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ABSTRACT. Let M be a compact Riemannian manifold with bound-
ary OM and L = §+Z for a C'-vector field Z on M. Several equivalent
statements, including the gradient and Poincaré/log-Sobolev type in-
equalities of the Neumann semigroup generated by L, are presented
for lower bound conditions on the curvature of L and the second
fundamental form of M. The main result not only generalizes the
corresponding known ones on manifolds without boundary, but also
clarifies the role of the second fundamental form in the analysis of
the Neumann semigroup. Moreover, the Lévy-Gromov isoperimetric
inequality is also studied on manifolds with boundary.
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1 INTRODUCTION

The main purpose of this paper is to find out equivalent properties of the Neu-
mann semigroup on manifolds with boundary for lower bounds of the second
fundamental form of the boundary. To explain the main idea of the study,
let us briefly recall some equivalent semigroup properties for curvature lower
bounds on manifolds without boundary.

Let M be a connected complete Riemannian manifold without boundary and
let L = A + Z for some C'-vector field Z on M. Let P, be the diffusion
semigroup generated by L, which is unique and Markovian if the curvature of
L is bounded below, namely (see [3]),

Ric—VZ > -K (1.1)
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holds on M for some constant K € R. The following is a collection of known
equivalent statements for (1.1), where the first two ones on gradient estimates
are classical in geometry (see e.g. [1, 5, 6, 7]), and the remainder follows from
Propositions 2.1 and 2.6 in [2] (see also [9]):

(i) |VPf?P<e2EIP|VSI2, t20, fe CHM);
(i) |[VPf| <ef'P|VS], t>0, feCi(M);

5 ,  e*Ft_1 ) L
(111) Ptf _(Ptf) S TPthfl 5 tZO, fE Cb(M)’
1 _e—QKt

(iv) Pf?— (P f)?* > VP fI?, t>0, fe€CHM);

K
2(e2Kt 1)

P, 2t >
I V2, >0, f €

(v) Pi(f*log f?) — (Ppf?)log(P:f?) <
Cy (M);
1 — 2Kt

— VRS2, t20, fe

(vi) (P P:(flog f) — (Pif)log(Pf)} >
Cy(M), f>0.

These equivalent statements for the curvature condition are crucial in the study
of heat semigroups and functional inequalities on manifolds. For the case that
M has a convex boundary, these equivalences are also true for P; the Neumann
semigroup (see [10] for one more equivalent statement on Harnack inequality).
The question is now can we extend this result to manifolds with non-convex
boundary, and furthermore describe the second fundamental using semigroup
properties?

So, from now on we assume that M has a boundary OM. Let N be the inward
unit normal vector field on M. Then the second fundamental form is a two-
tensor on TOM, the tangent space of M, defined by

I(X,Y)=—(VxN,Y), X,YeToM.

IfI>0(i.e. I(X,X) >0 for X € TOM), then OM (or M) is called convex. In
general, we intend to study the lower bound condition of I; namely, I > —o on
OM for some o € R.

For x € M, let E* be the expectation taken for the reflecting L-diffusion process
X, starting from z. So, for a bounded measurable functional ® of X,

EP: z— E*®

is a function on M. Moreover, let I; be the local time of X; on OM. According
to [8, Theorem 5.1], (1.1) and I > —o imply

VP, f| < ME[|Vf(Xy)|e7], t>0,feC(M). (1.2)
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To see that (1.2) is indeed equivalent to (1.1) and I > —o, we shall make use
of the following formula for the second fundamental form established recently
by the author in [12]: for any f € C°°(M) satisfying the Neumann condition
N flom =0,

f|Vf|2 log LAV
= \/_ VP f

holds on OM for any p € [1, 00). With help of this result and stochastic analysis
on the reflecting diffusion process, we are able to prove the following main result
of the paper.

VS V) = (1.3)

THEOREM 1.1. Let M be a compact Riemannian manifold with boundary and
let P; be the Neumann semigroup generated by L = A+ Z. Then for any
constants K,o0 € R, the following statements are equivalent to each other:

(1) Ric—=VZ>—-K on M and1 > —o on OM;
(2) (1.2) holds;

)
)

(3) IVPf]? < 2RURVFP)Ee*!, £ >0, feCH(M);
)

(4 Pt(f2 1ng2> (Ptf2>10gptf2 < 4E[|Vf| ft 620' (Le—le— s)+2stS]
t>0, feCHM);

(5) Pof?—(Pf)? < 2E[|VFP(X,) [y €2l t2Ksqs] ¢ >0, f e CY(M);

(6) VP f]> <

L ? — t 20ls—2Ks
< (+=5m) (BFlog ) — (P og PLAE[F(X) fy e2t:=2R5ds],
t>0, f>0, feC (M)

42K2 t 201,—2Ks
— e 2K1)2 (Ptf — () ) f ds, t>0, f €

M) VRSP < 5

(M),

Theorem 1.1 can be extended to a class of non-compact manifolds with bound-
ary such that the local times l; is exponentially integrable. According to [13]
the later is true provided I is bounded, the sectional curvature around M is
bounded above, the drift Z is bounded around OM, and the injectivity radius
of the boundary is positive. To avoid technical complications, here we simply
consider the compact case.

In the next section, we shall provide a result on gradient estimate and non-
constant lower bounds of curvature and second fundamental form, which im-
plies the equivalences among (1), (2) and (3) as a special case. Then we present
a complete proof for the remainder of Theorem 1.1 in Section 3. As mentioned
above, for manifolds without boundary or with a convex boundary an equiva-
lent Harnack inequality for the curvature condition has been presented in [10].
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Due to unboundedness of the local time which causes an essential difficulty
in the study of Harnack inequality, the corresponding result for lower bound
conditions of the curvature and the second fundamental form is still open. Nev-
ertheless, log-Harnack and Harnack inequalities for the Neumann semigroup on
non-convex manifolds have been provided by [13, Theorem 5.1] and [14, Theo-
rem 4.1] respectively. Finally, as an extension to a result in [4] where manifolds
without boundary is considered, the Lévy-Gromov isoperimetric inequality is
derived in Section 4 for manifolds with boundary.

2 GRADIENT ESTIMATE

Let K1, Ky € C(M) be such that

Ric—VZ>—-K;on M, 1>—KsondM. (2.1)

According to [8, Theorem 5.1] this condition implies

VP, f| < B[V (X )els Fr (Xt ff Ko (X0l ] 4 > 0 f e 0H(M).  (2.2)

The main purpose of this section is to prove that these two statements are
indeed equivalent to each other. To prove that (2.2) implies (2.1), we need the
following results collected from [11, Proof of Lemma 2.1] and [13, Theorem 2.1,
Lemma 2.2, Proposition A.2] respectively:

(I) For any A > 0, EeMt < co.
(II) For Xo =2 € OM, limsup,_,, +|El; — 2,/t/7| < co.

(IIT) For Xy =z € OM, there exists a constant ¢ > 0 such that El? <ct, t€
[0, 1].

(IV) Let p be the Riemannian distance. For § > 0 and Xo =2 € M \ OM
such that p(a,0M) > 0, the stopping time 75 := inf{t > 0: p(X¢,z) > §}
satisfies P(75 < t) < cexp[—d2/(16t)] for some constant ¢ > 0 and all
t>0.

THEOREM 2.1. (2.1), (2.2) and the following inequality are equivalent to each
other:

VPP < (P fPE[e? o Ka(Xder2 [ Ko (Xl ] g > 0, f € C1(M). (2.3)
Proof. Since by [8] (2.1) implies (2.2) which is stronger than (2.3) due to the
Schwartz inequality, it remains to deduce (2.1) from (2.3).

(a) Proof of Ric—VZ > — K. It suffices to prove at points in the interior. Let
Xo =z € M\ OM. For any € > 0 there exists 6 > 0 such that
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B(x,0) € M\ OM, sup |Ki(y) — Ki(2)] <e, (2.4)
yEB(I,(s)

where B(z,6) is the closed geodesic ball at  with radius 6. Since I; = 0 for
t < 75, by (2.3), (I) and (IV) we have

VPSP (@) < (BIVI (@))Be? o K052 [5 Hea(dls

< (BIV () { P IP(r; > 1) + ([B(rs < DB +al 2t}
< (BV P ()e ¥ L Cem e (0,1]
for some constants C, A > 0.

This implies

VP f(2) = VP () IRV (@) — [V (=)

lim sup < lim sup .
t—0 t t—0 t
(2.5)
Now, let f € C°°(M) with N f|an = 0, we have
t
Pf= f+/ P;Lfds, t>0.
0
Then
20\ _ 2
imaup PP = 9510
t—0
2 (2.6)

+2/0t<Vf, VPSLf>ds}(x).

1 t
=lim —{‘ / VP, Lfds
t—0 t 0

Moreover, according to the last display in the proof of [8, Theorem 5.1] (the
initial data up € O, (M) was missed in the right hand side therein),

VP,Lf = uoE[Mu; '"VLf(Xy)],
where wu; is the horizontal lift of X; on the frame bundle O(M), and M; is a
d x d-matrices valued right continuous process satisfying My = I and (see [8,
Corollary 3.6])

M| < exp [[[Kl|oct + [|K2[locle]-
So, due to (I), [VP.Lf| is bounded on [0,1] x M and VP;Lf — VLf as s — 0.
Combining this with (2.6) we obtain

2 o 2
mnsup (VPP @) = IVIPG)
t—0 t

(VF,VLf)(x). (2.7)
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On the other hand, applying the Ito6 formula to |V f|?(X;) we have

BIVI(x) = [V 2(x) + / P.LIVf(x)ds + E / NIV F(X,)dl,

(2.8)
t
< VP + / PoLIV P (2)ds + | V| f 2] o Bl
0
Since Iy = 0 for ¢ < 75, by (III) and (IV) we have

Ely < \/(BIZ)P(r5 < t) < cre ™!, € (0,1]

for some constants ¢i, A > 0. So, it follows from (2.8) that

2 o 2
i sup LIV @) = IVIP@)
t—0 t

< LIV (2).

Combining this with (2.5) and (2.7), we arrive at

SEIVIP@) ~ (VLA @) > ~(Ka(e) +), f € C(M), Nfloar =0.

According to the Bochner-Weitzenbock formula, this is equivalent to (Ric —
VZ)(x) > —(Ki(z) + €). Therefore, Ric — VZ > —K; holds on M by the
arbitrariness of x € M \ OM and ¢ > 0.
(b) Proof of I > —K5. Let Xo = « € M. For any f € C>(M) with N flom =
0, (2.3) implies that

VPP (x) < S (PN fI? () Ee? o KXot (2.9)

where C = 2||K1||oo- Let

et =2 sup |Ka(Xs) — Ka(z)|.
s€[0,t]

By the continuity of the reflecting diffusion process we have ¢, | 0 as ¢ | 0.
Since there exists ¢g > 0 such that for any r > 0 one has e” < 1+ 7+ cor3/2e”,
we obtain
log Be? Jo K2(Xo)dle < 166 {1 4 2Ky (2)El; + E(e4ly) + CoE(I}%e21)} (2.10)
for some constant Cy > 0. Moreover, by (I) and (IIT) we have
E(l?/QeCQIt) < (Elf)3/4(IEe4CZZf)1/4 < Cgt3/4, te (0, 1]

for some constant C3 > 0. Substituting this and (2.10) into (2.9), we arrive at
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. 1 |VPtf|2(.’L') . 2K2(.’L‘)Elt + E(Etlt)
limsup — log ———————= < limsu .
o0 Vi BRIV T a0 NG

Since Ee? — 0 as t — 0 and El? < ¢t due to (III), this and (II) imply

Loy VPSP () _ 4Ks(x)

limsup — lo
0l Vi SRV S Jm

Combining this with (1.3) for p = 2 we complete the proof. O

3 PROOF OF THEOREM 1.1

Applying Theorem 2.1 to K; = K and K2 = o we conclude that (1), (2) and (3)
are equivalent to each other. Noting that the log-Sobolev inequality (4) implies
the Poincaré inequality (5) (see e.g. [6]), it suffices to prove that (2) = (4),
(5) = (1), and (2) = (6) = (7) = (1), where “ = stands for “implies”. We
shall complete the proof step by step.

(a) (2) = (4). By approximations we may assume that f € C°°(M) with
N floar = 0. In this case

d
—P,f =LP,f = PLf.
g vf = P Lf

So, for fixed t > 0 it follows from (2) that

d VP f??
Lrponn sy = —p VLT
o serep, VAL @)

P f?
> —4e*Ksp B[V FI2(X,)e? k.

Next, by the Markov property, for % = o(X, : r < s),s > 0, we have
P B[V f(Xs)e* ")) (z) = E*EX = [|V f*(X,)e?"]

_ EZ[EZ(GQG(lt_lFS)|Vf|2(Xt)|yt_s)]
= E7[[V[?(Xp)e? )],

Combining this with (3.1) we obtain

d , N
EPt_s{(Psﬁ)1ogpsf2} > AE[|Vf 2 (Xy)e?Ket2ot=l=a] 5 € (0,1).

This implies (4) by integrating both sides with respect to ds from 0 to ¢.
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(bl) (5) = Ric—VZ > —K. Let Xo = = € M\ OM and f € C(M) with
N floar = 0. By (5) we have

t
Pif? — (Pf)? < 2E{|Vf|2<xt> / s taollimlizdgs). (3:2)
0

Let § > 0 and 75 be as in the proof of Theorem 2.1(a). Then

t
E|:|vf|2(Xt)/ 62K5+20(lt—lts)d5:|
0

t
< (PIVIP) / K5 ds 1 1]V f e B 1, o)
0
eQKt -1 ) 7)\/15
S TPt|Vf| (.T)+C€ , te (0,1]

holds for some constants ¢, A > 0 according to (IV). Combining this with (3.2)
we conclude that

2Kt _ 1

Pf2(x) — (Pif)>(x) < ° PIVf(x) +2ceM!, te (0,1,  (3.3)

K
Since f € C*(M) with N f|oar=o0, we have

2

t t
P f? = (Pf)* = f? +/ P,Lf*ds — <f+/ PSLfds>
0 0

. . ) (3.4)
— / (PsLf? —2fP,Lf)ds — (/ PSLfds) .
0 0
Moreover, by the continuity of s — P;Lf, we have
t 2
(/ Pstds) = (Lf)*? + o(t?), (3.5)
0

where and in what follows, for a positive function (0,1] 3 ¢ — & the notion
o(&;) stands for a variable such that o(&)/& — 0 as t — 0; while (O(&;) satisfies
that O(&)/& is bounded for ¢ € (0, 1]. Moreover, since

P,Lf? —-2fP,Lf =Lf*—2fLf+ /S(PTLQJ‘Q —2fP.L*f)dr
0
+ E/S(NLf2 —2f(z)NLf)(X,)dl,,
0
and due to (IV)
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‘E/t {NLf? = 2f(z)NLf}(X,)dl,| < 1B, < coe™™*, s € (0,1]
0

holds for some constants ¢y, co, A > 0, it follows from the continuity of P in s
that

/t(Pst2 —2fP,Lf)ds = 2t|V f|* + g(LQfQ — 2f L2 f) + o(t?).
0

Combining this with (3.4) and (3.5) we obtain

PP @) ~(Puf) (@) =
= AV IP(x) + 5 (22— 2f L2 f)(w) — P(L)a) + (%) (36)
= 21|V (x) + PV, VLS + LVIP)() + o).

Similarly,

RIS (x) = [Vf12() + / PuLIV 2 (2)ds + E / NIV F2(X)dl,
0 0
— [Vf2() + LIV () + oft).

Combining this with (3.3) and (3.6) we arrive at

S{PQVE VL) + LIV + o)}

eQKt

< S LV AP @) + o) + 1

2Kt _q
——— —2)IVf(@).

Letting t — 0 we obtain

LIVf*(z) =2V f, VLf)(z) > —2K|Vf[*(z),

which implies (Ric — VZ)(z) > —K by the Bochner-Weitzenbock formula.
(b2) (5) = 1> —0. Let Xg = 2 € OM and f € C°®°(M) with Nf|onr = 0.
Noting that Lf? — 2fLf = 2|V f|?, by the Ito formula we have

Puf2(x) — (Puf)2(2) = 2 + /Ot P.Lf%ds — (f + /Ot Pstds)2 .

=2 [ RIVIP@ds+2 [ (P.ULHE) - f@) LI @)]ds + OF),
0 0

Since N f|an = 0 implies
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0=(Vf,V(N,Vf)) =Hessy(N,Vf) =LV, V),
it follows that

I(V£,Vf) = Hess (N, V.f) = s NIV /P (3.8)

So, by the Itd formula, (II) and (III) yield

PV fP(@) = V(@) + / CPLVfP()dr +E / NIV P (X)L,
_ V(@) + Ofs) +2E/OSH(Vf, V)X, )dl, (3.9)

— VP () + 4—]§H<w, V1)) + o(s2).

Moreover, since (fNLf)(X,)— f(z)(NLf)(X,) is bounded and goes to zero as
r — 0, it follows from (III) that

R / s / (INFX) = F@)(NLF(X)]dl, = o(£3/2).

So, by the 16 formula

2 [IP.(LE)@) - @) P.LS(@)ds
0
:2/ ds/ [P.L(fLf)(x) — f(x)P.L?f(z)]dr

+21E/ ds/ (fNLf)(X,) — f(z)(NLf)(X,)]dl, = o(t3/?).

Combining this with (3.7) and (3.9) we arrive at

lim (P, (2) — (P)2(x) — 20|91 (2))
0tV (3.10)

. 1 t
:ﬁﬂ(w,w)(z) lim -~ /0 Vads = 7H<Vf, V1)),

On the other hand, by the It6 formula for |V f|?(X;), it follows from (3.8) and
(IT) that
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-

t
{|Vf| (X) /0 eQKS““(“—”S’ds—t|Vf|2<w>}

2 IVIP(X) (Y okstoote—tr ) }
( IVFI2(X,) — |VF] (x))+E{7t\/E /O(e 1)ds

t t
/ P.LIVf2(2)ds + E / N|Vf|2<Xs)dzs}
0 0

E{w /t (62K5+20(lt*lt75) _ 1)(15}
t/t 0
4

4 o) 4o IVSP(X) [ Q2K 5420 (l—1—2) _ 1) s
_ﬁ]I(Vf,Vf)( )+ (1)+1E{7NE /O( 1)d }

S %I

+

(3.11)
Since by (I) and (III)

E{(|Vf|2(Xt) - |Vf|2(1')) /0 (e2KS+20'(lt7lt—s) _ 1)de|

- t{E(|Vf|2(Xt) B |vf|2(x))2}1/2{E(62Kt+2alt _ 1)2}1/2
o(t) - (E[402I7] + o(t)) = o(t?),

it follows from (I) and (II) that

t
E|:|Vf|2(Xt)/ (e2Ks+20(lt7lt,s) - 1)d5:|
0
t
= o(t?) + |Vf|2(z)IE/ (e2Ksraollimlizs) — 1)ds
0

= o(t3/2) + 40’|v\/f7_-|r2(1') /Ot (\/E_ /t—— S)dS
_ 40’t\/_

NG IVf1P (@) + o ().

Combining this with (3.11) we arrive at

4
So, (3.10) and (5) imply that

16

, 8
IV IV V) ( )<1H§1_§(1)1p214t < ﬁH(Vf,Vf)(x) \/—IVfI ().
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Therefore, [(V £,V f)(x) > —a|Vf|*(z).
(¢) (2) = (6). Let f > 0 be smooth satisfying the Neumann boundary condi-
tion. We have

d o |th—sf|2
dSPs{(Pt—sf)logPt—sf}_Ps Ptfsf .
This implies
L VPP
0 t—s

On the other hand, by (2) and applying the Schwartz inequality to the proba-

bility measure me_yﬂsds on [0, t], we obtain

|VPtf|2 =
2K ¢ P
{2 | TRl
€ 0

t 2
< {1& E[|VPtSf|(XS)e‘”SKS]ds}
0

— 2Kt

2K \2 PIVP f)? ‘ ool 9K
< |f— 1 ols s
- (1 _ e—QKt) <E o Pt—sf (XS)dS) /0 E[Ptfsf(Xs)e ]dS

72[( ’ t |thisf|2 ' 20ls—2Ks
o (1 _e—QKt) </0 PSTsfds>/o E[Pi—sf(Xs)e |ds.

Combining this with (3.12) and noting that the Markov property implies

B[P f(X,)e1] = BI(EY £(X,—.))e2""] = B[ E(£(X,)|7,)]
= E[E(f(X,)e**"|.Z,)] = E[f(X,)e?™"],
we obtain (6).
(d) (6) = (7). The proof is similar to the classical one for the log-Sobolev
inequality to imply the Poincaré inequality. Let f € C°°(M). Sluce M is
compact, 1 4+ ef > 0 for small € > 0. Applying (6) to 1 + &f in place of f, we
obtain

VPP < ey (P 1) los(1 4+ ) = (1+ <Puf) low(1 + <)

-E{(l +ef(Xy)) /Ot e2"l5_2K5ds}.
(3.13)

Since by Taylor’s expansion
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P(1+cf)log(l+¢ef) — (1+ P f)log(l+eP,f) (Pof? = (P f)?) +o(e2),

e
o2
letting e — 0 in (3.13) we obtain (7).

(el) (7) = Ric—VZ > —K. Let Xg =2 € M\ OM and f € C°>°(M) with
N floar = 0. by (I) and (IV) we have

Ee?ls =1 + E[e2glsl{76§s}] =1+ O(S)
So,

t
_ 1 — exp[—2K{]
E 20l ZKSd _ ).
/0 e S$= o +o(t)

Combining this with (3.6) and (7), we conclude that, at point x,

VPSP = IVIP

. <
2
= ﬁ{wﬂ? e ven + LvP)y - Lo
1 2K K
A ber=rs e—tm ~1)IVIP+ ?fm@wf, VLf)+ LIVS[?) +o(1).

Letting ¢ — 0 and using (2.7), we obtain

VS, VLI < KNI + (VL VLS + SV

at point x. This implies Ric — VZ > —K at this point according to the
Bochner-Weitzenbock formula.

(€2) (7) = 1> —0. Let Xg =2 € OM and f € C°(M) with N flons = 0. Tt
follows from (3.10), (7) and (II) that at point z,

IVP.f|* <
2K2 16t3/2 80_t3/2
< g (TSP 4 G UVEVD o) (145 +07)
4K*t? 4K215/2

e 1/2
= (o VI + [ ommya (R l(V 1 V0 + 3 V) +o(t ),

Combining this with (2.7) we deduce at point z that

o1 4K%?
O:tlg%%(wptflt =t ?)
. 4K?t? 8
< }g% ooy (371 V) + flvfl ?)
8a 2
= 3 AUTEY) + VP
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Therefore, I(Vf, Vf)(z) > —o|Vf|2(z).

4  LEVY-GROMOV ISOPERIMETRIC INEQUALITY

As a dimension-free version of the classical Lévy-Gromov isoperimetric inequal-
ity, it is proved in [4] that if M does not have boundary then for V € C?(M)
such that Ric — Hessy > R > 0 the following inequality

U (ulf)) < /M V@) + BV dp, (4.1)

holds for any smooth function f with values in [0,1], where p(dz) :=
C(V)~teV@dz for C(V) = [,, €@ dz is a probability measure on M, and
U = po® ! for &(r) = (2m)~1 [T e=**/2ds and ¢ = ®'. Since % (0) =
(1) = 0, taking f = 14 (by approximations) in (4.1) for a smooth domain
A C M, we obtain the isoperimetric inequality

R (A) < 11p(04), (4.2)

where pg(0A) is the area of A induced by p. This inequality is crucial in the
study of Gaussian type concentration of u (see [4, 9]). Obviously, (4.1) follows
from the following semigroup inequality by letting t — oo:

U(Pf) < P 23(f) + R-1(1 - e=2R0) |V [ 2 (4.3)

In this section we aim to extend (4.3) to manifolds with boundary.

Now, let again M be compact with boundary OM, and let P; be the Neumann
semigroup generated by L = A + Z. We shall prove an analogue of (4.3) for
the curvature and second fundamental condition in Theorem 1.1(1).

THEOREM 4.1. Let Ric—VZ > —K and I > —o for some constants K € R
and o > 0. Then for any smooth function f with values in [0, 1],

(e2Kt — 1)e20le
U (Pif) SE\/%2(f)(Xt)+|vf|2(Xt)T, t>0. (4.4)
If in particular OM is convez (i.e. o =0), then

Y < P72+ 19RO L s

If moreover K < 0, then (4.1) and (4.2) hold for R=—K > 0.

Proof. Tt suffices to prove the first assertion. To this end, we shall use the
following equivalent condition for Ric — VZ > —K (see e.g. the proof of [9,

(1.14))):

VIVSPP

V]2 (4.5)

Calf, ) i= S LIV — (VA VLS 2 K|V +
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To prove (4.4), we consider the process

2Ks _ 1)620[5

1t = U (P /) (Xe) + [V P f2(X0)

T, sG[O,t].

To apply the Ito formula for 7, recall that X, solves the equation

dX, = V2u, 0 dB, + N(X,)dl,,

where ug is the horizontal lift of X, and B, is the Brownian motion on R¢
provided M is d-dimensional. So,

(eQKs o 1)e2al5

dns = V2(AUU ) (Pies f)(Xo) + ——

V|VPt,Sf|2(XS),uSdBS>

2 . 5 (e2Ks _ 1)620[5
+ {207 + AU P IV PSP+ 2D5(Pre o f P )

K
2V P, fPeR 200 L (X, ) ds
e?Ks -1 e2o’l5
+ (T) (N|VP_sf|> + 20|V P f[*) (X,)dLs.
Noting that %" = —1 and ¢ > 0 so that €**'s > 1, combining this with

(3.8), 1> —o and (4.5), we obtain

2K571 20l
(e K)e VIV f(X,), u,dB, )

(GQKS _ 1)620ls|v|vpt_sf|2|2
X,)ds.
2K|V P, f|2 }( s)ds

dn. = V(A U') (Pies (X2 +

T {2%’2(Pt—sf)|vpt—sf|2 +

Therefore, there exists a martingale M for s € [0, ¢] such that

dns

dni/Q =dM, + m—
Ns

2Ks _1)e20ls
20U U ) (P )V P | + L7
an?

VIVE_f P (X0)

1
= dMS + WBSdS;
4ns

where
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So, 77;

FENG-YU WANG

2Ks 20l 212
(e 1)e*"|V|VP,_. f[?| )(XS)
2K|VP,_, f|?

-~ (2%/2(Pt,sf)|vpt,sf|2 -

’ s — 1 201 2|?
~ 2@ U P VP f + =TIV PSP (X)

(e2Ks _ 1)62015 {%Q(Ptfsf)|V|thfsf|2|2
K 2|th—sf|2

—AUU )P )P f VIV P o f ) HX)

> +AVP_ fI* U (P f)
>0.

2 s a sub-martingale on [0,¢]. Therefore, Ené/ ? < Entl/ ?_ which is

nothing but (4.4). O
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