DOCUMENTA MATH. 981

GooOD REDUCTION OF AFFINOIDS

ON THE LUBIN-TATE TOWER

JARED WEINSTEI

ABSTRACT. We analyze the geometry of the tower of Lubin-
Tate deformation spaces, which parametrize deformations of a one-
dimensional formal module of height h together with level structure.
According to the conjecture of Deligne-Carayol, these spaces realize
the local Langlands correspondence in their ¢-adic cohomology. This
conjecture is now a theorem, but currently there is no purely local
proof. Working in the equal characteristic case, we find a family of
affinoids in the Lubin-Tate tower with good reduction equal to a rather
curious nonsingular hypersurface, whose equation we present explic-
itly. Granting a conjecture on the L-functions of this hypersurface, we
find a link between the conjecture of Deligne-Carayol and the theory
of Bushnell-Kutzko types, at least for certain class of wildly ramified
supercuspidal representations of small conductor.
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1 INTRODUCTION

Let F be a non-archimedean local field. By the local Langlands correspondence,
the irreducible admissible representations of GLy, (F) are parametrized in a sys-
tematic way by h-dimensional representations of the Weil-Deligne group of F.
This is established in [LRS93] for fields of positive characteristic and in [Hen00]
and [HTOI] for p-adic fields. The local Langlands correspondence appears in
a geometric context; namely it is realized in the cohomology of the “Lubin-
Tate tower”, a projective system of deformation spaces of a one-dimensional
formal Op-module of height h, cf. [Dri74]. We refer to this phenomenon as
the conjecture of Deligne-Carayol, after the paper [Car90] which contains the
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982 JARED WEINSTEIN

precise statement of the conjecture. The papers [Car83] and [Car86] prove the
conjecture for the case h = 2. The complete conjecture of Deligne-Carayol was
proved in [Boy99] for fields of positive characteristic and in [HT0I] for p-adic
fields. Both papers involve embedding F' into a global field and appealing to
results from the theory of Shimura varieties or Drinfeld modular varieties.

In [Har02], Harris identifies some unsettled problems in the study of the local
Langlands correspondence, and top among these is the lack of a purely local
proof of the correspondence. Bushnell and Kutzko’s theory of types [BK93]
parametrizes admissible representations of GLy(F') by finite-dimensional char-
acters of open compact-mod-center subgroups. Naturally one hopes to link
the parametrization by types to the parametrization by Weil-Deligne repre-
sentations, so that one might obtain an “explicit local Langlands correspon-
dence.” There have been some remarkable efforts in this direction, see [Hen92],
[BHO54], [BHO5D], [BHOG], but these do not seem to interface with the geo-
metric interpretation of the local Langlands correspondence afforded by the
conjecture of Deligne-Carayol. Harris asks ([Har02], Question 9) whether the
Bushnell-Kutzko types can be realized in the cohomology of analytic subspaces
of the Lubin-Tate tower.

In the present effort we demonstrate progress towards an affirmative answer
to this question. We construct a family of open affinoids 3 of the Lubin-Tate
tower which have good reduction equal to a hypersurface 3 whose equation
we give explicitly, cf. Thm. [Tl below. The cohomology of these affinoids
appears to contain exactly the Bushnell-Kutzko types for those supercuspidal
representations whose Weil parameters are of the form Indg,r 6, where E/F
is the unramified extension of degree h and 6 is a character of the Weil group
of E of conductor p%, where pg is the maximal ideal of Op. We refer to these
as the unramified supercuspidals of level 72. The action of the Weil group on
3 is completely transparent. The question of whether the affinoids 3 really do
realize the local Langlands correspondence for such representations is reduced
to the calculation of certain L-functions attached to 3, see Conj.

It is hoped that this paper will initiate a systematic study of open affinoids
with good reduction in the Lubin-Tate tower. The best outcome would be
the construction of a semistable model for the Lubin-Tate spaces, using an
appropriate covering by open affinoids. This is precisely what is done in [CMO6]
for the classical modular curves Xo(Np?), and in [Weib] for Lubin-Tate curves
with arbitrary level structure. Then the weight spectral sequence of Rapoport-
Zink [RZ80] would compute the cohomology of the Lubin-Tate tower in terms of
the reduction of the semistable model. A purely local proof of the conjecture of
Deligne-Carayol would then be reduced to the computation of the zeta functions
associated to the components of the reduction of the semistable model.
Before stating our main theorem, we introduce some notation. We write X(7™),
n > 0, for the system of rigid-analytic spaces comprising the Lubin-Tate tower
of deformations of a height h one-dimensional formal Ogr-module with Drinfeld
level ™ structure; see §2.1] for definitions. Crucial to the analysis are the
“canonical points” of X(7™) arising from the canonical liftings of Gross [Gro86):
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these are the deformations with extra endomorphisms by the ring of integers in
a separable extension E//F. Such a point is defined over the extension FE,,/ Em
obtained by adjoining the 7"*-division points of a formal Lubin-Tate Og-module
of height one.

In our analysis we concentrate on those canonical points for which the associ-
ated extension E/F is unramified. We refer to these as unramified canonical
points. By performing explicit computations with coordinates, we find certain
affinoid neighborhoods around each unramified canonical point « which have
good reduction. These neighborhoods lie in a space intermediate in the cover-
ing X(7?) — X(m), which we call X(K,2) = X(72)/K,2; for details, see §L2
Briefly put, « determines an embedding of Op-algebras O < M, (OF), and
K, > is the congruence subgroup defined by

Kos— {g € 14 7M,(Or) | Tr((g — 1)05) C p%} .

Our main result is:

THEOREM 1.1. Assume that F' has positive characteristic, with residue field
F,. Letx € X(7?) be an unramified canonical point. There exists an open
affinoid neighborhood 3 of the image of x in X(K,2) whose reduction is the
smooth hypersurface 3 in the variables Vi, ..., Vs, defined by the equation

qh qh qh qh qh
V1 - Vl ‘/2 - VY2 va, - VE& T Vh,1 - Vh—l Vh - Vh
1 i e e,y
det 0 1 vy T Vils Vils = 0.
0 0 0 S 1 v

REMARK 1.2. Let R be the noncommutative polynomial ring F . [7]/(7""1),
whose multiplication law is given by 7o = a7, @ € Fgn. Let A = R s
Fu[Vi,..., V4], and let &: A — A be the R-linear endomorphism which sends
Vito V. Let g = 1+ Vit + -+ + V7" € AX; then the coefficient of 7"
in ®"(g)g~! is the determinant appearing in Thm. [T This shows that the
hypersurface 3 admits a large group of automorphisms, namely R*. See §5.3
for an interpretation of this automorphism group in terms of the Jacquet-
Langlands correspondence.

REMARK 1.3. We expect the condition char F' > 0 to be unnecessary. This
condition enables us to write down explicit models for universal deformations
of formal Op-modules with level structure, as in §2.21 It may be possible to
remove this condition if one is more careful with error terms.

REMARK 1.4. In Yoshida’s paper [Yos10] the space X(m) is treated, with no
condition on the characteristic of F'. In that case one finds an affinoid subdo-
main of X(7) ® E; whose reduction is the Deligne-Lusztig variety for GLy (k),
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see 3.5l Based on this calculation, Yoshida proceeds to show that the vanish-
ing cycles of X(7) realize the local Langlands correspondence for supercuspidal
representations “of depth zero”.

REMARK 1.5. Thm. [[LT] agrees well with our work in [Weib], which gives a
detailed description of a stable reduction of the tower X(7™) when h = 2. In
this case the curve 3 is isomorphic over F, to a disjoint union of copies of the
“Hermitian curve” Y + Y7 = V! The Hermitian curve also happens to be
isomorphic over F, to the Deligne-Lusztig curve for SLa(F,), but this seems
to be a coincidence which does not persist for h > 2.

In order to apply Thm. [T to the conjecture of Deligne-Carayol, it will be
necessary to calculate the compactly supported ¢-adic cohomology of 3, ¢ # p,
as a module for the action of the stabilizer of 3 in GL2(Op), which is the
group Ut = 1 + mM,(OF). This in turn is equivalent to the calculation of the
L-functions of some ¢-adic sheaves on affine (h — 1)-space. To wit, let X be
the hypersurface over F n whose equation is the one appearing in Thm. [Tl
Then X is an Artin-Schreier cover of Ah_l/th with Galois group F,n. For

each character ¢ of F n with values in QZ , let £, be the corresponding lisse
rank one sheaf on A"~1. Then the zeta function Z(X,t) factors as a product
of the L-functions L(A"~!, Zy,t) as 1 runs over characters of F .

CONJECTURE 1.6. Suppose ¢ does not factor through Trg , /v , for any proper
q q

divisor d of h. Then
h(h—1)

v(h—1 (_l)hq 2
LA Zy0) = (14 (<))

The formula in Conj. is striking: it implies that the contribution of
the t-part of the Euler characteristic H*(X ® F,,Q,) to the quantities
#X(F ), #X(Fgn), ... is the maximum possible under the constraints of the
Riemann hypothesis for X. In fact we strongly suspect that X has the maxi-
mum number of F jnn-rational points relative to its compactly supported Betti
numbers. More to the point, Conj. would also imply that H!~1(3,Q,)
realizes the Bushnell-Kutzko types for the unramified supercuspidals of level
72, and that the action of the Weil group of F on 3 is in accord with the local
Langlands correspondence. We postpone the details of this claim for future
work, but see [Weial, §4 and §5 for a comprehensive calculation in the case
h=2.

Conj. itself can be verified quite easily for h = 2, in which case X is a
disjoint union of ¢ copies of the Hermitian curve Y7 +Y = X971 this curve is
“maximal” over F 2 in the sense that it attains the Hasse-Weil bound for the
maximum number of F:-rational points. Con]. can be verified numerically
for small values of ¢ and h > 2, but unfortunately we cannot give a general
proof at this time. The polynomial on the right-hand side of the equation
in Thm. [LT] is degenerate in the sense of [AS89], which frustrates efforts to
determine even the degree of the rational function L(A"~!, Ly, ).
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The construction of the explicit local Langlands correspondence for unram-
ified supercuspidals appears in [Hen92]. A salient feature of that paper is
the discrepancy between two means of passing from a regular character of
E* to a supercuspidal representation of GLp(F). The first construction is
the local Langlands correspondence, the second construction is induction from
a compact-mod-center subgroup, and the discrepancy, which appears exactly
when h is even, manifests as the nontrivial unramified quadratic character of
E*. Granting Conj. [ we arrive at a geometric explanation for this behavior
in terms of the eigenvalue of Frobenius on the middle cohomology of the hy-
persurface X, for these are positive if and only if h is odd. In the subsequent
papers [BHO5a] and [BHO5D] on the explicit local Langlands correspondence
there is a systematic treatment of this discrepancy between the two construc-
tions in the “essentially tame” case; we find it very likely that this discrepancy
can always be explained by the behavior of Frobenius eigenvalues acting on the
cohomology of an open affinoid in the Lubin-Tate tower having good reduction.
We outline our work: In §2, we review the relevant background material
from [Dri74] on one-dimensional formal modules and the Lubin-Tate tower.
In §3, we impose the condition that char F' > 0 and establish a functorial con-
struction of top exterior powers of one-dimensional formal Og-modules which
may be of independent interest. The heart of the paper is §4. Given an un-
ramified canonical point x in X (71'2), we construct a coordinate Y on that space
which is invariant under K, ». The coordinate Y is integral on a certain affinoid
neighborhood of z in X(7?), and the reduction of the minimal polynomial for
Y over the ring of integral functions on ¥(1) gives the equation appearing in
Thm. [T We conclude in §5 with some basic observations about the hyper-
surface 3 which we hope will illuminate the formulas in Conj. and motivate
future work linking Thm. [[LT] to the local Langlands and Jacquet-Langlands
correspondences for GLy (F).

2 PRELIMINARIES ON FORMAL MODULES

2.1 DEFINITIONS

Throughout this paper, F' is a local non-archimedean field with ring of integers
Op, uniformizer 7w and residue field & having cardinality ¢, a power of the
prime p. Let p be the maximal ideal of OF, and let v be the valuation on F,
normalized so that v(m) = 1. We also use v for the unique extension of this
valuation to finitely ramified extension fields F of F' contained in the completion
of the separable closure of F.

DEFINITION 2.1. Let R be a commutative Op-algebra, with structure map
i: Op — R. A formal one-dimensional Op-module over R is a power series
F(X,)Y)=X+Y +--- € R[X,Y] which is commutative, associative, ad-
mits 0 as an identity, together with a power series [a]#(X) € R[X] for each
a € O satisfying [a]#(X) = i(a)X (mod X?) and .Z([a]#(X),[a]#(Y)) =
[al#(Z(X,Y)).
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The addition law on a formal Op-module % will usually be written X + Y. If
Z and %' are two formal Op-modules, there is an evident notion of an isogeny
F — F', and Hom(.#,.#') has the structure of an Op-module.

If R is a k-algebra, we either have [7]#(X) = 0 or else [7]#(X) = f(th) for
some power series f(X) with f/(0) # 0. In the latter case, we say .% has height
h over R.

Fix an integer h > 1. Let ¥ be a one-dimensional formal Op-module over k of
height h. The functor of deformations of ¥ to complete local Noetherian 1) Fnr-
algebras is representable by a universal deformation .Z"™V over an algebra
A which is isomorphic to the power series ring Opar [ui,...,up—1] in (h —1)
variables, cf. [Dri74]. That is, if A is a complete local @}r—algebra with maximal
ideal P, then the isomorphism classes of deformations of ¥ to A are given
exactly by specializing each u; to an element of P in iV,

2.2 THE UNIVERSAL DEFORMATION IN THE POSITIVE CHARACTERISTIC CASE

The results of the previous paragraph take a very simple form in the equal
characteristic case. Assume char F' = p, so that F' = k((w)) is the field of
Laurent series over k in one variable, with Op = k[[7]. Then a model for ¥ is
given by the simple rules

X4+sY=X+Y
[Ce(X)=¢X, Cek
h
[m]s(X) = X1
The universal deformation .#""" also has a simple model over A:
X4+gmvY=X+Y
[(]guwiv(X)=CX, €k
(7] grany (X) = 7X 4wy XT+ -+ up X7+ X9 (2.2.1)
Let Op = EndX, and let B = Op ®0, F. Then B is the central division
algebra over F of invariant 1/h. Let kj/k be the field extension of degree h:
then Op is generated by the unramified extension O = kp[[7] of Ok of degree
h, which acts on ¥ in an evident way, together with the endomorphism ®(X) =
X 1. (The relations are ®" = 7 and ®¢ = (1®, ¢ € kp,.) Inasmuch as A =
O ua, - .., up—1] is the moduli space of deformations of ¥, the automorphism

group Aut ¥ = O} acts naturally on A. It is natural to ask how O} acts on
the level of coordinates. The action of an element ¢ € k, is simple enough:

C(u) = ¢ u;, i =1,...,h— 1. On the other hand the action of an element
such as 1 + ® € O seems difficult to give explicitly.

2.3 MODULI OF DEFORMATIONS WITH LEVEL STRUCTURE

Let A be a complete local Op-algebra with maximal ideal M, and let % be
a one-dimensional formal Op-module over A, and let A > 1 be the height of
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F @ AJM.

DEFINITION 2.2. Let n > 1. A Drinfeld level m" structure on .% is an Op-
module homomorphism ¢: (1 ""Or/Or)®" — M for which the relation

[I &-é@)|HsX)

zE€(p~1/Op)®h

holds in A[X]. If ¢ is a Drinfeld level #™ structure, the images under ¢ of
the standard basis elements (7~",0,...,0),...,(0,0,...,7—") of (p~"/OFp)®"
form a Drinfeld basis of F[n"].

Fix a formal Op-module ¥ of height h over %. Let A be a noetherian local @}}’—
algebra such that the structure morphism @%’ — A induces an isomorphism
between residue fields. A deformation of X with level 7" structure over A is a
triple (Z,t, ¢), where 1: .# ® k — ¥ is an isomorphism of Op-modules over k
and ¢ is a Drinfeld level 7™ structure on %.

PROPOSITION 2.3. [Dri7j|] The functor which assigns to each A as above the
set of deformations of X with Drinfeld level ©™ structure over A 1is repre-
sentable by a regular local ring A(m™) of relative dimension h — 1 over @I@T
Let Xf"), ey X}(Ln) € A(r") be the corresponding Drinfeld basis for F 'V [r"];
then these elements form a set of reqular parameters for A(m™).

There is a finite injection of O -algebras A(r") — A(z"t1) corresponding to
the obvious degeneration map of functors. We therefore may consider A(7™)
as a subalgebra of A(7"*1), with the equation [r], (Xi("ﬂ)) = Xi(") holding
in A(z7"H1).

Let X (7™) = Spf A(7™), so that X (7™) is a formal scheme of relative dimension
h — 1 over Spf O%. Let X(7") be the generic fiber of X (7™); then X(n™) is
a rigid analytic variety. The coordinates X i(") are then analytic functions on
X(n™) with values in the open unit disc. We have that X(1) is the rigid-analytic
open unit polydisc of dimension h — 1.

The group GLj,(Op /7™ OF) acts on the right on X(7™) and on the left on A(7™).
The degeneration map X(7™) — X(1) is Galois with group GLx(Op/7"OF).
For an element M € GLp(Op/7"OF) and an analytic function f on X(7™),
we write M (f) for the translated function z — f(zM). When f happens to

be one of the parameters XZ-(n), there is a natural definition of M (XZ-(")) when
M € My (Op/mn"OF) is an arbitrary matrix: if M = (a;;), then

M (Xz(n)) = [aﬂ](gumv (Xl(n)) +guniv ce +(g’univ [aih](guniv (Xf(bn)) . (231)

3 DETERMINANTS

A natural first question in the study of the Lubin-Tate tower X(7") is to com-
pute its zeroth cohomology; ¢.e. to determine its geometrically connected
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components along with the appropriate group actions. This question is an-
swered completely by Strauch in [StrO8b]. Let LT be a one-dimensional formal
Or-module over @Fm for which LT @k has height one. Let Fy = F nroand
for n > 1, let F,, = Fy(LT[n"]) be the classical Lubin-Tate extension. Let
x: Gal(F,/Fy) = (Op /7" Or)* be the isomorphism of local class field theory,
so that Gal(F,/Fy) acts on LT[n"] through x. Finally, let Xprp(7™) be the
(zero-dimensional) space of deformations of LT ®k with Drinfeld 7" structure,
so that Xpr(7™)(F,) is the set of bases for LT[x"](F},) as a free (Op/7"OF)-
module of rank one. We now paraphrase [StrO8b], Thm. 4.4 in the context of
the rigid-analytic spaces X(7™).

THEOREM 3.1. The geometrically connected components of X(n™) are defined
over F,,, and there is a bijection

mo(X(7") @ F)——Xrr(7")(Fy).

Under this bijection, the action of an element (g,b,7) in GL,(OF) x OF X
Gal(F,/Fy) on Xpp(n™)(Fy,) is through the character

(9,b,7) — det(g) N p(0) " x(r) " € (Op /7" Op)*. (3.0.2)

(In [Str08b)], mo(X(n™) ® C,) is identified with mo(Spec(F,, ® g, Cr)), where
C, is the completion of a separable closure of F. But this latter 7wy, being
the set of Fy-linear embeddings of F;, into C,, is the same as the set of bases
for LT[7"](C,). Thus Thm. BJ] carries the same content as the theorem cited
in [Str08Db].)

As noted in the introduction to [StrO8b], Thm. Bl suggests a determinant
functor .# +— A"Z assigning to each deformation .# of ¥ a deformation A".#
of LT ®k. This functor would of course identify the top exterior power of
the Tate module T(.#) with T(A"Z). In this section we provide just such
a determinant functor in the case of equal characteristic, taking advantage of
the explicit model of the universal deformation .#"V described in §2.21 More
precisely we prove:

THEOREM 3.2. Assume char F' > 0. For each n > 1 there exists a morphism
T Lgfum'v[ﬂn] Koo X (g;um’v[,]rn] — LT[’/T”] QA

of group schemes over A = @Fm[[ul, ooy Up—1] which is Op-multilinear and
alternating, and which satisfies the following properties:

1. The maps ., are compatible in the sense that
Mn([ﬂ']guniv (Xl), ey [Tr]yuniv(Xh)) = ,un_l(Xl, . ,Xh)
forn > 2.

2. If X1,..., Xy, are sections of F"™V[1"] over an A-algebra R which form
a Drinfeld level 7™ structure, then p,(X1,...,Xn) is a Drinfeld level ©"
structure for LT[7"] ® R.
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REMARK 3.3. It is also possible to show that p, transforms the action of
GL,(OF)x Of x Gal(F,,/F™) on F"WiV[r"] x - - - x FWiV[r"] into the character
defined in Eq. (B0.2)), but we will not be needing this.

The proof of Thm. will occupy §3.1] and §3.31 Up to isomorphism there is
only one formal Op-module LT whose reduction has height one, so we are free
to choose a model for it. For the remainder of the paper, LT will denote the
formal Or-module over 1) e With operations

X+ Y=X+Y
[a]LT(X) =aX, a€k
[7ler(X) = 71X + (=1)" 1 X9,

3.1 DETERMINANTS OF LEVEL T STRUCTURES
First define the polynomial in h variables
j
WX, Xp) = det (Xf ) € k[X1,...,Xn]
(the exponent j ranges from 0 to h —1). Then p is a k-linear alternating form,

known as the Moore determinant, cf. [Gos96], Ch. 1. We will need two simple
identities involving p. The first is

I (@Xi+-+anXp) = (1) u(X1,..., Xn)" ", (3.1.1)
0#ack?
in which the product runs over nonzero vectors a = (aq,...,as) in k™. Second,

there is the identity

[mlor (u(Xq, ..., X)) = det ([W]yuniv (X3) ‘ X/

‘ Xf“) . (3.1.2)
1<i<h

valid in A[X7, ..., X, ]. This is easily seen by expanding the first column of the
matrix according to Eq. (227)).

LEMMA 3.4. If Xi,..., Xy are sections of F""W[x|, then u(Xy,...,Xp) is
a section of LT[r]. If the X; form a Drinfeld basis for F“"W[x], then
w(X1,...,Xn) constitutes a Drinfeld basis for LT[r].

Proof. Suppose X1, ..., X} are sections of .# "] over an A-algebra R. Then
the claim that p(X1,...,X}) is annihilated by [7]pr follows from Eq. (31.2).
Now assume that X1, ..., X} is a Drinfeld basis for .#"V[r]. This means that

H (T — (a1 X1+ -+ apXp)) divides [7] Zuniv (T')

ackh
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in R[T], hence in R[T]. Since [7]guniv(T) is monic, these polynomials are
equal:

[T @~ (@Xi+-+anXn) =aT+w T+ +up 79 +T9" (3.1.3)

ackh

Equating coefficients of T" and using Eq. B.I.1]) shows that
M(Xla R Xh)q71 - (71)}1’”'
On the other hand,

[T = an(xy,... Xp) =T9 = p(Xy,..., Xp)'T = (=1)" ] (T),
a€k

which shows that (X7, .., Xs) forms a Drinfeld basis for LT[r] ® R. O

3.2  GOOD REDUCTION OF AN AFFINOID IN X(7)

In this interlude we find an affinoid in X(7) whose reduction is the Deligne-
Lusztig variety for GLy (k). This is nothing new in light of [Yos10], Prop. 6.15,
but it will give a flavor of the corresponding calculation for X(7?).

PROPOSITION 3.5. There is an isomorphism of local @Fm--algebms

@F"”’[[Xla cr Xh]]
(X1 Xn) = (—)en

—A(r)

carrying X; onto Xi(l).

Proof. Let A(r) = Opu[X1,..., Xn]/(W(X1,...,Xp)4 ' — (=1)"7). By
Lemma [34] there is unique homomorphism A(r) — A(r) of Opne-algebras
carrying X; onto Xi(l). Since the XZ-(l) form a system of regular local param-
eters of A(m), this homomorphism is surjective. The algebra A(x) is a Galois
extension of A with group GLp (k). But we can also furnish A(w)" with the
structure of an A-algebra, by identifying u; € A with the coefficient of 79" on
the left-hand side of Eq. (31.3]). Then A(7)" becomes a Galois extension of A
with group GLj (k) as well, and the homomorphism A(7)" — A(w) respects the
A-algebra structure. We conclude that A(7)" — A(w) is an isomorphism. O

Now let E/F be the unramified extension of degree h, and let E1/E™ be the
extension obtained by adjoining a root w of X" -1 (—=1)"7. Then E;/E™ is
totally tamely ramified of degree ¢ — 1. Let X(1)* C X(1) ® E; be the affinoid
polydisc defined by the conditions

o(ui) > v(@? 1) =
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The notation is borrowed from [CMO06]: This is exactly the domain on which
"V [r] admits no canonical subgroups; i.e. where .Z"Y is “too supersin-
gular”. Whenever .% is a deformation of ¥ lying in ¥(1)*, all nonzero roots
of Z[r] have valuation equal to v(w). By applying the change of variables
X; = @wV; to Prop. B.5 we find:

THEOREM 3.6. The preimage of X(1)* in X(r) ® Ey has reduction isomorphic

to the smooth affine hypersurface over k with equation pu(Vy,..., V)4 1 =1.

3.3 DETERMINANTS OF STRUCTURES OF HIGHER LEVEL.

Now let n > 1, and suppose X1,..., X}, are sections of .Z"V[r"]. We write
[7%].(X) as an abbreviation for [7%] guniv (X). We define the form pu,, by

pn (X1 X)) = > p ([ (X)), [ (X))
(a1,..,an)
where the sum runs over tuples of integers (aq,...,ap) with 0 < a; < n —1
whose sum is (h — 1)(n —1). It is clear that p, is k-multilinear and alternating
in Xy,...,X}y. Before proving that p,, is Op-linear, we will show:
PROPOSITION 3.7. For sections X1,..., Xy, of Z"V[1"], we have

[mlor(pn (X1, - Xn)) = pna([7a(X1), - - [T (X))
In particular p,(X1,...,Xn) is a section of the group scheme LT[n"].

Proof. Let a = (ay,...,ap) be a tuple of nonnegative integers. Write [7%](X)
for the tuple ([7%1],(X1),...,[7*].(Xn)). Applying Eq. BI2) we find

i (1000 = et ([r #1006 | a0 | | ™)
= Z Sgn(a)[ﬂ%(l)—i_l]u (Xg(l)) 1 [r@eG+D], (Xa(j+1))qj
oceSh =1

Now assume the X; are sections of .Z"V[7"]: this means that the terms in the
sum with a,(1) = n — 1 vanish. The expression [7]rr(pn (X1, ..., X,)) is thus
a sum over pairs (a,0), where o € S}, is a permutation and a = (aq,...,ap) is
a tuple of integers satisfying the conditions

1.0<a; <n-1
2. a0(1)<n71
3. >4, =(mn-1)(h—1)
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Let b = (b1, ...,bn) be the tuple defined by

b': aj’ .7:0-(1)
’ aj—1, j# o(1)

Note that each b; is nonnegative: If a; = 0 for some j # o(1), the condition
> ;a; = (n—1)(h —1) forces ar, = n — 1 for all k # j, which implies that
ay(1y = n — 1, contradicting condition (ii) above. As (a,0) runs over all pairs
of tuples and permutations satisfying (1)—(3), the pair (b, o) runs over all pairs
of tuples and permutations satisfying 0 < b, <n—2and ) ,b; = (n — 1)(h —
)—(h=1)=(n—-2)(h—1). We find

it i (XK X)) = 3 sn(o) [0 (Xoiz)”

(b,o) j=1

_ Z'u ([7 T (X0), . . ., 7P H (X))
b

= i1 ([7]u(X1), ..., [7]u(Xh))

as required. O

Now we can establish the Op-linearity of u,. For this it suffices to show that
pn ([ (X1), Xoy ooy Xn1) = [7]ur (pn (X1, - -, Xi)). We have

Mn([ﬂ']u(Xl),XQ, .. 'aXh—l) — Z'u/([ﬂ.a

where a = (a1,...,ap—1) runs over tuples satisfying 1 < a1 < n—-1,0 <
a; <n—1fori>1,and > ,a; = (h—1)(n — 1) + 1. But these conditions
force a; > 1 for i = 1,...,h. Write a; = b; + 1, so that 0 < b; < n — 2 and
Yo bi=(h— )(n—l) Then

pn ([ (X1)s Xov oo, Xnn) = D ([ (X)) (X))

= pn—1([Tu(X1), .., [7]u(Xn))

- [’/T]LT(MH(XM s aXh))
by Prop. 31
We have established part (1) of Thm. Part (1) allows us to reduce part
(2) to the case of n = 1, which has already been treated in Prop. B4

Recall that Xl(n), . ,X,(I") are the canonical coordinates on X(n™). Thm.

shows that the function A = un(Xl(n), e ,X,(l")) is a nonzero root of
[#™]L1(T). The following simple lemma will be useful in the next section.

LEMMA 3.8. Let M € My(Op/7"OF) be a matriz. Then

pn(M(X{), LX)+ (XY, MXG™)) = [T M (A™).
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4 AN AFFINOID WITH GOOD REDUCTION

We now reach the technical heart of the paper. In this section we will construct
an open affinoid neighborhood 3 around an unramified canonical point = whose
reduction is as in Thm. [[LTl These affinoids appear as connected components
of the preimage of a subdisc X(1)! inside of the polydisc X(1). The polydisc
X(1)! is small enough so that the local system .# "%V [r] may be trivialized over
X(1)', which is to say that the quotient map X(m) — X(1) admits a section
over X(1)!. An approximation to this section is computed explicitly in 411
A consequence is that the preimage of X(1)! in X(n) is a disjoint union of
polydiscs X(7)** indexed by the canonical points of X(r).

In 4.2 we turn to the space X(7?). An unramified canonical point z € X(7?)
determines a subgroup K 2 of GLy(Op) lying properly between 1+ 7 My (OF)
and 1+ m2Mp,(Op). Let

X(Ky2) = X(1%)/Ky 2.

Then the affinoid 3 of Thm. [Tl is the preimage of X(m)"® in X(K,2). We
introduce a family of coordinates Y (¢) on X(7?) which are invariant under
K2, one for each ¢ in Og. (The formation of the Y(¢) is modeled on the
determinant functor pe from §31) Thus the Y (¢) are analytic functions on
X(Ky,2); it turns out (Prop. 2) that the Y({) are integral functions on 3.
A simple linear combination Y of the coordinates Y (¢) generates the ring of
integral analytic functions on 3 as an algebra over the ring of integral analytic
functions on the polydisc X(7)®!. The equation for the reduction 3 follows
from the congruence calculated in Prop. 3]

We often work with affinoid algebras B over a field E, where E/F is a finitely
ramified extension contained in the completion of the separable closure of F.
For f € B we write v(f) for the infimum of v(f(z)) as z runs though Spm 5.

4.1 ANALYTIC SECTIONS OF .Z"V[r]

Let E/F be the unramified extension of degree h, so that Op = kp[r]. Let
Zo be the deformation obtained by specializing the variables u; to 0 in "™V,
so that [7]#,(X) = 7X 4+ X9". Then .%, admits endomorphisms by Op. As
a formal Og-module, %y has height 1. We will denote by (9 the unramified
canonical point in X(1) corresponding to ..

For n > 1, let E, be the extension of Enr given by adjoining the roots of
[7"] 2, (X). Thus the preimages of 2(°) in X() are the points z = z(!) € X(n)
corresponding to Drinfeld bases 1, ..., 2, € pg, for Fo[r]. Let X(1)! C X(1)
be the affinoid neighborhood defined by the conditions v(u;) > 1,i=1,...,h—
1. Let V; = 7'y, so that the V; are a chart of integral coordinates on %(1)1.
The ring of integral analytic functions on X(1)* is therefore Opor Voo s Vi)
We claim that over X(1)! ® Ey, the local system .#"%V[x] may be trivialized.
This means that every nonzero torsion point of Zy[r] can be “spread out” to
a unique section of .Z"V[x] over X(1)! ® E;. To be precise:
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PROPOSITION 4.1. The preimage of X(1)'®E; in X(7)®E; is the disjoint union
of polydiscs X(m)\'* over Ey, each containing a unique unramified canonical
point x. For such a point x, corresponding to the basis x1,...,xp of Fo[r], we
have the following congruence, valid in the ring of integral analytic functions
on X(m)b®:

{/1 ‘/2 . Vh—l T
N 74 V}?EQ :c?; + mcrv}i21
XW=(—1htdet [ 0 1 0 Viig ol 4wVl (4.1.1)
0 0 - 1 24 mchlqhil
modulo 77T T,
Proof. Let x1,...,z, be a basis of Fylr]. Consider the polynomial

(M) gunn (X) = 7X +7Vi X447V 1 X7+ X7 € Op(Vi, ..., Vi_1)[X].
By studying the Newton polygon of the translate [7]guwiv(X — 2,), we find
that there is a unique root X, € Op, (Vi,...,Vp—1) of [7] zunv (X) for which
(X, — x,) > v(z,) = 1/(¢" — 1). This root satisfies v(X, — x,) = v(zd) =
q/(¢" —1). Then v(X, —xs) = 1/(¢" — 1) for r # s. This already implies
that the preimage of X(1)' ® E; in X(7) ® E; is the union of polydiscs X ()%,
where X(m)1'% is the affinoid described by the inequalities ’U(X,El) —xp) > v(zd),
r=1,...,h.

Now let D € Og,[Vi,...,Vh_1] be the expression on the right hand side of
Eq. (£11). Expand the determinant in Eq. ([I.1]) along its first row and label
the minors A4, ... A, signed appropriately so that

h—1

D =Y ViAi + 2, Ap. (4.1.2)
i=1
That is,
VOV Ve
¢ gt i1 gt
v e Vi @l AV,
h—i q‘t? i+2 q't?
A= (-1D)""det | O r - Vi 2 4V (4.1.3)
. . h—1 . gt
0 0o - 1 3 4z V)

fori=1,...,h—1,and Ay, = 1.

In order to complete the proof of Prop. Bl we will show that [7] zuniv (D) is
sufficiently close to 0 to ensure the congruence in Eq. {@I1)).

Observe that for ¢ = 1,...,h — 1 we have the following congruence modulo

q
R
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qui V2q7’ V}?ii V}ii-&-l V}?il mg‘i
N (R
; thl q;Lfl thl thl

Dq = (71)}1—1 det 0 0 e Vl ‘/2 . ‘/Z . Iy
0 0 . 1 | o VS —ma,
h+1
0 0 1 vayh o
0 0 ... 0 0 .. 1 0

Placing the final column of this matrix into position (h — ¢ + 1) transforms
the above matrix into one of the form (61 g), where A is a matrix with

dimensions (h —4+ 1) x (h — ¢+ 1) and C is an upper triangular matrix with
1s along the diagonal. We find

¢t ¢t ¢t ¢ gt
%4 VQ_+1 Vhfifl Vhif xal
q° q" q" q*
1 Vi Vh*if his1 mr_”
K3 7 T
) q q q
i . 1 BRI VA ! T _a
h—i—3 h—i—2 r q+
DT = (=1)"""det ‘ ‘ (mod 7" " d"-1).
h—1 h—1
0 0 1 Ve xl
1 T
0 0 0 1 —TTy

(4.1.4)
We can apply elementary row operations to use the 1 in column h — 4 of this
matrix to cancel the entries above it. When this is done, we find

D7 =—-A; (mod 7rq+q“%1), i=1,....,h—1 (4.1.5)
where Ay, ..., Ap_1 are the minors from Eq. (Z13]). We also have

DY = —rz, = —72, Ay, (mod 7rq+q%1). (4.1.6)

Combining Eqs. (£12), (@IH) and {@IE) gives

(7] guwiv(D) = 7D+ aViD%+ - +7Vy_1D?  + D"
= 7D —-n(ViAi+ -+ Vho1Ano1 + 2. Ap)
= 0 (mod qurqul).

The ring of integral analytic functions on the polydisc X(7)b® is
Og,(Vi,...,V4). In this ring we have the congruences D = xM =
(mod z%). Let Y = D — XY Then Y =0 (mod z?) and [7] Zuwiv (Y) = 0
(mod 79+1/(@"=1)) " Examining the Newton polygon of [r] g (X) shows that
Y =0 (mod m2-1+1/(a"-1), O
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4.2  SOME INVARIANT COORDINATES ON X(7?).

Choose a compatible system of bases x§"), e ,xgln) for Fo[r™], n > 1. This
is tantamount to choosing a compatible system of unramified canonical points
2™ € X(n") lying above the point z(*) € X(1) corresponding to the defor-
mation %#,. Since %y admits Op-linear endomorphisms by Og, our choice of
compatible system induces an embedding of Of into A = My,(OF), and we
identify O with its image. For M € 2, recall the definition of M (Xi(n)) from
Eq. Z3d). We have C(Xi("))(:n(")) = (:L'gn) fori=1,...,h, (€ k.
The unit group A* = GL,(Op) has the usual filtration U} =1+ p™2A, n > 1.
Let C C 2 be the orthogonal complement of O under the standard trace
pairing, and let pg be the maximal ideal of Og. Define a subgroup K, 2 of A%
by

Koo =1+p%+peC,
so that K o lies between Ugll and UQQL. In what follows we will assume the choice
of z is fixed and write simply K,. Write X(K3) for the quotient of X(72) by
K.
We shall construct an alternating k-linear expression Y in the canonical coor-
dinates X1(2), e ,X,(LQ) which is fixed by Ko, so that it descends to an analytic
function on X(Ks2). It happens that Y satisfies a polynomial equation with
coefficients in Og, (V1,...,Vs) whose reduction modulo the maximal ideal of
Opg, gives the smooth hypersurface of Thm. [LT1
We continue using the shorthand X, = X7(-1). We introduce the new shorthand
Y, = X2, so that [7] g (¥;) = X,. Also we let A = AD = p(Xy,..., Xp);
this is a locally constant function satisfying A?~! = (~1)"r. For ¢ € Og, let

W(C) = IU‘(C(YI)aXQa s aXh) ot ,u’(XlaXQ; s aC(Yh))

Note that W (1) = p2(X1, ..., Xs) = AR, We record the action of U on the
functions W ((): For g =1+ M € Uy, we have

g(W(Q) = W(Q) + [Tr(M Q)] (A) (4.2.1)

by Lemma B8 It follows that W(¢) is invariant under K., and that
[Tl (W(C)) is invariant under Uy, so that [7]r(W(¢)) belongs to A(r). We
can see this directly: by Eq. (B1.2)) we have

¢(Xy) X{ - XY
[Tl (W(Q)) = det | S (4.2.2)
((Xn) X¢ - X|
which visibly belongs to A().

We will use the symbol x to denote our compatible system of canonical points
(™ € X(7™). Then f(z) is well-defined when f is an analytic function on any
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of the spaces X(m™). We will use X(7)1® to refer to the polydisc constructed
in §2.1] using the canonical point z(1).

By Prop. 1l the restriction of the function [r]r(W(¢)) to X(m)b® lies in
Og, (V1,...,Vh), where we recall that the variables V,. = 7 u, form our chart
of integral coordinates on X(1)!. Let 3 be the preimage of the polydisc X(7)1*
in X(K32) ® F2. It will be useful to transform the functions W(¢) into integral
functions Y'(¢) on 3 for which [Y'(()|5 = 1. Let w(¢) = W({)(w), and let

V() = (- e, (123

PROPOSITION 4.2. There exists € > 0 for which the congruence

V1 V2 Vh—l 0
e (L

V()T —Y(0) = 0 | AP (S A 'C)V}iQ (mod 7°)
0 0 - 1 (T —gv

is valid in the ring of integral analytic functions on 3.

Proof. The idea is to apply Prop. L1l to Eq. (2Z2]). In preparation for this,
we need some determinant identities. For i = 1,... A, let B; € k[V3,..., Vi_1]
be (—1)? times the determinant of the top left i x i submatrix of

Vi Voo oo Vi 0
LV Vi, Vi
2 2
01 v, VY,
0O 0 - 1 v
Curiously, the transformation (Vi,...,V4—1) — (Bi1,...,Br—_1) is an involu-

tion. That is, the determinant of the top left ¢ x ¢ submatrix of

Bi By - By 0
1 B{ - Bj_, B,
2 2
0 1 - Bj; B,
o o - 1 B

is (—1)"V;: this can be proven by induction on 4. This implies the following
identity, valid in the polynomial ring k[Vi,...,Vh_1,21,...,2h—1]:
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z21B1 2B -+ zp—1Bp— 0
LB B, B
w| 01 o, B
0o 0 1 B!
Vi Ve Vh—1 0
vy Vs Zlvh?;l
= det |0 1 - Vg 2V, (4.2.4)
0 0 1 v

This is because both expressions equal

1

2 h—
BVl + 2BV 4 21 B VY

— 9
4+ s

According to Prop.E], the coordinate X, may be expressed modulo 7
he
as a linear combination of the powers z,, ..., 24 "

X, = (177TBh):L'T+B1£L'z+B2:L'z2+~ : ~+Bh,1:c$h71 (mod ﬂq_1+q"—qfl). (4.2.5)

For ¢ € kp, we have

C(X)) = C1—7B)er+C B2+ Boa® 4 4¢?"  By1z? " (mod 7 a1
(4.2.6)
Also, for i =1,...,h — 1 we have

Xﬂi = —wa;_izT + g;gi + B‘llig;gi-H +oF Bgll_ixﬁll_l (mod 7V), (4.2.7)

where N' > ¢ + 5. Egs. @.26) and (@.27) may be combined into the
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congruence of matrices

((X1)+Ey - ((Xn)+Ey
X1 - X!
.h—l .h—l
X1 X!
CA—7By) ¢Bi By ... (" By
—nB} | 1 B ... B},
s e
= —7TBh72 0 1 cee Bh73
) h—1 )
—nB! 0 0 .. 1
xl PRy xh
x S (4.2.8)
{L‘({}L71 x%h71

modulo 7V, where v(E;) > q¢ — 1+ ¢q/(¢" — 1). We take determinants of both
sides of Eq. (Z8)). On the left hand side, we apply Eq. (Z2]): the determinant
is congruent to [7]r (W (¢)) modulo an error term 7°, of valuation

q q+q>+-+g"! g—1 1
6>qg—1 =qg—1 _
S g"—1 R
On the right hand side, the determinant is A times
¢IBi (UBy ... (" 'Byy 0
1 Biz e BZ—2 BZ—1
C—¢nBp+ (—D)rdet | 0 1 - By Bi,|,
0 0 1 B!
and by the identity in Eq. £24] this equals
i Vo ..o Vg 0
N (L
CH+(-D)'mdet | O 1 - Vics (T =V,
00 1 eou
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Equating determinants of both sides of Eq. (£2Z.])) now yields
[TlLr(W(Q)) =

w Vo .. Vi 0
N oL
2
— A+ (—DrrAdet | O T Vg (T OV, (mod 7°)
0 0 1 (@@ ogu
The functions Vi,..., V,_1 vanish at the canonical point x; therefore so do the
functions By, ..., Bp_1. Applying the above congruence to = gives
[T (w(C)) =C¢A  (mod 7°). (4.2.9)

We have W (¢) = w(¢) + (=1)"7tAY (), so that
[Tler(W(Q)) = [rlur(w(Q)) + (=1)"TA(Y () - Y (¢))

Therefore the congruence claimed in the proposition is valid modulo 7€, where

q—1

h

> 0.
q" —1

1
e=0—1———>q¢q—2+
g—1
O

The functions Y (¢) on 3 each generate a degree ¢ algebra over the field of mero-
morphic functions on the polydisc X(7)1®. But the morphism 3 — X(7)1*® Fy
has degree ¢". We will now construct a linear combination of the Y'(¢) which
generates the entire ring of integral analytic functions on 3 as an algebra over
Op,(V1,...,Vh_1).

Let ¢, (9,... ,(th be a basis for ky /k, and let 8 € kj, be such that

; 1, i=0
T Ty=4" ’ 4.2.10
t e (5CT) {0 i=1,... h—1 (4.2.10)
This implies that 3, ... ,ﬁq’kl is a basis for ky,/k as well. Let
h—1
Y=Y BrY(ET). (4.2.11)
i=0
Then the stabilizer of Y in Uy is exactly Ko.
PROPOSITION 4.3. There exists € > 0 for which the congruence
h h h
Vv W Ve o Vi Vi 0
1 qu e V,?72 V}?fl
2 2
vy = 0 1 5 Vis Vice | (4.2.12)
0 0 1 va
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holds modulo 7€ in the ring of integral analytic functions on 3.

Proof. We have

v -y = Zﬁ"J Y ()" —v(c”))

—Zﬁqu Y () = Y(e)”

=0
veovg v, 0
1 ‘/lqi+1 V}:Iq,-;l qi+j+1 . qi+J)qu+1
h—1h—-1 e -
3 i+2 i+ji+2 it i+2
=33 BT det | 0 [ (A (& - ¢V,
i=0 j=0 : . :
) i+j+h— ' i+j h—
0 0 1 (Cq +it+h-1 _Cq +J)V1q 1

modulo 7¢, by Prop. We now apply the orthogonality relations in
Eq. (EZI0). The term with i = 0is (—1)"~! By, and the term with 1 < i < h—1

is

V1qi VQQi o V}?ii T Vigil 0

qi+1 qi+1 qi+1

Lo Vi 7 Vaog

0 1 e fo io V}il_3

det 0 0 o quh—1 o ‘/;qh—l 0 — (71)h—1‘/viq;1,BZ7,_i’

h
Vi, W
0 Vi, 0
0 0 0 1 0

so that

Y Y = ()" B+ Vi Broy 4V Bya + -+ V' B1)  (mod ).

This last expression agrees with the determinant in the proposition, as can be
seen by expanding along the first row. O

4.3 (CONCLUSION OF THE PROOF.

We now complete the proof of Thm. [[Jl Let z be an unramified canonical
point on the Lubin-Tate tower. Since the unramified canonical points in X(1)
lie in the same orbit under O = Aut X, we may assume that z lies above the
point with u; = --- = up_; = 0 in X(1). Recall that X(7)"* C X(7) ® By
is the affinoid defined by the conditions v(u;) > 1 for ¢ = 1,...,h — 1 and
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u( o xr) > v(xl) for r = 1,..., h; we showed in Prop. 1] that X(m)1% is a
polydisc over Fj.

The quotient X(K,2) — X(m) is Galois with group H = Uy /K, 2 ~ Fu.
After passing to Es coefficients, the affinoid 3 was defined as the inverse image
of X(7)1® in this quotient. Therefore 3 — X(7)%* ® Fy is an étale cover of
affinoids with group H. Consider the integral coordinate Y on 3 produced by
Prop. the calculation in §5.0] below shows that the action of a nonzero
element of H translates Y by a nonzero element of F,.. Thus the reduction
of the cover 3 — X(m)"® ® Fy is an étale cover of affine hypersurfaces over k,
also with group H.

For a tuple V.= (V4,...,Vih_1), let d(V') denote the determinant appearing on
the right hand side of Eq. (£212). Let 3’ denote the hypersurface over k with
equation vy = d(V'); then 3/ — APl is an Artin-Schreier cover of affine
hypersurfaces with group H. Prop. shows that 3 — A"~ factors through
an H-equivariant morphism 3 — 3/. Since 3 and 3/ are both étale covers of
A"=1 with group H, we find that 3 — 3/ is an isomorphism.

Finally, 31 is isomorphic to the hypersurface described in Thm. [T via Y =
(=1)"~1V},. This concludes the proof of Thm. [T}

5 GROUP ACTIONS ON A HYPERSURFACE

We close with a discussion of various group actions on the affinoid 3, with an
eye towards linking Thm. [T with the local Langlands correspondence and the
Jacquet-Langlands correspondence. What follows is meant to indicate further
directions of research; no proofs will be given.

A large open subgroup of GLy(F) x B* x Wg acts on the Lubin-Tate tower
X(n™), cf. the introduction to [HTOI]. To investigate the question of whether
the cohomology of the affinoid 3 realizes the appropriate correspondences
among the three factor groups, it will be useful to compute the stabilizer of
3 in each group, along with the action of the stabilizer on the reduction 3.
We do precisely this for the groups GLj(F) and Wpg. The hypersurface 3,
when considered as an abstract variety over k, admits a nontrivial action by a
large subquotient of B>, but we cannot prove this action arises from the actual
action of B* on the Lubin-Tate tower.

Let X be the Fu-rational model for 3/F, from Conj. That is, X C A%qh

is the hypersurface with equation

h

h h h
=V W =V V=V e Vi =V VT
1 V1 V2 e Vh72 Vh71
2 2
det 0 1 vy aa Vils Vi, | =o.
0 0 0 1 va
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The actions on 3 we consider in this paragraph all descend to actions on the

th—rational model X.

5.1 THE ACTION OF GL,(F)

The affioid 3 is stabilized by the group Ug = 1+ 7M};,(OF), and the action of
Uy on 3 factors through the quotient H = Uy /K». The action of H on the
reduction 3 can be made completely explicit. We identify H with kj, = Fgn via
the isomorphism 1 + y7 — v, v € kp. From Eq. (ZZ1) and the construction
of Y in Eqs. (2Z3)) and [@2TI)) we see that the action of an element v € H

on 3 preserves the variables Vi, ..., V,_1 and has the following effect on V},:
h—1 )
Vi Vi Y B% Ty, /1(C7 ) = Vi + 7. (5.1.1)
j=1

Of course, this action descends to an action of H on X by Fgs-rational auto-
morphisms.

We offer some brief remarks relating the characters of the group H to the theory
of Bushnell-Kutzko types for GLp(F'), wherein supercuspidal representations
are constructed by induction from compact-mod-center subgroups. In fact, in
our particular situation, the construction goes back to Howe [How77]. Suppose
% is a character of H =~ F » which does not factor through TrFq,L /F 4 for

any proper divisor d of h. This character pulls back to a character of Uy =
14+ 7Mp(OF), which we also call ). Recall that we have fixed an embedding of
E into My, (F). Choose a character 6 of E* for which 0|14y, = ¥|14p,. Then
0 is an admissible character in the sense that there is no proper subextension
E' C E of E/F for which 6 factors through the norm map E* — (E’)*. The
character 6 has conductor p%. Let 7 be the unique character of J = EXUy for
which 7|px = 6 and n|yy = . Then 7(0) = Ind?L“(F) 7 is a supercuspidal
representation of GLj (F') of level 72: This is a special case of the construction
used to prove Theorem 2 of [How'7].

Therefore the question of whether the cohomology of 3 realizes the Bushnell-
Kutzko types for GLy,(F') is a matter of determining which characters of H
appear in the cohomology of X; this is discussed in Conj. [5.1] below.

5.2 THE ACTION OF INERTIA

The action of the inertia subgroup Ir C W on 3 can be made explicit as well.
Let I = Gal(Ey/E™); we identify Iy with (Og/7?Og)* via the reciprocity
map of local class field theory. Thus if o € O}, and x € X(n?) is an unram-
ified canonical point corresponding to a basis x1,. ..,z of Fo[r?], then a(z)
corresponds to the basis axq,...,axy. Since the definition of the affinoid 3
only depends on the image of x in X(7), the stabilizer of 3 in I is the group

(1+ 7Og)/(1 + 72Og). The action of an element 1+ y7 € 1+ 7Og on 3 is
exactly as in Eq. (&1.T)).
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5.3 THE ACTION OF B*

More subtle is the action of O = AutX. The algebra Op is generated over
Or by O and ®, where ®" = 7 and ®a = a?®, a € Op. For n > 1, let
U =14+®"0Op. Let C® be the orthogonal complement of O in Op, so that

CP=0p0® - ®Opd" !,
and define a subgroup K2 of O} by
Ky =1+ph +peC,

so that KZ lies properly between U} and U%. Let HP = UL/KZP. Let R be
the noncommutative ring F [7]/(7"T!) whose multiplication is given by the
rule ar = 709, a € Fyn. Then H?P is isomorphic to 1+ 7R. As we observed in
Rmk. [[2] R* acts on X. It seems likely that the stabilizer of 3 in O is U},
and that the action of U} on 3 factors through the this action of H? 2 147R.
The action of such a large group of Fg.-rational automorphisms has conse-
quences for the cohomology of X which allow us to reinterpret Conj. First,
let us provide a short description of the representation theory of the nilpotent
group HZ. The subgroup Z = 1 + 7" R is the center of 1 + 7R = HP. Let
¥ be a character of Z ~ F» which does not factor through TrFq,L /F 0 for any

proper divisor d of h. There is a unique representation Vy, of H? lying over
v, of dimension ¢""~1/2, Let H = H*(X ® Fy, Q,), considered as a virtual
module for the action of Gal(Fy/F 1) x HZ. Conj. now takes the following
alternate form:

CONJECTURE 5.1. Let Hy = Hompys (Viy, H), considered as a virtual module
for the action of Gal(Fy/F ). Then dimHy = (—1)"~1, and the eigenvalue
of Frobgn on Hy is ¢"h=1/2,

The formalism of Bushnell-Kutzko types for GLp(F) in [BK93] has been ex-
tended to the context of its anisotropic form B* by Broussous [Bro95]. Grant-
ing Conj.[51] it will not be difficult to detect the types for B* in the middle co-
homology of 3. The types for BX appearing in H"*~1(3, Q,) should correspond
exactly to those types for GLy (F') which appear there; indeed this space should
realize the correspondence between types. There has already been much work
towards an “explicit Jacquet-Langlands correspondence”, whereby the admissi-
ble square-integrable duals of GL;(F) and of B* are linked via the explicit pa-
rameterizations of each dual via types, see [Hen93], [BHOO], [BHO5c|. However
there are still outstanding cases where the explicit Jacquet-Langlands corre-
spondence is not established, including (in some instances) the supercuspidals
() of §5.J1 For these there may be some advantage to the cohomological point
of view, given that the Jacquet-Langlands correspondence is already known to
be realized in the cohomology of the Lubin-Tate tower, cf. [HTO01], [Str08al.

DOCUMENTA MATHEMATICA 15 (2010) 981-1007



GooD REDUCTION OF AFFINOIDS ON THE LUBIN-TATE TOWER 1005

REFERENCES

[AS89)

[BHO0]

[BHO5a]

[BHO5D)

[BHO5¢]

[BHO6]

[BK93)]

[Boy99]

[Bro95]

[Car83]

[Car86]

Alan Adolphson and Steven Sperber, Exponential sums and Newton
polyhedra: cohomology and estimates, Ann. of Math. (2) 130 (1989),
no. 2, 367-406.

Colin J. Bushnell and Guy Henniart, Correspondance de Jacquet-
Langlands explicite. II. Le cas de degré égal a la caractéristique
résiduelle, Manuscripta Math. 102 (2000), no. 2, 211-225.

, The essentially tame local Langlands correspondence. I, J.
Amer. Math. Soc. 18 (2005), no. 3, 685-710 (electronic).

, The essentially tame local Langlands correspondence. II. To-
tally ramified representations, Compos. Math. 141 (2005), no. 4, 979—
1011.

, Local tame lifting for GL(n). III. Explicit base change
and Jacquet-Langlands correspondence, J. Reine Angew. Math. 580
(2005), 39-100.

, The local Langlands conjecture for GL(2), Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathe-
matical Sciences], vol. 335, Springer-Verlag, Berlin, 2006.

Colin J. Bushnell and Philip C. Kutzko, The admissible dual of GL(N)
via compact open subgroups, Annals of Mathematics Studies, vol. 129,
Princeton University Press, Princeton, NJ, 1993.

P. Boyer, Mauvaise réduction des variétés de Drinfeld et correspon-
dance de Langlands locale, Invent. Math. 138 (1999), no. 3, 573-629.

Paul Broussous, Le dual admissible d'une algébre a division locale:
une parameétrisation par des types simples a la Bushnell et Kutzko,
Prépublication de D'Institut de Recherche Mathématique Avancée
[Prepublication of the Institute of Advanced Mathematical Research],
1995/18, Université Louis Pasteur Département de Mathématique In-
stitut de Recherche Mathématique Avancée, Strasbourg, 1995, These,
Université de Strasbourg I (Louis Pasteur), Strasbourg, 1995.

Henri Carayol, Sur les représentations £-adiques attachees aux formes
modulaires de Hilbert, C. R. Acad. Sci. Paris. 296 (1983), no. 15,
629-632.

Henri Carayol, Sur la mauvaise réduction des courbes de Shimura,
Compositio Math. 59 (1986), no. 2, 151-230.

DOCUMENTA MATHEMATICA 15 (2010) 981-1007



1006

[Car90]

[CMO6]

[Dri74]

[Gos96]

[Gro86]

[Har02]

[Hen92]

[Hen93]

[Hen00]

[How?77]

[HTO1]

[LRS93]

[RZ80]

[Str08al

JARED WEINSTEIN

H. Carayol, Nonabelian Lubin-Tate theory, Automorphic forms,
Shimura varieties, and L-functions, Vol. II (Ann Arbor, MI, 1988),
Perspect. Math., vol. 11, Academic Press, Boston, MA, 1990, pp. 15—
39.

Robert Coleman and Ken McMurdy, Fake CM and the stable model
of Xo(Np3), Doc. Math. (2006), no. Extra Vol., 261-300 (electronic).

V. G. Drinfel'd, Elliptic modules, Mat. Sb. (N.S.) 94(136) (1974),
594-627.

David Goss, Basic structures of function field arithmetic, Ergebnisse
der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics
and Related Areas (3)], vol. 35, Springer-Verlag, Berlin, 1996.

Benedict H. Gross, On canonical and quasicanonical liftings, Invent.
Math. 84 (1986), no. 2, 321-326.

M. Harris, On the local langlands correspondence, Proceedings of the
ICM, Beijing 2 (2002), 583-598.

Guy Henniart, Correspondance de Langlands-Kazhdan explicite dans
le cas non ramifié, Math. Nachr. 158 (1992), 7-26.

, Correspondance de Jacquet-Langlands explicite. I. Le cas
modéré de degré premier, Séminaire de Théorie des Nombres, Paris,
1990-91, Progr. Math., vol. 108, Birkh&user Boston, Boston, MA,
1993, pp. 85-114.

, Une preuve simple des conjectures de Langlands pour GL(n)
sur un corps p-adique, Invent. Math. 139 (2000), no. 2, 439-455.

Roger E. Howe, Tamely ramified supercuspidal representations of Gl,,,
Pacific J. Math. 73 (1977), no. 2, 437-460.

Michael Harris and Richard Taylor, The geometry and cohomology
of some simple Shimura varieties, Annals of Mathematics Studies,
vol. 151, Princeton University Press, Princeton, NJ, 2001, With an
appendix by Vladimir G. Berkovich.

G. Laumon, M. Rapoport, and U. Stuhler, Z-elliptic sheaves and the
Langlands correspondence, Invent. Math. 113 (1993), no. 2, 217-338.

M. Rapoport and T. Zink, Uber die lokale Zetafunktion von Shimura
varietaten, Monodromiefiltrations und verschwindende Zyklen in un-
gleicher Characteristik, Inv. Math. 68 (1980), 21-101.

Matthias Strauch, Deformation spaces of one-dimensional formal
modules and their cohomology, Adv. Math. 217 (2008), no. 3, 889—
951.

DOCUMENTA MATHEMATICA 15 (2010) 981-1007



GooD REDUCTION OF AFFINOIDS ON THE LUBIN-TATE TOWER 1007
[Str08b] , Geometrically connected components of Lubin-Tate deforma-
tion spaces with level structures, Pure Appl. Math. Q. 4 (2008), no. 4,
part 1, 1215-1232.

[Weia]  Jared Weinstein, Ezplicit non-abelian Lubin-Tate theory for GL(2),
preprint (2009), available at http://arxiv.org/abs/0910.1132.

[Weib) , On the stable reduction of modular curves, preprint (2010),

available at http://arxiv.org/abs/1010.4241.

[Yos10] Teruyoshi Yoshida, On non-abelian Lubin-Tate theory via vanishing
cycles, Advanced Studies in Pure Mathematics (2010), no. 58, 361—
402.

Jared Weinstein

Dept. of Mathematics
University of California

Los Angeles

Box 951555

Los Angeles, CA 90095-1555
USA
jaredsweinstein@gmail.com

DoOCUMENTA MATHEMATICA 15 (2010) 981-1007



1008

DOCUMENTA MATHEMATICA 15 (2010)



	Introduction
	Preliminaries on formal modules
	Definitions
	The universal deformation in the positive characteristic case
	Moduli of deformations with level structure

	Determinants
	Determinants of level pi structures
	Good reduction of an affinoid in X(pi)
	Determinants of structures of higher level.

	An affinoid with good reduction
	Analytic sections of F[pi]
	Some invariant coordiates on X(pi2)
	Conclusion of the proof.

	Group actions on a hypersurface
	The action of GLh(F)
	The action of inertia
	The action of B*


