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ABSTRACT.

We determine the ground state energy of the translation invariant
Pauli-Fierz model for an electron with spin, to subleading order O(a?)
with respect to powers of the finestructure constant a and prove rig-
orous error bounds of order O(a?). A main objective of our argument
is its brevity.
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1. INTRODUCTION

We continue the study of the translation invariant Pauli-Fierz model [2], de-
scribing a nonrelativistic free electron interacting with the quantized electro-
magnetic field. In contrast with [2], we study now electron with spin. We are
interested in quantitative properties of the ground state energy (Theorem 2.1)
and its associated eigenfunctions (Theorem 2.2). In particular, we determine
the subleading terms of the ground state energy up to order a?, where a denotes
the finestructure constant, and rigorously bound the error by a term of order
a3. In comparison with [2], the ground state energy is an order of magnitude
larger in powers of a, due to the presence of electron spin.

Following the technique developed in [2] (see also [4]), our method is based
on perturbations around the true ground state of the translation invariant
operator, together with a bound on the expected photon number for this ground
state, obtained by Chen and Frohlich [8]. In particular, an important ingredient
of the proof is the improvement of photon number estimates for different parts
of the ground state.

A well-known difficulty connected to this problem arises from the fact that the
ground state energy is not an isolated eigenvalue of the Hamiltonian, and that
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the form factor in the interaction term of the Hamiltonian contains a critical
frequency space singularity (the infrared problem of Quantum Electrodynamics
(QED)).

Estimates on the ground state energy play an important role, for instance, in
binding problems, e.g., the determination of the Hydrogen binding energy [3].
The systematic study of Pauli-Fierz Hamiltonian was initiated in [1]. The first
estimate for the translation invariant operator for spinless electron was obtained
by [12]. Later on in [6], the model for electron with spin was considered, and
the bound was obtained up to the order a? with an error term of the order
ot log . Such estimates are not sufficient to compute the correction to the
binding energy due to the interaction with the radiation field. In [2] a new
effective method was developed to obtain the self energy in the spinless case
up to the order o with an error O(a*). This result was later improved in
[5] with computing the term O(a?) with error term O(a®). These last two
results [2, 5] were crucial for proving that the binding energy in the case of the
Hydrogen atom with spinless electron contained an o® log a term and that this
term comes from the ground state energy of the Hydrogen atom and does not
exist in the translation invariant case [3].

In the work at hand, we are starting to implement the same program for the
model of a Hydrogen atom with spin 1/2 electron interacting with the quantized
radiation field. The first step of this program is, as in [2], computing the self-
energy, for the electron with spin, up to the order O(a?).

The Pauli-Fierz Hamiltonian H for a free electron coupled to the quantized
electromagnetic field is defined by

(1) H=:(iVs @ I; - VaA(®))" : +Vao - B(a) + lu  Hy.

where : --- : denotes normal ordering, corresponding to the subtraction of
a normal ordering constant proportional to a. The operator H acts on the
Hilbert space H := He ® F, where He = L?(R3,C?), is the Hilbert space of
one non-relativistic electron, R? is the configuration space of the electron, and
C? accomodates its spin.

We describe the quantized electromagnetic field by use of the Coulomb gauge
condition. Accordingly, the one-photon Hilbert space is given by L?(R?) ®
C?, where R? denotes the photon momentum and C? accounts for the two
independent transversal polarizations of the photon. The photon Fock space is

then defined by
- @

neN

where the n-photons space F\™ = Q2 (L*(R3) ® C?) is the symmetric tensor
product of n copies of L?(R3) ® C2.

We use units such that 7 = ¢ = 1, and where the mass of the electron equals
m = 1/2. The electron charge is then given by e = v/« with a ~ 1/137 denot-
ing the fine structure constant. As usual, we will consider «a as a parameter.
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The operator that couples an electron to the quantized vector potential is given
by

k . .
Alz) = < |1)/25 (k)| e*® @ ap(k) + e " © a’f\(k)} dk,
A=1.2 R3 27T|]€|

where by the Coulomb gauge condition, divA = 0. The operators ay, a} satisfy
the usual commutation relations

[ay (), ax (k)] = 6(k — K)ox.0,  [aw(k), ax(k)] =0,

and there exists a unique unit ray Qy € F, the Fock vacuum, which satisfies
ax(k)Qty = 0 for all k € R® and X\ € {1,2}. The vectors (k) € R? are the
following two orthonormal polarization vectors perpendicular to k,

k2, —k1,0) k
El(k) = (k%ﬁ and EQ(k) = m /\51(1€>.

The function ((|k|) describes the ultraviolet cutoff on the wavenumbers k. We
assume ¢ to be of class C'!, with compact support.
The operator that couples the electron to the magnetic field is

(L))

Bla) = s 27 |k[172

A=1,2

k x iex(k) [ei’” ® ax(k) — e~ @ ai(k:)} dk .

In Equation (1), 0 = (01, 02,03) is the 3-component vector of Pauli matrices.
The photon field energy operator Hy is given by

=3 [ Ikaie(ak
A=1,2
For convenience, in the following, we shall denote

A(z) = A (x) + AT (z) and B(z) = B~ (x) + BT ()

where

k _
4@ = Y [ sne e @ a,
2

Z 9 27r|/<:|1/2k x iex(k)e™™ @ ay(k)dk,
and BT (z) := (B~ (2))*.

The system is translationally invariant, and H commutes with the operator of
total momentum

Ptot:ivx®1f+lel®Pf7

where iV, and Pr =3y, [ ka}(k)ax(k)dk denote respectively the electron
and the photon momentum operators.
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Therefore, if H, = C? @ F denotes the fibre Hilbert space corresponding to
conserved total momentum p, for any fixed value p of the total momentum, the
restriction of H to the fibre space H,, is given by (see e.g. [7])

@) H(p) = (p — P — VaA(0))* : +vao - B(O) + Hy.

Henceforth, we will write A := A*(0) and B* = B*(0).

It is known that infspec(H) = inf spec(H (0)) for small « [9]. Moreover, the
ground state energy of the one electron self-energy operator with total momen-
tum p = 0 is an eigenvalue of multiplicity two [7]. The case of spinless electron,
without restriction on «, was investigated earlier in [10].

In the sequel, we shall study the operator H(p = 0).

2. STATEMENTS OF THE MAIN RESULTS

Consider

(3) Qo := A2y, with A € C? such that [\ =1,
and define

(4) Iy :=—(Hf + P})"'0.BTQ

(5) Iy =—(Hf+P;)"' [o- BTy +2A% - Py + AT - ATQq] .
On C? ® F, we define the positive bilinear form
(6) (v, wyy = (v, (Hy + P]?)w> ,
and its associated semi-norm ||v]|. = (v, v)..
THEOREM 2.1 (Ground state energy of H(0)). We have
inf spec(H(0)) = —a|T 2
(7) 2 -2 2 2 2 3
+o? (2 AT = [IT2 )2 + T2 1T ]1?) + O(a?) .

The proof of the Theorem consists in proving an upper bound obtained with
a trial state (see inequality (12) in Section 3), and a lower bound obtained by
variational estimates (see (59) in Section 6).

REMARK 2.1. Recall that the ground state of H(0) is twice degenerate [7]. The
result in Theorem 2.1 does not depend on the choice of €.
According to Lemma 7.2, the term of order a is nonzero.

In the remainder, we will need the following notations. For n € N, let P, be
the orthogonal projection onto the subspace C? ® F,, of the space C? ® F, and
P>, be the orthogonal projection onto the space C? ® (®k>n ]-"k).

Let @y be a ground state of H(0) with the condition Py®g = €. Taking
the (., .).-orthonormal projections of ®y along the vectors I'y and T's, and
denoting by R the component in the (., .).-orthogonal complement of their
span, we get

(8) Do = Qo+ a1y +ayls + R
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where for i = 1,2 we assume

(9) <Fi, R>* =0 and PoR =0.
THEOREM 2.2. For ®q defined by (8) and (9), we have
(10) M =1=0() [2-1]=0(?)
(11) [R]« = O(az) |R| = O(a).

The statement of this theorem follows immediately from the proof of Theo-
rem 2.1.

3. UPPER BOUND TO THE GROUND STATE ENERGY
In this section, we prove the upper bound for the ground state energy
inf spec(H (0))
U2) < a2 4 0® (AT - Tl + [T D)) + 0(e)

Let us define the following trial state
@:Qf+\/aF1+OAF2

Since
a3) H(0) =Hj 4+ P} + 4\/aRePs - A~ + 2aReAt - AT
+20A" - A” +2/aRec-B~
we obtain
(H(0)0, ©) = a|T1||2 + o?||Ta||? + 20*Re(AT - ATQ;, T)
14) +2aRe{o - BTy, Q) + 202 ||A7T||* + 40’ Re(Py - AT, T'y)

+20*Reo - B™Tq, T'1) + 2a°%|| ATy ||?
= —a”|[T4[Z = o®|[ Lol + 207|| AT |* + 207 AT
where in the last equality, we used

®Re(AT-ATQp, To)+20*Re(Py - A T2, I'1)+a*Re(o - BTy, I'y)

= o[,
and

2aRe(o - B7T'1, Q) = —2a||T|7.

The identity [|©[]? = 1+ «||T'1]|? + a?||T'2||? together with (14) yields

inf spec(H (0)) < %
= —a?|Tufff = a®|[TalfZ + 207 AT |* + oo [ZIT1 |1* + O(a?) .

which concludes the proof of the upper bound (12).
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4. A PRIORI ESTIMATES

Let @y denote the ground state of H(0) with the normalization condition
Py®y = Qp, where Q is defined by (3).
For T’y defined by (4), we decompose ®g as

(15) Py = Qo + (711—‘1 + Rl) + PZQ(I)Q with <F1, R1>* =0,7 € C.
PROPOSITION 4.1. The following estimate holds
(16) [®oll+ = O() .
Proof.
(H(0)®o, ®o) = ((Hy + PF)®o, ®o) + 4v/aRe(Py - A~ 0o 0p)
+2y/aRe(o - B~ ®g, ®g) + 2aRe(A™ - A~ Dy Dg) + 2a|| A~ Dg||?
1
> ((Hy + P7)®o, ®o) — cv/al Hf @l || P&l
17 — Vol Hi ol | @0l — call Hf ol (1HF ¥l + [14]])
(17)
1 1
> ((Hy + P7)®o, ®o) — (ev/a+ 7)|[HF Do |*
— eV/a|| Pro|* — cal| @
1 1
> §<(Hf + P7)®g, ®o) — co = 5”‘1’0”3 —co

using in the second inequality of (17) that for all vy € C? ® F we have
1

1 1 1
A=Y < cllHE |, 1Bl < cl[Hf | and AT < c([HF o[l + [[¢]]) (see
e.g. [11, Lemma A4]). The proof of (16) follows from (17) and the fact that
(H(0)Dg, o) < (H(0)Q0, Qo) =0. O

PROPOSITION 4.2. There exists ¢ > 0 such that for all ¢ € C*> ® F,

1
(18) (H(0)¢, ¢) — §||<Z5H2 > —cal|o]*.
Proof. The proof is done by repeating all steps in (17), replacing ®g by ¢. O

The next result is a consequence of an a priori photon number bound for
the ground state obtained in [8, Proposition 5.1], whose statement is given
in Lemma 7.3 for total momentum p = 0.

PROPOSITION 4.3. The following holds
(19) [P21®]* = O(a).
Proof. Applying Lemma 7.3, we obtain
[PorBoll < (Porto, Ny Pore) = 3 [ flar(k)ol*d

A=1,2
«

< — 2dk <
< c/ |k|2§(|k|) dk < ca,

where Ny is the photon number operator. (|
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COROLLARY 4.1. There exists ag > 0 such that v1 is uniformly bounded in
o€ [0, 040].

Proof. Since (Rq, I'1), = 0, then from Proposition 4.1, we have that there
exists ag and c such that for all & smaller than ay,

(20) af(Hy + P7)nly, Iy) < ca
which implies |1[* < ¢(((Hy + P§)l'1, '1))~'. We conclude the proof by
applying Lemma 7.2. (|

COROLLARY 4.2. We have

(21) [R1])2 = O(a) and |Ril* = O(a).

Proof. Applying Proposition 4.1 and Corollary 4.1 gives
[R1ll < [T @olls + Ve |yl [T1]l« < evar.

Similarly, applying Proposition 4.3 and Corollary 4.1 we get

(22) IRl < T @o | + vV [y T4 < ever.

5. LOWER BOUND UP TO THE ORDER «

In the present section, we derive a sharp lower bound for the ground state
energy (H(0)®g, ®0)/||Po||?, up to the order «, with rest of order a?. The
proof also implies improved estimates on 71, ||Ri|. and [[P>2®gll«. These
results are stated as follows

PROPOSITION 5.1. The following holds

(23) inf spec(H (0)) = —al|[T1[|2 + O(a?)
(24) | R1[l« = O(a)

(25) [ P>2%0|l« = O(a)

(26) 71 =1+0W\a), Imyn =0\ a)

Proof. Using the decomposition (15) for @, and the identity (13) for H(0), we
get

(H(0)®o, Po)

= a1 PT1 2+ Ri|1Z+ [ Po2®oll2+ 4v/aRe(Ps- A~ P>3®g, P>1Po)
+2vaRe(o - B~ (vVayTi + Ry + Psa®g), Og) + 2a]| A~ D ||?
+2aRe(A™ - A” Pp>2®, Oo).

(27)

Applying [11, Lemma A4], Corollary 4.1 and Corollary 4.2, the fourth term in
the right hand side of (27) is estimated as

4y/aRe(Ps - A~ P52®q, P>1®)
1
(28) > €| H} P>2®o|* — c(e)a]| PrPr®o|* — c(e)a]| Py P2 o

> 7€HPZQ¢O||£ —ca?.
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In (28), as well as in the sequel, we shall omit the e-dependence of the constants
¢ since € will eventually be given a fixed value independent of a.
Similarly, using in addition (o - B7T'y, Q) = —||T'1||? and (o - B~ Ry, Qo) =
(R1, T'1)« = 0, we estimate the fifth term in the right hand side of (27) as
2v/aRe(o - B~ (vayl'1 + Ry + P>2®), ®p)
=2aRe(o - B~1Il'1, Q) + 2v/aRe(o - B~ Ry, Qo)
(29) + 2\/&R€<0‘ . Bingq)o, P21q90>
—2aRen|[T1[f2 — € H7 Paz2®o||* — cal| P>1®|?
—2aRen|[T1[f2 — €] P>2®ol|2 — ca?

Y]

Y

The sixth term in the right hand side of (27) is nonnegative, and with similar
arguments as above, the seventh is bounded by

30 2aRe(A_ . A_Pzgq)o, @0) Z _CaHA_PZQ(I)OH HA+(I)0H
30 > —el| Poo®o |7 — ca®.
Collecting (27)-(30) gives

(H(0)®, @)
(31) 1
> 5|\Pzz<1>olli + |l = 7?0112 — Tl + [|Ra]lF — ca?

To prove (23) we first note that from the decomposition (15) of ®y and Propo-
sition 4.3, we have || ®¢[|? = 1+ O(«). Therefore, (23) is a consequence of this
equality, the upper bound (12), and the lower bound (31).

The estimates (24)-(26) are direct consequences of (31) and the fact that
(H(0)®g, o) <0. O

6. LOWER BOUND UP TO THE ORDER o

Equipped with the estimates of Sections 4 and 5, we are now ready to establish
a lower bound up to the order o2, with error term of the order o for the
ground state energy.

For I'; defined by (4) and for +; given by the decomposition (15) of ®¢, we
define

(32) Ty = —(Hy+ P?)~' (yi0 - BTy 4 27 AY - Py + AT - ATQy) |
and we define 75 and Rz (depending on ~;) by

(33) Pydy = a0 + Ry and  (Ry, TOM), =0.

Thus, we have

(34) Py =0 +vVonl'i + Ry + oryﬂ‘é”l) + Ry + P>39.
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6.1. PRELIMINARY ESTIMATES. Before estimating the ground state energy, we
need to prove some estimates for the vectors occurring in the decomposition

(34) for ®y.

PROPOSITION 6.1. There exits oy > 0 and ¢ > 0 such that for all « € (0, )
and all v, € (3,3), we have

|’YQ| < cC.
Proof. From (25) of Proposition 5.1 we have
(35) 1P2@o [+ = a?[ra] 2TV + | Ra||? < ca®.

Together with Lemma 7.1, this yields the result. 0

PROPOSITION 6.2. There exists ag > 0 and ¢ > 0 such that for all a € (0, ),

for all e >0, and for all v, € (%, 2)

1
[Ri]? < cela? +ea” [ HF Ry,
1
(36) | Ra||? < ce_1a2+eo¢_1||Hf2R2||2,

1
[P>3®0|* < cem'a® +ea” || H} P>3®ol|*.

Proof. We have, applying lemma 7.3

(837)  llaa(k)Ra|| < lan(k)Pado| + @ |ys] [laa(R)TE™ || < ev/a/ K]
Therefore, given € > 0, we have
LAEED S ANCEARY
A=1,2

Z/ llax(k R2|\2dk+2/ l|ax (k) Rz ||>dk
A=1,2 elkl<a A=1,2 |k|>a

C\/ (X
</ val
elkl<a

1
< et + ea_lﬂHj? Rol?.

elk| 2
dk+/ — |lax(k)R2||*dk
|| |k|>a & °

The bounds for ||Rq|| and || P>3®]|| can be derived similarly. O

To estimate (H(0)®q, ®o) we use the above decomposition (34) of &y and the
identity (13).

6.2. TERMS INVOLVING P;®y BUT NOT Ps2®q. Denoting by (I) the terms in
(H(0)®g, @) involving P; Py but not P>2P( we have

(1) =aly1 P [IT4lZ + [ Rall2 + 2v/aRe(o - B~ (VamnT1 + Ri), Qo)

38
o +2a]A7 (VoI + Ry)|*.
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Using the definition of I’y and (I'1, R1), = 0, we get that the third term in
the right hand side equals —2aRev1||T'1||?. Using the bound (26) on 71, we get
that the fourth term in the right hand side of (38) is estimated as

20271 2| ATy |2 + 402 Re(A™ 1Ty, A" Ry) + 2al|A™ Ry |2
> 207 |71 P AT Ra|® — €l H7 Ru[|* + O(a).
The above thus implies
(1) = P12 (P —2Rem) + (1—€)|| Rulf?
+20° |11 P ATT1]*+ O(e?)
=—a?|[T1)|? + afl = 71 P|Tulff + 20° (] = 1) AT |12
+20° AT + (1 = )| Ra][Z + O(a?)
This yields
_ 1
(1) 2 =a®[[ T2 + 207 AT + Safl—m [Ty 2
1
+ gall=m P02 = ca® [ ]* = 1 [T42 + (1 = [ Rall¥ + O(a?)

_ 1
> —a®|[Tf + 20| AT |* + Sall = [Ty 2

40 1 1
Ol (J-Ren)? + J T )? — caRen 11 caZny)?)

+ (1= RallZ + O(a?)
_ 1
> 02|13 2+ 202 [ ATy + 2ol = 20y 2
+ (1= IR+ O(e?),
using 3(1—Rev1)? —ca|Reyy — 1| > —/a? and §(Imy)? —caImy > —c'a?.

6.3. TERMS INVOLVING P>®y BUT NOT P>3®(. Denoting by (I7) the terms in
(H(0)®g, ®g) involving Po®y but not P>3P we have

(1) = &* PTG 2 + || Rl

+ 40’ ReyoTi(Py - AT, T1) + da Reya (P - ATS™, Ry)

+ AaReTT (P - A~ Ry, T1) + 4y/aRe(Py - A~ Ry, Ry)
(41)  +20°Reyoyi(o - B_Fg“), 1) + 20 Rea (o - B_l"g“), Ry)

+2aReyi{o - B™ Ry, I'1) +2v/aRe(o - B~ R, R1)

+20°Reya(A™ - ATTOY Q0) + 2aRe(A™ - A™ Ry, Q)

+20° 2| AT |12 + 20| A” Ro|| + 4a®Reno (AT - AT Ry) .
The sum of the fifth, the ninth and the twelfth terms in the right hand side
of (41) is equal to —2a(Ra, th))* = 0; the sum of the third, seventh and
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eleventh terms is equal to —2a272||TS"||2; the sum of the fourth and the sixth
terms is bounded below by

—cval|H7 Py®ol| [|H} Ryl > —e|| Ry — c(e)|| P2Po|?
> €| Ry = ca®,
according to (25) of Proposition 5.1. Applying Proposition 6.2, yields
2vaRe(o - B Ry, R1) > —¢||Ra||? — cal|Ry|?
> —¢|[Ra|l2 — €| Ril2 — ca®.
The term 203 Reya(o - B-TS"), Ry) in (41) is estimated by
202 Reva(o- BT, Ri) = 203 Ren(H; >0 - BTY", H7 Ry)
> —¢|Ra] = ca®,

(42)

since the norm of H; ?o- BT

we have

(43) 40°Reva (At - ATV | Ry) > —€|| Ry — cat.

Collecting all the above estimates in (41) thus gives

(I1) > D5 |2(1af? = 299) + (1 = )| Ra |2 = €| By |12 = a®
> =T824 (1 = )| B2 — ]| Ba|2 — ca®.

is uniformly bounded in v, € (3, 2). Finally

(44)

6.4. REMAINING TERMS. We collect in (IIT) all the terms in (H (0)®, Pg) that
have not been treated in subsections 6.2 and 6.3. This yields

(45) (I11) = (H(0) P30, ®o)
= <H(0)P23(I)0, P23@0> + <H(0)P23(I)0, (1 — P23)¢0>

Applying Proposition 6.2, the first term in the right hand side of (45) is
bounded below using the following estimate

V

1
(H(0)P>3®0, P>3®o) — 5 [[P>3®o|lZ > —cal P=s®o]”

> —ce ta® — 6HP23<I>0||£ .
The second term in the right hand side of (45) is
(H(0)Ps3®q, (1—Ps3)®) = 2v/aRe(o- B~ Ps®o, Pydo)
(47) + 4y/aRe(Py - A~ Pys®yg, Py®y) + 20'Re(A™ - A~ Ps®q, PLdo)
+ 20Re(A™ A P, ®,, Pydp)
We have

(46)

1
8) 20Re(A™ - A” P3®g, Pi®o) > —¢||H} P3®ol|7 — ca®|| A P1dg|?
48 . .
> —el|H} Ps®o|? — ca®|| Pi®o|® > —e| H Pso||? — ca®,

where in the last inequality, we used Proposition 4.3.
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Similarly, we get
1

(49) 20Re(A™ - A P;®y, Py®o) > —¢| H} Py®y||? — ca’
and

20Re(o - B~ Pybo, Podo) > —e| H3 Pydy|2 — cal| Pado|?

1

(50) > — | H} Ps®@o|? — co® | [T5|12 - ca| R

> || H} Ps®y|? — ca® — el| HF Ro|*

where in the last inequality we applied Propositions 6.1 and 6.2.
The last term we have to estimate in (47) is

1 1
(51)  4yaRe(P; A~ P3®g, Pado) > —cv/ar (||H; Py +||H? P2q>0|\2) :
Collecting (45)-(51) yields

1
(52) (IT1) > 7| Pos®ol|? — € oo |2 — ca®.

6.5. PROOF OF THE LOWER BOUND. The estimates (40), (44) and (52) for (I),
(II) and (I11) give

1 _
(H(0)@o, Bo) > —al|[T[[ + all = y1[*|[T][Z + 207 A7T4 ||

(53) 211 (v1) 12 1 2 2 2 3
— a7 IB ™+ (IR [Z+ | RallS 4[| P>3®ol[¥) — ca’.

Next, we replace th) by I's in the above expression and estimate the difference.

For that sake, we estimate

IS = T2 < e

IT§) = 7| < elr§™ — T
< cly = 1| ||[Fe + (Hy + PF) T AT - ATQo|| < ey — 1]

where in the first inequality we applied Lemma 7.1.
Applying this inequality, and Corollary 4.1, we thus can estimate in (53) the
following two terms

1 1
(54) 5l mlPalTul? = a? 05|12 = —a?||s )12 — ca®.
Thus, (54) and (53) give

(H(0)®g, Do) > — [T |2 4+ 20*[| AT ||* — ®||To 12
(55) 1
+1 (IR1[12 + | B2 + || P>3®ol|Z) — ca®.

Eventually, we compute

(56) <H(O)q)07 q)O> _ <H(0>(I)07 (I)O> > <H(0)(I)Oa (I)O>
[[®o][? L+ [|[P1@ol? + [ P>2ol? — 14 [[P1®o]|?
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since (H(0)®y, ®9) < 0. Now using from proposition 4.3 that ||P>1®||* =
O(a), we obtain, applying (55) and (56)

(H(0)®g, o)

7)) (h(0)80, ®0) + [Pl + O(a).
Since

IPro Pl
gy = CIOIPITE IR + 203 ey s, 1] )

> 02 |[T4| P02 = ca® | T2 H 2Tl | Ball
> o [T [Ta]fZ = co® — el B2,
we obtain, together with (55) and (57)
(H(0)®o, o)
(59) @2
> —a|T1[[ + 20 ATT1|* = o®||T2 || + o®|IT1[*[|T1 |12 + O(a®).

7. APPENDIX

LEMMA 7.1. There exists 51 > 0, d2 > 0, and ag > 0 such that for all v; €
(L, 3) and all @ € (0,a0), | TS|+ € (61, b2).-

1
0
ment of the Lemma remains true for all g defined as in (3).
We have

Proof. For the sake of simplicity, we shall fix here ¢ = ( ) Q. The state-

) 0 = 5 (H +Pf2)*1[a-B+(Hf + P} ' BY
+24% . Py(H; + P} o B+}QO — (Hy + P3)'AY . A%Qy.

In order to prove the bound below, it is sufficient to show that there exists
a region J C R3 x R3 with strictly positive Lebesgue measure, and § > 0

such that for all a small enough independent of § , for all v € (%, %) and all

(k, ') € J, and for given A\, p € {1, 2}, we have |1"571)(k:,)\; K, u)| > 6. For
that sake, we shall prove that the third vector in the right hand side of (60)
has a stronger singularity at the origin than the fist two vectors.

For all A, pin {1, 2}, we have, for all k and k¥’ in the region Sy := {(k, k') |
k| < 2[K'[}

|(o- BT (Hf + P7)"'Q) (k. A K, )|

|%']
2 S

1 e L/ k 1 ik k
_ L i A el )1<(| ) o ! /\6“(1 ) + symmetric
61 V2 2alirl - RIE R 2l
[ERLaE
S C T + 1 S ¢,
LERN
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where the symmetric expression is with respect to (k, \) and (&', p), and the
constants ¢ are independent of the variables and of the parameters a and ;.
On the other hand, we have

|(A* - Pr(Hp + P7) "o - BT Qo) (k. X K, )|

(62) 1 e (k) K 1 ik A ex(k) ,
= — T o- — -+ symimetric
2| o E KRR omkE Y
Picking Sy = {(k, k') | —=22k2H15 1 here For k = (ky, ks, k3) and

k' = (K}, k%, k), we obtain, for A = =1 and for k and ¥" in S,

|(AT - Pr(Hf + P§)"'o- BT Qo) (k, 1; K, 1)
1 k/’ékg + kllkl

K2 1k[7 \/RT + 3R 4 RS2
where again the constants are independent of k, k’, 71 and «. Therefore, for
any 0 > 0 there exists € > 0 such that for Ss(e) = {(k, k') | |k] <, |K'| < €},
we have, for all o small enough and all 71 € (3, 2), that for all (k, k') €
S1 N S3 N S3(e), which is of positive Lebesgue measure, |Fg“)(k, 1; K1) > 4.
This concludes the proof of the existence of the uniform lower bound §; for
105

The proof of the upper bound for ||1"g“)|\*

(63) 1

c
CHUEN

>c

is straightforward. O
LEMMA 7.2. We have

IH?T1| < o0, 0<|Dull. and 0<||Ty].
Proof. Straightforward computations. O

We end this appendix by recalling a useful result due to Chen and Frohlich [8],
which we reproduce below in the case of total momentum p = 0, which is the
case of interest for us.

LEMMA 7.3. [8, Proposition 5.1] For any normalized state 1) in the eigenspace
associated to the ground state energy of H(0), there exists ¢ > 0 such that

Cy\/ X

lax(R)9| < T (IK]) -
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