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912 A.-L. MARE AND P. QUAST

C SIMPLE LIE GROUPS AS SYMMETRIC SPACES AND THEIR INVOLUTIONS P4§

1 INTRODUCTION

Bott’s original proof of his periodicity theorem [Bo-59 is differential geomet-
ric in its nature. It relies on the observation that in a compact Riemannian
symmetric space P one can choose two points p and ¢ in “special position”
such that the connected components of the space of shortest geodesics in P
joining p and ¢ are again compact symmetric spaces. Set Py = P and let P; be
one of the resulting connected components. This construction can be repeated
inductively: given points pj,q; in “special position” in P;, then P;y; is one
of the connected components of the space of shortest geodesic segments in P;
between p; and g;. If we start this iterative process with the classical groups

Py :=S016n, DPy:=Uien, Po:=Spyg,

and make at each step appropriate choices of the two points and of the con-
nected component, one obtains

P8:SOna ﬁ2:U8na pg:spn

Each of the three processes can be continued, provided that n is divisible by
a sufficiently high power of 2. We obtain (periodically) copies of a special
orthogonal, unitary, and symplectic group after every eighth, second, respec-
tively eighth iteration. These purely geometric periodicity phenomena are the
key ingredients of Bott’s proof of his periodicity theorems [] for the stable
homotopy groups m;(0O), m;(U), and m;(Sp) (see also the remark at the end of
this section).

In his book [, Milnor constructed totally geodesic embeddings

Pk-i—l C Pk, Pk+1 C Pk, pk-i—l C Pk,

for all kK = 0,1,...,7. In each case, the inclusion is given by the map which
assigns to a geodesic its midpoint (cf. [Qu-10] and [Ma-Qu-1(], see also Section
B below).

The goal of this paper is to establish connections between the following three
chains of symmetric spaces:

PoDPljpzD...:)Pg,
PhO>P D>P,D...D P,
P,oPDPD...D B

We will refer to them as the SO-, U-, respectively Sp-Bott chains. Starting
with the natural inclusions

Py =S016n C Uign = Py and Py = Usg, C Spyg, = Po
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BoTT PERIODICITY FOR INCLUSIONS 913

we show that the iterative process above provides inclusions
Pj C Pj and Pj C Pj

for all j =0,1,...,8. These are all canonical reflective inclusions of symmetric
spaces, 1. e. they can be realized as fixed point sets of isometric involutions (see
Appendix B, especially Tables 5 and 6 and Subsections - ) and make
the following diagrams commutative:

Py < P Py Py
[ I
Py P Py — Py
By P e Py By
Pl g
Po¢—=— P = Py +—— = P,

Moreover, the vertical inclusions are periodic, with period equal to 8. Con-
cretely, we show that up to isometries, the inclusions

Py C Pg and Pg C pg
are again the natural inclusions
S0, cU, and U, C Sp,

(see Theorems @, @ and Remark @ below). We mention that all inclusions
in the two diagrams above are actually reflective. For example, notice that
Py = Spy,,, Pr = Usy, and Py = SOs,,; the inclusions

Py C P4 and P4 C p4
are essentially the usual subgroup inclusions
San C Uy, and Uy, C SOg,

(see Remark [L.4).

REMARK. We recall that the celebrated periodicity theorem of Bott
concerns the stable homotopy groups m;(O), m;(U), and 7;(Sp) of the orthogo-
nal, unitary, respectively symplectic groups. Concretely, one has the following
group isomorphisms:

7 (0) = mi48(0), mi(U) ~ m2(U), m;i(Sp) =~ mi+s(Sp),
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914 A.-L. MARE AND P. QUAST

for all 7 > 0. If we now consider the standard inclusions
O0,cU, and U,CSp, (1.1)

then the maps induced between homotopy groups, that is m;(0,) — 7 (U,)
and m;(U,) — m;(Sp,,) are stable relative to n within the “stability range”.
One can see that the resulting maps

fi :mi(0) = m(U) and g¢; : m;(U) = m(Sp),
are periodic in the following sense:

fire = fi and giy8 = g (1.2)

These facts are basic in homotopy theory and can be proved using techniques
described e.g. in [May-77, Ch. 1]. We provide an alternative, more elementary
proof of Equation ([[.2) and determine the maps f; and g; explicitly, by using
only the long exact homotopy sequence of the principal bundles O,, — U,, —
U, /0, and U,, — Sp,, — Sp,,/Un, combined with the explicit knowledge of the
stable homotopy groups of O, U, Sp, U/O, and Sp/U (the details can be found
in Section E, see especially Theorems @ and @, Remarks @ and E, and
Tables 1 and 3). The present paper shows that the results stated by Equation
(@) are just direct consequences of the abovementioned differential geometric
periodicity phenomenon, in the spirit of Bott’s original proof of his periodicity
theorems. Besides the inclusions given by Equation ([L.1]) we will also consider
the following ones, which are described in detail in Appendix @, Subsections

R-E1

02, /U, C G,(C*"), Us,,/Sp,, C Usap, G, (H*") C G, (C*™),
Sp,, C Uap, Sp,,/U, € G,(C*),  U,/O, C Uy,

G, (R?™) C G,(C*™),  G,(C*™) C Sp,,/Un, U, C Usz,/Og,

G, (C?™) C Gon(R™), U, C Oy, G (C?™) C 04 /Usp,
U,, € Us,,/Sp,,, G, (C*) C G, (H*™).

For each of them we will prove a periodicity result similar to those described
by Equation ([L.1). The precise statements are Corollaries . and f.§.

ACKNOWLEDGEMENTS. We would like to thank Jost-Hinrich Eschenburg for
discussions about the topics of the paper. We are also grateful to the Math-
ematical Institute at the University of Freiburg, especially Professor Victor
Bangert, for hospitality while part of this work was being done. The second
named author wishes to thank the University of Regina for hosting him during
a research visit in March 2010.

2 BOTT PERIODICITY FROM A GEOMETRIC VIEWPOINT

In this section we review the original (geometric) proof of Bott’s periodicity
theorem. We adapt the original treatment in [Bo-59 to our needs and therefore
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BoTT PERIODICITY FOR INCLUSIONS 915

change it slightly. More precisely, we will use ideas of Milnor [Mi-69, as well
as the concept of centriole, which was defined by Chen and Nagano [Ch-Na-8§
(see also [Na-8, [Na-Ta-91], and [Bu-92)).

2.1 THE GEOMETRY OF CENTRIOLES.

Let P be a compact connected symmetric space and o a point in P. We say that
(P, 0) is a pointed symmetric space. As already mentioned in the introduction,
a key role is played by the space of all shortest geodesic segments in P from o
to a point in P which belongs to a certain “special” class. It turns out that this
class consists of the poles of (P, 0), (cf. [Qu-10] and [Ma-Qu-1(]). The notion
of pole is described by the following definition. First, for any p € P we denote
by s, : P — P the corresponding geodesic symmetry.

DEFINITION 2.1 A pole of the pointed symmetric space (P,0) is a point p € P
with the property that s, = s, and p # o.

Let G be the identity component of the isometry group of P. This group
acts transitively on P. We denote by K the G-stabilizer of o and by K. its
identity component. The following result is related to , Vol. II, Ch. VI,
Proposition 2.1 (b)].

LEMMA 2.2 If p is a pole of (P,0), then k.p =p for all k € K,.

PROOF. The map o : G — G, d(g) = s0gS, is an involutive group automor-
phism of G whose fixed point set G has the same identity component K. as
K. Since p is a pole, we have o(g) = spgs, and the fixed point set G° has
the same identity component as the stabilizer G, of p in G. Consequently,
K. C Gy. |

EXAMPLE 2.3 Any compact connected Lie group G can be equipped with a
bi-invariant metric and becomes in this way a Riemannian symmetric space
(cf. e.g. [, Section 21]). The geodesic symmetry at ¢ € G is the map
sg: G — G, s,(x) = gr~lg, x € G. An immediate consequence is a description
of the poles of G: they are exactly those g which lie in the center of G and
whose square is equal to the identity of G. We also note that the identity
component of the isometry group of G is G x G/A(Z(G)), where A(Z(G)) :=
{(2,2) : z€ Z(G)}. Here G x G acts on G via

(91,92)-h == g1hg;" g1,92,h € G (2.1)

and the kernel of this action is equal to A(Z(G)). Finally, the stabilizer of the
identity element e of G is A(G)/A(Z(G)).

REMARK 2.4 Not any pointed compact symmetric space admits a pole. For
example, consider the Grassmannian Gk(K2m), where 0 < k£ < 2m and K =

DOCUMENTA MATHEMATICA 17 (2012) 911-952



916 A.-L. MARE AND P. QUAST

R, C, or H. It has a canonical structure of a Riemannian symmetric space. One
can show that Gy (K?™) has a pole if and only if k¥ = m. Indeed, let us first

consider an element V of G,,(K?>™). Then a pole of the pointed symmetric
2m

2 . L .

355 (o 05, Wo "hiS kot oAt ee ! AR S et thie general
fact that if a compact symmetric space P has a pole, then there is a non-trivial
Riemannian double covering P — P’ (see e.g. [Ch-Na-8§ Proposition 2.9] or
[Qu-10, Lemma 2.15]). Now, none of the spaces Gj(K?*") is a covering of
another space, in other words, all G (K?™) are adjoint symmetric spaces. To
prove this, we need to consider the following two situations. If K = R, we note
that the symmetric space Gy (R?>™) has the Dynkin diagram of type b, hence it
has exactly one simple root with coefficient equal to 1 in the expansion of the
highest root (see ], Table V, p. 518, Table IV, p. 532 and the table on
p. 477). On the other hand, G, (R?*™) is covered by the Grassmannian of all
oriented k-subspaces in R?™. By using the theorem of Takeuchi , the
latter space is simply connected, and Gy (R?*™) is its adjoint symmetric space.
If K= C or K = H, we note that the symmetric space G (K?™) has Dynkin
diagram of type bc; by using again [, we deduce that Gy (K?™) is at the

same time simply connected and an adjoint symmetric space.

Recall that spaces of shortest geodesic segments with prescribed endpoints in
a symmetric space are an important tool in Bott’s proof of his periodicity
theorem [ We can identify such spaces with submanifolds by mapping
a shortest geodesic segment to its midpoint. We therefore have a closer look
at these spaces. The objects described in the following definition are slightly
more general, in the sense that the geodesic segments are not required to be
shortest (we will return to this assumption at the end of this subsection).

DEFINITION 2.5 Let p be a pole of (P,0). The set Cp(P,0) of all midpoints of
geodesics in P from o to p is called a centrosome. The connected components
of a centrosome are called centrioles.

For more on these notions we refer to [Ch-Na-8§ and [Na-8§. The follow-
ing result is a consequence of [Na-88, Proposition 2.12 (ii)] (see also [Qu-10,
Proposition 2.16] or [Qu-11|, Proposition 2]).

LEMMA 2.6 Any centriole in a compact symmetric space is a reflective, hence
totally geodesic submanifold.

We recall that a submanifold of a Riemannian manifold is called reflective if
it is a connected component of the fixed point set of an isometric involution.
Reflective submanifolds of irreducible simply connected Riemannian symmetric
spaces have been classified by Leung in [[Le-74] and [[Le-79] . This classification
in the special case when the symmetric space is a compact simple Lie group
will be an important tool for us (see Appendix @

Although the following result appears to be known (see [Ch-Na-8§] and
[), we decided to include a proof of it, for the sake of completeness.
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LEMMA 2.7 Let p be a pole of (P,0). The centrioles of (P, 0) relative to p are
orbits of the canonical K.-action on P.

PRrROOF. Let C be a connected component of Cp,(P,0) and take z € C. There
exists a geodesic v : R — P such that y(0) = 0,v(1) = z, and v(2) = p. For
any k € K., the restriction of the map k.v : R — P to the interval [0,2] is a
geodesic segment between o and p (see Lemma E) Thus the point k.y(1) is
in Cp(p,0). Since K, is connected, we deduce that K..x C C.

Let us now prove the converse inclusion. Take y € C' and consider a geodesic
R — O such that x(0) = z and p(1) = y. By Lemma P-4, 4 is a geodesic
in P as well. We consider the one-parameter subgroup of transvections along
p which is given by 7, : R = G, 7,,(t) := 5,(1/2) © Sy(0) (see e.g. [Fa-94, Lemma
6.2]).

Claim. 7,(t) € K., for all t € R.

Indeed, since p(0) and p(t/2) are both midpoints of geodesic segments between
o and p, we have s,(py.0 = p and s,(/2).p = 0. Hence, 7,(t).0 = 0. We deduce
that 7,(t) € K. Since 7,(0) is the identity transformation of P, we actually
have 7,(t) € K.

The claim along with the fact that p(0) = x implies that 7,(1).x =
Su(1/2) © Su(0)-T = Su1/2)-x =y. Thus y € K..x. O

From Lemmata .4 and P.7, we see that whenever a centriole in Cp(P, 0) con-
tains a midpoint of a shortest geodesic segment between o and p, then this
centriole consists of midpoints of such shortest geodesic segments only. Such
centrioles are called s-centrioles. (For further properties of s-centrioles we refer

to [Qu-11].)
2.2 THE SO-BOTT CHAIN

We outline Milnor’s description [Mi-69, Section 24] of this chain. The chain
starts with Py = SO1¢,. We then consider the space of all orthogonal complex
structures in SOg,, that is,

O = {JE SO16n : J2 = 7]}.

This space has two connected components, which are both diffeomorphic to
SO16n/Usn. We pick any of these two components and denote it by P;. For
2 < k < 7 we construct the spaces P, C SO14,, inductively, as follows: Assume
that Py has been constructed and pick a base-point Ji € P,. We define Py
as the top-dimensional connected component of the space

Qk+1 = {J ehP, : JJ, = *JkJ}.

In this way we construct Ps, ..., P;. Finally, we pick J; € P; and define Py as
any of the two connected components of the space

Qg := {JG P, JJ; = —J7J}.
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918 A.-L. MARE AND P. QuasT

(Note the latter space is diffeomorphic to the orthogonal group O, thus it
has two components that are diffecomorphic). It turns out that Py, ..., Py are
submanifolds of SO14,, whose diffeomorphism types can be described as fol-
lows: Po = Solsn, P1 = SOwn/Ugn, P2 = Ugn/Sp4n, Pg = ng(H4n) =
SPan/(SPan X SPa,); Pa = Span, Ps = Spy,/Uszn, Ps = Uzn/Ozp, Pr =
Gnp(R?") = S0O2,/S(0, x O,), and P = SO,. The details can be found
in [Mi-69, Section 24].

For our future goals it is useful to have an alternative description of the SO-Bott
chain. This is presented by the following two lemmata.

LEMMA 2.8 For any 0 < k < 7, the subspace Py of SO1¢, is invariant under
the automorphism of SO1g, given by X — —X.

PROOF. First, Q is obviously invariant under X — —X, X € SOjg,. The

decisive argument is the information provided by the last paragraph on p. 137
in [: for any X € Qy, there exists a path in Q from X to —X. a

Let us now equip SO1¢, with the bi-invariant metric induced by
(X,Y) = —tr(XY), (2.2)

for all X,Y in the Lie algebra o016, of SO16,. Then Pi,...,Ps are totally
geodesic submanifolds of SOy, (see [Mi-69, Lemma 24.4]). Fix k € {0,1,...,7}
and set Jy := I. From Example E we deduce that —J is a pole of (SO1¢p, Jk)-
By the previous lemma, —Jj lies in Py and, since the latter space is totally

geodesic in SO16,, —Jj is a pole of (P, Ji). The following lemma follows from
the Remark on p. 138 in [Mi-6).

LEMMA 2.9 For any k € {0,1,...,7}, the space Pry1 is an s-centriole of
(Py, Ji) relative to the pole —Jy.

REMARK 2.10 As we will show in Proposition @ (b), Ps is isometric to SO,,,
the latter being equipped with the standard bi-invariant metric multiplied by
a certain scalar. Assume that n is an even integer and pick Jg € Ps. With
the method used in the proof of Lemma E one can show that —Jg is in Ps
as well (indeed by the footnote on p. 142 in [Mi-69], there exists an orthogonal
complex structure J € SOjg, which anti-commutes with Jq,...,J7). As in
Lemma E, —Jg is a pole of (Pg, Js) and, by using Example E for G = SO,
it is the only one. We conclude that the SO-Bott chain can be extended and is
periodic, in the sense that if n is divisible by a “large” power of 16, then every
eighth element of the chain is isometric to a certain special orthogonal group
equipped with a bi-invariant metric.

2.3 THE Sp-BOTT CHAIN

This is obtained from the SO-chain by taking P as the initial element.
More precisely, we replace n by 8n and, in this way, P, is diffeomorphic to
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Spig,- This is the first term of the Sp-chain, call it Py. Here is the list of
all terms of the chain, described up to diffeomorphism: Py = Spig,, P1 =
SP16n/Utens P2 = Utgn/O16n, Ps = Ggn(R*™) = SO16,,/S(Osn x Osn), Py =
SOgn, Ps = SOsn/Uin, Ps = Uan/Spay,, Pr = Gn(H?") = Spy,,/Sp,, X Sp,,,
and Ps = Sp,,. As explained in the previous subsection, these are Riemannian
manifolds obtained by successive applications of the centriole construction. The
starting point is Py = Spyg,, with the Riemannian metric which is described at
the beginning of Section E: by Proposition @ (a), this metric is the same as
the submanifold metric on Py, up to a scalar multiple.

2.4 POLES AND CENTRIOLES IN Ug,

Let g be an integer, ¢ > 1. We equip the unitary group Us, with the bi-invariant
metric induced by the inner product

(X,Y) = —tr(XY), (2.3)
for all X,Y in the Lie algebra uy, of Uy,;. The center of Uy, is
Z(Ugg) ={2I : z€C,|z|=1}.

From Example @, the pointed symmetric space (Usag, I) has exactly one pole,
namely the matrix —I. By Lemma .7, the centrioles of (Ugq, I) are certain
orbits of the conjugation action of Uy, on itself, since they coincide with the
orbits of the action of Uy /Z(Usg).

Let us describe explicitly the s-centrioles. We first describe the shortest
geodesic segments in Uy, between I and —I, that is, v : [0,1] — Uy, such
that v(0) = I and (1) = —I. Any such ~ is Us,-conjugate to the 1-parameter

subgroup
1
Vi it exp [t(mok 7m.?2 i )},teR (2.4)
q—

restricted to the interval [0,1], for some 0 < k < 2¢ (see , Section
23]). Consequently, any s-centriole is of the form Usq. v (%), that is, the Ugg-
conjugacy class of

e 1 Wi]k 0 o iIk 0
P\ 0 by )| T\ 0 —ihyy )

The Ujy,-stabilizer of this matrix is Uy X Uaq_p, hence one can identify the
orbit with Us, /Uy x Usg_k, which is just the Grassmannian Gy (C27). If we
equip the orbit with the submanifold Riemannian metric, then the (transitive)
conjugation action of Uy, on it is isometric, in other words, the metric is Uag-
invariant. Note that up to a scalar there is a unique such metric on Gy (C?9)
and it makes this space into a symmetric space.

We will be especially interested in the centriole corresponding to k = ¢, which
we call the top-dimensional s-centriole. Concretely, this is the Usg-conjugacy
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920 A.-L. MARE AND P. QUAST

[ i 0
we (0 -

and it is isometric to the Grassmannian G,(C??) equipped with a canonical
symmetric space metric.

Finally, note that if instead of I the base point is an arbitrary element A of Uy,
then the only pole of (Ugq, A) is the matrix —A. The corresponding centrioles
are A(Ugq. vk (%)), that is, A-left translates in Us, of the conjugacy classes
described above. As before, they are all s-centrioles.

class of the matrix

REMARK 2.11 The top-dimensional s-centriole of (Usg,, A) relative to —A is
invariant under the automorphism of Uy, given by X — —X. The reason is
that the matrix —A, is Ugg-conjugate to Ag.

2.5 POLES AND CENTRIOLES IN G,(C?7)

We regard the Grassmannian G,(C??) as the top-dimensional s-centriole of
(Uag, I) relative to —I, that is, the conjugacy class in Us, of the matrix A,
described by Equation @) Note that, by Remark , if A isin G,(C??),
then —A is in G,(C?9), too.

LEMMA 2.12 If A € G4(C?9), then the pointed symmetric space (G4(C?7), A)
has only one pole, which is —A.

ProoF. First, observe that the geodesic symmetries s4 and s_4 of Uy, are
identically equal (see Example R.J). By Lemma P.6, G,(C?9) is a totally
geodesic submanifold of Us,. Hence, —A is a pole of (G,(C?7), A). We claim
that the pointed symmetric space (G4(C?), A) has at most one pole. Indeed,
let ™ be the Cartan map of G,(C?7), i.e. the map that assigns to each point
its geodesic symmetry. It is known that this is a Riemannian covering onto
its image, the latter being a compact symmetric space. Observe that the
fundamental group of the adjoint space of G,(C??) is Zs. We prove this by
using the same kind of argument as in the second half of Remark @: the
Dynkin diagram of the symmetric space G4(C??) is of type ¢, hence there is
exactly one simple root with coefficient equal to 1 in the expansion of the
highest root (see [He-01], Table V, p. 518, Table IV, p. 532 and the table on
p. 477); we use again the theorem of Takeuchi [[a-64]. Since G,(C27) is simply
connected and we have m(A) = w(—A) we deduce that 7 is a double covering.
Finally, we take into account that any pole of (G,(C??), A) is in the pre-image
7w (4)). O

We note that this lemma is related to [Na-93, Proposition 2.23 (i)].

REMARK 2.13 Recall that, by definition, G,(C??) is the space of all ¢-
dimensional complex vector subspaces of C2¢. The lemma above implies readily
that if V is such a vector space, then the pointed symmetric space (G,(C??),V)
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has only one pole, which is VV+, the orthogonal complement of V' in C29 relative
to the usual Hermitian inner product.

As a next step, we look at s-centrioles in G,4(C??). Since G4(C?9) is an irre-
ducible and simply connected symmetric space, there is a unique s-centriole
of (G4(C?7), 4,) relative to the pole —A, (see Theorem 1.2 and the sub-
sequent remark in [Ma-Qu-10]). To describe it, we first find a shortest
geodesic segment from A, to —A, in G4(C??). Let us consider the curve
7 :[0,1] = G4(C??) C Uy,

0 I cos(Z)T,  isin(ZE)],
V(t) P |:t < %Iq 20 ! ):| 'Aq = ( ( grt))lq ((Tr%))[q ) -Aqa

isin(%t)I, cos

where the dot indicates the conjugation action. Observe that v(0) = A4, and
v(1) = —A,. We claim that v is a shortest geodesic segment between A, and
—A, in G4(C?9). Indeed, for any ¢ € [0,1] the matrix 7/(¢) is Ug,-conjugate
with the Lie bracket of the matrices

(4 %)
5, 0
0 mil,

wil, 0 '

Thus the length of v relative to the bi-invariant metric on Uy, given by Equation
(@) is equal to m/2¢, which means that « is a shortest path in Uy, between
A, and — A, (see [Mi-69, p. 127] or Lemma B.]] below). Since the length of the
vector /(t) is independent of ¢, v is a geodesic segment. Its midpoint is

I 0 I
-4 )
In view of Lemma @, the centriole we are interested in is the orbit of 7(%)
under the Kc-action. Since K. = (Uy X Uy)/Z(Uyq), this is the same as the

orbit of ’y(%) under conjugation by U, x U, C Uy,. One can easily see that
this orbit consists of all matrices of the form

(&)

where C'is in U,. Multiplication from the left by the matrix given by Equation
(B-6) induces an isometry between the latter orbit and the subspace of Us,

formed by all matrices
¢ o0
0o ot )
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922 A.-L. MARE AND P. QuasT

We deduce that if we equip the s-centriole of (G,(C?7), A,) relative to —A4,
with the submanifold metric, then it becomes isometric to Uy, where the latter
is endowed with the bi-invariant metric induced by

(X,Y) = —2tr(XY), (2.7)

X,Y € u,. Moreover, if instead of A, the base point is an arbitrary element
A of G4(C?7), then the only pole of (G,(C?), A) is the matrix —A. The
corresponding centriole is obtained from the previous one by conjugation with
B, where B € U, satisfies A = BA,B~!. Thus this centriole has the same
isometry type as the previous one.

REMARK 2.14 We saw that there is a natural isometric identification between
the centriole of (G,(C?7), A) relative to —A and U,. One can also see from
the previous considerations that this centriole is invariant under the isometry
X — —X, X € Uy, and the isometry induced on Uy is X' — —X', X' € U,,.

2.6 THE U-BOTT CHAIN

The following chain of inclusions results from the previous two subsections.
We start with Py := Uy, equipped with the bi-invariant Riemannian metric
defined by Equation (E) The top-dimensional s-centriole of (P, I) relative
to —I is denoted by P;. Pick J; € Pl. (The reason why the elements of ]31
are denoted by J is explained in Appendix @, particularly Definition EI and
Equation (A.1]).) By Remark .11, —J; is in Py, too. We denote by P, the
s-centriole of (]51, J1) relative to the pole —J;. We have

po D Pl D ]52.
The elements of the chain are described by the following isometries:
Py~ Uy, Py~ G,(C%), P, ~TU,,

where G, (C?9) carries the (symmetric space) metric induced via its embedding
in Uy, and Uy is endowed with the metric described by Equation (B.7).

We now take ¢ = 8n and repeat the construction above three more times. By
always choosing the top-dimensional centriole, we ensure that all our spaces
are invariant under the map Ujg, — Uign, X — —X (see Remarks and
above). We proceed as follows:

First we pick Jo € P, as a base point. Then —.J, is a pole of (Py,Js). Indeed,
we know that the geodesic symmetries sy, and s_j, of Ujgy, are equal (see
Example E) and ]52 is a totally geodesic submanifold of Usjg,.

After that, we consider the top-dimensional s-centriole of (P, .Jo) relative to
—J, and denote it by Ps. As before, we have the identification

Py & Gy (TP,
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In the same way, we construct Py,..., ]58,~by picking Ji_1 in P,_1 and defining
Py as the top-dimensional centriole of (Py_1, Ji—1) relative to —Ji_1, for all
k=4,...,8. We have the identifications:

p5 = G2n((c4n)7 pG s U2n; p7 s Gn(C2n); ]58 = Un;

where each Py, carries the submanifold metric. Similarly to Equation (@),
one can see that the Riemannian metric induced on U, via the diffeomorphism
Pg ~ U, coincides with the bi-invariant metric on U,, induced by

(X,Y) = —16tr(XY), (2.8)

X, Y €u,. - - -
In this way we have constructed the U-Bott chain, whichis Py D P D ... D Fs.

2.7 BOTT’S PERIODICITY THEOREMS

Bott’s original proof (see [Bo-59]) uses the space of paths between two points
in a Riemannian manifold.

DEFINITION 2.15 If M is a Riemannian manifold and p,q are two points in
M, we denote by Q(M;p, q) the space of piecewise smooth paths 7 : [0,1] — M
with v(0) = p and v(1) = q.

The space Q(M;p,q) has a topology which is induced by a certain canonical
metric (the details can be found for instance in [Mi-69, Section 17)).

Let (P, 0) be again a pointed compact symmetric space, p a pole of it, and Q C
P one of the corresponding s-centrioles. Recall that @) consists of midpoints of
geodesics in P from o to p. We have a continuous injection

j:Q — Q(P;0,p) (2.9)

that assigns to ¢ € @ the unique shortest geodesic segment [0,1] — M from o
to p whose midpoint is ¢. This induces a map

Je 1 1 (Q) = mi(QUP;0,p)) = mig1(P)

between homotopy groups. Bott’s proof relies on the fact that this map
is an isomorphism for all ¢ > 0 that are smaller than a certain number which
can be calculated explicitly in concrete situations, including all the situations
we have described in Subsections P.9, P.3, and P.§. The main tool is Morse
theory, see also Milnor’s book [Mi-69] (for a different approach we address to
[Mit-8q)).

We now apply the result above for the elements of the SO-chain, see Subsection
@. For all i = 1,2, ... sufficiently smaller than n, we obtain

m(SOn) = Wi(Pg) ~ 7Ti+1(P7) >~ ...~ 7Ti+7(P1) ~ 7Ti+8(PO) = 7Ti+g(8016n).
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This yields the following isomorphism between stable homotopy groups:
7:(0) ~ mr18(0),

for all £k = 0,1,2,.... This is Bott’s periodicity theorem for the orthogonal
group. Similarly, for the unitary and symplectic groups, one has

7, (U) ~ mp42(U)  and 7, (Sp) =~ 7r+8(Sp)

forall k=0,1,2,....

3 INCLUSIONS BETWEEN BOTT CHAINS

In this section we link the three Bott chains constructed above. The following
lemmata are key ingredients that make this process possible. We recall that for
any g > 1 the Lie group Uy, carries the bi-invariant Riemann metric described
by Equation (E) We regard SOy, as a Lie subgroup of Uy, and endow it with
the submanifold metric (note that for ¢ = 8n this is the same as the metric
described by Equation (é)) For » > 1 we also consider the symplectic group
Sp,., which is defined as the space of all H-linear automorphisms of H" that
preserve the norm of a vector. As explained in Subsection @, this group has
a canonical embedding into Us,. More precisely, Sp, can be identified with the
subgroup of Usg, that consists of all matrices of the form

(5 %)

which are in Usg,., where A and B are r X r matrices with complex entries (see
[Br-tD-87, Ch. 1, Section 1.11]). Yet another canonical embedding, which we
also need here, is the one of U, into Sp,., see Subsection @ Concretely, U,
can be considered as the subgroup of Sp, consisting of all matrices which are
of the above form with B =0 and A € U,..

For future use we also mention that Sp,. lies in Us, and U, lies in Sp, as fixed
point sets of certain involutive group automorphisms. More precisely, let us

consider the element
0o I,
K, = < oo >

of Uy, and the group automorphism of Us, given by X + K, XK' where X
is the complex conjugate of X: the automorphism is involutive and its fixed
point set is just Sp,.. In the same vein, let us consider the element

i, 0
Ar < 0 —il, >

of Sp,. and the corresponding (inner) automorphism of Sp,, 7(X) := A, X A !:
this automorphism is involutive as well and its fixed point set is equal to U,
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(note that A, has also been used in Subsections @ and E and is also relevant

in Subsection [A.15).

Let us now consider the inner product on uy, given by
1
(X)) = —itr(XY), X, Y € uy,.

Note that the bi-invariant Riemannian metric induced on U, is different from
the one defined by Equation (E) However, we are exclusively interested in
the subspace metrics on Sp,. and U,. On the last space, the induced metric is
bi-invariant and satisfies
<X7 Y> = 7‘EI‘(XY),

for all X,Y € u,, i.e. this metric is the one given by Equation (E)
LEMMA 3.1 Relative to the metrics defined above, we have:

distso,, (I, —1I) = distu,, (I, —1I) = m+/2q,

disty, (I, —I) = diStSpT (I, —I) = 7T\/7_“.
Proor. The length of a shortest geodesic segment in Uy, between I and —I

has been calculated in , Section 23]. Tt is equal to 7y/2¢. By ,

Section 24], a shortest geodesic segment in SOq, from I to —1 is

o 1 ... 0 0O

-1 0 ... 0 O
[0,1] = SOqq, t — exp |tm

o 0 ... 0 1

o 0 ... =10

Its length is also equal to m+/2q.
To justify the second equation in the lemma, we just note that

wil, 0
[0,1] = Uy, t+— exp [t( 0 _mil, )}

is a shortest geodesic segment in Uy, from I to —I. The image of this
geodesic lies entirely in U, C Sp, and is consequently shortest in both U,
and Sp,. Its length can be calculated as before, by using [, Section 23]. O

The next lemma concerns the SO-Bott chain, which has been constructed in
Subsection P.3. The result can be found in [Mi-69, p. 137]. Since it plays an
important role in our development, we state it separately.

LEMMA 3.2 If we equip each Py, k = 1,2,...,7 with the submanifold metric,
then we have

diStsown (I, —I) = diStp1 (Jl, —Jl) =...= diStp7(J7, —J7).

This result can also be deduced from [Qu-Ta-11]. Relevant to this context is
[Na-Ta-91 Remark 3.2 b)], too.

We are now ready to construct the inclusions between the three Bott chains.
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3.1 INCLUDING P INTO Pk

We start by recalling that P; is one of the two s-centrioles of (SO1¢y,, I) relative
to the pole —I (see Subsection R.9). Also recall that P is the top-dimensional
s-centriole of (Uygn, I) relative to the pole —I (see Subsection R.6). By Lemma
@, Py is contained in one of the s-centrioles of (Ujgy, I) relative to —1I, call it
P/

Claim. P| = P,, i.e. P, C P\.

Both J; and —J; are in Pj, thus also in Pl’ The geodesic symmetries s, and
s_j, of Uy, are equal. Since Pl’ is a totally geodesic submanifold of Uyg,, the
restrictions of the two geodesic symmetries to P{ are equal, too. Therefore,
—J; is a pole of the pointed symmetric space (P}, J;). On the other hand,
P} is isometric to one of the symmetric spaces G (C'%"), where 0 < k < 16n
(see Subsection @) It is known that amongst these Grassmannians there is
just one which admits a pole relative to a given base point, namely the one
corresponding to k = 8n (see Remark @) This finishes the proof of the claim.
Note that the following diagram is commutative:

P~ Q(Py I, -1)

lm lm

P1 - ’Q(PO;L—I)
where the horizontal arrows are inclusion maps and the vertical arrows are
given by Equation (P.9).
Recall that P, is an s-centriole of (Py, J;) relative to —J;. By Lemmata @
and @, any shortest geodesic segment in P which joins J; and —Jp is also

shortest in P;. Since P, is the unique s-centriole of (]31, J1) relative to —J;
(see Subsection R.5), we have

P, C P,. (3.1)

Again, we have a commutative diagram, which is:

P, —25Q(Py; Jh, — )
Jm lm
Py =25 Q(Prs i, — )
In the same way we prove that we have the inclusions
P, C B, (3.2)
forall k=3,...,8.
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3.2 THE INCLUSION P, C Pk AS FIXED POINTS OF THE COMPLEX CONJU-
GATION

We will use the following notations.

NoOTATIONS. Let A be a topological space. If a is an element of A, then A,
denotes the connected component of A which contains a. If ¢ is a map from A
to Athen A :={zx € A : o(x)=x}.

The main tool we will use in this subsection is the following lemma.

LEMMA 3.3 Let (p,o) be a compact connected pointed symmetric space, p a
pole of (P,0) and o : [0,1] — P a geodesic segment which is shortest between
7(0) = 0 and v(1) = p. Set jo := 70 (3) and denote by Q the centriole of
(P,0) relative to p which contains jo (see Definition [-3). Let also o be an
isometry of P. Assume that o(0) = o, o(p) = p, and set P := (P°),. Also
assume that the trace of vo is contained in P. Then:

(a) p is a pole of (P,0),

(b) CZ is o-invariant,

(C) (Qa)jo = (CP(P’ 0))j0'

PROOF. (a) Since p is a pole of (P,0), the geodesic reflections sf and sf

are equal. But P is a totally geodesic submanifold of P, hence the geodesic
P

reflections s, = sf|p and s’ = Sflp are equal as well.
(b) Take 2 € Cp(P,0). Then there exists a geodesic segment ~ : [0,1] — P
with v(0) = o, (1) = p, and v (3) = z. The path c o~ : [0,1] — P is also a
geodesic segment. It joins o o v(0) = o with o o y(1) = p. Thus, its midpoint
o(z) lies in Cp(P,0) as well. We have shown that o leaves C),(P,0) invariant
and induces a homeomorphism of it. Consequently, ¢ maps P = Cp(]s,o)jo
onto a connected component of C,(P,0). This must be Cp(P,0)
a(jo) = Jo- R

(c) Since P is a totally geodesic submanifold of P, we deduce that C,(P,0) C
C,(P,0) NP7, hence Cp(P,0)j, C Cp(P,0)j, NP7 = Q°. We have shown that
CP(Pa 0)j0 - (Qg)jO' B
Let us now prove the opposite inclusion. Take j an arbitrary element of Q7.
There exists v : [0,1] — P a geodesic segment with v(0) = o, v(1) = p, and
¥ (%) = j. Since Q is an s-centriole, we can assume that v is shortest between
o and p. This implies that the restriction of v to the interval [0, %] is a shortest
geodesic segment between o and j; moreover, it is the unique shortest geodesic
segment [0, %} — P between o and j (cf. e.g. [, Corollary 2.111]).
On the other hand, the curve o o7y : [0, %] — P is a shortest geodesic segment
with the properties

jo» because

504(0) = (o) =0 and Jov<%> — o(j) = j.

Consequently, we have o o v = v, and therefore the trace of v is contained in
P. This implies that j € C,(P,0). We have shown that Q7 C C,(P,0). This
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implies readily the desired conclusion. O

Let us denote by 7 the (isometric) group automorphism of Uy, given by com-
plex conjugation. That is, 7 : Uign, — Uign,

T(X) = Y, X € Usgn.

Note that the fixed point set of 7 is Oqgy,.
By collecting results we have proved in this subsection and the previous one,
we can now state the following theorem.

THEOREM 3.4 For any k € {0,1,...,8}, the space Py, is T-invariant and we
have R

Py = () - (3.3)
The following diagram is commutative:

) ) D )

Py Py Py P
lm Jm lm ln (3.4)

where the two horizontal components are the SO- and the U-Bott chains, and
the vertical arrows are the inclusions P, C Py, k € {0,1,...,8}, induced by
FEquation @) The following diagram is also commutative

Je+1

Poyr —— Q(Py; Jo, —Je)
Jm lm (3.5)
Py 2 Q(Pe; Jo, —Jo)

where the maps j¢+1 and je+1 are the canonical inclusions given by Equation

@), forall ¢ € {0,1,...,7}.

3.3 THE INCLUSIONS Py C P

We start with the standard inclusion PO = Uisn C Spign = Py. The Sp-
Bott chain defined in Subsection @ can be described in terms of the complex
structures Ji, ..., Jgs € SO1g, above as follows: Py, 1 is an s-centriole of (Pk, Ji)
relative to —Jg, for all k& = 0,1,...,7 (as already mentioned in Subsection
D.2, the main reference for this construction is , Section 24]; see also
[Es-0§), Section 19, especially pp. 43-44). With the methods of Subsection B.]
one can show that we have the totally geodesic embeddings P, C Py, for all
k=0,1,...,8.

As mentioned at the beginning of this section, Uig, lies in Spyg,, as the fixed
point set of the (involutive, inner) group automorphism 7 : Spig, — SDigns
T(X) := AanAgnl. In the same way as in Subsection E, we can prove the
following analogue of Theorem @:
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THEOREM 3.5 For any k € {0,1,...,8}, the space Py is T-invariant and we
have

Py = (P) - (3.6)

The following diagram is commutative:

PO P1 P2 e Pg
lm Jm lm lm (3.7)
Py > P, > Py > ,D> P

where the two horizontal components are the U- and the Sp-Bott chains, and
the wvertical arrows are the inclusions Py C Py, k € {0,1,...,8}, induced by
FEquation @) The following diagram is also commutative

Je+1

Py —— Q(Pu; Jo, —Jo)
5 5
Priq AN Q(Py; Jo, — )

where the maps jy+1 and Je+1 are the canonical inclusions given by Equation

(2.9), for all ¢ € {0,1,...,7}.

REMARK 3.6 We note in passing that all maps in the commutative diagrams
described by Equations (B.4) and (B.7) are inclusions of reflective submanifolds.

4  PERIODICITY OF INCLUSIONS BETWEEN BOTT CHAINS

4.1 THE INCLUSION Py C Py

We have the isometries:
Py ~S0,, and Py ~ U,.

The first is discussed in Proposition (b) and the second in Subsection .6
Note that P; is actually contained in SUsg,, (see Subsection E) Thus, from
Theorem @ we obtain the following commutative diagram:

SO16, <—— Py

SU16n <D— Pg

where all arrows are inclusion maps, as follows: Ps C Py = SOqgn; Ps C P1 C
SU16n; SO16n is contained in SUsjg, as the identity component of the fixed
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point set of 7, the latter being the complex conjugation; finally, by Theorem
@, the space Py is T-invariant and Py is a connected component of the fixed
point set Pg. We will prove the following result.

THEOREM 4.1 There exists an isometry 1 : Py — U,, which maps Ps to SO,
and makes the following diagram commutative:

ol
Py 480,

P ,b

]58—>Un

Here the inclusions Ps C Py and SO, C U, are the one mentioned in the
diagram , respectively the standard one (see e.g. Subsection @)

The rest of this subsection is devoted to the proof of this theorem. First pick
J € Pg and denote
p= T;Ps.

Let R:p x p x p — p be the curvature tensor of Pg at the point J. It is a Lie
triple in the sense of Loos [, Vol. I]. Let ¢ be the center of this Lie triple,
that is,

c={nep : R(nz)y=0forall z,y € p}.

We also denote by p the orthogonal complement of ¢ in p relative to the Riemann
metric (, ); of Ps at the point J. Both elements of the splitting

p=cop
are Lie subtriples of p. Recall from Subsection @ that there exists an isometry
p: Py — Un,

where U, is equipped with the bi-invariant Riemannian metric described by
Equation (R.§). Thus, the center ¢ is a 1-dimensional vector subspace of p. Let
T« : p — p be the differential of 7| p, at J. It is a Lie triple automorphism of p
that preserves the inner product (, );. Thus it leaves both the center ¢ and its
orthogonal complement p invariant. The fixed point set of 7, call it Fix(7.),
is a Lie sub-triple which splits as:

Fix(1.) = Fix(7|¢) @ Fix(np).

The first term of the splitting above is contained in the center of Fix(7,). On
the other hand, P is the connected component of J in the fixed point set of
T|158 : Py — Ps. Therefore we have Fix(r.) = Ty Ps; as Ps is isometric to SO,
(see the beginning of this section), Ty Ps is isomorphic to the Lie triple of SO,,.
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The latter Lie triple has no center, since SO,, is a semi-simple symmetric space.
Consequently, we have Fix(7.|.) = {0}. Both 7 and 7, are involutive, thus

To(x) = —x, for all z € c. (4.1)

Consequently,
Fix(7.) = Fix(7|;)-

We denote by Ps the complete connected totally geodesic subspace of Py cor-
responding to the Lie sub-triple p. It is mapped by ¢ isometrically onto SU,,,
the latter being equipped with the restriction of the bi-invariant metric given
by Equation (@) The space Py is 7-invariant and we have

(Pg)s = (P)s = Ps. (4.2)
We need the following lemma.

LEMMA 4.2 There exists an isometry ¢ : Py — U, such that ¢(J) = I, and
©(Ps) = SO,,. Moreover, there exists A € SU,, which satisfies A = AT such
that

(1(p) = Ap(p) A, (4.3)
for all p € Ps.

PROOF. Let ¢ : Py — U, be the isometry above. The condition ¢(.J) = I,, is
achieved after modifying ¢ suitably, that is, multiplying it pointwise by ¢(J) 1.
This proves the first claim in the lemma.

We now prove the second claim. To this end, we first recall that | Pt P —
SU,, is an isometry, where SU,, is equipped with the restriction of the bi-
invariant metric given by Equation (@) Thus, the map 7/ := o710 sy,
is an involutive isometry of SU,,. Moreover, the identity element I, is in the
fixed point set SU,’;,. From Proposition @ we deduce that there exists an
involutive group automorphism p of SU,, such that either

7(X) = p(X), for all X € SU, (4.4)

or

(X)) = w(X)™!, for all X € SU,,. (4.5)
Moreover, in the second case the space (SU:) 1, 1s isometric to SU, /SU~,
where the last space has the canonical symmetric space metric. Assume that
we are in the second case. From Equation (@), SO,, would be isometric
to SU,,/SU%. The involutive group automorphisms of SU,, are classified, see
e.g. , p. 281 and p. 290]. It turns out that the group SUZ is isomorphic
to S(Ug x U,,_g), for some 0 < k < n, or to SO, or to SPy 2, if n is divisible
by 2. None of the corresponding quotients is a symmetric space isometric to
SO,,.
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We deduce that Equation @) holds. Once again from the classification of the
involutive group automorphisms of SU,, mentioned above ([Wo-84, p. 290]),
we deduce readily the presentation of 7 described by Equation (i.J). (|

We are now ready to prove the main result of this subsection.
Proof of Theorem E Let ¢ : Ps — U, be the isometry mentioned in Lemma

Claim. Equation (@) holds actually for all p € Ps.

Indeed, both o7 and APA~! are isometries ]38 — U, which map J to I,,. It
remains to show that their differentials at J are identically equal. By Equation
(@) they are equal on the last component of the splitting TyPs = ¢ @ p. In
fact, they are also equal on ¢, in the sense that for any = € ¢ we have

(dp) s o Ti(x) = A(dg) s (w) A"

This can be justified as follows. First, by Equation (), the left-hand side
is equal to —(de)s(z). Second, since ¢ : Py — U, is an isometry, (dp); is a
Lie triple isomorphism between Ty Py and T7,U,, thus it maps z to the center
of Ty, U,, which is the space of all purely imaginary multiples of the identity;
hence we have (dp)j(x) = —(dp)s(z) and this matrix commutes with A.

Let us now consider the map ¢ : U, — U,, ¢(X) = AXA™!, and observe that
the following diagram is commutative:

pg L> Un

l ] J

Pg — Un
Since ¢(J) = I,,, we deduce that ¢ maps (P{) s to (Un)g, - The latter set, that
is, the fixed point set of ¢, has been determined explicitly in , p. 290
it is of the form BO,B~!, for some B € U,. The connected component of
I,, in this space is BSO,B~!. On the other hand, by Equation (@), we have

(]587)_] = Pg. Thus ¢ maps Py isometrically onto BSO,,B~!. In conclusion, the
map v : Py — Uy, ¥(X) = B~ 1¢(X)B, has all the desired properties. O

4.2 THE INCLUSION Py C Py
The following result is analogous to Theorem :

THEOREM 4.3 There exists an isometry x : Ps — Sp,, which maps Pg to U,
and makes the following diagram commutative:

_ xlpg

Pg—>Un

N

pg—X>Spn
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Here the inclusions Ps C Py and U,, C Sp,, are the one mentioned in the dia-
gram , respectively the standard one (see e.g. Section @ and the beginning
of Section E)

This can be proved by using the same method as in Subsection i.]. In fact,
the proof is even simpler in this case, since, unlike U,, the symmetric space
Sp,, is semisimple, i.e. the corresponding Lie triple has no center.

REMARK 4.4 In the same spirit and with the same methods as in Theorems
[.1 and [.3, one can show that for the embeddings Py C P; and Py C P, one
obtains commutative diagrams

Py —E> Spgn ﬁ4 —:> Uan
lﬁ lﬁ lﬁ Jﬁ
]54—E>U4n p4—:>SOSn

where the horizontal arrows indicate isometries. More precisely, the spaces
Py, Py, and P, have the submanifold metrics arising from the three Bott chains
and the spaces Spy,,; Usn, and SOsg,, have the metrics described earlier in this
paper (see the beginning of Section ) up to appropriate rescalings. The inclu-
sions Py C Py, Py C Py are those mentioned in the diagrams (@) respectively
(@) and the inclusions Sp,,, C Uy, and Uy, C SOg, are standard, i.e. those

described in Subsections @, respectively .

REMARK 4.5 Assume that in the above context n is divisible by 16. As we
have already pointed out (see Remark and Sections P.3 and P.6), each of
the three Bott chains can be extended using the centriole construction. One
obtains:
PoDPDP,D...D Pg,
PyD> P D PyD...D P,
PyDPiDP,D...D P,
where we have isometries

Pig ~S0,/16, Pi6~U,s, Pio~ SPr/16-

Theorems EI and @ imply that the centriole constructions can be performed
in such a way that we have

P, C P, P,CcP, 8<k<16,

and these inclusions are again those described by Tables 5 and 6, up to some
obvious changes of the subscripts. This observation is one of the main achieve-
ments of our paper. We can express it in a more informal manner, by saying
that the inclusions Pyys C Pk+g,ﬁk+8 C Pyig are the same as P, C Pk,
respectively P, C B,.
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5 APPLICATION: PERIODICITY OF MAPS BETWEEN HOMOTOPY GROUPS

In this section we apply the main results of this paper, which are differential
geometric, to the topology of classical Riemannian symmetric spaces. The
results we prove here, i.e. Theorems @ and E, followed by Corollaries E
and @, are in fact just common knowledge in homotopy theory (one can
prove them using techniques described e.g. in , Ch. 1]). The goal of
our approach is to provide more insight concerning these results, by indicating
that there is a differential geometric periodicity phenomenon that stays behind
them, similar to the periodicity phenomenon that stays behind Bott’s classical
periodicity theorems .

We start by recalling that a simple application of the long exact homotopy se-
quence of the principal bundle U,,, — U,,11 — S?™*! shows that the homotopy
groups 7;(U,,) are m-stable. More precisely, they remain unchanged up to an
isomorphism for any m which is larger than % We denote by 7;(U) the resulting
group, or rather, isomorphism class of groups. The Bott periodicity theorem
[Bo-59] for the unitary group says that m;(U) = m12(U), for i = 0,1,2,....
There is also a version of this result for the orthogonal and symplectic group.
First of all, we have m;(Oy,) =~ m;(Opmqt1) =: m(O) for all m and ¢ such that
m > i+ 1. The periodicity theorem in this case says that m;(O) = m;+5(0),
for i = 0,1,2,.... Similarly, m;(Sp) = m;+s(Sp), for i = 0,1,2,... (see ,
Section 24]).

5.1 THE MAPS INDUCED BY O,, — U,,

Let us consider the canonical embedding map %, : Op, < U,,. Let f" :=
(tm)x : T (Om) = m(Up,) be the map between homotopy groups induced by
tm. The following notion will be used in this section.

DEFINITION 5.1 Let A, A',B, and B’ be groups and f : A — B, f': A = B’
group homomorphisms. We say that f is equivalent to f' and denote f ~ f'
if there exist group isomorphisms g : A — A’ and h : B — B’ that make the
following diagram commutative:

We will need the following result.

LEMMA 5.2 The equivalence class modulo ~ of the map fI" : m(Op) —
mi(Upm,) is stable. That is, modulo the equivalence relation ~, the map fI"
1s independent of m for all m > i+ 1.
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PROOF. Let us consider the commutative diagram

Il

Tm+1

Ot~ Uy

The vertical arrows indicate the canonical inclusion maps, given by

1 0
An—>(0 A)

for any m x m orthogonal matrix A. By functoriality we obtain the following
commutative diagram.

7:(Om) —2—s 7, (Unn)

I |

Ti(Omt1) = 7 (Upnt1)

We only need to recall that for any m > ¢ + 1 both vertical arrows are
isomorphisms (to show that the map m;(O.,) = 7;(Opmy1) is an isomorphism
for m > i+ 1, one uses the long exact sequence of the principal bundle
Om — Opy1 — S™). O

Let us denote by f; the equivalence class of the map f;™, for m > i+ 1. Before
stating the main result of this subsection, let us note that both the domain
and the codomain of the map f/™ : m;(O,,) — m;(Uy,) are periodic relative to
i, with period equal to 8. The following theorem says that the map f/" itself
is periodic (modulo ~).

THEOREM 5.3 We have f; = fits, for all i > 0.

PROOF. Let us first assume that ¢ > 0. We use the notations which have been
established in the previous sections. The commutative diagram (B.5) induces
by functoriality

(Ir+1)+ ~
7i(Prst) 5 (U Py)) —— i1 (Pr)

Loy Lo .

i (1) — 1 (QUPy)) —— i1 (Br)

for all k € {0,1,...,7}. Recall that Py = SO1¢,, Py = Uign, and both (Jr41)«
and (jg+1)« are isomorphisms for any ¢ which is sufficiently small compared
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to n (see Subsection .7 and the references therein). Since m;15(SO16n) =
mi+8(O16n ), we obtain the diagram:

Ti+8(O16n) - mi(Pg)

i+8
16n

Ti4+8 (Ulﬁn) :—> Wi(pg)

Finally, from Theorem we deduce that we have a commutative diagram of
the form

7Ti(P8) —:MQ(SO,,)
)
Wi(PS) g 7T1(Un)

We only need to use the fact that m;(SO,) = m;(0,,).
We now analyze the case i = 0. We have mo(U) = ms(U) = {0}, thus the maps

fo and fg are clearly equal. This finishes the proof of the theorem. O
imod 8 | 0 1 2 3 4 5 6 7
7Tl(O) Zg Zg 0 Z 0 0 0 Z
7; (U) 0 Z 0 7 0 2 0 Z
fi 0 0 0 k—2t 0 0 0 id

Table 1: The stable maps between homotopy groups induced by O,, < U,,.

To calculate the maps f; explicitly, we can use the long exact homotopy se-
quence of the principal bundle O,, — U,, — U,,/O,,. This information is
described in Table 1 (where we have used the table from [Mi-69, p. 142]).
Justifications are needed only for the maps f3 and f7. Let us calculate the map
f3 : m3(0) — w3(U). Since m4(U/O) = 0 and 75(U/O) = Zz (cf. e.g. [Bo-59,
Section 1]), we obtain the following exact sequence:

0—>Zf$Z—>Z2—>O.

This implies the desired description of f3. As about f7, the relevant exact
sequence is

0—>Zf4Z—>O.

REMARK 5.4 Note that the two exact sequences above can be used to show
that for any j = 0,1,2,..., the map fgj43:Z — Z is given by k — 2k, k € Z,
and fgji7 : Z — Z is the identity map. Therefore this simple argument gives
an alternative proof to Theorem @
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We can combine Theorem @ above with the commutative diagram given by
(@) and the results concerning the exact expressions of the embeddings P, C
Py, k=1,2,...,8 obtained in Appendix E (see Table 5 and Subsections @ -
Ag). We deduce:

COROLLARY 5.5 Let A,, — B, be given by any of the inclusions

O2m/Um - Gm(CQm)v U2m/Spm C U2m; Gm(HQm) C GQm(C4m)a
SPym/Um C G (C*™), U, /Oy, C Uy, G (R?™) C G, (CP™),
Spm C Ugp.

Then the maps m;(Am) — m;(By,) induced between the stable homotopy groups
are stable relative to m and periodic relative to i, with period equal to 8.

The exact expression of the stable maps 7;(A4,,) — m;(By,) can be deduced
from the table above by finding n and k such that P, and P, are equal to A,,
respectively By, for a certain m which depends on n (see Table 5 for 1 < k < 7).
The only embedding for which this is not possible is Oz, /Uy C Gy, (C2™).
In this case, we note that P, = SOa,,/U,,, where m = 8n (see Subsection
P.4 or Table 5). Consequently, m;(O2y,/Uy,) = mi(P1) for any i # 0 and
therefore in this case the map m;(O2m/Up) — mi(Gy, (C?™)) is equivalent to
mi(P1) — m(P;) in the sense of Definition f.] For i = 0 mod 8, we note
that 7;(Gn(C*™)) = {0}, hence the map m;(Ogp/Up) — mi(Gpn(C?™)) is
identically zero. To deal with any of the remaining six inclusions we just take
k€ {2,3,...,7} and use inductively the commutative diagram (F.]) to deduce
that the map m;(Py) — m;(Py) is equivalent to 41 (Opm) — miyx(Up) (here
m = 16n is in the stability range). For instance the stable maps between
homotopy groups induced by the inclusion Sp,,, C Us,, are described in Table
2 (see also Remark [L.4).

1 mod 8 o 1 2 3 4 5 6 7
7:(Sp) 0 0 0 Z Zn Zp 0 Z
() 0 Z 0 Z 0 Z 0 Z

m(Sp) > m(U) {0 0 0 id 0O 0 0 k—2k

Table 2: The stable maps between homotopy groups induced by Sp,,, < Usay,.

5.2 THE MAPS INDUCED BY U,, < Sp,,

In the same way as in the previous subsection, we consider the inclusion map
U,, — Sp,, and the maps g : 7;(U,,) — 7 (Sp,,,) induced between homotopy
groups. As in Lemma @, if we fix ¢ and take any m which is sufficiently
larger than ¢, all of these group homomorphisms are equivalent in the sense of
Definition @ Denote by g; the equivalence class of these maps. The following
result can be proved with the same methods as Theorem @
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THEOREM 5.6 We have g;1+s8 = g;.

Table 3 describes the maps g; explicitly.

imod8]0 1 2 3 4 5 6 7
~U) |0 Z 0 Z 0 7 0 Z
m~Sp) [0 0 0 Z 7 s 0 z

gi 00 0 k=2 0 k—okmod2 0 id

Table 3: The stable maps between homotopy groups induced by U,, < Sp,,,.

REMARK 5.7 The results in Table 3 have been obtained as direct consequences
of the long exact homotopy sequence of the principal bundle U,, — Sp,, —
SP.,/Um and the knowledge of m;(Sp/U), i = 0,1,2,.... In fact, this long exact
sequence can also be used to give an alternative proof of the periodicity of the
maps 7;(U) — m;(Sp).

In the same way as Corollary @, we can prove the following result (this time

using Table 6 in Appendix @ and Subsections - )

COROLLARY 5.8 Let A, — By, be given by any of the inclusions

Con(C2™) C Spy, /Usms U © Usm /Oy G (C2™) C g (RA™),
Gm((C2m) C O4m/U2m7 U, C Ugm/Spm, Gm((C2m) C Gm(H2m),
U, C O

Then the maps m;(Am) — 7i(Bm) induced between the stable homotopy groups
are stable relative to m and periodic relative to t, with period equal to 8.

These maps 7; (A, ) — 7 (B, ) mentioned above can be described explicitly, by
using Table 3 and the fact that 7;(Py) — m;(Py) is equivalent to w1 (U,,) —
Titk(SP,y, ). For example, the stable maps 7;(U,,) — m;(Oz2,,) are described in
Table 4.

¢ mod 8 0 1 2 3 4 5 6 7
7:(0) 0 Z 0 Z 0 Z 0 Z
7Tl(O) ZQ ZQ 0 Z 0 0 0 Z

m(U) 5 m(0) | 0 k—kmod2 0 id 0 0 0 ks 2k

Table 4: The stable maps between homotopy groups induced by U,,, < Oagy,.
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A STANDARD INCLUSIONS OF SYMMETRIC SPACES

Explicit descriptions of the spaces in the SO-Bott chain have been obtained
by Milnor in , Section 24] using orthogonal complex structures of R6",
i.e. elements J of O1g,, with the property that J? = —I. A similar construction
works for any matrix Lie group, as it has been pointed out in [[Qu-10]. For our
needs, we describe the U-Bott chain in these terms. We start with the following
definition.

DEFINITION A.1 An element J € Uyg, is a complex structure if J2 = —1.

Like in the case of the orthogonal group (see [Mi-69, Lemma 24.1]) we can iden-
tify complex structures in Uig, with midpoints of shortest geodesic segments
in Uygy, from I to —1. More specifically, recall from Subsection @ that —I is a
pole of (Uygn, I) and the space of shortest geodesic segments in Uyg,, from I to
—1 is the union of all conjugacy orbits Uie,.Vk|[0,1], 0 < k < 167 (see Equation

(-9).

LEMMA A.2 The set of all midpoints of the geodesic segments in the union
Uogkgwn Uien-Vklj0,1) coincides with the set of all complex structures in Us,.

PROOF. Let 7|1 : [0,1] = Uign be a geodesic segment in the union above:
it satisfies v(0) = I and v(1) = —I. Then v : R — Uy, is a one-parameter
subgroup. Thus we have

This means that v (%) is a complex structure. To prove the converse inclusion,
take J € Ujgy such that J? = —I. Then the eigenvalues of J are +i, hence J
is Uygn-conjugate to a matrix of the form

il 0
0 _illfin—k

for some k € {0,1,...,16n}. The converse inclusion is proved. O

Recall from Subsection @ that Py is the top-dimensional s-centriole of (Uien, I)
and Jj is an element of P;. The previous lemma says that the union of all s-
centrioles in Uyg, from I to —1I is the same as the set of all complex structures
in Uygn. We deduce that

Pi={JeUyg, : J2=—1},, (A1)

where we have used the notation established at the beginning of Subsection
We saw afterwards that we have the isometry P, ~ Gg,(C'%"), where P is
equipped with the metric induced by its embedding in Uj6, and Gg, (C'®") with
the usual symmetric space metric. We defined P, as the (unique) s-centriole of
(Py, Jp) relative to —J; and then we fixed an element Jy of Ps.
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LEMMA A.3 The centrosome C_y, (Py,J1) can be expressed as:
C_s (P, J))={JecP : JJ=—-J1J} (A.2)
Consequently, Py = {J € P, : JJ, = —J1J}y,.
PROOF. We first take J = (1), where v : R — Py is a geodesic such that
y(0)=J1 and (1) = —Ji.

But P, is a totally geodesic submanifold of Usg,, thus v is a geodesic in Usgy,.
We deduce that there exists = in uig, such that

~(t) = Jyexp(2tx), t € R.

The condition v (%) = J implies that J; exp(z) = J. Multiplying from the left
by Ji and taking into account that JZ = —1I gives exp(z) = —J;J. Conse-
quently, we have

—J1 =v(1) = Jyexp(x) exp(x) = J(—=J1J) = —=JJ1 J.

This implies that JJ; = —J1J. 5
‘We now prove the converse inclusion. Take J € P, such that JJ; = —J;J. Let
v : R — P; be a geodesic with the property that

40)=Ji and (%) _J

Claim. ~v(1) = —J;.
Indeed, the curve J; 15 is a geodesic in Uygy, thus a one-parameter group. In
other words, we have

Jiy(t) = exp(2tx), t € R,

where x € uyg,. This implies that J = ~(
J;tJ = —J1J = JJy, and consequently

1) = Jiexp(z), hence exp(z) =

v(1) = Jiexp(2z) = Jiexp(z) exp(z) = J(JJ1) = —J1.
]

Note that the previous two results are special cases of [, Lemmata 3.1
and 3.2].

We have the isometry 152 ~ Ugy, where 152 has the submanifold metric and
Us,, the bi-invariant metric described by Equation (2.7]) with ¢ = 4n (see
Subsection E) The pair (Py,Jo) has exactly one pole, which is —Jo. We
defined P3 as the top-dimensional s-centriole of (]32, Jo) relative to —Jy and we

DOCUMENTA MATHEMATICA 17 (2012) 911-952



BoTT PERIODICITY FOR INCLUSIONS 941

fixed J;3 € P5. Since P, is a totally geodesic submanifold of Uyg,, we can use
the same reasoning as in the proof of Lemma @ to show that

Po={JeP, : JJy=—JyJ}y,.
In the same way, for any k € {2,...,8} we have
Po={JePy : Jlh1=—Jx1J},.

These new presentations of the spaces Pl, cen 138, along with those obtained
by Milnor in [Mi-69, Section 24] for the spaces Pi,..., Ps lead us to descrip-
tions of the embeddings between Bott chains which are discussed in Section
Concretely, they are given by Tables 5 and 6 together with the list -A.16,

0 | SO16n Uien A .1 composed with SO1¢, C O16n

1 | SO16n/Usn  Gsn(C'") | |A.9 composed with SO16,/Usn, C O16n/Usn
2 Ugn/Sp4n Ugn A .3

3 Con(H™)  Can(C) | A

4 San U4n u

5 Sp2n/U2n Gzn (C4n) A

6 U2n/02n U2n A7

7T Ga(R™)  Ga(C) A

8 | SO, U, A1l composed with SO,, C O,

Table 5: Inclusions between the SO-Bott chain and the U-Bott chain.

| k | Py pk | P C pk

0 Ulﬁn SplGn A

1 ng(cl(in) SplGn/Ulgn A1

2 | Ug, Ui6n/O16n | A.11

3 [ Gin(C)  Gsn(R%) | A1

4| U SOs,, A.13

5 | Gon(C™)  SOg,/Us, | A.14

6 Ugn U4n/Sp2n A.15

7 [ Gu(C)  Gu(H2*) | A.1q

8 | Uy Sp,, A

Table 6: Inclusions between the U-Bott chain and the Sp-Bott chain.

In what follows we will be frequently using, without pointing it out each time,
presentations of certain classical symmetric spaces as given in [Mi-69, Section

24] (see also [Es-08, Section 19]).
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A.1 THE INcLUSION O, C U,

To any orthogonal isomorphism A : R”™ — R” one attaches its complex-linear
extension A° : C" — C", which is defined by A°(u + iv) := A(u) + iA(v), for
all u,v € R". One can see that A¢ preserves the norm of a vector in C" with
respect to the canonical Hermitian product. Thus, A€ lies in U,..

A.2  THE INCLUSION Oa,/U, C G,.(C?")

The quotient Os,./U, is identified with the space of all orthogonal complex
structures of R?", that is, of all J € Oy, with the property that J2 = —I. The
inclusion Og,/U, C G,(C?") assigns to any such J the eigenspace E;(J¢) =
{veC? : J¢) =iv}.

A.3 THE INCLUSION Us,/Sp, C Us,

Fix Jy € Oy, an orthogonal complex structure of R, Let J§ : C*" — C*" be its
complex linear extension. The eigenspaces VT := E;(J§) and V™~ := E_;(J§)
are complex vector subspaces of C*" of dimension equal to 2r, since the complex
conjugation is an (R-linear) isomorphism between V' and V. The quotient
Us,-/Sp, can be identified with the space of all orthogonal complex structures
J of RY that anticommute with Jy. The complex linear extension J¢ of such
a J maps V' to V~, being obviously a unitary isomorphism. The inclusion
Us,-/Sp, < Us,. assigns to J the map J¢|y+ : VT — V'~ where both VT and
V~ are identified with C?".

A.4  THE INCLUSION G, (H?") C Gy, (C*)

We first identify C with the subspace of H consisting of all quaternions a +
bi + cj + dk with ¢ = d = 0. This allows us to equip H?" with the structure
of complex vector space induced by multiplication with complex numbers from
the right. It also allows us to embed C?” into H?". In this way we obtain the
following identification of complex vector spaces: H?" = C2"@jC?" = C*". The
Grassmannian G,.(H?") consists of all right H-submodules of H?" of dimension
equal to 7. The map G,(H?") < Ga,.(C*") attaches to any such submodule
V C H?" the space V itself, regarded as a 2r-dimensional complex subspace of
(O

A.5 THE INCLUSION Sp, C Uy,

As explained before, we can regard H™ = C” @ jC" = C?" as a complex vector
spaces. The map Sp,. < Us, assigns to any symplectic (H-linear on the right)
isomorphism A : H" — H" the map A itself, regarded as a unitary (C-linear)
isomorphism C?" — C2". A description of this embedding in matrix form can
be found for instance [Br-tD-8§, Ch. I, Section 1.11] (see also the beginning of
Section ).
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A.6 THE INCLUSION Sp,. /U, C G,(C?)

The quotient Sp,. /U, can be identified with the space of all complex forms
of the quaternionic space H", that is, all V' C H" which is a complex vector
subspace relative to the identification H" = C" 4+ jC™ = C?" mentioned above
and satisfies H" = V & jV. The inclusion map Sp,/U, < G,.(C*") assigns to
any such V the space V itself.

A.7 TaE wvcLusioN U, /O, C U,

The quotient U, /O, can be identified with the space of all real forms of C”,
that is, all real vector subspaces V' C C" such that C" = V @ 4V. This can
be further identified with the space of all orthogonal (R-linear) automorphisms
of C" = R?" that are anti-complex linear and square to I: the identification
is given by attaching to such an automorphism its 1-eigenspace. If we fix an
anti-complex linear orthogonal automorphism By of R?", then

UT/OT = {BOA : Ae Ur, (B()A)2 = I}

The inclusion map U, /O, — U, maps ByA to A.

A.8 THE INCLUSION G, (R?") C G,.(C?")

This map assigns to any r-dimensional real vector subspace of R?" the space
V ® C, which is an r-dimensional complex vector subspace of C?".

A.9 THE INCLUSION U, C Sp,

Let R; and R; be the maps H" — H" given by multiplication from the right by
the quaternionic units ¢ and j. Then Sp, can be characterized as the space of
all R-linear endomorphisms of H" which commute with R; and R; and preserve
the norm of any vector in H" relative to the canonical inner product of H". Let
us consider the splitting H" = C" & jC". The group U, consists of all R-linear
endomorphisms of C” which commute with R; and preserve the norm of any
vector in C" relative to the canonical Hermitian product of C". The desired
embedding U, < Sp,. is given by

U, > A A" € Sp,,
where A" : H” — H" is determined by:
AM(v + jw) = Av + j(Aw), v,weC".
(One can easily verify that A" lies in Sp,..)
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A.10 THE INCLUSION G,(C?") C Sp,,./Us,

The quotient Sp,,/Us, can be identified with the space of all complex forms
of H?", that is, of all real vector subspace X C H?" with the property that
R;X = X, ie. X is a complex vector subspace of H*", and H*" = X & R; X
(orthogonal direct sum). The inclusion G,(C?") < Sp,, /U, assigns to the
r-dimensional complex vector subspace V' C C?" the space V & RjVL, where
V1 is the orthogonal complement of V in C?".

A.11 THE INCLUSION U, C Us,./Oa,

Recall that Uy, /Os, is the space of all real forms of C2 (see Subsection [A.7).
Also recall that H" is a complex vector space relative to multiplication by
complex numbers from the right, the dimension being equal to 2r. Let us now
consider the splitting H” = C” @ R;C". The inclusion U, < Us,/Og, can be
described as follows:

U354V :={v+RjAv : veC}.

Note that V described by this equation is a real form of H", where the latter
is a complex vector space in the way mentioned above. Indeed, this follows
readily from the fact that Vi= {v — R;jAv : ve C"}.

A.12 THE INCLUSION G, (C?") C Gg,.(R*")

This map assigns to a complex n-dimensional vector subspace V C C2" the
space V itself, viewed as a real vector subspace of C?" = R*".

A.13 THE INCLUSION U, C SOa,,..

We identify C” = R” @ iR” with R?" and make the following elementary obser-
vations: a C-linear transformation of C” is also R-linear; the norm of a vector in
C" relative to the standard Hermitian inner product is equal to its norm in R?"
relative to the standard Euclidean inner product. We are lead to the subgroup
embedding U, < Os,.. Since U, is connected, we actually get U, < SOa;..

A.14 THE INCLUSION G, (C?") C SOy, /Us,

We start with the embedding Uy, C SOy, described in Subsection . It
induces the inclusion {J € Uy, : J? = —I} C {J € SOy, : J? = —I}.
The first space can be identified with the Grassmannian of all complex vector
subspaces in C?*" (see Lemma [A.3 and Subsection P-4). Among its connected
components we can find G,(C?"). This is contained in one of the two connected
components of {J € SOy : J? = —I}. They are both diffeomorphic to
SO4,/Us,. The desired embedding is now clear.
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A.15 THE INCLUSION U, C Us,./Sp,

A, = < ,LOI —(’)il ) € Uy,
which is an orthogonal complex structure of R*" via the embedding described at
. Denote by U(R*", A,.) the set of all elements of O, which commute with
A,.. This is a subgroup of Oy, which is isomorphic to Us,.. It acts transitively,
via group conjugation, on the set of all J € Oy, with J?> = —I and A,J =
—JA,. Moreover, the stabilizer of any J is isomorphic to Sp,. In this way we
obtain the identification

We first consider

{J€0y : J*=—-1,JA, = —A,J} = Uy /Sp,.

The embedding U, < U, /Sp, assigns to an arbitrary X € U, the matrix

0 —-X-1
A(X 0 )EUQT,

which is regarded as an element of Oy, in the same way as before, i.e. by using
the embedding [A.13 (One can easily verify that A2 = —T and A, A = —AA,.)

A.16 THE INCLUSION G, (C?") C G,(H?")

We consider again the embedding C2" C H?" defined in Subsection @ The
embedding G,(C?*") — G,(H?") assigns to a complex r-dimensional vector
subspace V' C C?" the space V ®@c H = {v +wj : v,w € V}, which is an
H-linear subspace of H?" of dimension 7.

B THE ISOMETRY TYPES OF Py AND Py

For any r > 1, we consider the standard bi-invariant Riemannian metrics on
each of the groups SO,., U,., and Sp,.. By definition, they are given by (X,Y) =
—tr(XY), for any X,Y in the Lie algebra of SO,, respectively U,; as for Sp,,
the metric is induced by its canonical embedding in Us,., where the latter group
is equipped with the standard metric divided by two (see also the beginning of
Section ).

The SO-Bott chain Py, Pi,..., Py has been defined in Subsection @ Recall
that Pp,..., Py are totally geodesic submanifolds of Py = SOgg,, the latter
space being equipped with the standard metric. The main goal of this section
is to prove the following result.

PROPOSITION B.1 (a) If we equip Py with the submanifold metric, then Py
is isometric to Sps,,, where the metric on the latter space is eight times the
standard one.

(b) If we equip Ps with the submanifold metric, then Ps is isometric to SOy,
where the metric on the latter space is sixteen times the standard one.
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PROOF. The proof will be divided into two steps. In the first step, we show that
the results stated by the proposition hold true for a particular choice of com-
plex structures Ji, ..., J;. (Afterwards we will address the general situation.)
Concretely, we write

H4n — ]Réln ey ]R4nl D ]Réln‘7 o R4nk,

and identify in this way H%" = R!". Take J; := R; and J := R;, that is,
multiplication on H*" from the right by the quaternionic units 7, respectively
j. We take J3 in such a way, that J;JsJ3 is given by

J1J2J3(q15 DR aq4n) = (qla e Q2n, —Q2n41y - -, _q4n);

for all (qi,...,qu,) € H*™.

We now perform Milnor’s construction of the space Py (cf. , p. 139],
see also Subsection @ above). First, note that the eigenspace decomposition
of JiJoJs : H* — H* is H* = H*" ¢ (H2")l, where H2" stands here for
the space of all vectors in H" with the last 2n entries equal to 0 and (H?")t
is the space of all vectors in H*" with the first 2n entries equal to 0. The
space P, consists of all J € P; which anticommute with Js. If J is such a
transformation, then J3J maps H?" to (H?")1 as a H-linear map (relative to
scalar multiplication from the right) that preserves the norm of any vector.
Let us now consider the subgroup of SO1¢, which consists of all R-linear endo-
morphisms of R16” that are H-linear, i.e. commute with J; and Jy, and preserve
the norm of a vector. This group is just Sp,,,. We prefer to see its elements
as 4n x 4n matrices, say A, with entries in H, such that AA* = I,,. From the
above observation, J3Py := {JsJ : J € P,} is the same as the space of all

elements of Sp,,, of the form
0 —-C!
C 0 '

o 0 IQn
BQn-—(I2n 0 )a

which is an element of Sp,,,. By translating our set J3P; from the left by Bay,

we obtain
cC 0
Bon(J3Py) = 0 -1 : C €Spy, ¢ -

It is clear that Py, as a submanifold of SOgy,, is isometric to Ba,(J3Py), and
the latter is a subspace of Sp,,,. More precisely, it is the image of the embedding

Sp?n - Sp4n’
c 0
Cw— < 0 -1 > (B.1)

The metric on Sp,,, induced by its embedding in SO¢,, is equal to the stan-
dard metric multiplied by 4. (Indeed, Sp,,, is contained in the subspace of all

Consider
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elements of SOy, which commute with Jj, which is Ug,, and the resulting
embedding Sp,,, C Us,, is just the one described at the beginning of Section ;
moreover, the Riemannian metric on Ug, induced by its embedding in SOq¢,
is twice its standard metric.) Thus, the submanifold metric induced on Sp,,,
via the embedding (@) is the standard one multiplied by 8. Finally note that,
from the previous considerations, Spy,, equipped with this metric is isometric
to the subspace P, of SO1gy,.

We will now prove point (b) of Proposition EI for a particular choice of Js, Jg,
and J7. As it has been pointed out by Eschenburg in [, Section 19], we
may assume that P, = Sp,,, and Ps, Ps, P7, Ps are subspaces of Sp,,, defined
as follows: first, Ps := {J' € Spy,, : (J')? = —I}; then, for £ = 5,6, or 7, pick
J; € Py and define Py1; as one of the top-dimensional components of the space
{J' e P, - J'J,+ J;J' = 0}. In what follows Sp,,, is regarded as the space
of all R-linear endomorphisms of H?" which preserve the norm of a vector and
commute with R} and R, the operators given by multiplication from the right
by i, respectively j.

We first consider J{ : H?" — H?" given by multiplication from the left by the
negative of the quaternionic unit ¢, that is

Jé(qla .. 'aq2n) = _i(qla .. -aq2n)a

for all (q1,...,q2n) € H?™. One can see that J{ is an element of Sp,,, and satis-
fies (J£)? = —I. Note that the 1-eigenspace of R.J is C*", which is canonically
embedded in H?". Next, we take J§ : H?" — H?" given by multiplication from
the left by —j:
Je(qr, - q2n) = —j(a, -, 2n),

for all (q1,...,q2n) € H?". As before, J§ is in Sp,,, and (J§)? = I. We also
have J3J§ = —JgJ§. The composed map R’.Jg leaves C*" invariant and the
1-eigenspace of R.J¢|c2n is R*", which is canonically embedded in C*". Finally,
we choose J4 to be the map H?" — H?",

Jé(q1, .. 'aq2n) = _k(qla <o o5 Qn, _qn+1a sty _q2n)’

for all (qi,...,q2,) € H?". This new map is in Sps,, it squares to —I, and
it anticommutes with both J{ and J}. The composed map R}.J} leaves R?"
invariant and we have

R T (@1, ..oy @on) = (T1, ..o, Ty — Tt 1y - - -, —T21)

for all (x1,...,22,) € R*". Consequently, the 1-eigenspace of R} J}|gzn is R™,
that is, the subspace of R2" consisting of all vectors with the last n compo-
nents equal to 0. The (—1)-eigenspace of R} J4|gzn is (R™)*, the orthogonal
complement of R™ in R?".

We are especially interested in the embedding of Ps in Sp,,,. By [, p. 141]
(see also [[Es-0d, Section 19, item 8’]), one can identify Py with one of the two
connected components of the space of all orthogonal transformations from R™
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to (R™)L; the identification is given by J’ +— J:J'|gn. We deduce that JZ Py is
one of the two connected components of the subspace of Sp,,, consisting of all

matrices of the form
0 —D!
D 0

where D € O,,. We may assume that J} Py is the space of all matrices of the
form above with D € SO,,. Let us now consider the matrix

0o I,
By < 0o >
and observe that

Bn(J;Pg)KlO) i ) : Deson}.

The subspaces Ps and By, (J4Ps) of Sp,,, are isometric. We only need to charac-
terize the submanifold metric on SO,, induced by the embedding SO,, — Sp,,,,

D 0
D~ ( 0 D! ) ,

where Sp,,, is equipped with the standard metric multiplied by eight (by point
(a)). To this end we first look at the subspaces Ug, and SOsg, of Sp,,: the
metric induced on Uy, is eight times its canonical metric (see the beginning
of Section E), thus also the metric on SOs,, is eight times its canonical metric.
Consequently, the metric on SO,, we are interested in is equal to the standard
one multiplied by 16.

If Ji,...,J7 are now arbitrary, then the results stated by Proposition @
remain true. Indeed, one can easily see that in this general set-up, the spaces
Py and P, are the same as above, whereas each of P, ..., Pg differ from the
ones described above by group conjugation inside SO1g,. 0

C SIMPLE LIE GROUPS AS SYMMETRIC SPACES AND THEIR INVOLUTIONS

Let G be a compact, connected, and simply connected simple Lie group.
Equipped with a bi-invariant metric, G becomes a Riemannian symmetric
space, as explained in Example E The following result has been proved in
[Le-74] (see the proof of Theorem 3.3 in that paper). Since it plays an essential
role in our Subsection E, we decided to state it separately and give the details
of the proof.

ProrosiTiON C.1 Let 7: G — G be an isometric involution with the property
that T(e) = e, where e is the identity element of G. Then there exists an
inwvolutive group automorphism p: G — G such that either

7(g) = u(g) for all g € G
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or
7(g9) = ;L(g)_1 for all g € G.

Moreover, in the second case, the space (G™). (the connected component through
e of the fized point set G™) is a totally geodesic submanifold of G which is
isometric to G/G". Here G/G" is equipped with the symmetric space structure
induced by some bi-invariant metric on G.

PROOF. Let G be the identity component of the isometry group of G. Then
7 induces the involutive group automorphism 7 : G — G, fr=To0for.
Let § be the Lie algebra of G and denote by 7, : § — § the differential map
of 7 at the point €, which is the identity element of G. We know that G =
(G x G)/A(Z(G)), where Z(G) is the center of G. Thus, if we denote the Lie
algebra of G by g, then we have § = gxg. Consider the map o : GXG — GxG,
o(g1,92) = (92,q1), for all g1,g2 € G along with its differential map at the
identity element, that is 0. := (do)e : § — @, 0«(z1,22) = (22,21), for all
T1,x2 € 9.

Claim 1. 74 00y = 04 O Tx.

Indeed, o, can also be described as the differential at e of the map G — G',
f = sco fose, where s, is the geodesic symmetry of G at e (see ,
Ch. IV, Theorem 3.3]). We only need to notice that the automorphism G — G
described above commutes with 7. In turn, this follows from the fact that
T 08, = 8¢ o7 (both sides of the equation are isometries of G whose value at e
is e and whose differential map at e is equal to —(d7).).

Let us now observe that 7.(g x {0}) is an ideal of g x g. It can only be equal
to g x {0} or to {0} x g, since g is a simple Lie algebra.

Case 1. 7.(g x {0}) = g x {0}. There exists 4 : g — g an involutive Lie algebra
automorphism such that 7.(x,0) = (u(z),0), for all 2 € g. From Claim 1 we
deduce that 7, (0,2) = (0, u(x)), for all z € g, thus

Tu(w1, m2) = (1), p(22)),
for all x1,x2 € g. We consider the group automorphism of G whose differential
at e is p and denote it also by p. We have

7([g1, 92]) = [1(91), n(g2)],

for all g1, g2 € G, where the brackets [, | indicate the coset modulo A(Z(G)).
Using the identification G = (G x G)/A(Z(G)) and the explicit form of its
action on G given by Equation (EI), this implies

T(g17(h)gs ") = p(gr)hu(g2) ",

for all g1, g2, h € G. Thus, 7(g9) = u(g) for all g € G.

Case 2. 7.(g x {0}) = {0} x g. This time, there exists 4 : g — g an involutive
Lie algebra automorphism such that 7.(x,0) = (0, u(x)), for all x € g. From
Claim 1 we deduce that 7.(0,z) = (u(x),0), for all x € g, thus

Tu(wy, 22) = (u(az), p(z1)),

DOCUMENTA MATHEMATICA 17 (2012) 911-952



950 A.-L. MARE AND P. QuasT

for all x1,2zo € g. Again, we consider the group automorphism g : G — G
whose differential at e is p. This time we have

7([91, 92]) = [n(g2), w(g1)];

which implies

T(1m(h)gs ') = plg2)hiu(gr) ™",
for all g1, g2, h € G. This implies 7(g) = u(g)~*, for all g € G.
We now prove the last assertion in the proposition. We are in Case 2. Consider
the action of G on G7 given by G x GT — G7, g.x := ga7(g), for all g € G
and z € G7. Since G is connected, it leaves (G7). invariant. The correspond-
ing action is isometric, where (G7). is equipped with the submanifold metric
induced by its embedding in G.
Claim 2. The action G x (G7). — (G7). is transitive.
To justify this, we take z € (G7). and show that there exists ¢ € G with
x = g.e = g7(g). Indeed, let v : R — (G"). be a geodesic in (G7), with
~7(0) = e and (1) = «. Since (G7). is a totally geodesic subspace of G, ~ is
a geodesic in G, hence we have v(t) = exp(tX), for all ¢ € R, where X is an
element of g. From 7(y(t)) = v(¢) for all ¢ € R we deduce that (dr).(X) = X.
Then g := exp(3.X) is in (G7). and we have g7(g) = ¢* = exp(X) = z.
It only remains to observe that the stabilizer of e under the action mentioned

in the claim is G*. O
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