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ABSTRACT. Let p be an odd prime. We show that the classification
of p-divisible groups by Breuil windows and the classification of com-
mutative finite flat group schemes of p-power order by Breuil modules
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with an abstract deformation theory that applies to Breuil windows.
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1 INTRODUCTION

Let R be a complete regular local ring of dimension r with perfect residue field
k of odd characteristic p. Let W (k) be the ring of Witt vectors of k. One can
write R = 6/EG with

G =W(k)[[z1, ...,z

such that F/ € G is a power series with constant term p. Let o be the endomor-
phism of & that extends the Frobenius automorphism of W (k) by o(x;) = «¥.
Following Vasiu and Zink, a Breuil window relative to & — R is a pair (Q, ¢)
where @ is a free G-module of finite rank, and where

6:Q— QY
is an G-linear map with cokernel annihilated by F.

THEOREM 1.1. The category of p-divisible groups over R is equivalent to the
category of Breuil windows relative to & — R.
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If R has characteristic p, this follows from more general results of A. de Jong
[dJ]; this case is included here only for completeness. If r = 1 and E is an
Eisenstein polynomial, Theorem 1.1 was conjectured by Breuil [Br] and proved
by Kisin [K1]. When E is a deformation of an Eisenstein polynomial the result
is proved in [VZ1].

Like in these cases one can deduce a classification of commutative finite flat
group schemes of p-power order over R: A Breuil module relative to & — R is
a triple (M, p, 1) where M is a finitely generated G-module annihilated by a
power of p and of projective dimension at most one, and where

©: M — M), v MO M

are G-linear maps with oy = F and ¥ = E. If R has characteristic zero, such
triples are equivalent to pairs (M, ¢) such that the cokernel of ¢ is annihilated
by E.

THEOREM 1.2. The category of commutative finite flat group schemes over
R annihilated by a power of p is equivalent to the category of Breuil modules
relative to & — R. !

This result is applied in [VZ2] to the question whether abelian schemes or p-
divisible groups defined over the complement of the maximal ideal in Spec R
extend to Spec R.

FRAMES AND WINDOWS

To prove Theorem 1.1 we show that Breuil windows are equivalent to Dieudonné
displays over R, which are equivalent to p-divisible groups over R by [Z2]; the
same route is followed in [VZ1]. So the main part of this article is purely
module theoretic.

We introduce a notion of frames and windows (motivated by [Z3]) which allows
to formulate a deformation theory that generalises the deformation theory of
Dieudonné displays developed in [Z2] and that also applies to Breuil windows.
Technically the main point is the formalism of o7 in Definition 2.1; the central
result is the lifting of windows in Theorem 3.2.

This is applied as follows. Let mg be the maximal ideal of R. For each positive
integer a we consider the rings 6, = &/(z1,...,2,)*S and R, = R/m%. There
is an obvious notion of Breuil windows relative to &, — R, and a functor

s, : (Breuil windows relative to &, — R,) — (Dieudonné displays over R, ).

Here ¢ is trivially an equivalence because &1 = W (k) and Ry = k. The
deformation theory implies that on both sides lifts from a to a+ 1 are classified
by lifts of the Hodge filtration in a compatible way. Thus s, is an equivalence
for all a by induction, and Theorem 1.1 follows.

1Recently, Theorems 1.1 and 1.2 have been extended to the case p = 2. See: A relation
between Dieudonné displays and crystalline Dieudonné theory (in preparation).
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COMPLEMENTS

There is some freedom in the choice of the Frobenius lift on &. Namely, let o
be a ring endomorphism of & which preserves the ideal J = (x1,...,2,) and
which induces the Frobenius on &/p&. If the endomorphism o/p of J/J? is
nilpotent modulo p, Theorems 1.1 and 1.2 hold without change.

All of the above equivalences of categories are compatible with the natural
duality operations on both sides.

If the residue field k is not perfect, there is an analogue of Theorems 1.1 and
1.2 for connected groups. Here p = 2 is allowed. The ring W (k) is replaced by
a Cohen ring of k, and the operators ¢ and ¢ must be nilpotent modulo the
maximal ideal of &.

In the first version of this article [L3] the formalism of frames was introduced
only to give an alternative proof of the results of Vasiu and Zink [VZ1]. In
response, they pointed out that both their and this approach apply in greater
generality, e.g. in the case where F € G takes the form E = g + pe such that ¢
is a unit and ¢ divides o(g) for a general Frobenius lift o as above. However,
the method of loc. cit. seems not to give Theorem 1.1 completely.

All rings in this article are commutative and have a unit. All finite flat group
schemes are commutative.

Acknowledgements. The author thanks A. Vasiu and Th. Zink for valuable
discussions, in particular Th. Zink for sharing his notion of »-frames and for
suggesting to include section 10, and the referee for many helpful comments.

2 FRAMES AND WINDOWS

Let p be a prime. The following notion of frames and windows differs from
[Z3]. Some definitions and arguments could be simplified by assuming that the
relevant rings are local, which is the case in our applications, but we work in
greater generality until section 4.

If S is a ring equipped with a ring endomorphism o, for an S-module M we
write M(?) = S ®, 5 M, and for a o-linear map of S-modules g : M — N
we denote by gf : M(®) — N its linearisation, gf(s ® m) = sg(m). If g is
invertible, g is called a o-linear isomorphism.

DEFINITION 2.1. A frame is a quintuple
F =(S,I,R,0,01)

consisting of a ring S, an ideal I of S, the quotient ring R = S/I, a ring
endomorphism ¢ : S — S, and a o-linear map of S-modules o1 : I — S, such
that the following conditions hold:

i. I+ pS CRad(9),

ii. o(a) =a” mod pS for a € S,
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ili. o1(I) generates S as an S-module.

We do not assume here that R is the specific ring considered in the introduction.
In our examples o7 (I) contains the element 1.

LEMMA 2.2. For every frame % there is a unique element 0 € S such that
o(a) = 0o1(a) forael.

Proof. Condition iii means that the homomorphism 02 : 119) — S is surjective.

Let us choose b € I(®) such that of (b) = 1. Then necessarily 6 = (). For
a € I we compute o(a) = o (b)o(a) = % (ba) = o¥(b)o1(a) as desired. O

DEFINITION 2.3. Let % be a frame. A window over ., also called an .%-
window, is a quadruple
‘@ = (PaQaFaFl)

where P is a finitely generated projective S-module, @ C P is a submodule,
F:P — Pand F} : Q@ — P are o-linear map of S-modules, such that the
following conditions hold:

1. There is a decomposition P=L & T with Q = L @& IT,

2. Fi(az) = o1(a)F(x) for a € I and x € P,

3. F1(Q) generates P as an S-module.
A decomposition as in 1 is called a normal decomposition of (P, Q) or of &.
Remark 2.4. The operator F is determined by Fi. Indeed, if b € 1(?) satisfies

% (b) = 1, then condition 2 implies that F(x) = F? (bz) for € P. In particular
we have F(z) = 0F;(x) when z lies in Q.

Remark 2.5. Condition 1 implies that
1. P/Q is a projective R-module.

If finitely generated projective R-modules lift to projective S-modules, neces-
sarily finitely generated because I C Rad(S), condition 1 is equivalent to 1’. In
all our examples, this lifting property holds because S is either local or I-adic.

LEMMA 2.6. Let F be a frame, let P = L&T be a finitely generated projective
S-module, and let Q = L @ IT. The set of F-window structures (P,Q, F, F})

on these modules is mapped bijectively to the set of o-linear isomorphisms
V:LeT— P

by the assignment W(l+1t) = F1(1)+ F(t) forl€e L andt € T.

The triple (L, T, ¥) is called a normal representation of (P, Q, F, F}).
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Proof. If (P,Q, F,Fy) is an %-window, by conditions 2 and 3 of Definition
2.3 the linearisation of W is surjective, thus bijective since P and P(?) are
projective S-modules of equal rank by conditions i and ii of Definition 2.1.
Conversely, if U is given, one gets an % -window by F (I +t) = 0U(l) + U(¢)
and Fi(l+at) = V() 4+ 01(a)¥(t) forle L, t € T, and a € I. O

ExXAMPLE. The Witt frame of a p-adic ring R is
WR = (W(R)a IRa Ra fa fl)

where W(R) is the ring of p-typical Witt vectors of R, f is its Frobenius
endomorphism, and f; : Iz — W(R) is the inverse of the Verschiebung homo-
morphism. Here § = p. We have Ir C Rad(W (R)) because W(R) is Ir-adic;
see [Z1, Proposition 3]. Windows over #5 are 3n-displays over R in the sense
of [Z1], called displays in [M2], which is the terminology we follow.

FUNCTORIALITY
Let & = (S,1,R,0,01) and F' = (58", I',R', o', o) be frames.

DEFINITION 2.7. A homomorphism of frames « : . % — %', also called a frame
homomorphism, is a ring homomorphism « : S — S’ with «(I) C I’ such that
o'a=aoc and ofa = u-aoc; for a unit u € S’. If u =1, then « is called strict.

Remark 2.8. The unit u is unique because aoy (I) generates S’ as an S’-module.

We have a(f) = uf’. If we want to specify u, we say that « is a u-homo-

morphism. There is a unique factorisation of « into frame homomorphisms
PN

such that o is strict and w is an invertible u-homomorphism. Here .#” is the

ul-twist of .F’ defined as .#" = (S, I', R, o’ ,u"10}).

Let o : .% — .7’ be a u-homomorphism of frames.

DEFINITION 2.9. Let & be an .#-window and let &’ be an .%’-window. A ho-
momorphism of windows g : & — £’ over «, also called an a-homomorphism,
is an S-linear map g : P — P’ with ¢g(Q) C @’ such that F'g = gF and
Flg =u-gF;. A homomorphism of .#-windows is an id g-homomorphism in
the previous sense.

LEMMA 2.10. For each F-window &P there is a base change window a2 over

F' together with an a-homomorphism of windows & — o, that induces a
bijection Homg: (. &2, P') = Homy (P, P') for all F'-windows &'.

Proof. Clearly this requirement determines o, uniquely. It can be con-
structed explicitly as follows: If (L,T, V) is a normal representation of &2,
a normal representation of o, & is (S’ ®s L, S’ ®s T, ¥’) where ¥’ is defined
by U'(s' ®@1) = uo’(s’) @ ¥(I) and ¥'(s' @ t) = o’/ (s") @ U(¢). O
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If o, =(P,Q,F', F|), then P’ = 5" ®g P, and Q' C P’ is the S’-submodule
generated by I’ P’ and by the image of Q.

Remark 2.11. As suggested in [VZ2], the above definitions of frames and win-
dows can be generalised as follows. Instead of condition iii of Definition 2.1,
the element 6 given by Lemma 2.2 is taken as part of the data. For a u-
homomorphism « : . % — F' of generalised frames in this sense it is necessary
to require that a(f) = uf’. For a window over a generalised frame the relation
F(z) = 0Fi(z) of Remark 2.4 becomes part of the definition, and condition 3
of Definition 2.3 is replaced by the requirement that F;(Q) + F(P) generates
P. Then the results of sections 2—4 hold for generalised frames and windows
as well. Details are left to the reader.

LimiTs

Windows are compatible with projective limits of frames in the following sense.
Assume that for each positive integer n we have a frame

tgzn = (Sn;In;ananvaln)

and a strict frame homomorphism 7, : %#,+1 — %, such that the involved
maps Sp+1 — Sy and I,41 — I, are surjective and Ker(m,) is contained in
Rad(Sy+1). We obtain a frame lim %, = (5,1, R,0,01) with S = lim S,, etc.
By definition, an .%,-window is a system &, of %, -windows &2, together with
isomorphisms %11 = Fp.

LEMMA 2.12. The category of (1&1 Fn)-windows is equivalent to the category
of F.-windows.

Proof. The obvious functor from (lim.%,)-windows to .#.-windows is fully
faithful. We have to show that for an %,-window £, the projective limit
lim &, = (P,Q, F, F1) defined by P = lim P, etc. is a window over @ﬁn

he condition Ker(m,) C Rad(Sy+1) implies that P is a finitely generated pro-
jective S-module and that P/Q is projective over R. In order that P has a
normal decomposition it suffices to show that each normal decomposition of
P, lifts to a normal decomposition of &,+1. Assume that P, = L), & T}
and Pp4+1 = Ly41 ® Ty+1 are normal decompositions and let P, = L,, ® T,
be induced by the second. Since T, ® R, = P,/Q, = T! ® R, and
L,®R, = Q,/IP, 2 L, ® Ry, we have T;, 2 T, and L, = L]. Hence
the two decompositions of P, differ by an automorphism of L,, ®T,, of the type
w=(9Y) with ¢: L, — I,,T,,. Now w lifts to an endomorphism w’ = (‘Zf Zl/)
of Lpt1 @ Thy1 with ¢ ¢ Lyt1 = Ing1Tht1, and o’ is an automorphism since
Ker(m,) € Rad(Sy+1). The required lifting of normal decompositions follows.
All remaining window axioms for @ P, are easily checked. O

Remark 2.13. Assume that Sp is a local ring. Then all S, and S are local
too. Hence lim .7, satisfies the lifting property of Remark 2.5, so the normal
decomposition of P in the preceding proof is automatic.
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DuALITY

Let &2, &', and £?" be windows over a frame .#. A bilinear form of %#-
windows 8 : &# x &P’ — " is an S-bilinear map S : P x P’ — P’ such that
BQ x Q') € Q" and

B(Fi(z), Fi(2') = FY'(B(x, ")) (2.1)

forz € Q and 2’ € Q'. Let & also denote the .Z-window (S, I, 0,01). For every
F-window & there is a unique dual .#-window ! together with a bilinear
form & x Pt — F which induces for each .#-window £’ an isomorphism
Hom(2?', 2') = Bil(Z x &', F). Explicitly we have 2¢ = (PV,Q, Ft, F})
where P¥Y = Homg(P, S) and

Q' ={a' € PV |2/(Q) C I}.

The operators F} and F' are determined by (2.1) with o7 in place of F}’. If
(L, T,®¥) is a normal representation for &2, a normal representation for 2! is
given by (TV, LY, ¥?) where (¥?)! is equal to ((¥#)~1)V. This shows that F}
and I are well-defined. There is a natural isomorphism £t >~ 2.

For a more detailed exposition of the duality formalism in the case of
(Diedonné) displays we refer to [Z1, Definition 19] or [L2, Section 3].

LEMMA 2.14. Let o : F — F' be a u-homomorphism of frames and let ¢c € S’
be a unit such that c='o’(c) = u. For all F-windows P there is a natural
isomorphism (depending on c)

(P 2 (a,. P)".

Proof. We consider the %’-window %, = (S’, I’ ,uc’,uc}). The given bilinear
form £ x P* — Z induces a bilinear form a,? x a,(P?) — F/; this is
easily verified using that under base change by « each of the operators F,
F|, and F|' = o1 accounts for one factor of u in (2.1). Multiplication by
¢ is an isomorphism of %’-windows .#; = %’. The resulting bilinear form
P x a,(P) — F' induces an isomorphism a, (') = (a, P)*. O

3 CRYSTALLINE HOMOMORPHISMS

DEFINITION 3.1. A homomorphism of frames « : % — %' is called crystalline if
the functor a, : (#-windows) — (%’-windows) is an equivalence of categories.

THEOREM 3.2. Let a: .F — .F' be a strict frame homomorphism that induces
an isomorphism R = R’ and a surjection S — S’ with kernel a C S. We
assume that there is a finite filtration a = ag 2 -+ 2 a, = 0 with o(a;) C a;41
and o1(a;) C a; such that o1 is elementwise nilpotent on a;/a;11. We assume
that finitely generated projective S’'-modules lift to projective S-modules. Then
« s crystalline.
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In many applications the lifting property of projective modules holds because a
is nilpotent or S is local. The proof of Theorem 3.2 is a variation of the proofs
of [Z1, Theorem 44] and [Z2, Theorem 3].

Proof. The homomorphism « factors into % — #" — %’ where the frame 7"
is determined by S = S/ay, so by induction we may assume that o(a) = 0. The
functor «, is essentially surjective because normal representations (L, T, ¥) can
be lifted from .%’ to .%. In order that a is fully faithful it suffices to show that
o is fully faithful on automorphisms because a homomorphism g : & — &’
can be encoded by the automorphism (; (1)) of Z® &', Since for a window &2
over .% an automorphism of a, &2 can be lifted to an S-module automorphism
of P, it suffices to prove the following assertion.

Assume that & = (P,Q, F,Fy) and &' = (P,Q, F', F}]) are two Z-windows
such that F = F' and Fy = F| modulo a. Then there is a unique F-window
isomorphism g : 2 =2 ' with g = id modulo a.

We write F{ = Fy +n and F' = F +¢ and ¢ = 1 + w, where the o-linear
maps 1 : @ — aP and € : P — aP are given, and where w : P — aP is an
arbitrary S-linear map. The induced ¢ is an isomorphism of windows if and
only if gFy = F{g on @, which translates into the identity

n=wk — Flw. (3.1)

We fix a normal decomposition P = L@ T, thus Q = L& IT. Forle L, te T,
and a € I we have

n(l+at) =n(l) + o1(a)e(t),
w(Fi(l+at)) =w(F1(1) + o1(a)w(F (1)),
Fl(w(l +at)) = Fi(w(l)) + o1(a) F'(w(t))

Here F'w = 0 because for a € a and € P we have F'(ax) = o(a)F’(x), and
o(a) =0. As o1(I) generates S we see that (3.1) is equivalent to:

{Esz on T,

n=wkF — Flw on L. (3:2)

Since V:L&T B4 P s a o-linear isomorphism, to give w is equivalent to

give a pair of o-linear maps
wr =wkF, : L — aP, wr =wF : T — aP.
gy—1 1
Let A: L — L) be the composition L C P 2y [() g T(@) 2% [(0) and

let 7 : L — T(9) be analogous with pry in place of pri. Then the restriction
w|r is equal to wﬂL)\ + wﬂTT, and (3.2) becomes:

{“TZEH’ (3.3)

wy, — F{wuL)\ =7+ F{wﬁTT.
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Let s be the abelian group of o-linear maps L — aP. We claim that the en-
domorphism U of 5 given by U(wy,) = F, {wﬁL)\ is elementwise nilpotent, which
implies that 1 — U is bijective, and (3.3) has a unique solution in (wr,wr)
and thus in w. The endomorphism F} of aP is elementwise nilpotent because
F|(ax) = 01(a)F'(z) and because o7 is elementwise nilpotent on a by assump-
tion. Since L is finitely generated it follows that U is elementwise nilpotent. [

Remark 3.3. The same argument applies if instead of o1 being elementwise
nilpotent one demands that X is (topologically) nilpotent, which is the original
situation in [Z1, Theorem 44]; see section 10.

4  ABSTRACT DEFORMATION THEORY

DEeFINITION 4.1. The Hodge filtration of a window & is the submodule
Q/IP C P/IP.

LEMMA 4.2. Let a : F — F' be a strict homomorphism of frames such that
S = 5'; thus R — R’ is surjective and we have I C I'. Then F-windows &
are equivalent to pairs consisting of an F'-window P’ = (P',Q',F', F|) and a
lift of its Hodge filtration to a direct summand V C P'/IP’.

Proof. The equivalence is given by the functor & — (., Q/IP), which is
easily seen to be fully faithful. We show that it is essentially surjective. Let
an #’-window &’ and a lift of its Hodge filtration V' C P’/IP’ be given and
let Q@ C P’ be the inverse image of V; thus Q C Q’. We have to show that
&P = (P',Q,F', F||g) is an #-window. First we need a normal decomposition
for &2; this is a decomposition P’ = L & T such that V = L/IL. Since &’
has a normal decomposition, & has one too for at least one choice of V. By
modifying the isomorphism P’ = L & T with an automorphism (1) of L& T
for some homomorphism ¢ : L — I'T one reaches every lift of the Hodge
filtration. It remains to show that F}(Q) generates P’. In terms of a normal
decomposition P = L @ T for & this means that F{ + F' : L&T — P’ is a
o-linear isomorphism, which holds because &’ is an .%’-window. O

Assume that a strict homomorphism of frames « : F — %' is given such that
S — 8’ is surjective with kernel a, and I’ = I.5’. We want to factor a into
strict frame homomorphisms

(SaIaRa g, 01) a—1> (Sa I/IaR/aUa Ulll) O(HQ (S/aIIaR/aglaall) (41)

such that as satisfies the hypotheses of Theorem 3.2.

Necessarily I"” = I + a. The main point is to define o : I” — S, which is
equivalent to defining a o-linear map o/ : a — a that extends the restriction of
o1 to I Na and satisfies the hypotheses of Theorem 3.2. Once this is achieved,
Theorem 3.2 and Lemma 4.2 will show that .%-windows are equivalent to .#'-
windows &’ plus a lift of the Hodge filtration of 42’ to a direct summand of
P/IP, where 2" = (P,Q", F, F{') is the unique lift of &’ under as.
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5 DIEUDONNE FRAMES

Let R be a noetherian complete local ring with maximal ideal mp and with
perfect residue field k of characteristic p. If p = 2, we assume that p annihilates
R. Let W(mg) € W(R) be the ideal of all Witt vectors whose coefficients lie in
mp and converge to zero mp-adically. There is a unique subring W(R) of W (R)
which is stable under the Frobenius f such that the projection W(R) — W (k)
is surjective with kernel W (mg), and the ring W(R) is also stable under the
Verschiebung v; see [Z2, Lemma 2]. Let Iy be the kernel of the projection to
the first component W(R) — R. Then v : W(R) — I is bijective.

DEFINITION 5.1. The Dieudonné frame associated to R is
@R = (W(R)a]IPwRa fa fl)
with fi = v~ 1L

Here 0 = p. Windows over 9y are Dieudonné displays over R in the sense
of [Z2]. We note that W(R) is a local ring, which guarantees the existence of
normal decompositions; see Remark 2.5. The inclusion W(R) — W(R) is a
strict homomorphism of frames Zr — #k.

If R’ has the same properties as R, a local ring homomorphism R — R’ induces
a strict frame homomorphism 9r — Zg.

Assume that R* = R/b for an ideal b which is equipped with elementwise
nilpotent divided powers 7. Then W(R) — W(R’) is surjective with kernel
W(b) = W(b) N W(mpg). In this situation, a factorisation (4.1) of the homo-
morphism P — Zr can be defined as follows. We recall that the y-divided
Witt polynomials are defined as

w), (Xo, .., Xn) = (p" = Dlypn (Xo) + (0" = Dy (X1) + -+ + X

Thus p"w), is the usual Witt polynomial w,(Xo,...,Xp) = Xgn ++p" X,
Let b<>°> be the W(R)-module of all sequences [bg,b1,...] with elements
b; € b that converge to zero mpg-adically, such that x € W(R) acts on b<*°>
by [bo,b1,...] = [wo(z)bo,wi(x)by,...]. We have an isomorphism of W (R)-
modules
log: W(b) 2 6<°°>; b (wh(b), w)(b),...);
see the remark after [Z1, Cor. 82]. For b € W (b) we call log(b) the logarithmic
coordinates of b. Let R
HR/R’ = HR =+ W(b)

In logarithmic coordinates, the restriction of f; to Iz N W(b) is given by
f1([0,b1,b2,...]) = [b1,ba,...].
Thus f1 : Ig — W(R) extends uniquely to an f-linear map

f1 . ]IR/R’ — W(R)
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with fi([bo, b1, ...]) = [b1,ba,...] on W(b), and we obtain a factorisation
DR =5 Dy = (W(R), Iz p, R, f, f1) <2 Drr. (5.1)

PROPOSITION 5.2. The frame homomorphism as is crystalline.

This is a reformulation of [Z2, Theorem 3] if mp is nilpotent, and the general
case is an easy consequence. As explained in section 4, it follows that defor-
mations of Dieudonné displays from R’ to R are classified by lifts of the Hodge
filtration; this is [Z2, Theorem 4].

Proof of Proposition 5.2. When mpg, is nilpotent, a satisfies the hypotheses of
Theorem 3.2; the required filtration of a = W (b) is a; = p’a. In general, these
hypotheses are not fulfilled because f; : @ — a is only topologically nilpotent.
However, one can find a sequence of ideals R D I; D I--- which define the
mp-adic topology such that each b N I, is stable under the divided powers of
b. Indeed, for each n there is an [ with mlR Nb C mb; for I,, = m}Eb + mlR we
have b1, = m}b. The proposition holds for each R/I,, in place of R, and the
general case follows by passing to the projective limit, using Lemma 2.12. O

6 »-FRAMES

The results in this section are essentially due to Th. Zink (private communica-
tion); see also [Z3, Section 1] and [VZ1, Section 3].

DEFINITION 6.1. A sc-frame is a frame .% = (5,1, R, 0,01) such that
iv. S has no p-torsion,
v. W(R) has no p-torsion,
vi. 0(f) — 6P = p - unit in S.

The numbering extends i—iii of Definition 2.1. In the following we refer to
conditions i—vi without explicitly mentioning Definitions 2.1 and 6.1.

Remark 6.2. If ii and iv hold, we have a (non-additive) map

_ P
T7:8 =85, T(x):7a(z) a ,
b
and vi says that 7(f) is a unit. Condition v is satisfied if and only if the
nilradical .4"(R) has no p-torsion, for example if R is reduced, or flat over Z,).

PRrROPOSITION 6.3. To each »-frame & one can associate a u-homomorphism
of frames » : F — Wy lying over idr for a well-defined unit u of W(R).
The homomorphism s and the unit u are functorial in F with respect to strict
frame homomorphisms.
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Proof. Conditions iv and ii imply that there is a well-defined ring homomor-
phism ¢ : § — W(S) with w,0 = o™; see [Bou, IX.1, proposition 2]. We have
fé =4do. Let » be the composite ring homomorphism

%: S5 W(S) = W(R).

Then fs = 0 and »(I) C Ir. Clearly s is functorial in .#. To define u we
write 1 = > y;o1(2z;) in S with a; € I and y; € S. This is possible by iii.
Recall that = > y;0(x;); see the proof of Lemma 2.2. Let

w=">s(y:) fr(xs).

Then pu = »(0) because pf; = f and f» = »xo. We claim that fi = u - »0;.
By condition v this is equivalent to the relation p- f1s = pu - »01, which holds
since pf1 = f and pu = »(0) and o1 = 0. It remains to show that u is a unit
in W(R). Let pu = »(0) = (ag,a1,...) as a Witt vector. By Lemma 6.4 below,
u is a unit if and only if a1 is a unit in R. In W2(S) we have §(0) = (6,7(0))
because (wg, w1) applied to both sides gives (0, 0(#)). Hence a; is a unit by vi.
We conclude that s : % — #g is a u-homomorphism of frames.

Finally, u is functorial in % by its uniqueness, see Remark 2.8. O

LEMMA 6.4. Let R be a ring with p € Rad(R) and let v € W(R) be given. For
an integer r > 0 let p"u = (ag, a1, as,...). The element u is a unit in W(R) if
and only if a, is a unit in R.

Proof. Assume first that » = 0. It suffices to show that an element @ of
W41 (R) that maps to 1 in Wy, (R) is a unit. If 4 = 1 +0"(z) with € R, then
! =1+ v"(y) where y € R is determined by the equation = + y + p"zy = 0,
which has a solution since p € Rad(R). For general r, by the case r = 0 we
may replace R by R/pR. Then we have p(bo, b1, ...) = (0,b),b7,...) in W(R),
which reduces the assertion to the case r = 0. o

COROLLARY 6.5. Let % be a »-frame with S = W (k)[[z1, ..., x.]] for a perfect
field k of odd characteristic p. Assume that o extends the Frobenius automor-
phism of W (k) by o(z;) = x¥. Then u is a unit in W(R), and 3 induces a
u-homomorphism of frames »x : % — Dg.

Proof. We claim that §(S) lies in W(S). Indeed, §(z;) = [z;] because wy
applied to both sides gives a¥ ", Thus for each multi-exponent e = (eq,...,e;,)
the element 6(z¢) = [z°] lies in W(S). Let mg be the maximal ideal of S. Since
W(S) = @W(S/mg) and since for each n all but finitely many 2¢ lie in m%,
the claim follows. Hence the image of s : S — W/(R) is contained in W(R).
By its construction the unit u lies in W(R); it is invertible in W(R) because
the inclusion W(R) — W(R) is a local homomorphism of local rings. O
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7 'THE MAIN FRAME

Let R be a complete regular local ring with perfect residue field k of charac-
teristic p > 3. We choose a ring homomorphism

S =Wk a1,....,a]] S R

such that x1,...,x, map to a regular system of parameters of R. Since the
graded ring of R is isomorphic to k[z1,...,z,], one can find a power series
Ey € G with constant term zero such that 7w(Ey) = —p. Let E = Ey + p and
I = EG. Then R = &/I. Let 0 : & — & be the ring endomorphism that
extends the Frobenius automorphism of W (k) by o(x;) = 2. We have a frame

B =(6,I,R,0,01)
where o7 is defined by o1(Fy) = o(y) for y € &.
LEMMA 7.1. The frame A is a »-frame.

Proof. Let 6 € G be the element given by Lemma 2.2. The only condition to
be checked is that 7() is a unit in &. Let E) = o(Ep). Since o1(F) = 1, we
have 0 = o(E) = E{, + p. Hence

B — (E) P
T(G):U( O)erp( 0 +p) =1+7(E)) mod p.

Since the constant term of Ej is zero, the same is true for 7(E{), which implies
that 7(6) is a unit as required. O

Thus Proposition 6.3 and Corollary 6.5 give a ring homomorphism s from &
to W(R), which is a u-homomorphism of frames

x: B — Dg.
Here the unit v € W(R) is determined by the identity pu = »xo(E).
THEOREM 7.2. The frame homomorphism 3 is crystalline (Definition 3.1).

To prove this we consider the following auxiliary frames. Let J C & be the
ideal J = (z1,...,a,), and let mp be the maximal ideal of R. For each positive
integer a let 6, = 6/J°G and R, = R/m%. Then R, = &6,/ES,, where E is
not a zero divisor in &,. There is a well-defined frame

v@a = (Ga,Ia,Ra,Ua,Ula)

such that the projection & — &, is a strict frame homomorphism % — %4,.
Indeed, o induces an endomorphism o, of &, because o(J) C J, and for y € &,
one can define 01, (EYy) = 04(y).
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For simplicity, the image of u in W(R,) is denoted by u as well. The u-
homomorphism ¢ induces a u-homomorphism

%a:%a%@}{a

because for e € N” we have s(2¢) = [z¢], which maps to zero in W(R,) when
e1+ -+ e. > a. We note that %, is again a s-frame, so the existence of s,
can also be viewed as a consequence of Proposition 6.3.

THEOREM 7.3. For each positive integer a the homomorphism s, is crystalline.

To prepare for the proof, for each a > 1 we will construct the following com-
mutative diagram of frames, where vertical arrows are u-homomorphisms and
where horizontal arrows are strict.

’@aJrl —L> c@a_’_l % %a (71)

l%a+1 lffwrl l%a

Y ’
‘@Ra+l — @Ra+l/Ra — -@Ra

The upper line is a factorisation (4.1) of the projection %, — %,. This
means that the frame %, 1 necessarily takes the form

@a—i-l = (6a+1; fa+1; R, Oa+1, a-1(a+1))

with Io41 = EGqy1 + J*/J4TL. We define G141 : Lat1 — Gatr to be the
extension of 0y(a11) 1 EG4y1 — G4y1 by zero on Ja/Ja“. This is well-defined
because

EG, 1 NJ*)J* T = EB(J*/J*

and because for z € J*/J*" we have 0y(q41)(Ex) = 0a41(x), which is zero
since o(J*) C JOP.

The lower line of (7.1) is the factorisation (5.1) with respect to the trivial
divided powers on the kernel m%,/m%™.

In order that the diagram commutes it is necessary and sufficient that 3¢, is
given by the ring homomorphism s, 1.

It remains to show that 5,11 is a u-homomorphism of frames. The only non-
trivial condition is that f1%a+1 = U ¥44101(q+1) ON fa+1. This relation holds
on FG, 41 because »,1 is a u-homomorphism of frames. On J‘I/J‘“r1 we have
#4+4101(a+1) = 0 by definition. For y € G441 and e € N" withe; +---+e, =a
we compute

F10Gtas1(zY) = fi(lasa1 () = fr([2)) f(at1(y)) = 0

because log([z°]) = [2¢,0,0,...] and thus fi([z€]) = 0. As these z° generate
J%, the required relation on I,4; follows. Thus the diagram is constructed.
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Proof of Theorem 7.3. We use induction on a. The homomorphism s is crys-
talline because it is invertible. Assume that ¢, is crystalline for some positive
integer a and consider the diagram (7.1). The homomorphism 7’ is crystalline
by Proposition 5.2, while 7 is crystalline by Theorem 3.2; the required filtra-
tion of J%/J%! is trivial. Hence 3,1 is crystalline. By Lemma 4.2, lifts of
windows under ¢ or under ¢ are classified by lifts of the Hodge filtration. Since
2,41 lies over the identity of R,41 and since 3,41 lies over the identity of R,,
it follows that s¢,41 is crystalline too. O

Proof of Theorem 7.2. The frame homomorphism s : & — Zr is the pro-
jective limit of the frame homomorphisms s, : #, = Pr,. By Lemma 2.12,
PB-windows are equivalent to compatible systems of B,-windows for a > 1, and
Pr-windows are equivalent to compatible systems of Zr_-windows for a > 1.
Thus Theorem 7.2 follows from Theorem 7.3. O

8 CLASSIFICATION OF GROUP SCHEMES

The following consequences of Theorem 7.2 are analogous to [VZ1]. Recall that
we assume p > 3. Let B = (6,1, R,0,01) be the frame defined in section 7.

DEFINITION 8.1. A Breuil window relative to & — R is a pair (Q, ¢) where Q
is a free G-module of finite rank and where ¢ : Q@ — Q(?) is an G-linear map
with cokernel annihilated by E.

LEMMA 8.2. Breuil windows relative to & — R are equivalent to B-windows
in the sense of Definition 2.3.

Proof. This is similar to [VZ1, Lemma 1]. For a #B-window (P, Q, F, F}) the
module @ is free over & because I = EG is free. Hence Fl‘j : Q) = Pis
bijective, and we can define a Breuil window (Q, ¢) where ¢ is the inclusion
@ — P composed with the inverse of F1ﬁ Conversely, if (Q,¢) is a Breuil
window, Coker(¢) is a free R-module. Indeed, ¢ is injective because it becomes
bijective over G[E~1], so Coker(¢) has projective dimension at most one over
G, which implies that it is free over R by using depth. Thus one can define a
A-window as follows: P = Q(?), the inclusion Q — P is ¢, Fy : Q — Q(?) is
given by  — 1 ® z, and F(z) = Fy(Fxz). The two constructions are mutually
inverse. o

By [Z2], p-divisible groups over R are equivalent to Dieudonné displays over R.
Together with Theorem 7.2 and Lemma 8.2 this implies:

COROLLARY 8.3. The category of p-divisible groups over R is equivalent to the
category of Breuil windows relative to & — R. O

Let us use the following abbreviation: An admissible torsion G-module is a
finitely generated G-module annihilated by a power of p and of projective
dimension at most one.
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DEFINITION 8.4. A Breuil module relative to & — R is a triple (M, ¢, 1)) where
M is an admissible torsion G-module together with &-linear maps ¢ : M —
M) and ¢ : M(?) — M such that ¢y = E and ¢ = E.

When R has characteristic zero, each of the maps ¢ and ¥ determines the other
one; see Lemma 8.6 below.

THEOREM 8.5. The category of (commutative) finite flat group schemes over
R annihilated by a power of p is equivalent to the category of Breuil modules
relative to & — R.

This follows from Corollary 8.3 by the arguments of [K1] or [VZ1]. For com-
pleteness we give a detailed proof here.

Proof of Theorem 8.5. In this proof, all finite flat group schemes are of p-power
order over R, and all Breuil modules or windows are relative to & — R.

A homomorphism ¢ : (Qq, ¢o) — (Q1, ¢1) of Breuil windows is called an isogeny
if it becomes invertible over G[1/p]. Then g is injective, and its cokernel is
naturally a Breuil module; the required % is induced by the &-linear map
Bort ga) — (1. A homomorphism v : Gg — G7 of p-divisible groups is
called an isogeny if it becomes invertible in Hom(Gp,G1) ® Q. Then v is a
surjection of fppf sheaves, and its kernel is a finite flat group scheme.

We denote isogenies by X, = [Xo — Xi]. A homomorphism of isogenies
q: Xy — Y, is called a quasi-isomorphism if its cone is a short exact sequence.
In the case of p-divisible groups this means that ¢ induces an isomorphism of
finite flat group schemes on the kernels; in the case of Breuil windows this
means that ¢ induces an isomorphism of Breuil modules on the cokernels.
The equivalence between p-divisible groups and Breuil windows preserves isoge-
nies and short exact sequences, and thus also quasi-isomorphisms of isogenies.
We note the following two facts.

(a) Each finite flat group scheme over R of p-power order is the kernel of an
isogeny of p-divisible groups over R. See [BBM, Théoréme 3.1.1].

(b) Each Breuil module is the cokernel of an isogeny of Breuil windows. This
is analogous to [VZ1, Proposition 2]; a proof is also given below.

Let us define an additive functor H — M (H) from finite flat group schemes
to Breuil modules. We write each H as the kernel of an isogeny of p-divisible
groups Gy — G; and define M (H) as the cokernel of the associated isogeny
of Breuil windows. Assume that h : H — H’ is a homomorphism of finite flat
group schemes, and H' is written as the kernel of an isogeny of p-divisible groups
Gy — G}. We embed H into Gjj = Go & G{, by (1,h) and define G = G{/H.
The coordinate projections Gy «— Gfj — Gj, induce homomorphisms of isogenies
G. <+ G — @G’ such that the first map is a quasi-isomorphism, and the
composition induces h on the kernels. Let Q. <+ Q7 — Q' be the associated
homomorphisms of isogenies of Breuil windows. The first map is a quasi-
isomorphism, and the composition induces a homomorphism M (h) : M(H) —
M(H') on the cokernels.
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One has to show that the construction is independent of the choice and de-
fines an additive functor. This is an easy verification based on the following
observation: If a homomorphism of isogenies of p-divisible groups ¢q : G, — G,
induces zero on the kernels, then ¢ is null-homotopic.

The construction of an additive functor M — H(M) from Breuil modules to
finite flat group schemes is analogous. Each M is written as the cokernel of an
isogeny of Breuil windows Qo — Q1, and H (M) is defined as the kernel of the
associated isogeny of p-divisible groups. If m : M — M’ is a homomorphism of
Breuil modules and if M’ is written as the cokernel of an isogeny of Breuil win-
dows Qf — @1, let Qf be the kernel of the surjection Qf = Q1B Q) — M’ given
by (m,1). The coordinate inclusions Q; — Q7 <+ Q) induce homomorphisms
of isogenies Q. — Q” < @', where the second map is a quasi-isomorphism.
The associated homomorphisms of isogenies of p-divisible groups induce a ho-
momorphism of finite flat group schemes H(m) : H(M) — H(M’) on the
kernels.

Again, it is easy to verify that this construction is independent of the choice
and defines an additive functor, using that a homomorphism of isogenies of
Breuil windows is null-homotopic if and only if it induces zero on the cokernels.
Clearly the two functors are mutually inverse.

Finally, let us prove (b). If (M, ,%) is a Breuil module, one can find free
G-modules P and @ together with surjective &-linear maps £ : Q@ — M and
¢ : P — M and &-linear maps ¢ : Q — P and ¢ : P — Q which lift ¢
and 1 such that @1/; = F and z/;gE = FE. Next one can choose an isomorphism
a: P2 QW) compatible with the projections & and £(%) to M(?). Let ¢ = .
Then (Q, ¢) is a Breuil window, and (M, ¢, 1) is the cokernel of the isogeny of
Breuil windows (Ker&, ¢') — (Q, ¢), where ¢’ is the restriction of ¢. O

LEMMA 8.6. If R has characteristic zero, the category of Breuil modules relative
to & — R is equivalent to the category of pairs (M, p) where M is an admissible
torsion &-module and where @ : M — M) is an &-linear map with cokernel
annihilated by F.

Proof. Cf. [VZ1, Proposition 2]. For a non-zero admissible torsion &-module
M the set of zero divisors on M is equal to p = p&S because every associated
prime of M has height one and contains p. In particular, M — M, is injective.
The hypothesis of the lemma means that F ¢ p. For a given pair (M, ) as
in the lemma this implies that ¢, : M, — Még) is surjective, thus bijective
because both sides have the same finite length. It follows that ¢ is injective,
and (M, ¢) is extended uniquely to a Breuil module by ¢(z) = ¢~ }(Ez). O

DuALITY

The dual of a Breuil window (Q, ¢) is the Breuil window (Q, ¢)! = (QY,%")
where Q¥ = Homg (Q, &) and where ¢ : Q(7) — Q is the unique G-linear map
with 1¢ = E. Here we identify (Q(®))Y and (QY){?). For a p-divisible group
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G over R let GY be the Serre dual of G, and let M(G) be the Breuil window
associated to G by the equivalence of Corollary 8.3.

PROPOSITION 8.7. There is a functorial isomorphism Ag : M(GY) = M(G)!.

Proof. The equivalence between p-divisible groups over R and Dieudonné dis-
plays over R is compatible with duality by [L2, Theorem 3.4]. It is easy to see
that the equivalence of Lemma 8.2 preserves duality, so it remains to show that
the functor sz, preserves duality as well. By Lemma 2.14 it suffices to find a
unit ¢ € W(R) with ¢! f(¢) = u. Since E has constant term p, u maps to 1
in W (k) and thus lies in 1 + W (mg). Hence we can define ¢! by the infinite
product wf(u)f?(u) - - -, which converges in W(R) = @W(R/mn) in the sense
that for each n, all but finitely many factors map to 1 in W(R/m™). O

The dual of a Breuil module M = (M, ¢, ) is defined as the Breuil module
M = (M*,p*, ¢*) where M* = Extg(M,S). Here we identify (M(7))* and
(M*)(@) using that ( )(?) preserves projective resolutions as o is flat. For a
finite flat group scheme H over R of p-power order let H" be the Cartier dual
of H and let M(H) be the Breuil module associated to H by the equivalence
of Theorem 8.5.

PROPOSITION 8.8. There is a functorial isomorphism Mg : M(HY) = M(H)*.

Proof. Choose an isogeny of p-divisible groups Gg — G with kernel H. Then
M(H) is the cokernel of M(Gy) — M(G1), which implies that M(H)! is the
cokernel of M(G;)" — M(Gp)*'. On the other hand, H" is the kernel of GY —
Gy, so M(HV) is the cokernel of M(GY) — M(Gy). The isomorphisms g, of
Proposition 8.7 give an isomorphism A\gy : M(HY) = M(H)!. One easily checks
that Ag is independent of the choice of G, and functorial in H. O

9 OTHER LIFTS OF FROBENIUS

One may ask how much freedom we have in the choice of ¢ for the frame
A. Let R = 6/EG be as in section 7; in particular we assume that p > 3.
Let J = (z1,...,2,). To begin with, let ¢ : & — & be an arbitrary ring
endomorphism such that o(J) C J and o(a) = a” modulo p& for a € &. We
consider the frame

#=(6,1,R,0,01)

with o1(Ey) = o(y). Again this is a s«-frame; the proof of Lemma 7.1 uses only
that o preserves J. Thus Proposition 6.3 gives a homomorphism of frames

x: B — Wg.

By the assumptions on ¢ we have o(J) C JP + pJ, which implies that the
endomorphism o : J/J? — J/J? is divisible by p.

PROPOSITION 9.1. The image of » : & — W(R) lies in W(R) if and only if
the endomorphism o /p of J/J? is nilpotent modulo p.
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We have a non-additive map 7 : J — J given by 7(x) = (o(x) — aP)/p. Let m
be the maximal ideal of &. We write gry,(J) = m™J/m" 1],

LEMMA 9.2. Forn > 0 the map 7 preserves m"™J and induces a o-linear endo-
morphism of k-modules gry, (1) : gro(J) = gro(J). We have gro(t) = o/p as
an endomorphism of gro(J) = J/(J? + pJ). There is a commutative diagram
of the following type with wi = id

Tn(T)
gra(J) = gra(J)
[ ]
gro(J) ! gro(J).

Proof. Let J' = p~'mJ as an &-submodule of J ® Q. Then J C J’, and
grn(J) is an &-submodule of gr,(J') = m™J’/m"*+1J’. The composition J *»
J C J' can be written as 7 = o/p — ¢/p, where p(x) = 2P. One checks
that ¢/p : m"J — m"+t1J’ (which requires p > 3 when n = 0) and that
o/p:m"J — m"J'. Hence o/p and 7 induce the same map m".J — gr,(J').
This map is o-linear and zero on m"*1.J because this holds for o/p, and its
image lies in gr,,(J) because this is true for 7.

We define i : gro(J) — gro(J) by  — p"z. For n > 1 let K,, be the image of
m"~1J2 — gr,(J). Then i maps gro(J) bijectively onto gr,(J)/K,, so there
is a unique homomorphism 7 : gr,(J) — gro(J) with kernel K, such that
mi = id. Clearly ¢ commutes with gr(7). Thus, in order that the diagram
commutes, it suffices that gr, (7) vanishes on K,. We have o(J) C m.J, which
implies that (o/p)(m™~1J?) C m"*1J’ and the assertion follows. O

Proof of Proposition 9.1. Recall that s = w6, where 6 : & — W (&) is defined
by w,d = o™ for n > 0, and where 7 : W(&) — W(R) is the obvious projection.
For x € J and n > 1 let

n—1

Ta(z) = (o(x)”" —a?")/p",
thus 71 = 7. It is easy to see that
Tnt1(x) € J - (),

in particular we have 7, : J — J™. If §(z) = (yo,y1,.-.), the coefficients y,, are
determined by yo = = and wy,(y) = cw,—1(y) for n > 1, which translates into
the equations

Yn = Tn(Yo) + Tn-1(y1) + -+ + T1(Yn-1)-
Assume now that o/p is nilpotent on J/J? modulo p. By Lemma 9.2 this
implies that gr, (7) is nilpotent for every n > 0. We will show that for z € J the

element 6(z) lies is W(&), which means that the above sequence (y,,) converges
to zero. Assume that for some N > 0 we have y, € m”"J for all but finitely
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many n. The last two displayed equations give that y, — 7(y,_1) € m¥*1J for
all but finitely many n. As gry(7) is nilpotent it follows that g, € m~+1.J for
all but finitely many n. Thus 6(z) € W(&) and in particular »(z) € W(R).

Conversely, if o/p is not nilpotent on .J/J? modulo p, then gro(r) is not nilpo-
tent by Lemma 9.2, so there is an = € J such that 7"(x) ¢ m.J for all n > 0.
For 6(x) = (yo,v1,.-.) we have y, = 72 modulo mJ. The projection & — R
induces an isomorphism J/m.J = mp/m%. It follows that s(z) lies in W(mg)
but not in W(mg), thus »(z) & W(R). O

Now we assume that o/p is nilpotent on J/J? modulo p. Then we have a
homomorphism of frames

x: B — Dg.

As earlier let B, = (64,14, Ray04,014) With &, = 6/J% and R, = R/m$%,.
The proof of Lemma 7.1 shows that %, is a s»-frame. Since W(R,) is the image
of W(R) in W(R,), we get a homomorphism of frames compatible with s

My ol c%}a — @Ra'
THEOREM 9.3. The homomorphisms s and », are crystalline.

Proof. The proof is similar to that of Theorems 7.2 and 7.3.

First we repeat the construction of the diagram (7.1). The restriction of oy (441)
to E(J*/J*TY) = p(J*/JeF) is given by 01 = o/p = 7, which need not
be zero in general, but still o7 extends uniquely to J%/J*! by the formula
o1 = o/p. In order that 5,11 is a u-homomorphism of frames we need that
fi5as1 = - 34416 1(ay1y o0 J*/ T Here u acts on J%/J*H! as the identity.
By the proof of Proposition 9.1, for z € J*/J**! we have in W (J*/Jot1)

§(x) = (z,7(x), 7% (2),...).

Since 1(q41)(7) = 7(x), the required relation follows easily.

To complete the proof we have to show that 7 : 53’,1“ — A, is crystalline.
Now o /p is nilpotent modulo p on J"/J"*! for n > 1. Indeed, for n = 1 this is
our assumption, and for n > 2 the endomorphism o/p of J"/J"*! is divisible
by p"~! since o(J) C pJ + JP. In order to apply Theorem 3.2 we need another
sequence of auxiliary frames: For ¢ € N let Goq1c = Goq1/p°J*Sot1 and
let ,%3,”175 = (Gat1,cslat1,c) Ra,--.) be the obvious quotient frame of ,%3,”1.
Then 4, is isomorphic to 55’,1“,0, and 53’,1“ is the projective limit of %3@_%170
for ¢ = oo. Theorem 3.2 shows that each projection e@a_l,_l,c_l,_l — %3@_%170 is
crystalline, which implies that 7 is crystalline by Lemma 2.12. O

If o/p is nilpotent on J/J? modulo p, then Corollary 8.3, Theorem 8.5, and
the duality Propositions 8.7 and 8.8 follow as before.
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10 NILPOTENT WINDOWS

All results in this article have a nilpotent counterpart where only connected
p-divisible groups and nilpotent windows are considered; in this case k need not
be perfect and p need not be odd. The necessary modifications are standard,
but for completeness we work out the details.

10.1 NILPOTENCE CONDITION

Let # = (S,I,R,0,01) be a frame. For an .#-window & = (P, Q, F, F}) there
is a unique S-linear map
vi.p— pl)

with V#(Fi(z)) = 1® 2 for z € Q. In terms of a normal representation
U:LoT — Pof & we have VF = (1@ 0)(¥¥#)~! for 0 as in Lemma 2.2. For
simplicity, the composition

(Vﬁ)(ﬂ)
—_—

p Y plo) pl? ... ple™

is denoted (V#)". The nilpotence condition depends on the choice of an ideal
J C S such that o(J) + I+ 60S C J, which we call an ideal of definition for .Z.

DEFINITION 10.1. Let J C S be an ideal of definition for .#. An .%#-window
2 is called nilpotent (with respect to J) if (V#)" = 0 modulo J for sufficiently
large n.

Remark 10.2. For an %#-window & we consider the composition

By —1
NiLCLeT Y L L@ g7 @)

Then &2 is nilpotent if and only if A is nilpotent modulo J.

10.2 NIL-CRYSTALLINE HOMOMORPHISMS

If a: F — %' is a homomorphism of frames and J C S and J' C S’ are ideals
of definition with a(J) C J’, the functor a, preserves nilpotent windows. We
call « nil-crystalline if it induces an equivalence between nilpotent .%-windows
and nilpotent #’-windows. The following variant of Theorem 3.2 formalises
[Z1, Theorem 44].

THEOREM 10.3. Let v : F — F' be a homomorphism of frames that induces an
isomorphism R = R’ and a surjection S — S’ with kernel a C S. We assume
that there is a finite filtration a = ag 2 -+ D a, = 0 such that o(a;) C a;41
and o1(a;) C a;. We assume that finitely generated projective S’-modules lift to
projective S-modules. If J C S is an ideal of definition for F such that J"a =0
for large n, then « is nil-crystalline with respect to J C S and J' = J/a C 5.
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Proof. The assumptions imply that a C I C J, in particular J’ is well-defined.
An Z-window £ is nilpotent if and only if «,Z? is nilpotent. Using this,
the proof of Theorem 3.2 applies with the following modification in its final
paragraph. We claim that the endomorphism U of 7 is nilpotent, which again
implies that 1—"U is bijective. Since & is nilpotent, A is nilpotent modulo J, so
A is nilpotent modulo J” for each n > 1 as J is stable under ¢. Since J"a =0
by assumption, the claim follows from the definition of U. O

10.3 NILPOTENT DISPLAYS

Let R be a ring which is complete and separated in the c-adic topology for an
ideal ¢ C R containing p. We consider the Witt frame

WR = (W(R)lev Ra fa fl)

Here Ir C Rad R as required since W(R) = ]ngn(R/c”) and the successive
kernels in this projective system are nilpotent. The inverse image of ¢ is an
ideal of definition J C W(R). Nilpotent windows over #x with respect to
J are displays over R which are nilpotent over R/c. By [Z1] and [L1] these
are equivalent to p-divisible groups over R which are infinitesimal over R/c.
(Here one uses that displays and p-divisible groups over R are equivalent to
compatible systems of the same objects over R/¢" for n > 1; cf. Lemma 2.12
above and [M1, Lemma 4.16].)

Assume that R’ = R/b for a closed ideal b C ¢ equipped with (not necessarily
nilpotent) divided powers. One can define a factorisation

Ve % Wayp = W(R), Ir/r, R, f, fi) <5 W

of the projection of frames #r — #g/ as follows. Necessarily Ir/p = Ir +
W (b). The divided Witt polynomials define an isomorphism

log : W(b) = b*°,

and fi : Ir/r — W(R) extends f; such that fi([bo,b1,...]) = [b1,bo,...] in
logarithmic coordinates on W (b). Let J' C W(R’) be the image of J. This is
an ideal of definition for #r/, and J is an ideal of definition for #x,r.

We assume that the c-adic topology of R can be defined by a sequence of ideals
R D I; D Ir--- such that b NI, is stable under the divided powers of b for
each n. This is automatic when ¢ is nilpotent or when R is noetherian; see the
proof of Proposition 5.2.

ProrosiTioN 10.4. The homomorphism s is nil-crystalline with respect to
the ideals of definition J for Wr r and J' for Wr.

This is essentially [Z1, Theorem 44].

Proof. By a limit argument the assertion is reduced to the case where ¢ C R is
a nilpotent ideal; see Lemma 2.12. Then Theorem 10.3 applies: The required

DOCUMENTA MATHEMATICA 15 (2010) 545-569



FRAMES AND FINITE GROUP SCHEMES 567

filtration of a = W (b) is a; = p‘a. The condition J"a = 0 for large n is satisfied
because J" C I, for some n and Ipt! C p"W(R) for all n, and W (b) = b> is
annihilated by some power of p. o

10.4 THE MAIN FRAME

Let now R be a complete regular local ring with arbitrary residue field k of
characteristic p. Let C be a complete discrete valuation ring with maximal
ideal pC and residue field k. We choose a surjective ring homomorphism

S =C[z1,...,2]] = R

that lifts the identity of k such that zi,...,x, map to a regular system of
parameters for R. There is a power series £ € & with constant term p such
that R = 6/EG. Let 0 : & — & be a ring endomorphism which induces the
Frobenius on &/p& and preserves the ideal (21,...,2,). Such o exist because
C has a Frobenius lift; see [Gr, Chap. 0, Théoreme 19.8.6]. We consider the
frame

B =(6,I,R,0,01)

where 01(Ey) = o(y). Here § = o(E). The proof of Lemma 7.1 shows that #
is again a s-frame, so we have a u-homomorphism of frames

w: B — WR.
Let m C & and n C W(R) be the maximal ideals.

THEOREM 10.5. The homomorphism s is nil-crystalline with respect to the
ideals of definition m of # and n of #gr.

Proof. The proof of Theorem 9.3 applies with the following modification: The
initial case @ = 1 is not trivial because C' is not isomorphic to W (k) if k is
not perfect, but one can apply [Z3, Theorem 1.6]. In the diagram (7.1) the
frame homomorphisms 7’ and 7 are only nil-crystalline in general; whether 7
is crystalline depends on the choice of . O

10.5 CONNECTED GROUP SCHEMES

One defines Breuil windows relative to & — R and Breuil modules relative
to & — R as before. A Breuil window (Q, ¢) or a Breuil module (M, ¢, ) is
called nilpotent if ¢ or ¢ is nilpotent modulo the maximal ideal of &. The proof
of Lemma 8.2 shows that nilpotent Breuil windows are equivalent to nilpotent
PB-windows. Hence Theorem 10.5 implies:

COROLLARY 10.6. Connected p-divisible groups over R are equivalent to nilpo-
tent Breuil windows relative to & — R. O

Similarly we have:
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THEOREM 10.7. Connected finite flat group schemes over R of p-power order
are equivalent to nilpotent Breuwil modules relative to & — R.

This is proved like Theorem 8.5, using two additional remarks:

LEMMA 10.8. Ewvery connected finite flat group scheme H over R is the kernel
of an isogeny of connected p-divisible groups.

Proof. We know that H is the kernel of an isogeny of p-divisible groups G — G'.
There is a functorial exact sequence 0 — Gg — G — G; — 0 of p-divisible
groups where Gy is connected and G is etale. Since Hom(H, G1) is zero, H is
the kernel of the isogeny Gy — Gj,. O

LEMMA 10.9. Every nilpotent Breuil module (M, p, ) relative to & — R is the
cokernel of an isogeny of nilpotent Breuil windows.

Proof. See also [K2, Section 1.3]. As in the proof of Theorem 8.5 we see that
(M, p, ) is the cokernel of an isogeny of Breuil windows (Q,¢) — (Q',¢').
There is a functorial exact sequence 0 — Qg — Q@ — @1 — 0 of Breuil windows
where () is nilpotent and where @ is etale in the sense that ¢ : Q1 — an) is
bijective. Indeed, by [Z2, Lemma 10] it suffices to construct the sequence over
k. Let ¢ : Q ®s k — Q9 ®g k be the special fibre of ¢. Then Qo Qg k is the
kernel of the obvious iterate (¢x)" : Q ®s k — Q7" ®g k for large n.

We claim that the free G-modules @1 and @} have the same rank. Let us
identify C with &/(x1,...,x,). Since Q — Q' becomes bijective over &[1/p],
the homomorphism Q ®g C — Q' ® C becomes bijective over C[1/p]. Hence
the etale parts (Q ®s C)1 and (@' ®e C)1 have the same rank. The claim
follows since (Q ®s C)1 = Q1 ®s C and similarly for Q’.

Let us consider M = Q' /Q;. Here ¢ induces a homomorphism @ : M — M (),
which is surjective as Q} is etale. The natural surjection 7 : M — M satisfies
7@ = @r. Since ¢y, is nilpotent it follows that @y, is nilpotent, thus M = 0
by Nakayama’s lemma. Hence Q1 — Q] is bijective because both sides are free
of the same rank, and consequently M = Q(,/Qo as desired. O
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