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ABSTRACT. We prove that if p,r € R, p > 1 and 0 < r < p then the
Fuss-Catalan sequence (mil +T) ﬁ is positive definite. We study the
family of the corresponding probability measures u(p, r) on R from the
point of view of noncommutative probability. For example, we prove
that if 0 < 2r <p and r + 1 < p then u(p,r) is B-infinitely divisible.
As a by-product, we show that the sequence m?rr is positive definite
and the corresponding probability measure is X-infinitely divisible.
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1. INTRODUCTION

For natural numbers m,p,r let A,,(p,r) denote the number of all sequences
(a1,a2,...,Gmp4r) such that: (1) a; € {1,1—p}, (2) a1 +a2+...+as > 0 for
all s such that 1 < s < mp+r and (3) a1 +az+ ...+ Amptr = 7. It turns
out that this is given by the two-parameter Fuss-Catalan numbers (2.1) (see
[5, 13]). Note that the right hand side of (2.1) allows us to define A, (p,r) for
all real parameters p and r. In particular, the Catalan numbers A,,(2,1) are
known as moments of the Marchenko—Pastur distribution:

(1.1) di(z) = 2i 1w

™ x

dz on [0,4],

which in the free probability theory plays the role of the Poisson measure. In
this paper we are going to study the question for which parameters p,r € R
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the sequence {A,,(p,7)},_, is positive definite, i.e. is the moment sequence of
some probability measure (which we will denote u(p,7)). Recently T. Banica,
S. T. Belinschi, M. Capitaine and B. Collins [1] showed that if p > 1 then
{Am(p,1)},7_, is the moment sequence of a probability measure which can be
expressed as the multiplicative free power 723P~1.

We are going to prove that if p,7 € R, p > 1 and 0 < r < pthen {An(p,7)} g
is the moment sequence of a unique probability measure p(p,r) which has
compact support contained in [0, 00). Moreover, if 0 < 2r <pand r+1 <p
then p(p, r) is infinitely divisible with respect to the free convolution H. In some
particular cases we are able to determine the multiplicative free convolution,
the boolean power and the monotonic convolution of the measures p(p,r).
We will also prove that if 0 < r < p — 1 then the sequence {(mp+T)}m o 18
positive definite and the corresponding probability measure can be expressed
as u(p—mr,1)¥? > p(p,r), where W and > denote the boolean and the monotonic
convolution, respectively.

The paper is organized as follows. In Section 2 we prove three combinato-
rial identities. Then we use them to derive some formulas for the generating
functions. In Section 4 we regard the numbers A,,(p,r) as moments of a prob-
ability quasi-measure p(p,r) (by this we mean a linear functional p : Rlz] — R
satisfying 1(1) = 1). On the class of probability quasi-measures one can intro-
duce the free, boolean and monotonic convolutions in combinatorial way. The
class of compactly supported probability measures on R, regarded as a sub-
class of the former, is closed under these operations. We prove some formulas
involving the probability quasi measures p(p,r), for example we find the free
R- and S-transforms (4.8), (4.11), the boolean powers pu(p,1)¥* (4.18) and, in
special cases, the multiplicative free (4.12), (4.13), (4.14) and the monotonic
convolution (4.20) of the measures p(p, ).

In Section 5 we prove that if p > 1 and 0 < r < p then pu(p,r) is a measure (we
conjecture that this condition is also necessary for p,r > 0). The proof involves
the multiplicative free convolution X. Moreover, we show that if 0 < 2r < p
and r + 1 < p then pu(p,r) is B-infinitely divisible.

In the final part we extend our results to the dilations of the measures p(p, r),
with parameter h > 0. Taking the limit with h — 0 we prove in particular that
the sequence {%W,L}OO is positive definite and the corresponding probability

m=0

measure v is K-infinitely divisible.

2. SOME COMBINATORIAL IDENTITIES

We will work with the two-parameter Fuss-Catalan numbers (see [5, 13]) defined
by: Ao(p,r):=1 and

T
2.1 An(p : —
(2.1) ) H mp+r—i)
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for m > 1, where p,r are real parameters. Note that (2.1) can be written as

(ijT) ﬁ, unless mp + r = 0. One can check that for m >0
(2.2) Am(p,7) = Am(p,r = 1) + Apa(p,p + 17— 1),
under convention that A_;(p,r) := 0, and
(2.3) Am(p,p) = Am+1(p, 1)
It is also known (see [13]) that
(24) > Ak(pr) Ak (p,s) = Am(p, 7+ 9).

k=0

Now we are going to prove three identities, valid for ¢, d, p,r,t € R, which will
be needed later on.

PRroprPOSITION 2.1.

(2.5) > Aklp—1,0)Apmi(p. kr + d) = A (p, c + d).
k=0

Proof. 1t is easy to check that the formula is true for m = 0 and m = 1.
Denoting the left hand side by S, (p,r, ¢, d) we have from (2.2):

Sm(pv ¢, d) = Z Ak(p - C)Amfk(pv kr + d)
k=0

:Z[Ak(pfr,cf1)+Ak,1(p—r,pfr+c—1)]Am,k(p,kr+d)
k=0

NE

Ak(p -rc— 1)A’m—k(pa kr + d)

k=0
+Y Apalp—rp—r+c—1D)An_(p,kr+d)
k=1
m—1
— Supre—1,d)+ 3 Ak(p—1p =1+ ¢ — 1) Ay k(. by + 7+ d)
k=0

= Sm(pﬂ’;C* 1;d> +Sm71(p77"7p*7’+07 1,7’+d),
so that we have
Sm(p,T,C,d) = Sm(p,T,C— 1ad) +Sm—1(Pa7“ap_7“+C_ 1,T+d)

Fix m and assume that (2.5) holds for m — 1. Now we prove that for m it holds
for every natural c. Indeed, it holds for ¢ = 0 and if it does for ¢ — 1 then, by
assumption and by (2.2):

Sm(p,r,c,d) = Sp(p,r,c—1,d) + Sp—1(p,ryp—1+c— 1,7+ d)
=Anp,c+d—1)+Apn_a1(p,p+c+d—1) = An(p,c+d),
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which proves that the statement is true for c¢. Therefore it holds for all natural c.
Now we note that both sides of (2.5) are polynomials on ¢ of order m, therefore
the formula holds for all ¢ € R, which completes the inductive step. U

PROPOSITION 2.2.

(26)  (1-1)> A(p,1 m—t—j (D3 (p = 1) + 1)t/
=0
(

m—1
> A
§=0
+tZAm_j(p,j p—1)+7)t/ = Ay (p,r +1).
7=0
Proof. Using first (2.4) and then (2.2) we obtain:
£> Ami(pilp— 1) +1)
§=0
m m—l )
+(1=0 A(p 1) D A (plp— 1) + 1)t
1=0 §=0
1*tz Al D, mjl(pv ( 1) )
= tz Apj(p, (0 — 1) + 1)

m

(1—1) ZAmjpj 1) +r+ 1)

m m—1

= A0 i — D) +r+ D = > A a(p,ilp—1) +r+p)
=0 =0

= A (p,r+1). O

PRroOPOSITION 2.3.
- +
(2.7) I ]
k=0
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Proof. Denoting the left hand side by T, (p, ) we use (2.2) and get

Tm(pa T) =

Am—k(pa k(p - 1) + r)pk

M-

b
Il
o

b
Il

0
= Tm(par - 1) + Tm—l(pap+ r—= 1)

Now we proceed as in the proof of (2.5), using the binomial identity

mp+r\ (mp+r—1 n mp+r—1
m N m m—1 '

3. GENERATING FUNCTIONS

In this part we are going to study the generating functions

(3.1) Bp(2) =Y Am(p,1)2"™,
m=0

943

[Am—r (0, k(p —1) +7 = 1) + A1 (p, k(p — 1) +p+r — 1)] p*

which are convergent in some neighborhood of 0 (to observe this one can use

the inequality
m—1
[Am(p, )] < |rl[m(Ip] + 1) + [r[] ™ /m!

and apply the Cauchy’s radical test). From (2.4) and (2.3) we have

(3.2) By(z)" = Z Ap(p,r)z™
m=0

and

(3.3) By(z) =1+ zB,(2)".

Indeed, denoting the right hand side of (3.2) by A, (z) we have A, 1 (z) = Bp(2)
and, by (2.4), A, r(2) - Aps(2) = Apris(2z), which implies that A, . (z) =

B,(z)". Taking r = p and applying (2.3) we get (3.3).

Now we are going to interpret formulas (2.5), (2.6), (2.7) in terms of these

generating functions.

ProprosITION 3.1. For any real parameters p,r we have

(3.4) By (2Bp(2)") = Bp(2).

Proof. First we note that if A(z) =3 °_anz™, B(z) => .~ byz"™ then

(3.5) ABGR) =a+ > 2" ax Y, bi b, . ..

k=1 i1,i2,..0k21
i1+i2+.. . +ig=m
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Putting b; := A;_1(p, ) for fixed k,m we have:

> biybiy - bi, = > Aj () Az (py7) - Aj(py )
RRLCTIN gt J1,J2,--Jk 20
i1t+i2+...+ig=m jitie+...+ik=m—=k
- Am—k(pa 1{37"),

the coefficient of B,(2)*" at 2™~*. Now we put aj := A(p—r,1) and applying
(2.5), with ¢ =1, d = 0, we get

(3.6) Sar Y bibi,. by
k=1

1 iz,in 21
11+i2+...Fig=m

- Z Ak(p -, 1)A’m—k(pa I{/’T) = A’m(p) 1)3
k=0

as An(p,0) = 0 for m > 1, which completes the proof. O

Note that in the proof we applied (2.5) only with ¢ =1 and d = 0.
For p,r,t € R we denote

BP(Z)HT
(1—1)By(z) +t
PRrROPOSITION 3.2. For p,r,t € R we have

(3.7) Dp.ri(2) =

(3.8) Dpri(2) =Y 2™ > Am_(p,k(p—1) + 1)t
m=0 k=0

in particular:

S mp+r\ .,
(3.9) Dprp(z) = Y ( . )z .

m=0

Moreover
(3.10) Dp—r,s,t (ZBP(Z)T) BP(Z)T = Dp,r-‘rs,t(z)-

Proof. Using (2.6) we can verify that

DAY Amek(p k(p— 1) + )tk
m=0 k=0

which proves (3.8). Formulas (3.9) and (3.10) are consequences of (2.7) and

(1= 1)By(2) +1] - = By(2)'*"

(3.4). O
PROPOSITION 3.3. In some neighborhood of 0 we have

(3.11) By(2(1+2)7") =1+z,

and more generally, for r # 0 we have

(3.12) B, (((1+z)%—1)(1+z)%p)rzl+z.
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Proof. Since we have B,(0) = 1 and B,(0) = 1, there is a function f, defined on
a neighborhood of 0 such that f,(0) = 0 and B(fp(z)) = 14z. Substituting z —
fo(2) in (3.3) we obtain f,(z) = z(1 + 2)~P. Now we put z > (1 +w)"/" — 1
to (3.11) and taking the r-th power we obtain (3.12). O

REMARK. Note that (3.11) leads to an analytic proof of (3.4). Namely, substi-
tuting in (3.4) z — z(1 4 2) 7P we get

Bp—r (2(1+2)7"B, (2(1 + z)_p)r) =Bpr (2(1+2)"P(1+2)")
=14+z2=8,(z(1+2)7").

Finally we note a symmetry possessed by our generating functions.
ProprosSITION 3.4. For p,r,t € R we have

(3.13) Bp(—2)" = Bi—p(2)"",
(314) P,T t( Z) Dl—p,—l—r,l—t(z)-

Proof. One can check that (—1)™A,,(p,r) = An(1 — p,—r), which proves
(3.13), and by the definition (3.7), (3.13) implies (3.14). O

4. RELATIONS WITH NONCOMMUTATIVE PROBABILITY

By a probability quasi-measure we will mean a linear functional p on the set
R[] of polynomials with real coefﬁcients satisfying p(1) = 1. In the case when
p is given by p(P) = [P(t ) for some probability measure 11 on R we
will identify u Wlth 1 and say that W is proper or is just a probability measure.
A probability quasi-measure p is uniquely determined by its moment sequence
{u(@™)} . Tt is proper if and only if its moment sequence is positive definite,
ie. if
o]

Z H'Jozozj>0

holds for every sequence {o;};~, of real numbers, with only finitely many
nonzero entries. All probability measures encountered in this paper are com-
pactly supported and therefore uniquely determined by their moment se-
quences. For a probability quasi-measure p we define its moment generating
function, which is the (at least formal) power series

and its reflection pi by p(z™) = (=1)"u(x™) or, equivalently, Mz(z) :=
M, (—z). If p is a probability measure then so is g and then we have
1(X) = u(—X) for every Borel subset of R.
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For p,r,t € R we define probability quasi-measures p(p,r) and v(p,r,t) by

(4.1) p(p,r) (™) i= Am(p, ),
(4.2) vip,r,t)(z™) = Z Ap_i(p, k(p — 1) +r)t*,
k=0

in particular, by (2.7),

(43) v(p, 7. p)(&™) = (

For example, u(1,1) = v(1,0,1) = é; and for every p € R we have pu(p,0) =
v(0,0,0) = §y. Note that v(p,r,0) = u(p,r) so that the class of probability
quasi-measures u(p,r) is contained in that of v(p,r,t), we will be interested
however mainly in the former.

First we note that Proposition 3.4 leads to

mp+r
m .

PROPOSITION 4.1.

(44) ulp.) = (1 = p, =),
(4.5) 1/(17,?15) =v(l-p,—1—r1-1). O

There are several convolutions of probability quasi-measures, apart from the
classical one: (u*v)(z™) := Y1 _o (1) u(a®)v(z"~*), which are related to var-
ious notions of independence (namely, the free, boolean and the monotonic
independence) in noncommutative probability.

1. Free convolution (see [2, 15, 11]) is defined in the following way. For a
probability quasi-measure p we define its free R-transform (or the additive free
transform) R, (z) by the formula:

(4.6) M, (z) = Ru(=M,(z)) + 1.

The free cumulants r,,(p) are defined as the coefficients of the Taylor expan-
sion Ry, (z) =Y ey me(p)z" (combinatorial relation between moments and free
cumulants is described in [11] and [4]). Then the free convolution pH v can be
defined as the unique probability quasi-measure which satisfies

(4.7) Rymy(2) = Ru(2) + Ry (2).

We also define free power u®t, t > 0, by R @ (2) = tR,(2).
As a consequence of (4.6) and (3.4) we obtain:

PROPOSITION 4.2. For the free additive transform of u(p,r) we have
(4.8) Ry (2) = Bpr(2)" =1
so that for the free cumulants we have rp, (1(p,7)) = Ap(p —r,r), m > 1. O

The free S-transform (or the free multiplicative transform) of a quasi-measure
w, with p(al) # 0, is defined by the relation

(4.9)  Ru(2Su(z)) ==z or, equivalently, M, (z(1+ 2)7'S,(2)) =1+ =.
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Then the multiplicative free convolution p; X pe and the multiplicative free
power p®t, t > 0, are defined by

(4.10) Sz (2) 7= Spy (2)Sp,(2)  and S mi(2) := Su(z)".

PROPOSITION 4.3. For r # 0 the S-transform of the measure u(p,r) is equal
to

1

(1+2z)r -1 r—p

(4.11) S (2) = (14+2) 7.

Consequently

(4.12) p(L+p1, 1) Bl +p2, 1) = p(l +p1+p2, 1),

and more generally

(4.13) p(pr, ) W p(l+pa, 1) = p(py + rpa, 7).

We have also

(4.14) (1 +p, )% = p(1 +tp, 1).

Proof. Formula (4.11) is a consequence of (3.12). In particular

(4.15) Sup(2) = (1 +2)77

which leads to (4.12), (4.13) and (4.14). O

2. The boolean convolution p1 W ps and the boolean power p¥t ¢ > 0, (see
[14, 3]) can be defined by putting

(4.16) .
. M,ultﬂ,uz(z) B M,ul(z) Mﬂz(z) ’
(4.17) My (2) = o)

(1—t)Mu(z)+t
Comparing this with definition (3.7) we get
PROPOSITION 4.4. For p,t € R we have

(4.18) w(p,1)¥ =v(p,0,t). O

3. Monotonic convolution (see [10]) is an associative, noncommuting operation
> which is defined by: p1 > uo = p iff

(4.19) My(z) = My, (ZMuz (Z)) My, (2).

Then (3.4) and (3.10) yield

PROPOSITION 4.5. For any parameters a,b,r,t € R we have

(4.20) n(a,b) > pla+r,r) = pla+r.b+7),

(4.21) via,b,t) > pula+rr)=via+r,b+rt). O
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In the next section we are going to study which of the probability quasi-
measures u(p,r) and v(p,r,t) are actually probability measures. For this pur-
pose we will use some of the the following facts, which are available in literature
(see [15,11, 14, 10, 6, 7]): The class of all compactly supported probability mea-
sures on R is closed under the free, boolean, and monotonic convolution and
also under taking the powers u®, u¥*, for s > 1, t > 0. Moreover, the class of
probability measures with compact support contained in [0, 00) is closed under
the free, multiplicative free, boolean and monotonic convolution and also under
taking the powers p®s. %5 and p** for s > 1 and t > 0.

A probability measure p on R (resp. on [0,00)) is called B-infinitely divisible
(resp. W-infinitely divisible) if it (resp. 1®) is a probability measure for
every t > 0. If u has compact support and r,,(¢) are its free cumulants then
p is B-infinitely divisible if and only if the sequence {rp42(p)} -, is positive
definite.

5. PosIiTivity

The aim of this section is to study which of the quasi measures p(p,r) and
v(p,r,t) are actually measures, i.e. for which parameters p,r,t € R the corre-
sponding sequence is positive definite. We start with

THEOREM 5.1. Ifp > 1,0 <r < p then {An(p,7)} ._, is the moment sequence
of a probability measure u(p,r) with a compact support contained in [0, 00). If
p<0,p—1<r <0 then u(p,r) is a probability measure which is the reflection
Of :U/(l - b _T)'

Proof. We know already that ™ = p(2,1) is the free Poisson law (1.1). Then,
as was noted in [1], 7 is K-infinitely divisible and for s > 0 we have 7™ =
(14 s,1). Hence if p > 1 then p(p, 1) is a probability measure with a compact
support contained in [0,00). By (2.3) it implies that the sequence A,,(p,p) =
Ap1(p, 1) is also positive definite, namely we have

/R F(@) du(p. p) () = / f(@)z dup, 1)(x)

for any continuous function f on R. Hence u(p,p), p > 1, is a probability
measure with a compact support contained in [0,00). For 1 <r < p we apply
(4.13) to obtain:

p(p,r) = p(r,r) B p(p/r, 1),
which proves the first statement for the sector 1 <r < p.
For r € (0,1) the measure p(1,7) is related to the Euler beta function

1
(5.1) B(a,b) := / 22711 —2)" L da.
0
We will use its well known properties: B(a,1 —a) = — and B(a,b) =
aigilB (a —1,b). If we define probability measure
(5.2) Ly 1= Smﬂ-raf_l(l —z) "dx
T
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on [0,1] then we have

sinr -
md r == B ’1— =
/Rx () . (m+r T) ||

k=1

r+i—1

= A (1,7).

which means that p(1,r) = . Now for s > 0 we have
p(l+rs,r) = p(l,r) K p(l+s,1),
which proves the first statement for (p,r) € [1,4+00) x (0,1). It remains to note

that u(p,0) = &g for every p € R.
The second statement is a consequence of (4.4). U

We conjecture that the last theorem fully characterizes the set of parameters
p,r € R for which p(p, ) is a measure (apart from the trivial case u(p,0) = do).
It is easy to check that Ag(p,r)A2(p,r) — A1(p,7)> = r(2p — 1 — r)/2, hence
a necessary condition for positive definiteness of the sequence A,,(p,r) is that
r(2p—1—r)>0.

REMARK. According to Penson and Solomon [12]:

5.3 5.1) - V108 [21/3 (27 + 3BT — 122) "° — 621/] .
' L= 12722/3(27 1 3vR1 — 122)1/3 v

on [0,27/4]. More generally, for u(p,1) with p € N we refer to [8].

COROLLARY 5.1. Ifeither 0 <2r<p,r+1<porp<2r+1,p<r <0 then
w(p,r) is B-infinitely divisible.

Proof. By Theorem 13.16 in [11], a compactly supported probability measure p,
with free cumulants r,, (u), is B-infinitely divisible if and only if the sequence
{rm+42(p)}_, is positive definite. Then it is sufficient to refer to (4.8) and
to note that the numbers A,,12(p — r,r) are the moments of the measure
22 du(p —r,r)(z). O

COROLLARY 5.2. If0<r <p—1,¢>0 then v(p,rt) is a probability measure
with a compact support contained in [0,4+00). If p < 1+7r <0, t < 1 then
v(p,r,t) is a probability measure which is the reflection of v(1—p,—1—r,1—1).
In particular, if either 0 < r < p—1o0orp < 1+ 7r < 0 then the sequence
{(mp'H)}::O 1s positive definite.

m

Proof. For 0 <r <p-—1,¢t> 0 we apply (4.21) and (4.18):

v(p,r,t) =v(p —1,0,t) > up,r) = u(p — r, 1) > u(p,r)
and Theorem 5.1. Then we use (4.5). O

A measure v on R is called symmetric if U = v. For a probability quasi-measure
p define its symmetrization p® by M,s(z) == M, (22) If 1 is a probability
measure with support contained in [0, 00) then p® is a symmetric measure on
R, which satisfies [, f(t?) dps(t) = [; f(t) du(t) for every compactly supported
continuous function on R. Denote by p*(p,r) and v°(p, r, t) the symmetrization
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of u(p,r) and v(p,r,t). Then, by (3.4) and (4.9), for the free additive transform
we have

(5.4) Rs(pry(2) = Bpoay (2%) — 1.
In the same way as Corollary 5.2 one can prove

COROLLARY 5.3. If p > 1,0 <r < p then p’(p,r) is a symmetric probability
measure on R. Moreover, if p —2r > 1 and 0 < 3r < p then us(p,r) is
H-infinitely divisible. (I

Let us record some formulas:

(5.5) 15 (p, 1) = 1 (p, 0,1),
(56) W2(a,B) o (a+ 2n,7) = pa+ 20, b 4 1),
(5.7) V¥ (a,b,t) > p(a+2r,1r) =1*(a+ 2r,b+ 1, t).

5.1. PICTURE FOR u(p,r).

EEEOO

Here we illustrate the main results concerning the measures pu(p,r).

(1) If u(p,r) is a probability measure then r(2p —1 —r) > 0 (the right-top
and left-bottom sector between the p-axis and the line r = 2p — 1),

(2) 24 (including X and ZF*): u(p,r) is a probability measure with a
compact support contained in [0, 00),

(3) ¥_ (including ¥B°): p(p,r) is a probability measure, the reflection of
M(l - D —T),

(4) ET"O U X8 (including £F>®): u(p,r) is B-infinitely divisible,

(5) E: the symmetrization of u(p,r) is B-infinitely divisible.
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6. DILATIONS

For a probability quasi-measure p we define its dilation with parameter ¢ > 0
by (Dep)(z™) := ¢™p(z™). Then for the moment generating function we have:
Mp, () = M, (cz) and similarly for the free R-transform: Rp_,(z) = R,(cz),
while for the S-transform we have Sp_,(z) = 15,(z). If u is proper then we
have (Dep)(X) = p(1X) for every Borel subset X of R. In this part we are
going to study dilations of the measures u(p,r) and v(p,r,t) and their limits
as the parameter goes to 0.

For h > 0 and a,p,r € R define sequences

a 1 m—1
6.1 = — a — ih),
(6.1) (n) = [Tin
(6.2) Ap(p,ryh) = % 1 (mp +r —ih),

Il
-

%

with Ag(p,r, h) := 1. In particular A,,(p,r, h) = ——— (mp”)h whenever mp +

mp+r m
r # 0. Then, for h > 0 and p,r,t € R define probability quasi-measures:
(63) :U/(pa T, h)(xm) = Am(para h)a
(6.4) v(p,r,t,h)(@™) == Ap_k(p,k(p — h) + 1, h)t".
k=0

and their moment generating functions By ,(z) and Dy, ;¢ () respectively.
Note that if h > 0 then A,,(p,r, h) = k™A, (p/h,r/h) and hence these proba-
bility quasi measures can be represented as dilations:

(6.5) pu(p, v, h) = Dpp(p/h,r/h),
(6.6) v(p,r.t,h) = Dpv(p/h,r/h,t/h).
Therefore the corresponding moment generating functions are
(6.7) By.rn(2) = Byyn(h2)™ /',

hBp,ptrn(2)
6.8 Dp.r =Dy/hr hz) = Ui .
(6.8) p.rith(2) o/ /bt /h(R2) (h—)Bppn(z) +1

These formulas allow us to derive properties of the probability quasi-measures
w(p,r, h) and v(p,r,t, h) directly from our previous results when h > 0, and,
after taking the limit with A — 0, for h = 0.

ProrosIiTION 6.1. For h > 0 and p,r,t € R

(6.9) Bp,;hh(z) =1+ Zth7p7h(Z),
(6.10) log (Bp,1,0(2)) = 2Bpp.0(2),
(6.11) Dprio(z) = Bp.ro(z)

1= ztBppo(z)
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Proof. First formula is a consequence of (3.3) and (6.7). Then we have

Bp71,h(z)h -1 _ Bp,h,h(z) -1

A ” = 2Bp p,n(2).
Taking the limit with h — 0 we obtain (6.10).
For (6.11) we write use (6.8) and (6.9) to get
1 B z)—1
m [(h=t)Bppn(z)+t] =1—(t— h)% =1—(t—h)zBppn(z)
and then we take limit with h — 0. O

PROPOSITION 6.2. For h > 0 and p,r,s € R we have

(6.12) Bp—r,s,h (2Bprn(2)) = Bp,s,n(2). O
ProPOSITION 6.3. For h > 0 and p,r € R we have
m mp+r
(6.13) e = (")
m h

Proof. For h > 0 the formula is a consequence of (6.6). Then we take limit
with h — 0. O

ProOPOSITION 6.4. For h > 0 and p,r,t € R we have

—

(614> M(p,T, h) :/’L(h’ipa -, h’)a
(6.15) v(pir,t,h) = v(h — p,—h — 1, h — t, h).
Proof. First we note that A,,(p,r,h)(—1)"™ = A,(h — p,—r,h) and then we
apply (6.8) and (3.14). O
PROPOSITION 6.5. For the free transforms we have
(616) RM(Pﬂ‘ah) (Z) = Bpfrmh(,@ -1
14 2)h/m—1
(6.17) Sty (2) = %(1 +2) P for b > 0,
z
log(1 + _
(6.18) Su(p,T,O)(Z) _ W(l + z)(T P)/r,
1 —pz
(619) Su(p,O,t,O) (Z) = 26“1*2) .

In particular v(p,0,t,0) = Dy (V(L 0,1, 0>|Z|P/t)'

Proof. Formulas (6.16), (6.17) are consequences of (6.7), (4.11) and (6.12).
Therefore, for h > 0 we have

1+z)Mr—1
(6.20) Bp,r,h (%(1 + Z)p/r) =1+ 2z,
which leads to
log(1 + 2)
6.21 Byrol————| =1
( ) p:r0 (r(1+z)p/r) te
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and to (6.18). In particular, substituting (1 + z) — ™79, we have

(6.22) Bypo (t(liz)eﬁ) _ oD

which, combined with (6.11) gives

(6.23) Dp.0,1,0 (ﬁemﬁ)) =1 _lliz =1+z. O
PRroOPOSITION 6.6. For h > 0 and p,t € R we have

(6.24) w(p, h, h)®t = v(p,0,th, h),

(6.25) v(p,0,1,0)¥ = v(p,0,t,0).

Proof. Since By 0,0(z) = 1, formula (6.25) is a consequence of (6.11). O
ProproOSITION 6.7. For h > 0,t >0, a,b € R we have

(6.26) w(a,b,h) > pla+r,rh) = pla+r,b+rh),

(6.27) v(a,b,t,h) > pla+r,rh) =v(a+r,b+rt, h). O

PROPOSITION 6.8. Assume that h > 0.

1. If p>h and 0 < r < p then u(p,r, h) is a probability measure with support
contained in [0,00). If p < 0, p—h < r < 0 then u(p,r,h) is a probability
measure which is the reflection of p(h — p, —r, h).

2. If either 0 <2r <p,r+h<porp<2r+h, p<r <0 then u(p,rh) is
H-infinitely divisible.

3 If0o<r <p—nh,t>0 then v(p,r,t,h) is a probability measure with a
compact support contained in [0,+00). If p <h+r <0, t <h then v(p,r,t, h)
is a probability measure which is the reflection of v(h — p,—h —r,h —t, h)

In particular, if either 0 < r < p—h orp < h+r < 0 then the sequence
{(mp”)h}::o 1s positive definite. (]

m

We conclude with some remarks on the probability measure v := v(1,0, 1,0),
for which the moments are vg(2™) = (m)o = 7 From (4.9), (6.19) we have

m m!
(6.28) S,y (2) = €77,
(6.29) Ry, (ze = ) =z,
z =z
(630) M,,O(me +z) =1+z.

THEOREM 6.1. The sequence {%}::0 is positive definite and the correspond-
ing probability measure vy has compact support contained in [0,e]. Moreover,
v is K-infinitely divisible.

m

Proof. First observe that lim,, ;o 4/">r = e, which implies that the support

of vy is contained in [0,e]. Now we recall (see Theorem 3.7.3 in [2]) that a
probability measure p with support contained in [0, o0) is K-infinite divisible if
and only if the function ¥, (2) := S, (2(1 — z)7!) can be expressed as ¥, (z) =
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e?®) where v : C\ [0,00) + C is analytic, satisfies v(Z) = v(z) and maps the
upper half-plane C* into the lower half-plane C~. In our case %,,(z) = e™*
and the function v(z) = —z does satisfy these assumptions. g

Let us briefly reconstruct the way we have obtained the measure 5. We started
with T = u(2,1, 1), the free Poisson measure. Then

u(p, hyh) = Dppu(p/h,1,1) = Dy, (ﬁ%fl) 7

so putting h = 1/n, p =1 and using (6.24) with ¢ = 1/h = n we have

K Wn

(6.31) (Dl (ﬂ' "_1)) — 1, with n — oo,
N Wn

where the convergence here means that the m-th moment of (Dl (ﬂ&"’l))

tends to % Note also that from (6.29) one can calculate free cumulants of

vor 1 =1, 10 =1, 1r3 = %, ry = _Tl Since r4 < 0, the measure v is not
H-infinitely divisible.
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