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ABSTRACT. It is shown in this paper that the G-Condition and the
P-Condition from representability imply the fermion correlation esti-
mate from [1] which, in turn, is known to yield a nontrivial bound on
the accuracy of the Hartree-Fock approximation for large Coulomb
systems.
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1 INTRODUCTION

The dynamics of N electrons in an atom (K = 1) or molecule (K > 2)
with K nuclei of charges Z = (Z1,%2a,...,7ZK), fixed at positions R :=
(R1, Ra,. .., Rk), is generated by the Hamiltonian

HMN)(Z,R) = zN: —A —ii + Y o (1)
=== Tn ‘ |:Cn — RJ| |1'n - l'm|
n=1 j=1 1<n<m<N

to lowest order in the Born-Oppenheimer approximation. H™)(Z, R) = HW)
is a semibounded, self-adjoint operator defined on a suitable dense domain
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DW) in the Hilbert space ff(N) [b] of antisymmetric N-electron wave functions,
cf. (18) below.
Basic quantities of interest are the ground state energy

EQN(Z,R) = inf{a{H(N)(Z,E)}},
whose variational characterization
. N
EQ)(Z,R) = 1nf{<\1;(N)‘ H(N)\I/(N)>‘ TN € D) [ Mg (le™)]| = 1}
(2)

is given by the Rayleigh—Ritz principle, and corresponding ground states \Ifgsv),
i.e., normalized solutions of the stationary Schrédinger equation

HM(z,R)wY) = EN(Z, Ryw ().

The Hartree-Fock (HF) variational principle is an important method to obtain
approximations to both, the ground state energy and ground states. The HF
energy E}(l]fv)(z, R) is defined by restricting the variation in (2) to SD™)[p],

E(Z,R)
- inf{<<1)(N)‘ H<N>@<N>>’ ™M) e DN N SDWM[y), ||| = 1},
(3)

where SDW)[p] C ]-'f(N) [h] denotes the set of Slater determinants, i.e., the set
of all antisymmetrized product vectors ¢1 A --+ A . Since the variation in
(3), compared to (2), is restricted, we clearly have

N
EY(Z,R) > EN(Z,R).

A lower bound to the ground state energy by the HF energy minus an error
which is small in the large-Z limit was obtained by one of us in [1, 2]. In the
case of a neutral atom, i.e., N = Z := Z; and Ry = 0, the resulting estimate
was

E@(2) > B (2) - 0(26/97¢), (4)

for some ¢ > 0. The error term O(Z®/)~¢) is small compared to all three

contributions to E}(lfz)(Z ), namely, the kinetic, the classical electrostatic, and

the exchange energy which are at least of size ¢Z%/3 in magnitude for some
constant ¢ > 0.
A key inequality derived in [1] that eventually lead to (4) is the fermion corre-
lation estimate

trg{(X(X)X)F(T)} > —try {X’y}min{l; const - /try {X('y—’yQ)}} (5)

DOCUMENTA MATHEMATICA 17 (2012) 451-481



CORRELATION INEQUALITIES FROM G AND P 453

where X = X* = X? is an orthogonal projection, '™ :=T — (1 — Ex)(y ® 7),
I' = 'y is the two-particle- and 7 = g4 the one-particle density matrix of
a normalized N-electron state ®(N) € ff(N) [h].

The purpose of the present paper is to give an alternative derivation of (5) by
using ideas originating from the theory of N-representability. More precisely,
we show that (5) follows already from the G-Condition and the P-Condition
specified by Garrod and Percus [8] and Coleman [4].

Observing that the Rayleigh—Ritz principle (2) can be rewritten as a varia-
tion over all N-representable two-particle density matrices I', we consequently
obtain (4) from relaxing the requirement of N-representability of I to merely
requiring I" to fulfill the G-Condition and the P-Condition:

THEOREM 1.1. The G-Condition and the P-Condition imply (5).

We note that (5) was also derived by Graf and Solovej in [13] by a different
method that, in retrospective, resembles the application of Garrod and Percus’
G-Condition. In fact, one part of the derivation in [13] follows already from the
G-Condition. A main difference to using representability methods, however,
lies in the use of operator inequalities in [13] which are necessarily formulated
on the N-particle Hilbert space, as opposed to the one- or two-particle Hilbert
spaces in the presented work.

In future work we plan to sharpen this result by making additional use
of Erdahl’s T;- and Ts-Conditions [6, 5] which have recently lead to very
good numerical results in quantum chemistry computations [3, 10, 11], as well
as Coleman’s Q-Condition which was also given in [4] but is not necessary
for the derivation of our present result. Furthermore, similar representability
conditions also exist for bosons [10]. There we like to adress the question
whether analogous results can also be obtained.

ACKNOWLEDEMENTS. We would like to thank Gero Friesecke, Peter Miiller

and Heinz Siedentop for fruitful remarks and discussions. H. K. K. and E. M.
were partially supported by the MPGC Mainz and the ESI.

2 DENSITY MATRICES AND REDUCED DENSITY MATRICES

2.1 FOCK SPACE, CREATION AND ANNIHILATION OPERATORS

Let b be a separable complex Hilbert space which we henceforth refer to as the
one-particle Hilbert space. The fermion Fock space F = F¢[h] is defined to be
the orthogonal sum

Filo] == @ V1),
N=0
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where

N N
V=7 b= Ax( @)
is the antisymmetric tensor product of N copies of h, for N > 1, and ]_-f(o) [h] :=
C-Q, with Q being the normalized vacuum vector. Here, Ay is the orthogonal
N N
projection from @) h onto A h uniquely defined by

1 ™
AN (p1® - ®@¢N) N Z (=1)" r(1) @+ ® pr(w)
" mESN

:\/ﬁ()@l/\.../\wz\]’

for ¢1,...,on € bh. Tt is convenient to introduce creation operators ¢*(f) €
B(F) for any f € b by

(L=, (6)

() pr A Npn) = FApr A+ NN (7)

for ¢1,...,0on € b, and extension by linearity and continuity. By induction
and (6)-(7)

P1 AP N Ny = (p1)c™ (p2) -+ (o) (8)

for all @1, ¢2,...,on €h. If {¢r}r—; C b is an orthonormal basis (ONB) of b,
then for any N € N

(" (r) - (prn)Q 1 <k <k < - < v} € F{V[p) 9)
is an ONB of ff(N) [h], and
{c"(r,) " (ory )Q N €No, 1< ki <ky <---<kn}CF (10)

is an ONB of F.

The adjoint operators ¢(f) := (¢*(f))" € B(F), with f € b, are the annihila-
tion operators. Note that, while f — ¢*(f) is linear, f — c(f) is antilinear.
Together with the creation operators they fulfill the canonical anticommutation
relations (CAR), i.e.,

Vigebh: {c(f), (@)} = (flg)y - 17 {7(f), ¢ (9)} =0, (11)

where {A, B} := AB + BA denotes the anticommutator.
Moreover,

Vfeh: o(f)2=0, (12)
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and {c¢*(f),c(f)| f € b} is completely determined by (6), (11) and (12), i.e.,
(7)-(10) follow from (6), (11) and (12). The creation and annihilation operators
introduced here are a specific representation of the (abstract) CAR (11), namely
the Fock representation. For ¢, being any element of a given ONB {p}r, C
h, we write

cx = (er), ek = c(pr)-

An important unbounded, self-adjoint and positive operator on F is the number
operator N defined by

N(e"(f1) " (fN)Q) == N - (f1) - " (fw)Q
for any fi,...,fn € b. It is not difficult to see that

o0

N = E crek

k=1

as a quadratic form, for any ONB {¢x},-; C b.

2.2 DENSITY MATRICES

A positive trace class operator p € L1 (F) of unit trace, trr {p} = 1, is called
density matrix. Given a density matrix p, the map A — trx {p A} defines a
state, i.e., a normalized, linear, and positive functional on B(F) > A. If ¥ € F
is a normalized vector, then |¥) (¥| is a density matrix (of rank one) called
pure state. In this paper we study fermion systems with a repulsive interaction
and whose dynamics preserve the particle number. For this reason we restrict
our attention to density matrices which commute with the particle number
operator and have a finite squared particle number expectation value,

p= @ PN, and <N2>p < 00, (13)
N=0
where here and henceforth we denote for any A € B(h)

(A), =trr {p%Ap%} .

Note that, if m # n, m,n > 0, then trr {pc*(f1) - ¢*(fm)c(g1) - -c(gn)} =0
for any choice of f1,..., fm,91,---,9n € b, due to (13).

2.3 REDUCED DENSITY MATRICES

Given a density matrix p € £1 (F) subject to (13), we introduce two bounded
operators, v, € B(h) and I', € B(h @ b), by

Vfigeb: (flrpg) = trr{pc(g)e(f)} (14)
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and

Vi1, f2,91,92 € bt (1 ® f2 Tplg1 ® g2)) = trr {PC*(92)C*(91)C(f1)0(f2)(}- )
15

v, is called the one-particle density matrix (1-pdm) and I', the two-particle

density matrix (2-pdm) corresponding to p. For any ONB {¢},-; C b we
define the exchange operator Ex € B (h ® h) by

= ler @ 01) {1 ® @il (16)
k=1

such that Ex(f®g) = ¢ ® f. Then the CAR leads to the antisymmetry
property of I',;:

ExT, = —T, =T, Ex. (17)

The following properties of the 1-pdm and the 2-pdm are easily proven (we
denote try := try and tre = tryep):

LEMMA 2.1. Let p € LL(F) be a density matriz obeying (13). Then the fol-
lowing assertions hold true:

i) v € LL(h), 0<~,<1, tri{y,} :< >p I,eLl(heh),
0<rI, < <N>p, and tro{T,} = <N(N 1)>

i) If Ran{p} C ff(N), then, for all f,g € b,
(F1709) = 577 D F @ rl Tolg ® 0)
L=

where {¢r}ro, C b is an ONB.

iii) Furthermore,

p=c"(p1) - (en)) (" (p1) - (o) & 7= ZI% (il

and, in this case,
Iy =(1-Ex) (7, ®7).
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2.4 HAMILTONIAN AND GROUND STATE ENERGY

Recall from (1) that the Hamiltonian of an atom or molecule is given by

N 1
H™)(Z,R) : Z( - len—Ru) > Ea—— (18)

1<n<m<N

Choosing an ONB {gi}re, C b = L?(R® x Z) such that {pi}re,
H? (R? x Zs), where H* (R® x Z5) denotes the Sobolev space, we define

Xz

By = A= _ 2k

kl <S0k ( ra |sz|>(pl>’
1

Vilimn 1= <90k ® @ Tl (om ® <pn)> ;
and
oo oo
= Z hii crer + Z Vilsmn €] C1.CmCn.-
k,l=1 k,l,m,n=1

Stability of matter ensures that H+ ,uﬁ is a semibounded self-adjoint operator,
provided p < oo is sufficiently large. Moreover, the Hamiltonian of an atom or
molecule can be viewed as

H(N) (Z; E) = ﬁ’]:f(N)[h];

ie., HM)(Z, R) is the restriction of H to ]-'f(N) [h].
The ground state energy can now be reexpressed as

E{N)(Z,R) = inf {trf {p%ﬁp%} ’ peLL(F), Np=Np, trr{p} = 1}
= inf {5 (’YPvFP) ‘ p € ‘C}}-(‘F)v Np = va tI‘]: {p} = 1}7
where the energy functional is defined as
1
E (v, Tp) i=try {h,} + ) tro {VT,}.
We call (7,T') € B(h) x B(h®bh) N-representable if there exists a density matrix
p € L (F) with Np= Npand trr {p} =1suchthaty=r~,andI' =T,. Using

the notion of N-representability, the ground state energy can be rewritten as

Eéév) = inf {5 (v, ) } (v,T) is N-representable} .
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By Lemma 2.1, we have that

fﬁg)ihﬂ{S(%(lfﬁkﬂv@ww)‘v:ﬂf::73tn{v}:JV},

and Lieb’s variational principle [9, 1] ensures that actually
B =it {&(y, (1 -Ex)(yem)[ 071, {3} = N}

3 G-, P- AND Q-CONDITIONS

In this section we derive necessary conditions on (7,T") to be N-representable.
To this end, we assume N € N, v € £1(h) with 0 < v < 1 and try {7} = N,
Fef'(h®b), ExI'=TEx = —T', and we call (v,I') admissible in this case.

(P) (v,T) fulfills the P-Condition
=T >0. (19)

(G) (~,T) fulfills the G-Condition
o VA B(h): tra {(A* @A) (T +Ex(y® 1))} > |try {Av}]>.  (20)

(Q) (v,T) fulfills the Q-Condition

elN+(1-Ex)(I®l-vy®1-1®7v)>0. (21)

Our main result of this section is
THEOREM 3.1. Let p € LY(F) (not necessarily positive) such that trz {p} =
1, tr}-{|p|%]ﬁ2 |p|%} < oo, and that p preserves the particle number, i.e.,
{N,p} = 0. Define~y, and T, by (14) and (15), respectively, and let {¢p}re, C
h be an ONB. Then the following two statements are equivalent.
(i) If P, € B(F) is a polynomial in {c},cr},o, of degree r < 2, then
trr {pPiPr} > 0. (22)

(it) (75,T,) is admissible and fulfills the G-, P- and Q-Conditions.

Before we turn to the proof of Theorem 3.1, we establish its finite-dimensional
analogue in Lemma 3.2 below. Theorem 3.1 then follows from Lemma 3.2 by
a limiting argument.

LEMMA 3.2. Let p € LY(F) (not necessarily positive) such that trx {p} =
1, tr]:{|p|%]ﬁ2 |p|%} < 00, and that p preserves the particle number, i.e.,

{]ﬁ,p} = 0. Define~y, and T, by (14) and (15), respectively, and let {¢r}re, C
h be an ONB. Then the following statements are equivalent.
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(i) If P, € B(F) is a polynomial in {c},cr} ., of degree r < 2, then

trr{pPyP,} > 0. (23)

(i) For any ¢ € span{yi| k € N}, ¥ € span {¢i @ ¢i| k,1 € N}, we have

0 <({]p¢) <1, (24)
(¥ T, %) >0, (25)
(T, +(1-Ex)(1®1-7,01-187,)¥) >0,  (26)

M
and, for all A:= > ag|ew) {@i]l, M < oo, (O‘kl)i/,[lzl € CM*M
k,l=1

NES

tra {(A" © A) (T, + Ex (7, ® 1))} = [tr1 { Ay, }|* (27)

Proof. First we show (i) = (ii). The properties (24)-(27) of (v,,I',) can be
checked by suitable choices of P,..

M
a) The first inequality of (24) follows by choosing P; := ;aici, where
a; € C and M < oo: -
M
0<trr{pPiP1}= Z aatrr {pcie;}
ij=1
M M
= Z Z (a0l vp(aipi)) = <¢M| 7p¢M> ) (28)
j=1i=1

M
with ¢pr := Y a;p; € span{pk| k € N}. The second inequality derives
i=1

M
from the CAR and P; := ) a;cf:

i=1

S

0<trr{pPiP1} = Z ot E {pcic;‘}

ij=1

I
Ms

iajtr; {p (61J — C;Ci)}

~

J=1
M M

Z 041801 ]]- FYP)(O‘JQOJ»

=1 j=1

= (om| (L =7,)Pm) - (29)

AM
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M
b) Property (27) is obtained by choosing Py := i+ 3 > oy (cfor — ac)
k=1
with u, g € C, M < oo and calculating trz {p P;P2}:

M *
0< tr}-{ ( Z ag(crer — cch))

k, =1
| M
X (,u + 3 m;l Qmn(ChCn — cncfn)> }
| M s M
:tr}-{ (5 Z ak(cie — clck)> (5 Z (€1 Cn —cnc;‘n))}
k=1 m,n=1
1 1
_ X X 2
+ 29{e{utr;{§ Pk;1 ag(crer — Clck)}} + ul”

Now we expand the brackets and use the CAR to reorder the annihilation
and creation operators:

M
—_— k %k * 1 *
0< Z aklamntrf{p( — ¢ €y CkCn F OkmCl Cn — §6klcmcn
k,,m,n=1
1 . 1
- §5mncl ck + Zéklamn> }

M

1
+ Q%Q{ﬁklzl aptry {P(CZCZ - 5%1)} } +lul?

Bearing ax; = (¢i| Api) and trr {p} = 1 in mind, we derive from the
definitions of I', and -y, that

M
1 1
nglz_1<wk®wn (Fp+1®vp§Ex(vp®1)§Ex(1®7p)
1
F B )(on B0
X (o1 @ om| (A* @ A) (Pr @ @n))
M ﬁ M
+2%Re 07 D {orl Api) (il vor) = 5 D (k] i) o+ lul”
k,l=1 k=1
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We can now perform the summations and arrive at

0< trg{EX(A* ® A) (Fp+ 1®7,
1 1
+§Ex §]l®]lf]l®’ypf7p®]l
+ 20Re {ﬁtrl {A’yp} — gtrl {A}} + |M|2

N 1 1

:tr2{(‘4 ®A)(FP+ (1®7,)Ex + Zl® 1- §(l®’79+7p® ]1))}

somefen (s} - e (a4l (30)

Defining s € C by p =: (s+ 1) tr; {4}, the inequality can be rewritten
as

M *
Z ak(crer — clc}Z))
k=1
M
<M + Z U (Cp Cn — Cnc:n>> }

m,n=1
:trQ{(A* ®A)(FP+ 5P 1@1+31®7,+57,@1+ (Mgwp)Ex)}.
(31)

N =

0< trf{p(u +

X
N | =

M
This inequality is valid for all s. We first assume that tr; {A} = > ay; #
i=1

0, then the choice s := — % optimizes the inequality. The conclusion
is (27):

tr2 {(A" ® A) (T, + Ex (7, ® 1))} — |tr1 {Av,}|" > 0. (32)
Note that (31) and (32) are equivalent because (32) implies (31) by

tr2 {(A" ® A) (T + Ex (7, ® 1))} = Jtry {4y, )]
> —trz{(A* ® A) (|s|2]1®]1+§]1®7p+57p®]1)}.

Conversely, if try {A} = 0, the choice p = — tr; {Av} in (30) leads directly
to (32).
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M
¢) Inserting Py := > @kicker into (23) yields inequality (25):
k=1
M «, M
0< trf{ﬂ( Z aklckcl) ( Z amncmcn)}

k,l=1 m,n=1

M
— * %
= g QplOmntrr {pclciement .
k,l,m,n=1

By the definition of I', one finds

M
0< Z QklOmn <(Pm & (Pn’ Fp((Pk ® (Pl)>

k,l,m,n=1
= (Wur|TpWar), (33)
M
where Uyr = Y ;5 (pi ® ;) € span{pr @ | k,1 € N}

ij=1

M
d) Inequality (26) follows from (23) by choosing Py := > aucic):
k=1

M * M
0< tr;{p( Z akchC?> ( Z amncfnc:;)}
k,l=1 m,n=1
M
= Z Ap1mnttF {p ccxcy,cn} .

k,l,m,n=1

By normal-ordering using the CAR, one establishes the required relation-
ship to I', and ,:
M
0< > Wamntrr{p (chehcich — e + SknCicl + dimchck

k,,m,n=1

= OkmChct — OimOkn + Okmlin) }

= < > anler @ ¢r)

k=1

(T +(1-Bd(lel-701-107,))

X ( Z amn(‘Pn@)‘Pm)) >

m,n=1

= (| (T, + (=B @ 1=, @ 1 - 187,) ) War). (34)
Next we prove (i) = (i). Thus, we assume (24)-(27).
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M
e) A general polynomial of degree r < 1 is of the form P; = )" (axcj +
k=1
Brck) + p with p, ag, B € C. This means we have to consider

M

trr{pPiP1} = Z trr {p (arcy, + Brcr + )" (ouc; + e + 1)} . (35)
k=1

We expand the product on the right side of (35) and compute the
traces, taking into account that trr {pc;} = trr {pc;} = trr {pcic;} =
trr{pcic;} = 0 for every 4,j since p preserves the particle number.
Therefore, only three terms in (35) are non-vanishing,

tre{pPiP1} = Y trr {p ((axch)” (uci) + (Brer)” (Brer)) } + ul?,
k=1

where we additionally use trz {p} = 1. The sum over the terms in braces
is non-negative due to (28) and (29). The conclusion is trz {p PyP1} > 0.

f) For r <2 we have a general polynomial given by

M M M
Pr=v+ Z (arcy + Brer) + Z apcpel + Z Brickcr
=1

k=1 k=1

M M

* *

+ E Kgicpcr + E NkICKCY
k=1 k=1

where v, ag, Bk, awl, Bri, ki, Mkt € C, for all 1 < k1 < M. Using the
CAR, we rewrite Py as

Po="P1+ Paa+Pog+ Poy,

where
M
Pri=p+ Z (O‘kCZ + ﬂkck) s PQ,a = Z OzleZC;;,
k=1 k=1
M M
Pa,p = ZﬂlekCz, Pap = Z Or1 (cra — acy),
k=1 k=1
and
1Y 1
M1=V+§;(f€kk + k)5 Okl :=§(fw—mk).
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Then

trr {pP;PQ}
=trr{p(Pf + P50+ Pss+Ps,) (Pr+Poa+Pos+Pao)}
=trr {ppfpl} +trr {p'P;’a'nga} +trr {p'PQ*”g’PQ,g}
+trr{pPsoP2s},
where we use that trz{pP Py} = 0 whenever a # b, since p con-

serves the particle number. Now, e) implies trz{pP;P1} > 0, (34)
yields trz {pP5 ,Paa} > 0 (see d)), (33) yields trr {pPQ*ﬁPQ,g} >0

(see ¢)), and trz {p?’;(ﬂ’z,e} > 0 follows from (32), see b). Hence,
trr {pP;PQ} > 0.

O

Lemma 3.2 is the algebraic part of the proof of Theorem 3.1. To conclude, we
have to extend the proof to infinite dimensions.

Proof of Theorem 3.1. Since (ii) contains (24)-(27) of Lemma 3.2, the impli-
cation (ii) = (i) is obvious. For (i) = (i), let ¢, and <I>,\If be normalized
vectors in h and h ® b, respectively, and set «; := (p;|@), Bi = {(wi|t)) and
i = (p; ® 9| ®), Bij = (pi ®<pj|\I/> for all 4, j € N. For M €N, we deﬁne

the orthogonal projection Py := Z |ok) (pr| and set ¢pr == Py = Z ;0
k=1 i=1

M

and ¥y == (Py @ Pu) ¥ = 5 S (i ® ¢;j). The admissibility and the G-,
ij=1

P-, and Q-Condititions follow from Lemma 3.2 as follows:

a) For the 1-pdm we have ||7v,[|op < 00, since

(eI} = ltrr {pc*(¥)c()}
<trr{lplH[PllIoll = trr {lpl} < oo

by the Cauchy—Schwarz inequality and ¢*(¢)c(¢) < 1(d|¢). Afterwards,
we infer by the triangle inequality

(@1 7p®) = (Dr|Vp@m)| = (@ — daa| Vo) + (Darl 7o (& — )]
< Ko = dmlvod) | + {on|7p(d — dar))]
< ¢ = darll (NIl + i@l 7o llop
< 2([¢ = darllllvpllop- (36)

As M — oo, ||¢ — ¢ar|| vanishes and we conclude with (prr|v,0n) > 0
that also (@] v,¢) > 0 for all ¢ € h. The same argument with -y, replaced
by 1 —~, leads to (¢| (1 —,)¢) > 0 for all ¢ € b.
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b) 7, € L*(h) follows by monotone convergence since v, > 0. For any ONB
{1/%}?21 C b and € > 0, we have

[e%e} M
> (] o) < sup { > trr{pcien} }
k=1

k=1
M
=sup? trr Crcr
i {erle e}

k=1

_ (N+e)s}\14p{trf{p (Nie)% (éciczc) (Ni—e)

< (N +e)ter {Jol} < oo,

W=

f

1

1M 1
. ~ 1 2 « 1 2
since N p = Np and H(—N“) (kz_:lckck> (Nﬂ) <1.

op

o0
¢) Thanks to b) we can compute <gpk| Ypk ) using monotone convergence

and ]ﬁp = Np. This gives the trace of v,.

o0 [e ]
tr1 {7} = Y (erlvoer) = Y trr {pcien}
k=1 k=1
o0
= tr]:{chch} =trr {p]N} = N.
k=1
d) For any basis of b, the identities ExI', = I', Ex = —I', are a consequence

of the definition of I', and the CAR.
e) We conclude from the definition of I', by the Cauchy—Schwarz inequality

oo (5 ) (S )}

m,n=1 k,l=1
< trr{lpl} [Wl@f = trz {lpl} < oo

(W[ T,®)| =

Therefore, we have [|T'p]lop < oo0. Afterwards, we infer analogously to
(36)

(W Tp0) = (Uar| Tp@ar)| < 2[[W = War[[[[Tpllop,

which tends to zero as M — oo due to the definition of ¥,,. With
(Uar| TpWas) > 0 from (33), this means (¥|I',¥) > 0 for all ¥ € h ® b.

f) To prove that I', € £'(h ® h) we show that there is an ONB {¢;};=, C b
such that > <1/)k ® 1/)1| Ty(vr @ z/;l)> is finite, again using I', > 0. For
k=1
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any € > 0 we have, using N p = Np and monotone convergence,

Z (Ve @ | Tp(r @ ) <sxjp{ thf{ﬂczckckcl}}

k=1 ki=1

ap (oo [(3300) - (S]]
oo oo () () ()}

< (N?+€) trr {Jpl} < o0

M M 2
since Y cpcr > 0 and, due to (z chk> < N?,

k=1
() (5)
CrCl =
et N2 +¢ op

g) To check (32) for any bounded A (not necessarily of finite rank) we abbre-
viate Aq :=T, +Ex (7, ® 1) —, ®, and set Ap; := Py APys. Clearly,
A,y is of finite rank and we observe

|tra {(A" @ A) Aa} — tra {(Ay @ Anr) Acl|
= ’tI‘Q {[(A — A]\/])* X A + A}Kw ® (A — AM)] A(}}’

- trQ{ { (PyA* Py + Pl A Py + P A P) @ A

VR
Z)
N
_|_
N
N————
]

+ Ay ® (P APy + PuAPf; + Pl APg) [Ac )| (37)

using Pfg =1 — Py. For ‘trg {(Png*PM ® A) Ac;}‘, for instance, we
find

|tra { (P37 A" Py @ A) Acl|
= |tro {(P3;A*Pry ® A) T, } + try { Py A* Py, A}
— try { Pap A" Pay, } trn {4} |
< try {(Pa; A" Py @ A) T | + [try { Py A" Py, A}
+ ’trl {PﬁA*PM'yp} try {A’yp}} . (38)

Since I', > 0 due to the P-Condition (see e)), Pi;, Py > 0 and Np = Np
we have on the one hand

|tra { (Pa; A" Prr @ A) T} < A2, trz {(Pa; ® 1) T, }
= (N = 1) |AlIZ, tr1 { Pz, }
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and on the other hand with 0 <~, <1 and Py <1
|try { Par A" Py, A} | < A5, tra { Pagvo )

and
|tr1 {P]ﬁA*PM'yp} try {A’yp}} <N ||A||§1D try {Pfg’yp} .
Note that try {Pi;y,} = i (0| Vo) — 0, as M — oo, since
=M+1
ki (prlvppr) = tri{y,} = N is convergent. Analogously, one finds
=1

that all terms on the right hand side of (37) tend to zero, as M — oo.
This, in turn, implies tra {(A* ® A) Ag} > 0 for any bounded A since
tro {(A%; ® Ap) Ag} > 0 due to (32).

h) Again by the Cauchy—Schwarz inequality we find

‘<\p’( 17Ex)(11®11—7p®11711®7p))q>>‘
oo (£ ) () )

<trz{|pl} V][]

and, therefore, ||I',+ (1 -Ex)(1®1 -7, 1—-1®7,)|lop < co. Following
(36) withT'y+ (1 —Ex)(1®1 —7,®1 —1®~,) instead of T, we arrive
at

<\If‘( 1-Ex)1®1-7,®1- 1®7p))\11>20 VU € h@bh.

(75,T',) obeys the P-, G-, and Q-Conditions by e), g) and h). The admissibility
is ensured in a) to d), and f). O

A simple consequence of Theorem 3.1 is

COROLLARY 3.3. Let N € N and assume that (v,T') is N-representable. Then
(v,T) is admissible and fulfills the G-, P- and Q-Conditions.

Proof. Since (v,T) is N-representable, there exists a density matrix p € L1 (F)
with (7,T') = (v,,T'p). By the last theorem, (v, I") then is admissible and fulfills
the G-, P- and Q-Conditions. O

Remark 3.4. The G-Condition (27) seems to be asymmetric in terms of ~,,.
However, since tro {(A® B)T,} = tra {(B® A)T,}, it is easy to show that
also tra {(A* ® A) (T, + Ex (1 ®1,))} > |tr; {47,}|* holds. Thus, we have a
symmetrized, but weaker, G-Condition given by

1
) {(A* ® A) (Fp + iEX (1@ +7® 1)) } > |try {A'Yp}|2 .
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4  CORRELATION INEQUALITIES FROM G- AND P-CONDITIONS

In [1], a lower bound on the difference of the ground state functional & (v,T)
and the Hartree—Fock functional € (v, (1 — Ex (v ® v))), i.e.,

trg{Vr(T)} =t {V(I'= (1 - Ex) (y® 7))}, (39)

is derived using the decomposition of the potential V' according to Fefferman
and de la Llave [7]. It turns out that this decomposition is also useful to derive
lower bounds only by means of N-representability. The main result of this
section is the following theorem.

THEOREM 4.1. Let X = X* = X2 € B(h) be an orthogonal projection on b.
Assume that (v,T) is admissible and fulfills the G- and P-Conditions. Then

tro {(X@X)F(T)} > —try {X’y}min{l; 38tr1 {X (v -7}

21132
+4[tr1 {X ('y — 72)} (2+8tr1 {X (7—72)} )} }
(40)
Proof. The proof is carried out in several parts in the following sections. The

first inequality is derived in Theorem 4.4. The second inequality follows from
Theorems 4.15, 4.17 and 4.19. o

In order to apply Theorem 4.1 to (39), the potential V on h ® b is decomposed
into an integral of a tensor product of two copies of the one-particle operator
X. This decomposition is called Fefferman—de la Llave identity.

LEMMA 4.2. For all x,y € R3, x # y, one has

rd

1 T dr
o=yl / / d*2 Xp(zn) (2) XBGm) W), (41)
0 R3

where  Xp(.,y) 15 the characteristic function of the ball B(z,r) =
{z e R?| |z — 2| <r} of radius r > 0 centered at z € R®.

The proof of the decomposition can be found in the original work of Fefferman
and de la Llave in [7]. In [12], Hainzl and Seiringer have derived sufficient

conditions on a pair potential V' : R® — IR so as to admit a decomposition of
the form (41).

Remark 4.3. The multiplication operator corresponding to x (., is denoted
by X, .= X. Clearly,

B(h) > X =X*=X? (42)

is an orthogonal projection.
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Instead of (39) we consider from now on
tr { (X @ X) T} =t (X @ X) (D= (1= Bx) (y@ 1)}, (43)

A first estimation of this quantity is immediately obtained by applying the
G-Condition directly on tre {(X ® X)TI'}. This yields the first inequality of
(40).

THEOREM 4.4. Let X be as in (42). Assume that (v,T) is admissible and
fulfills the G-Condition. Then

tr { (X 0 X)TD} > —tr (X7},

Proof. As mentioned, we apply the G-Condition (20) with A* = A = X
directly on tre {(X ® X)TI'}. The HF-part is carried out:

tro {(X ® X) (' — (1 - Ex) (y®7))}

> (try {X7})? = trg { X} — (tr1 {X~})° + tr1 { Xy X}
> —tr {X~}. (44)

The last inequality follows from tr; { Xy X~} = try {XyX~vX} > 0. O

The goal of the next sections is an estimation of (43) in terms of
try {X (7—72)}.

4.1 PREPARATION

A crucial step in [1] is the decomposition of the spectrum of v into eigenvalues
which are larger than %, and those which are smaller or equal % Following
this step, the decomposition is denoted by two orthogonal projections, P and
P+ (a comparable strategy was also used by Graf and Solovej in [13]). The
first one, P, projects on the space which is spanned by the eigenvectors of
corresponding to eigenvalues larger than % The second one treats the eigen-
vectors with eigenvalues smaller or equal % Furthermore, the eigenvectors of
v, {@i | vpi = Nii}ie,, are used as an ONB of h which we mainly refer to. In

this basis the two projections can be defined straightforwardly.

DEFINITION 4.5. On b, the orthogonal projections P and P are defined by

1 N 1
P:n[wﬂkzlwmm and P :ﬂ[vsﬂk;mwm
>3 >3

(45)

Here, the summation over "k > %” denotes the summation over {k} A > %}
and for "k < %” analogously. Obviously,

P+pPt=1, PPt=pP'P=0, Py=+P and P'y=~P*

Moreover, the projections are bounded from above.
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LEMMA 4.6. For P and Pt defined in (45)

P<2y and P <2(1-7) (46)
hold true.
Note that, since rk {P} < 2N, P is of finite rank and, hence, trace class.

Proof. Using the definition of the projections together with 0 < v < 1, one
finds for P:

P=>"loe) (0l <> 20 k) (orl <2 Meleor) (ol = 27,

k>3 k>3 k=1
and for P+:
Pt = Z lor) (x| < 22(1*/\k)|50k><80k| <2(1-9).
k<3 k<3
O

Thanks to P+ P = 1 we can expand try {(X ® X)T'} into three parts to have
expressions on which we can apply the conditions on (v,T"). We denote this
three parts by Main Part (MP), Remainder (R) and Main Error Term (MET).

LEMMA 4.7. Let X, and P and P be as defined in (42) and (45), respectively.
Then
tro {(X ® X)T'}
=try {(PXP ® PXP)T'} +4%Re {tr; {(PXP® P*XP)T'}}
+2tr, {(PXP- @ P*XP)T}
+try {(PEX P @ PEXPH) T} 4+ 4%Re {tr2 { (P XP® PEXPH)T}}
+2trp {(P*XP* @ PXP)T}
+2%Re {tro {(PXP+ ®@ PXP)T}}. (47)
Proof. After replacing the identity operator on each side of X in each factor of
the tensor product X ® X by (P + PJ-), one can expand the r.h.s. of
tra {(X ® X)T'}
=t {((P+P") X (P+P") @ (P+P") X (P+Ph))T}.

Using tr2 {(A ® B)T'} = try {(B ® A)T'}, which is a consequence of ExI" Ex =
I, one arrives at the assertion after rearranging. O

Afterwards, we collect the terms of (47) in a suitable way. Note that compared
to [1] the definitions of the Main Part and the Remainder are slightly changed.
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DEFINITION 4.8. The term
Twp = tro {(PXP ® PXP)T} 4+ 4Re {tro {(PXP® P*XP)T'}}
+4try {(PXPT® PTXP)T}
is called Main Part,
Tg = tro {(P"XP+ @ PP XP")T} +4Re {try {(P*XP® P-XP)T}}
+2trp {(P*XPt @ PXP)T} — 2tr, {(PXP' ® P*XP)T}
is called Remainder, and
Tugr = 2%Re {try {(PXP+® PXP)T}}
is called Main Error Term.

One estimate is used more than once when considering the terms in the Re-
mainder and Main Error Term. This estimate requires the following lemma.

LEMMA 4.9. Let {¢;};2, C b be an ONB, Q = Q* = Q?, Q+ :=1-Q, and
Y =Y* =Y? € B(h) orthogonal projections. For r,s € N define

B (7“, s) 1= |QY¢T> <QLY’¢S| € B(h) (48)

Then one has

Ztrg{ (r,s) @ B(r,s)) (F +Ex(y® 1))}

r,s=1

=t {(QYQ®Q YQ) (-I'+1®7)}. (49)

Proof. Denoting K := f tro {(B* (r,s) ® B(r,s)) (T + Ex(y® 1))}, we cal-

r,s=1

culate the trace using the ONB {¢;};2, C b.

K=Y Y (¢x@w%| (B (rs)®B(r,s) (bm @ tn))

r,s=1k,l,mmn=1

X ($m @ vn| (T + Ex (y@ 1)) (v @ 1)) -
In the next step, the definition of B (r, s) together with (A4),; := (¢;| Ay;), for
any A € B(h), can be used to write

K=3 S Q) (@), @), (vab),,

r,s=1k,l,m,n=1

X (thm ® Y| (T +Ex (y® 1)) (¥ @ t1)) -
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Performing the summation over r and s leads to

o0

E= Y (QYQ),, (@'YQh),,

k,,m,n=1

X (m @ Pu| (T + Ex (v @ 1)) (¢ @ ¢1))

= > (new] (QYQe QY QL) (tn ®v))

k,l,m,n=1
X (Ym ® | (T + Ex (y® 1)) (¥ @ 1))

The summation over m and n can also be carried out. Finally, the summation
over k and [ gives

K=Y (¢rou](Ex(QVQeQYQ") (N+Ex(y® 1)) (Vr @)

k=1
=t {(QYQ®QYQ"Y) (-T'+1@9)},
using the cyclicity of the trace, Ex = —T, and Ex(1 ® v) Ex =7 ® 1. O

Remark 4.10. By changing the definition of B (r, s) it is also possible to treat,
for example, QY Q ® QY @ similarly. However, it is important to notice that
> B*(r,s) ® B(r,s) is, in general, indefinite. In fact, the trace of B (r,s) is
T,8

vanishing in our case and so is the trace of B* (r,s)® B (r, s). Hence, B* (1, $)®
B (r, s) is either indefinite or zero. Furthermore, since P+ and P commute with
v, we also have try {B (r,s)v} = 0.

A consequence of Lemma 4.9 is a key inequality for proving the estimate on
the Remainder and the Main Error Term. This inequality is given in (50).

LEMMA 4.11. Let X, and P and P+ be as defined in (42) and (45), respectively.
Assume that (v,T') is admissible and fulfills the G-Condition. Then

tro {(PXP® P*XPH)T} <4try {Xy}tri {X (v =+°)}.  (50)

Proof. First, we observe that (49) with Y = X and @ = P and the G-Condition
immediately lead to

0< Y tr2{(B" (rs) @ B(r,s)) (I + Ex(y® 1))}

p,q

=tr {(PXP@ PLXPY) (-T+(1®))}.
Consequently,
tro { (PXP® P*XPH)T} < trp {(PXP® PEXPY) (1®7)}
= tr1 {PX}try { P X~}.
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Secondly, we permute the arguments in the trace cyclically and use that ~ is
trace class and PX and P1X are bounded. Then we use (46) to estimate the
projections:

try {PX}try {PT Xy} = tr {XPX} try {X AP\ 7X}
<At {Xy}tr {X (v - 72)}

since yP+ = \/'?PL\/'? o

Remark 4.12. jFrom tro {(A® B)T'} = tro {(B® A)T'}, for A, B € B(h), one
directly can conclude

tro { (P*XP+® PXP)T} <4try {X~}tr; {X (v —~%)}. (51)

4.2 ESTIMATION OF THE REMAINDER
Now we consider the Remainder of (47):
Tg = tro {(P*XP+ @ P*XP")T} +4Re {try {(P*XP® P-XP)T}}
+2trp {(P*XPt @ PXP)T} — 2tr, {(PXP* @ P*XP)T}.

The first three terms, summed up in Tr, and the last term, called Tg,, are
treated separately to derive a lower bound.

LEMMA 4.13. Let X, and P and P+ be as defined in (42) and (45), respectively.
Assume that (v,T) is admissible and fulfills the G- and P-Conditions. Then
T, = try { (P*X P+ ®@ PTXP)T} +2try {(P*XP' @ PXP)T'}
+4%Re {tr {(P*XP-® PXP")T}}
> —8tr { X} tr {X (v=7%)}.
Proof. First, we use Re (¢) > — [(|, for any complex number ¢, and P*XP ®
PLXPt = (PtX ® PLX) (XP® XP*) to infer
Tg, = tro {(P*XP+ @ P*XP)T} + 2tr; {(PXP® P XPH)T}
+4Re {tro {(P*XP® P*XPH)T}}
> tro {(PXPH @ PYXPH)T} + 2t { (PXP® PP XP)T}
— 4|t {(P*X ® P*X) (XP® XPH)T}|.
Then we use that (A, B) := tro {A* BT'} defines a positive semidefinite Hermi-

tian form on B(h ® h), due to I' > 0, which is the P-Condition. Hence, the
Cauchy—Schwarz inequality

(A, B)| > (A,4)? (B, B)* (52)
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holds, and we arrive at
Tr, > tro {(P*XP* @ P*XPH) T} + 2t {(PXP® P*XP)T}
— 4 (try {(PLX Pt @ PLXPY)TV)? (try {(PXP® PLXPL)T})? .

As 22 — dby > — 4B, for o = (tro {(P*XP+ @ PLXPY)TY)? and b =
(tr2 {(PXP ® PJ-XPJ-) 1"}) %, one then easily concludes

Tr, > —4try {(PXP® PXPH)T} + 2t {(PXP® PXXPH)T}
= —2try {(PXP® P*XP)T}.
The proof is completed by using (50):
Tk, > — 2t {(PXP® PTXP)T} > -8ty { X} tr1 {X (v—17)}.
O

The estimate on Tg, := — 2try {(PJ-XP ® PXPJ-) F} is addressed in the next
lemma.

LEMMA 4.14. Let X, and P and P+ be as defined in (42) and (45), respectively.
Assume that (v,T) is admissible and fulfills the G- and P-Conditions. Then

Tr, = —2tr2 {(PPXP®@ PXPH)T} > —8tr; {X~}tr1 {X (v—+%)}.
(53)

Proof. First, the left side is estimated by its absolute value. Then the Cauchy—
Schwarz inequality (52) is used:

—2try {(P*XP® PXPH)T'}

> —2|tr {(P*XP® PXP)T}|

> 92 (try { (P XPL @ PXP)T})? (tr {(PXP® PLXPL)T})?

=—2tr; {(PXP® P*XP+)T}. (54)
The assertion (53) follows again from (50). O

Summing up the results, we obtain the following estimate of the Remainder
directly from Lemmata 4.13 and 4.14.

THEOREM 4.15. Let X, and P and P+ be as defined in (42) and ({5), respec-
tively. Assume that (v,T) is admissible and fulfills the G- and P-Conditions.
Then

Tr > —16try {X~} try {X (v —72)}.
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4.3 ESTIMATION OF THE MAIN ERROR TERM
The main error in Theorem 4.1 results from estimating Tygr in (47),
Tuer = 2Re {try {(P"XP® P"XP)I'}}. (55)

A key observation is that terms of the form A®@ B € B(h®h) or Ex(A® B) €
B(h®h) can be added to I' in (55) without changing the value of TygT, provided
A and B commute with P and P. Therefore, one can also consider

Tver = 2Re {try {(P"XP® P*XP) (T +Ex(y®1))}}.

This expression can now be estimated using a variant of the Cauchy—Schwarz
inequality given in the next lemma.

LEMMA 4.16. Let X, and P and P+ be as defined in (42) and (45), respectively.
Assume that (v,T') is admissible and fulfills the G-Condition. Then

Re {tro {(PPXP® P XP) (T +Ex(y®1))}}
> — (tr2 {(PXP* © PLXP) (D + Ex(7® 1))})*

NI

x (tro {(P*XP®PXP") (I +Ex(y®1))})
Proof. We define
(A,B) =troa {(A*"®@B) T+ Ex(y® 1))}

on B(h) x B(h) and observe that, because

2 {(B* © A)T} = trz {(A® BY)T} = 0 (A @ )T}
and

tro{(B* ® A)Ex(y® 1)} = tr {B* Ay} = tr1 {A* B~}

S (CUEN NG 1)

(+,-) defines a Hermitian form on B(h) x B(h). Furthermore, (-,-) is positive
semidefinite, since

(A, A) =tra {(A" @A) T+ Ex(vy® 1))}
> Jtr {47} > 0
thanks to the G-Condition. Hence, the Cauchy—Schwarz inequality |(4, B)| <

(A, A)% (B, B)% holds true. Applying this with A* := B := P+ X P, we arrive
at the asserted estimate (56):
Re {tro {(P*XP® P*XP) (T +Ex(y®1))}}
= Re (4%, A)) 2 — (A", A)] 2 — (47, 47)F (A, 4)F

= — (trs {(PXPL @ PLXP) (T + Ex(y @ 1))})

% (trs {(PLXP & PXPY) (I + Ex(y© 1)})2.
O
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Now the Main Error Term can be estimated.

THEOREM 4.17. Let X, and P and P+ be as defined in (42) and (45), respec-
tively. Assume that (v,T') is admissible and fulfills the G- and P-Conditions.
Then

1
2

TumeTr > —2tr; { X~} [Strl {X (’y —72)} (1 4+ 4trq {X (’y — '72)} )}

Proof. We rewrite T\ygr adding the necessary exchange term to allow for an
application of (56):

Tuer = 2Re {try { (P XP® P*XP)T}}
=2%Re {try {(PTXP® P*XP) T +Ex(y®1))}}
>~ 2 (tr, {(PXP* @ PLXP) (T + Ex(y® 1))})?

N[

x (tro {(P*XP® PXP) (D +Ex(v®1))})*.

Note that tro { (PXPL ® PLXP) F} = try {(PLXP ® PXPL) F}, which was
already estimated in (54). Together with (50) we obtain
tro {(PXP'® P*XP)T} < try {(PXP® P XP*)T}
< Atry { X~} try {X (v — 72)} .

The two exchange terms have to be treated separately. Using P+, P < 1, we
find

tro {(PXP+® PYXP)Ex(y® 1)} = try {P* X PyPX P}

= tr, {P* X /4P /X P'}
S trl {le} )

and

tro {(P*XP® PXP')Ex(y® 1)} = tr; {PXP yP-X P}
=tr; {XPXXPyP+X}
<tr {XPX}tr {XPtyP+X}
<Adtr {Xy}tr {X (v — 72)} ,
where cyclic permutation in the argument of the trace is used together with
X = X2, (PJ-)2 = P! and P? = P to expand the argument of the trace.
Then one can use XPX > 0 and XPJ-'yPJ-X > 0 to estimate by XPX <

Itr; {XPX}. Afterwards, (46) can be used. Merging the results, we arrive at
the assertion. O
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4.4 ESTIMATION OF THE MAIN PART
In this section it is shown that the remaining terms of (47),
Twp = tro {(PXP® PXP)T'} + 4%Re {tr2 { (PXP+ ® PXP)T'}}
+4trp {(PXP-® P*XP)T},

are large enough to cover the HF-part tr2 {(X ® X) (1 — Ex) (y ® v)} in (43).
Due to this, we call this terms the Main Part. As mentioned, the Main Part
was extended by an additional term. This extension allows for the following
observation.

LEMMA 4.18. Let X, and P and P+ be as defined in (42) and (45), respectively.
Then

Twp = tro {(PX (P +2P%) ® (P+2P+) XP)T}. (57)

Proof. Expanding the parentheses on the right side leads to the assertion by
using tra {(A® B)T'} =try {(B® A)T'}. O

For A := (P +2P+) XP we have Typ = tra {(A* ® A)T'}. This provides the
use of the G-Condition.

THEOREM 4.19. Let X, and P and P+ be as defined in (42) and ({5), respec-
tively. Assume that (v,T) is admissible and fulfills the G-Condition. Then

Tvp —tr2 {(X @ X) (1 —Ex) (y®v)} > —22tr; { X~} try {X (’y — 72)}(.
5

Proof. The proof is split into two parts. In the first part, the trace of the HF-
part is calculated. In the second part, the Main Part is estimated by applying
the G-Condition with A := (P + 2PL) XP.

a) Asin (44), the trace of the HF part can be written as
tr2 {(X ® X) (1 — Ex) (y ® )} = (tr1 {X7})” — tr1 {X7 X}
b) Owing to (57), the G-Condition can be applied directly on the Main Part:
Tup = trz { (PX (P +2P*) ® (P +2P+) XP)T'}
> |try {PX (P +2P)y}|”
—try {PX (P+2P)y (P+2P") XP}.

Due to cyclical permutation, [y, P] = [fy, Pl} =0and P*P = PP+ =0,
some traces vanish. The result is

Tap > |try {PXA} — trs {XPX Py} — 4tr; {XPX Py}
> (try {PX~})? — trg {PXyX} — 4tr; {X P} tr; {X Py}
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In try {XPXP~}, [PLv] = 0 and P < 1 is used to write
try {XPXPy} = tr {PX,AP/7XP} < tri{PXyX}. In the
last trace, XP < 1tri{XP} is used. This is possible since
tr {XPXPLy} = tr; {XPXXP yX} and XPLyX = |XPL A7 >0
together with X PX > 0.

Before adding up the estimates, we note that

try { P Xy X7y} = tr1 {y7X AP VAX A} >0

and

(tr1 {X7})* = (tr1 {PX7})*

= (tr1 { X~} +try {PXv}) (trl {X~}—try {PX’y})

= (tr1 {X~}+tri {PX~} )tr1 {PtX~}. (59)
Furthermore, one has trq {X P} tr; {XPl'y} < 4ty {Xv}try {X (7 — 72)}.
These results can now be applied together with a) and b) to the left side of
(58):

Tup — trz {(X ® X) (1 - Ex) (y® 7)}
> = ((tr {X31)? = (b0 {PXAD)?) + tr1 {X7 X7} = try {PX7X])
—16try { X~} try {X (7 — 72)} )

At this point we wuse (59), split tri {XyX~} into tri {PX~yX~} +
try {PJ-X’yX’y}, and rearrange:
Tup — tro {(X © X) (1 - Ex) (y @ 7)}
> — (try {Xv} + try {PX~}) try { P X~}
—try {PXyX (1 =)} + try {PH XX~}
—16try {Xy}try {X (v =)}

Then, with P < 1, P* <2(1 —~), and tr; {P*X~yX~} > 0, one obtains

Typ — tr2 {(X © X) (1 - Ex) (y®7)}
> —dtry {Xy}tr {X (v - 72)} —tri {PX~yX (1 — )}
—16try {Xy}try {X (v =) }.

We continue with the inequality XyX < 1tr; {X~+X}. This is allowed be-
cause tr; {PXvX (1 —v)} = tr1 {X7XX (1 —+)PX} and X (1 —v)PX =
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XV1—~4P/1 —~X = ’X\/ll — 7P’2 > 0 together with XX > 0:
Tyup — trz {(X @ X) (1 - Ex) (y®7)}
> —20try { X~} try {X (v =%} — trg {Xy X} e {X (1 — ) PX}
> —20tr; {X~}try {X ('y — 72)} — 2try { X~} trg {X ('y - 72)}
=—22tr { X~} tr {X (v =%}
The last inequality follows from P < 2+. O

Finally, the proof of Theorem 4.1 is completed by the estimation of T in Theo-
rem 4.15, Typr in Theorem 4.17 and Typ —tra {(X ® X) (1 — Ex) (Y ® )} in
Theorem 4.19. In each of this theorems, the G-Condition was used to generate
bounds. The P-Condition was only applied to provide the use of the Cauchy—
Schwarz inequality. In the end, it is remarkable that the Q-Condition is not
needed for the proof of the correlation estimate.

5 SUMMARY

We have obtained several results in the last section, which were merged in the
main theorem, Theorem 4.1:

tra {(X @ X)(I' = (1 - Ex) (y®@7))} > —tr1 { X7},

T > —16tr { X~} tr1 {X (y =7%)},

1
2

TumeTr > —2tr; { X~} [Strl {X (7 —72)} (1 4+ 4trq {X (7—72)})} ,

Tvp —tr2 {(X @ X) (1 —Ex) (y®7v)} > —22tr; { X~} try {X (’7—72)}.

Denoting b := try {X~} and a := \/tr1 {X (v —~?)}, one can rewrite the es-
timates for tro {(X @ X)T™M} = tr {(X ® X) (I' — (1 — Ex) (y®+))} as fol-
lows:

tra {(X ® X)P<T>} > — b min {1; a (38a 128+ 32a2) } . (60)

A suitable choice of a < b in (60) leads to the following correlation estimation.

THEOREM 5.1. Let X, and P and Pt be as defined in (42) and (45), respec-
tively. Assume that (v,T) is admissible and fulfills the G- and P-Conditions.
Then

troy {(X@X)F(T)} > —try { X~} min{l; 10+/try {X (v —72)}}.
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Proof. The minimum in (60) is a (38a + 2v/8 + 32a2) for 0 < a < \/ﬁ and,

thus, % > (38a +2v/8 + 32a2). Since (38a +2v/8 + 32a2) is monotonously

increasing in a, we find

(38a+2\/8+32a2) < V01 < 10, (61)

which implies the assertion. O

Remark 5.2. In section 4.1, we have split the eigenvalues of v in eigenvalues
which are larger than % and lower or equal % In fact, this split turns out to be
almost optimal and (61) cannot be sharpened by another choice of P and P+ .

Up to the constant (61), Theorem 5.1 is exactly the result which was already
obtained in [1]. The difference of the constants comes, on the one hand, from
a different arrangement of the terms of tro {(X ® X)I'™} and, on the other
hand, from the fact that in [1] also the Q-Condition was used, which can be
seen implicitly in estimate (68) in [1]. With the result of Theorem 5.1 we can
immediately perform the integration in the Feffermann—de la Llave identity
according to [1] which leads to an estimate of tro {V (I' — (1 — Ex)(y ® 7)) }.

BIBLIOGRAPHY

[1] V. Bach. Error Bound for the Hartree-Fock Energy of Atoms and
Molecules. Communication in Mathematical Physics, 147:527-548, 1992.

[2] V. Bach. Accuracy of Mean Field Approximations for Atoms and
Molecules. Communication in Mathematical Physics, 155:295-310, 1993.

[3] E. Cances, G. Stoltz, and M. Lewin. The Electronic Ground State En-
ergy Problem: a New Reduced Density Matrix Approach. The Journal of
Chemical Physics, 125:064101, 2006.

[4] A.J. Coleman. Structure of Fermion Density Matrices. Reviews of modern
Physics, 35(3):668-687, 1963.

[5] R. M. Erdahl. On the structure of the diagonal conditions. International
Journal of Quantum Chemistry, 13(6):731-736, 1978.

[6] R. M. Erdahl. Representability. International Journal of Quantum Chem-
istry, 13(6):697-718, 1978.

[7] C. Fefferman and R. de la Llave. Relativistic Stability of Matter-1. Revista
Matemadtica Iberoamericana, 2:119-161, 1986.

[8] C. Garrod and J. K. Percus. Reduction of the N-Particle Variational
Problem. Journal of Mathematical Physics, 5(12):1756-1776, 1964.

[9] E. H. Lieb. Variational Principle for Many-Fermion Systems. Physical
Review Letters, 46(7):457-459, 1981.

DOCUMENTA MATHEMATICA 17 (2012) 451-481



CORRELATION INEQUALITIES FROM G AND P 481

[10] D. A. Mazziotti and R. M. Erdahl. Uncertainty relations and reduced
density matrices: Mapping many-body quantum mechanics onto four par-
ticles. Physical Review A, 63:042113, 2001.

[11] K. Naftchi-Ardebili, N. W. Hau, and D. A. Mazziotti. Rank restriction
for the variational calculation of two-electron reduced density matrices of
many-electron atoms and molecules. Physical Review A, 84:052506, 2011.

[12] C. Hainzl and R Seiringer. General Decomposition of Radial Functions on
R™ and Applications to N-Body Quantum Systems. Letters in Mathema-
tical Physics, 61:75-84, 2002.

[13] G. M. Graf and J. P. Solovej. A correlation estimate with applications
to quantum systems with Coulomb interactions. Reviews in Mathematical
Physics, 6(5a (Special Issue)):977-997, 1994.

Volker Bach Hans Konrad Knorr
v.bach@tu-bs.de h-k.knorr@tu-bs.de

Edmund Menge
e.menge@tu-bs.de

Institut fir Analysis und Algebra
TU Braunschweig

Pockelsstrafie 14,

38118 Braunschweig

DOCUMENTA MATHEMATICA 17 (2012) 451-481



482

DOCUMENTA MATHEMATICA 17 (2012)



