calculation based on (6.1), thus the calculations are not efficient.
In the following, we give an efficient method for calculating C'(«).

Define

v (s)

WYy,
A+ 1)vr(s)

ax(s) :==

then gy (s) is the solution of the following initial value problem of the first order
ordinary differential equation

1

= mv QA(O) =0, (6-2)

2s
qx(s) + H_—SQ(L\(S) + pgi(s)

where p:= A(A+1).
Thus

cosh?(1/2)gx(sinh(1/2)) _

Cle) = sinh(1/2)

(6.3)

By using MATLAB programme, we can plot the graph of C(«) as Fig. 1. Here
« is taken from 0.01 to 10 with equal step length 0.01. The detailed MATLAB
code is given in the appendix.
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C(m)

0.2f b

0.1 Il Il Il Il Il Il Il Il Il
0 1 2 3 4 5 6 7 8 9 10

Fig. 1

From Fig. 1 we see that C(«) is a strictly increasing function of a which can
be proved analytically as follows.
Differentiate both sides of (6.2) with respect to p, we have a linear differential

equation of gx,(s) = 9gx(s)/Op:

Gul5) 2 (1) + 55 ) o)+ RO =0 0 =0, (64)

The solution to (6.4) is

1 s S
Ouls) = 71—}——52/ (1+72)exp <2u/ ax(t) dt> @ (r)dr < 0. (6.5)
0 T
While
_ Oqx(s) O -2
Dals) = o 9o P2 > 0.

This completes the proof due to (6.3).

7 APPENDIX

Fig. 1 is plotted by two MATLAB routines for calculating C(a). We use
MATLAB because of its advantage of efficient vector operations. The argument
alpha can be a vector.
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1. The main function routine, MATLAB m-file named bestc.m:
function C=bestc(alpha)
% Input: alpha, may be a scalar or a vector;

% Output: C, the best coefficient corresponding to alpha, When alpha is
a vector, C is also a vector with the same size as alpha.

T=.52109530549374738495; % T = sinh(1/2)
G=2.4401300568286909964; % G = T+T"(-1)

options=odeset("RelTol’,2.221e-14,’ABsTol’,1e-15); % Set ODE solver’s
relative error tolerance and absolute error tolerance.

[S,Y]=o0de45(@rod,[0,T],0*alpha,options,alpha); % Call ODE solver
ode45.

C=Y(end,:)*G;
% End of the main routine.

2. The ODE-file named rod.m is as follows:
function dqds = rod(s,q,alpha)
daqds = (1-2*s*q)/(1+4s"2)-2*q." 2. /alpha;
% End of the ODE-file.
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