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ABSTRACT. Let L be a Lie pseudoalgebra, a € L. We show that, if
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of VI and N = VIl is a canonically determined ideal contained in
the nilradical Nil V.
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1 INTRODUCTION

Let H be a Hopf algebra. One may make [3] the class of left H-modules into
a pseudotensor category M*(H) in a non-standard way; an algebra object in
M*(H) is then a pseudoalgebra over H.

In [1], the notion of Lie pseudoalgebra over a cocommutative Hopf algebra was
introduced and studied. Not surprisingly, the study of finite Lie pseudoalgebras
amounts to investigating commutator properties of families of pseudolinear en-
domorphisms. When M is a finite (i.e., finitely generated) left H-module, the
space of all pseudolinear endomorphisms of M can be given a natural Lie pseu-
doalgebra structure, denoted by gc M. Homomorphisms of a Lie pseudoalgebra
into gc M are referred to as pseudoalgebra representations and have also been
investigated, cf. [2].

One of the Lie theoretic features of the pseudo-version of linear algebra is
that an analogue of the Lie Theorem holds. However, a pseudolinear endo-
morphism may fail to self-commute; as a consequence, not all pseudolinear
endomorphisms can be made to “stabilize a flag.” This can be made precise: if
f € gc M, where M is a finite H-module, then f can be put in upper triangular
form if and only if f generates a solvable subalgebra (f) of the Lie pseudoalge-
bra gc M; moreover, its action decomposes M into a direct sum of generalized
eigenspaces if and only if (f) is nilpotent. There are examples of f such that (f)
is not solvable. One may also choose f so that (f) is solvable but not nilpotent.

The first part of this paper is devoted to showing that when S = (f) C gc M
is solvable, f is not too far from generating a nilpotent subalgebra of gc M.
More precisely, one may always find f = f mod S’ such that (f) is nilpotent.
Therefore, even though f may fail to decompose M into a direct sum of gener-
alized eigenspaces, a (non-unique) suitable modification of f certainly does. We
expect this fact to be useful towards the study of some class of subalgebras of
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A ROOT SPACE DECOMPOSITION FOR FINITE VERTEX ALGEBRAS 785

the Lie pseudoalgebra gc M, where M is a finite H-module, e.g., subalgebras
of gc M, all of whose nonzero subalgebras contain a nonzero self-commuting
element.

In the second half of the paper, we employ this fact towards characterizing
finite vertex algebras by studying the adjoint representation of the underlying
Lie conformal algebra. Vertex algebras that are of interest in physics are very
large objects, and are typically graded vector spaces of superpolynomial growth.
It is well known that finite-dimensional vertex algebras collapse to differential
commutative algebra structures; however, infinite-dimensional examples of low
growth are less well understood. One of the authors showed in [5] that all
finite vertex algebras V possess a solvable underlying Lie conformal algebra
Ve and that all generalized weight space (of nonzero weight) with respect to
the adjoint action of any subalgebra of V2% are nil-ideals of the vertex algebra
structure.

A more precise description can be obtained by mimicking the root space de-
composition technique in this new setting: if V' is a finite vertex algebra, choose
a generic element in V7%, and modify it so that it generates a nilpotent sub-
algebra of V%% Then, decompose V into direct sum of generalized weight
spaces. All nonzero weights result in abelian vertex ideals, whereas the gener-
alized 0-weight space is a vertex subalgebra U of V with the property that U%%
is nilpotent and self-normalizing in V%%, i.e., it is a Cartan subalgebra of V.
Then V' decomposes into a semidirect product of U with a canonically deter-
mined abelian ideal N; namely, N is the ideal of V' on which the central series
of Vi€ stabilizes. Finally, we show by an explicit example that N may fail to
vanish. This shows that there exist finite vertex algebras whose underlying Lie
conformal algebra is not nilpotent.

The general philosophy is that vertex algebras naturally tend to be very large
objects. Because of this, the algebraic requirement that finitely many quantum
fields close, up to C[J]-linear combination, under normally ordered product
and A-bracket, forces some form of nilpotence on the structure; we describe the
exact form of this nilpotence in Theorem 5.1.

2 PRELIMINARIES ON LIE PSEUDOALGEBRAS

In this paper we will work over an algebraically closed field k of zero charac-
teristic. Unless otherwise specified, all vector spaces, linear maps and tensor
product will be considered over k.

2.1 HOPF ALGEBRAS AND LIE PSEUDOALGEBRAS

Let H be a cocommutative Hopf algebra [10] with coproduct A(h) = h(1)®@h2),
counit € and antipode S.

The tensor product H® H can be made into a right H-module by a.h = aA(h),
where « € H® H h € H. If L is a left H-module, it makes then sense to
consider (H ® H)®p L, along with its natural left H ® H-module structure.
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786 A. D’ANDREA AND G. MARCHEI

A Lie pseudoalgebra over H is a (left) H-module L together with a pseudo-
bracket, i.e., an H ® H-linear map

[#]: L&L — (HQH)®gL
a®b +— [a * b]

satisfying skew-commutativity
[b*a] = —(o®@pidg)[a * b],
and the Jacobi identity
[[axb]xc]=[ax[bxc]] — (0 ®id)@p id)[b * [a * ]], (1)

for all choices of a,b,c € L. Here, 0 : H® H — H ® H denotes the permutation
of factors, c(h® k) = k® h, and (1) takes place in (H ® H® H)®pyL, once we
extend the pseudobracket so that

[(h@k)@uT)*s] = Z(h ® ke 1)(A®id)(f' © g )@ut;,

i

[rx(h@k)@ps) =Y (1ohek)(ideA)(f' ®¢)@ut:,

if [r*s] =>(f" ® ¢")@ut;, where fi,g',h,k € H, r s, t; € L.

If L, M are Lie pseudoalgebras over H, then an H-linear map f : L — M is
a Lie pseudoalgebra homomorphism if [f(a) * f(b)] = ((d ® id)®@p f)[a * b], for
all a,b € L. A Lie pseudoalgebra L is finite if it is finitely generated as an
H-module.

EXAMPLE 2.1. If H = k then H ® H ~ H and A = id. In this case the
notion of Lie pseudoalgebra over k is equivalent to the ordinary notion of a Lie
algebra.

EXAMPLE 2.2. Let 0 = kO be a one-dimensional abelian Lie algebra. Then
H = U(d) = k[J] has a standard cocommutative Hopf algebra structure. In
this case the axioms of Lie pseudoalgebra over H are equivalent to the axioms
of Lie conformal algebra [8, 9]. The equivalence between pseudobracket and
A-bracket is given by

[a*b]:ZH(@@l,l@@)@Hci [axd] = ZP -\, 04+ N)e

2.2 HOPF ALGEBRA NOTATIONS

Throughout the rest of the paper ? will denote a finite-dimensional Lie algebra,
and H = U(d) its universal enveloping algebra.
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A ROOT SPACE DECOMPOSITION FOR FINITE VERTEX ALGEBRAS 787

H is a Noetherian domain and possesses a standard Hopf algebra structure
satisfying

A(0)=0®1+1®0, S(9)=-0, 0 €.
If dimd = N and {ai}iN:l is a basis of 0 then

0"

il in!

is a k-basis of H, by the Poincaré-Birkoff-Witt Theorem. The coproduct sat-
isfies

d I=(iy,...,ix) € NV,

Ay = 3" 0D o™, (2)
J+K=I

Recall that H has a canonical increasing filtration given by
F"H:spank{a(l) | 1] < n}, n=0,1,2,...

where |I| = i1+ -+in if [ = (i1,...,4n). This filtration satisfies F~1H = {0},
FH =k, F*H = k®0d. We will say that elements in F*H\ F'~'H have degree
i. Due to (2), A(h) —1®h € H® F'""'H if h has degree i.

REMARK 2.1. It is easy to check that
h®k= (hS(kJ(l)) ® 1) . A(k(g)),

for all h, k € H, hence every element of H ® H can be expressed in the form
Zl(h% X 1)A(li), where h“lz € H.

Similarly, whenever M is an H-module, elements from (H ® H)®gyM can be
straightened to the form )", (h; ® 1)®gm,. Notice that both the h; and the m;
can be chosen to be linearly independent.

LEMMA 2.1. The linear map 7 : (H @ H)@ugM — H @ M defined by
v ((h ® k)@gm) = hS(k)) ® koym
s an isomorphism of vector spaces.
Proof. Tt is clearly well defined, and h @ m +— (h ® 1)®@gm is its inverse. O

REMARK 2.2. When M = H, the above lemma shows invertibility of the map
h®k +— hS(ku)) @ k. Its inverse F : h @ k — hkgy ® k) is a linear
endomorphism of H ® H, called Fourier transform in [1].

COROLLARY 2.1. Let M be an H-module, and

o= z:(fZ ® g Y@pm; € (H® H)@uM,

3

where v € Homy(H, H). Then the element o, = Zi'y(fiS(gél)))gE'Q)mi eM
1s well defined.
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788 A. D’ANDREA AND G. MARCHEI

Proof. The map 7 from the previous lemma maps o € (H @ H)@gM to
> fiS(gél))) ®gf2)mi € H® M. The element «., is then obtained by applying
po (y®idas), where pu: H® M — M is the H-module structure map. O

Elements of the form o, are called coefficients of o.

REMARK 2.3. It is worth noticing that if & = 3", (h! ® 1)®pu¢;, and the h' are
linearly independent over k, then all elements ¢; can be realized as coefficients
of a; namely ¢; = ., where v;(h?) = 6. In particular, « lies in (H ® H)®g S,
where S is an H-submodule of L, if and only if ¢; € S for all 3.

Let L be a Lie pseudoalgebra over H. For any choice of A, B C L, set [A, B]
to be the smallest H-submodule S C L such that [a*b] € (H ® H)®@yS for
all a € A,b € B. Due to Remark 2.3, [A, B] is the H-submodule generated by
coefficients of all [a *b],a € A,b € B. A subspace S C L is a subalgebra of L if
[S,S] € S. If X is a subset of the Lie pseudoalgebra L, then (X) denotes the
subalgebra generated by X, i.e., the smallest subalgebra of L containing X.
Define the derived series of L as L(®) = L, L(»+1) = [L0 L(™)] for n. > 0. The
central series of L is similarly defined by LI = L, LI*+1 = [L L], A Lie
pseudoalgebra L is solvable (vesp. mnilpotent) if L(™ (resp. LI™) equals (0) for
some n; L is abelian if the derived subalgebra L' = [L, L] equals (0).

An ideal of a Lie pseudoalgebra L is a subspace I such that [L,I] C I. The
centre Z(L) of L is the space of all elements z € L such that [z, L] = (0).
Every H-submodule of Z(L) is an ideal. If N is a central ideal of L, then L is
nilpotent if and only if L/N is nilpotent.

LEMMA 2.2. Let H be a cocommutative Hopf algebra, M an H-module. Assume
a€ H®H and m € M is not a torsion element. Then a®@gm = 0 if and only
if a =0.

Proof. Let Hm be the cyclic module generated by m. Assuming that m is not

torsion is equivalent to requiring that the map ¢ : H — Hm, ¢(h) = hm is an
isomorphism of vector spaces. Let

a=> heokecH®H.
By Lemma 2.1 we have

mu((a@pm)) = > h'S(k' 1) @ k'@ym € H® Hm C H® M.

Applying the invertible map Fo(idy ®¢~1) : HQ Hm — H® H to this element
gives back a. O
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A ROOT SPACE DECOMPOSITION FOR FINITE VERTEX ALGEBRAS 789

2.3 THE GENERAL LINEAR PSEUDOALGEBRA

Let L be a Lie pseudoalgebra over H. A representation of L, or L-module, is
an H-module V endowed with an H ® H-linear action

LeVsa®v—axve (H®H)®@yV,
such that, for every a,be L, v € V,
[axbl*xv=ax(b*xv)— ((6 ®id)@g id)(b* (a *v)),

which is understood as in (1). An L-module V is finite if it is finitely generated
as an H-module.

Let V' be a representation of the Lie pseudoalgebra L. If A C L, X C V, then
set A- X to be the smallest H-submodule N of V such that axv € (HQH)®@g N
foralla € A,v € X. By Remark 2.3, A- X is the H-submodule of V generated
by all coefficients of a xv,a € A,v € X.

An H-submodule W C V is stable under the action of a € L if a-W C W.
It is an L-submodule of V if L-W C W. An L-module V is irreducible if it
does not contain any nontrivial L-submodule. If U and V are two L-modules,
then a map ¢ : U — V is a homomorphism of L-modules if it is H-linear and
satisfies

axd(u) = (([d®@id)@re)(a * u),

foralae L,ueU.
Let V, W be two H-modules. Amap f:V — (H® H)®@uW is a pseudolinear
map from V to W if it is k-linear and satisfies

f(hv) =1 ®h)- f(v), he HwvevV.

One can impose a left H-module structure on the space Chom(V, W) of all
pseudolinear maps from V' to W by setting

(hf)(w) = (h&1)- f(v).

If V=W we set CendV = Chom(V, V). If V is a finite H-module then there
exists a unique Lie pseudoalgebra structure on Cend V' making V' a represen-
tation of Cend V' via the action f*v = f(v). This Lie pseudoalgebra is usually
denoted by gcV, and making a finite H-module V into a representation of a
Lie pseudoalgebra L is equivalent to giving a Lie pseudoalgebra homomorphism
from L to gcV.

ExXAMPLE 2.3. Any Lie pseudoalgebra L over H is a module over itself via
a*b:=[axb,a,b € L. When L is finite, the adjoint action defines a Lie
pseudoalgebra homomorphism ad : L — gc L whose kernel equals Z(L). Notice
that L is nilpotent if and ounly if L/Z(L) is nilpotent.

DOCUMENTA MATHEMATICA 17 (2012) 783-805



790 A. D’ANDREA AND G. MARCHEI

REMARK 24. If f € Chom(V,W), then f*xv = 0 as soon as v lies in
Tor V. The adjoint action of any given a € L induces an element ada lying
in Chom(LM /Lin+1] LI+l /LIn+2)  Assume L is a finite Lie pseudoalgebra,
and LI, L[»*1] have the same rank. Then the quotient L™ / L+ is torsion,
whence ada = 0 for all @ € L. This forces L" T = L["*+2] and we conclude
that the central series of any finite Lie pseudoalgebra stabilizes to an ideal,
that we denote by L[>,

2.4 ACTION OF COEFFICIENTS

If a, b are elements of a Lie pseudoalgebra L over H, it may be useful to know
the action of coefficients [a * b],, as defined in Corollary 2.1, on an L-module
M.

LEMMA 2.3. Let L be a Lie pseudoalgebra over H, M an L-module. Choose
a,b € L, and set o = [a *b]. Assume that

[a*b] xv= z:(k:Z @' ®@m")@pyuv;,

where k', 1, m*, € H and v; € M. If v € Homy(H, H), then
Qy %0 = Z(V(kis(l@)))l@) @ m")@pv;. (3)

Proof. The assignment k ® | ® m > (y(kS(l(1)))l2) ® m)®@pu extends to a
well-defined linear map ¢, : (H® H® H)®gM — (H® H) ® g M. Moreover,
if [axb] = > ,(h' ®1) ®u ¢;, where the h' are linearly independent, and
kU=, (kY @ 1)@ pgv;j, then

laxb]xv =" (WS(k)) @ kg ®17)@uvy;. (4)
4,J

If we choose ~;(h/) = 5{ , which is possible by linear independence of elements
h, then ¢, recovers from (4) the expression (3) for the action of ¢; = ¢,, on
v. The general statement follows by H ® H-linearity of the pseudobracket. O

3 REPRESENTATIONS OF SOLVABLE AND NILPOTENT LIE PSEUDOALGEBRAS

In the following two sections we recall some results from [1] about representation
theory of solvable and nilpotent Lie pseudoalgebras.

3.1 WEIGHT VECTORS

Let L be a Lie pseudoalgebra over the cocommutative Hopf algebra H and M
be an L-module. If ¢ € Hompy (L, H), the weight space My is defined as

My={veM|a*xv=(p(a) ®1)®@yv, forallae L}.
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If My # 0, then ¢ is a weight for the action of L on M. Every nonzero element
of My is a weight vector of weight ¢.

REMARK 3.1. The weight space M is always an H-submodule of M, whereas
Mg, ¢ # 0 is just a vector subspace. However, in this case, the H-submodule
HMy C M is free over M.

We have the following pseudoalgebraic analogues of Lie’s Theorem:

THEOREM 3.1. Let L be a solvable Lie pseudoalgebra over H. Then every finite
non-trivial L-module has a weight vector.

COROLLARY 3.1. If L is a solvable Lie pseudoalgebra over H and M is a finite
L-module then M has a finite filtration by L-submodules

(O)ZMoCM1C"'CMn:M

such that each quotient M;11/M; is generated over H by a weight vector for
the action of L.

The length of an L-module M is the minimal length of a filtration as above.

3.2 GENERALIZED WEIGHT SUBMODULES

Let L be a Lie pseudoalgebra over H, ¢ € Hompy (L, H) = L*.

LEMMA 3.1. Let M be a finite L-module. If N C My is a vector subspace, then
HN is an L-submodule of M.

Proof. Let n € N. Then,
axhn=(1®h)(a*xn)=(¢(a) @ h)@yn € (HR H)QugHN,
for every h € H. O

We set M?, = (0) and inductively

M-de — spang{m € M | a*m — (¢(a) ® 1)@pm € (H® H)@yM?, Va € L}.

K3

Then Méb = HM, and MfH/Mf = H(M/Mf))d) The Mf form an increasing
sequence of H-submodules of M. By Noetherianity of M this sequence sta-

bilizes to an H-submodule M? = |J Mid) of M, which is called the generalized

weight submodule relative to the w;ight ¢.

We will occasionally stress the dependence of M? on the choice of the Lie
pseudoalgebra acting on M by writing Mz), or simply M when L = (a) is the
subalgebra of gc M generated by a single element a.

PROPOSITION 3.1. Let N C M be finite L-modules, ¢, € L*. Then
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M? is an L-submodule of M, and is a free H-module whenever ¢ # 0.

The sum of generalized weight submodules of M is always direct. In

particular M® N MY = (0) if ¢ # ).

N C M? if and only if N®* = N.

(M/M?)? = (0).

e If N C M?, then N = M? if and only if (M/N)? = (0).

Proof. M? is an L-submodule by construction. It can be shown to be a free
H-module by induction, using Remark 3.1. All other statements follow easily
from their Lie theoretic analogues by reinterpreting M as a representation of
the annihilation Lie algebra £ = H*®pg L, see [1]. O

Notice that the direct sum . M® may fail to equal M. Equality, however,
¢peL*
always holds when L is nilpotent.

THEOREM 3.2. Let L be a nilpotent Lie pseudoalgebra over H and M be a
(faithful) finite L-module. Then M decomposes as a direct sum of its generalized

weight submodules, M = @ M?.
peEL™

3.3 NILPOTENT PSEUDOALGEBRAS

We aim to show that the converse to Theorem 3.2 also holds, at least when L is
finite. We will first prove the result when M coincides with one of its generalized
weight spaces with respect to the action of L. The general statement will then
follow easily.

PROPOSITION 3.2. Let M be a finite H-module and L C gc M be a Lie pseu-
doalgebra, ¢ € L*, and assume that M coincides with its ¢-generalized weight
space with respect to the action of L. Then L is a nilpotent Lie pseudoalgebra.

Proof. Let LI% = L, LI = [L, LI=1], i > 1, be the the central series of L and
{Mj} be an increasing family of L-submodules of M as in Corollary 3.1.

As a warm up, let us treat the case ¢ = 0 first. An easy induction shows that
LM, € My_;_1. Indeed, as M = M?°, we have L- M, C Mj_, by our choice
of My,. Since L% = L, this takes care of the basis of induction i = 0.

Assume now that LI - M, ¢ My_;,_1. Then

LA A = (L, L) My = L- (LW - M) + L - (L - My,)
CL-My_j1+ LMy C My_is.

In order to conclude the proof it is enough to observe that if M = M, then,

for i = n, we have LI"~1 . M, € My = (0). This implies LI*~1 =0, i.e., L is
a nilpotent Lie pseudoalgebra.
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If ¢ # 0, the situation is slightly more delicate. For 1 <r < m, let m, denote
the cyclic generators of the quotients M,./M,_1. Set

{beL|bxm, € (H® FH)®gm,_+M,__1,7r=1,..., N},

N} =
and N, = U N,Z, so that N,z C Ngy1if j < 0. Notice that Ng = L, N1 = (0).
JEN
We aim to prove, by induction on p, that [L[p} , N,g] C N,z*pfl. Let us start with
the basis of our induction: [LI% NJ] = [L,N}] ¢ N}™'. Let a € L, b € Nj.
We know that
axm, = (¢p®@1)®@ygm, mod M,_1,

for r = 1,...,n. Assume that b x m, = > (h' ® k" )®@pym,_ mod M, _,_1,

where k* € F7H for all 5. Let us compute

[axb] x m,. = a* (bxm;) — ((0 ®@id)@y id)(b* (a * m,))
=ax (X (W @ kY@pm.—i) — (0 @id)@id)(b * (¢ @ )@gm,.))

- Z(¢ R @K — ¢kél) ®h'® kéz))®HmT—k

up to terms in a- My_p_1+b-M,_1 C M,_;,_1. Now recall that, as k* € FIH,
then A(k") —1® k' € H® F/~'H. We conclude that all coefficients of [a x b]
lie in N}~

As for the inductive step, assume now that [L[P), Ni] C Ng_p_l. Then we have

[LP+Y Nj) = [[L,LP),N{] C [L,[LP, N}] + (L) [L, N{])
C[L, NJ7P7 1+ [LP) N7 < NP2

Since L is a finite Lie pseudoalgebra, there exists d such that Ny = N, ,f for all k.
We obtain [LIY, Ny] € N;7' C Njq1, hence LI(n+Dd+1] = [Ll(n+1dl N1 = (0),
which proves that L is a nilpotent Lie pseudoalgebra. o

THEOREM 3.3. Let M be a finite faithful module over a finite Lie pseudoalgebra

L, and assume that M = @ M?. Then L is a nilpotent Lie pseudoalgebra.
¢eL*

Proof. Observe that whenever M = @ M?, we have L C @ gc(M?). By
¢eL* pelLx
Proposition 3.2, the image Ly of L in gc(M?) is nilpotent for all ¢ € L*.
As a consequence, €D L is nilpotent as it is a finite sum of nilpotent Lie
peL*
pseudoalgebras. Finally, L is a nilpotent Lie pseudoalgebra as it embeds in

P L. O
¢peL*

ExaMPLE 3.1. The finiteness assumption on L in the statement of Theorem
3.3 cannot be removed.
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Indeed, let M = Hmi + Hms be a free H-module of rank 2, and choose
L C gc M to be the Lie pseudoalgebra of all pseudolinear maps A € gc M such
that Axm; = (p(A)®@1)@pmy, Axma = ((A)®1)@rme mod (HRH)Qpm,
for some ¢(A) € H. Then the central series of L stabilizes to L', which contains
all A such that ¢(A) = 0.

Later on, we will deal with finite vertex algebras, and the following pseudoal-
gebraic analogue of Engel’s theorem will turn out to be useful.

THEOREM 3.4. Let L be a finite Lie pseudoalgebra over H. Assume that, for
every a € L, the generalized weight submodule LY for the adjoint action of {(a)
equals L. Then L is a nilpotent Lie pseudoalgebra.

4 APPROXIMATE NILPOTENCE OF SOLVABLE SUBALGEBRAS OF gCM

In this section we present the following result for 1-generated solvable subalge-
bras of gc M:

THEOREM 4.1. Let M be a finitely generated H-module. If a € gc M generates
a solvable subalgebra S = (a), then there exists a € S, @ = a mod S’, such
that the subalgebra (@) is nilpotent.

We will later specialize this result to give a characterization of finite vertex
algebras.

4.1 THE LENGTH 2 CASE

Let M be a finite H-module and a € gcM an element generating a solvable
Lie pseudoalgebra (a) = S.

A modification of a € S is an element @ € S such that a = @ mod S’. Tt
follows by definition that the subalgebra generated by a is a subalgebra of
S. The same inclusion holds for the corresponding derived subalgebras. As a
consequence, a modification of a modification of a is still a modification of a.

REMARK 4.1. Let ¢ € S* be a weight for the action of S = (a) on M. Then
S = Ha + S’, and the restriction of ¢ to S’ vanishes. This means that ¢ is
uniquely determined by ¢(a). As a consequence, ¢(a) = ¢(a) whenever a is a
modification of a.

REMARK 4.2. Let M be a finite H-module, S be a solvable Lie pseudoalgebra
generated by a € gc M and N C M an S-submodule. Then N is stable under
the action of any modification a of a, as a belongs to S.

PROPOSITION 4.1. Let M be a finite H-module and a € gc M such that S = (a)
is a solvable subalgebra. Assume that M = Hu + Hv, where uw € M is a
¢—weight vector and [v] € M/Hu is a 1h—weight vector for the action of S, for
some ¢ # 1 € S*. Then there exists a lifting v € M of [v] such that HY is a
complement of Hu in M and is stable under the action of some modification a

of a.
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LEMMA 4.1. Under the same hypotheses as above, let b € gc M be such that
bxu=0bxv=(81k)Qnu, where 8,k € H, and the degree of k is K.
Then some coefficient s of [a * b] satisfies sxu =0, sxv = (1 k) @y u
mod (H ® FE-'H)®yu.

Proof. A direct computation gives

[axblxv = (d(a)®B@k—Y(a)ku) @B @ k@))nu
= (a® B k)Qpu,

up to terms in (H @ FE~'H)®yu. By Lemma 2.3, we have
[a*bly * v =(aS(Bn)))Be) ® k)@xu mod (H® FX"H)®pgu.

It now suffices to choose v € Homy(H, H) so that vy(aS(5)) equals 1, and
requiring that it vanish on all terms of lower degree. o

Proof of Proposition 4.1. We know that

axu= (¢(a)®1)@pu
axv= (Y(a)®1)Q@gv mod (H ® H)®gu.

We may then find K € N, and linearly independent elements k' € H of degree
K, such that

a*xv= Z(h’ @ EYopu+ (¥(a) ® 1)@y mod (H® FE'H) @y u.
We may assume that the h’ are linearly independent as well.
By a direct computation we obtain, modulo terms in (H ® H @ FE~1H)®yu,
ax(axu)= (¢(a)® P(a)®1)@gu,

ax(axv)= 3(¢(a) ®h @ k)@mu+ (W @(a)ky) ® kiy)Dnu
+(¥(a) @ Y(a) @ 1)@pv

= Y(¢(a)@h @k )@pu+ Y (h' @Y(a) ® k) @mu

+((a) @ P(a) @ )@pv,

so that [a * a] xu = 0 and

[a*a]*v:Z(a@h%@kzi—hi@a@ki)@}qu mod (H® H® FETH)®yu,

3

where o = ¢(a) — ¢ (a) € H is a nonzero element of degree N. Let D be the
maximal degree of the A’.

We now proceed by induction on K, on D and on the rank of ), h;®k; € HQH.
We distinguish three cases:
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1. D > N. Then we may choose v € Homy(H, H) such that y(a) = 1 and
obtain

[axaly xv= Ei(V(aS(hl(i)))hl('z) ® k' —(h'S(aq))ae) @ K) @u u,

= (W ek)onu

modulo terms in (FN'H® FKH+ H® FX~1H)®yu. The modification
a — [a * al, then leads to a coefficient . h* @ k* of lower degree in the
first tensor factor.

2. N > D and a ¢ spany (h?). Choose v; such that ~;(h?) = =47, v(a) = 0.
Then

[a* aly, xv=37;(v(aS(h{}))hiz @ k' = y(h'S(ea)))a@) ® k') @ u,

= (a®k)®yu,

modulo terms in (FNH @ k' + H ® FX~1)®@yu. This shows that some
coefficient b of [a * a] acts on v so that

bxp = (ﬁ(g)lgi)@Hu mod (H®FK_1H)®HU,

for some nonzero 8 € H. By Lemma 4.1 we may then find, for each ¢,
some element s; € S’ such that

sixv=(1®k)Qyu mod (H® FK1H)®yu.

The element a — ), h's; is then a modification of a leading to a lower
value of K.

3. N > D and a € spany(h'). In this case we can find ¢; € k such that
a =Y, c;h'. Choose j so that ¢; # 0, and set v/ = v — cj_lkju. Then

axv =—(¢(a) ® cj_lkj)®Hu + Z(hi ® kNY@pu + (Y(a) @ 1)@yv

= (=¢(a) ® ¢; 'k + S hi @ k) @pu + (¥(a) ® 1)@ (c; k)
+(¥(a) @ @pv'

(¢ (a) @ W+ W @ K)o pru-+ (e (k) © Ky )@
Ho@ o Dom

=((W —cjla) @k + Y (W @k ))@pu+ (¥(a) © )@y,
i#]
modulo terms in (H @ FX~'H)®yu. The element hi — ¢; 'a is a linear

combination of the h’,i # j, and so the rank of the H ® H-coefficient
multiplying u is lower than that of >, h! ® k'.
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We may now apply induction. O

REMARK 4.3. Notice that, in the above proof, the coefficient >, h* ® k' is not
uniquely determined, in case u is a torsion element of M. However, the proof
works equally well for any given choice of such a coefficient.

4.2 PROOF OF THE GENERAL STATEMENT

PROPOSITION 4.2. Let M be a finite H-module and a € gc M such that S = {(a)

is a solvable subalgebra. Assume that ¢ # 1 € S* satisfy M/M? = (M/M¢)¢.
Then there exists an H-submodule M C M which is a complement to M? and
is stable under some modification of a.

Proof. We start by considering the case when the length of the S-module
M/M? is 1, and proceed by induction on the length n of M?. The basis of
induction n = 1 is provided by Proposition 4.1, so we assume that the length
of M? equals n > 1.

Choose u € My such that M?/Hu has length n — 1. We use induction on the
S-module M/Hu to find a complement N/Hu to M?/Hu = (M/Hu)®
which is stable under the action of some modification a of a. No-
tice that N = N N M? = Hu and that N/Hu is isomorphic to
(M/Hu)/(M?/Hu) ~ M/M?, hence we may apply Proposition 4.1 to N
and find a complement M’ C N to Hu which is stable under some modifica-
tion @ of @. Now, M® + M' = M?% + Hu + M' = M? + N = M; moreover
M®NM' C M? NN = Hu so that M N M’ C M' N Hu = (0). We conclude
that M’ is a complement of M? in M that is stable under the action of a,
which is a modification of a.

We proceed now with proving the statement when the length m of M/M? is
greater than 1. Choose N = N/M? C M/M? of length m — 1 so that M /N has
length 1; as M/M?¢ = (M/M?)¥, then N = N*. Since N¢ = N 0 M?¢ = M?,
we may use induction to find an H-submodule N’ C N which is a complement
to M? and is stable under some modification a’ of a.

Consider now the quotient M’ = M/N’. Then (M')? certainly contains the
image (M? + N')/N' of M? under the canonical projection m : M — M/N'.
Moreover, (M/N")/((M® + N’)/N') is isomorphic to M/(M?¢ + N') and is
therefore a quotient of M/M®, which equals its 1-generalized weight space.
As ¢ # ¢, we conclude that (M')® = (M? + N')/N’, so that the quotient
M'/(M')® ~ M/(M? + N') = M/N has length one. We may then find a
complement M /N’ of (M')® in M’ which is stable under some modification @
of a’. We claim that M is a complement of M¢ in M.

Indeed, M /N’ 4+ (M')® = M’, hence M + (M?% + N') = M; as N’ C M, we
conclude that M = M + M?. On the other hand, M N M? = N’, hence
MNM?C N NM?=(0). O

We are now ready to prove our central result.
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PROPOSITION 4.3. Let M be a finite H-module and S be a solvable Lie pseu-
doalgebra generated by a € gc M. Then there exists a modification a of a such

that M decomposes as a direct sum of generalized weight modules with respect
to S = (a).

Proof. By induction on the length of M. If the length equals 1, then M = M?
for some ¢ and there is nothing to prove.

Let us assume that the length of M is n > 1. We may find a weight vector
u € My such that N = M/Hu has length n — 1. By inductive assumption, N
decomposes as a direct sum N®1 @ --@® N of (non trivial) generalized weight
modules with respect to the subalgebra Scs generated by some modification
a of a. Let N' be the preimage of N® under the projection 7 : M — M/Hu,
and reorder indices so that ¢; # ¢ for all i # r.

As long as ¢ # ¢, we may repeatedly apply Proposition 4.2 to obtain comple-
ments M? to (N*)® = Hu in N’ so that the sum M! + --. + M¥ is direct and
all summands are invariant with respect to some iterated modification of a. If
¢, # ¢ holds as well, we end up with M = M'@--- @ M"' @& M"™ ® Hu; if
instead ¢, = ¢, then M = M'@---® M "~ @ N". In both cases, all summands
are generalized weight spaces by construction, and are stable with respect to
some modification a of a. O

In the light of Theorem 3.3, we see that Theorem 4.1 is just a restatement of
Proposition 4.3.

Let a be a modification of a generating a nilpotent subalgebra of gc M. A
natural question to ask is whether the decomposition M = M}f depends on
a or is instead canonical. This amounts to asking if all such modifications of
a are contained in a single nilpotent subalgebra of (a). We will answer this in
the negative at the very end of the paper.

COROLLARY 4.1. Let L be a Lie pseudoalgebra over H. If a € L generates
a finite solvable subalgebra, then some modification of a generates a milpotent
subalgebra.

Proof. Let S = (a). The adjoint action of S gives rise to a homomorphism
ad : S — gcS of pseudoalgebras whose kernel equals the centre Z(S) of S.
Moreover, ad S is a solvable subalgebra of gc .S generated by ad a. By Theorem
4.1 we may find in ad S a modification of ad a generating a nilpotent subalgebra
N of gcS. Such a modification is of the form ada, where a is a modification
of a. Then N is isomorphic to the quotient of S = (@) by a central — as it is
contained in Z(S) — ideal. We conclude that S is nilpotent. O

Theorem 4.1 has some interesting consequences.

PROPOSITION 4.4. Let M be a finite H-module, S be a solvable Lie pseudoal-
gebra acting on M. If ¢ € S* is nonzero and U C M? is an S-submodule, then
there exists an H-linear section s : M/U — M. In particular:
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o If M s torsion-free, then M /U is torsion-free;
o If M/U is free, then M is free.

Proof. Choose a € S such that ¢(a) # 0 and (a) is nilpotent. We may then
replace S with (a), and assume M = M? @ M9 @ --- @ M?". Then M?/U is
free as an H-module, and we can find a section s : M?/U — M?. This extends
to a section s : M/U — M thanks to the direct sum decomposition. O

COROLLARY 4.2. Let M be a finite H-module, S be a solvable Lie pseudoalgebra
acting on M. If M is not free, then some quotient of M has a 0-weight vector
for the action of S.

5 STRUCTURE OF FINITE VERTEX ALGEBRAS

5.1 PRELIMINARIES ON VERTEX ALGEBRAS

Henceforth, k = C. Let V be a vector space. A (quantum) field on V is a formal
power series ¢(z) € (EndV)[[z, 2] such that ¢(z)v € V((2)) = V[[z]][z7}].

In other words,
P(z) = Z Pz "
neZ

is a quantum field if and only if, for every choice of v € V, ¢¢,yv = 0 for
(depending on v) sufficiently high values of n.

A wvertex algebra is a vector space V, endowed with a vacuum vector 1 € V,
an infinitesimal translation operator T € EndV, and a linear state-field corre-
spondenceY : V — (EndV)[[z, 2~!]] mapping each element a € V to some field
Y (a,z) on V, satisfying, for all choices of a,b € V,

e Y(1,2)a=a, Y(a,z)1 = a mod zV|[[z]]; (vacuum aziom,)
o Y(Ta,z)=[T,Y(a,z)] =dY(a,z)/dz; (translation invariance)
o (z—w)N[Y(a,z),Y(bw)] =0, for some N = N(a,b). (locality)

It is well known that commutators [Y (a, z), Y (b, w)] may be expanded into a
linear combination of the Dirac delta distribution

d(z—w) = Z wzT "

ne”Z

and of its derivatives. More precisely, if

Y(a,z) = Z a(n)zfnfl,

nez

then

N@O=1 y (g b,w) &’
V(@) Yo = Y oh) &y,

— 7! dwi

<.
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It is also possible to define the Wick, or normally ordered, product of quantum
fields
:Y(a,2)Y(b,2) =Y (a,2)1Y(b,2) + Y(b,2)Y (a, 2)_,

where

Y(a,z)- = Z a(n)zfnfl, Y(a,z)+ =Y (a,z) —Y(a,z)_.
neN

Then one has

1
Y(a—pn—1b,2) = ik Y(T"a,2)Y (b, 2) :,

for all n > 0. One of the consequences of the vertex algebra axioms is the
following:

o Y(a,2)b=e*TY(b,—2)a (skew-commutativity)

for all choices of a, b.

Every vertex algebra has a natural C[T]-module structure. A vertex algebra
V is finite if V' is a finitely generated C[T]-module. A C[T]-submodule U C V/
is a subalgebra of the vertex algebra V if 1 € U and ag,)b € U for every
a,b € U,n € Z. Similarly, a C[T]-submodule I C V' is an ideal if a(,yi € I for
allaeViiel,neZ.

A subalgebra U C V' is abelian if Y (a, 2)b = 0, or equivalently a(, b = 0, for
all a,b € U,n € Z. Tt is commutative if [Y (a, 2), Y (b,w)] = 0, or equivalently
ayb =0, for all a,b € U,n € N.

Let U be a subalgebra, and I an ideal of a vertex algebra V; we say that V is
the semidirect sum of U and I (denoted V =UI) if V = U®]I is a direct sum
of C[T]-submodules. Every vertex algebra becomes a Lie conformal algebra,
see [8], after setting 0 = T and

P
[a)\b] = Z Fa(n)b.
neN

We have seen in Example 2.2 that the notion of Lie conformal algebra is equiv-
alent to that of Lie pseudoalgebra over H = C[J]. In this setting, the pseudo-
bracket is given by

laxb]=>" <(3)n ® 1> Q1 A(m)b.

neN

If V is a vertex algebra, we will denote by VX% the underlying Lie conformal
algebra structure.

5.2 THE NILRADICAL

In this section, we recall some properties of nilpotent elements in a vertex
algebra. Proofs can be found in [6, 7].
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An element « in a vertex algebra V' is nilpotent if
Y(a,z1)Y (a,22)...Y(a,zp)a =0

for sufficiently large values of m. An ideal I C V is a nil-ideal if all of its
elements are nilpotent; clearly, every abelian ideal of V is a nil-ideal.

PROPOSITION 5.1. Let V' be a vertex algebra. Then
o Every nilpotent element of V' generates a nil-ideal.
o The set NilV of all nilpotent elements of V' is an ideal of V.
o The vertezx algebra V/ NilV contains no nonzero nilpotent elements.
o IfV is finite, then NilV 14s a nil-ideal of V.

If V is a finite vertex algebra, then V' is always a solvable Lie conformal
algebra [5]. Recall that the central series of V2% stabilizes, by Remark 2.4, to
a vertex ideal V1%l of V. The following facts were proved in [5].

PROPOSITION 5.2. Let V' be ajnite vertez algebra, S C V¥ a subalgebra.
0

Then V§ is a subalgebra and Vit= X Vg is an abelian ideal of V.
$p€S5*\{0}

As a consequence, V;O C NilV. If V is finite and NilV = (0), then V% is
nilpotent; if moreover V' is simple, then it is necessarily commutative.

5.3 ROOT SPACE DECOMPOSITION OF FINITE VERTEX ALGEBRAS

Let V be a finite vertex algebra, a € V. The subalgebra S = (a) C VEi
is always solvable. The adjoint action of S makes V into a finite S-module,
and we can find submodules (0) =V, C V4 C --- C V,, = V as in Corollary
3.1. The singularity® of a is then the number of non-torsion quotients V;/V;_1
with a trivial action of S. Notice that the singularity does not change under
modifications of a. When S is nilpotent, then the singularity of a equals the
rank of V! as an H-module.

THEOREM 5.1. Let V be a finite vertex algebra and N = VIl Then N is
an abelian ideal of V', and there exists a subalgebra U C 'V such that UL* is
nilpotent and V. =U X N.

Proof. Choose an element a € V' of minimal singularity k. Up to replacing a by
a suitable modification, we may assume that S = (a) be a nilpotent subalgebra
of VI, Then, V decomposes as a direct sum of generalized weight submodules,

V=P vP=vlevr
pES™

2The singularity of an element is, in other words, the multiplicity of the zero eigenvalue
of its adjoint action.
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Then U = V0 is a vertex subalgebra of V and N = V7? is an abelian ideal of
V. We want to show that U is nilpotent and N = V[,

Say b € U. As U C V is a subalgebra, then U is stable under the action of b.
If the U # U, then some (generic) linear combination of a and b would have
lower singularity than a, a contradiction. Thus, all elements in U have a
nilpotent adjoint action, hence U** is nilpotent by Theorem 3.4.

It remains to prove that N = VI®l: since N is an ideal such that V*¥*/N
is nilpotent then VIl ¢ N. We prove the other inclusion by showing that
N c VI by induction on k£ € N, the basis of the induction being clear, as
N C VY = V. By construction, [a, V.?] = V¢ if ¢ # 0, hence [a, N| = N. Then
N C V* implies N = [a, N] C [V, V] = VI*1 We conclude that N ¢ V!
for all n, hence that N ¢ V[l O

REMARK 5.1. In the above statement, U is a vertex subalgebra of V with
the property that U%* is a nilpotent and self-normalizing subalgebra of V.
As a consequence, the adjoint action of U on V gives a generalized weight
submodule decomposition in which the 0-weight component is U itself. It makes
sense to call every such U a Cartan subalgebra of V', and the corresponding
decomposition a root space decomposition.

Notice that N is the smallest nil-ideal of V' having a complementary subalgebra
U such that U* is nilpotent; as N = V[ it is canonically determined. If U
is a Cartan subalgebra of V', then U = V/V[OO}, so all Cartan subalgebras of V
possess isomorphic vertex algebra structures.

We can be more precise. The identification of any two Cartan subalgebras U, U’
with V/N gives an isomorphism ¢ : U — U’ which projects to the identity
on V/N. If we extend ¢ to all of V by setting it to be the identity on N,
then we obtain an automorphism of V' conjugating U to U’. Thus, all Cartan
subalgebras of V' are conjugated under Aut V.

5.4 A COUNTEREXAMPLE TO NILPOTENCE OF FINITE VERTEX ALGEBRAS

The statement of Theorem 5.1 suggests how to construct a finite vertex algebra
V such that the corresponding Lie conformal algebra V1% is not nilpotent.
What we need is a vertex algebra U with a nilpotent underlying Lie conformal
algebra UX% and a suitable action on an C[0]-module N. The simplest case
is when U is a commutative vertex algebra, i.e., U is abelian, and N is a
free C[0]-module of rank 1.

Let U = {a(t) € C[[t]][t™1]}. U is a differential commutative associative algebra
with 1, with derivation 0 = d/dt. Hence U has a commutative vertex algebra
structure given by

Y (a(t), 2)b(t) = (e*a()b(t) = ijz<jgalt + 2)b(t), (5)

where a(t),b(t) € U and i, < (see [9]) indicates that one should expand
a(t + z) in the domain |z| < |¢|, i.e., using positive powers of z/t.
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Let N = C[0]n be a free C[0]-module of rank 1. We set:
Y(n,z)n =0, (6)
and define an action of U on N by setting
Y(a(t), z)n = a(z)n, (7)
where a(t) € U.

THEOREM 5.2. The C[0]-module V.= U & N admits a unique vertex algebra
structure satisfying (5), (6), (7). Moreover, the central series of V¥ stabilizes
to N.

Proof. The unit element 1 € U satisfies the vacuum axiom, and Y (v, z),v € V
are fields by definition. Locality and translation invariance require some more
effort. The skew-commutativity axiom suggests that we set

Y (n, 2)a(t) = %Y (a(t), —2)n = a(—z)e*n.
If further

K /i o _
K, _ 1Y%, (9) K—i
Y(a(t),z)0%n = ; ( ; )( 1)'a'(2)0™ ~'n,
then translation invariance is easily checked.

Let us move on to proving locality. First of all, notice that Y (n,2)Y (n,w)
maps every element of V to 0, hence [Y(n,z2),Y (n,w)] = 0. Taking derivative
with respect to z and w, and using linearity, we obtain [Y (u, z),Y (v/,w)] =0
for all u,u’ € N.

Next, let us consider [Y(a(t), z), Y (b(t),w)]. An easy computation gives

Y(a(t), 2)(Y (b(t), w) n = Y (a(t), 2)b(w)n = b(w)Y (a(t), z)n = a(z)b(w)n,
hence [Y (a(t), z), Y (b(t), w)]n = 0, for all a(t),b(t) € U. As

O([Y (alt), 2), Y (b(t), w)]u) = [Y(a'(t),2), Y (b(t), w)]
+ [Y(a(t),2), Y(V'(t), w)]u
+ [Y(a(t),2), Y (b(t), w)] Ou

we conclude that [Y(a(t),z),Y (b(t),w)] vanishes on all elements from N.
However, it also vanishes on U, because of its vertex algebra structure.

We are left with showing that [Y(a(t), z),Y (n,w)] is killed by a sufficiently
large power of z — w. Let us compute

Y(a(t), 2)(Y (n,wb(t)) =Y (a(t), 2)b(~w)e*n = b(—w)Y (a(t), z)e""n
= b(—w)ev? (e~ (a(t), 2)e*?)n
= eWob(—w)Y (a(t), z — w)n
= ijy|<|sa(z — w)b(—w)e n,

Y(n,w)(Y(a(t),2)b(t)) =Y (n,w)i <a(t + 2)b(t)
= ijz1<ptY (n, w)a(t + 2)b(t)

= i) <jw|a(z — w)b(—w)e®n.
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Therefore,
(z = w)[Y (a(t), 2), Y (n, w)]b(t)
= (i\w\<\z\ — i|z|<|w|)((z — w)Na(z — w)b(—w)e“’an)

is zero as soon as t"a(t) has no negative powers of t. As [Y(a(t),2),Y (n,w)]
maps every element of N to zero, locality is then proved.

As for VI®l = N, let @ = a(t) = 3. a;t™""' € U such that a(t) contains
€L

some negative power of t. Then there exists ¢ > 0 such that a; # 0, hence

a(t)in = a;-n # 0. Therefore [a, N] = N, hence N C VI for all k. However,

(V/N)¥e€ is nilpotent, hence VIl ¢ N. O

Let us choose a finite subalgebra of U whose conformal adjoint action on N
has nonzero weights, i.e., containing some element a(t) ¢ C[[t]].

EXAMPLE 5.1. M = C[t™!] x N C U x N is a finite vertex algebra, as it is
generated over C[0] by t~1, 1 and n. However, M L% is not nilpotent.

We conclude by observing that even though the nil-ideal N in the decomposi-
tion stated in Theorem 5.1 is canonically determined, the subalgebra U need
not be. Indeed there may be several possible choices of U as the following
construction shows.

Let M be as in Example 5.1, and choose v € N. We know that u() is a
derivation of M, and as NN is an abelian ideal of M, we immediately obtain
“%0) = 0. Recall that the exponential of such a nilpotent derivation of a vertex
algebra M gives an inner automorphism of M.

If we choose u = kn,k € C, then exp(kny)(t™') = t~' — kn. Thus, if we
set ¢ = exp(kn(g)), we obtain »(N) = N, ¢(U) = C[9](t~" — kn) & C1, and
Y(U)NN =yp({UNN)=0. We conclude that (U) is another subalgebra of
M which complements N. Notice that in this example all Cartan subalgebras
can be showed to be conjugated by an inner automorphism of V. It is not clear
whether this holds in general.

One final comment is in order: it is easy to show that the Lie conformal sub-
algebra of M generated by the element a = ¢t~ + dn is solvable and equals
C[0]a + C[d]n. As [ara] = (0 + 2X\)n, we see that all elements =1 — kn, k € C
are modifications of a, and they generate nilpotent subalgebras of M. How-
ever, they C[0]-linearly span all of {(a), whose Lie conformal algebra structure is
solvable but not nilpotent. As the adjoint homomorphism ad : M¥* — gc M
is injective on (a), we conclude that there is no single nilpotent subalgebra of
gc M containing all of the above modifications of a.
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