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ABSTRACT. In a first result, we describe all finitely generated factorial
algebras over an algebraically closed field of characteristic zero that
come with an effective multigrading of complexity one by means of
generators and relations. This enables us to construct systematically
varieties with free divisor class group and a complexity one torus
action via their Cox rings. For the Fano varieties of this type that have
a free divisor class group of rank one, we provide explicit bounds for
the number of possible deformation types depending on the dimension
and the index of the Picard group in the divisor class group. As a
consequence, one can produce classification lists for fixed dimension
and Picard index. We carry this out expemplarily in the following
cases. There are 15 non-toric surfaces with Picard index at most
six. Moreover, there are 116 non-toric threefolds with Picard index
at most two; nine of them are locally factorial, i.e. of Picard index
one, and among these one is smooth, six have canonical singularities
and two have non-canonical singularities. Finally, there are 67 non-
toric locally factorial fourfolds and two one-dimensional families of
non-toric locally factorial fourfolds. In all cases, we list the Cox rings
explicitly.
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72 J. HAUSEN, E. HERPPICH, H. SUsS
INTRODUCTION

Let K be an algebraically closed field of characteristic zero. A first aim of
this paper is to determine all finitely generated factorial K-algebras R with an
effective complexity one multigrading R = ®,epr Ry satisfying Ry = K; here
effective complexity one multigrading means that with d := dim R we have
M = 7471 and the u € M with R, # 0 generate M as a Z-module. Our result
extends work by Mori [23] and Ishida [17], who settled the cases d = 2 and
d=3.
An obvious class of multigraded factorial algebras as above is given by poly-
nomial rings. A much larger class is obtained as follows. Take a sequence
A = (ao,...,a,) of vectors a; € K? such that (a;,ay) is linearly independent
whenever k # i, a sequence n = (ng,...,n,) of positive integers and a family
L = (lij) of positive integers, where 0 < ¢ < r and 1 < j < n;. For every
0 <i <r, we define a monomial

fi = T To € K[Ty; 0<i<r 1<j<ny,
for any two indices 0 < 4,5 < r, we set oy, := det(a;,a;), and for any three
indices 0 < i < j < k < r, we define a trinomial

Gijk = rfi + arif; + oiifi € KT 0<i<r, 1<j<n.

Note that the coefficients of g; ;. are all nonzero. The triple (A,n, L) then
defines a K-algebra

R(An, L) == K[Ti; 0<i<r, 1 <j<ny] /[ (giir1i42; 050 <r —2).

It turns out that R(A,n,L) is a normal complete intersection, see Proposi-
tion 1.2. In particular, it is of dimension

dim R(A,n,L) = no+...+n, — 1 + L.

If the triple (A, n, L) is admissible, i.e., the numbers ged(l;1,. .., lin, ), where
0 < i < r, are pairwise coprime, then R(A,n, L) admits a canonical effective
complexity one grading by a lattice K, see Construction 1.7. Our first result
is the following.

THEOREM 1.9. Up to isomorphy, the finitely generated factorial K-algebras
with an effective complexity one grading R = ®p Ry, and Ry = K are

(i) the polynomial algebras K[Ty, ..., Ty with a grading deg(T;) = u; € Z4~!
such that uy,...,uq generate Z4~' as a lattice and the convex cone on
Q71 generated by uq, ..., uq is pointed,

(i) the (K x Z™)-graded algebras R(A,n,L)[S1,...,Sm], where R(A,n,L)
is the K-graded algebra defined by an admissible triple (A,n,L) and
deg S; € Z™ is the j-th canonical base vector.
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MULTIGRADED FACTORIAL RINGS AND FANO VARIETIES 73

The further paper is devoted to normal (possibly singular) d-dimensional Fano
varieties X with an effective action of an algebraic torus 7T'. In the case dim T =
d, we have the meanwhile extensively studied class of toric Fano varieties,
see [3], [27] and [4] for the initiating work. Our aim is to show that the above
Theorem provides an approach to classification results for the case dim T =
d — 1, that means Fano varieties with a complexity one torus action. Here, we
treat the case of divisor class group Cl(X) = Z; note that in the toric setting
this gives precisely the weighted projective spaces. The idea is to consider the
Cox ring

R(X) = P T(X,0x(D)).

DeCl(X)

The ring R(X) is factorial, finitely generated as a K-algebra and the T-action
on X gives rise to an effective complexity one multigrading of R(X) refining the
Cl(X)-grading, see [5] and [15]. Consequently, R(X) is one of the rings listed
in the first Theorem. Moreover, X can be easily reconstructed from R(X);
it is the homogeneous spectrum with respect to the Cl(X)-grading of R(X).
Thus, in order to construct Fano varieties, we firstly have to figure out the Cox
rings among the rings occuring in the first Theorem and then find those, which
belong to a Fano variety; this is done in Propositions 1.11 and 2.5.

In order to produce classification results via this approach, we need explicit
bounds on the number of deformation types of Fano varieties with prescribed
discrete invariants. Besides the dimension, in our setting, a suitable invariant
is the Picard index [C1(X) : Pic(X)]. Denoting by £(u) the number of primes
less or equal to u, we obtain the following bound, see Corollary 2.2: for any pair
(d, p) € Z2,,, the number §(d, p) of different deformation types of d-dimensional
Fano varieties with a complexity one torus action such that Cl(X) = Z and
= [Cl(X) : Pic(X)] hold is bounded by

5(d,p) < (Gdu)2§(3du)+d72u£(u)2+2§((d+2)u)+2d+2.

In particular, we conclude that for fixed u € Z~g, the number 6(d) of different
deformation types of d-dimensional Fano varieties with a complexity one torus
action C1(X) 2 Z and Picard index p is asymptotically bounded by d4¢ with
a constant A depending only on pu, see Corollary 2.4.

In fact, in Theorem 2.1 we even obtain explicit bounds for the discrete input
data of the rings R(A,n, L)[Sy,...,Sn]. This allows us to construct all Fano
varieties X with prescribed dimension and Picard index that come with an
effective complexity one torus action and have divisor class group Z. Note
that, by the approach, we get the Cox rings of the resulting Fano varieties X
for free. In Section 3, we give some explicit classifications. We list all non-toric
surfaces X with Picard index at most six and the non-toric threefolds X with
Picard index up at most two. They all have a Cox ring defined by a single
relation; in fact, for surfaces the first Cox ring with more than one relation
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74 J. HAUSEN, E. HERPPICH, H. SUsS

occurs for Picard index 29, and for the threefolds this happens with Picard
index 3, see Proposition 3.5 as well as Examples 3.4 and 3.7. Moreover, we
determine all locally factorial fourfolds X, i.e. those of Picard index one: 67 of
them occur sporadic and there are two one-dimensional families. Here comes
the result on the locally factorial threefolds; in the table, we denote by w; the
Cl(X)-degree of the variable T;.

THEOREM 3.2. The following table lists the Cox rings R(X) of the three-
dimensional locally factorial non-toric Fano varieties X with an effective two
torus action and Cl(X) = Z.

No.  R(X) (wy,. .., ws) (—Kx)3
1 K[Ty,...,Ts] /| (TWT5 +T5 + T2) (1,1,2,3,1) 8
2 K[T1,....Ts) /| (0T + T3 +T2)  (1,1,1,2,3) 8
3 K[Ty,...,Ts] /| (0WT3T3 +T¢ +T2)  (1,1,1,2,3) 8
4 K[Ty,...,Ts] /| (ThT> + T3Ty + T2) (1,1,1,1,1) 54
5 K[Ty,...,Ts] /| (WT3 + T5T7 + T3)  (1,1,1,1,1) 24
6 K[Ty,...,Ts] /| (WT3 + T5T3 + Td)y  (1,1,1,1,1) 4
7 K[Ty,...,Ts) /| (WTs + T3T3 +T2)  (1,1,1,1,2) 16
8 K[Ty,...,Ts] / (Th T5+T3T5+T5> (1,1,1,1,3) 2
9 K[Ty,...,Ts] /| (WIS + T3T3 +12)  (1,1,1,1,3) 2

Note that each of these varieties X is a hypersurface in the respective weighted
projective space P(wy, ..., ws). Except number 4, none of them is quasismooth
in the sense that Spec R(X) is singular at most in the origin; quasismooth
hypersurfaces of weighted projective spaces were studied in [21] and [7]. In
Section 4, we take a closer look at the singularities of the threefolds listed
above. It turns out that number 1,3,5,7 and 9 are singular with only canonical
singularities and all of them admit a crepant resolution. Number 6 and 8 are
singular with non-canonical singularities but admit a smooth relative minimal
model. Number two is singular with only canonical singularities, one of them
of type cAj, and it admits only a singular relative minimal model. Moreover,
in all cases, we determine the Cox rings of the resolutions.

The authors would like to thank Ivan Arzhantsev for helpful comments and
discussions and also the referee for valuable remarks and many references.
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MULTIGRADED FACTORIAL RINGS AND FANO VARIETIES 75
1 UFDS WITH COMPLEXITY ONE MULTIGRADING

As mentioned before, we work over an algebraically closed field K of char-
acteristic zero. In Theorem 1.9, we describe all factorial finitely generated K-
algebras R with an effective complexity one grading and Ry = K. Moreover, we
characterize the possible Cox rings among these algebras, see Proposition 1.11.
First we recall the construction sketched in the introduction.

CONSTRUCTION 1.1. Consider a sequence A = (ay,...,a,) of vectors a; =
(b;, c;) in K2 such that any pair (a;,ax) with k # i is linearly independent, a
sequence n = (ng, ..., n,) of positive integers and a family L = (I;;) of positive
integers, where 0 < i < r and 1 < j < n;. For every 0 < i < r, define a
monomial

fio= T TEY € KTy 0<i<r 1< 5 <n,

ini

for any two indices 0 <14, j <, set o;; := det(a;,a;) = bjc; — bjc; and for any
three indices 0 < i < j < k < r define a trinomial

Gigk = rfi + arif; + aijfie € K[T;;; 0<i<r, 1 <j<n

Note that the coefficients of this trinomial are all nonzero. The triple (A, n, L)
then defines a ring

R(A,n, L) == K[Ti; 0<i<r, 1 <j <] /[ (giir1i42; 050 <r —2).

PROPOSITION 1.2. For every triple (A,n, L) as in 1.1, the ring R(A,n, L) is a
normal complete intersection of dimension

dim R(A,n,L) = n—r+1, n = ng+...+n,.

LEMMA 1.3. In the setting of 1.1, one has for any 0 < i < j <k <l <71 the
identities

Gikl = Okl Gijk T Qik " Gjk,ls 9i gl = 041 Gigk T Oij - Gkl
In particular, every trinomial g; jx, where 0 < i < j < k < r is contained in

the ideal (giit1,i42; 0 <@ <r—2).

Proof. The identities are easily obtained by direct computation; note that for
this one may assume a; = (1,0) and a; = (0,1). The supplement then follows
by repeated application of the identities. O

LEMMA 1.4. In the notation of 1.1 and 1.2, set X := V(K" go, ..., gr—2), and
let z € X. If we have fi(z) = fj(2) =0 for two 0 < i < j <r, then fr(z) =0
holds for all 0 < k <.

Proof. If i < k < j holds, then, according to Lemma 1.3, we have g; 1 ;(2) =0,
which implies fx(z) = 0. The cases k < i and j < k are obtained similarly. O
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76 J. HAUSEN, E. HERPPICH, H. SUsS

Proof of Proposition 1.2. Set X := V(K"; go,...,gr—2), Where ¢; := gi i+1,i+2-
Then we have to show that X is a connected complete intersection with at most
normal singularities. In order to see that X is connected, set £ := [[n; [l
and (;; = Eni_lli_jl. Then X C K" is invariant under the K*-action given by

t-z = (tc”zij)

and the point 0 € K" lies in the closure of any orbit K*-z C X, which implies
connectedness. To proceed, consider the Jacobian J, of g := (go,...,gr—2).
According to Serre’s criterion, we have to show that the set of points of z € X
with Jg(z) not of full rank is of codimension at least two in X. Note that the
Jacobian J is of the shape

doo do1 bo2 0 0
0 611 d12 d13 O
Jy =
0 61"—31"—3 61"—31"—2 61"—37"—1 0
0 0 57‘727‘72 57‘72'r71 57‘727“

where d¢; is a nonzero multiple of the gradient d; := grad f;. Consider z € X
with Jg(2) not of full rank. Then J;(z) = 0 = dx(2) holds with some 0 < i <
k < r. This implies z;; = 0 = 23 for some 1 < j < n; and 1 <[ < ng. Thus,
we have fi(z) = 0 = fr(z). Lemma 1.4 gives fs(z) = 0, for all 0 < s < 7.
Thus, some coordinate zs; must vanish for every 0 < s < r. This shows that z
belongs to a closed subset of X having codimension at least two in X. O

LEMMA 1.5. Notation as in 1.1. Then the variable T;; defines a prime ideal
in R(A,n, L) if and only if the numbers ged(lk1, ..., lkn, ), where k # i, are
PAITWISE COPTIME.

Proof. We treat exemplarily Ty;. Using Lemma 1.3, we see that the ideal of
relations of R(A,n, L) can be presented as follows

<gs,s+1,s+2; 0 S S S r— 2> = <90,s,s+1; 1 S S S r— 1>

Thus, the ideal (To1) € R(A,n, L) is prime if and only if the following binomial
ideal is prime

a = <a8+10f5+a08f8+1; 1§3§T_1> C K[E], (233)7&(0)1)]

Set I; := (li1,...,lin;). Then the ideal a is prime if and only if the following
family can be complemented to a lattice basis

(I1,=12,0,...,0), ..., (0,...,0,lp_1,—1y).
This in turn is equivalent to the statement that the numbers ged(lx1, .- ., lkn,, )
where 1 < k < r, are pairwise coprime. O
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MULTIGRADED FACTORIAL RINGS AND FANO VARIETIES 77

DEFINITION 1.6. We say that a triple (A,n,L) as in 1.1 is admissible if the
numbers ged(li1, ..., lin, ), where 0 < ¢ < r, are pairwise coprime.

CONSTRUCTION 1.7. Let (A,n,L) be an admissible triple and consider the
following free abelian groups

r ng no r ’n,i*l
P o= @Pren K = Brw o DDz,
i=0 j=1 j=1 i=1 j=1
and define vectors u;n, = up1 + ...+ Uor — Uix — ... — Uin,—1 € K. Then there

is an epimorphism A: F — K fitting into a commutative diagram with exact
rows

e¢j>—>l¢jeij €ijr>€ij

0 E — E D, 2/l — 0
6inuijL77 ‘/)\ 1:
0 K 5 K D, 2/l — 0

Define a K-grading of K[T;;; 0 < i < r, 1 < j < n;| by setting deg T;; :=
Aei;). Then every f; = Th* - Tzl"l is K-homogeneous of degree

deg fz = lil)\(eil) + ...+ lml)\(eml) = 101)\(601) + ...+ lOno)\(eOno) c K.

Thus, the polynomials g; j, of 1.1 are all K-homogeneous of the same degree
and we obtain an effective K-grading of complexity one of R(A,n,L).

Proof. Only for the existence of the commutative diagram there is something
to show. Write for short I; := (l;1,...,lin;). By the admissibility condition, the
vectors v; := (0,...,0,0;, —l;+1,0,...,0), where 0 <4 < r—1, can be completed
to a lattice basis for E. Consequently, we find an epimorphism \: £ — K

having precisely lin(vg,...,v,—1) as its kernel. By construction, ker(\) equals
a(ker(n)). Using this, we obtain the induced morphism g: K — K and the
desired properties. O

LEMMA 1.8. Notation as in 1.7. Then R(A,n,L)y = K and R(A,n,L)* =
K* hold. Moreover, the T;; define pairwise nonassociated prime elements in

R(A,n, L).

Proof. The fact that all elements of degree zero are constant is due to the
fact that all degrees deg T;; = u;; € K are non-zero and generate a pointed
convex cone in Kg. As a consequence, we obtain that all units in R(A,n, L) are
constant. The T;; are prime by the admissibility condition and Lemma 1.5, and
they are pairwise nonassociated because they have pairwise different degrees
and all units are constant. O
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THEOREM 1.9. Up to isomorphy, the finitely generated factorial K-algebras
with an effective complexity one grading R = ®p R, and Ry =K are

(i) the polynomial algebras K[T, ..., Ty with a grading deg(T;) = u; € Z4~!
such that uy, ..., uq generate Z4~' as a lattice and the convex cone on
Q1 generated by uq, ..., uq is pointed,

(i) the (K x Z™)-graded algebras R(A,n, L)[S1,...,Sm], where R(A,n, L) is
the K-graded algebra defined by an admissible triple (A,n, L) as in 1.1
and 1.7 and deg S; € Z™ 1is the j-th canonical base vector.

Proof. We first show that for any admissible triple (A, n, L) the ring R(A,n, L)
is a unique factorization domain. If /;; = 1 holds for any two 4, j, then, by [15,
Prop. 2.4], the ring R(A,n, L) is the Cox ring of a space P1(A,n) and hence is
a unique factorization domain.

Now, let (A,n, L) be arbitrary admissible data and let A\: E — K be an epi-
morphism as in 1.7. Set n := ng + ...+ n, and consider the diagonalizable
groups

T" := SpecKI[E], H := SpecK[K], Hy := SpecK[®,;,Z/1;;Z].
Then T" = (K*)" is the standard n-torus and Hy is the direct product of the

cyclic subgroups H;; := SpecK[Z/l;;Z]. Moreover, the diagram in 1.7 gives
rise to a commutative diagram with exact rows

(t:? )(tis)

0 ™ T Hy 0
| d |
0 H H Hy 0

where t;; = x® are the coordinates of T™ corresponding to the characters
e;; € I/ and the maps 7, 7 are the closed embeddings corresponding to the
epimorphisms 7, A\ respectively.

Setting deg T;; := e;; defines an action of T™ on K" = Spec K[T};]; in terms of
the coordinates z;; corresponding to T;; this action is given by ¢-z = (t;52i;).
The torus H acts effectively on K™ via the embedding j: H — T". The generic
isotropy group of H along V (K", T;;) is the subgroup H;; C H corresponding
to K — K/A(E;;), where E;; C E denotes the sublattice generated by all ey
with (k,1) # (4, j); recall that we have K/\(E;;) = Z/1;;Z.

Now, set [}, := 1 for any two i, j and consider the spectra X := Spec R(4,n, L)
and X’ := Spec R(A,n, L'). Then the canonical surjections K[T;;] — R(A,n, L)
and K[T;;] — R(A,n,L’) define embeddings X — K" and X’ — K". These
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MULTIGRADED FACTORIAL RINGS AND FANO VARIETIES 79

embeddings fit into the following commutative diagram

(Zijj )i(zi)

K" — K"
X' X

The action of H leaves X invariant and the induced H-action on X is the one
given by the K-grading of R(A,n, L). Moreover, m: K" — K" is the quotient
map for the induced action of Hy C H on K", we have X = 7~ !(X’), and
hence the restriction 7: X — X’ is a quotient map for the induced action of
Hy on X.

Removing all subsets V' (X; T;;, Tw), where (4, j) # (k,1) from X, we obtain an
open subset U C X. By Lemma 1.8, the complement X\ U is of codimension at
least two and each V(U,T;;) is irreducible. By construction, the only isotropy
groups of the H-action on U are the groups H;; of the points of V(U, T;;). The
image U’ := m(U) is open in X', the complement X'\ U’ is as well of codimen-
sion at least two and H/Hj acts freely on U’. According to [22, Cor. 5.3], we
have two exact sequences fitting into the following diagram

1

Pic(U")

s

1 X(Ho) —2> Picy, (U) —— Pic(U)

)

Since X' is factorial, the Picard group Pic(U’) is trivial and we obtain that ¢
is injective. Since Hj is the direct product of the isotropy groups H;; of the
Luna strata V (U, T;;), we see that § o « is an isomorphism. It follows that
¢ is surjective and hence an isomorphism. This in turn shows that « is an
isomorphism. Now, every bundle on U is H-linearizable. Since Hy acts as a
subgroup of H, we obtain that every bundle is Hy-linearizable. It follows that
B is surjective and hence Pic(U) is trivial. We conclude Cl(X) = Pic(U) = 0,
which means that R(A,n, L) admits unique factorization.

The second thing we have to show is that any finitely generated factorial K-
algebra R with an effective complexity one multigrading satisfying Ry = K is
as claimed. Consider the action of the torus G on X = Spec R defined by the
multigrading, and let Xg C X be the set of points having finite isotropy G.

DOCUMENTA MATHEMATICA 16 (2011) 71-109



80 J. HAUSEN, E. HERPPICH, H. SUsS

Then [15, Prop 3.3] provides a graded splitting
R = R/[Sla"'asm]a

where the variables S; are identified with the homogeneous functions defining
the prime divisors Ej inside the boundary X \ Xy and R’ is the ring of functions
of Xy, which are invariant under the subtorus Gy C G generated by the generic
isotropy groups G; of Ej.

Since R{, = Ry = K holds, the orbit space Xo/G has only constant functions
and thus is a space P1(A,n) as constructed in [15, Section 2]. This allows
us to proceed exactly as in the proof of Theorem [15, Thm 1.3] and gives
R’ = R(A,n,L). The admissibility condition follows from Lemma 1.5 and the
fact that each T;; defines a prime element in R'. O

Remark 1.10. Let (A,n, L) be an admissible triple with n = (1,...,1). Then
K = Z holds, the admissibility condition just means that the numbers I;; are
pairwise coprime and we have

dim R(A,n,L) = no+...+n,—r+1 = 2.

Consequently, for two-dimensional rings, Theorem 1.9 specializes to Mori’s de-
scription of almost geometrically graded two-dimensional unique factorization
domains provided in [23].

PROPOSITION 1.11. Let (A,n, L) be an admissible triple, consider the associ-
ated (K x Z™)-graded ring R(A,n,L)[S1,...,Sm] as in Theorem 1.9 and let
w: K xZ™ — K’ be a surjection onto an abelian group K'. Then the following
statements are equivalent.

(i) The K'-graded ring R(A,n, L)[S1,...,Sn] is the Cox ring of a projective
variety X' with CI(X') = K.

(il) For every pair i,j with 0 < ¢ < r and 1 < j < n;, the group K’ is
generated by the elements w(A(eg)) and p(es), where (i,5) # (k,1) and
1 < s <m, for every 1 <t < m, the group K' is generated by the
elements p(A(e;;)) and u(es), where 0 < i <r, 1 <j<n; and s # t,
and, finally the following cone is of full dimension in K@

M) cone(u(A(ei)), ules)s (i) # (k1)) N [ eone(pu(A(ess)), ules)s s # 1).

(k1)

Proof. Suppose that (i) holds, let p: X’ — X’ denote the universal torsor and
let X’ C X’ be the set of smooth points. According to [14, Prop. 2.2], the
group H' = Spec K[K'] acts freely on p~!(X"), which is a big open subset of
the total coordinate space Spec R(A,n, L)[S1,...,Sm,]. This implies the first
condition of (ii). Moreover, by [14, Prop. 4.1], the displayed cone is the moving
cone of X’ and hence of full dimension. Conversely, if (ii) holds, then the K'-
graded ring R(A,n, L)[S1, ..., Sn] can be made into a bunched ring and hence
is the Cox ring of a projective variety, use [14, Thm. 3.6]. O
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MULTIGRADED FACTORIAL RINGS AND FANO VARIETIES 81
2 BOUNDS FOR FANO VARIETIES

We consider d-dimensional Fano varieties X that come with a complexity one
torus action and have divisor class group C1(X) = Z. Then the Cox ring R(X)
of X is factorial [5, Prop. 8.4] and has an effective complexity one grading, which
refines the C1(X)-grading, see [15, Prop. 2.6]. Thus, according to Theorem 1.9,
it is of the form

R(X) = K[Ti; 0<i<r, 1<7<n][S1,.-,9] / (giit1,ir2; 0<i <r—2),

1 lin; 1 Lin ; I 1k
gigr = gDt Ty + a1 + oy Th - T

Here, we may (and will) assume ng > ... > n, > 1. Withn:=ng+...+n,,
we have n +m = d + r. For the degrees of the variables in Cl(X) = Z, we
write w;; :=deg T3; for 0 <7 <7, 1 <j <mn; and up =deg S, for 1 <k <m.
Moreover, for p € Z~q, we denote by £(u) the number of primes in {2,..., u}.
The following result provides bounds for the discrete data of the Cox ring.

THEOREM 2.1. In the above situation, fix the dimension d = dim(X) and the
Picard index p = [CI(X) : Pic(X)]. Then we have

up < p forl1 <k<m.

Moreover, for the degree v of the relations, the weights w;; and the exponents
lij, where 0 <1 <r and 1 < j <n; one obtains the following.

(i) Suppose that r = 0,1 holds. Then n+ m < d+ 1 holds and one has the
bounds
wi; < p for0<i<randl <j<n;,

and the Picard index is given by

po= lem(wij,ug; 0<i<r,1<j<n;,l<k<m).

(ii) Suppose that r > 2 and ng =1 hold. Thenr < &(u)—1 andn=r+1
and m =d — 1 hold and one has

wip < p for0<i <, lor -l | lop- by | v < pt
and the Picard index is given by

po= lem(ged(wji; j #i),ur; 0 <i <1 <k <m).

(i) Suppose that r > 2 and ng > ny = 1 hold. Then we may assume ly; >
coo> 1 > 2, we have r < €(3du) — 1 and ng +m = d and the bounds

Wo1s - - - s Wong < s lOla"'aZOHO < Gd,ua

’LU11,l21 < QdM, wgl,lu < 3d,u,
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wip < 6dp, L < 2dp for2 <1<,
lin-l | v < 6dp,

and the Picard index is given by

p = lem(woj, ged(wit, ..., wr1),up; 1 < j <mng,1 <k <m).

(iv) Suppose that ny > na = 1 holds. Then we may assume lag > ... > 11 >
2, we have r < £(2(d4+1)u) — 1 and no +n1 +m = d+ 1 and the bounds

wij < p fori=0,1andl<j<n;, war < (d+1)p,

Wij, li; < 2(d+Dp for0<i<randl<j<n,,
loy -l | v < 2(d+ 1),

and the Picard index is given by

po= lem(wij,up; 0<i <1,1 <5 <ng, 1 <k<m).

(v) Suppose that ng > 1 holds and let s be the mazimal number with ng > 1.
Then one may assume lsr11 > ... > 11 > 2, we have r < ((d+2)p) —1
andng+ ... +ngs +m=d+ s and the bounds

Wi S,U, fOTOSiSSa
wij,li; < (d+2)p for0<i<randl<j<n,,
lsgra-- b |y < (d+2)p,
and the Picard index is given by

po= lem(wij,up; 0<i<s,1<j<n;,1<k<m).

Putting all the bounds of the theorem together, we obtain the following (raw)
bound for the number of deformation types.

COROLLARY 2.2. For any pair (d,pu) € Z2,, the number 5(d, ) of different
deformation types of d-dimensional Fano varieties with a complexity one torus

action such that CI(X) 2 Z and [CI(X) : Pic(X)] = p hold is bounded by

5(d,p) < (Gdu)Qg(Bdu)erf%u&(u)z+2§((d+2)u)+2d+2.

Proof. By Theorem 2.1 the discrete data r, n, L and m occuring in R(X) are
bounded as in the assertion. The continuous data in R(X) are the coefficients
;;; they stem from the family A = (ao,...,a,) of points a; € K2. Varying the
a; provides flat families of Cox rings and hence, by passing to the homogeneous
spectra, flat families of the resulting Fano varieties X. O
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COROLLARY 2.3. Fiz d € Z~o. Then the number 6(u) of different deforma-
tion types of d-dimensional Fano varieties with a complexity one torus action,
Cl(X) = Z and Picard index p = [C1(X) : Pic(X)] is asymptotically bounded
by MA“Q/IOgQ K with a constant A depending only on d.

COROLLARY 2.4. Fix p € Zso. Then the number 6(d) of different deforma-
tion types of d-dimensional Fano varieties with a complexity one torus action,
Cl(X) = Z and Picard index p = [Cl(X) : Pic(X)] is asymptotically bounded
by d4¢ with a constant A depending only on fu.

We first recall the necessary facts on Cox rings, for details, we refer to [14].
Let X be a complete d-dimensional variety with divisor class group Cl(X) &
Z. Then the Cox ring R(X) is finitely generated and the total coordinate
space X := Spec R(X) is a factorial affine variety coming with an action of
K* defined by the Cl(X)-grading of R(X). Choose a system fi,...,f, of
homogeneous pairwise nonassociated prime generators for R(X). This provides

an K*-equivariant embedding
Y — KV) T = (fl(f)’mfl/(f))

where K* acts diagonally with the weights w; = deg(f;) € CI(X) = Z on K”.
Moreover, X is the geometric K*-quotient of X := X \ {0}, and the quotient
map p: X — X is a universal torsor. By the local divisor class group Cl(X, )
of a point z € X, we mean the group of Weil divisors WDiv(X) modulo those
that are principal near z.

PROPOSITION 2.5. For any T = (T1,...,T,) € X the local divisor class group
Cl(X,x) of x := p(T) is finite of order ged(w;; T; # 0). The index of the Picard
group Pic(X) in CI(X) is given by

[CI(X) : Pic(X)] = lemgex(|CUX,x)]).

Suppose that the ideal of X C K" is generated by C1(X)-homogeneous polyno-
mials g1, - .., 9u—d—1 of degree «y; := deg(g;). Then one obtains

d
v—d—1 v—d—1

v 17
—Kx = Zwif Z v, (—Kx)* = sz'* Z o7 %
i=1 j=1 i=1 v

j=1
for the anticanonical class —Kx € CI(X) = Z. In particular, X is a Fano
variety if and only if the following inequality holds

v—d—1

v
E{: Vo< ji:1ﬂb
=1

Jj=1 =

Proof. Using [14, Prop. 2.2, Thm. 4.19], we observe that X arises from the
bunched ring (R,§,®), where R = R(X), § = (f1,...,f,) and ® = {Q>0}.
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The descriptions of local class groups, the Picard index and the anticanonical
class are then special cases of [14, Prop. 4.7, Cor. 4.9 and Cor. 4.16]. The anti-
canonical self-intersection number is easily computed in the ambient weighted
projective space P(wy, ..., w,), use [14, Constr. 3.13, Cor. 4.13]. O

Remark 2.6. If the ideal of X C K" is generated by C1(X)-homogeneous poly-
nomials g1, ..., gy—d—1, then [14, Constr. 3.13, Cor. 4.13] show that X is a well
formed complete intersection in the weighted projective space P(wy,...,w,) in
the sense of [16, Def. 6.9].

We turn back to the case that X comes with a complexity one torus action
as at the beginning of this section. We consider the case ng = ... = n, = 1,
that means that each relation g; ;5 of the Cox ring R(X) depends only on
three variables. Then we may write T; instead of T;; and w; instead of w;,
etc.. In this setting, we obtain the following bounds for the numbers of possible
varieties X (Fano or not).

PROPOSITION 2.7. For any pair (d, u) € Z2>0 there is, up to deformation, only
a finite number of complete d-dimensional varieties with divisor class group Z,
Picard index [C1(X) : Pic(X)] = p and Cox ring

, L L )
K[To,...,Tr,S1,. ., Sm] | (it1,i42TV + i T+ ou a1 T 0<i <r—2).

In this situation we have r < £(u) —1. Moreover, for the weights w; := deg T,
where 0 < i <71 and uy := deg Sk, where 1 < k < m, the exponents l; and the
degree v := lgwq of the relation one has
lo---1 | 7, lo---1 | p w; < Mé(u)fl, up <

Proof. Consider the total coordinate space X C K"™'*" and the universal
torsor p: X — X as discussed before. For each 0 < ¢ < r fix a point Z(i) =
(%o, ..., %r,0,...,0) in X such that ; = 0 and T; # 0 for j # ¢ hold. Then,
denoting x(i) := p(Z(i)), we obtain

ged(wy;j #1) = [CUX,z(@)| | p

Consider ¢, j with j # 4. Since all relations are homogeneous of the same degree,
we have l;w; = ljw;. Moreover, by the admissibility condition, /; and I; are
coprime. We conclude [;|w; for all j # ¢ and hence [;|ged(wj; j # ¢). This
implies

lo---1r | lowo = 7, lo--lp | p

We turn to the bounds for the w;, and first verify wy < p”. Using the relation
l;w; = lgwy, we obtain for every [; a presentation

wo * - Wi—1 ged(wo, . .., wi—1)
li = o ————— = ;-
w1+ Wy gcd(wo,...,wi)
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with suitable integers 1 < n; < w. In particular, the very last fraction is
bounded by p. This gives the desired estimate:

_ wo ~_ged(wo,w1)  ged(wo, .., wr—2)
ged(wo, w1)  ged(wo, wr, w2) ged(wo, ..., wr—1)

T

-ged(wo, ., wr—1) <

Wo

Similarly, we obtain w; < u” for 1 < ¢ < r. Then we only have to show
that » + 1 is bounded by &(u), but this follows immediately from the fact that
lo,...,l, are pairwise coprime.

Finally, to estimate the ug, consider the points Z(k) € X having the (r + k)-th
coordinate one and all others zero. Set z(k) := p(Z(k)). Then CI(X,z(k)) is
of order wug, which implies ug < p. O

LEMMA 2.8. Consider the ring K[T;;; 0 <1i <2, 1<j <n][S1,...,5%]/{(9)
where ng > ny > ng > 1 holds. Suppose that g is homogeneous with respect to a
Z-grading of K[T;;, Sk] given by deg T;j = wij € Zso and deg Sy = uy € Zso,
and assume

2 ng m
degg < ZZwU + Zul
i=1

i=0 j=1

Let p € Z~1, assume w;; < p whenever n; > 1, 1 < j < n; and up < p for
1 <k<mand set d:=ng+ni+ne+m— 2. Depending on the shape of g,
one obtains the following bounds.
(i) Suppose that g = UOTé‘{l . --Téon? + mTi 4 T2 with ng > 1 and
coefficients n; € K* holds, we have l11 > la1 > 2 and 111, l21 are coprime.
Then, one has

’LU11,l21 < QdM, wgl,lu < 3d,u, degg < 6du.

long ling

(ii) Suppose that g = nOTé‘il c Ty + mTh ... Ty, + T2 with ny > 1
and coefficients n; € K* holds and we have Iy > 2. Then one has

war < (d+1)p, deg g < 2(d+1)p.

Proof. We prove (i). Set for short ¢ := (ng + m)u = du. Then, using homo-
geneity of g and the assumed inequality, we obtain

2 Uz

m
lhiwir = lawey = degg < Zzwlj+zuz < ct+wir + weg.
i=0 j=1 i=1

Since l1; and ls; are coprime, we have 17 > lo; > 2. Plugging this into the
above inequalities, we arrive at 2wy1 < c+ws and wey < c+w11. We conclude
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w1 < 2¢ and wo1 < 3c. MOI‘GOVGI‘, 111w11 = 12111)21 and ng(lll;l21> =1 1mp1y
l11|we1 and lo1|wy1. This shows I3 < 3¢ and lo; < 2¢. Finally, we obtain

deg g < c+wip +wa < 6Be.

We prove (ii). Here we set ¢ := (ng +n1 +m)pu = (d+ 1)p. Then the assumed
inequality gives

1 ng

la1we1 = degg < Zzwij+zui+w21 < ¢+ wo.

i=0 j=1 i=1

Since we assumed l2; > 2, we can conclude ws; < ¢. This in turn gives us
deg g < 2c for the degree of the relation. O

Proof of Theorem 2.1. As before, we denote by X C K™ the total coordinate
space and by p: X — X the universal torsor.

We first consider the case that X is a toric variety. Then the Cox ring is a
polynomial ring, R(X) = K[S1,...,Sn]. For each 1 < k < m, consider the
point T(k) € X having the k-th coordinate one and all others zero and set
x(k) := p(z(k)). Then, by Proposition 2.5, the local class group Cl(X, z(k)) is
of order uy where uy, := deg Si. This implies ux < u for 1 < k < m and settles
Assertion (i).

Now we treat the non-toric case, which means r» > 2. Note that we have n > 3.
The case ng = 1 is done in Proposition 2.7. So, we are left with ng > 1. For
every ¢ with n; > 1 and every 1 < j < n,, there is the point Z(i,j) € X with
ij-coordinate T;; equal to one and all others equal to zero, and thus we have
the point x(i, 7) := p(Z(i,j)) € X. Moreover, for every 1 < k < m, we have the

point Z(k) € X having the k-coordinate Sy equal to one and all others zero;
we set 2:(k) := p(T(k)). Proposition 2.5 provides the bounds

w; = deg Ty; = |CUX,z(4,7))] < p forn; >1,1<j<n;,
up = deg S, = |CUX,z(k))| < u for 1 <k <m.
Let 0 < s <7 be the maximal number with ng > 1. Then gs_o s_1, is the last
polynomial such that each of its three monomials depends on more than one
variable. For any ¢t > s, we have the “cut ring”
R, = K[Tij; 0<i<t, 1 <j<n][S1,---,m] / (Gii+1,i+2; 0<i <t —2)
where the relations g; ;11,i+2 depend on only three variables as soon as ¢ > s
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holds. For the degree v of the relations we have

(r=1)7y = (¢-1y + (r—1t)y
= -1y + hs11ws11 + -+ lawe

T

ng m
DN W o
=1

i=0 j=1
t n; m
= E E Wij + Wer11 + ...+ Wr1 + E Usj.
i=0 j—=1 i—1

Since [;1w;1 > w;1 holds in particular for t +1 < i < r, we derive from this the
inequality

1 t n; m
=1

i=0 j=1

To obtain the bounds in Assertions (iii) and (iv), we consider the cut ring R;
with ¢ = 2 and apply Lemma 2.8; note that we have d = ng +n; +ng +m —2
for the dimension d = dim(X) and that lo2 > 0 is due to the fact that X is non-
toric. The bounds w;;,lo; < 6dy in Assertion (iii) follow from l;;w;; = v < 6du
and l;; < 2du follows from l;3 | way for 3 < i < r. Moreover, l;; | wy; for
2 < ¢ < rimplies l11---l1 | v = liwn. Similarly w;;,L; < 2(d + 1) in
Assertion (iv) follow from l;jw;; = v < 2(d+ 1)dp and lo1 -+ - l1 | v = la1wan
follows from l;1 | wey for 3 <4 < r. The bounds on r in (iii) in (iv) are as well
consequences of the admissibility condition.

To obtain the bounds in Assertion (v), we consider the cut ring R, with ¢ = s.
Using n; = 1 for ¢ > t+1, we can estimate the degree of the relation as follows:

d+t

Since we have w;;l;; < deg go for any 0 < ¢ < r and any 1 < j < n;, we see
that all w;; and [;; are bounded by (d + 2)u. As before, lg111---11 | visa
consequence of [;; | v for i = s+ 2,...,r and also the bound on r follows from
the admissibility condition.

Finally, we have to express the Picard index p in terms of the weights w;; and
uy as claimed in the Assertions. This is a direct application of the formula
of Proposition 2.5. Observe that it suffices to work with the p-images of the
following points: For every 0 < i < r with n; > 1 take a point Z(i,j) € X with
ij-coordinate T;; equal to one and all others equal to zero, for every 0 < i <r
with n; = 1 whenever n; = 1 take T(,5) € X with ij-coordinate T;; equal to
zero, all other Ts; equal to one and coordinates Sy equal to zero, and, for every
1 < k < m, take a point T(k) € X having the k-coordinate Sy equal to one
and all others zero. O
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We conclude the section with discussing some aspects of the not necessarily
Fano varieties of Proposition 2.7. Recall that we considered admissible triples
(A,n, L) with ng = ... =n, = 1 and thus rings R of the form

. L L )
K[To, ..., Tr,S1,. .., Sm] / {Qipris2T}* + cvigo i T + i Tiihs 0<i <7 —2).

PROPOSITION 2.9. Suppose that the ring R as above is the Cox ring of a non-
toric variety X with CI(X) = Z. Then we have m > 1 and p = [Cl(X) :
Pic(X)] > 30. Moreover, if X is a surface, then we have m = 1 and w; =
[kl A

Proof. The homogeneity condition l;w; = l;w; together with the admissibility
condition ged(l;,1;) = 1for 0 <14 # j < r gives us l; | ged(wj;; j # ¢). Moreover,
by Proposition 1.11, every set of m + r weights w; has to generate the class
group Z, so they must have greatest common divisor one. Since X is non-
toric, {; > 2 holds and we obtain m > 1. To proceed, we infer ly-- -1, | u and
lo---1, | deggijx from Proposition 2.5. As a consequence, the minimal value
for 1 and deg g;;1 is obviously 2 -3 -5 = 30. what really can be received as
the following example shows. Note that if X is a surface we have m = 1 and
ged(w;;0 < ¢ < r) = 1. Thus, ljw; = ljw; gives us deggijx = lo---1, and
w; =1y O

The bound [C1(X) : Pic(X)] > 30 given in the above proposition is even sharp;
the surface discussed below realizes it.

EXAMPLE 2.10. Consider X with R(X) = K[Ty, T, T», T5]/(g) with g = T¢ +
T3 + T3 and the grading

deg Ty = 15, degTy = 10, degTy = 6, deg1z = 1.

Then we have ged(15,10) = 5, ged(15,6) = 3 and ged(10,6) = 2 and therefore
[CI(X) : Pic(X)] = 30. Further X is Fano because of

degg = 30 < 32 = degTp+ ...+ degT5.

Let us have a look at the geometric meaning of the conditionng = ... =n, = 1.
For a variety X with an action of a torus 7', we denote by Xy C X the union of
all orbits with at most finite isotropy. Then there is a possibly non-separated
orbit space Xo/T’; we call it the maximal orbit space. From [15], we infer that
ng =...=mn, = 1 holds if and only if Xy/T is separated. Combining this with
Propositions 2.7 and 2.9 gives the following.

COROLLARY 2.11. For any pair (d,u) € Z2>0 there is, up to deformation, only
a finite number of d-dimensional complete varieties X with a complexity one
torus action having divisor class group Z, Picard index [C1(X) : Pic(X)] = p
and maximal orbit space Py and for each of these varieties the complement
X \ Xo contains divisors.
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Finally, we present a couple of examples showing that there are also non-Fano
varieties with a complexity one torus action having divisor class group Z and
maximal orbit space P;.

EXAMPLE 2.12. Consider X with R(X) = K[To, T1, Tz, T]/(g) with g = T2 +
T} + T and the grading

deg Ty = 21, degTy = 14, degTy = 6, deg1z = 1.

Then we have ged(21,14) = 7, ged(21,6) = 3 and ged(14,6) = 2 and therefore
[CI(X) : Pic(X)] = 42. Moreover, X is not Fano, because its canonical class
Kx is trivial

Kx = degg—deg Ty —...—deg T3 = 0.

EXAMPLE 2.13. Consider X with R(X) = K[Ty, T3, T», T5]/(g) with g = T¢ +
T + T} and the grading

deg Ty = 33, degTi = 22, degT> = 6, degT3 = 1.

Then we have ged(22,33) = 11, ged(33,6) = 3 and ged(22,6) = 2 and therefore
[CI(X) : Pic(X)] = 66. The canonical class x of X is even ample:

Kx = degg—deg Ty —...—deg T3 = 4.

The following example shows that the Fano assumption is essential for the
finiteness results in Theorem 2.1.

Remark 2.14. For any pair p, q of coprime positive integers, we obtain a locally
factorial K*-surface X (p, ¢) with C1(X) = Z and Cox ring

R(X(p,q)) = K[To1,Toz, T11,T21] / (9), 9 = TouTl '+ T{H +T%;

the Cl(X)-grading is given by deg To1 = deg Tpe = 1, deg 711 = p and
deg T»; = q. Note that deg g = pqg holds and for p,q > 3, the canonical
class Kx satisfies

Kx = deg g —deg To1 —deg Toa —deg T11 —deg To1 = pg—2—p—q > 0.

3  CLASSIFICATION RESULTS

In this section, we give classification results for Fano varieties X with Cl(X) &
Z that come with a complexity one torus action; note that they are neces-
sarily rational. The procedure to obtain classification lists for prescribed di-
mension d = dim X and Picard index p = [C1(X) : Pic(X)] is always the
following. By Theorem 1.9, we know that their Cox rings are of the form
R(X) = R(A,n,L)[S1,...,Sn] with admissible triples (A,n, L). Note that for
the family A = (ao, ..., a,) of points a; € K2, we may assume

apgp = (1,0), a; = (1,1), as = (0,1).
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The bounds on the input data of (A4, n, L) provided by Theorem 2.1 as well as
the criteria of Propositions 1.11 and 2.5 allow us to generate all the possible Cox
rings R(X) of the Fano varieties X in question for fixed dimension d and Picard
index p. Note that X can be reconstructed from R(X) = R(A,n, L)[S1,. .., Sn]
as the homogeneous spectrum with respect to the CI(X)-grading. Thus X is
classified by its Cox ring R(X).

In the following tables, we present the Cox rings as K[T1,...,Ts] modulo re-
lations and fix the Z-gradings by giving the weight vector (wy,...,ws), where
w; := deg T;. The first classification result concerns surfaces.

THEOREM 3.1. Let X be a non-toric Fano surface with an effective K*-action
such that CI(X) = Z and [CI(X) : Pic(X)] < 6 hold. Then its Cox ring is
precisely one of the following.

[CI(X) : Pic(X)] = 1

No. R(X) (wl,...,w4) (—Kx)2
1 K[T1,...,Ta)/{TWTy + T3 +T%) (1,1,2,3) 1

[C1(X) : Pic(X)] = 2

NO. R(X) (wl,...,w4) (—Kx)2

[C1(X) : Pic(X)] = 3

No R(X) (wi,...,ws) (—Kx)?
3 KT, ..., Ta)/{T?T> + T3 + T7) (1,3,2,3) 3
K[Ty,..., Ty /(ThTs + T3 + T3) (1,3,2,5) 1/3
5 KT, ..., Ta)/{TTT> + TS + T3) (1,3,2,5) 1/3
[CI(X) : Pic(X)] = 4
No. R(X) (wi,...,wq) (—Kx)?
K[Ty,...,Ty)/(T?Ts + T3 + T2) (1,4,2,3) 4
KT, ..., Ta)/{TT> + TS + T3) (1,4,2,5) 1
[CI(X) : Pic(X)] =5
No. R(X) (wi,...,ws) (—Kx)?
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8 KTy, ..., Ta) /(W Te + T3 + T7) (1,5,2,3) 5
K[Ty,...,Ta) /(TP Te + T3 + T3) (1,5,2,5) 9/5

10 KTy, ..., Ty)/{TTs + T3 +T3) (1,5,2,7) 1/5

11 KT, ..., Ta)/{TTT> + T4 + T3) (1,5,3,4) 1/5

[CI(X) : Pic(X)] =6

No R(X) (wi,...,ws) (—=Kx)?

12 K[Ty,. .., Ta)/{T{Ts + T35 + T3) (1,6,2,5) 8/3

138 K[Ty,. .., To)/{TSTs + T4 + T3) (1,6,2,7) 2/3

14 KTy, ..., Ty)/{TTs + T3 + T3) (1,6,3,4) 2/3

15 KT, ..., Ta)/{T?T> + T3 + T3) (1,3,4,6) 2/3

Proof. As mentioned, Theorems 1.9, 2.1 and Propositions 1.11, 2.5 produce a
list of all Cox rings of surfaces with the prescribed data. Doing this computa-
tion, we obtain the list of the assertion. Note that none of the Cox rings listed is
a polynomial ring and hence none of the resulting surfaces X is a toric variety.
To show that different members of the list are not isomorphic to each other,
we use the following two facts. Firstly, observe that any two minimal systems
of homogeneous generators of the Cox ring have (up to reordering) the same
list of degrees, and thus the list of generator degrees is invariant under isomor-
phism (up to reordering). Secondly, by Construction 1.7, the exponents l;; > 1
are precisely the orders of the non-trivial isotropy groups of one-codimensional
orbits of the action of the torus 7" on X. Using both principles and going
through the list, we see that different members X cannot be T-equivariantly
isomorphic to each other. Since all listed X are non-toric, the effective com-
plexity one torus action on each X corresponds to a maximal torus in the linear
algebraic group Aut(X). Any two maximal tori in the automorphism group
are conjugate, and thus we can conclude that two members are isomorphic if
and only if they are T-equivariantly isomorphic. O

We remark that in [28, Section 4], log del Pezzo surfaces with an effective K*-
action and Picard number 1 and Gorenstein index less than 4 were classified.
The above list contains six such surfaces, namely no. 1-4, 6 and 8; these
are exactly the ones where the maximal exponents of the monomials form a
platonic triple, i.e., are of the form (1, k,1), (2,2, k), (2,3,3), (2,3,4) or (2,3,5).
The remaining ones, i.e., no. 5, 7, and 9-15 have non-log-terminal and thus
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non-rational singularities; to check this one may compute the resolutions via
resolution of the ambient weighted projective space as in [14, Ex. 7.5].

With the same scheme of proof as in the surface case, one establishes the
following classification results on Fano threefolds.

THEOREM 3.2. Let X be a three-dimensional locally factorial non-toric Fano
variety with an effective two torus action such that Cl(X) = Z holds. Then its
Cox ring is precisely one of the following.

No.  R(X) (w1, ..., ws) (—Kx)*
1 K[Ty,...,Ts] /| (TWT5 +T5 + T2) (1,1,2,3,1) 8

2 K[T1,...,Ts] / (0WLTE + T3 +T2)  (1,1,1,2,3) 8

3 K[Ty,....Ts] / (0WT3T3 + T3+ T2)  (1,1,1,2,3) 8

4 K[Ty,...,Ts] | (Th Ty + T3Ty + T2) (1,1,1,1,1) 54

5 K[Ty,...,Ts] /| (T +T5T2 +T3)  (1,1,1,1,1) 24

6 K[Ty,...,Ts] /| (TWT3 + TsT3 + Ty (1,1,1,1,1) 4

7 K[Ty,...,Ts) /| (WT3 + T3T3 +T2)  (1,1,1,1,2) 16

8 K[Ty,...,Ts] / (WTy + 5Ty +T2)  (1,1,1,1,3) 2

9 K[Ty,...,Ts] /| (WIS + T5T3 +172)  (1,1,1,1,3) 2

The singular threefolds listed in this theorem are rational degenerations of
smooth Fano threefolds from [18]. The (smooth) general Fano threefolds of the
corresponding families are non-rational see [12] for no. 1-3, [8] for no. 5, [20]
for no. 6, [30, 29] for no. 7 and [19] for no. 8-9. Even if one allows certain mild
singularities, one still has non-rationality in some cases, see [13], [9, 25], [10],
[6].

THEOREM 3.3. Let X be a three-dimensional non-toric Fano variety with an
effective two torus action such that CI(X) = Z and [Cl(X) : Pic(X)] = 2 hold.
Then its Cox ring is precisely one of the following.

No. R(X) (wy,...,ws) (—Kx)3
1 K[T1, ..., Ts|/{TETy + T3 + T3) (1,2,2,3,1) 27/2

2 K[Ty,...,Ts)/(TATS + T3 + T2) (1,2,2,5,1) 1/2

3 KT, ..., T5) /(T + TS + T3) (1,2,2,5,1) 1/2

4 KTy, ..., Ts)/{T{T + T3 + T2) (1,2,2,3,2) 16
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5 K LTS (TS + T + 1) (1,2,2,5,2)
6 K[T1, ..., Ts| /(T8 + T3 + T3) (1,2,2,5,2)
7 K ST (TS + TS + T7) (1,1,2,3,2)
8 K LTS (VTS + T + T7) (1,1,2,5,2)
9 K LTS (TET + T + T3) (1,1,2,5,2)
10 K S T5)/(MT3 + T3 + T7) (1,1,4,6,1)
11 K STS)(TPT + T3 + T7) (1,1,4,6,1)
12 K STs) /(T3 + T5 + TF) (1,1,4,6,2)
13 K LTS (TS + T3 + T3) (1,1,4,6,2)
14 K LTS (TS + T3 + T7) (1,2,4,6,1)
15 K ST (T + T3 + TF) (1,2,4,6,1)
16 K LTS (NVTE +T5 + T7) (2,2,2,3,1)
17 K LTSI + T + T7) (2,2,2,5,1)
18 K S T5)(TETS + T3 + T7) (2,2,2,5,1)
19 K ST (TS + TsTy + T2)  (1,1,1,2,1)
20 K ST (TS + 5T+ T9)  (1,1,1,2,1)
21 K ST /(TS + TsTE +T9)  (1,1,1,2,1)
22 K ST (TS + T3y + T3y - (1,1,1,2,1)
28 K ST Ty + T3+ T9) - (1,1,1,2,1)
24 K ST (TRTS + T3Ty + T9) - (1,1,1,2,1)
25 K ST (TS + T3y + T2)  (1,1,1,2,2)
26 K STS)/(NVTS + TiTE +T2)  (1,1,1,2,2)
27 K ST (TS + TiTy + T2) - (1,1,1,2,2)
28 K TS (TR + Ty + T3)  (1,1,1,2,2)
29 K ST (TS + TiTy + T2) - (1,1,1,2,3) 8
30 K ST (TPTS + TTy + T2) - (1,1,1,2,3) 8
31 K STS)(NTE + T3TE + 12y (1,1,1,2,4) 1
32 K .,T5]/<T3T5+T32T3+T5> (1,1,1,2,4) 1
38 K ST (T + TSTy + T2) - (1,1,1,2,4) 1
34 K T J(TRTS + TSTy + T2 (1,1,1,2,4) 1
35 K[T1,...,Ts|/{TVT3 + TsTy + Td)  (1,1,2,2,1)
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36 K[T1,...,Ts|/{TVT5 + T5T? + TS (1,1,2,2,1) 3/2
37 K[T1,...,Ts|/(TVT3 + TsTy +T2)  (1,1,2,2,2) 16
38 K[Ty,...,T5)/(ThTs + T5T + T3)  (1,1,2,2,2) 6
39 K[T1,...,Ts|/{T3T3 + TT2 + T2)  (1,1,2,2,2) 6
40 K[Ty,...,Ts){(T3Ts + TsTE + T2)  (1,1,2,2,2) 27/2
41 K[Ty,...,Ts|{(TPT + T5T3 + T2)  (1,1,2,2,2) 32
42 K[T1,...,Ts|/{TVT5 + 5T + T2)  (1,1,2,2,3) 4
43 K[Ty, ..., Ts) /(W Ty + T5T3 + T2)  (1,1,2,2,4) 32
44 K[T1,...,Ts|/(TVT9 + 3T +T2)  (1,1,2,2,5) 1/2
45 K[T1,...,Ts|/{ThT9 + T2T3 + T2)  (1,1,2,2,5) 1/2
46 K[Ty,...,T5|{(T3T + TsTf + T2)  (1,1,2,2,5) 1/2
47 K[T1,..., Ts|/{(TPT + T3 +T2)  (1,1,2,2,5) 1/2
48 K[T1,...,Ts|/{TPTs + TsT¢ + T2)  (1,1,2,2,5) 1/2
49 K[Ty,...,Ts)/{TPTy + T2T5 +T2)  (1,1,2,2,5) 1/2
50 K[T1,...,Ts|/{ThTo + TsTy + T2)  (1,2,1,2,1) 48
51 K[T1,...,Ts| /(T3 + T2Ty + T2 (1,2,1,2,1) 27
52 K[Ty, ..., Ts) /(W TE + T5T + T2)  (1,2,1,2,1) 10
53 K[T1,...,Ts|/(TYT2 + T3Ty + TP)  (1,2,1,2,1) 10
54 K[T1,..., Ts| (TP + T3Ty + TP)  (1,2,1,2,1) 10
55 KTy, ..., T5)/(T{T + T4y + TS)  (1,2,1,2,1) 3/2
56 K[T1,...,Ts| /(T3 + T2Ty + T2)  (1,2,1,2,2) 32
57 K[T1,...,Ts|/{T3T3 + T4Ty + T2)  (1,2,1,2,2) 6
58 KTy, ..., T5)/(T{T + T4y + T2)  (1,2,1,2,2) 6
59 KTy, ..., Ts)/(T{T + T4y + T2 (1,2,1,2,3) 27/2
60 K[T1, ..., Ts|/{T?TS + T3 +T2)  (1,2,1,2,4) 4
61 K[Ty,...,Ts|/(T?TS + TSTy + T2)  (1,2,1,2,4) 4
62 K[T1,..., Ts| /(T8 + TSTy + T2)  (1,2,1,2,4) 4
63 K[Ty,...,Ts)/{TATS + T3T3 +T2)  (1,2,1,2,5) 1/2
64 KTy, ..., Ts) /(T8 + T{TE +T2)  (1,2,1,2,5) 1/2
65 K[T1,...,Ts| /(T8 + TS$Ty + T2)  (1,2,1,2,5) 1/2
66 K[T1,...,Ts]/(T?To + T3Ty + T4 (1,2,2,2,1) 32
67 KTy, ..., T5)/(T{T + T5TE + TS)  (1,2,2,2,1) 6
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KTy, ..., T5)/(T{T + T5TE + T2)  (1,2,2,2,3) 16
K[T1, ..., Ts|/{THTS + TsTE + T2)  (1,2,2,2,5) 2
K[T1, ..., Ts|/{THTS + T#T3 +T2)  (1,2,2,2,5) 2
KTy, ..., Ts) /(T8 + T5T} + T2)  (1,2,2,2,5) 2
K[T1,...,Ts| /(T8 + T2T5 + T2)  (1,2,2,2,5) 2
K[T,....Ts| /(T30 + T3 + T2)  (1,1,1,4,6) 1/2
K[Tv,...,Ts|/(IWT3TS + T3 + T2)  (1,1,1,4,6) 1/2
K[Ty,...,Ts|/(WT3TS + T3 +T2)  (1,1,1,4,6) 1/2
K[T,....Ts|/(VT3T] + T3 + T2)  (1,1,1,4,6) 1/2
K[Ty,...,Ts|/(WISTS + T3 + T2)  (1,1,1,4,6) 1/2
K[Ty,...,Ts|/(TET3T] + T3 +T2)  (1,1,1,4,6) 1/2
K[Tv,...,Ts|/(TRT3TS + T3 +T2)  (1,1,1,4,6) 1/2
K[Ty,...,Ts|/(TPT3T5 + T3 +T2)  (1,1,1,4,6) 1/2
K[Ty,...,Ts| /(T3 + T2+ T2)  (1,1,2,2,3) 27/2
K[Ty,...,Ts|/(WT3Ts + T3 + T2)  (1,1,2,2,3) 27/2
K[Tv,...,Ts|/(T?T3Ts + T3 + T2)  (1,1,2,2,3) 27/2
K[Ty,...,Ts|/(WTTs + Ty + T2)  (1,1,2,2,5) 1/2
K[Ty,...,Ts|/(WT3TS + T + T2)  (1,1,2,2,5) 1/2
K[Ty,...,Ts|/(WVI5TE + T + T2)  (1,1,2,2,5) 1/2
K[T,....Ts| /(T Ts + T + T2)  (1,1,2,2,5) 1/2
K[Tv,...,Ts|/(TRT3TS + T +T2)  (1,1,2,2,5) 1/2
K[Tv,...,Ts|/(T?T$Ts + T + T2)  (1,1,2,2,5) 1/2
K[Ty,...,Ts|/(TPT3TS + T +T2)  (1,1,2,2,5) 1/2
K[Ty,...,Ts| /(TPT3Ts + T + T2)  (1,1,2,2,5) 1/2
K[Ty,...,Ts|/(T¥T3Ts + T + T2)  (1,1,2,2,5) 1/2
K[Ty,...,Ts| /(W19 + T + T2)  (1,1,2,4,6) 2
K[Tv,...,Ts|/(WT3Ty + T3 + T2)  (1,1,2,4,6) 2
K[Ty,...,T5|/(WTSTS + T +T2)  (1,1,2,4,6) 2
K[T,....Ts|/(VTT + T3 + T2)  (1,1,2,4,6) 2
K[Ty,...,Ts|/(WT3Ts + T3 + T2)  (1,1,2,4,6) 2
K[Ty,...,Ts]|/(TET3TS + T3 +T2)  (1,1,2,4,6) 2
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99 K[Ty,...,Ts|/(TETSTs + T +T2)  (1,1,2,4,6) 2
100 K[Tv,...,Ts|/(TPT3TE + T3 +T2)  (1,1,2,4,6) 2
101 K[Ty,...,Ts|/(TPTITs + T3 + T2)  (1,1,2,4,6) 2
102 K[Ty,...,Ts|/(T¥TSTs + T3 + T2)  (1,1,2,4,6) 2
103 K[Ty,...,Ts| /(TP T3Ts + T3 + T2)  (1,1,2,4,6) 2
104 K[Ty,...,Ts| /(TP Ts + TP + T2)  (1,2,2,2,3) 16
105 K[Ty,...,Ts|/(TEToTS + T +T2)  (1,2,2,2,5) 2
106 K[Tv,...,Ts|/(TH T + T + T2)  (1,2,2,2,5) 2
107 K[Th,...,Ts| /(TP ToTs + T + T2)  (1,2,2,2,5) 2

The varieties no. 2,3 and 25, 26 are rational degenerations of quasismooth vari-
eties from the list in [16]. In [11] the non-rationality of a general (quasismooth)
element of the corresponding family was proved.

The varieties listed so far might suggest that we always obtain only one relation
in the Cox ring. We discuss now some examples, showing that for a Picard index
big enough, we need in general more than one relation, where this refers always
to a presentation as in Theorem 1.9 (ii).

EXAMPLE 3.4. A Fano K*-surface X with Cl(X) = Z such that the Cox ring
R(X) needs two relations. Consider the Z-graded ring

R = K[To1,Toz2, T11,T21,T31] /{90, 91)>

where the degrees of Ty1, To2, 111,121,131 are 29,1,6, 10, 15, respectively, and
the relations gg, g1 are given by

go = TonTo2 + TP + T3, g1 = aosTy + asi Ty + 12T

Then R is the Cox ring of a Fano K*-surface. Note that the Picard index is
given by [C1(X) : Pic(X)] = lem(29,1) = 29.

ProprosITION 3.5. Let X be a non-toric Fano surface with an effective K*-
action such that Cl(X) =2 Z and [CI(X) : Pic(X)] < 29 hold. Then the Cox
ring of X is of the form

R(X) = K[Ty,...,Tu]/(TITE + Th + TiH).

Proof. The Cox ring R(X) is as in Theorem 1.9, and, in the notation used
there, we have ng + ...+ n, + m = 2+ r. This leaves us with the possibilities
ng =m =1 and ng = 2, m = 0. In the first case, Proposition 2.9 tells us that
the Picard index of X is at least 30.
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So, consider the case ng = 2 and m = 0. Then, according to Theorem 1.9, the
Cox ring R(X) is K[To1,To2, T4 - - ., Ty] divided by relations
go,1,2 = Téngégz —I—Tlll +T212, Gijitl,i42 = ai+1,i+2Til" Faipo T i T,

where 1 < i < r — 2. We have to show that » = 2 holds. Set u := [Cl(X) :
Pic(X)] and let v € Z denote the degree of the relations. Then we have v = w;l;
for 1 < i < r, where w; := deg T;. With wq; := deg Tp;, Proposition 2.5 gives
us

(7’71)"}’ < wo1 +wo2 +wy + ...+ w,.

We claim that wg; and wgy are coprime. Otherwise they had a common prime
divisor p. This p divides v = [;w;. Since ly,...,l, are pairwise coprime, p
divides at least » — 1 of the weights wy, ..., w,. This contradicts the Cox ring
condition that any r + 1 of the r 4+ 2 weights generate the class group Z. Thus,
wp1 and wge are coprime and we obtain

w > lem(wor, wo2) = Woi - Wo2 > Woi + Wo2 — L.

Now assume that » > 3 holds. Then we can conclude

1 1 1
2y < wor +wop + w1 +wp +wy < u+1+7(l_+l_+z_)
1 2 3

Since the numbers [; are pairwise coprime, we obtain [; > 5, [ > 3 and [3 > 2.
Moreover, l;w; = ljw; implies I; | w; and hence l1lsl3 | 7. Thus, we have
~v > 30. Plugging this in the above inequality gives

O

The Fano assumption is essential in this result; if we omit it, then we may even
construct locally factorial surfaces with a Cox ring that needs more then one
relation.

EXAMPLE 3.6. A locally factorial K*-surface X with C1(X) = Z such that the
Cox ring R(X) needs two relations. Consider the Z-graded ring

R = K[To1,Toz2, T11,T21,T31] /{90, 91),

where the degrees of Ty, T2, 111,151,131 are 1,1,6,10,15, respectively, and
the relations gg, g1 are given by

go = T071T0223 + T151 + T231, g1 = 0423T151 + 0431T231 + 0412T321

Then R is the Cox ring of a non Fano K*-surface X of Picard index one, i.e,
X is locally factorial.
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For non-toric Fano threefolds X with an effective 2-torus action Cl(X) = Z,
the classifications 3.2 and 3.3 show that for Picard indices one and two we only
obtain hypersurfaces as Cox rings. The following example shows that this stops
at Picard index three.

EXAMPLE 3.7. A Fano threefold X with C1(X) = Z and a 2-torus action such
that the Cox ring R(X) needs two relations. Consider

R = K[To1,To2, Th1,T12,T21, T51] /{90, 91)

where the degrees of Ty1,To2, 111,112,121, T51 are 1,1,3,3,2,3, respectively,
and the relations are given by

go = Ty Toz + TiiThz + Ty, g1 = aTi1The + asi Ty + a12T5.

Then R is the Cox ring of a Fano threefold with a 2-torus action. Note that
the Picard index is given by

[CI(X) : Pie(X)] = lem(1,1,3,3) = 3.
Finally, we turn to locally factorial Fano fourfolds. Here we observe more than
one relation in the Cox ring even in the locally factorial case.

THEOREM 3.8. Let X be a four-dimensional locally factorial non-toric Fano
variety with an effective three torus action such that C1(X) = Z holds. Then
its Cox ring is precisely one of the following.

No.  R(X) (w1, .. ., we) (-Kx)*!
1 K[Ty,...,Ts] /(A Ts + T3 + T3) (1,123,1,1) 81
2 K[Ty,...,Te|/(TWTS + T3 + T7) (1,1,2,5,1,1) 1
8 K[T,...,Te]/(TPT] +T¢ +T7) (1,1,2,5,1,1) 1
4 KTy, ..., Te) /(W ToTy + T3 + T2) (1,1,1,2,3,1) 81
5 K[T,...,Te|/(IWT3T5 + T3 +T2) (1,1,1,2,3,1) 81
6  K[T,...,Te)/(TVToTS + T + T2) (1,1,1,2,5,1) 1
7 K[TY,...,Te)/(WT3T] + T + T2) (1,1,1,2,5,1) 1
8§  K[T,...,Te|/{(WTSTS + T3 + T2) (1,1,1,2,5,1) 1
9 K[T,...,Te|/{TNTiTy + T) + T2) (1,1,1,2,5,1) 1
10 K[T,...,Te|/(TPTSTS + TP + T2) (1,1,1,2,5,1) 1
11 K[, ..., Te| (TPT3T4 + TP + T2) (1,1,1,2,5,1) 1
12 K[Ty,...,Te)/(ThTa + T3Ty + T2) (1,1,1,1,1,1) 512
18 K[Tu,...,Te)/(ThT3 + T5T7 + T3) (1,1,1,1,1,1) 243
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14 o Te) (T3 + T5T3 + T (1,1,1,1,1,1)
15 S Te) /(W Ty + T5T + T2) (1,1,1,1,1,1)
16 S T6) /(T Ty + T3T3 + T9D) (1,1,1,1,1,1)
17 S T6) J(TETS + TET3 + TP) (1,1,1,1,1,1)
18 S Te) (VTS + T5T3 + T2) (1,1,1,1,2,1)
19 L Te] /(T T2 + T5T7 + T3) (1,1,1,1,2,1)
20 STl (T TS + T3T) + T3) (1,1,1,1,2,1)
21 S Te) (VTS + T5T) + T2) (1,1,1,1,3,1)
22 S Te) (VTS + T3T; + T2) (1,1,1,1,3,1)
23 S T6) (VTS + T5T) + T2) (1,1,1,1,4,1)
2/ S Te) (VTS + TETY + T2) (1,1,1,1,4,1)
25 ST [(TRTS + TST7 + T2) (1,1,1,1,4,1)
26 ST (T TT3TE + T3 +T8)  (1,1,1,1,2,3) 81
27 LS Te) /(M TeT2T2 + T2 +T2)  (1,1,1,1,2,3) 81
28 S Te) /(T TST] + T8 +18)  (1,1,1,1,2,5) 1
29 STl (WL TETY + T2 +T3)  (1,1,1,1,2,5) 1
30 LS Te) /(M TRT3Ty + T2 +T2)  (1,1,1,1,2,5) 1
31 STl (WL TSTY + T2 +T2)  (1,1,1,1,2,5) 1
32 STl [(WTSTETY + T2 + T4)  (1,1,1,1,2,5) 1
33 STe) /[ (MTETSTE + T2 +T2)  (1,1,1,1,2,5) 1
34 STe)/(MTSTTE + T2+ T3)  (1,1,1,1,2,5) 1
35 ST (TETSTSTE + T2 + 1) (1,1,1,1,2,5) 1
36 S T6) (T Ts + TWT2 + 1) - (1,1,1,1,1,1)
37 LS Te)/(MTeTE + TyT3 + T4 (1,1,1,1,1,1)
38 S Te)/(MTeTs + TyTE+T8)  (1,1,1,1,1,1)
39 LS Te) /(MW TeTs + T3 +13)  (1,1,1,1,1,1)
40 S Te)/(MTETE + TWTd +19)  (1,1,1,1,1,1)
41 STe)/(MTETE + TATE+TF)  (1,1,1,1,1,1)
42 LS Te) /(M TeT2 + TyT3 +12)  (1,1,1,1,1,2)
43 S Te) /(T Ty + TyTS + 1) (1,1,1,1,1,2)
44 L Te) /(T Ty + TATE +T3)  (1,1,1,1,1,2)
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45 K[T,...,Te)/(TWT2T3 + TWTS + T3)  (1,1,1,1,1,2) 3
46 K[T,...,Tel/(WT3T3 + T3T3 +12)  (1,1,1,1,1,2) 3
47 K[Th,...,Te){TET3TE + TyTP +T3)  (1,1,1,1,1,2) 3
48  K[T,...,Te|/(TWT2T3 + T3T2 +12)  (1,1,1,1,1,3) 32
49 K[Tu,...,Te|/(WT3T3 + TyT2 + T2y  (1,1,1,1,1,3) 32
50  K[T,...,Te|/[(WITy + TTE +T3)  (1,1,1,1,1,3) 32
51 K[Ty,...,Ts) /(W ToTy + TyTS +T2)  (1,1,1,1,1,3) 32
52 K[T,...,Te| /(TS + TWTY +T¢)  (1,1,1,1,1,4) 2
53  K,...,Te)/(TTS + T3TS + T2)  (1,1,1,1,1,4) 2
54 K[T,...,Te)/(WTETS + TWTT +T2)  (1,1,1,1,1,4) 2
55  K[T,...,Te|/(WTETS + TPTS +T3)  (1,1,1,1,1,4) 2
56  K[Ty,...,Te)/{(WT$Ty + TWTT +T2)  (1,1,1,1,1,4) 2
57  K[Ty,...,Te)/(WTST4 + T{TS +T2)  (1,1,1,1,1,4) 2
58  K[T,...,Te|/(TPT3T3 + TWTY +T3)  (1,1,1,1,1,4) 2
59  K[Ty,...,Te|/(TPT3T3 + T3TP +T2)  (1,1,1,1,1,4) 2
60  K[T,...,Ts|/(ThTo + T3Ty + T5Ts) (1,1,1,1,1,1) 512
61  K[T,...,Te]/(ThWT§ + T3TF + TsT2)  (1,1,1,1,1,1) 243
62  K[Ty,...,Te]/(WT$ + T3T5 + T=T5)  (1,1,1,1,1,1) 64
63  K[T,...,Te]/(WT$ + T3T{ + T212)  (1,1,1,1,1,1) 64
64/ K[T,...,Te]/(hWTy + TsTf + TsTg)y  (1,1,1,1,1,1) 5
65 K[T,...,Ts]/(TWTy + T3Tf + T2T3)  (1,1,1,1,1,1) 5
66 K[T,...,Te]/(TWTy + T35 +T2T3) (1,1,1,1,1,1) 5
67 K[Ti,...,Te)/(T¥TS + T¢T¢ + T275) (1,1,1,1,1,1) 5
68 KTy, /<ig§§;ff§§;:f§§’> (1,1,1,1,1,1,1) 324
69 K[T, /<nﬁ+nﬁ*“ﬁ» (1,1,1,1,1,1,1) 9

a3 TP+ TsTE+T3

where in the last two rows of the table the parameter o can be any element from

K*\ {1}.

By the result of [26], the singular quintics of this list are rational degenerations
of smooth non-rational Fano fourfolds.
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4 GEOMETRY OF THE LOCALLY FACTORIAL THREEFOLDS

In this section, we take a closer look at the (factorial) singularities of the Fano
varieties X listed in Theorem 3.2. Recall that the discrepancies of a resolution
p: X — X of a singularity are the coefficients of K5 — ¢*Kx, where Kx
and K¢ are canonical divisors such that K — ¢*Kx is supported on the
exceptional locus of . A resolution is called crepant, if its discrepancies vanish
and a singularity is called canonical (terminal), if it admits a resolution with
nonnegative (positive) discrepancies. By a relative minimal model we mean a
projective morphism X — X such that X has at most terminal singularities
and its relative canonical divisor is relatively nef.

THEOREM 4.1. For the nine 3-dimensional Fano wvarieties listed in Theo-
rem 3.2, we have the following statements.

(i) No. 4 is a smooth quadric in P*.

(ii) Nos. 1,8,5,7 and 9 are singular with only canonical singularities and all
admit a crepant resolution.

(iii) Nos. 6 and 8 are singular with non-canonical singularities but admit a
smooth relative minimal model.

(iv) No. 2 is singular with only canonical singularities, one of them of type
cA1, and admits only a singular relative minimal model.

The Coz ring of the relative minimal model X as well as the the Fano degree
of X itself are given in the following table.

No. R(X) (-Kx)?
1 K[Ty,...,Twu)/(TTTITPTATE + TETE T + T2 Thy) 8
2 K[Ty,...,To)(TWToT3T} + TsTETS + T2) 8
8 K[Ty,..., TR/ (TWTET + TuTS + T6T?) 8
4 K[,...,Ts|/(ThiTe + T3Ty + T2) 54
5 K[T,...,Te]/(T\T3 + T3T} + T3Ts) 24
6  K[T,...,Te]/(T\T3 + T3T§ + TiTs) 4
7 K[T,...,T7)/(TATs + T3T§ + T2Ts) 16
8§  K[Tu,...,T:|/(ThT3 + TsTp + T2Ts) 2
9  K[I,...,Tu]/ < + TqufﬁfT;ngngf%i+T32T;3 > 2
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For the proof, it is convenient to work in the language of polyhedral divisors
introduced in [1] and [2]. As we are interested in rational varieties with a
complexity one torus action, we only have to consider polyhedral divisors on
the projective line Y = P!. This considerably simplifies the general definitions
and allows us to give a short summary. In the sequel, N = Z" denotes a lattice
and M = Hom(N,Z) its dual. For the associated rational vector spaces we
write Ng and Mg. A polyhedral divisor on the projective line Y := P! is a

formal sum
D = ) Dy
yey

where the coefficients D, C Ng are (possibly empty) convex polyhedra all
sharing the same tail (i.e. recession) cone Dy = o C Ng, and only finitely
many D, differ from o. The locus of D is the open subset Y (D) C Y obtained
by removing all points y C Y with D, = (. For every u € ¢¥ N M we have the
evaluation

which is a usual rational divisor on Y (D). We call the polyhedral divisor D on
Y proper if deg D C o holds, where the polyhedral degree is defined by

deg D = ZDy.

yey

Every proper polyhedral divisor D on Y defines a normal affine variety X (D)
of dimension rk (N) + 1 coming with an effective action of the torus T =
Spec K[M]: set X (D) := Spec A(D), where

AD) = @ TV(D)LODW) < @KY) x"

u€oVNM ueM

A divisorial fan, is a finite set = of polyhedral divisors D on Y, all having their
polyhedral coefficients D, in the same Ng and fulfilling certain compatibility
conditions, see [2]. In particular, for every point y € Y, the slice

=, = {Dy,; DekE}

must be a polyhedral subdivision. The tail fan is the set Zy of the tail cones
Dy of the D € =; it is a fan in the usual sense. Given a divisorial fan =, the
affine varieties X (D), where D € Z, glue equivariantly together to a normal
variety X (Z), and we obtain every rational normal variety with a complexity
one torus action this way.

Smoothness of X = X(Z) is checked locally. For a proper polyhedral divisor
D on Y, we infer the following from [28, Theorem 3.3]. If Y (D) is affine,
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then X (D) is smooth if and only if cone({1} x D,) C Q x Ng, the convex,
polyhedral cone generated by {1} x D,, is regular for every y € Y(D). If
Y (D) =Y holds, then X (D) is smooth if and only if there are y,z € ¥ such
that D = Dyy + D,z holds and cone({1} x D) + cone({—1} x D) is a regular
cone in Q x Ng. Similarly to toric geometry, singularities of X (D) are resolved
by means of subdividing D. This means to consider divisorial fans = such that
for any y € Y, the slice =, is a subdivision of D,. Such a = defines a dominant
morphism X (E) — X (D) and a slight generalization of [2, Thm. 7.5.] yields
that this morphism is proper.

PRrROPOSITION 4.2. The 3-dimensional Fano varieties No. 1-8 listed in Theo-
rem 3.2 and their relative minimal models arise from divisorial fans having the
following slices and tail cones.

1

(-1,6) (0,1)

(-1-1) (1,-1)
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5
“‘y
0
“‘y
7
‘..y
8

The above table should be interpreted as follows. The first three pictures in
each row are the slices at 0, 1 and co and the last one is the tail fan. The
divisorial fan of the fano variety itself is given by the solid polyhedra in the
pictures. Here, all polyhedra of the same gray scale belong to the same poly-
hedral divisor. The subdivisions for the relative minimal models are sketched
with dashed lines. In general, polyhedra with the same tail cone belong all
to a unique polyhedral divisor with complete locus. For the white cones in-
side the tail fan we have another rule: for every polyhedron A € Z, with the
given white cone as its tail there is a polyhedral divisor A -y + 0 - 2 € 2, with

z € {0,1,00} \ {y}. Here, different choices of z lead to isomorphic varieties,
only the affine covering given by the X (D) changes.

(0,-1)

In order to prove Theorem 4.1, we also have to understand invariant divisors on
X = X(E) in terms of =, see [15, Prop. 4.11 and 4.12] for details. A first type
of invariant prime divisors, is in bijection D, , <> (y,v) with the vertices (y, v),
where y € Y and v € &y is of dimension zero. The order of the generic isotropy
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group along D, , equals the minimal positive integer p(v) with p(v)v € N. A
second type of invariant prime divisors, is in D, <+ ¢ with the extremal rays
0 € Zy, where a ray o € Zy is called extremal if there is a D € = such that
0 C Dy and deg DN g = () holds. The set of extremal rays is denoted by =5.
The divisor of a semi-invariant function f - x* € K(X) is then given by

diV(f'Xu) - = Z Z u(’l)) ’ ((v,u> +Ordyf) ’ Dy,v - Z <n97u> 'DQ'

yeY ’UEELU) 0€EEY

Next we describe the canonical divisor. Choose a point yo € Y such that
Ey, = Ey holds. Then a canonical divisor on X = X (E) is given by

Kx = (s=2 50 — >, Y. Dys— > E,

2,78y yez® 0e=3

i

PROPOSITION 4.3. Let D be a proper polyhedral divisor with Y (D) =Py, let =
be a refinement of D and denote by y1,...,ys € Y the points with =, # ZEy.
Then the associated morphism ¢: X(Z) — X (D) satisfies the following.

(i) The prime divisors in the exceptional locus of ¢ are the divisors Dy, ,
and D, corresponding to v € Ez(/?) \Dg(j?) and o € Ey \ D* respectively.

(ii) Then the discrepancies along the prime divisors Dy, , and D, of (i) are
computed as

dyio = —p(v) - ((v,0') +ay) = 1, dg = —(vg,u') — 1,
where the numbers «; are determined by
-1 -1 ... -1 0
pli) 0 .. 0 p(vi)yf
: : : : 2—s
WP 0 0 e 1
. Ay, .
0 0 u(wl) (ol = |t
: . Qy, 1
0 0 p(vr?) (vl o
0 0 0 Ng, 1
0 0o ... 0 N,

Proof. The first claim is obvious by the characterization of invariant prime
divisors. For the second claim note that by [24, Theorem 3.1] every Cartier
divisor on X (D) is principal. Hence, we may assume

0-Kx = div(f-x"), div(f) = Y ay-y.
Yy
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Then our formulae for div(f - x*) and Kx provide a row for every vertex v} €
Sy, i = 0,...,s, and for every extremal ray g; € =%, and £~ (a,u) is the
(unique) solution of the above system. O

Note, that in the above Proposition, the variety X (D) is Q-Gorenstein if and
only if the linear system of equations has a solution.

Proof of Theorem 4.1 and Proposition 4.2. We exemplarily discuss variety
number eight. Recall that its Cox ring is given as

R(X) = K[T,....,Ts)/ (T + T5T; + T2)

with the degrees 1,1,1,1,3. In particular, X is a hypersurface of degree 6
in P(1,1,1,1,3), and the self-intersection of the anti-canonical divisor can be
calculated as

(1+141+1+3-6)3

— 3 — . =
(=K%) 6 1-1-1-1-3 2

The embedding X C P(1,1,1,1, 3) is equivariant, and thus we can use the tech-
nique described in [1, Sec. 11] to calculate a divisorial fan = for X. The result
is the following divisorial fan; we draw its slices and indicate the polyhedral
divisors with affine locus by colouring their tail cones Dy € =y white:

(1,2)

(1,0)

One may also use [15, Cor. 4.9.] to verify that = is the right divisorial fan: it
computes the Cox ring in terms of =, and, indeed, we obtain again R(X). Now
we subdivide and obtain a divisorial fan having the refined slices as indicated
in the following picture.

(3,1)
(-1,0) (1,0)
(-5,-2)

©,-1)
Here, the white ray Q> - (1, 0) indicates that the polyhedral divisors with that
tail have affine loci. Accordmg to [15, Cor. 4.9.], the corresponding Cox ring is
given by

R(X) = K[Tu,...,T5)/(T\T3 + TsTP + T2Ts).
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We have to check that X is smooth. Let us do this explicitly for the affine chart
defined by the polyhedral divisor D with tail cone Dy = cone((1,2), (3, 1)).
Then D is given by

= () o () o

Thus, cone({1} x Dy) + cone({—1} x Dy is generated by (5,3,1), (—2,—1,0)
and (—1,0,0); in particular, it is a regular cone. This implies smoothness of
the affine chart X (D). Furthermore, we look at the affine charts defined by
the polyhedral divisors D with tail cone Dy = cone(1,0). Since they have
affine locus, we have to check cone({1} x D), where y € Y. For y # 0,1, we
have D, = Dy. In this case, cone({1} x D) is generated by (1,1,0), (0,1,0)
and thus is regular. For y = 0, we obtain that cone({1} x D,) is generated
by (5,3,1), (1,0,0), (0,1,0) and this is regular. For y = 1 we get the same
result. Hence, the polyhedral divisors with tail cone D, = cone(1,0) give rise
to smooth affine charts.

Now we compute the discrepancies according to Proposition 4.3. The resolution
has two exceptional divisors Do, 0 and E(; gy. We work in the chart defined by
the divisor D € Z with tail cone Dy = cone((1,2), (1,0)). The resulting system
of linear equations and its unique solution are given by

-1 -1 =1 0 0 |-1 N 0
5 0 0 3 111 ao 1
o 1 0 o o01]1 |, =10
0 5 0 0 -1]1 Qoo I
0 0 2 -1 011 Y 4
The formula for the discrepancies yields dwo = —1 and d;19) = —2. In

particular, X has non-canonical singularities. By a criterion from [24, Sec. 3.4.],

we know that Do 0 + 2+ E(1,0) is a nef divisor. It follows that X is a minimal
model over X. O
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