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Assume G is a semi-simple Chevalley group, so G(Z,) C G(Q,) is a maximal
compact subgroup. Both the p—adic representation theory of G(Q,) and non—
commutative Iwasawa theory involve the Iwasawa algebra of G(Z,) or suitable
congruence subgroups. It seems to have been assumed that explicit descrip-
tions, by generators and relations, of these algebras were inaccessible. However,
it is a general principle that natural objects coming from semi-simple (split)
groups have explicit presentations. Famous examples are Serre’s presentation of
the semi—simple algebras and Steinberg’s presentation of the Chevalley groups
[7, 8]. In this paper we will give a presentation for the Iwasawa algebra of the
subgroup of level 1 in SL(2,Z,) (p # 2).
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546 LAURENT CLOZEL
1
Let G = SL(2) and let G be the subgroup of level 1 in G(Z,,) :
G={9eSLQ2,Zy):g=1[pl}.
We assume p > 2, so G has no p—torsion. It has a triangular decomposition
G=N"TNT
x 1 0 0

(entries in 1 + pZ,). We identify N=, NT with Z, by * = pz (x € Zj).
Similarly T' = Z,, by

where N~ = (1 0), Nt = (1 T) (entries * in pZ,) and T = (* 2)

T —

((ler)z (x € Zp).

(1 +p)‘””)

We consider the Iwasawa algebra Ag of Z,—valued measures (or distributions,
in the sense of [9]), on G, which we will denote by D(G,Z,). The triangular
decomposition of G, as an analytic manifold, yields a decomposition of D(G, Z,)
as a topological Z,~MODULE :

(1.1) D(G,Z,) = D(N™,Z,)&D(T,Z,)®D(N T, Zy,)

the factors of (1.1) being the spaces of distributions on the factors of G. If f
is a function on G and U, V, W distributions on N=, T, NT,

(1.2) <UQVOW,f>=<U®V W, f(uhn) >

where u € N, h € T, n € NT and f is therefore seen as a function on
N~ x T x NT. The natural definition of the completed tensor product is
equivalent to the explicit description of D(G,Zy,) reviewed below.

The algebra Az, = D(Z,,, Z,) is identified with the ring of power series Z,[[T']]
by Iwasawa’s theorem. For p € Ag,, the associated series is given by the
Fourier—Amice transform

At = [+ 07due) e Tl <1).

P

In particular, §(x) being the Dirac measure at x :
S(1)=1+T,
o T =46(1)—6(0).
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PRESENTATION OF AN IWASAWA ALGEBRA ... 547

In each factor of the decomposition (1.1), we therefore have the Dirac
measures :

Ma(@ 1)), i. =1+YeD(N",Z,)=
= Zp[[Y]]

u+5(<1 ﬁ’)% A =1+X€D(N*,7,) =
= Zyp[[X]]

1+ - ~
wo=a((UFP e NZ[Z]GD(T’ZP>

For each factor, U = N, T or N* of G, D(U, Z,,) is naturally sent to D(G,Z,),
by integrating a function f € C(G,Z,) against u € D(U,Z,) on the U-factor.
This map is compatible with the convolution product. We therefore write,
unambiguously, Y™, X" H" (n > 0) in D(G,Z,). A distribution X in this
space can then be written uniquely

(1.3) A= X Y™ H™ X" (neN)

with A, € Z,,. This is the meaning of the completed tensor product (1.1). The
expansion is convergent in D(G,Z,). Of course the product Y™t H"2 X" :=
Y™ ®H™ ®X"™ is defined as above. This easily follows from Mahler’s theorem
in several variables (cf. Lazard [4, Théoreme 1.2.4]).

It immediately follows from formula (1.2) that the distributions YV, H, X €
D(G, Zp) multiply in the obvious fashion when the variables are taken in the
“natural order”, i.e.

Y®H = Yx*H
YeX = Y*X
H®X = HxX,

the convolution product being taken on G. We will simply write, consistent
with previous notation :

(1.4) YH=Yx«H,YX=YxX, HX=H=xX.

To determine the product structure in D(G, Z,,) is to understand first the prod-
uct of monomials in a different order.

Consider first the product HY. It suffices to compute, in G, the product
pop— = 6(ho)d(up), say. We compute houoho_l.

Since (t t‘1> (i 1) (t_l t) = <t—12$ 1) |
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548 LAURENT CLOZEL

(1+p)~?
Ug

we have houghg 1= if we write the group N~ multiplicatively. The

equation
pop— = d(houohg *)é(ho) ,
and the fact that D(N~,Z,) = Z,[[Y]] is a homomorphism, show that
(1.5) 1+H)(1+Y)=>1+Y)(1+ H)
where we have set
(1.6) ¢g=01+p?=1 [p].

Similarly consider X H. Let ng be the generator of N*. Now §(ng)d(hg) reduces
to halnoho. Again

() DC )

(1+p)~?
0

SO ho_lnoho =n = nd, whence

(1.7) 1+X)1+H) =1Q+H)(1+X)7.

Finally, to express XY we have to decompose

e (96 )07 )
£ ) DGt

p=ta=tb

Since

we see that

with
1+p*=t=(1+p)", Pez,.

This yields, since tg = 1 + p is the parameter of hg :

(1.8) 1+ X)1+Y)=(1+Y)?0+H)P(1+X)°
with
_ N—1 _ 112 _ log(1+p%)

For p > 2, we have

2 3

log(l4+p)=p—5& + 5 - =p(1+0O(p))
log(1 + p®) = p*(1+ O(p?))
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PRESENTATION OF AN IWASAWA ALGEBRA ... 549

whence
(1.10) P =p(1+0(p)).

Note that we have simply written HY for H % Y, etc...This will cause no
confusion if we remember that a product such as HY, for variables not in
the natural order, is not given by the ostensible product of monomials in the
expression (1.3).

To summarize, we have :

PROPOSITION 1.1. Set Q = (1+p?)~t ,¢g=(1+p)72, P = %. Then
the elements X, Y, H of D(G,Z,) verify the relations

(o) 1+ H)(14+Y)=(14+Y)!(1+ H)
) 1+X)1+H)=1+H)(1Q+X)?
(c) 1+ X)1+Y)=(14+Y)(1+H)P(1+X)%.
Consider now the universal, non—commutative p—adic algebra in the variables

Y, H, X : thus
A=Zy{{Y, H, X}}

is composed of all the non—commutative series

(1.11) F=>2 ai

n>0 1

where the coefficients a; € Z, and, for all n > 0, ¢ runs over all maps
{1,2,...n} — {1,2,3} ; weset z;1 = Y, 20 = H, 23 = X and z° =
Ti(1) " Ti(n)- The topology on A is the product topology on HZ,IO(") where

n
I(n) is the set of maps (= of non—commutative monomials of degree n). The
algebra A has a maximal ideal M 4 generated by (p,z1,22,x3) and a prime
ideal P4 generated by (x1,x2,23). Its topology is given by the powers of M 4.
The non—commutative polynomial algebra

A=7,{Y,H X}

is a dense subalgebra of A.
Let R be the closed two-sided ideal generated in A by the relations (a,b, c).
Our main result is

THEOREM 1.2. The ITwasawa algebra A is naturally isomorphic to A/R.

The proof will in fact rely on the corresponding result with coefficients in
F,. So let Q¢ = Ac QF, be the Iwasawa algebra with finite coefficients,
Z

P
A=TF,{{Y,H, X}} the algebra of non-commutative series with coefficients in
[}, with its natural linearly compact topology, given by its maximal ideal M 7.
Let R be the image of R in A.
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550 LAURENT CLOZEL

LEMMA 1.3. R is the closed two-sided ideal generated in A by the image of the
relations (a, b, c).

Proof— Denote by Z C A the IDEAL generated by the relations ; let J C A be
the similar ideal. Then J is obviously the image of Z in A ; we denote it by 7.
Let R be the reduction of R, and consider the closure ¢l(Z) of Z in A. If
f € R, we have f = lim f,, (f, € Z) for the topology given by (MZ). This
implies that f = lim f,, for the topology given by M% on A, thus f € cl(Z).
Conversely assume f € A can be written f = lim f, with f,, € Z. Then f,, is
the reduction of a series f,, € Z C R. Since R is closed and A compact, we

may assume that f,, converges to g € R. Then, by definition of the topologies,
f=1lim f, =7. Thus cl(Z) = R, which finishes the proof.

THEOREM 1.4. The Iwasawa algebra mod p, ¢, is naturally isomorphic to
A/R.
The proof of these results will occupy § 2, 3.

2

We consider the natural map
A— AG

given by the universal property of A. Note that the topology of Ag, as a dis-
tribution algebra, coincides with its topology when it is seen as the algebra of
distributions on the commutative group Zg. In particular a basis of neighbour-

hoods of 0 is given by the family of Z,~-MoDULES MY (A = Ag), where

(2.1) MY ={AeAg, A=) NYMH™X", v(),)+ |n| > N}

with the usual notation |n| = nq 4+ ne + n3. For a linear monomial x =Y, H
or X, we have w(z) = 1, w being the function on A given by

(2.2) w(A) = ir%f(v()\n) + |n|).

We will use the following deep result of Lazard :

PRrROPOSITION 2.1 (Lazard). The valuation w is additive : w(\ * p) = w(X) +
w() (i € Ag).

Cf. [4, TIT 2.3.3]. Lazard proves, in fact, that the associated graded ring is an
enveloping algebra, thus an integral domain, and this implies the additivity. I
am indebted to the paper of Schneider and Teitelbaum [6] for a lucid exposition
of Lazard’s results.

In fact, it follows from Lazard’s results that MY¥ is indeed the N-th power of
the maximal ideal Mp of Ag. Indeed, let Jy be defined by w(A\) > N. It is
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PRESENTATION OF AN IWASAWA ALGEBRA ... 551

easy to check that J; = My. The additivity implies that MY is contained in
Jn. Since every linear monomial belongs to the maximal ideal, the expression
(2.1) implies the converse inclusion since MY is closed.

Consider now the filtration of A by the powers of its maximal ideal. It is
defined by a valuation w4 given by a formula similar to (2.2) : if

f=> aia,
wa(f) = nf(ula) + i)
where |i| = n is the degree of i (cf. after (1.11)). We now have the following

(“ideal” means two—sided ideal unless otherwise indicated).

PROPOSITION 2.2. The natural map ¢ : A — Ag extends continuously to a
surjective homomorphism A — Ag. In fact,

pMEY) c MY (N =0).

Proof : The continuity is implied by the stronger property

(2.3) w(p(z")) =n = il

where n, as after (1.11), is the degree of the monomial. By induction on n,
this follows from Proposition 2.1. If f € MX, we have wa(f) > N and the
continuity follows from (2.3) by Z,-linearity. The surjectivity follows from the
fact that ¢ is already surjective if A is replaced by the set of linear combinations
of well-ordered monomials (i increasing).

COROLLARY 2.3. There is a natural, continuous surjection
B=A/R — Ag.
COROLLARY 2.4. There is a continuous surjection
?:B=A/R — Q.

This follows from Lemma 1.3.
It follows from Abelian distribution theory that Q¢ is, as a space, isomorphic
to

Fp[lY, H, X]]

with the compact topology. An obvious computation shows that
Mg:{AeQszQ()\)ZN},

v being the usual valuation on power series, is the image of MY . In particular
it is an ideal ; for N = 1, Mg is the maximal (two-sided) ideal, and (Mq)" C
MYE. (Reduce mod p the corresponding property for A.)
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552 LAURENT CLOZEL

Similarly in A, we find that the reduction mod p (image in A) of MY is the
ideal of series _ .
f:Zai x’ (av; € Fp)

such that |i| > N. For N = 1 we obtain the maximal ideal in A. Furthermore
in this case too (M7)N = M%.

3

In this paragraph we will directly study the quotient algebra B = A/R, using
the properties of the relations (a, b, ¢).
Consider the natural filtration of A by the powers of M=, which we denote by
F"A. We have FPA/Fr*1 A = grA = FL™ where I(n) is the set of maps
{1,...,n} = {1,2,3} (§1). The filtration F™ induces a filtration on
B-AR:

F'"B=F"A+TR

whence a graduation

gr"B = F"A+R/F"MA+TR
FrA/F" A+ (FPANTR).

Let S, = Sp(X,Y,Z) be the space of commutative polynomials over F, of

degree n ; thus dim S,, = % Let ¥, be the space of homogeneous

non-commutative polynomials of degree n ; thus X, — F "A/F"t1 A and
therefore 3,, — gr™B, is surjective.

PROPOSITION 3.1. dim ¢gr"B < dim S,,.

In order to prove this we consider the relations defining R (or rather R).
Consider first the relation (a) :

1+H)(1+Y)=(1+Y)I(1+H)

with ¢ =1 [p]. Expanding the power series gives

1+H+Y+HY:(1+qY+(g)y2+---)(1+H).

-1 _
We note that (g) = % =0 [p]. Thus in A/R :

V4 H+Y +HY =(1+qY)(1+H) + R(Y)(1+ H),
the term R(Y") being of degree > 3, so
HY = (¢—1)Y +qVH + R\(Y,H)
= YH+R(Y,H)

DOCUMENTA MATHEMATICA 16 (2011) 545-559



PRESENTATION OF AN IWASAWA ALGEBRA ... 553

since ¢ = 1, Ry (Y, H) of degree > 3. This shows that in B = A/R :
(3.1) HY =YH mod F°B i.e.

HY =YH in gr?B.

The computation for relation (b) is obviously similar, yielding in B

(3.2) XH=HX mod F°B.

Consider now the identity (c) :
1+X)1+Y)=(1+Y)?1+H)P1+X)?.

QER-1)
2

We have Q = 1 [p?], P = p [p?]. Again the coefficients of Y2, X?

in the power series vanish mod p. Modulo ./\/l%, whose image is in F3B, we
then have
I+X)(1+Y)=(1+QY)(1+H)"(1+QX).

Since P = p [p?] and since 2 is invertible, (1 + H) =1 mod (p, H3). Thus
I+ X +Y 4+ XY =14+QX +QY +Q*YX ( mod F°B),

and since Q@ =1 :

(3.3) XY=YX ( mod F?B).

Since ¢gr?B is generated by these three monomials and the squares Y2, H? X2 |
the identities (3.1)—(3.3) show that dim gr?B < 6, whence the result for n = 2.
The proposition for general n is deduced from this case. Consider an arbitrary
monomial of degree n,

aci = Ty Ty, -

The following lemma is obvious :

;. . g . - .
LEMMA 3.2. We can change " into a well-ordered monomial ' (i’ increasing)
by a sequence of transpositions T;, T, = Ti, , Ti,, -

(Consider the set of inversions {a < 8 : iq > ig}. Assume iy > iy41, and
replace in x* the term z; ;. ., by z; ., x; . It is easy to check that the set of
inversions decreases by one element.)

We now write o' = 2/ x;_ x;,,,x". We will prove by induction

LEMMA 3.3. In B, z* = ¥ mod F"1B, where i’ is well-ordered.

But this is now equally obvious. Let r, s be the degrees of 27, z¢, so n = r4s+2.
Then z/ = 27 [FTHB], 2t = 2% [F*HB] and x4, = xi,,, 7, [F°B]
; we are of course assuming i, > i,+1. Factoring the congruences gives
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ot = 20w, @, [FT1B] since the filtration F", image of F” on A, ver-
ifies F"F™ C F™t™_ Using induction if necessary, we obtain the Lemma,
whence Proposition 3.1.

Proof of Theorem 1.4.— The natural map ¢ : A — Ag sends M", to M7}. Since
F* is on B the filtration inherited from the natural filtration on A, we see that
% sends F"B to M%. We then have a natural map grg : gr*B — gr*Qg,
surjective since @ is so. It is an isomorphism since dim g¢gr"B < dim S, =
dim ¢gr"Q¢g. (The last equality follows from the considerations after Cor.2.4 ;
cf also [3, Theorem 7.24]). Therefore % is isomorphic since the filtration on B
is complete. The last point follows from the fact that B = A/R where R is
closed and therefore complete for the filtration induced from that of A : see
e.g. [5, Thm 4 (5) p. 31].

Proof of Theorem 1.2.— The reduction of ¢ : A/R — Ag is @. Recall that R is
the image of R in A. Assume f € A satisfies ¢(f) = 0. We then have f € R
by Theorem 1.3, 80 f = r1+pf1, 1 € R, f1 € A. Then ¢(f1) = 0. Inductively,
we obtain an expression f = r, + p" f,, of the same type. Since p"f,, — 0in A
and R is closed, we see that f € R, QED.

4

In this section, we show that the description of Ag given in § 1 allows one
to give different proofs of some results of Ardakov and to understand them in
terms of the growth of coefficients in the Iwasawa expansion.

Ardakov’s main result in [1] is that the centre of the Iwasawa algebra reduces
to the Iwasawa algebra of the centre of G, trivial in our case. We will see that
the fact of being central is incompatible with the boundedness of the Iwasawa
coefficients.

It will be instructive to compare this behaviour with what happens for the cen-
tre of the enveloping algebra. Recall that instead of the Iwasawa distributions,
or measures, we can consider the analytic distributions (or hyperfunctions),
dual to the locally analytic functions on G (cf. Schneider—Teitelbaum [6]).
They admit an expansion (1.3), but with now

(4.1) Anlr™ — 0 Wr <1, |n|=ni4ns+ns.

Among these we have the Casimir operator (seen as a distribution with support
at 1)

w=h%+2(zy +yzx) = h? — 2h + 4ay

(cf. e.g. Borel [2, p. 19]) where h, z, y are the infinitesimal generators of the
groups T\, N*, N~. It suffices to compute w on a function f given by

flutn) = (1+Y)* (1 + H)™(1 + X)*®
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where u, t, n have parameters x1, 2, 3 € Z, and Y, H, X belong to the disc
|w| < 1in C, or even Q, (such functions are dense). Now

d d| d
@H) = | v = 2| | Feve)

L))

(1+Y)3/P(1 4 X)¥/P
0

i‘ 4
dtlods

92
— 9sot

= Llog(1+Y)log(l+X),

) = gl (7 )

- log(ll—l— p)%‘of <(1 o (1 +p)_t>

1
= —— _log(1+H),

hS]

log(1+p)
, 1 (14 p)t
S e TR e o/ < (1 “’)_t)

1
= mﬂog(l + H)|,

Thus the Amice transform of w is
F(Y,H,X) =

4
log?(1+ H) — log(1+ H)+ — log(14+Y)log(1+ X).
2

2
B log?(1 4+ p) log(1 +p)

This obviously has an expansion (4.1) — and is an element of the ring of con-
vergent series on D(1)%, D(1) C @, being the open unit disc — but it is not an
element of Ag.

We will see that the invariance under 7T suffices to impose such a logarithmic
behaviour. This leads to :

THEOREM 4.1. The space of elements on Ag invariant by conjugation under
T is equal to the Iwasawa algebra Ar C Ag.

Assume indeed A € Ag is T—invariant, with Amice transform
F(Y,H X).

We have Y = ug— 1, with houohy ' = u(()1+p)72 ; thus the automorpllism Ad(hg)
of G sends 1 +Y to (14 Y)+2)™° Similarly, honohy ' = n{'™" so 1+ X
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is sent to (14 X)+P)° Of course H is left invariant. If A is T—invariant we
therefore have

(4.2) F(Y,H,X)=F(Y' H X'

where 1+Y' = (14 V)47 4 X! = (1+ X)(1+p)2. Since p # 2, (1 + p)?
is a topological generator of 1 4 Z,. Therefore (4.2) remains true if

(4.3) 1+Y =(14Y)%, 14X =1+ X)* |, uel+pZ,.

In the following computations consider F' as an element of the Lazard ring
in three variables. If we fix a value of H in C, such that |H| < 1, say Ho,
F(Y,Hy, X) := F1(Y, X) becomes an Iwasawa series in the two variables, still
invariant under (4.3). Now set

(4.4) U=1log(l+Y), V=1log(1+X),
two series convergent in D(1). We have
Fl(Y7X> = Gl(Ua V)

where (G; converges absolutely in the domain of convergence of the exponential,
1

ie. for |U|,|V| < rg = p~»=1. Moreover G is invariant by U — wU, V —

u™V, |[u—1| < p~!. This implies that

G1(U,V) =Gy(UV)

with Ga(z) convergent for |z| < 73.
Let

Gal(2) = > b2,
0

FY,X) = Y amnY" X" (lama| <1).
Then F(YV,X) = Ga(log(l+Y)log(l+ X)),
log(1+Y) = Yi ﬂyk =YL (Y)
—~k+1 !
log(l+X) = Xi(*l)lyf = XL (X)
—(+1 !

Thus (log(14Y)log(1+ X))? contains only terms the degree of which in Y AND
X is at least q. We have of course by = ag, and the previous remark implies

that
> am Y X"+ > am,Y"X

n>0 m>0
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is identical with the sum of terms of these degrees in
b YX L1(Y)[1(X),

i.e. with
br YX (Li(Y) + Li(X) - 1).

Since the a,,, are integral, this implies that by = 0 as the denominators in the
log—series are not bounded.
By induction assume that by =---by_1 =0, so

Gy = i byz?.
N
We then find that
(4.4) (Y, X)=byYNXNL (VL (XN
+ terms of degree > N in X AND Y.
Now IL1(Y) = 14+YM(Y), say,
Li(X) = 1+XM(X)

so (4.4) implies that

F(Y,X)=byYNXN1+ NYM;(Y)+ NXM (X))

+ terms of degree > N in X and Y.

Since M; does not have bounded denominators, we deduce that by = 0.
Finally we have proved that Fy = by, i.e. F(Y,H,X) =bo(H) for any H € C,,
|H| < 1, This implies that F(Y, H, X) = F(H) has no terms involving X or Y,
whence the result.

COROLLARY 4.2. The centre of Ag is composed of the multiples of the Dirac
measure at 1.

For assume that A € Ag is central, so invariant by all conjugates of T in G.
By Thm. 4.1 its support is contained in the intersection of the tori gT¢g—!
(g9 € G) . This intersection is reduced to {1}.

We note that Theorem 4.1 itself follows from Ardakov’s results [1, Proposition
2.2]: a simple computation shows that the only finite orbits of T' in G are the
elements of T' (use the triangular decomposition).

5

This section is devoted to conjectural remarks on a formal extension of the
main result.
Consider the formulas of Proposition 1, for example
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558 LAURENT CLOZEL
(a) 1+ H)(1+Y)=1+Y)H (1 + H)
(©) (14 X)1+Y) = (14 V)7 (1 4 /) Bt (14 X))

In the p-adic computation the series for, say, (1 + X)* (z € Z;) converges as
an Iwasawa expansion because of the integrality of the binomial function Z) .

However, replace now Ag by k[[Y, H, X]] where k is a field of characteristic
zero. Set p = g, another formal variable, which should however be considered
as a small parameter. The binomial coefficients, namely

(5.1) ((1 * 5)_2) _ 1+ +e) 1) ((L+e)2—n+1)

n n!

and similarly
log(1 + &2 /log(l + €)>

are well-defined series in k[[¢]]. Formulas (a, b, ¢) therefore define the products
HY, XH and XY in k[[e]][[Y, H, X]]. The p—adic results do not seem to imply
that this extends to an associative product in this ring of power series. Note
that if it were so, equations (a,b,c) at € = 0 would simply yield HY = Y H,
XH =HX and XY = Y X. Such an extension would therefore define, quite
naturally, a formal deformation of the algebra of power series k[[Y, H, X]] as-
sociated to the group SL(2). It would be interesting to understand this defor-
mation in group—theoretic terms (or in terms of the Lie algebra) —assuming, of
course, it exists. In this respect one should note that formulas (a,b) allow one
to define inductively the products H"Y"™ and X" H™. However I do not see
how to define XY™ even granting (c).
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