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ABSTRACT. Let K be an arbitrary field of characteristic not equal to
2. Let m,n € N and V be an m dimensional orthogonal space over K.
There is a right action of the Brauer algebra 9B,,(m) on the n-tensor
space V®" which centralizes the left action of the orthogonal group
O(V). Recently G.I. Lehrer and R.B. Zhang defined certain quasi-
idempotents E; in B, (m) (see (1.1)) and proved that the annihilator
of V®™ in B,,(m) is always equal to the two-sided ideal generated by
Ej(m41)/2) if char K = 0 or char K > 2(m+1). In this paper we extend
this theorem to arbitrary field K with char K # 2 as conjectured
by Lehrer and Zhang. As a byproduct, we discover a combinatorial
identity which relates to the dimensions of Specht modules over the
symmetric groups of different sizes and a new integral basis for the
annihilator of V™ +! in B, 1 (m).
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1 INTRODUCTION

Let N be the set of non-negative integers. Let x be an indeterminate over Z and
0 < n € N. The Brauer algebra B, (z) over Z[z] was introduced by Richard
Brauer (see [1]) when he studied how the n-tensor space V®" decomposes into
irreducible modules over the orthogonal group O(V) or the symplectic group
Sp(V'), where V is an orthogonal vector space or a symplectic vector space. It
was defined as the free Z[z]-module on the basis of the set Bd,, of all Brauer
n-diagrams, graphs on 2n vertices, and n edges with the property that every
vertex is incident to precisely one edge. The multiplication of two Brauer n-
diagrams is defined using natural concatenation of diagrams. Precisely, we
compose two diagrams D, Dy by identifying the bottom row of vertices in
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D, with the top row of vertices in Dy. The result is a graph, with a certain
number, n(D1, D), of interior loops. After removing the interior loops and
the identified vertices, retaining the edges and remaining vertices, we obtain
a new Brauer n-diagram D; o D5, the composite diagram. Then we define
Dy - Dy = z"(P1.D2)py o Dy, For example, let d be the following Brauer 5-
diagram.

10 9 8 7 6
Figure 1.1

Let d’ be the following Brauer 5-diagram.

1 2 3 4 5
10 9 8 7 6
Figure 1.2
Then dd’ is equal to
1 2 3 4 5
1 2 3 4 5

Figure 1.3

In general, the multiplication of two elements in %B,,(z) is given by the linear
extension of a product defined on diagrams. For each integer i with 1 < i < 2n,
we define i~ := 2n + 1 — i. The Brauer algebra B, (x) is a free Z[z]-module
with rank (2n —1)- (2n—3)---3- 1. For any Z[z]-algebra R with x specialized
to 6 € R, we define B,,(6)r := R Q5] Bn(v).

Now let K be an arbitrary field of characteristic not equal to 2. Let m,n be
two positive integers and V' an m dimensional orthogonal space over K. Let
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B, (m) be the specialized Brauer algebra with parameter m - 1x. There is a
right action of B,,(m) on the n-tensor space V®™ which commutes with the left
action of the orthogonal group O(V). If K = C, then by a well-known result
of Brauer [1], the canonical homomorphism ¢ : B,(m) — Endon)(V®") is
surjective. In general, as long as K is an infinite field of characteristic not
equal to 2, the surjection still holds and we actually have a characteristic-free
version of the Schur-Weyl duality between B,,(m) and KO(V) on V®". For
the proof as well as the symplectic version of these results, we refer the readers
to [7], [10] and [11].

The above Schur—Weyl duality is closely related to the second fundamental
theorem in invariant theory for O(V'). By [12] and [27], ®B,,(m) is semisimple
if and only if m > n — 1. From the representation theoretic point of view, it
is desirable to describe the radical of 9B, (m) in the non-semisimple case. By
[16], the kernel of ¢ is closely related to the radical of 98,,(m). Therefore, it is
important to understand the kernel of ¢. Note that ¢ is not injective if and
only if n > m + 1. In [16, Theorem 4.8], using the invariant theory for O(V),
Gavarini showed that the kernel of ¢ is spanned by some diagrammatic minors
of order m+ 1 (which are certain alternating sum of some Brauer n-diagrams).
Note that, however, those diagrammatic minors are not necessarily K-linearly
independent. In [11, Theorem 1.4, Theorem 6.9], an integral basis for the kernel
of ¢ was obtained. The Brauer algebra 9B,,(m) can be endowed with a right
Gap-module structure in a way such that Ker ¢ is an Sa,-submodule (cf. [11]
and [15]). So far, to the best of our knowledge, it remains an open question on
whether or not there exists a characteristic-free basis for Ker ¢ which consists
of some diagrammatic minors of order m + 1.

In [20, Corollary 5.9], we proved in the symplectic case that Ker ¢ is always
generated by one specific diagrammatic Pfaffian of order 2m + 2. In the quan-
tized type C case, we proved (in [20, Proposition 5.6]) a similar statement
under the assumption that the quantum parameter ¢ is generic. Recently, G.I.
Lehrer and R.B. Zhang have studied extensively the orthogonal case in [22] by
connecting it with the second fundamental theorem of invariant theory for the
orthogonal group. For each Brauer n-diagram D € Bd,,, the vertices of D are
arranged in two rows: the top and bottom rows. The vertices in top row are
labeled by the indices 1,2, -+ ,n from left to right; while the vertices in bottom
row are labeled by the indices 17,--- ;n™ from left to right. The following key
definitions are due to them.

DEFINITION 1.1. ([22, Definition 4.2)) Let a,b € N such that 1 < a+b < n.
Let Bd(a,b) be the set of all Brauer n-diagrams D such that:

(1) for each integer s with a+b+1 < s < n, D connects the vertex labeled
by s with the vertex labeled by s~ ; and

(2) for each integer s with s € {1,2,--- ,a,(a+1)",(a+2)",--- ,(a+b)"},
D connects the vertex labeled by s with the vertex labeled by t for t €
{17,27,---,a,a+1l,a+2,--- ;a+b}.
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We define

Eapi= Y. sign(D)D, Ei:=FEim1i YO<i<m+1.
DeBd(a,b)

We refer the reader to Definition 2.2 for the definition of sign(D).! Lehrer
and Zhang have proved a number of important properties about those E;. In
particular, they have proved the following theorem in [22].

THEOREM 1.2. (][22, Proposition 4.4, Theorems 4.3, 9.4]) Assume that m < n.
Then for each integer i with 0 <1 < [(m + 1)/2], E; € Kery. Furthermore, if
char K = 0 or char K > 2(m + 1) then Ker ¢ is the two-sided ideal of B, (m)
generated by Ej(yy1)/2]-

Furthermore, Lehrer and Zhang have conjectured in [22, Remark 9.5] that
the second statement of the above theorem is true for arbitrary field K with
char K # 2. The main result in this paper is a proof of this conjecture. In
other words, we extend Lehrer and Zhang’s theorem to arbitrary field K with
char K # 2. That is,

THEOREM 1.3. Let K be an arbitrary field of characteristic other than two.
Then Ker ¢ is always equal to the two-sided ideal generated by Ej(pm41)/2)-

As a byproduct, we discover (in Theorem 4.15 and Corollary 4.17) a combina-
torial identity which connects to the dimensions of some Specht modules over
the symmetric group Soy, 42 and the symmetric group &,,,+1. We get (in Corol-
lary 4.19) a new integral basis for the annihilator of VE™*! in %B,,,1(m). The
content is organized as follows. In Section 2 we recall some basic knowledge
about the structure and representation theory of the Brauer algebras as well as
some related combinatorics which are needed later. In Section 3 we prove that
the annihilator of V®" in %B,,(m) is equal to the two-sided ideal generated by
Eo, E1, ..., E(m+1)/2)- The proof makes essential use of the integral basis of
Ker ¢ obtained in [11]. In Section 4 we prove our main result Theorem 1.3. The
proof will proceed in three steps. The main strategy to prove Theorem 1.3 is
to transform it into a statement about identification between certain two-sided
ideals in the symmetric group algebra KS,,. For the latter, we make use of the
Young seminormal basis and the Murphy basis theory of the symmetric group
algebras as well as the first main result obtained in Section 3.

ACKNOWLEDGMENTS. The first author is supported by the Australian Re-
search Council and the National Natural Science Foundation of China (Grant
No. 11171021). The second author is supported by a research foundation of
Huagiao University (Grant No. 10BS323).

LAt a first look, the definition of F; which we give here seems to be different with [22,
Definition 4.2]. But they are indeed the same. The equivalence between the two definitions
follows from a simple counting by the proof given in the paragraph directly below [22, (4.5)].
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2 THE BRAUER ALGEBRA

The Brauer algebra B, () can be alternatively defined as the unital associative
Z|x]-algebra with generators s1,- -, Sp—1,€1, - -+ , €n—1 and relations (see [13]):

s?: 1, e? =xe;, €;8; =€; = 8¢5, V1<i<n-—1,
5;8; = 5j8i, 5i€j = €;5;, €;ej = €56, VI<i<j—1<n-—2,
8i8i415i = Si4+15iSi+1, €i€it1€; = €5, €;41€i€i41 = €i41, V1< i <n —2,
8i€i41€; = Si11€i, €i41€;Si41 = €418, V1<i1<n—2.

Note that the subalgebra of %B,,(x) generated by s1,- - , $p—1 is isSomorphic to
the symmetric group algebra Z[z]&,, of &,, over Z[x] and s1,- - , 8,1 are the
standard Coxeter generators. Let £ : &,, — N be the length function on &,,
so that f(w) = k if k is minimal such that w = s;, ...s;,, for some s;; with

For each integer 1 < j < n, the generator s; corresponds to the Brauer n-
diagram with edges connecting the vertices j (respectively, j 4+ 1) on the top
row with (5 + 1)~ (respectively, j~) on the bottom row, and all other edges
are vertical, connecting the vertices k and £~ on the top and bottom rows for
all k& # 4,7 + 1; the generator e; corresponds to the Brauer n-diagram with
horizontal edges connecting the vertices j,j + 1 (resp., j7,(j + 1)7) on the
top rows (resp., bottom rows), and all other edges are vertical, connecting the
vertices k and k= on the top and bottom rows for all k # j,j + 1.

Let R be a commutative integral domain which is an Z[z]-algebra such that
x is specialized to 6 € R. Then both the symmetric group algebra RS,, and
the Brauer algebra 9B,,(d)g are cellular algebras over R (see [26] and [17]). To
recall their cellular structures we need some combinatorics. A composition of
n is a sequence of nonnegative integer A = (A1, Ag,--+) with Y .o, Ai =n. A
composition A = (A1, A, -+ ) of n is said to be a partition if Ay > Ao > ---. In
this case, we write A F n and |A| = n. We use P,, to denote the set of all the
partitions of n. For any composition A of n, the conjugate of A is defined to be
a partition A" = (X}, Ay, --+), where X} := #{i|\; > j} for each j > 1. We use
G, to denote the standard Young subgroup of G,, corresponding to A. That is

OA =62, A X Gut1 42, Akda} X0

Let A be a composition of n. The Young diagram of A is defined to be the set
W= {G5) [ 1< <M}

The elements of [A] are called nodes of A\. A A-tableau is a bijection t : [\] —
{1,2,---,n}. The symmetric group &,, acts on the set of A-tableaux from the
right hand side by letter permutations. If A is a partition, then the conjugate of
t is define to be the X-tableau t' such that (i, j) := t(4,¢) for any (i, j) € [X].
The A-tableau t is row standard if (i, j) < t(i, k) whenever j < k. t is standard
if both t and t' are row-standard. Let Std()) be the set of standard A-tableaux.

DOCUMENTA MATHEMATICA 17 (2012) 245-270



250 J. Hu, Z. X1A0

We denote by t* (respectively, ty) the standard A-tableau in which the numbers
1,2,--- ,n appear in order along successive rows (respectively, columns). If t
is a A-tableau then let d(t) € &,, such that t*d(t) = t and we shall write
Shape(t) = A. Note that &y is the row stabilizer of t*. We use D) to denote
the set of distinguished right coset representatives of G in &,,. Then for any
d € Dy and w € & we have that ¢(wd) = {(w) + ¢(d). Let wy € &, such that
t*wy = ty. Then wy € Dy.

We define

X,\ = Z w, Y)\ = Z (_1)Z(w)w-

weS ) weS )

Let 7 be the R-algebra automorphism of RS,, which is defined on generators
by 7(s;) = —s; for any 1 < i < n. It is clear that 72 = id and 7(Y)) = X,.

Let A F n. For any s,t € Std()\), we define Xg := d(s) "' X,\d(t). By a well-
known result of Murphy [26], the set {Xs(|A F n,s,t € Std(\)} is a basis of
RG,,. We call it the Murphy basis of RG,,. It is a cellular basis of RG,, in the
sense of [17]. Note also that the set {Ys¢ := d(s)"1Yad(t)|\ - n,5,t € Std(\)}
is a cellular basis of RG,, too. We call it the Y Murphy basis of RS,,. For
both cellular bases the cell modules (i.e., Specht modules) of RG,, are labeled
by the partitions in P,,.

For any A, i € Py, we write A> p if 22:1 Aj > 22‘:1 w; for any i > 1. If AD p
and A # p, then we write A > . We use (R&,,)2* (respectively, (RS,)>?) to
denote the free R-submodule of RS,, spanned by the Murphy basis elements
of the form X, with u,v € Std(u) and p > A (respectively, pu > A). Then both
(RG&,)E* and (R&,,)>* are two-sided ideals of RG,,.

We now recall the cellular structure of the Brauer algebra %B,,(m). Let f be an
integer with 0 < f < [n/2], where [n/2] is the largest non-negative integer not
bigger than n/2. We define

Md<@B)d<---<(2f-1)d

(2j —1)d < (2j)dfor 1 <j < f
Cf+l)d< 2f+2)d< - < (n)d}

Df = {dE S,

For each A € P, _as, we denote by Stdas(A) the set of all the standard A-
tableaux with entries in {2f +1,--- ,n}. The initial tableau t? in this case has
the numbers 2f + 1,--- ,n in order along successive rows. Again, for each t €
Stday(A), let d(t) be the unique element in Syop41.... ny € &, with t}d(t) =t
Let 0 € G2541,... n) and d1,d2 € Dy. Then dfleleg -+ -egf_10dy corresponds
to the Brauer n-diagram where the top horizontal edges connect (2i — 1)d;
and (2i)dy, the bottom horizontal edges connect ((2i —1)d2)  and ((2i)ds)

for i = 1,2,---, f, and the vertical edges connects (j)d; with ((j)dg)f for
J=2f+1,2f+2,-- ,n.
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LEMMA 2.1. ([10, Corollary 3.3]) With the above notations, the set
{d116163 .- '€2f_10'd2 0< f < [H/Q], (S 6{2f+11...1n}, di,ds € Df}.

is a basis of the Brauer algebra B,,(x)r, which coincides with the natural basis
given by Brauer n-diagrams.

DEFINITION 2.2. Let D = dfleleg ---egp_10ds € Bd,,, where 0 < f < [n/2],
0 €6 (2541,... n}, d1,da € Dy. Then we define £(D) := £(d1) +£(d2) +£(c) and
sign(D) := (—1)F(=1)4P),

REMARK 2.3. 1) We can always draw the Brauer diagram as a “nice diagram”
(i.e., in a way such that two edges intersect at most once and there are no
self-intersections and no three edges intersect at one point, etc, see [14, 1.1]).
If D is represented by a “nice diagram” with f horizontal edges in each row
and n(D) is the number of crossings of edges, then sign(D) = (—1)/+7(D),
Moreover, if D € &,, then n(D) coincides with the length function on &,
which we introduced before.

2) For any D1, Dy € Bd,,, note that in general

sign(DyD3) # sign(Dy) sign(D3).

3) Our definition of sign(D) coincides with that of (D) in [16, 1.4].

Note that, however, the above basis is not a cellular basis for B, (x). But if we
replace the o in the above basis by a Murphy basis element of RS (2741,... n}
then we will get a cellular basis of 98, (x). Precisely, the set

-1 -1y (f) Oéfg[n/2]7A€Pn72f
{dl €1€3 €2f*1(d(5) X)\ d(t))dQ 5,t c Stde()\),dl,dQ c Df 9

where X)(\f) = EwGG(f) w and
A

.
6& )= Grapat,2f 471 X Spaf4ai41, 2f 4420} X

is a cellular basis of the Brauer algebra 9B, (x)r. The cell modules of B,,(x)r
are labeled by the set of pairs (f, A), where 0 < f < [n/2] and A+ n —2f. For
any two pairs (f, ), (g, ) with 0 < f, g < [n/2] and X\ € Pp_ay, it € Pp_og, We
define (f,\) > (g, p) if either f > gor f = gand A> pu. If (f,A) > (g, 1) and
(f,\) # (g, 1), then we write (f, \)t> (g, ). We use (B,,(x))ZF) (respectively,
(B, (2))> M) to denote the free R-submodule of B, () spanned by the cellular
basis elements corresponding to those (g, i, d1,da, 5, t) with g1 € Pp_og, d1,ds €
Dy, s,t € Std(p) and (g, 1) > (f, A) (respectively, (g, 1) &> (f,A)). Then both
(B, (2))2FN) and (B, (z))> N are two-sided ideals of B,,(z). In particular, if
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we denote by B, (z)(f) the two-sided ideal of B, (x) generated by e1e3 - - - eaf_1,

then
Ba(@) = 3 (Baw)Z0N
AFn—2f

is spanned by the cellular basis elements which it contains. Henceforth, we
shall write B instead of B, (z)) for simplicity.

The Brauer algebra 9B, (z) and its specialized version have been studied in
a number of references, e.g., [1], [2], [3], [4], [5], [6], [7], [10], [12], [14], [15],
[16], [19], [20], [25], [27] and [28]. In the set up of Schur—-Weyl duality for
orthogonal groups, we only need certain specialized Brauer algebras. Let K be
a field of characteristic not equal to 2. Let m € N and V' an m-dimensional
orthogonal space over K. Let B, (m)z := Z ®z[y) Bn(x), where Z is regarded
as Z[z]-algebra by specifying = to m. Let B, (m) := K ®z B, (m)z, where K
is regarded as Z-algebra in the natural way. Then there is a right action of
B,,(m) on the n-tensor space V™ which commutes with the natural left action
of O(V). We recall the definition of this action. Let d;; denote the value of
the usual Kronecker delta. We fix an ordered basis {vl, Vg, « v+ ,Um} of V such
that
(Ui,vj):6i1m+1_j, V1 S’L,jgm

The right action of B,,(m) on V& is defined on generators by
(viy @+~ @03, )85 = Vi, @+ Bi;_, OViyy, Qi By, @ DUy,
m
(Vi, ® - @i, )ej = i) ma1—i; 1 Vi @ QVi;_, ® (Z Uk @ Um+1—k)
k=1
QUi @ ®j,

Let K be the algebraic closure of K. Set V= := K ®x V. Then by the main
results in [1], [2], [3], [7], [11] and [29], we know that there is a Schur—Weyl
duality between B,(m); and O(Vy) on Vg". In particular, we have two
surjective homomorphisms as follows:

257k %n (m)f — Endo(vf) (Vgn% ’l/)ﬁ : FO(Vf) — End%n’(m)f(vgn).

Furthermore, ¢ is injective if and only if m > n. If m < n then dim Ker p5
is independent of the characteristic of the field K (as long as char K # 2).

From now on until the end of this section, we assume that m < n. The main
results in [11] actually implies that dimy Ker g7 = dimg Ker ¢ and Ker g7z =
K ®k Ker ¢ because [11, Theorem 1.4, Theorem 6.9] gave an integral basis for
Ker ¢ In particular, dim Ker ¢ is independent of the characteristic of the field
K (as long as char K # 2). In the following sections we shall sometimes use
Anng (;m) (V®") to denote the annihilator of V" in B, (m). By definition,
Anng, (1) (VE™) = Ker ¢.
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3 THE ANNIHILATOR OF n-TENSOR SPACE

In this section, we shall prove that the annihilator of V®" in 9B,,(m) is equal
to the two-sided ideal generated by Eo, E', ..., E[(m41)/2)- This generalizes the
early result (for the case char K = 0) of Lehrer—Zhang [22, Theorem 6.1].

We first recall a definition and a result given in [22].

DEFINITION 3.1. ([22, Lemma 4.1]) Let S = (i1,--- ,in),S" = (j1, -+ ,jn) be
two N-tuples of integers such that {iy, - ,in},{j1, - ,Jin} are two disjoint
subsets of {1,2,---,2n}. Let 8 be any pairing of the vertices {1, 2,--- ,Qn} \
{i1," " yin,J1, * ,in}. Forw € &y, let D,,(S,S’,B) be the Brauer diagram
with edges {(ik,jﬂ(k)) | k=1,2,--- ,N} U p. We define

b(S, 8", 8) = Y sign(w)Dy (S, 5, 8) € By (m).

weS N
LEMMA 3.2. ([22, (4.5)]) Let Sop :=(1,2,--- ,a,(a+1)", (a+2)", -, (a+b)7),
Sty =(a+la+2,--,a+b17,27,-- a”), Bayp be the pairing (a + b+

La+b+1)7), (a+b+2,(a+b+2)7),---,(n,n"). Then we have that

Ea,b = b(sa,ba S(/J,,ba Ba-i-b)'

The advantage of the above alternative description of E,; lies in that the
sign sign(w) before D,,(S,S’,3) depends only on w which is more easier to
be handled than the sign sign(D,,(S,S5’,3)). More precisely, up to a sign,
b(S,S’, 8) depends only on 8 and the two subsets {i1,--- ,in}, {j1," - ,Jn}
but not on the orderings on these two subsets.

For any h € B,,(m), we use (h) to denote the two-sided ideal of B,,(m) gener-
ated by h. For any finite set S, we use |S| to denote the cardinality of S.

LEMMA 3.3. Leta,b € N such that 1 < a+b < n. Then there exist two elements
wy,we € Gqup such that By q = tur Eq pwa. In particular, (Eqp) = (Epq).

Proof. This is clear by Lemma 3.2. In fact, we can take w; to be the Brauer
n-diagram which has

{17(a’+1>_}a {2a (a+2)_}a"' 7{bﬂ (a+b)_}v
{b+1,17}, {p+2,27},--- ,{b+a,a"},
{r,r=}, forallre{a+b+1,a+b+2,--- ,n},

as its (vertical) edges; and ws to be the Brauer n-diagram which has

{17(b+1)7}a {2a (b+2)7}7 a{av (b+a)7}v
{a+1,17}, {a+2,27},--- {a+b,b"},
{r,r=}, forallre{a+b+1,a+b+2,--- ,n},

as its vertical edges. o
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The proof of the next lemma uses the original definition of Ej .

LEMMA 3.4. For any positive integers a,b with 1 < a + b < n, we have that
Ea,b S <Ea,b71> N <Ea71,b>'

Proof. For each k € {1,2,--- ,a,(a+ 1)7,---,(a + b)"}, we use Bd(k;a,b)
to denote the subset of the Brauer diagrams in Bd(a,b) which have the edge
{k,a+b}.

If k=1ie{1,2,---,a} then we use d to denote the Brauer n-diagram which
has {k,a+ b} and {k~, (a + b)~} as its only horizontal edges and

{r,r™}, forallre{1,2,--- ,n}\{k,a+ b},

as its vertical edges. It is clear that sign(d) = —1. By the concatenation rule
of Brauer diagrams, it is easy to see that

{D| D eBd(k;a,b)} = {dD" | D" € Bd(a,b—1)}.
We claim that

> sign(D)D = —dEap-1 € (Eap1).
DeBd(k;a,b)

To prove this claim, it suffices to show that for each D” € Bd(a,b — 1),
sign(dD") = sign(d) sign(D") = — sign(D"). (3.5)

Note that when concatenating a “nice diagram” for d with a “nice diagram” for
D’ and transforming it into a “nice diagram” for dD”, the only transformation
which can possibly change the parity of £(d) + 1+ £(D") 4+ f (where 2f is the
number of horizontal edges of D”) is the following type of edge which was
drawn in red color (where D" € Bd(a,b—1)):

1 k a a+tb-1 atb
® o ([
d =
o
D" =
® ]

e o X W X

2n 2n+1-k on+1-a-b

Figure 1.4

That is, we need to eliminate the self-intersection in the following picture.
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Figure 1.5

However, by eliminating the above self-intersection and making it into an edge
in a “nice diagram” for dD” has the effect of removing one horizontal edge
on the top rows of D" together with eliminating 2k — 1 crossing on this con-
catenation diagram for some k£ € N. To be more precise, when we eliminate
the self-intersection in Figure 1.5, the immediate effect is that we will remove
one top horizontal edge of D" as well as one crossing from the concatenation
diagram. However, there are possibly some more crossings which will be re-
moved. These are the crossings arising from the vertices inside the area circled
by the edge in Figure 1.5. If a vertex v inside the area connects with another
vertex which is also inside the circled area then these two interior vertices will
contribute two crossings with the red line which will finally be eliminated; oth-
erwise ~ itself will connect with two different vertices outside the circled area
and hence will produce two crossings with the red line which will finally be
eliminated. To sum all, the sign finally remains unchanged. This proves (3.5).

Ifk=ie€{(a+1)",(a+2)",---,(a+b)"} then we use d’ to denote the
Brauer n-diagram which has

{17(14»1)7}7 {Z+17(Z+2)7}57{a’+b715(a+b)7}5 {a’+bvli}a
{r,r=}, forallre{1,2,---,i—1}U{a+b+1,a+b+2,---,n},

as its (vertical) edges. It is clear that sign(Dz) = (—1)2**~%. Then by a similar
argument as in the case k = i, we can deduce that

> sign(D)D = (1) By 1d € (Bapa).
DeBd(k;a,b)

Therefore, we have that

Equp = Z Z sign(D)D € (Eqp—1)-

ke{1,2,---,a,(a+1)~,-,(a+b)~ } DeBd(k;a,b)

This proves Eqp € (Eqp—1). It remains to prove that E,p, € (Eq—1).
Exchanging the roles of a and b and using Lemma 3.3, we see that

<Ea,b> = <Eb,a> C <Eb,a—1> = <Ea—1,b>-

as required. This completes the proof of the lemma. o
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Note that if @ > 1 and b = 0 (respectively, if @ = 0 and b > 1) then, by
the theory of symmetric group, we have that E, o € (Eq_1,0) (respectively,
Eop € (Eop-1))-

Let AM, AP AG) AM be four subsets of indices such that
(a) AD N AU = for any 1 <i# j < 4; and
(b) AW LAG) C{1,2,--- ,n}, A LUA® C{17,27,--- ,n"}; and
(©) AW+ 4O = 4O 414

Recall that i~ = 2n + 1 — i for each 1 < i < 2n. We set ng := |A1D)| +]|A?)],
and

4
{111,&2,"' ;a2n72n0} = {1,2,~~~ ,2n}\ |_| AR
k=1

Let (i1,71,%2,72,** s in—ngs jn—ng) be a fixed permutation of {a1, -+ , aan—2n, }-
Set

i:= (il;i%"' 7in7no)7 j:: (j17j2;"' 7jnfng)-
AP agy = |AP)|, agg := AW,

ay] = |A(1)|, ayg =

Let B;; be the pairing (i1,71), (42, J2),  , (in—ngs Jn-ne)- We fix an ordering
on AN 1 AP and an ordering on A®) 11 A® respectively. We define S4, S’ to
be the corresponding no-tuples with respect to the two orderings. As we said
before, for different choices of orderings, b(S4, S, 8i;) differs only by a sign.

LEMMA 3.6. With notations as above, we have that
b(SAﬂ S;&; ﬂi,j) € <Ea11+k-,a12*k>v
for some integers 0 < k < min{aia,n — a11}.

Proof. Assume that

Sa=(q1,""" 1Gary»Payyt 15" " »Pagstars)s

S = (Gasi+1>" " sQasitas D1 s+ Payy)s

{qa11+a21+1ﬂ"' ;Qn} = {il;"' 57:7177’7,[)5.7'15“' ;jnfno}m{LQ;"' ,TL},
{Parstasst1o 5 Pa b = {01 vin—ng, 1, Jnmne } N1, 27, 0T}

where a11 + a12 = as1 + az2 = ng. In other words,

A(l) — {(h, e ;Qau}a A(Q) = {p;22+1, T ’p;22+a12}’
A® = {gar i1, dansam ), A® ={pr, - pi ).

We divide the proof into three cases:
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Case 1. a1 = agz and a12 = ao1. In this case, We use o1 to denote the Brauer
diagram which has the following edges

{kjaqlz}a f0r1§k§a11+a215

{ant +a21 + 1,4, 10y 41}y for 1<I<n—an —az,
and use o3 to denote the Brauer diagram which has the following edges

{pkak_}a f0r1§k§a12+a225

{Parotassti; (@12 + a2 +1)7}, for 1 <1<n—ap— az.

Then 01,09 are both elements in the symmetric group &,,.
The pairing f;; and the elements 01,02 determine a pairing 5 on the set of
vertices {no+1,n0+2,---,n,(ng+1)",(no+2)",--- ,n~}, and hence a Brauer
(n — ng)-diagram D. Since the number of top horizontal edges of D is the
same as the number of the bottom horizontal edges of D, we can clearly write
D = Dy1DyDy such that Dy, Dy, D2 € Bd,,_,, and Dy contains only the vertical
edges of the form (k, k™) with ng+1 < k < n. We extend the Brauer diagrams
Dy, D5 € Bd,,—p, to be Brauer diagrams D}, D} € Bd,, by adding the vertical
edges (k, k™) with 1 < k < ng to their left-hand sides.
Then it follows directly from the alternative description of E, ; given in Lemma
3.2 that

Ulb(SAﬂ S;h ﬂi,j)o—Q = DllEan,amDé'

It follows (by Lemma 3.3) that
b(SAv Sﬁ%ﬂi,j) = 0;1D1E0111a12DéU;1 € <E1111,a12> = <E0121a11>7

as required.

Case 2. a11 > aogs and a1s < ag1. We set d := a11 — age. Then d € N and
d > 1. We use induction on d. It is clear that a;; > 1. In this case, for each
Brauer diagram D" involved in b(Sa, S, Bij), since a1 + ag1 > a1z + ass,
there must be some bottom horizontal edges in D" of the form {p,,p, } with
a,b > a2 + age. In other words, there must exist a pairing (is,,js,) € Bij
such that is,,7s, € {17,27,---,n"}. Let D3 be the Brauer diagram which
has the horizontal edges {3, j;. }, {is,,Js, } and vertical edges {4, } for any

j € {15 27 e ,TL} \ {7’5_07]5_0} Define
Sp = SA, S/B = (S;! \ {qall+a21}) U {iso}ﬂ
g = {(iSajs)u < s <n—no, (is, Js) # (i507j50)} U {(Gars+asi»Jso) }-
Then it is clear that
b(SAas;hﬂi,j) = b(SBvs/Baﬂ/)D3 S <b(SBasleﬂ/)>

Now we are in a position to apply induction hypothesis to b(Sg, S, 8). This
proves the lemma in Case 2.
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Case 3. a11 < ags and a1s > ag1. We set d := ass — a11. Then d € N and
d > 1. We use inducAtion on d. It is clear that a;o > 1. In this case, for
each Brauer diagram D involved in b(S4, S, 8i), since a11 + a21 < a1z + ass,
there must be some top horizontal edges in D of the form {40, @} with a,b >
a1 + az1. In other words, there must exist a pairing (is,, js,) € Sij such that
isosJso € {1,2,- - ,n}. Let Dj be the Brauer diagram which has the horizontal

edges {i;.,j5}, {iss Jso } and vertical edges {j,j~} for any j € {1,2,---,n} \
{505 Jso }- Define

Sp = (SA \ {p;12+a22}) U {iSo}v SIB = S;h
B = {(i57j5>|1 < s <n—ng, (is, Js) # (iso,j50>} U {(j507p;12+a22)}-
Then it is clear that
b(SAa Sj45 /Bi,j) = Déb(SBv S/Ba ﬂ/) S <b(SB; Sle ﬂ/)>

Now we are in a position to apply induction hypothesis to b(Sg, S, 8). This
proves the lemma in Case 3. Hence we complete the proof of the lemma. O

For the sake of simplicity, we shall abbreviate the partition (a,--- ,a) as (a¥).
——
k copies
DEFINITION 3.7. ([11, Theorem 1.4]) We set
2Pn) == {X = (A1, A, A2, de, ) F2n | A= (A, A, o) € P,
T = {(v,t) | t€ Std(D),(m+ 1,1""™ 1) Qv € Pp}.
Now we are in a position to state the main result of this section.

THEOREM 3.8. Let K be an arbitrary field of characteristic other than two. If
n > m, then

Anng, () (VE") = <E0,E1, . ,E[mTﬂ]>.

Proof. By [11, Theorem 1.4 and Theorem 6.9], we know that Anng, () (V")
has a basis consisting of elements of the form Y, ¢, where (v, t) € T},,. It remains
to show (by the first statement of Theorem 1.2) that each Y, ¢ belongs the two-
sided ideal generated by Fy, E1, - - - ,E[%ﬂ].

Let (v,t) € T,,. By the definition (see [11, §6])
Y= (=D OY, wd(t) = (=1 DY (£b(Sa, 54, b)),

i
where “x” denotes the permutation action of G, on B,(m) (see [11, Section
6]), and
AW =A{(i)d(t) | i=1,2,3,-- 11} N{1,2,-+ ,n},
AP ={()d(t) |i=1,2,3,---,;}n{17,27,--- ,n"},
A® = {(i7)d(t) | i=1,2,3,-- 1} N{1,2,-+ ,n},
AW = {(G)d(t) | i=1,2,3,--- 1} N{17,27,--- ,n"},
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with [AM| 4 |A®)| = |A®)| 4+ |AW| = vy, Sa, S’ are defined by using certain
prefixed ordering on the sets A1) 11 A AG) | A®respectively, and
i:= (i15i27"' 57:7171/1)7 j:: (j17j2;"' 7jn71/1)

such that (i1, 71,72, 72, yin—u; jn—s,) TUDS Over a subset of permutations of
the integers in {1,2,---,2n}\ |_|i:1 A

By Lemma 3.6, we obtain

b(Sa, 5%, Bi) € (Bl |41, 4® |—k)

for some integers k with 0 < k < min{|A®|,n — |[AM|}. Note that the con-
dition (v,t) € T,,, implies that |A(1)| + |A(2)| =y, > m+ 1. It follows from
Lemma 3.4 that b(Sa, S, 8ij) belongs to the two-sided ideal generated by
Eo,E1,--- ,Eny1.

On the other hand, it is clear that for any integer [mgl] +1<i<m+1,

there exists of,04 € &,, such that E; = 01 Epni1-i05 € (Emi1-i). As a
consequence, we get that

b(SAa Sgaﬁi,j) S <E03 Ela e aE[(m+1)/2]>a

as required. This completes the proof of the theorem. O

4 PROOF OF THEOREM 1.3

In this section we shall give the main result of this paper. That is, the proof
of Theorem 1.3.

We shall proceed the proof in three steps. The first step is to prove a statement
(Theorem 4.10) about identification between certain two-sided ideals in the
symmetric group algebra K&,,. To this end, we need to recall the seminormal
basis ([18], [9], [24]) of the symmetric group algebra. We shall follow the
approach in [24]. Note that [24] only consider the seminormal basis of the
(cyclotomic) Hecke algebra with ¢ # 1. The symmetric group case (i.e., ¢ = 1)
is similar and may be proved using the same arguments. The only real difference
between the cases ¢ # 1 and ¢ = 1 is the choice of content function: if ¢ # 1 then
conte(k) = €77, when t(r,c¢) = k, and if ¢ = 1 then, instead, cont¢(k) = ¢ — r.
Analogous minor ‘logarithmic’ adjustments are required in the argument below
when ¢ = 1.

Set Ly := 0 and define L;11 := s;L;s; + s; for i = 1,--- ;n — 1. The elements
Ly,---, L, are called the Jucys—Murphy operators of the symmetric group &,,.
Let A Fn and t € Std()). For any integer 1 < k < n, we define cont((k) = j—1
if k appears in row ¢ and column j in t. Let

R(k):={d€Z||d < kand d# 0 if k = 2,3},
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which is the complete set of possible contents cont(k) as t runs over the set of
standard tableaux.

DEFINITION 4.1. ([24, Definition 2.4]) Let A Fn and s,t € Std(\).

. 7 Li—c¢
1) Let Fy:= _
(% kl;ll cer(ky conte(k) —c
cont(k)#c

(ZZ) Let fst = FngtFt.

Let A+ n and t € Std()\). For each integer 1 < k < n we use t; to denote
the subtableau of t which contains {1,2,--- ,k}. If v = (i,5) € [A] such that
[A]\{~} is again the Young diagram of a partition u. Then we call y a removable
node of A and an addable node of u. For any two nodes v = (4,5),v" = (¢, ')
we say that ~ is below +/, or +' is above v if ¢ > 7'

DEFINITION 4.2. ([24, (2.8)], [21, 3.15]) Let A F n and t € Std(\). For
k=1,---,n, let (k) be the set of addable nodes of the partition Shape(tx)
which are below t~1(k). Similarly, let Z(k) be the set of removable nodes of
Shape(ty) which are below t=1(k). Now define

- || P (conty(k) — cont(cv))
= 1};[1 Hpew k) (cont(k) — cont(p))

€Q,

and foo == 77 for for any s € Std(N).

LEMMA 4.3. ([24, (2.9)]) Let A\Fn. Then

Yoo == AL

THEOREM 4.4. ([24, (2.14), (2.15)])
(1) {fgt | 5,t € Std(X),AF n} is a basis of matriz units in QS,.

(2) Let Abn and t € Std(N), then Fy = fu /v and Fy is a primitive idempo-
tent in Q6,, with S* =~ F.Q6,,.

(3) For any A & n let Fx := 3 cqiqn) Ft- Then Fx is a primitive central
idempotent in QS,.

(4) {F)\ ‘ A n} is a complete set of primitive central idempotent in QS,

and
1:ZFA: Z F.

AbFn t standard

2We remark that there is a typos in [24, Page 704, Line 9], y < = there should be replaced
by y > =, cf. [21, 3.15].
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LEMMA 4.5. ([24, Proposition 2.6]) Let A Fn and s,t € Std(A\). Then

fot = Xgt + Z Ao Xuo (mOd (QGn)D)\)a
u,0€Std(A)
ur>s,00>
where ay, € Q for each u,v € Std(X).

DEFINITION 4.6. ([8, Section 4]) Let A - n. We define
zy = XowaYy.
LEMMA 4.7. ([8], [26]) Let Ak n and w € &,,. Then
(1) (26,)P Yy =0 =Y\ (Z26,)>?;
(2) If w # wy and L(w) < L(wy), then X wYy =0 in Z&S,.

Proof. (1) follows from [26, Lemma 4.12]. It remains to prove (2). Assume
that w # wy and £(w) < f(wy). If £(w) < ¢(wy), then by [26, Corollary 4.13]
we see that X wYy = 0. Now assume ¢(w) = £(wy). Then by [8, Lemma 1.5]
t*w ¢ Std(\) because w # wy.

For any t € Std(\) and integer 1 < k < n, it is well-known that

X \d(t), if k,k + 1 are in the same row of t;

Xad(t)sy, =
rd(t)se {XAd(tsk), if tsg € Std(\),

and if k, k 4+ 1 are in the same column of t, then (by [23, Corollary 3.21])

Xad(t)sy = =Xad(t) + > roXad(v) (mod (Z&,)?),
t<veStd(\)

where 7, € Z for each v. By [23, Theorem 3.8], t <v € Std()\) only if £(d(t)) >
£(d(v)). As a result (of the fact t*w ¢ Std()\)), we see that

Xyw = 3 bXad(t) (mod (ZG&,)™),
teStd(\)
2(d(8))<l(w)=£(wy)

where by € Z for each t. Now, applying the result (1) (which we have just
proved) and [26, Corollary 4.13] again,

X)\UJY)\/ = Z th)\d(f)Y)\/ = 0,
teStd(N)
£(d(1) <t(w)=£L(wx)
as required. This completes the proof of (2). o

LEMMA 4.8. ([24, (3.13)]) Let A+ n. Then

2N = Ve fmx
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Note that in the right hand side of the above lemma the coefficient is 7
instead of 'yiy because we have specialized ¢ to 1.

The next lemma is a key observation to the proof of Theorem 4.10.

LEMMA 4.9. Let A = (n —k, k) - n, where k € Z such that 0 < k <n/2. Then
(1) zn =28 fog, =28 X, (mod (Z6,)H).
(2) Yywy Xaw Yy = 28V wy Xywy.

Proof. By Lemma 4.8 and Lemma 4.3, we get that z) = 2kft*t)\- Applying
Lemma 4.5, we get that

2y =28 foy, = 2" X, (mod (Q6,)").
Since zj, 2’“thtA € 76, we deduce that
2y =2 fo =28 X, (mod (Z&,,)").

This proves (1). Note that wy' = wy. By [8, (4.1)] and applying the anti-
automorphism * we know that Yy wy (Z&,,)>* = 0. Now (2) follows from this
equality and (1). O

Let A, p be two compositions of n. A A-tableau of type p is a map S : [\] —
{1,2,---,d} such that u; = #{v € [N]|S(y) = i} for i > 1. A A-tableau S of
type p is row semistandard if the entries in each row of S are non-decreasing
from left to right; S is semistandard if (i) A is a partition; and (ii) S is row
semistandard and the entries in each column of S are strictly increasing from
top to bottom. If t € Std(\) then we define u(t) to be the A-tableau obtained
from t by replacing each entry ¢ in t by r if ¢ appears in row r of t*. It is clear
that p(t) is a row semistandard A-tableau of type p. Recall our definition (see
Section 2) of X, Y) for each composition A. For each integer i with 0 <1 < n,

we set
Xi = Xin—i), Yi:=Yini-

For any h € K&, we use (h)o to denote the two-sided ideal of K&,, generated
by h. The next theorem is the first step in the direction towards the proof of
Theorem 1.3.

THEOREM 4.10. Let K be a field of characteristic other than two. Let a be an
integer with 0 < a < n/2. Then we have that

>(n—a,a
<Xn7a>0 = (KGn)i( )
Proof. By the cellular structure of K&,, we see that (X,_,)o C
(KGn)E("_a’a) and
—a,a 2
dim(K6,)"" " =n, = Y (#Std()\)). (4.11)

(n—a,a)<A\Fn
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To prove the theorem, it suffices to find at least n, K-linear independent ele-
ments in the two-sided ideal (X,,_,)o.

Let A F n be a partition such that A>> i := (n—a, a). Then A := (n—k, k), where
k € Z with 0 < k < a <n/2. Let S be the following (unique) semistandard
A-tableau of type u:

n — a copies a — k copies

——— —

1.1,....1, 2.2
Ski= o 2

) )

k copies

We define So(X) := {t € Std(A) | u(t) =Sk }. By [26, Section 7],

> Xad(t) € (K8,) X0 € (Xn—a)o- (4.12)
teSo(N)

It is clear that So(A) # 0. We divide the remaining proof into three steps:

Step 1. We claim that Yywy Xa (Sies, o (V) K&, = Yan XrKS,.
Let tg € So(A) such that £(d(to)) is maximal. Then £(d(s)) < ¢(d(to)) for any
s € Sp(A). Furthermore, by [8, Lemma 1.5,

U(wy) = £(d(to)) + £(d(to) ™ wn).

We set w = d(tp) 'wy. By Lemma 4.7, we deduce that X d(s)wYy = 0
for any tg # s € Sp(A\). Now multiplying wY) and applying Lemma 4.7 and
Lemma 4.9, we get that

Y)\/’LUXX)\ ( Z d(t)) ’LUY)\/
teSo(N)

= Yywy X wrYy = 2"V wy X wy.
Since char K # 2, 2% is invertible in K. The above equality implies that
Y*'w”XA( > d("))KG" = Yyvwyn Xowr K6, = Yyuwy XaKG,,
teSo(A)

as required. This proves our claim. Furthermore, it is well-known that the
elements in {Yywy X d(t)|t € Std(A)} form a K-basis of Yywy X KS,. In
particular, we have that dim Yy wy X K&, = # Std()).

Step 2. We define
XA( > d(t))KGn

NA — teSo(N)

XA< > d(t))Ksnm(KGH)M'
teSo(A)
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We claim that ny := dim Ny > # Std(A).
In fact, by Lemma 4.7, the left multiplication by Yy wy/ induces a surjective

homomorphism from Ny onto Yy wy Xy (Zteso(k) d(t))KGn. By the main

result of Step 1, we know that Yy wy Xy (Zteso()\) d(f)) K&, =Yy vwuy X K6,

and has dimension # Std(A\). It follows that ny := dim Ny > # Std(}), as
required. This proves our claim.

As a consequence, we can find ug,- - ,up, € &, such that the natural image
of the following elements

X,\( 3 d(t))ul, . ,XA( 3 d(t))um
te€So(N) t€S0(N)
in N, form a K-basis of Ny. For each s € Std()) and each integer 1 < j < ny,

we define
Vej = d(s)’lX,\( 3 d(t))uj.
teSo(N)

By construction, it is clear that vs ; € (Xp—a)o-

Step 3. We claim that the elements in the following set
{ve | 5€ Std(A\), A Fn, 1 <j <} (4.13)

are K-linearly independent.
In fact, assume that
S ete= S cg,jd(s)—l)g( 3 d(t))uj —0, (4.14)
AFn,s€Std(A) AFn,s€Std(N) €S0 ()
1<j<nx 1<j<nx
where ¢, ; € K for each s,j. Set

So = {(s,5) | s € Std(A\), A F n,1 < j <y, e #0}.

Suppose that 3o # . We choose an s such that (s,j) € Xy for some j and
Shape(s) = A is minimal under the dominance order “<”. By the property of
the cellular basis { X, (} we know that

(Y dv)u= D rXe o (mod (K6,)7Y),
teSo(N) teStd(N)

and hence
vsj = Y. 1Xeq (mod (K&,)™).
teStd(N)

By the main result in Step 2, we know that X (ZtESU(A) d(t))uj ¢ (KG,)>\
It follows that at least one of those coefficients r; ¢ is nonzero. Combing this
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fact and the minimality of A and (4.14) we can deduce that for each s € Std())
and each 1 < j < ny,

3 cg,jd(s)*l)g( 3 d(t))uje(KGn)M.

1<j<ny t€S0(\)

Now applying the main result of Step 2 again, we deduce that ¢, ; = 0 for each
1 < j < ny, a contradiction to the definition of ¥j. This completes the proof
of our claim.

As a consequence, we see that the two-sided ideal (X,,—,)o contains at least

ST m@#SdN) = D (#Std(V)? =n,

(n—a,a)<A\Fn (n—a,a)<A\Fn
K-linearly independent elements. This implies that we must have that
dim(X,,_a)o = ng = dim(K&,,)="=2)

and hence (X,,_4)o = (K&,,)Z("~%%)_ This completes the proof of the theorem.
O

Our second step in the direction towards Theorem 1.3 is the proof of the fol-
lowing purely combinatorial identity.

THEOREM 4.15. Let K be a field of arbitrary characteristic. Let S(m+1.m+1)
(respectively, S(m“_k’k)) be the Specht module of the symmetric group algebra
KGop 2 (respectively, K& ,,11) corresponding to (m~+1,m+1) (respectively,
(m+1—k,k), where 0 <k <[(m+1)/2]. Then we have that

[(m+1)/2]
S (dimg SRR < dimye §Om D),
k=0

Proof. We shall give a representation theoretic argument to prove the above
combinatorial identity. Note that the dimension of each Specht module is
independent of the field. We can assume without loss of generality that K = C.

We use B,,+1(m)c to denote the specialized Brauer algebra over C with pa-
rameter m. In other words, we assume that n = m + 1 for the moment. Then
by [12], ®B,,+1(m)c is semisimple. We have a natural surjective homomorphism
oc @ Bpmyr(m)e — EndCO(VC)(V(C@m“), where V¢ is an orthogonal C-vector
space with dimension m. Note that C&g,,4+2 is semisimple and each Specht
module C&ay,, 42 over is irreducible. By [11] we see that

dim Ker ¢ = dime STFH™ ), (4.16)
where we use S((Cmﬂ’mﬂ) to denote the simple (Specht) module of CSapyi0

corresponding to the partition (m + 1,m + 1). As before, we use 537(711)4-1 to
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denote the two-sided ideal of %B,,+1(m)c generated by e;. Equivalently, SBS)H
is the subspace of B,,+1(m)c spanned by those Brauer (m+1)-diagrams which

contain horizontal edges. We claim that Ker oc N 537(711)4-1 = {0}.

In fact, by [22, Theorem 4.3], we know that Ker ¢ is equal to the two-sided
ideal (Ej(m41)/2))- It suffices to show that (Ej(m41)/2) N %Sll = {0}. Since
537(711)4-1 is a two-sided ideal of the semisimple C-algebra B,,+1(m)c, we have
that Bp,41(m)c = 537(711)4-1 @ I for some two-sided ideal Iy of B,,11(m)c. In
particular, Iy = 0 = Ipx for any x € 537(711)4-1- We define

Jo = {y € Bur1(m)c | yo = 0= zy for any z € B\, }.

Then Jy is a two-sided ideal of B,,+1(m)c and Iy C Jy. Thus B,,11(m)c =
Jo+ ‘BS)H. Since Joxr = 0 for any x € %gll, it follows that every right simple

submodule of Jy is a simple module over SBmH(m)@/SBS)Jrl =~ CG,+1- Using
the Wedderburn theorem for semisimple algebras we get that

h= € ()™

AFm—+1

where a) € N such that 0 < a) < dim S(é for each A - m + 1. As a result, we
deduce that

dim Jy < Z (dim S{C\)Q = dim¢ CG,,,+1 = dimg¢ ‘Bm+1(m)¢; — dim¢ 535,12,’_1,
AFEm+1

because %mﬂ(m)@/%gll >~ C6,,4+1- This in turn forces

Jo @ %gzﬂ =Jo+ %gzﬂ = Bt (m)c.

In particular, Jo N 537(711)4-1 = {0}. On the other hand, by [22, Corollary 5.13] we
know that (Ej,1y/2)) € Jo, from which our claim follows at once.

We write ag := m + 1 — [(m + 1)/2]. Then ag > m + 1 — ap and hence
(ag,m + 1 — ap) is a partition of m + 1. Note that (by Lemma 3.3)

(El(mt1)/2) = (Elm+1)/2,00) = (Bao,[(m+1)/2]) = (Eao)s

1
Ello = an,m-i-l—ao = Yao,m—i-l—ao = Yao (mOd %'Enzi-l)

By Theorem 4.10, we know that (Y,,)o = (C&,,,1)2(@0m+1=a0)  Combining
these fact together with the equality

1 1
(Eims1y/2)) NBYL, = Kerpe N B, = {0}
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which we have just proved, we can deduce that

dim Ker ¢ = dim<E[(m+1)/2]> = dim(CGerl)E(ao’erliao)

[(m+1)/2] b2
= Z (dimc S(ém—i_ o )) .
k=0

Finally, comparing the above equality with (4.16), we complete the proof of
the theorem. O

By the well-known hook formula (cf. [23]) for the dimension of Specht modules,
we get that
dim S™*tY =1, dim S™Y = m,

and for each 2 < k <[(m +1)/2],

dim §(m+1-k:k) (m+1)!
H (m4+1—k,k)
(i,5)€l(m+1—k,k)] "5
m+1)m---(m—k+ m—k+ m — +
1 k+4 k+3 2k + 2

k! ’

where hﬁj = A\i + A —i—j+1is the (i,j)-hook length of the partition .
Similarly,
(2m +2)!

(m+1,m+1)
H(i,j)e[(m+1,m+1)] hi,j

(2m+2)(2m+1)---(m+3)
(m+1)!

dim SmtLm+1) —

As a result, we have the following corollary.
COROLLARY 4.17. We have the following identity:

[(m+1)/2]
Lam2e Y <(m+1>m---(m—k+3>(m+2—2k))2
k=2

k!

_ (2m+2)2m41)---(m 4+ 3)
(m+1)!

Proof. This follows directly from Theorem 4.15 and the hook length formulae
for the dimensions of Specht modules over symmetric groups. O

Now we are in the final step to prove Theorem 1.3.

THEOREM 4.18. Let K be an arbitrary field of characteristic other than two.
Then the annihilator of VO™ in B, (m) is the two-sided ideal generated by

Eimt1)/2-
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Proof. By Theorem 3.8, it suffices to show that for each integer ¢ with 0 < i <
[(m +1)/2], E; lies in the two-sided ideal of B,,(m) generated by E[(;+1)/2]-
For simplicity, we write a := [(m + 1)/2]. By Lemma 3.3, we know that
(E;) = (Em41—j) for each 0 < j < m + 1. Therefore, it suffices to show
that for each integer 7 with 0 <4 < a, E(,,41-) lies in the two-sided ideal
of B,,(m) generated by E,,11-a := E(mii—aq). Note that for each integer
0<i<m+1, E; € B,+1(m) C B, (m). Without loss of generality, we can
assume that n = m 4+ 1 henceforth.

We consider the natural homomorphism ¢ : Bp,11(m) — Endg (VE™TL). By
Corollary 4.17, we have that

[(m+1)/2] 2
o 9 (m+Dm---(m—k+3)(m+2—2k)
(m+1)g:=1+m”+ E < o

k=2
@2m+2)2m+1)---(m+3)
(m+ 1)! '

By [11, Lemma 7.1], Theorem 4.15 and Corollary 4.17, we have that

V®m+l)

dimg Anng (m)( = dimg Ker o = (m +1),.

On the other hand, since Fp11-q¢ = Yimt1-a (mod %511)), we deduce (from
Theorem 4.15, Corollary 4.17 and the Y-Murphy basis for K&,,4+1) that
(Em+1-a) contains at least (m + 1), K-linearly independent elements. Since
(EBm+1-a) C Kerpg, it follows that (F,,+1-) = Ker ¢k and hence for each
integer 0 < < [(m+1)/2], Ei € (Emt1-a) = (Ea) = (Ej(m41)/2]), as required.
This completes the proof of the Theorem. o

The following corollary give a new integral basis for the annihilator of V®m+!
in B,y1(m).

COROLLARY 4.19. Let K be a field of characteristic other than two. Then the
elements in the following set

{d(ﬁ)—lE[(m+1)/z]d(’£) ‘ s.te Std(m +1—-kk),0<k< [(m + 1)/2]}
form a K -basis of Ann;BmH(m)(V@erl)

Proof. This follows directly from the proof of Theorem 4.18. O
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