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INTRODUCTION

If (E,O) is a vector bundle with an algebraic integrable connectioer @ smooth
complex varietyX, then it is defined over a smooth sche@ever Spe[+] for
some positive intege, so(E, ) = (Es, Us) ®sC overX = Xs®sC for a geometric
generic pointQ(S) C C. Grothendieck-Katz'p-curvature conjecture predicts that if
for all closed points of some non-trivial opebd C S, the p-curvature of Es, Os) xS

is zero, ther{E, D) is trivialized by a finite étale cover &€ (see e.g.[[An, Conj.3.3.3]).
Little is known about it. N. Katz proved it for Gau3-Manin cwettions[[Ka], forS
finite over SpeZ[ﬁ] (i.e., if X can be defined over a number field), D. V. Chudnovsky
and G. V. Chudnovsky in [CC] proved it in the rank 1 case and Nd#& in [Af]
proved it in case the Galois differential Lie algebra(&f, ) at the generic point
of Sis solvable (and for extensions of connections satisfylrggdonjecture). More
recently, B. Farb and M. Kisin [EK] proved it for certain ldlgasymmetric varieties
X. In general, one is lacking methods to think of the problem.
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Y. André in [An, 1] and E. Hrushovsky in([Hr, V] formulateche following equal
characteristic 0 analog of the conjectureXif— Sis a smooth morphism of smooth
connected varieties defined over a characteristic O figllden if (Es, Og) is a relative
integrable connection such that for all closed pogti§some non-trivial opeb C S,
(Es,Os) xss is trivialized by a finite étale cover oX xgs, then(E,D)|><,7 should
be trivialized by a finite étale cover, wheneis a geometric generic point ang =

X xsn. So the characteristic 0 analogy to integrable connectsisnply integrable
connections, and to thp-curvature condition is the trivialization of the connecti
by a finite étale cover. André proved it [An, Prop. 7.1.13ing Jordan’s theorem
and Simpson’s moduli of flat connections, while Hrushov##g; [p.116] suggested a
proof using model theory.

It is tempting to formulate an equal characterigtic 0 analog of Y. André’s theorem.
A main feature of integrable connections over a fielof characteristic 0 is that they
form an abelian, rigidk-linear tensor category. In characterigtic- 0, the category of
bundles with an integrable connection is orly, -linear, wherexV is the relative
Frobenius twist oX, and the notion is too weak. On the other hand, in character-
istic 0, the category of bundles with a flat connection is thme as the category of
Ox-coherent?x-modules. In characteristig > 0, Ox-coherentZx-modules over a
smooth varietyX defined over a fieltt form an abelian, rigidk-linear tensor category
(seel[Gl]). It is equivalent to the category of stratified dles. It bears strong analo-
gies with the category of bundles with an integrable corinadh characteristic O.
For example, iiX is projective smooth over an algebraically closed field ttivality

of the étale fundamental group forces all sugfrcoherentZx-modules to be trivial

([EM)).

So we raise theyuesTioN 1: let f : X — S be a smooth projective morphism of
smooth connected varieties, defined over an algebraicklsed characteristip >

0 field, let(E,O) be a stratified bundle relative 8 such that for all closed point
s of some non-trivial opetd C S, the stratified bundI€E, O)|x, is trivialized by a
finite étale cover oKs := X xss. Is it the case that the stratified bunde, U) |x; is
trivialized by a finite étale cover of;?.

In this form, this is not true. Y. Laszl@ [Ls] constructed seafimensional non-trivial
family of bundles over a curve ov&, which is fixed by the square of Frobenius, as
a (negative) answer to a question of J. de Jong concerninlgethavior of represen-
tations of the étale fundamental group over a finite figdd q = p?, with values in
GL(r,F((t))), whereF > F, is afinite extension. In fact, Laszlo’s example yields also
a counter-example to the question as stated above. We expigin SectionEl1 arid 4
(see Corollary4]3). We remark thatifis a bundle orX, such that the bundIg|x, is
stable, numerically flat (see DefinitibnB.2) and moves inrtfeeluli, thenE; cannot
be trivialized by a finite étale cover (see Proposifiod 418)contrast, we show that
if the family X — Sis trivial (as it is in Laszlo’s example), thbs =Y xS, if k is
algebraically closed, and {F/' x identitys)*(E) |y x,s = E|v x,s for all closed points

of some non-trivial open i and some fixed natural numherthen the moduli points
of E|yx,s are constant (see Proposition]4.4). HEye Y — Y is the absolute Frobe-
nius ofY. In Laszlo’s example, one does hai&? x identitys)* (E) |y x,s = E|yx,s but
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only overk =, (i.e., Sis also defined ovdr,). When one extends the family to the
algebraic closure df,, to go from the absolute Frobenius oW, that is the relative
Frobenius ovek, to the absolute one, one needs to replace the power 2 withhahi
powern(s), which depends on the field of definition §fand is not bounded.

So we modify question 1 imUuEsTION 2: let f : X — S be a smooth projective
morphism of smooth connected varieties, defined over atedgelly closed charac-
teristic fieldk of characteristip > 0, letE be a bundle such that for all closed points
s of some non-trivial opely C S, the bundleE|x, is trivialized by a finite Galois
étale cover ofXs ;= X xgs of order prime top. Is it the case that the bundﬁx,7 is
trivialized by a finite étale cover of;?.

The answer is nearly yes: it is the cas& i§ not algebraic over its prime field (The-
orem5.1 2)). Ifk =Ty, it might be wrong (Remarks3.4 2), but what remains true is
that there exists a finite étale covengf over which the pull-back o is a direct sum

of line bundles (Theorein 3.1 1)). The idea of the proof is dwead from the proof

of Y. André’s theorem[Ah, Thm 7.2.2]. The assumption ondegrees of the Galois
covers ofX; trivializing E|x, is necessary (as follows from Laszlo’s example) and it
allows us to apply Brauer-Feit’s theorem [BF, Theorem] imog! of Jordan’s theorem
used by André. However, there is no direct substitute forgsion’s moduli spaces of
flat bundles. Instead, we use the moduli spaces construcfed] and we carefully
analyze subloci containing the points of interest, thahériumerically flat bundles.
The necessary material needed on moduli is gathered ino8gtti

Finally we raise the generaluesTion 3: let f : X — Sbe a smooth projective mor-
phism of smooth connected varieties, defined over an algetiisaclosed character-
istic p > 0 field, let(E,0) be a stratified bundle relative & such that for all closed
pointss of some non-trivial opet C S, the stratified bundI€E, O)|x, is trivialized
by a finite Galois étale cover of := X xgsof order prime top. Is it the case that the
bundle(E, [)|x; is trivialized by a finite étale cover of;?

We give the following not quite complete answer. If the rarikois 1, (in which
case the assumption on the degrees of the Galois coveargasnatically fulfilled,
then the answer is yes provid8ds projective, and for ang e U, Pic’(Xs) is reduced
(see Theorerh 7.1). The proof relies on (a variant of) an ided.dRaynaud [[RA],
using the height function associated to a symmetric linediiithat is the reason
for our assumption o) on the abelian scheme and its dual, to show that an infinite
Verschiebung-divisible point has height equal to 0 (Thed€&2). IfE has any rank,
then the answer is yeslfis notF, (Theoren{ 7R 2)). In general, there is a prime to
p-order Galois cover oKy such that the pull-back dE becomes a sum of stratified
line bundles (Theorem 4.2 1)).

AcknowledgementsThe first author thanks Michel Raynaud for the fruitful discu
sions in November 2009, which are reflected inl[Ra] and iniSel&. The first author
thanks Johan de Jong for a beautiful discussion in Noven®Ed &n the content of
[EM], where she suggested question 1 to him, and where hedegblat Laszlo’s ex-
ample should contradict this, and that this should be beattderstood. The second
author would like to thank Stefan Schroer for destroyirgmive hopes concerning
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Néron models of Frobenius twists of an abelian variety. Wank Damian Rossler
for discussions omp-torsion on abelian schemes over functions fields. We thiaak t
referee of a first version of the article. He/she explainedstdhat the dichotomy in
Theoren{ 51l 2) and in Theordm17.2 2) shouldHpeor not rather that countable or
not, thereby improving our result.

1 PRELIMINARIES ON RELATIVE STRATIFIED SHEAVES

Let Sbe a scheme of characterispidi.e., Os is anFp-algebra). ByFS : S— Swe
denote ther-th absolute Frobenius morphisof S which corresponds to thp'-th
power mapping oWs.

If X is anS-scheme, we denote t»yg’ the fiber product oiX and S over ther-th
Frobenius morphism @&. Ifitis clear with respect to which structukeis considered,
we simplify the notation tX("). Then ther-th absolute Frobenius morphism Xf
induces theelative Frobenius morphismgfs: X — X In particular, we have the
following commutative diagram:

which defines\ : X X,

Makingr = 1 and replacing by X1, this induces the similar diagram

We assume thaX/Sis smooth. Arelative stratified sheabn X/Sis a sequence
{Ei, 0 }ien of locally free coherent, i -modulesE; on X1 and isomorphisms; :
F;(i)/SEiH — E of 0y)-modules. Amorphism of relative stratified sheavés;} :
{Ei,0} — {E/,d]} is a sequence of, ) -linear maps; : Ej — E/ compatible with
theg;, that is such thatiy o Fx*<i)/sai+l = 0 o Gj.

This forms a categor§trat(X/S), which is contravariant for morphisngs: T — S: to
{Ei,q} € Start(X/S) one assign$*{E;, g;} € Strat(X xsT/T) in the obvious way:
¢ induces % x ¢ : XU xsT — XU and (¢*{Ei,a1})i = {(Iyi) x ¢)Ei, (Lo x
¢)"(0i)}-
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If S= Sped wherek is a field, Strat(X/k) is an abelian, rigid, tensor category.
Giving a rational pointx € X(k) defines a fiber functor viaw : Strat(X/k) —
Veck, ax({Ei,ai}) = (Eo)|x in the category of finite dimensional vector spaces &yer
thus ak-group schemet(Strat(X/k), wx) = Aut®(w). Tannaka duality implies that
Strat(X/K) is equivalent viawy to the representation category mfStrat(X/K), a)
with values inVecy. For any objeciE := {E;, i} € Strat(X/k), we define itsmon-
odromy groupto be thek-affine group schema((E), ), where(E) C Strat(X/K)

is the full subcategory spanned B This is the image oft(Strat(X/k),a) in
GL(ax(E)) ([DM] Proposition 2.21 a)]). We denote Hy ) € Strat(X/k) the triv-
ial object, WithE' = &, ;) ando;j = Identity.

LEMMA 1.1. With the notation above

1) If h:Y — X is a finite étale cover such that*L is trivial, then hly
has finite monodromy group and one has a faithfully flat honrphism
ri((hdy ), k) — T((E), wx). Thus in particular,E has finite monodromy
group as well.

2) If E € Strat(X/k) has finite monodromy group, then there exists(4E), c)-
torsor h: Y — X such that KE is trivial in Strat(Y/k). Moreover, one has an

isomorphisn((h.Iy ), ) = T((E), wy).

Proof. We first prove 2). Assumer((E), wy) =: G is a finite group scheme ovér
One applies Nori's method [Mo, Chapter I, 1]: the regulgonesentation o6 on the
affinek-algebra[G] of regular function defines the Artikralgebrak[G] as ak-algebra
object of the representation category@®bn finite dimensionakt-vector spaces, (such
thatk C k[G] is the maximal trivial subobject). Thus by Tannaka duatitgre is an
objectA = (A, ;) € Strat(X/Kk), which is anly -algebra object, (such thag , C A

is the maximal trivial subobject). We defig: Y; = Speg A' — X1, Then the

isomorphismt; yields an &, -isomorphism between (") LENN) andy; M x(0),
(see, e.gq.[ISGA5, Exposé X¥,1, Proposition 2]), and via this isomorphisi,is
isomorphic toh,Iy 4. On the other handix(E) is a subG-representation ck[G]“"
for somen € N, thusE € A®"in Strat(X/k), thus there is an inclusida C (h. Iy )"

in Strat(X/K), thush*E C (h*h,Iy 4)“"in Strat(Y /K). Since(h*h,Iy ) is isomorphic
t0 @engtn kg Ly /k in StratY /) (recall that by[[dS, Proposition 13k is an étale group
scheme), them*E is isomorphic to®,ly i, wherer is the rank ofE. This shows
the first part of the statement, and shows the second part lasingeed, E is then
a subobject ofprh.ly x, thus(E) C (h.ly ) is a full subcategory. One applies
[DM] Proposition 2.21 a)] to show that the induced homomasipitz((h. Iy /), wx) —
n((E), ax) = G is faithfully flat. Somt((h.Iy ), wx) acts onax(h.ly) = K[G] via its
quotientG and the regular representatiGnC GL(k[G]). Thus the homomorphism is
an isomorphism.

We show 1). Assume that there is a finite étale cdvelr — X such thath*E is
isomorphic inStrat(Y /k) to &Iy wherer is the rank ofE. ThenE C &rh,ly y,
thusr((h.ly k), ax) — T((E), ax) is faithfully flat [DM] loc. cit.], so we are reduced
to showing that(h.Iy ) has finite monodromy. But, by the same argument a&,on
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28 HELENE ESNAULT, ADRIAN LANGER

any of its objects of rank’ lies in ©/h.ly . So we apply[[DM, Proposition 2.20 a)]
to conclude that the monodromy bfly / is finite. O

COROLLARY 1.2. With the notations as ih1.1, it € Strat(X/k) has finite mon-
odromy group, then for any field extensiornXk, E @ K € Strat(X @ K/K) has finite
monodromy group.

Let E be andx-module. We say thdE has a stratification relative to Bthere exists
a relative stratified shedf;, gi } such thaEy = E

Let us consider the special caSe= Sped, wherek is a perfect field, an /k is
smooth. An(absolute) stratified sheabn X is a sequencgE;, ci}icy Of coherent
Ox-modulesE; on X and isomorphisms; : F¢Ei11 — Ej of Ox-modules.

As k is perfect, the\, i) are isomorphisms, thus giving an absolute stratified siseaf i
equivalent to giving a stratified sheaf relative to Spec

We now go back to the general case and we assumeStisaain integrak-scheme,
wherek is a field. Let us seK = k(S) and letn : Sped — S be the generic point
of S. Let us fix an algebraic closui€ of K and letn be the corresponding generic
geometric point of.

By contravariance, a relative stratified shé&, g;} on X/S restricts to a relative
stratified sheafE;, i }|x, in fibers Xs for s a point of S. We are interested in the
relation betweedEj, 0i }|x; and{E;, i }|x, for closed points € [§. More precisely,
we want to understand under which assumptions the finitesfeg&;, gi } |x,) for all
closed pointss € |§ implies the finiteness of{Ei,di}|x;). Recall that finiteness
of E C Strat(Xs) means that all objects @E) are subquotients ifitrat(Xs) of direct
sums of a single object, which is equivalent to saying thtatraifie choice of a rational
point, the monodromy group @ is finite ((DM, Proposition 2.20 (a)]).

Let X be a smooth variety defined ovigg with q = p'. For alln e N\ {0}, one has
the commutative diagram

(Rl

=) ’X » X (1)

Spedqg ——— - Spequ

which allows us to identifiX (™ with X (as anF4-scheme).
Let Sbe anFq connected scheme, with field of constaktse. k is the normal closure
of Fqin HO(S Ox). We defineXs:= X xg, S.

PrRoOPOSITIONL.3. Let E be a vector bundle onsXAssume that there exists a positive
integer n such that we have an isomorphism

71 ((F" xg,ids)")'E ~ E. @)

Then E has a natural stratificatidB; = {E;, gi}, Eo = E relative to S.
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Proof. We define
Ern = (W), &, ids) E. 3)

Then we use the factorization

1) (rn—1)
X Fx/[nix()x /[Fim (n— lx—/ngrn @
Spediy
of FF/F and we define
Enr—l = (Fx(rn—l)/]pq X]Fq idS)*Erm B El = (FX(l)/]Fq ><]Fq idS)*EZ (5)
with identity isomorphismey,_1,...,01. Then we use the isomorphismnto define
0p.E~ (FX/Fq XFq ids)*E;. (6)

Assume we constructed the bundigon X ) for all i < arn for some integea > 1.
We now replace the diagrai (1) by the diagram

(F);(arn) )n

/\

X (@m) —> X ((a+1)rn) —> X (@m) (7

Spedfqg ——» Fm 1 Spedy

We then define
E(a+1) (Wx(arn) /Fq XFyq ids)*Eamn (8)

(which is equal tcE under identification oK (@™ with X). Then we use the factoriza-
tion

X(arn) JF X(arn+1)/ﬂ;q X((a+1)rn 1)/Fq
x(am) —— ¥ (@amn+l) —— ... — x((a+)m-1) — x((a+1)m) 9)

]

Spedfy
of K e ) /Fq to define
E(a+l)rn71 = (Fx<<a+1)mfl)/]1rq XFq idS)*E(aJrl)rm sy

Earni1= (Fx(arn+1)/]Fq xrq1ds) Eami2  (10)
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with identity isomorphism®(a 1)nr—1,- - -, Oam+1. Then we again useto define
Oarn * Earn = (F)??arn) /]Fq)*EarnJrl- (11)

O

The above construction and [Gi, Proposition 1.7] imply

PROPOSITIONL.4. Assume in addition t@@) that X is proper and"q C k C Fq. Fix a
rational point xe Xg(k). Then for any closed pointss|S|, the Tannaka group scheme
T(Erg, We,k(s)) Of Erg := Er|x, over the residue field(k) of s is finite.

Proof. The bundlIeE is base changed of a bund defined oveiX XF, S for some
form & of S defined over a finite extensidiya of Iy such thatx is base change
of an Fga-rational pointxg of X XF, . We can also assume thatcomes by base
change fromro : ((F" xp, idg,)")*E® ~ E°. Propositior_LB yields then a relative
stratificationES = (E°, 6) of E° defined oveffiga, with Ei = E? @z k. A closed

pointsof S= & ®rg k is a base change of some closed pajdf & 0? degreeb say
overFq. By Corollary{I.2 we just have to show thatE(TO)SO,(%@F k(o)) IS finite.
qa

So we assume thét= Fq, S= S, s= 5. The underling bundles d&; andE;m are

by construction all isomorphic fan = ab. Thus by [Gi, Proposition 1.7]; ~ Em

in Strat(X/k). But this implies that=g'?. .s(Ex) = Er,. ThusE is algebraically
q

trivializable on the Lang torsdr: Y — X XFga Fgm and the bundleE; are trivializable
onY XXoxcgaFgn X =Y /Fgm. Thus the stratified bundi&E; onY relative toFgm
is trivial. We apply Lemm&1]1 to finish the proof. O

2 ETALE TRIVIALIZABLE BUNDLES

Let X be a smooth projective variety over an algebraically cldgdd k. LetFy : X —

X be the absolute Frobenius morphism.

A locally free sheaf oiX is calledétale trivializableif there exists a finite &tale cov-
ering of X on whichE becomes trivial.

Note that ifE is étale trivializable then it is numerically flat (see Défon [3.2 and
the subsequent discussion). In particular, stability axdistability for such bundles
are independent of a polarization (and Gieseker and sladigt and semistability
are equivalent). More precisely, sughis stable if and only if it does not contain
any locally free subsheaves of smaller rank and degree @ fegpect to some or
equivalently to any polarization).

ProposITION2.1. (seel[LSt])f there exists a positive integer n such thaf')*E ~ E
then E isétale trivializable. Moreover, if k= F, then E isétale trivializable if and
only if there exists a positive integer n and an isomorph(Bfh*E ~ E.

PrROPOSITION2.2. (seel[BD])If there exists a finite degree &ale Galois covering
f 1Y — X such that fE is trivial and E is stable, then one has an isomorphism
a: (FI)*E~E.
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As a corollary we see that a line bundle Xpk is étale trivializable if and only if it is
torsion of order prime t@. One implication follows from the above proposition. The
other one follows from the fact thaE)*L ~ L is equivalent td ®(P'~1) ~ gy and
for any integen prime top we can findd such thaip? — 1 is divisible byn.

We recall that ifE is any vector bundle oX such that there isd € N\ {0} and an
isomorphismo : (FS)*(E) = E, thenE carries arabsolutestratified structur@,, i.e.

a stratified structure relative ®, by the procedure of Propositi@n].3. On the other
hand, any stratified stratified structufg;, o;} relative tolF, induces in an obvious
way a stratified structure relative to the absolute Frobeniusy : X — X factors
through\NQ/k XM X, so{(WQ/k)*En, (W)f(‘/k)*an} is the relative stratified structure,
denoted byE, . Propositio 2P together with Lemrhall.1 2) show

COROLLARY 2.3. Under the assumptions of Propositibn]2.2, we can take d
lengthk[7i( (Eq x) . @0)]-

Let us also recall that there exist examples of étale traable bundles such that
(FY)*E # E for every positive integen (see Laszlo’s example in [BD]).

ProPOsITION 2.4. (Deligne; see [lls, 3.2J)et X be an Fyp-scheme. If G is a
connected linear algebraic group defined over a finite figjd then the embedding
G(Fp) — G induces an equivalence of categories between the cated@F yn)-
torsors on X and G-torsors P over X with an isomorphi$tf)*P ~ P.

In particular, if G is a connected reductive algebraic group defined over an alge
braically closed fieldk andP is a principalG-bundle onX/k such that there exists
an isomorphisniFy)*P ~ P for some natural number> 0, then there exists a Galois
étale coverf : Y — X with Galois groups(Fpn) such thatf “Pis trivial. Indeed, every
reductive group has@&-form so we can use the above proposition.

3 PRELIMINARIES ON RELATIVE MODULI SPACES OF SHEAVES

Let Sbe a scheme of finite type over a universally JapaneseRihgt f : X — Sbe a
projective morphism oR-schemes of finite type with geometrically connected fibers
and letox (1) be anf-very ample line bundle.

A family of pure Gieseker semistable sheaves on the fibreg ef X xsT — T is a
T-flat coherentx, -moduleE such that for every geometric poindf T the restriction
of E to the fibreX; is pure (i.e., all its associated points have the same dimeyasnd
Gieseker semistable (which is semistability with respe¢he growth of the Hilbert
polynomial of subsheaves defined 6% (1) (see[HL, 1.2]). We introduce an equiv-
alence relation~ on such families in the following wayE ~ E’ if and only if there
exist filtrations 0= Eg C E; C ... CEn=E and 0=Ej C E; C ... C E[,=E’ by co-
herentdx, -modules such thab" ,Ei /Ei_1 is a family of pure Gieseker semistable
sheaves on the fibres ofr and there exists an invertible shdafon T such that
S E/E 1~ (BL4E/Ei 1) @ L.

Let us define the moduli functor

AMp(X/S) 1 (SchB)° — Sets
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from the category of locally noetherian schemes &&rthe category of sets by

~ equivalence classes of families of pure Giesgker
AMp(X/S)(T) = ¢ semistable sheaves on the fibreJotsX — T,
which have Hilbert polynomid®.

Then we have the following theorem (see [l.al, Theorem 0.2]).

THEOREM 3.1. Let us fix a polynomial P. Then there exists a projective ®&rseh
Mp(X/S) of finite type over S and a natural transformation of functors

0 : . #p(X/S) — Homg(-,Mp(X/9)),

which uniformly corepresents the functa#p(X/S). For every geometric point

s € S the induced mai(s) is a bijection. Moreover, there is an open scheme
Mf(/S(P) C Mp(X/9) that universally corepresents the subfunctor of familiege
ometrically Gieseker stable sheaves.

Let us recall thaMp(X/S) uniformly corepresents#p(X/S) means that for every
flat base chang€ — Sthe fiber producMp(X/S) xsT corepresents the fiber product
functor Hony(+, T) X yomg(.,g -#p(X/S). For the notion of corepresentability, we refer
to [HL| Definition 2.2.1]. In general, for everg-schemel we have a well defined
morphismMp(X/S) xsT — Mp (Xt /T) which for a geometric poinf = Sped(s) —
Sis bijection on points.

The moduli spac#p(X/S) in general depends on the choice of polarizatitx(1).

DEerINITION 3.2. Let k be a field and leY be a projectivek-variety. A coherent
Ov-moduleE is callednumerically flaf if it is locally free and bothE and its dual

E* = 7om(E, 0v) are numerically effective o¥f @ k, wherek is an algebraic closure
of k.

Assume thal is smooth. Then a numerically flat sheaf is strongly slopeistainie
of degree 0 with respect to any polarization (see [La2, Psivipm 5.1]). But such a
sheaf has a filtration with quotients which are numerically énd slope stable (see
[Ca2, Theorem 4.1]). Let us recall that a slope stable she&ieseker stable and
any extension of Gieseker semistable sheaves with the salimert-polynomial is
Gieseker semistable. Thus a numerically flat sheaf is Gegsslmistable with respect
to any polarization.

Let P be the Hilbert polynomial of the trivial sheaf of rankIn caseSis a spectrum
of a field we writeMx (r) to denote the subscheme of the moduli sgde€X /k) cor-
responding to locally free sheaves. For a smooth projentivghismX — Swe also
define the moduli subscherMyX/S,r) — Sof the relative moduli spaddp(X/S) as

a union of connected components which contains points sporaling to numerically
flat sheaves of rank Note that in positive characteristic numerical flatnegsosan
open condition. More precisely, on a smooth projectiveatsiY with an ample divi-
sorH, a locally free sheaf witmumerically trivial Chern classes, that is with Chern
classes cin the Chow group of codimension i cycles intersecting ailyiH4m(Y)-i
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for all i > 1, is numerically flat if and only if it is strongly slope semibta (see[[LaPR,
Proposition 5.1]).

By definition for every familyE of pure Gieseker semistable sheaves on the fibres of
X1 we have a well defined morphisg = 6([E]) : T — Mp(X/S), which we call a
classifying morphism.

PrRoPOSITION3.3. Let X be a smooth projective variety defined over an algehtgic
closed field k of positive characteristic. Let S be a k-vgraetd let E be a rank r lo-
cally free sheaf on % S such that for every s S(k) the restriction Ek is Gieseker
semistable with numerically trivial Chern classes. Asstina¢ the classifying mor-
phism¢g : S— Mx(r) is constant and for a dense subsétzSS(k) the bundle Eis
étale trivializable for s= S. Then E is étale trivializable.

Proof. If Egis stable for som&-points € Sthen there exists an open neighbourhood
U of ¢e(s), a finite étale morphisrd’ — U and a locally free sheak on X x U’
such that the pull backs & and% to X xy (¢ 2(U) xy U’) are isomorphic (this is
called existence of a universal bundle on the moduli spatieeétale topology). But
¢e(S) is a point, so this proves that there exists a vector bund such that is its

pull back by the projectioX x, S— X. In this case the assertion is obvious.

Now let us assume th&t is not stable for als € S(k). If0 =E§CEf C ... CE} =Es

is a Jordan—Holder filtration (in the category of slope statile torsion free sheaves),
then by assumption the isomorphism classes of semi-siegtiifins®™ , ES/ES ;| do
notdepend ose S(k). Let(ry,...,rm) denote the sequence of ranks of the components
ES/E? , for somes € (k). Since there is only finitely many such sequences (they
differ only by permutation), we choose some permutation #pgpears for a dense
subseS’ C S.

Now let us consider the scheme of relative fldgsFlag(E/S; Py, ...,Pn) — S, where

R is the Hilbert polynomial ofﬁ{g. By our assumption the image dfcontainsS’.
Therefore by Chevalley’s theorem it contains an open swdyeebd of S. Let us recall
that the scheme of relative flags Fl&jx,u/U;P,...,Pn) — U is projective. In
particular, using Bertini’'s theorenk (s algebraically closed) we can find a generically
finite morphismW — U factoring through this flag scheme. Let us consider pull back
of the universal filtration 6= Fp C F; C ... € Iy = BEw to X xxW. Note that the
quotientsFi = F/F_1 areW-flat and by shrinkingV we can assume that they are
families of Gieseker stable locally free sheaves (sinceshxyu;mptiorFsi is Gieseker
stable and locally free for some poirgs W(k) NS). This and the first part of the
proof implies thatEq; has a filtration by subbundles such that the associated grade
sheafis étale trivializable. By Lemrhab.2 this impliesttBais étale trivializable. O

4 LASZLO’S EXAMPLE

Let us describe Laszlo’s example of a line in the moduli spHd®Indles on a curve
fixed by the second Verschiebung morphism (8eé [Ls, Secfjon 3
Let us consider a smooth projective genus 2 co¢\@erF, with affine equation

VA XX+ L)y =X+ X+ x.
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In this case the moduli spabdé (2, &x ) of rank 2 vector bundles oX with trivial de-
terminant is arf,-scheme isomorphic 2. The pull back of bundles by the relative
Frobenius morphism defines the Verschiebung map

Vi My (2,0y0) ~ P3 -5 Mx (2, Ox) ~ P3
which in appropriate coordinates can be described as
[@a:b:c:d] — [a®+b?+c?+d?:ab+cd: ac+bd: ad+bd.

The restriction oW to the lineA ~ P! given byb = ¢ = d is an involution and it can
be described ag: b] — [a+b: b].

Using a universal bundle on the moduli space (which existallpin the étale topol-
ogy around points corresponding to stable bundles) anddakfinite coveringg— A
we obtain the following theorem:

THEOREM 4.1. ([LS, Corollary 3.2])There exist a smooth quasi-projective curve S
defined over some finite extensiorFefand a locally free sheaf E of rarfkkon X x S
such that(F? x ids)*E ~ E, detE ~ 0x.s and the classifying morphisige : S —
Mx (2, Ox) is not constant. Moreover, one can choose S so thad Etable for every
closed pointsin S.

Now note that the mafx)* : Mx (2, Ox) --» Mx (2, Ox) defined by pulling back bun-
dles by the absolute Frobenius morphism can be describAdsfa : b] — [a + b?
b?]. In particular, the mapF2")*|» is described af: b] — [a2",b?"]. It follows that if
a stable bund|& corresponds to a modular point&fF3)\A(FS ) (or, equivalently,
E is defined oven) then(F2")*E ~ E and (FJ")*E 2 E for 0 < m < 2n.

This implies that folk = F, and for everys € S(k), the bundleEs which is the restric-
tion to X xp, s of the bundleE from Theoreni 4l1, is étale trivializable.

Let X, Sbe varieties defined over an algebraically closed fkedd positive character-
istic. Assume thak is projective. Let us sef = k(S). Let ) be a generic geometric
point of S.

PrROPOSITION4.2. Let E be a bundle ong& X xx S— S which is numerically flat
on the closed fibres ofg%= X xx S— S. Assume that for somessS the bundle Eis
stable and the classifying morphispa : S— Mx(r) is not constant. Thenj= E|x
is notétale trivializable.

Proof. Assume that there exists a finite étale comerY’ — Xp such that{m')“Eq ~

0y,. Askis algebraically closed, one has the base changx) = m(Xy) for the
étale fundamental group ([SGA1, Exp. X, Cor.1.8]), so éhexists a finite étale cover
m:Y — X such that = m® K. Hence there exists a finite morphidm— U over
some open subset of S, such thate (Et) is trivial wherergr = mxyidt 1Y x¢T —

X x T andEr :pU” back be xk T — X xU of E|Xka-

So for anyk-rational point € T, one hast'E; C &%, wherer is the rank ofE. Hence
E: C m.T'E C 1.0V, i.e., all the bundleg; lie in one fixed bundlet. &%
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Sincerris étale, the diagram

YL>Y

I, I
XLX

is cartesian (see, e.g.[_[SGA5, Exp. XB4, Prop. 2]). SinceX is smooth,Fx is
flat. By flat base change we have isomorphi$i&r. 0y ) ~ m.(R 0v) ~ .0y. In
particular, this implies thatr, & is strongly semistable of degree 0. ThereforE;if
is stable then it appears as one of the factors in a JordddeHifitration of 7. 0y .
Since the direct sum of factors in a Jordan—Holder filtrabba semistable sheaf does
not depend on the choice of the filtration, there are onlydipitnany possibilities for
the isomorphism classes of stable shedyedsrt € T(K).

It follows that inU C Sthere is an infinite sequence kirational pointss with the
property thatEs is stable (since stability is an open property) &ad= Eg_,. This
contradicts our assumption that the classifying morphpgnis not constant. O

COROLLARY 4.3. There exist smooth curves X and S defined over an algebraic clo
sure k ofF, such that X is projective and there exists a locally free §Hean

X xxS— S such that for every s S(k), the bundle Eis étale trivializable but &

is notétale trivializable. Moreover, on E there exists a struetof a relatively strati-
fied sheaf such that for every & §(k), the bundleEs has finite monodromy but the
monodromy group dEy is infinite.

The second part of the corollary follows from Proposi{io8. 1The above corollary
should be compared to the following fact:

PROPOSITION4.4. Let X be a projective variety defined over an algebraicalbseld
field k of positive characteristic. Let S be a k-variety artdHéoe a rank r locally free
sheaf on X< S. Assume that there exists a positive integer n such thatviny sc

S(k) we haveFy)*Es ~ Es, where I denotes the absolute Frobenius morphism. Then
the classifying morphismie : S— Mx(r) is constant and [ is étale trivializable.

Proof. By Propositio Z1L, if Fy)*Es ~ Es then there exists a finite étale Galois cover
Ts : Ys — X with Galois groupG = GL; (F ) such thatg Es is trivial (in this case it is
essentially due to Lange and Stuhler; see[LSt]). This iesplhatEs C (7%). TG Es ~
((18) 0% )®" and hence g Es C (gryy (76). Oy ).

SinceX is proper, the étale fundamental groupXois topologically finitely generated
and hence there exists only finitely many finite étale coxgiofX of fixed degree
(up to an isomorphism). This theorem is known as the LangeSkeorem (seé [LS,
Théoreme 4]). Let” be the set of all Galois coverings &f with Galois groupG.
Then for every closedt-point s of S the semi-simplification oEg is contained in
(gryy a0y )®" for somea € 7. Therefore there are only finitely many possibilities
forimages ok-pointssin Mx (r). SinceSis connected, it follows thafiz : S— Mx(r)

is constant.
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The remaining part of the proposition follows from Propiosif3.3.
O

Note that by Proposition 4.2 together with Corollfry] 2.3 thonodromy groups of
Es in Theoren{41l fos € S(k) are not uniformly bounded. In fact, only iis an
algebraic closure of a finite field do we know that the monodrgmoups ofEs are
finite because theks can be defined over some finite subfieldkodnd the isomor-
phism(F?)*Es ~ Es implies that for some we have(F)*Es ~ Es (see the paragraph
following Theoreni411).

Moreover, the above proposition shows that in Thedrein 4elgamnot hope to replace
F with the absolute Frobenius morphi$m.

5 ANALOGUE OF THE GROTHENDIECK-KATZ CONJECTURE IN POSITIVE
EQUICHARACTERISTIC

As Corollary[4.3 shows, the positive equicharacteristisioa of the Grothendieck—
Katz conjecture which requests a relatively stratified beitmhave finite monodromy
group on the geometric generic fiber once it does on all cléibeds, does not hold
in general. But one can still hope that it holds for a familybahdles coming from
representations of the prime-euotient of the étale fundamental group. In this
section we follow André’s approach [An, Théoreme 7.2r2the equicharacteristic
zero case to show that this is indeed the case.

Let k be an algebraically closed field of positive characterigtitet f : X — Sbe a
smooth projective morphism dfvarieties (in particular, integrd-schemes). Lek
be the generic point &. In particular, X is smooth (see¢ [SGA1, Defn 1.1]).

THEOREMDb.1. Let E be a locally free sheaf of rank r on X. Let us assume tleaieth
exists a dense subsetd S(k) such that for every s in U, there is a finite Galéisile
coveringTs : Ys — Xs of Galois group of order prime-to-p such that (Es) is trivial.

1) Thenthere exists afinite Galdtale coveringt; : Yy — Xi of order prime-to-p
such thatt;Ej is a direct sum of line bundles.

2) If k is not algebraic over its prime field and U is open in SritE; is étale
trivializable on a finiteétale cover 4 — Xy which factors as a Kummer (thus
finite abelian of order prime to p) coveRZ- Yy and a Galois covery — Xy
of order prime to p.

Proof. Without loss of generality, shrinking if necessary, we may assume tlsds
smooth. Moreover, by passing to a finite coverSadind replacindJ by its inverse
image, we can assume thiahas a sectiow : S— X.

By assumption for everg e U there exists a finite étale Galois coverirg Ys — Xs
with Galois grouf”s of order prime-top and such thatg Es is trivial. To these data

one can associate a representapgnnfl (Xs,0(8)) — I's C GL (k) of the prime-top
guotient of the étale fundamental group.
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By the Brauer—Feit version of Jordan’s theorem ($e€ [BF,oféma]) there exist a
constantj(r) such thatl s contains an abelian normal subgrofpof index < j(r)
(here we use assumption that §h&Sylow subgroup of s is trivial).

For ak-points of Swe have a homomorphism of specialization

Qs nl(xﬁao-(ﬁ» - nl(XS,O'(S)),

which induces an isomorphism of the primegoguotients of the étale fundamental
groups.
So for everys € U we can define the composite morphism

ps: 1 (X, 0(11)) 25 P (Xs, 0()) 25 Ts— T's/As.

Let K be the kernel of the canonical homomorphism: (X, 0(n))— (S n),
let KP' be its maximal prog-quotient. Then by [[SGA1, Exp. XIlI, Proposition 4.3
and Exemples 4.4], one h&&® = Tlf/(Xﬁ,O'(ﬁ)), the maximal prop’-quotient of
m(Xqg,0(n)), and one has a short exact sequence

{1} — 7 (Xg,0(7)—T4(X, 0(7)) = m(S,7) — {1},

whererg (X, 0(n)) is defined as the push-outmf (X, o(17)) by K — KP.

Since Xi is proper, i (X7,0(n)) is topologically finitely generated. Therefore

rcf/(x,y,a(ﬁ)) is also topologically finitely generated and hence it corgabnly
finitely many subgroups of indices j(r). Let G be the intersection of all such sub-

groups innf/(Xﬁ,a(ﬁ)). It is a normal subgroup of finite index. Since k&) is a
normal subgroup of index j(r) in nf/(Xﬁ,a(ﬁ)) we have

GC () ker(fs).

seU

Now let us consider the commutative diagram

m(Xg,0(n)) —— m(X,0(n)) — m(Sn) — {1}

l L]

{1} — f (Xq,0(7)) — R (X,0(7)) — m(S ) — {1}

ThenG-o.(m (S n)) C m(X,o(n)) is a subgroup of finite index. It is open by the
Nikolov—Segal theoreni [NS, Theorem 1.1]. So the pre-imidgef this subgroup
under the quotient homomorphism(X, a(17)) — m (X, a(n)) defines a finite étale
coveringh: X’ — X.

Let us takes € S(k). Since the composition

HC T[l(X,O'(f])) — T[l(X,O'(S)) — T[l(S,S)
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is surjective, the geometric fibres ¥f — Sare connected. Let us choos&-aoint
in X" lying overa(s). By abuse of notation we call @’(s). Similarly, let us choose
a geometric point’(n) of Xp lying over a(n). Then for anys € U we have the
following commutative diagram:

0

— T

(X5, 0 () —— i (X, 0(17)) —— 1 (X, 0(17))/G

U

7 (X, 0 (8)) —— ¥ (X6, 0(8)) ——— [s/As

This diagram shows tharfl (X{, 0'(s)) — s factors throughs and henc&, = (h*E)s
is trivialized by a finite étale Galois covering,: Y, — X, with an abelian Galois group
of order prime top, which is a subgroup o4s. Since

Eq C (19)+(16) B~ ((16)« )™,

and (7g). Oy, is a direct sum of torsion line bundles of orders primeptat follows
that for everys € U the bundleE{ is also a direct sum of torsion line bundles of order
prime top.

We consider the uniokl(X’/Sr) of the components dflp(X’/S) containing moduli
points of numerically flat bundles, as defined in Secfibn 3t usconsider thes
morphismy : M(X'/S 1)*s" — M(X'/S) given by([L1], ..., [L¢]) — [#Li] (in fact we
give it by this formula on the level of functors; existencetioé morphism follows
from the fact that moduli schemes corepresent these fus)ctbine bundlé&’ gives us
a sectiont : S— M(X’/S;r), and by the above for evekyrational points of U, the
point1(s) is contained in the image af. Thereforer(S) is contained in the image of
Y asy is projective (thus proper).

Let us consider the fibre product

M(X'/S1)*" xpmxr/sr) S——— S

| [

M(X'/$.1)* ————— M(X'/Sr)

Let us recall that in positive characteristic the canonibap M(X' xsS/S,r) —
M(X’/Sr) xsS need not be an isomorphism (although it is an isomorphism-ot).
Anyway we can find an étale morphisgh— S over some non-empty open subset
of S, such that there exists a map: S — M(X’' xsS/S,1)*s" which composed
with M(X’ xsS/S,1)*s" — M(X’ xsS/S,r) — M(X’/Sr) gives the composition
of S — Swith 1. This shows that the pull badk” of E' to X’ xsS has a filtration
whose quotients are line bundles which are of degree 0 onfttesfofX’ xsS — S.
Now let us note the following lemma:
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LEMMA 5.2. Let f: X — S be a projective morphism of k-varieties. Det> G; —

G — G, — 0 be a sequence of locally free sheaves on X. Assume that tiste &
dense subset ld S(k) such that for each s U this sequence splits after restricting to
Xs. Then it splits on the fibre Xover the generic poing of S.

Proof. By shrinking S if necessary, we may assume tisas affine and the relative
cohomology sheaR!p..7#om(G,, G, ) is locally free. The above short exact sequence
defines a class € Ext}(G,Gy) ~ HO(S R f,.20m(Gy, Gy)), such that (s) = O for
everyk-rational pointsof U. It follows thatA = 0 and hence the sequence is split over
the generic point 08. O

Now let us note that on a smooth projective variety everytséxact sequence of the
form 0 — G; —+ G — Gy — 0 in which G is a direct sum of line bundles of degree
0 andG; is a line bundle of degree 0 splits. So the filtrationEfrestricted to the
closed fibers splits. Therefore the above lemma and easygtiodiushow thaE;]’, isa
direct sum of line bundles, wherg is the generic point 08. This shows the first
part of the theorem.

To prove the second part of the theorem, we may assum&Jthas. Let us take a
line bundleL on X such that for everk-rational points the line bundleLs is étale
trivializable. We need to prove that there exists a posititegern prime top and
such that ;" ~ O, .

We thank the referee for showing us the following lemma.

LeEmMA 5.3. Letg: A— S be an abelian scheme anddebe a section of g such that
for all s € S(k), o(s) is torsion of order prime to p. Thea is torsion of order prime
to p.

Proof. We may assume th&is normal and affine. Let us choose a subfigld: k
that is finitely generated and transcendental &yeand such thaé — Sando come
by base change Spke+ Sped/ from an abelian schentg: A’ — S and a sectiow’
defined ovek'. Letm> 1 be prime tgp and let” be the subgroup/(S)N[m|~%(Z.0")
of A'(S). ThenT is a finitely generated group. Note that assumptions of N&ro
specialization theorem L, Chapter 9, Theorem 6.2] aresfati and therefore there
exists a Hilbert se& of pointss € S for which the specialization map'(S) —
A, (k(s)) is injective onl". Since the Hilbert subsét C S contains infinitely many
closed points (seé L, Chapter 9, Theorems 5.1, 5.2 and, 4h2}e is a closed point
se S the image of which ir8 lies in Z. The specialization df.o atsis injective and
henceo is torsion of order dividing the order @f(s), which is prime top. O

Let us first assume thXt— Sis of relative dimension 1. By passing to a finite cover of
Swe can assume théthas a section. The relative Picard schefre Pic®(X/S) — S

is smooth. Using the above lemma to the section correspgridithe line bundlé

we see that there exists some positive integprime top and a line bundi& on S
such thaL®" ~ f*M. In particular,LE" ~ O,
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Now we use induction on the relative dimensionfof X — Sto prove the theorem
in the general case. Note that our assumptions implylthas numerically flat and
therefore the family{L%”}neZ is bounded. Thus for any sufficiently ample divisbr
on X we haveH (X7, L"(—H)) = 0 for all integers. We consider such ad which
is defined oven.
Using Bertini’s theorem we can find a very ample divi¥or X in the linear system
[H| such thatf|y : Y — Sis smooth (possibly after shrinkin§ and such that for
every positive integen we haveH(X;,L®"(-Y)ly,) = 0. Indeed, shrinking and
using semicontinuity of cohomology, we may assume thas defined ovelS, that
the function dimH%(Xs, O, (H)) is constant an&is affine. Let us choosekarational
pointsin S. Then by Grauert’s theorem (see |Ha, Chapter Ill, CoroltE2y9]) the
restriction map

HO(X, Ok (H)) — H(Xs, Ox,(H))

is surjective. By Bertini’s theorem in the linear systéfix,(H )| there exists a smooth
divisor. By the above we can lift it to a divisatr C X, which after shrinkindsis the
required divisor.

Applying our induction assumption tdy onY — X we see that there exists a positive
integem prime top such tha(L|y )" ~ &, . Using the short exact sequence

0—Lp"(=Yq) = Ly" = (L§")y — 0
we see that the map
HO(Xnva?n) - HO(Yna(L\Q?n)n)
is surjective. In particulaL%’” has a section and hence it is trivial. O

Remark$.4 1. Laszlo’s example shows that the first part of the theorefalse
if one does not assume that orders of the monodromy groufs affe prime
to p (in this exampleEy is a stable rank 2 vector bundle). Note that in this
example E has even the richer structure of a relatively stratified teifsee
Propositio L.B).

2. LetE be a supersingular elliptic curve defined oker F. Let M be a line
bundle of degree 0 and of infinite order E@p(—t). Then one can find a smooth
curveSdefined ovek such that there exists a line bundlen X = SxyE — S
such thatL; ~ M. In this example the line bundles is torsion for everyk-
rational pointsof S as it is defined over a finite field. Sin&eis a supersingular
elliptic curve, there are no torsion line bundles of ordergible by p. So in this
case all line bundleks for s € S(k) are étale trivializable (and the monodromy
group has order prime tp).

This shows that the second part of Theoleni 5.1 is no longerifrk is an
algebraic closure of a finite field.

Let us keep the notation from the beginning of the sectien, k.is an algebraically
closed field of positive characterisfiandf : X — Sis a smooth projective morphism
of k-varieties (in particular connected) with geometricaliynoected fibers. For sim-
plicity, we also assume thdithas a sectiow : S— X.
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LEMMA 5.5. Let E be alocally free sheaf on X. If there exists a pojnt $(k) such
that By, is numerically flat then Eis also numerically flat. In particular, if there exists
a point g € S(k) such that there is a finite covering, : Ys, — X, such thatrg; (Es,)

is trivial, then By is also numerically flat.

Proof. Let us fix a relatively ample line bundle. Es, is numerically flat then it
is strongly semistable with numerically trivial Chern clas (se€ [Ld2, Proposition
5.1]). SinceE is Sflat, the restriction oE to any fiber has numerically trivial Chern
classes (as intersection numbers remain constant on fibes) note that for any
the shea(F)QSO/k)*ESo is slope semistable. Since slope semistability is an opep-pr

erty, it follows that(FQn/K)*E,7 is also slope semistable. By [HL, Corollary 1.3.8] it

follows that(F)?n_/K)*Eﬁ is also slope semistable. ThHg is strongly semistable with

vanishing Chern classes and hence it is numerically flet B [Proposition 5.1]. I

Let us recall that numerically flat sheaves on a prdpeariety Y form a Tannakian
category. A rational poing € Y (k) neutralizes it. Thus we can defigefundamental
group scheme of Y at the point(see [La2, Definition 6.1]). For a numerically flat
sheafE onY, we consider the Tannakegroupris((E),y) := Aut®((E),y) C GL(Ey),
where now(E) is the full tensor subcategory of numerically flat bundlearsged by
E. We call it theS-monodromy group schemésing this language we can reformulate
Theoreni 5l in the following way (for simplicity we refornaé only the second part
of the theorem).

THEOREMb5.6. Let E be an S-flat family of numerically flat sheaves on thedibfe
X — S. Let us assume that k is not algebraic over its prime fieldthatke exists a
non-empty open subsetd S(k) such that for every s in U, the S-monodromy group

schemets((Es), 0(9)) is finiteétale of order prime-to-p. Thems((Eq),0(n)) is also
finite étale.

6 VERSCHIEBUNG DIVISIBLE POINTS ON ABELIAN VARIETIES: ON THE THE-
OREM BY M. RAYNAUD

LetK be an arbitrary field of positive characterisfi@and letA be an abelian variety
defined oveK. The multiplication byp" map[p"] : A— Afactors through the relative
Frobenius morphisrﬁA”/K : A— A and hence defines theerschiebung morphism

VA — Asuch tha"Fl, = [p").

DEerINITION 6.1 A K-point P of A is said to beV-divisibleif for every positive
integem there exists &-pointP, in A™ such thav"(P,) = P.

LetT be an integral noetherian separated scheme of dimensioth figld of rational
functionsk. Let us recall that a smooth, separated group scheme oftfjpiéer’ — T

is called aNéron modebf A if the general fiber ot7 — T is isomorphic toA and for
every smooth morphist{ — T, a morphismXx — < extends (then uniquely) to a
T-morphismX — <.
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Assume that the base field is the function field of a normal projective varie8/
defined over a fieldt of positive characteristip.

We say thatA hasa good reductiorat a codimension 1 poiste Sif the Néron model
of A over Spe@s; is an abelian scheme (the usual definition is slightly défferas

it assumes that the identity component of the special fibth@Néron model is an
abelian variety; it is equivalent to the above onelby [BLRI, Theorem 5]). We say
that A has potential good reductiomat a codimension 1 poirge Sif there exists a
finite Galois extensiok’ of K such that ifS is the normalization 08in K’ thenAy:
has good reduction at every codimension 1 psirt S lying overs.

We say thatA has(potential) good reductioif it has (potential) good reduction at ev-
ery codimension 1 point &. Assume thaf has good reduction at every codimension
1 point of S. Then there exists big opensubseU C S(i.e., the codimension of the
complement ol in Sis > 2) and an abeliabd-schemeZ — U. Note that the group
A(K) of K-points ofA is isomorphic via the restriction map to the group of rationa
sectiondJ --» &7 of & — U defined over some big open subsethf The section
corresponding t® € A(K) will be denoted byP : U --» o7

Let c € PicA be a class of a line bundle By the theorem of the cub® satisfies the
following equality:

MY} 53C — M 5C — M 3C — M5C+ MiC+ MC + mzc = 0,

wherem for I C {1,2,3} is the mapA xk A xx A — A defined by addition over the
factors inl. (In particularm is thei-th projection). Combinind [MB, Chapter Ill, 3.1]
(relying on [MB, Chapter Il, Proposition 1.2.1]), the linerdleL € Pic(A) extends
uniquely (at least if we fix a rigidification) to a line bundleover .24, such that the

classc= [L] € Pic(«4/) is cubical, i.e., satisfies the relation

M 22€ — M€ — M€ — M55E+ MIE+ ME+ IMZE = 0,
whereV C U is a big open subset and whare for | C {1,2,3} is the maps/ xg
o xsof — o defined by addition over the factorslin .
Now let us choose an ample line bundieon S. Then the magh. : A(K) — Z given
by

he(P) = deg, (P—0)"¢

is well defined a# is defined on a big open subset®andP*L extends to a rank 1
reflexive sheaf os. This map is the canonical (Néron—Tate) heighhabrresponding
to c (see[[MB, Chapter lll, Section 3]).

The following theorem was suggested to the authors by M. Ragr(in the good
reduction case over a cur@and with a somewhat different proof).

THEOREM®6.2. Assume that A has potential good reduction. & R(K) is V-divisible
and c is symmetric them,(P) = 0.

Proof. Let us first assume tha has good reduction. By assumption there exists a
K-point P, of A such that/"(P,) = P. Sinces — U is an abelian scheme, so is
oW — U, thusP, is the restriction to Spé¢ of P, € o7V (U).
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Let us factor the absolute Frobenius morphifrinto the composition of the relative
Frobenius morphisry), : A — A andW, : AW — A, Let us set, = Wic. Its

cubical extensio, € Pic(. v(:))' for some big opel, C U, together withH allows

one to definen, (P,) by the corresponding formula. Sin¢ey)*c = p"c, we have
(Fai)*en = plc. On the other hand, sinceis symmetric, we havgp"]"c = p?'c and

hence(Fy )" (V") c) = p?"c. Therefore
(Fa)"((V")*c— pcn) = 0.

SinceF/Q/K is an isogeny this implies that the clads= (V")*c — p"c, is torsion. By
additivity and functoriality of the canonical height (s&&] Theorem, p. 35]) we have

Re(P) = hyny-c(Pr) = Ppng, (P) + ha(P) = p"- e, (Pn)

(note that additivity implies thalty,q = mhg, so sincemd = 0 for somem, we get
hg = 0). Therefore ifhs(P) # 0 then|h¢(P)| > p" and we get a contradiction if is
sufficiently large.

Now let us consider the general case. Since there exist ontigl§i many codimension
1 pointss € Sat whichA has bad reduction, one can find a finite Galois extenkion
of K such that ifS is the normalization o in K’ then Ak, has good reduction at
every codimension 1 poirgt € S. On the other hand, P € A(K) is V-divisible on
A PaK’ € A(K') isV divisible onAy. Then by the above we habg-¢(P') = 0 and
functoriality of the canonical height implies thiat(P) = 0. O

Remarks.3. It is an interesting problem whether Theorem 6.2 holds foarditrary
abelian varietyA/K. Its proof shows that one can use the semiabelian reduction
theorem to reduce the general statement to the case Avhas semiabelian reduction
(seelBLR, 7.4, Theorem 1]).

Now assume thab is geometrically connected. Then the extendianK is regular
(i.e., K/k is separable andl is algebraically closed ifK). Let (B, 1) be theK/k-
trace of the abeliaK-variety A, whereB is an abeliark-variety andr : Bx — Ais a
homomorphism of abeliak-varieties (it exists by [Jo, Theorem 6.2]). Let us recall
that by definitionB, 1) is a final object in the category of pairs consisting of aniabel
k-variety and &K-map from the scalak-extension of this variety té.

Since the extensiok C K is regular, the kerneK-group scheme of is connected
(with connected dual)[([Co, Theorem 6.12]). Therefoiis injective onK-points and

in particular we can tred(k) as a subgroup d&(K).

COROLLARY 6.4. Assume that A has potential good reduction. ER(K) is V-
divisible then[P] € (A(K)/B(k))twrs. In particular, if k is algebraically closed then
P € B(K) + A(K)tors C A(K).

Proof. We can choose the clasg Pic(A) so that itis ample and symmetric. Then the
first part of the corollary follows from Theorelm 6.2 and [Cohebrem 9.15] (which
is true for regular extension&/K).
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To prove the second part take positive integesuch thatmP = Q € B(k). Sincek
is algebraically closed, the sBtk) is divisible and there exist® € B(k) such that
mQ = Q. ThenP=Q + (P—Q'), wherem(P— Q') = 0. O

Let us assume that the fieldis algebraically closed. It is an interesting question
whether &/-divisible K-pointP of A can be written as a sum @+ R, whereQ € B(k)
andR € A(K)tors is torsionof order prime-to-p

By the Lang—Néron theorem {[Co, Theorem 2.1]), the groApgK)/B( (k) are
finitely generated. It follows that the grou@s = (A1) (K) /B (K) )ors are finite.

Note that the homomorphis®(k) — B (k) induced byFé/k is a bijection. One

has a factorizatiorFy . : AKYPY - AD(K) — AD(KY/P), inducing a bijection
AKYP) = AD(K). Thus in particular,

Fi: AKK)/B(k) — AV (K)/BY (k)

is injective.
Moreover, the Verschiebung morphism induces the homonismzh

Vi A0 (K)/BY (k) - A(K) /B(K)

such thatiF = p' andFRV; = p'. This shows that prime-tp-torsion subgroups of
groupsG; are isomorphic and in particular have the same onder

Now let us assume that orders of fiprimary torsion subgroups of the abelian groups
G; are uniformly bounded by song. Then for alli > e

R(m[P)) = R (Vi(m[R])) = p'm[R] =0.

This implies thatm[P] = 0, somP € B(k). Now B(K) is a divisible group so there
exists som&) € B(k) such thamP=mQ ThenR=P—Q € A(K) is torsion of order
prime top. So we conclude

LEMMA 6.5. If the order of the Gis bounded as i goes to infinity, under the as-
sumption the Theoreln 6.2, there exists a positive integ@rime to p and such that
m- R € B(k) for every integer i.

Note that the above assumption@nis satisfied, e.g., iAis an elliptic curve over the
function fieldK of a smooth curve ovet = k. If A is isotrivial then the assertion is
clear. IfAis notisotrivial then the-invariant ofA is transcendental ovér In this case
A(KPe)1s is finite (seel[LE]) so orders of the grou@s= A (K )ors are uniformly
bounded.

7 STRATIFIED BUNDLES
In this section we use the height estimate of the previousoseand the fact that

torsion stratified line bundles on a perfect field have orden@to p (apply Proposi-
tion[2.2 together with Lemnfa.1).
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Let k be an algebraically closed field of positive characterigticLet f : X — S

be a smooth projective morphism kfvarieties with geometrically connected fibres.
Assume thatSis projective, which surely is a very strong assumption. ek if
k+#Tp, and in the statement of Theoréml73lis open, then one obtains the stronger
Theoren_ZR. For simplicity, let us also assume thdtas a sectionw : S — X.
Consider the torsion component PiX/S) — S of identity of Pic(X/S) —+ S. Let

¢n : Pic(X/S) — Pic(X/S) be the multiplication byn map. Then there exists an open
subgroup scheme Pi¢X/S) of Pic(X/S) such that every geometric poisbf Sthe
fibre of Pic' (X/S) oversis the union

U ¢n *(Pic%(Xs)),

n>0

where Pi@(Xs) is the connected component of the identity of (Xg/s). It is well
known that Pi¢(X/S) — Sis also a closed subgroup scheme of (Ri¢S). More-
over, the morphism Pf¢X/S) — Sis projective and the formation of Pi¢X/S) — S
commutes with a base changeSxsee, e.g./IKl, Theorem 6.16 and Exercise 6.18]).
We assume that P‘?(:XS) is reduced for every poirge S.

THEOREM7.1. LetL = {L;, g} be arelatively stratified line bundle on/%. Assume
that there exists a dense subsetS(k) such that for every s S the stratified bundle
LLs = L|x, has finite monodromy. Théry has finite monodromy.

Proof. ReplacingL by a power.®N, whereN is sufficiently large, we may assume
thatlLs € Pic%(Xs) for all closed pointsin S(see[[Kl, Corollary 6.17]).

By assumptiorr: <7 = Pic®(X/S) — Sis an abelian scheme. Let us consider the dual
abelian schemes — S. We have a well defined Albanese morph|gm(X o) —

(o ,e) (see[[EGA, Exposeé VI, Théoréme 3.3]). Moreover, the rgamc (]S —

o/ = Pic®(X/S) is an isomorphism oB-schemes. Let us sét= g{,,

Let B be theK-point of Al) corresponding tdL;),. Note that theK-point Py € A is
V-divisible. Indeed, by the definition of a relative stratifion we have/"(R,) = Py
for all integersn. Similarly, we see that all the poinBs € A1) (K) areV-divisible. By
Corollary(6.2 it follows thaf, € B(") (k) + A1) (K)iors, where(B/k, T : Bx — A) is the
K /k-trace ofA (note that(B) /k, £(V) is theK /k-trace ofA)). So for everyi > 0 we
can writeR = Q; + R for someQ; € B) (k) andR; € AW (K)yos.

Now we transpose the above by duality. lAebe the dual abeliaiK-variety of A
andB the dual abeliak-variety of B. We have thé< /k-imagest () :AE,') —BY and
an Smorphismt : &7 — B x S (possibly after shrinking). By abuse of notation
we can treal; as line bundles on7 becausey* : Pic®(.«7/S) — Pic®(X/S) is an
isomorphism. LeM; be the line bundle oB{) corresponding t€); and letrs : B x

S— B denote the projection. Let us fix a non-negative intégerd take a posmve
integern; such thanyR; = 0. Then the line bundle”™ @ t*re*M” ™ has degree 0 on
every fiber ofe7 — S. Thus it is trivial after restrlct|0n te7,. Hence after shrinking
Swe can assume thaf™ ~ t* "M,

Let us fix a points € S(k) and consider the morphism
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Note thatr!) has connected fibres and herieg). &) = €. By assumption there

exists a positive integeas, such that for every the order of the line bundIé)
dividesas. The important point is thads is prime top.
Therefore(t)*M*®" ~ g  and by the projection formula

M2 o (7). (1) "M% = (7). Op =~ O
This implies thaM; is a torsion line bundle and heng € AV (K )ors. Therefore
P=Q+R e A(i)(K)tors-

Let us recall that the set @ftorsion points of&(K) is finite. Assuming it is not empty,
we can therefore find a non-empty open suhbet Ssuch that for everg e U (k) and
every p-torsion pointT € A(K) the sectionil is defined orlJ and the poinfT (s) is
non-zero.

Let us write the order o asm;p®, wherem is not divisible byp. If g > 1 then the
pointmop® 1Ry is p-torsion inA(K). If we takes € S NU (k), thenasmop® 1Py (s) =
[Ly%™]s = 0, a contradiction. It follows thatkPy = 0. Similarly, the order of alR,
is prime top. _

As already mentioned in the last section, the homomorpiigit/ Py — AD(K) in-
duced byF/L/K is a bijection. So we have an induced injection

F:AK) — AD(K).

On the other hand, the Verschiebung morphism induces hompinisons

Vi : AD(K) — A(K)
such thaw;F;(P) = p'P andFRV;(Q) = p'Q for all P € A(K) andQ € A1) (K). Hence
p'MoR = RVi(MR) = R (moRy) =0

and since the order d® is prime top we havemyP, = 0 for all i > 0. Therefore

(Li)?”b ~ ﬁxﬁ for all i and the stratified line bundle; has finite monodromy. [

Now we fix the following notationk is an algebraically closed field of positive char-
acteristicp and f : X — Sis a smooth projective morphism &fvarieties with geo-
metrically connected fibres.

THEOREM7.2. LetE = {E;, g; } be a relatively stratified bundle on/8. Assume that
there exists a dense subsetS(k) such that for every s U the stratified bundle
Es = E|x, has finite monodromy of order prime to p.

1) Thenthere exists afinite Galdtale coveringt, : Y5 — Xi of order prime-to-p
such that, 7 is a direct sum of stratified line bundles.
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2) Iftk# T, and U is open in &), then the monodromy group Bf; is finite, and
Ej trivializes on a finitettale cover 4 — Xi which factors as a Kummer (thus
finite abelian of order prime to p) coveRrZ- Yy and a Galois cover y — Xy
of order prime to p.

Proof. We prove 1). Let us first remark that the schem§§ i >0, are all isomorphic
(as schemes, not &sschemes). Therefore the relative Frobenius induces amoiso
phism on fundamental groups.

By the first part of Theorefn 3.1 we know that there exists adiGialois étale covering

T Ygi — X§> of degree prime t@ such thatz*(E;) is a direct sum of line bundles

@' Lij. Note that from the proof of Theoreln 5.1 the degreetoflepends only on

rcfl(x,$>,a<‘)(ﬁ)) and the Brauer-Feit constajr), and therefore it can be bounded
independently of. Using the Lang—Serre theorem (seel[LS, Théoréme 4]) we ca

therefore assume thit; = Y,%”, whereYy = Yq 0. Now we know that
@ _qLij ~ (Fia) —)*(@r'/:l L'+1,")'
! Ya'/n ! T

By the Krull-Schmidt theorem, the set of isomorphism classiine bundlegL;; }
is the same as the set of isomorphism classes of lines bumtbliels come by pull-back

{(F\i(ﬁ)/ﬁ)*(LiH’j/)}j/. So we can reorder the indicg¢'sso that
n

(R,

)" (Liaj) =L
n n

This finishes the proof of 1).
To prove 2), we do the proof 1) replaciiyg — Xi by Z7 — Xj7 of Theoreni 5]l 2).
This finishes the proof of 2).

O

Remarks.3. 1) Case 2) of Theorei 4.2 applied to a line bundle extends-Theo
rem[Z.1, wheré&swas assumed to be projective, BiXs) reduced for alsc S
closed,S c S(k) dense, to the case whé&his not necessarily projective and
S ¢ S(k) is open and dense, but we have to assumektfsanot algebraic over
its prime field.

2) If Yy has a good projective model satisfying assumptions of Témbf.1 then
it follows thatE has finite monodromy.
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