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ABSTRACT. In this paper, we construct two different classes of Vira-
soro modules from twisting Harish-Chandra modules over the twisted
Heisenberg-Virasoro algebra by an automorphism of the twisted
Heisenberg-Virasoro algebra. Weight modules in the first class are
some irreducible highest weight modules over the twisted Heisenberg-
Virasoro algebra. The non-weight modules in the first class are irre-
ducible Whittaker modules over the Virasoro algebra. We obtain con-
crete bases for all irreducible Whittaker modules (instead of a quotient
of modules). This generalizes known results on Whittaker modules.
The second class of modules are non-weight modules which are not
Whittaker modules. We determine the irreducibility and isomorphism
classes of these modules.
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1 INTRODUCTION

Throughout this paper, we will use C, C*, Z, Z, and N to denote the sets
of complex numbers, nonzero complex numbers, integers, nonnegative integers
and positive integers respectively.

The theory of weight modules with finite-dimensional weight spaces over the
Heisenberg algebra, the Virasoro algebra and the twisted Heisenberg-Virasoro
algebra are fairly well developed. We refer the readers to [1], [4] [5], [11], [12],
[13] and the references therein. For weight modules with infinite dimensional
weight spaces, see [3], [7], [17]. Recently Whittaker modules over those algebras
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were studied by many authors, see for example [2], [6], [10], [14], [16]. Besides
Whittaker modules, some new non-weight modules over the Virasoro algebra
were just constructed in [8].

We will use modules over the twisted Heisenberg-Virasoro algebra to study
modules over the Virasoro algebra. Now we first recall the twisted Heisenberg-
Virasoro algebra.

The twisted Heisenberg-Virasoro algebra L is the universal central extension of
the Lie algebra {f(t)< + g(t)|f, g € C[t,t~]} of differential operators of order
at most one on the Laurent polynomial algebra C[t,t~!]. More precisely, the
twisted Heisenbeg-Virasoro algebra L is a Lie algebra over C with the basis

{dn,t", 21, 22, 230 € Z}

and the Lie bracket given by

3

[y, dn] = (M — 1) dpppm + 5n7_m%zl, (1.1)
[d, t™] = mt™ ™ + 6n,_m(n2 +n)zo, (1.2)
[t",t™] = ndp,—m 23, (1.3)

[L,z1] = [L, 25] = [L, 23] = 0. (1.4)

The Lie algebra L has a Virasoro subalgebra Vir with basis {d;, z1|i € Z}, and
a Heisenberg subalgebra H with basis {t’, z3|i € Z}.

Let ¢ be an endomorphism of L, and V be any weight module of .. We can
make V into another L-module, by defining the new action of L on V as

zov=oc(x)v,VreLveV (1.5)

We will call the new module as the twisted module of V' by o, and denote it by
Ve.

To avoid any ambiguity, we will not omit the circ for the new action.

The module V7 can be regarded as the Vir module by restriction to the Vira-
soro subalgebra. One important fact is that we can get a lot of new irreducible
modules over Vir in this simple way, which include some new irreducible Whit-
taker modules. Since these modules are generally not weight modules, it is not
trivial to determine isomorphism classes and irreducibility for these modules.

The paper is organized as follows. In section 2, we collect some known results
for later use. In section 3, we construct our first class of Virasoro modules by
twisting a highest weight L. module (oscillator representation) with automor-
phisms of L, then we obtain some new irreducible Whittaker modules Ly, -,
where m > 0, over the Virasoro algebra. This concrete realization allows us to
give concrete bases for all irreducible Whittaker modules (not only as a quotient
of modules). Our bases for irreducible Whittaker modules Ly, », with m =1
generalize those results in [14] where it was required: 1 (d1)y1(d2) # 0, and
those results in [16] where an explicit formula for the Whittaker vector was give
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only for ©1(d1) # 0 and 91(d2) = 0 in terms of Jack symmetric polynomial.
In section 4, we construct our second class of Virasoro modules by twisting LL
modules of intermediate series with automorphisms of .. Then we determine
the isomorphism classes and irreducibility of these Virasoro modules.

2 PRELIMINARIES

In this section, we collect some notations and known facts for later use. For
details, we refer the readers to [9], [12], [15], and the references therein.

Let us recall the definition of weight modules and highest weight modules over
L.

It is well-known that L has a natural Z-gradation: deg d,,=deg t"=n and deg
zi=0fore=1,2,3. Set

Ly =) (Cdy+Ct"), L= (Cdy,+Ct"),
n>0 n<0
and
Lo = Cdg + Ct° + Cz; + Czy + Cz3.

Then we have the triangular decomposition L=L; & Lo & L_.
For any L-module V and (A, Ay, c1,c2,c3) € C3, set

V(/\J\H,ChCz,Cs) =
{v eV ‘ dov = M, t%v = Agv, and zjv = ;v for i = 1,2,3},

which we generally call the weight space of V' corresponding to the weight
(A, A, c1,c2,c3) € CO. When 0, 21, 29, 23 act as scalars on the whole space V,
we shall simply write V) instead of Vix xy c1,ca,e5)-

An L-module V is called a weight module if V' is the sum of all its weight spaces.
A weight L-module V is called a highest weight module with highest weight
(A, A, c1,¢2, c3) € CP,if there exists a nonzero weight vector v € Viarm e,
such that

c2,c3)

1) V is generated by v as an L-module;

2) L+’U = 0

It is well known that, up to isomorphism, there exists a unique irreducible
highest weight module V(A, Ag,c1,ca,c3) over L with the highest weight
()\, A, €1, Co, Cg) € Co.

For any a,b € C, we have the Vir module A, p, called the module of interme-
diate series, which has basis {t*|k € Z} such that z; acts trivially and

dit* = (a + k 4 bi)t"™* Vi k € Z. (2.1)

It is well-known that A, is irreducible if and only if a ¢ Z or b ¢ {0,1}. We
put Afhb = A, if Ay is irreducible; otherwise A;’b be the unique nontrivial
irreducible sub-quotient of A, .
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Let us summarize some well-known results for the modules of intermediate
series.

THEOREM 1. Let a,b,a1,b; € C.
(1) If b ¢ {0,1}, then Agp = Au b, if and only if b="01 and a — a1 € Z;

(2) If b € {0,1} and a ¢ Z, then we have Agp = Aqy b, of and only if
by €{0,1} and a — a1 € Z;

(3) If b € {0,1} and a € Z, then we have Aqp = Aqg, p, if and only if by = b
and a1 € Z;

(4) If a € Z, then A’(a,0) = A'(a,1) = A’(0,0).

We also need the following result from [15], and we will write it in a slightly
different form for later use.
For any
a=Y at €C[tt'],beC, (2.2)
i€z

we have the 0 = 04, € Aut(LL) defined as

o(dy) =dn +t"(a+nb) — (n+ 1)a_p2o

j Will—n—1q b
7(21% +a_nnb)zs + 0n0b(22 + 523) (2.3)
o(t™) =t" 4 0p0bzs — a_pz3,0(21) = 21 — 24bze — 125223, (2.4)
0(2z2) = 22 + bzs, 0(23) = 23. (2.5)

This can be verified directly, but one has to use the following formula

. m-—n
E (m+14)aia_m-—n_iz3 = g AiQ—m—n—iZ3-
i

2

i
It is clear that

Oab0ai,bi = Tatar,btbrs Vaa € C[t,til], b,b; € C. (26)

3 IRREDUCIBLE WHITTAKER MODULES OVER THE VIRASORO ALGEBRA

Let us recall the oscillator representation of the Heisenberg-Virasoro algebra I
on the Fock space B = Clz1,22,...,Zn,...]. The action of L is defined as (see
Prop.2.3, Lemma 2.2 in [9])

0
t" = a—%,t_":nxn,VneN, (3.1)
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t°=0,23=1;20=0,2, =1, (3.2)
1 o
_ Lt i+k .
dkff5 E‘ez.t TR VE € Z. (3.3)

Actually, B is isomorphic to the irreducible highest weight module
V(0,0,1,0,1) over L as in [12].

For any homogenous polynomial u = xii e xi’; € B, define deg(u) = Zj il5,
and denote B; = span{u = zﬁi . zﬁ’; € B|deg(u) =i} for all i € N. Then we
have the weight space decomposition B = @;enB;, where B; has the weight
—1.

For any 0 # f = Y1, fi with f; € B; and f, # 0, denote deg(f) = n, and
htm(f) = fn-

When o € CJ[t], we have made the Fock space B into an irreducible highest

weight module B¢, It is easy to verify (or from results in [1]) that: for any
beC,a=3",ait € C[t], we have Bo» = V(X% 1§ — a5, 1 — 120, b, 1).
From now on in this section we fix b € C and @ = E:i_m a;t® € A\C[t] with
m >0 and a_,,, # 0.

LEMMA 2. In B=? we have

dpol=0,Yn>2m+1, (3.4)
dnolz—(%Jra,nnb),Vmgnng, (3.5)
z101=1-12b% (3.6)
htm(d,, o (:I:fll . (EZL)) =(m— n)a_mxm_nxfll . le,Vn < m. (3.7)
htm((dildiz e dlk) 9] 1) = Tm—i; Tm—iy - - - Tm—iy, (38)

for all i1,1s,...,1 < m, where a = Hle(a_m(m —1ij;)) € C~.

Proof. These follow from straightforward computations by using the formulas
(2.3)-(2.5). O

From (3.8) we know the following
LEMMA 3. The following set

B={(di,diy...d;,)o1liys <ip <...<ip <m}
is a basis of B,

THEOREM 4. For any o € A\C[t] and b € C, the module B> is irreducible
over Vir.
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Proof. Recall that we have assumed that o = szm a;t® € A\C[t] with m > 0
and a_,, # 0. Let V be a nonzero Vir submodule of B?>? and 0 # f € V
with lowest degree. Suppose that f ¢ C, and deg(f) = n. Say f, = htm(f)
with 52— (f,) # 0. Then we have

0wy

9= (diygm + "+ (i +m)b) - f =di,ymo f+af €V,

Z'L @i —m—iy—i
2

where a = € C. It is straightforward to compute that

9

ht = htm(a_pt™ - f) = a_n,
m(g) = htm(a " f) = -

(fn) # 0.

And deg(g) = n — i1 < n, which contradicts the choice of f. So 1 € V. Thus
V = B« by Lemma 3. Therefore B~ is irreducible as a Vir module. O

For any m € N, denote Virs,, = ®;>,»Cd;. Let ¢, : Vir>,, — C be any
nonzero homomorphism of Lie algebras and z; € C. Defined the one dimen-
sional Vir>,, +Cz; module Cv by d;v = ¢, (d;)v and z1v = Z3v. Then we have
the induced Vir module

o U (Vir)
Lz = IndU(Vier +<Cn)(cv'

Note that Ly, , » is a Whittaker module with respect to the Whittaker pair
(Vir, Virs,, +Cz1), and w = 1 ® v be a cyclic Whittaker vector in the sense of

[2].

From the PBW theorem, Ly, », has a basis

For m = 1, the irreducibility of Ly, » with 11(di)91(d2) # 0 was studied
in [14] (see Proposition 4.8 and 6.1 in [14]), and an explicit formula for the
Whittaker vector was give in [16] for 1;(d1) # 0 and %;(d2) = 0 in terms of
Jack symmetric polynomial.

THEOREM 5. Let b € C and o = Z;i;m a;t* € A with a_,, # 0 and m > 0.

Then B>t 2 Ly, 1 _qop2 with i (dn) = —(%ﬁﬂzﬂmb), for allm > m.

Proof. Tt follows by Lemma 2, Lemma 3 and (3.9). O

THEOREM 6. Suppose z1 € C and ¥, (dam) # 0. Then the Whittaker module
Ly, = over Vir is irreducible.

Proof. Denote ¥, (d,) = dy for n = m,...,2m. It is easy to see that there
exist b € C and some a(t) = 30 o aitt € Clt™1] with a_,, # 0 satisfying the

i=
following equations:
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2 =1—12b%
2
d2m = _Tma
dam—1 = —(A—m@_mi1 + a—2m+1(2m — 1)b),

dn _ 7(21 ;0 —n—j

5 + a_nnb),
F ) DL -
From Theorem 5 we know that Ly, », = B%?. Using Theorem 4 we see that
Ly, 1, is irreducible over Vir. O

Now we can give the main result in this section.

THEOREM 7. Suppose that 1 € C, m € N, and v, : Vir>p, — C is a Lie alge-
bra homomorphism. Then the Whittaker module L., , », over Vir is irreducible

if and only if Y (dan) # 0 o7 Gy (dam—1) # 0.

Proof. 7=": Suppose that ¥, (d2m) = 0, and ¥, (dam—1) = 0. Then it is
staightforward to see that Ly, . has a proper submodule generated by d,,—1-1.
”<«<” From Theorem 8, we need only to counsider the case where 9, (d2,,) =0

and ¥, (dam—1) # 0.
Let Vir[1Z] be the Virasoro algebra with the basis {dy, z | k € 3Z} and subject
to the relations:

n3—n

1
TZl, v m,n §Z

[dna dm] = (m - n)dn—i-m + 5n,—m
Then Vir[Z] is a subalgebra of Vir[3Z]. Now we define 1,,,_1/5 on Vir[37Z] as

Ym—1/2(dr) = Yim(di), Ym-1/2(dk—1/2) =0, Vk € N.

From Theorem 8 we know that the Whittaker module Ly, _, , 2 with respect
to the Whittaker pair (Vir[$Z], Virs,,_1/2 +Cz1) is irreducible with a basis:

(d/ﬁ dk2 T dkT)(dl)l d;D2 o 'dpt)l

where ki,ko, -+ k. € 1/2+ Z with ky < ko < --- < k, < m — 1, and
P1,P2, P € Z with pp <pg <--- <pp <m — 1. Clearly,

W = span{dy,dy, - --dp, 1| p1,p2,- -+ ,pt € Z with py <py <--- <py <m—1}

is a Vir[Z]-module which is a Whittaker module isomorphic to Ly, -, with
respect to the Whittaker pair (Vir[Z], Virs,, +Cz1).
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We want to show that W is irreducible as a Vir[Z]-module. To the contrary,
we assume that W is not irreducible. Take a nonzero proper submodule V of
W. Let V' be the span of the following subspaces

(diydpy - di VWVike, oy hp €1/24+Z with ky < kg < -+ < kp <m — 1.

Then V' is a proper subspace of Ly, _,, . Using PBW Theorem one can

easily show that V' is a submodules of Ly, ,_, , -z over Vir[3Z], which is a con-

tradiction. Thus W is irreducible as a Vir[Z]-module. Therefore the Whittaker
module Ly, -, is irreducible over Vir[Z] if 9., (d2m—1) # 0. O

We like to mention that the results in [14] and [16] are the special case of the
above theorem with m = 1 and 1 (dy)1(d2) # 0 or ¢1(dy) # 0.

4 TRREDUCIBLE MODULES OVER Vir WITH z; = 0

We can make A = C[t,t~!] into an L-module by defining d; = ¢! 4 % acting
as multiplication by ¢/, and z1, 22, 23 acting as zero, i.e.,

di -t9 = gt ¢t =1 5 A=0,VEk=1,2,3.

The module on A is isomorphic to V(0,0;1) defined on Page 187 of [12] which
is an irreducible module over .. We will use this module instead of the most
general case V' (a,b; F'), where a,b, F' € C, since we will essentially obtain iso-
morphic Virasoro modules.
For any o € A,b € C, we have the L-module A, = A?~*. The action of L on
Aa,b is
dpot' = (a+i+nb)t" " Vin € Z, (4.1)
ot =t 2,0A=0,Yi,j€Z, k=1,2,3. (4.2)

In this section, the irreducibility and the isomorphism classes of such modules
are completely determined.

Note that if @ € C, then A, is simply a weight module of intermediate series
in [12].

LEMMA 8. (1) Let'V be an irreducible L module, then Vo=t is irreducible for
any a € A,b e C.

(2) Aup is irreducible as an L module for any a € A, b € C.
Proof. The statements in this Lemma are obvious. o

LEMMA 9. For any k € Z, let
1 1
W = 7§dk,1d1 — §dk+1d71 + drdy € U(VII‘) (43)
Then wy 0 g = b(b—1)tkg, for all k € Z and g € Anp.
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Proof. For any k € Z and t/ € A, 3, we compute
(dy—idi) ot/ = dj—j o (a + j + i)t = (a + j +ib)(a +i+ j + (k — i)b)t**7,

Taking ¢ = —1,0, 1 respectively, we get
, 1
wi ot = [~z (atj+b)(a+ 14+ (k- 1))

1 ‘
—5lati=b)(a=1+j+(k+1)b)+ (atj)(a+j+ kb

=b(b — 1)tk
Thus wi o g =b(b—1)tFg for all k € Z and g € Anp. O

COROLLARY 10. Suppose that b ¢ {0,1}, 0 # g € Agp. Then spanc{w; o gli €
Z} = Aoy if and only if g = ct® for some c € C* and i € Z.

Proof. From Lemma 9, spanc{w; o gli € Z} = Ag. It is clear that Ag = A if
and only if g = ct’ for some ¢ € C* and i € Z. O

LEMMA 11. If a € A\ C, then E, = spanc{at’ +it'|i € Z} # A.

Proof. For any 0 # f = >_I_ bt € A with by, b, # 0, define deg(f) = (s,7)
and [(f) = r — s. Suppose that

a = Zaiti € A\ C, with dega = (m,n).

i=m

CAasE 1. m<0<n.

It is easy to see that I(f) > n —m for all f € E,, hence E, # A in this case.
CASE 2. m>0orn<Q0.

Without loss of generality, we may assume that m > 0. If m = 0 then n > 0
since « ¢ C; if m > 0 then n > m > 0. If ag ¢ Z or m > 0, then it is easy to
check that I(f) > 1forall 0 # f € E,. So E, # A. If ag € Z and m = 0, then
n > 0 and ag # 0. Tt is not hard to see that t~% ¢ FE,,. O

THEOREM 12. Let a« € A,b € C.

(1) If b ¢ {0,1}, then Aqnp is irreducible as a Vir module with action defined
as in (4.1).

(2) The Vir module A1 is irreducible if and only if o € C\Z. If o ¢ C\Z,
then _
dO (¢] Aa71 = @iez(C(Oé + i)tZ

is the unique irreducible Vir submodule of Aqp, and Vir acts on Ay,1/(dgo
Aa1) as zero.

(8) The Vir module Aq,o is irreducible if and only if o ¢ Z.
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(4) We have dg o Ap1 = Ay as Vir-module if o € Z.

Proof. (1). Suppose that b # 0,1. Let M be a nonzero Vir submodule of A, p.
Then by lemma 9, we have t' - M C M for all i € Z. Hence M is also an L
submodule of A, . Thus M = A, by lemma 8. So A, is irreducible as Vir
module in this case.

(2). Note that dj o g = dyo (t7g) for all g € Ay 1,7 € Z. So dy o An is a
Vir submodule of 4,1, and Vir acts trivially on Ay 1/(do © Aq,1). For any
nonzero Vir submodule M of A, 1. Let AM = span{tigli € Z,g € M}. Since
doot'g=d;og € M for all g € M, then

do o AM C M. (4.4)

Noting that d; o (t'g) = di4; o g we see that AM is a Vir submodule. Then
AM is also an L module, and AM = A by lemma 8. Combining with (4.4), we
have dy o Aq1 C M, i.e., dg o Ay,1 is the unique minimum nonzero submodule
of Ay 1. Note that dyo Ay 1 = spanc{(a +14)t'|i € Z}. Using Lemma 11 we see
that A, 1 is not irreducible if a ¢ C. For a € C it is well-known that A, ; is
not irreducible if and only if « € Z. This proves (2).

(3) and (4). It is straightforward to check that 7 : Ay — do 0 Ag,1 with
n(g) = do o g is a Vir-module epimorphism. From (2), we know that Ao
is irreducible if and only if n is injective. Note that if dy o g = 0 for some
0 # g € A1, then t%(g) + ag = 0. By comparing the terms of highest and
lowest degree in t respectively, we have a € C. Using well-known results on
Aq o for a € C, we see that the statements in (3) and (4) are true. So we have
proved the theorem. O

LEMMA 13. If oy — ag € Z, then Ay, p = Aa,p as Vir-modules.

Proof. Suppose that a; = ag + k for some k € Z. Then it is straightforward to
check that 1 : Aa, p — Aay b with n(t!) = t*+F is a Vir-module isomorphism.
O

LEMMA 14. For any « ¢ 7 there exist finitely many nonzero o e U(Vir) for
i € Z such that for any k € Z, the element

ok =Y dipgpvl) € U(Vir) (4.5)

satisfies that uq 1, 0 g = tkumo 0g in Ago forall g € Anp.

Proof. Note that Aq,o is irreducible as a Vir module. Since dpo1 = a # 0,
there exists uq € U(Vir) such that ugodpol =1. Let uq,0 = uq - do € U(Vir).
Then we can write uq,o as in (4.5) with k¥ = 0, and we have the definition for
Uq k- Note that dii; 0 g = t*(d; 0 g) for all g € Ay and k € Z. Then we can
easily verify that uq,, 09 = tkua,O ogin Ay for all g € Ay . O
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THEOREM 15. Let oy, a0 € A, b1,by € C.

(1) Ifby ¢ {0,1}, then Aa, b, = Aas b, as Vir modules if and only if a1 —ag €
Z and b1 = bg.

(2) Ifb e {0,1}, then An, p = A, b as Vir modules if and only if a1 —ag € Z.
(8) Ay 0= Aay 1 as Vir modules if and only if a1 — ag € Z and a; € C\Z.

Proof. From Theorem 1, Theorem 12, and Lemma 13, we see that all the
sufficient conditions in (1)-(3) are satisfied. So we need only to prove the
necessity of the conditions in (1)-(3).

(1). From Lemma 9, we have by (b —1) = ba(ba—1) # 0. So ba ¢ {0,1}. Suppose
that o : Ay, b, = Aas,b, i @ Vir module isomorphism. By Lemma 9 again, we
know that {wy o 1|k € Z} is a basis for Aa, p,- Then {wiyoo(1l) |k € Z} isa
basis for A, p,. By Corollary 10, we know that o(1) = ct? for some ¢ € C* and
ip € Z. Computing o(d;o1) = d;joo(1), we have ({9 +az—a1)+ (ba—b1)j =0,
for all ] € Z. Thus a1 = oo + io and b1 = bQ.

(2). Case 1. b=0.
If oy € Z, then we have az € Z by Theorem 12 (3).
Now suppose that aj,as ¢ Z, and that o : Ay, .0 = Aas,0 is a Vir-module
isomorphism. Take uq, 1 as in Lemma 14. Then uq, 01 = tk, for all k € Z.
Note that

o(t5) = 7(tay 1 0 1) = tay i 0 0(1)

= tk(uaho oo(l)) = tka(uaho ol)= tka(l) € Ay 0-

Then
Apy 0 =0(Aa, 0) = spanc{o(ua, k0 1)k € Z}

= spanc{tFo(1)|k € Z} = Ao(1).

So o(1) = ct' for some ¢ € C*, iy € Z, and
o(t') =ct', Vi Z

By a similar computation as in the last step in (1), we deduce that a1 = a4 1o
and the result follows in this case.

CASE 2. b=1.

Suppose that Ay, 1 = Aq,.1 as Vir modules. If ay € Z, then A,, 1 is a weight
module with respect to dy. This forces A,,,1 to be a weight module with respect
to dy. So ag € C. Theorem 14 (2) ensures that oy — as € Z.

Now suppose that ag,as ¢ Z. From Theorem 14 (4) we know that A, o =
dopoAa,1 = dooAa, 1 = Aq, o as irreducible Vir modules. Thus oy —az € Z
by Case 1.

(3). If ap € C, then A,, 1 is a weight module with respect to dy. This forces
Aq, 0 to be a weight module with respect to dy. So a; € C. From Theorem 1
we know that a1 — as € Z and oy € C\Z.
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Now suppose that as ¢ C, then A,, 1 is a non-weight module with respect to
dp. This forces Aq, 0 to be a non-weight module with respect to dy. So o ¢ C.
From Theorem 12 (2) and (4) we know that A, ¢ is irreducible while A,, 1 is
not irreducible. So A,, 0 and A,, 1 cannot be isomorphic in this case. O
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