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Abstract. In this paper, we construct Chern class maps and cycle class
maps with values inp-adic étale Tate twists [Sa2]. We also relate thep-adic
étale Tate twists with the finite part of Bloch-Kato. As an application, we
prove that the integral part ofp-adic regulator maps has values in the finite
part of Galois cohomology under certain assumptions.
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1 Introduction

Let p be a rational prime number. LetA be a Dedekind ring whose fraction field has
characteristic zero and which has a residue field of characteristic p. LetX be a regular
scheme of pure-dimension which is flat of finite type overS := Spec(A) and which is
a smooth or semistable family around its fibers overS of characteristicp. Extending
the idea of Schneider [Sc], the author defined in [Sa2] the objectsTn(r)X (r, n ≥ 0)
of the derived category of étaleZ/pn-sheaves onX playing the role of ther-th Tate
twist withZ/pn-coefficients, which are endowed with a natural product structure with
respect tor and both contravariantly and covariantly functorial (i.e., there exist natural
pull-back and trace morphisms) for arbitrary separated morphisms of finite type of
such schemes. Those pull-back and trace morphisms satisfy the projection formula.

The first aim of this paper is to construct the following Chernclass map and cycle
class map form, r ≥ 0:

Km(X)
Cr,m (Chern class)

**UUUUUUUUUUUUUUUUU

(missing)

��
CHr(X,m)

cl
r,m

X

(cycle class)
// H2r−m

ét (X,Tn(r)X ),
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178 K. Sato

whereKm(X) denotes the algebraicK-group [Q] andCHr(X,m) denotes the higher
Chow group [B2]. The Chern classes with values in higher Chowgroups have not
been defined in this arithmetic situation for the lack of a product structure on them,
which we do not deal with in this paper. We will prepare the following results to
construct the above maps:

(a) The Dold-Thom isomorphism, i.e., the projective bundle formula forp-adicétale
Tate twists. See Theorem4.1 below for details. We note here that thep-adic
étale Tate twists do not satisfy homotopy invariance.

(b) For a regular closed immersioni : X⋆ →֒ X ′⋆ of codimensionc of simplicial
schemes for which thep-adicétale Tate twists are defined, we construct a Gysin
morphism

gysi : Tn(r)X⋆
−→ Ri!Tn(r + c)X′

⋆
[2c] in D((X⋆)ét,Z/p

n)

satisfying transitivity and projection formula. See Proposition 5.4 below for
details.

(c) We introduce a version ofp-adic étale Tate twists with log poles along hori-
zontal normal crossing divisors(see§3 below), and prove ap-adic analogue
of the usual homotopy invariance(see Corollary4.3 below) and a semi-purity
property(see Theorem6.5below) for this new coefficient.

The existence ofCr,m will be verified by (a) and the general framework due to Gillet
[Gi1]. The additivity ofCr,m for m ≥ 1 will follow from (b) (cf. §5). On the other
hand, we will need the results in (c) to constructcl

r,m
X (cf. §7). This ‘higher’ cycle

class map will be a fundamental object to study in ‘higher’ higher classfield theory
[Sai]. We will mention a local behavior ofclr,mX in Remark 7.2 below.

The second aim of this paper is to relate thep-adic étale Tate twists with the finite
part of Galois cohomology [BK2], using the Fontaine-Jannsen conjecture proved by
Hyodo, Kato and Tsuji ([HK], [K4], [Ts1], cf. [Ni2]). We assume here thatA is a
p-adic integer ring and thatX is projective overA with strict semistable reduction.
LetK be the fraction field ofA and putXK := X ⊗A K = X [p−1]. We define

Hi(X,TQp
(r)X) := Qp ⊗Zp

lim←−
n≥1

Hi
ét(X,Tn(r)X),

Hi(XK ,Qp(r)) := Qp ⊗Zp
lim
←−
n≥1

Hi
ét(XK , µ

⊗r
pn ),

whereµpn denotes the étale sheaf ofpn-th roots of unity onXK , i.e, the usual Tate
twist onXK . We have a natural restriction mapHi(X,TQp

(r)X)→ Hi(XK ,Qp(r))
and a canonical descending filtrationF • on Hi(XK ,Qp(r)) resulting from the
Hochschild-Serre spectral sequence for the coveringXK := XK ⊗K K → XK (cf.
(9.0.1)). We define a (not necessarily exhaustive) filtration F • onHi(X,TQp

(r)X )
as the inverse image ofF • onHi(XK ,Qp(r)), which induces obvious inclusions for
m ≥ 0

grmF H
i(X,TQp

(r)X) � � // grmF H
i(XK ,Qp(r)) ≃ Hm(K,Hi−m(XK ,Qp(r))).
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Cycle Class and p-Adic Regulator 179

HereH∗(K,−) denotes the continuous Galois cohomology of the absolute Galois
groupGK = Gal(K/K) defined by Tate [Ta]. We will prove that

gr1FH
i(X,TQp

(r)X ) ⊂ H1
f (K,H

i−1(XK ,Qp(r))) (f = finite part)

assuming thatp is sufficiently large and that the monodromy-weight conjecture [Mo]
holds for the log crystalline cohomology of the reduction ofX in degreei − 1 (see
Theorem 9.1 below). This result is an extension of thep-adic point conjecture ([Sc],
[LS], [Ne1]) to the semistable reduction case and gives an ‘unramified’ version of
results of Langer [La] and Nekovář [Ne2] relating the log syntomic cohomology ofX
with the geometric partH1

g (K,H
i−1(XK ,Qp(r))).

There is an application of the above results as follows. LetK be a number field and
let V be a proper smooth geometrically integral variety overK. PutV := V ⊗K K.
Let i andr be non-negative integers with2r ≥ i + 1, and letp be a prime number.
The étale Chern characters (cf. [So]) inducep-adic regulator maps

reg2r−i−1,rp : K2r−i−1(V )o −→ H1(K,Hi(V ,Qp(r))) (2r > i+ 1),

reg0,rp : K0(V )hom −→ H1(K,H2r−1(V ,Qp(r))) (2r = i+ 1).

HereK0(V )hom denotes the homologically trivial part ofK0(V ), andKm(V )o denotes
the integral part ofKm(V ) in the sense of Scholl (see§10 below). Motivated by the
study of special values ofL-functions, Bloch and Kato [BK2] conjecture that the
image ofreg2r−i−1,rp is contained in the finite partH1

f (K,H
i(V ,Qp(r))) and spans

it overQp. In the direction of this conjecture, we will prove the following result, which
extends a result of Nekovář [Ne2] Theorem 3.1 onreg0,rp to the case2r > i + 1 and
extends a result of Niziol [Ni1] on the potentially good reduction case to the general
case:

Theorem 1.1 (§10) Assumer ≤ p− 2 and the monodromy-weight conjecture for
the log crystalline cohomology of degreei of projective strict semistable varieties over
Fp. Then we have

Im(reg2r−i−1,rp ) ⊂ H1
f (K,H

i(V ,Qp(r))).

Here a projective strict semistable variety overFp means the reduction of a regular
scheme which is projective flat over ap-adic integer ring with strict semistable reduc-
tion.

We use the alteration theorem of de Jong [dJ] to prove Theorem1.1, and the projec-
tive strict semistable varieties concerned in the assumption mean those obtained from
alterations of scalar extensions ofV to the completion ofK at places dividingp.

This paper is organized as follows. In§2, we introduce cohomological and homo-
logical logarithmic Hodge-Witt sheaves with horizontal log poles on normal crossing
varieties over a field of characteristicp > 0. In §3, we definep-adic étale Tate twists
with horizontal log poles, and construct a localization sequence using this object (The-
orem 3.12). In§4 and§5, we prove the Dold-Thom isomorphisms and define the Chern
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class maps forp-adic étale Tate twists. The sections 6 and 7 will be devotedto the
construction of cycle class maps forp-adic étale Tate twists. In§8 we will introduce
Hodge-Witt cohomology and homology of normal crossing varieties and prove that
the monodromy-weight conjecture implies a certain invariant cycle theorem. In§9,
we establish the comparison betweenp-adic étale Tate twists and the finite part of
Bloch-Kato. We will prove Theorem 1.1 in§10. In the appendix, we will formulate a
continuous crystalline cohomology and a continuous syntomic cohomology to prove
several technical compatibility results which will have been used in§9.

The author expresses his gratitude to Professors Shuji Saito and Takeshi Tsuji, and
Masanori Asakura for valuable comments and discussions on the subjects of this pa-
per.

Notation

For an abelian groupM and a positive integern, nM andM/n denote the kernel

and the cokernel of the mapM
×n
−→ M , respectively. For a fieldk, k denotes a

fixed separable closure, andGk denotes the absolute Galois groupGal(k/k). For
a topologicalGk-moduleM , H∗(k,M) denote the continuous Galois cohomology
groupsH∗cont(Gk,M) in the sense of Tate [Ta]. IfM is discrete, thenH∗(k,M)
agree with the étale cohomology groups ofSpec(k) with coefficients in the étale sheaf
associated withM .

Unless indicated otherwise, all cohomology groups of schemes are taken over the
étale topology. For a schemeX , an abelian sheafF onXét (or more generally an
object in the derived category of abelian sheaves onXét) and a pointx ∈ X , we
often writeH∗x(X,F ) for H∗x(Spec(OX,x),F ). For a positive integerm which is
invertible onX , we writeµm for the étale sheaf of them-th roots of unity onX . For
a prime numberp which is invertible onX and integersm, r ≥ 0, we define

Hm(X,Zp(r)) := lim←−
n≥1

Hi(X,µ⊗rpn ),

Hm(X,Qp(r)) := Qp ⊗Zp
Hm(X,Zp(r)).

For an equi-dimensional schemeX and a non-negative integerq, we writeXq for
the set of all points onX of codimensionq.

For a scheme (or a simplicial scheme)X and an integern ≥ 2, Shv(Xét,Z/n) de-
notes the category of étaleZ/n-sheaves onXét, andD(Xét,Z/n) denotes the derived
category of complexes of objects ofShv(Xét,Z/n).

2 Logarithmic Hodge-Witt sheaves

We first fix the following terminology.

Definition 2.1 (1) A normal crossing varity over a fieldk is a pure-dimensional
scheme which is separated of finite type overk and everywheréetale locally
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Cycle Class and p-Adic Regulator 181

isomorphic to

Spec
(
k[t0, . . . , tN ]/(t0 · · · ta)

)
for some0 ≤ a ≤ N := dim(Y ).

(2) We say that a normal crossing varietyY is simple if all irreducible components
of Y are smooth overk.

(3) An admissible divisor on a normal crossing varityY is a reduced effective
Cartier divisorD such that the immersionD →֒ Y is everywheréetale locally
isomorphic to

Spec
(
k[t0, . . . , tN ]/(t0 · · · ta, ta+1 · · · ta+b)

)
→֒ Spec

(
k[t0, . . . , tN ]/(t0 · · · ta)

)

for somea, b ≥ 0 with a+ b ≤ N = dim(Y ).

Let p be a prime number, and letk be a field of characteristicp. Let Y be a normal
crossing variety overk, and letD be an admissible divisor onY . PutV := Y − D
and letf andg be as follows:

D � � f // Y V = Y −D.? _
goo

Forr ∈ Z, we define étale sheavesνr(Y,D),n andλr(Y,D),n onY as follows:

λr(Y,D),n := Im
(
d log : (g∗O

×
V )⊗r →

⊕
x∈V 0 ix∗WnΩ

r
x,log

)

νr(Y,D),n := Ker
(
∂ :

⊕
x∈V 0 ix∗WnΩ

r
x,log →

⊕
x∈V 1 ix∗WnΩ

r−1
x,log

)
.

Here forx ∈ V , ix denotes the composite mapx →֒ V →֒ Y , andWnΩ
q
x,log denotes

the étale subsheaf of the logarithmic part of the Hodge-Witt sheafWnΩ
q
x (cf. [B1],

[I1]), which means the zero sheaf forq < 0. The map∂ is the sum of boundary maps
due to Kato [K1]. By definition, we have

λr(Y,D),n = νr(Y,D),n = 0 for r < 0.

WhenD = ∅, we put

νrY,n := νr(Y,∅),n and λrY,n := λr(Y,∅),n,

which are considered in [Sa1]. Although we assumed the perfectness ofk in [Sa1],
the results in loc. cit.§§2.1–2.4 and§§3.1–3.2 are extended to the case thatk is not
necessarily perfect by results of Shiho [Sh] Theorems 3.2, 4.1 and the compatibility
mentioned in [AS] Remark 7.3 (1). We haveνr(Y,D),n = g∗ν

r
V,n by the left exactness

of g∗, andνr−1D,n ≃ R
1f !νrY,n by the purity ofνrY,n ([Sa1] Theorem 2.4.2). Hence there

is a short exact sequence

0 −→ νrY,n −→ νr(Y,D),n −→ f∗ν
r−1
D,n −→ 0. (2.1.1)
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182 K. Sato

By this fact, we have

λr(Y,D),n = νr(Y,D),n = g∗WnΩ
r
V,log

if Y is smooth (loc. cit. (2.4.9)), which we denote byWnΩ
r
(Y,D),log . The following

proposition will be useful later, whereY is not necessarily smooth:

Proposition 2.2 Assume thatY is simple, and letY1, Y2, · · · , Yq be the distinct
irreducible components ofY . Then there is an exact sequence onYét

0 −→ λr(Y,D),n
ř0
−→

⊕

|I|=1

WnΩ
r
(YI ,DI),log

ř1
−→

⊕

|I|=2

WnΩ
r
(YI ,DI),log

ř2
−→

· · ·
řq−1

−→
⊕

|I|=q

WnΩ
r
(YI ,DI),log

−→ 0,

where the notation ‘|I| = t’ means thatI runs through all subsets of{1, 2, . . . , q}
consisting oft elements, and for suchI = {i1, i2, . . . , it} (ij ’s are pair-wise distinct),
we put

YI := Yi1 ∩ Yi2 ∩ · · · ∩ Yit and DI := D ×Y YI .

The arrowř0 denotes the natural restriction map. For(I, I ′) with I = {i1, i2, . . . , it}
(i1 < i2 < · · · < it) and|I ′| = t+ 1, the(I, I ′)-factor of řt is defined as
{

0 (if I 6⊂ I ′)

(−1)t−a · (βI′I)
∗ (if I ′ = I ∪ {it+1} andi1 < · · · < ia < it+1 < ia+1 < · · · < it),

whereβI′I denotes the closed immersionYI′ →֒ YI .

We need the following lemma to prove this proposition:

Lemma 2.3 Assume that(Y,D, V ) fits into cartesian squares of schemes

D
� � f //

ι

��
�

Y

i

��
�

V? _
goo

i′

��
D

� � // Y V? _
hoo

such thatY is regular, such that the vertical arrows are closed immersions and such
thatY , D andY ∪D are simple normal crossing divisors onY , where we putV :=
Y −D . Then the pull-back mapi∗h∗O

×
V
→ g∗O

×
V onYét is surjective.

Proof of Lemma 2.3.We use the same notation as in Proposition 2.2. For a Cartier
divisorE on a schemeZ, let cZ1 (E) ∈ H1

|E|(Z,O
×
Z ) be the localized first Chern class

of the invertible sheafOZ(E). SinceY is regular,h∗O
×
V

is generated byO×
Y

and
local uniformizers of the irreducible components{Dj}j∈J of D . Put

Dj := Y ×Y Dj (j ∈ J),
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Cycle Class and p-Adic Regulator 183

which is an admissible divisor onY . Since(g∗O
×
V )/O×Y ≃ R1f !O×Y , it is enough to

show that the Gysin map

ϕ :
⊕

j∈J

ZDj
−→ R1f !O×Y

sending1 ∈ ZDj
to cY1 (Dj) is bijective onDét. By [Sa1] Lemma 3.2.2, there is an

exact sequence onYét

0 −→ O×Y
ř0
−→

⊕

|I|=1

O×YI

ř1
−→

⊕

|I|=2

O×YI

ř2
−→ · · ·

řq−1

−→
⊕

|I|=q

O×YI
−→ 0, (2.3.1)

whereř’s are defined in the same way asř’s in Proposition 2.2, andq denotes the
number of the distinct irreducible components ofY . Sincef !O×YI

= 0 for any non-
empty subsetI ⊂ {1, 2, . . . , q}, the exactness of (2.3.1) implies that of the lower row
of the following commutative diagram with exact rows:

0 //
⊕

j∈J

ZDj
ř0 //

ϕ

��

⊕

j∈J

⊕

|I|=1

ZDj∩YI

≀

��

ř1 //
⊕

j∈J

⊕

|I|=2

ZDj∩YI

≀

��

0 // R
1f !O×Y ř0 //

⊕

|I|=1

R1f !
1O
×
YI

ř1 //
⊕

|I|=2

R1f !
1O
×
YI
,

whereDj ∩ YI is regular for eachj ∈ J andI ⊂ {1, 2, . . . , q} by the assumption
that Y ∪ D has simple normal crossings onX . The middle and the right vertical
arrows are defined in the same way as forϕ, and bijective by the standard purity for
O× ([Gr1] III §6). Henceϕ is bijective as well. �

Proof of Proposition 2.2.Since the problem is étale local onY , we may assume that
(Y,D, V ) fits into a diagram as in Lemma 2.3. Then there is an exact sequence

WnΩ
r
(Y ,D),log −→

⊕

|I|=1

WnΩ
r
(YI ,DI),log

ř1
−→ · · ·

řq−1

−→
⊕

|I|=q

WnΩ
r
(YI ,DI ),log

−→ 0

on Yét by Lemma 2.3 and induction on the number of components ofY which is
similar as for [Sa1] Lemma 3.2.2. The assertion follows fromthis exact sequence.�

3 p-adic étale Tate twists with log poles

In §§3–7, we are mainly concerned with the following setting.

Setting 3.1 LetA be a Dedekind domain whose fraction field has characteristic0
and which has a maximal ideal of positive characteristic. Put

S := Spec(A).
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Letp be a prime number which is not invertible inA. LetX be a regular scheme which
is flat of finite type overA and whose fibers over the closed points ofS of characteristic
p are empty or reduced normal crossing divisors onX . We writeY ⊂ X for the union
of those fibers, which may be empty.

LetD ⊂ X be a normal crossing divisor such thatD ∪ Y has normal crossings onX
(D may be empty). PutU := X − (Y ∪D) andV := Y − (Y ∩D), and consider a
diagram of immersions

V � � //

g

��

X −D

h

��

U? _oo

j
{{ww

ww
www

ww

Y � � i //

�

X

Let n andr be positive integers. We first state the Bloch-Kato-Hyodo theorem on the
structure of the sheafM r

n := i∗Rrj∗µ
⊗r
pn , which will be useful in this paper. We define

the étale sheafK M
r onY as

K M
r := (i∗j∗O

×
U )⊗n/J,

whereJ denotes the subsheaf of(i∗j∗O
×
U )⊗n generated by local sections of the form

a1 ⊗ a2 ⊗ · · · ⊗ ar (a1, a2, . . . , ar ∈ i∗j∗O
×
U ) with as + at = 0 or 1 for some

1 ≤ s < t ≤ n. There is a homomorphism of étale sheaves ([BK1] 1.2)

K M
r −→M r

n, (3.1.1)

which is a geometric version of Tate’s Galois symbol map. Forlocal sections
a1, a2, . . . , ar ∈ i∗j∗O

×
U , we denote the class ofa1 ⊗ a2 ⊗ · · · ⊗ ar in K M

r by
{a1, a2, . . . , ar}, and denote the image of{a1, a2, . . . , ar} ∈K M

r under (3.1.1) again
by {a1, a2, . . . , ar}. We define filtrationsU • andV • onM r

n as follows.

Definition 3.2 Put p := Ker(OX → i∗OY ) and 1 + pq := Ker(O×X →
(OX/p

q)×) for q ≥ 1.

(1) We defineU 0K M
r as the full sheafK M

n . For q ≥ 1, we defineU qK M
r ⊂ K M

r

as the image ofi∗(1 + pq)⊗ (i∗j∗O
×
U )⊗r−1.

(2) For q ≥ 0, we defineU qM r
n as the image ofU qK M

r under the map(3.1.1).

(3) WhenA is local and its residue fieldk has characteristicp, we fix a prime
elementπ ∈ A and defineV qM r

n ⊂M
r
n as the part generated byU q+1M r

n and
the image ofU qK M

r−1 ⊗ 〈π〉 under(3.1.1).

LetLX◦ be the log structure onX associated with the normal crossing divisorY ∪D
([K3]), and letLY ◦ be its inverse image log structure ontoYét (loc. cit. (1.4)). The
following theorem is a variant of theorems of Bloch-Kato-Hyodo ([BK1] Theorem
1.4, [Hy1] Theorem 1.6), and the caseD = ∅ corresponds to their theorems.

Theorem 3.3 (1) The symbol map(3.1.1)is surjective, i.e.,U 0M r
n =M r

n.
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Cycle Class and p-Adic Regulator 185

(2) Assume thatA is local and that its residue fieldk has characteristicp. Then
there are isomorphisms

M r
n/V

0M r
n
∼−→Wnω

r
Y ◦,log ,

V 0M r
n/U

1M r
n
∼−→Wnω

r−1
Y ◦,log ,

whereWnω
m
Y ◦,log denotes the image of the logarithmic differential map

d log : (Lgp
Y ◦)
⊗m −→

⊕

y∈Y 0

iy∗WnΩ
m
y,log ,

and for a pointy ∈ Y , iy denotes the natural mapy →֒ Y .

(3) Under the same assumption as in(2), let e be the absolute ramification index
of A, and letLk be the log structure onSpec(k) associated with the pre-log
structureN → k sending1 7→ 0. Pute′ := pe/(p− 1). Then for1 ≤ q < e′,
there are isomorphisms

U qM r
1/V

qM r
1
∼−→

{
ωr−1
Y ◦ /B

r−1
Y ◦ (p6 | q),

ωr−1
Y ◦ /Z

r−1
Y ◦ (p | q),

V qM r
1/U

q+1M r
1
∼−→ ωr−2

Y ◦ /Z
r−2
Y ◦ .

Hereωm
Y ◦ denotes the differential module of(Y, LY ◦) over(Spec(k), Lk) ([K3]

(1.7)), andBm
Y ◦ (resp.Z m

Y ◦) denotes the image ofd : ωm−1
Y ◦ → ωm

Y ◦ (resp. the
kernel ofd : ωm

Y ◦ → ωm+1
Y ◦ ).

(4) Under the same assumption and notation as in(3), we haveU qM r
1 = V qM r

1 =
0 for q ≥ e′.

Proof. Note that the irreducible components ofD are semistable families around the
fibers of characteristicp by the assumption thatY ∪ D has normal crossings onX .
The assertions (1) and (2) are reduced to the case thatX is smooth overS and that
D = ∅ (i.e., the Bloch-Kato theorem) by Tsuji’s trick in [Ts2] Proof of Theorem 5.1
and a variant of Hyodo’s lemma [Hy1] Lemma 3.5, whose detailswill be explained in
a forthcoming paper [KSS]. The assertion (4) follows from [BK1] Lemma 5.1.

We prove (3). Letπ ∈ A be the fixed prime element. Letπ ∈ LY ◦ be the im-
age ofπ, and let[π] ⊂ LY ◦ be the subsheaf of monoids generated byπ. The quo-
tientLY ◦/[π] is a subsheaf of monoids ofOY (with respect to the multiplication of
functions) generated byO×Y and local equations definingD and irreducible compo-
nents ofY . There is a surjective homomorphism

δm : OY ⊗ {(LY ◦/[π])gp}⊗m −→ ωm
Y ◦

defined by the local assignment

z ⊗ y1 ⊗ · · · ⊗ ym 7−→ z · d log(y1) ∧ · · · ∧ d log(ym),

with z ∈ OY and eachyi ∈ (LY ◦/[π])gp. The kernel ofδm is generated by local
sections of the following forms (cf. [Hy1] Lemma 2.2):
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(1) z ⊗ y1 ⊗ · · · ⊗ ym such thatys belongs toO×
Spec(k)|Y for some1 ≤ s ≤ m.

(2) z ⊗ y1 ⊗ · · · ⊗ ym such thatys = yt for some1 ≤ s < t ≤ m.

(3)
∑

ℓ
i=1 (ai ⊗ ai ⊗ y1⊗ · · · ⊗ ym−1)−

∑
ℓ′

j=1 (bj ⊗ bj ⊗ y1⊗ · · · ⊗ ym−1) with

eachai, bj ∈ LY ◦/[π] such that the sums
∑

ℓ
i=1 ai and

∑
ℓ′

j=1 bj taken inOY

belong toLY ◦/[π] and satisfy
∑ℓ

i=1 ai =
∑ℓ′

j=1 bj .

Hence the assertion follows from the arguments in loc. cit. p. 551. �

We define the étale subsheafFM r
n ⊂ M r

n as the part generated byU 1M r
n and the

image of(i∗h∗O
×
X−D)⊗r, whereh denotes the open immersionX − D →֒ X . By

Theorem 3.3 (2), Proposition 2.2 and the same arguments as in[Sa2]§3.4, we obtain
the following theorem:

Theorem 3.4 There are short exact sequences of sheaves onYét

0 −→ FM r
n −→M r

n
σ
−→ νr−1(Y,D∩Y ),n −→ 0,

0 −→ U 1M r
n −→ FM r

n
τ
−→ λr(Y,D∩Y ),n −→ 0,

whereσ is induced by the boundary map of Galois cohomology groups due to Kato
[K1] , andτ is given by the local assignment

{a1, a2, . . . , ar} 7−→ d log(a1 ⊗ a2 ⊗ · · · ⊗ ar).

Herea1, a2, . . . , ar are local sections ofi∗h∗O
×
X−D, and fora ∈ i∗h∗O

×
X−D, a de-

notes its residue class ing∗O
×
V .

Now we define thep-adic étale Tate twists.

Definition 3.5 For n ≥ 1 andr ∈ Z, we define a cochain complexCn(r)
•
(X,D) of

sheaves onXét as follows.

(1) For r = 0, we defineCn(0)
•
(X,D) := Z/pn, the constant sheafZ/pn placed

in degree0. For r < 0, we defineCn(r)
•
(X,D) := j!HomU (µ

⊗−r
pn ,Z/pn), the

sheafj!HomU (µ
⊗−r
pn ,Z/pn) placed in degree0.

(2) Assumer ≥ 1, and letI • be the Godement resolution ofµ⊗rpn onUét. We define
Cn(r)

•
(X,D) as

j∗I
0 −→ j∗I

1 −→ · · ·

−→ j∗I
r−1 −→ Ker

(
d : j∗I

r → j∗I
r+1

) σr
n−→ i∗ν

r−1
(Y,D∩Y ),n, (3.5.1)

wherej∗I 0 is placed in degree0 andi∗ν
r−1
(Y,D∩Y ),n is placed in degreer + 1.

The last arrowσr
n is defined as the composite map

σr
n : Ker

(
d : j∗I r

U → j∗I
r+1
U

)
// // Rrj∗µ

⊗r
pn

i∗σ // // i∗ν
r−1
(Y,D∩Y ),n,

andσ denotes the surjective map in Theorem3.4.

Documenta Mathematica 18 (2013) 177–247



Cycle Class and p-Adic Regulator 187

We often writeTn(r)(X,D) for Cn(r)
•
(X,D) regarded as an object ofDb(Xét,Z/p

n).
WhenD = ∅, we often writeCn(r)

•
X andTn(r)X for Cn(r)

•
(X,∅) andTn(r)(X,∅),

respectively.

Proposition 3.6 For r ≥ 0, Tn(r)(X,D) is concentrated in[0, r], and there is a
distinguished triangle inDb(Xét,Z/p

n)

i∗ν
r−1
(Y,D∩Y ),n[−r − 1] // Tn(r)(X,D)

t // τ≤rRj∗µ
⊗r
pn

σr
n[−r] // i∗νr−1

(Y,D∩Y ),n[−r].

Proof. The first assertion follows from the surjectivity ofσr
n in the definition of

Cn(r)
•
(X,D). The second assertion is straight-forward. �

Remark 3.7 Proposition3.6 implies thatTn(r)X defined here agrees with that in
[Sa2]§4 by a unique isomorphism compatible with the identity map ofµ⊗rpn onU (loc.
cit. Lemma4.2.2). Although we assumed that the residue fields ofA of characteristicp
are perfect in loc. cit., the results in loc. cit.§4 –§7.2hold true without this assumption
by results of Shiho[Sh] Theorems3.2, 4.1and the compatibility result in[AS] Remark
7.3 (1).

Proposition 3.8 The complexCn(r)
•
(X,D) is contravariantly functorial in the pair

(X,D). Here a morphism of pairs(X,D)→ (X ′, D′) means a morphism of schemes
f : X → X ′ satisfyingf(X −D) ⊂ X ′ −D′.

Proof. The caser ≤ 0 is clear. As for the caser ≥ 1, it is enough to show that the
map

i∗σ : Rrj∗µ
⊗r
pn −→ i∗ν

r−1
(Y,D∩Y ),n

is contravariant in(X,D). Let f : (X,D) → (X ′, D′) be a morphism of pairs, and
consider the following diagram of immersions:

Y ′
� � i′ // X ′ U ′ := X ′ −D′,? _

j′oo

whereY ′ denotes the union of the fibers ofX ′ → S of characteristicp. By the first
exact sequence in Theorem 3.4,σ′ (:= σ for (X ′, D′)) is surjective andKer(i′∗σ

′)
maps intoKer(i∗σ) under the base-change map

f∗ : f∗Rrj′∗µ
⊗r
pn −→ Rrj∗µ

⊗r
pn .

Hence this map induces a pull-back map

f∗ : f∗i′∗ν
r−1
(Y ′,D′∩Y ′),n −→ i∗ν

r−1
(Y,D∩Y ),n. (3.8.1)

These maps are obviously compatible withσ’s and satisfy transitivity. Thus we obtain
the proposition. �
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Corollary 3.9 (1) Let V be the category whose objects are schemesX as in
Setting3.1 and whose morphisms are morphisms of schemes. Then the com-
plexesCn(r)

•
X = Cn(r)

•
(X,∅) with X ∈ Ob(V) form a complexCn(r)

• of
sheaves on the biǵetale siteVét.

(2) The Godement resolutionGn(r)
•
(X,D) onXét ofCn(r)

•
(X,D) is contravariantly

functorial in (X,D).

Remark 3.10 The objectTn(r)(X,D) is also contravariantly functorial in the pair
(X,D). More precisely, for a morphism of pairsf : (X,D) → (X ′, D′), there is a
natural morphism

f∗ : f∗Tn(r)(X′,D′) −→ Tn(r)(X,D) in Db(Xét,Z/p
n)

by Proposition 3.8, which is, in fact, the unique morphism that extends the pull-back
isomorphism ofµ⊗rpn for U → U ′ (cf. [Sa2]Proposition4.2.8).

Remark 3.11 LetV andCn(r)
• be as in Corollary3.9, and letTn(r) be the com-

plexCn(r)
• regarded as an object of the derived categoryDb(Vét,Z/pn). LetV ′ ⊂ V

be the full subcategory consisting of schemesX ∈ Ob(V) with p−1 ∈ Γ (X,OX). The
following facts will be useful later in§5:

(1) There exists a unique product structure

Tn(q)⊗
L Tn(r) −→ Tn(q + r) in D(Vét,Z/p

n)

that extends the isomorphismµ⊗qpn ⊗µ⊗rpn
∼−→ µ⊗q+r

pn on the biǵetale site(V ′)ét,
which follows from the same arguments as in[Sa2]Proposition4.2.6.

(2) There exists a unique isomorphism

Gm ⊗
L Z/pn[−1] ∼−→ Tn(1) in D(Vét,Z/p

n)

that extends the canonical isomorphismGm ⊗L Z/pn[−1] −→ µpn on (V ′)ét,
which follows from the same arguments as in loc. cit. Proposition 4.5.1.

Theorem 3.12 WhenD is regular, there is a canonical morphism

δ : Tn(r)(X,D) −→ α∗Tn(r − 1)D[−1] in Db(Xét,Z/p
n)

fitting into a distinguished triangle

α∗Tn(r−1)D[−2]
α∗−→ Tn(r)X

β∗

−→ Tn(r)(X,D)
δ
−→ α∗Tn(r−1)D[−1], (3.12.1)

whereα denotes the closed immersionD →֒ X , andβ denotes the natural morphism
of pairs(X,D)→ (X, ∅). The arrowα∗ denotes the Gysin morphism[Sa2]Theorem
6.1.3.
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Proof. The caser < 0 immediately follows from the absolute purity [FG]. To prove
the caser ≥ 0, we first construct the morphismδ. Consider a diagram of immersions

U
j

{{ww
ww

ww
ww

ww

u

��
Y � � i //

�

X

�

X [p−1]? _
woo

E

OO

� � i′ // D

α

OO

D[p−1].? _
ϕoo

v

OO

There is a distinguished triangle onX [p−1]ét

v∗µ
⊗r−1
pn [−2]

v∗−→ µ⊗rpn

u∗

−→ Ru∗µ
⊗r
pn

δ1−→ v∗µ
⊗r−1
pn [−1],

whereδ1 is defined as the composite

δ1 : Ru∗µ
⊗r
pn

−δloc
−→ v∗Rv

!µ⊗rpn [1] ∼←− v∗µ
⊗r−1
pn [−1]

andδloc denotes the connecting morphism of a localization sequence. We used the
absolute purity [FG] for the last isomorphism. ApplyingRw∗, we get a distinguished
triangle onXét

α∗Rϕ∗µ
⊗r−1
pn [−2]

v∗−→ Rw∗µ
⊗r
pn

u∗

−→ Rj∗µ
⊗r
pn

δ2−→ α∗Rϕ∗µ
⊗r−1
pn [−1]. (3.12.2)

Consider a diagram

Tn(r)(X,D)
t //

δ

��

τ≤rRj∗µ
⊗r
pn

δ3:=τ≤r(δ2)

��
α∗Tn(r − 1)D[−1] // τ≤r(α∗Rϕ∗µ

⊗r−1
pn [−1])

b′ // γ∗ν
r−2
E,n [−r],

where the lower row is a part of a distinguished triangle (cf.Proposition 3.6 for(D, ∅))
andγ denotes the composite morphismα ◦ i′ : E →֒ X . SinceTn(r)(X,D) is con-
centrated in[0, r], we see that the compositeb′ ◦ δ3 ◦ t is zero by Theorem 3.4 and a
simple computation on symbols. On the other hand, we have

HomDb(Xét,Z/pn)(Tn(r)(X,D), γ∗ν
r−2
E,n [−r − 1]) = 0,

again by the fact thatTn(r)(X,D) is concentrated in[0, r]. Hence there exists a unique
morphismδ fitting into the above diagram (cf. [Sa2] Lemma 2.1.2 (1)), which is the
desired morphism. Finally the triangle (3.12.1) is distinguished by (3.12.2) and a
commutative diagram with exact rows onXét (γ = α ◦ i′)

Rrw∗µ
⊗r
pn

//

σX

��

Rrj∗µ
⊗r
pn

//

σ(X,D)

��

δ3 // α∗Rr−1ϕ∗µ
⊗r−1
pn

//

σD

��

0

0 // i∗ν
r−1
Y,n

// i∗ν
r−1
(Y,E),n

// γ∗ν
r−2
E,n

// 0,
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where the surjectivity ofδ3 in the upper row follows from Theorem 3.3 (1) for(D, ∅),
and the exactness of the lower row follows from (2.1.1). �

Remark 3.13 Let ζp be a primitivep-th root of unity, and letA′ be the normaliza-
tion ofA[ζp]. Then all the definitions and results for the pair(X,D) in this section
are extended to the scalar extension(X ⊗A A′, D ⊗A A

′). Indeed, Theorem3.3 (1)
and(2) will be proved in[KSS] for this generalized situation. One can check Theorem
3.3 (3)and (4) for (X ⊗A A′, D ⊗A A′) by the same arguments as for(X,D). See
[Sa2]§3.5 for an argument to extend Theorem3.4.

4 Dold-Thom isomorphism

Let S, p andX be as in Setting 3.1, and letn andr be integers withn ≥ 1. In this
section we prove the Dold-Thom isomorphism forp-adic étale Tate twists. LetE be
a vector bundle of ranka + 1 onX , and letf : P := P(E) → X be the associated
projective bundle, which is a projective smooth morphism ofrelative dimensiona.
Let O(1)E be the tautological invertible sheaf onP, and letξ ∈ H2(P,Tn(1)P) be
the value of the first Chern classc1(O(1)E) ∈ H1(P,O×P ) under the connecting map
associated with the Kummer distinguished triangle

O×P −→ O×P −→ Tn(1)P[1] −→ O×P [1]

(cf. [Sa2] Proposition 4.5.1). The composite morphisms

Tn(r − q)X [−2q]
f∗

// Rf∗Tn(r − q)P[−2i]
−∪ξq // Rf∗Tn(r)P (0 ≤ q ≤ a)

induce a canonical morphism

γE :

a⊕

q=0

Tn(r − q)X [−2q] −→ Rf∗Tn(r)P in Db(Xét,Z/p
n).

Theorem 4.1 (Dold-Thom isomorphism) γE is an isomorphism.

Proof. γE is an isomorphism outside ofY by [M] VI Theorem 10.1. The caser < 0
follows from this fact and the proper base-change theorem. To prove the caser ≥ 0,
we consider a diagram of schemes

P � � γ //

g

��
�

P

f

��
Y � � i // X X [p−1].? _

joo

We have to show thati∗(γE) is an isomorphism:

i∗(γE) :

a⊕

q=0

i∗Tn(r − q)X [−2q] ∼−→ Rg∗γ
∗Tn(r)P, (4.1.1)
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where we identifiedi∗Rf∗Tn(r)P withRg∗γ∗Tn(r)P by the proper base-change theo-
rem. By a standard norm argument (cf. [Sa2]§10.3) using Bockstein triangles (loc. cit.
§4.3), we are reduced to the case thatn = 1 and thatΓ (X,OX) contains a primitive
p-th root of unity (see Remark 3.13). We need the following lemma:

Lemma 4.2 Let ξ ∈ H1(P, λ1P,1) be the image ofξ under the pull-back map

γ∗ : H2(P,T1(1)P) −→ H1(P, λ1P,1)

(cf. [Sa2]Proposition4.4.10). Then there are isomorphisms inDb(Yét,Z/p)

a⊕

q=0

ξ q ∪ − :
a⊕

q=0

λr−qY,1 [−q]
∼−→ Rg∗λ

r
P,1 (1)

a⊕

q=0

ξ q ∪ − :

a⊕

q=0

νr−qY,1 [−q] ∼−→ Rg∗ν
r
P,1 (2)

a⊕

q=0

ξ q ∪ − :

a⊕

q=0

ωr−q
Y [−q] ∼−→ Rg∗ω

r
P (3)

a⊕

q=0

ξ q ∪ − :

a⊕

q=0

Z r−q
Y [−q] ∼−→ Rg∗Z

r
P . (4)

HereZ m
Y (resp.Z m

P ) denotes the kernel ofd : ωm
Y → ωm+1

Y (resp.d : ωm
P → ωm+1

P ).

Proof of Lemma 4.2.Note thatξ agrees with the first Chern class of the tautological
invertible sheaf onP = P(i∗E). Since the problems are étale local onY , we may
assume thatY is simple. IfY is smooth, then (1) and (2) are due to Gros [Gr1] I
Théorème 2.1.11. The general case is reduced to the smoothcase by [Sa1] Proposition
3.2.1, Corollary 2.2.7. As for (3), since we have

Rg∗ω
r
P ≃

r⊕

q=0

Rg∗(Ω
q
P/Y ⊗OY

ωr−q
Y ) ≃

r⊕

q=0

(Rg∗Ω
q
P/Y )⊗

L
OY

ωr−q
Y

by projection formula, the assertion follows from the isomorphisms

ξ q ∪ − : OY [−q]
∼−→ Rg∗Ω

q
P/Y (0 ≤ q ≤ a).

(4) follows from the same arguments as for [Gr1] I (2.2.3). �

We return to the proof of (4.1.1) forr ≥ 0. The caser = 0 follows from Lemma
4.2 (1) with r = 0. To prove the caser > 1, we use the objectsK(r − q)X ∈
Db(Yét,Z/p) andK(r)P ∈ Db(Pét,Z/p) defined in [Sa2] Lemma 10.4.1, which fit
into distinguished triangles

K(r − q)X [−1]→ µ′ ⊗L i∗T1(r − q − 1)X → i∗T1(r − q)X → K(r − q)X ,

K(r)P[−1] −→ g∗µ′ ⊗L γ∗T1(r − 1)P −→ γ∗T1(r)P −→ K(r)P.
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Hereµ′ denotes the constant sheafi∗j∗µp(≃ Z/p) onYét and the central arrows are
induced by the product structure of Tate twists. By induction onr ≥ 0, our task is to
show that the morphism

a⊕

q=0

ξq ∪ − :

a⊕

q=0

K(r − q)X [−2q] −→ Rg∗K(r)P (4.2.1)

is an isomorphism, where we have used the pull-back morphisms

f∗ : K(r − q)X −→ K(r − q)P (0 ≤ q ≤ a)

induced by the pull-back morphisms for Tate twists (loc. cit. Proposition 4.2.8, Lemma
2.1.2 (2)). By loc. cit. Lemma 10.4.1 (2), we have

H m(K(r − q)X) ≃






µ′ ⊗ νr−q−2Y (m = r − q − 1)

FM r−q
1 (m = r − q)

0 (otherwise)

and similar facts holds forK(r)P (see§3 for FM q
n). Therefore (4.2.1) is an isomor-

phism by Lemma 4.2 and Theorems 3.3 (3), (4) and 3.4 withD = ∅ (see also the
projection formula in loc. cit. 4.4.10). This completes theproof of Theorem 4.1. �

The following corollary 4.3 follows immediately from Theorems 3.12, 4.1 and the
projection formulra ([Sa2] Corollary 7.2.4), which is ap-adic version of homotopy
invariance and plays an important role in our construction of cycle class maps (see§7
below).

Corollary 4.3 LetE be a vector bundle onX of rankia, and putP = P(E ⊕ 1),
the projective completion ofE. LetP′ be the projective bundleP(E) regarded as the
infinite hyperplane, and letf : P→ X be the natural projection. Then the composite
morphism

Tn(r)X
f∗

−→ Rf∗Tn(r)P −→ Rf∗Tn(r)(P,P′)

is an isomorphism inDb(Xét,Z/p
n).

5 Chern class

The main aim of this section is to construct the Chern class map (5.6.1) below. Let
S andp be as in Setting 3.1, and letV be the category whose objects areS-schemes
satisfying the conditions in Setting 3.1 forX and whose morphisms are morphisms of
schemes. LetX⋆ be a simplicial object inV , i.e., a contravariant functor

X⋆ : ∆op −→ V ,

where∆ denotes the simplex category. For a morphismγ : [a]→ [b] in ∆, we write

γX : Xb −→ Xa (Xa := X⋆([a]))
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for X⋆(γ), which is a morphism inV . For0 ≤ i ≤ a, letdi be the coface map in∆:

di : [a] −→ [a+ 1], j 7→

{
j (0 ≤ j < i)

j + 1 (i ≤ j ≤ a).

For integers0 ≤ i ≤ a, we often write

di : Xa+1 → Xa

for (di)X . See [Fr]§1 for the definition of the small étale site(X⋆)ét onX⋆.

Definition 5.1 (1) For r ∈ Z, we define a complexCn(r)
•
X⋆

of sheaves on
(X⋆)ét by restricting the complexCn(r)

• on Vét, cf. Corollary 3.9. We
will often write Tn(r)X⋆

for the complexCn(r)
•
X⋆

regarded as an object of
Db((X⋆)ét,Z/p

n).

(2) We define a canonical morphism

̺ : Gm[−1] −→ Tn(1)X⋆
in Db((X⋆)ét)

by the composite morphism

Gm[−1] −→ Gm ⊗
L Z/pn[−1] ∼−→ Tn(1)X⋆

,

where the left arrow denotes the canonical morphism inducedby Z → Z/pn

and the right arrow is the restriction of the isomorphism in Remark3.11 (2).

We next review the following basic notions:

Definition 5.2 (1) A vector bundle overX⋆ is a morphismf : E⋆ → X⋆ of
simplicial schemes such thatfa : Ea → Xa is a vector bundle for anya ≥ 0
and such that the commutative diagram

Eb
fb //

γE

��

Xb

γX

��
Ea

fa // Xa

(5.2.1)

induces an isomorphismEb
∼= γX∗Ea := Ea ×Xa

Xb of vector bundles over
Xb for any morphismγ : [a]→ [b] in ∆ (cf. [Gi2] Example1.1).

(2) A regular closed immersion of simplicial schemes is a morphismi : X⋆ → Y⋆
such thatia : Xa → Ya is a regular closed immersion for anya ≥ 0 and such
that the diagram

Xb
ib //

γX

��

Yb

γY

��
Xa

ia // Ya

(5.2.2)

is cartesian for any morphismγ : [a] → [b] in ∆. An effective Cartier divisor
X⋆ onY⋆ is a regular closed immersionX⋆ → Y⋆ of pure codimension1.
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We now define the first Chern classes of effective Cartier divisors and line bundles.

Definition 5.3 (1) For an effective Cartier divisorD⋆ onX⋆, we define the first
Chern classc1(D⋆) ∈ H2

D⋆
(X⋆,Tn(1)) as the value of the first Chern class

c1(D⋆) ∈ H1
D⋆

((X⋆)Zar,O×) under the composite map

H1
D⋆

((X⋆)Zar,O
×)

ǫ∗
→ H1

D⋆
(X⋆,Gm)

̺
→ H2

D⋆
(X⋆,Tn(1)),

whereǫ : (X⋆)ét → (X⋆)Zar denotes the continuous map of small sites. The
arrow ̺ denotes that in Definition5.1 (2).

(2) For a line bundleL⋆ onX⋆, we define the first Chern class

c1(L⋆) ∈ H
2(X⋆,Tn(1))

as the value of the isomorphism class[L⋆] ∈ H1((X⋆)Zar,O×) (cf. [Gi2] Ex-
ample1.1)under the composite map

H1((X⋆)Zar,O
×)

ǫ∗
−→ H1(X⋆,Gm)

̺
−→ H2(X⋆,Tn(1)). (5.3.1)

The following proposition plays a key role in the proof of theWhitney sum formula
in Proposition 5.5 (3) below.

Proposition 5.4 Let f : X⋆ →֒ X ′⋆ be a regular closed immersion of simplicial
objects inV of pure codimensionc ≥ 1. Let r be a non-negative integer. Then there
exists a Gysin morphism

gysf : Tn(r)X⋆
−→ Rf !Tn(r + c)X′

⋆
[2c] in D+((X⋆)ét,Z/p

n)

satisfying the following three properties:

(a) (Consistency with the first Chern class) If r = 1, then the value of1 ∈ Z/pn =
H0(X⋆,Tn(0)) under the Gysin map

gysf : H0(X⋆,Tn(0)) −→ H2
X(X ′⋆,Tn(1))

agrees with the first Chern classc1(X⋆) in Definition5.3 (1).

(b) (Transitivity) For another regular closed immersiong : X ′⋆ →֒ X ′′⋆ of simpli-
cial objects inV of pure codimensionc′ ≥ 1, the composite morphism

Tn(r)X⋆

gysf
−−−−→ Rf !Tn(r + c)X′

⋆
[2c]

Rf !(gysg)
−−−−−−→ Rf !Rg!Tn(r + c+ c′)X′′

⋆
[2c+ 2c′]

R(g ◦ f)!Tn(r + c+ c′)X′′
⋆
[2(c+ c′)]

agrees withgysg◦f .
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(c) (Projection formula) The following diagram commutes inD((X⋆)ét,Z/p
n):

Rf !Tn(q)X′
⋆
⊗L Tn(r)X⋆

id⊗gysf//

π

��

Rf !Tn(q)X′
⋆
⊗L Rf !Tn(n+ r)X′

⋆
[2r]

product

��
Tn(q + r)X⋆

gysf // Rf !Tn(q + r + c)X′
⋆
[2c] ,

where the left vertical arrowπ is the composite morphism

Rf !Tn(q)X′
⋆
⊗L Tn(r)X⋆

f∗⊗id
−−−−→ Tn(q)X⋆

⊗L Tn(r)X⋆

product
−−−−→ Tn(q + r)X⋆

and the product structures on{Tn(r)X⋆
}r∈Z and{Tn(r)X⋆

}r∈Z are obtained
from that in Remark3.11.

Proof. PutU⋆ := X⋆ ⊗ Z[p−1] andV⋆ := X ′⋆ ⊗ Z[p−1]. Let ϕ : U⋆ →֒ V⋆ be the
regular closed immersion induced byf . By the absolute purity [FG] and the spectral
sequence

Ea,b
1 = Hb

Ua
(Va, µ

⊗c
pn ) =⇒ Ha+b

U⋆
(V⋆, µ

⊗c
pn ),

we have

H2c
U⋆

(V⋆, µ
⊗c
pn ) ≃ Ker(d∗0 − d

∗
1 : H2c

U0
(V0, µ

⊗c
pn ) −→ H2c

U1
(V1, µ

⊗c
pn )).

By the definition of regular closed immersions in Definition 5.2 (2), the cycle class
clV0(U0) ∈ H2c

U0
(V0, µ

⊗c
pn ) lies in the group on the right hand side, loc. cit. Proposition

1.1.3. We thus define the cycle class

clV⋆
(U⋆) ∈ H

2c
U⋆

(V⋆, µ
⊗c
pn )

as the element corresponding toclV0(U0). Sinceϕ∗µ⊗rpn,V⋆
≃ µ⊗rpn,U⋆

on (U⋆)ét , the
cup product withclV⋆

(U⋆) defines a Gysin morphism

gysϕ : µ⊗rpn,U⋆
≃ ϕ∗µ⊗rpn,V⋆

clV⋆ (U⋆)∪−
−−−−−−−−→ Rϕ!µ⊗r+c

pn,V⋆
[2c] in D+((U⋆)ét,Z/p

n),

which satisfies the three properties (a) – (c) listed above (see loc. cit. Proposition 1.2.1
for (b)). We show that there exists a unique morphism

gysf : Tn(r)X⋆
−→ Rf !Tn(r + c)X′

⋆
[2c] in D+((X⋆)ét,Z/p

n)

that extendsgysϕ. Put

Y⋆ := X⋆ ⊗ Z/pZ, L := Tn(r)X⋆
and M := Rf !Tn(r + c)X′

⋆
[2c].

and letα andβ be as follows:

U⋆
� � β // X⋆ Y⋆ .? _

αoo
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Consider the following diagram inD+((X⋆)ét,Z/p
n) whose lower row is distin-

guished:

L
t // τ≤rRβ∗µ

⊗r
pn

Rβ∗(gysϕ)

��
α∗Rα

!M
α∗ // M

β∗

// Rβ∗β∗M
−δ // α∗Rα!M[1].

(5.4.1)

Here the upper horizontal arrow is the canonical morphism (cf. Propositions 3.6 and
3.8), and the lower row is the localization distinguished triangle forM (cf. [Sa2]
(1.9.2)). We have

τ≤rα∗Rα
!M = 0 (5.4.2)

by the purity in loc. cit. Theorem 4.4.7, which implies that

HomD+((X⋆)ét,Z/pn)(τ≤rRβ∗µ
⊗r
pn , α∗Rα

!M[1])

= HomShv((X⋆)ét,Z/pn)(R
rβ∗µ

⊗r
pn , α∗R

r+1α!M),

whereShv((X⋆)ét,Z/p
n) denotes the category of étale sheaves ofZ/pn-modules on

X⋆. By this fact and the compatibility fact in loc. cit. Theorem6.1.1, one can easily
check that the composite(−δ) ◦ Rβ∗(gysϕ) is zero inD+((X⋆)ét,Z/p

n). Therefore
we obtain a unique morphismgysf that extendsgysϕ again by (5.4.2) and by loc.
cit. Lemma 2.1.2 (1). The property (a) ofgysf is straight-forward, and the property
(b) follows from the uniqueness ofgysf . The property (c) follows from the same
argument as for loc. cit. Corollary 7.2.4. �

Following the method of Grothendieck [G] and Gillet [Gi1], we define Chern
classes

c(E⋆) = (ci(E⋆))i≥0 ∈
⊕

i≥0

H2i(X⋆,T(i))

of a vector bundleE⋆ overX⋆ as follows. LetE⋆ be of ranka, and letf be the
natural projectionP(E⋆) → X⋆. Let ξ ∈ H2(P(E⋆),Tn(1)) be the value of the first
Chern class of the tautological line bundle onP(E⋆), cf. Definition 5.3 (2). Noting the
Dold-Thom isomorphism

a⊕

i=1

H2i(X⋆,Tn(i)) ≃ H
2a(P(E⋆),Tn(a)), (bi)

a
i=1 7→

a∑

i=1

f∗(bi) ∪ ξ
a−i

(5.4.3)
obtained from Theorem 4.1 and [Gi1] Lemma 2.4, we define

c0(E⋆) := 1 and ci(E⋆) := 0 for i > a,

and defineci = ci(E⋆) for i = 1, 2, . . . , a by the equation

ξa + f∗(c1) ∪ ξ
a−1 + · · ·+ f∗(ca−1) ∪ ξ + f∗(ca) = 0

in H2a(P(E⋆),Tn(a)).

Documenta Mathematica 18 (2013) 177–247



Cycle Class and p-Adic Regulator 197

Proposition 5.5 LetX⋆ be a simplicial object inV . Then the Chern classesc(E⋆)
of vector bundlesE⋆ overX⋆ satisfy the following properties:

(1) (Normalization) If E⋆ is a line bundle, then we havec0(E⋆) = 1 and
ci(E⋆) = 0 for i > 1, and c1(E⋆) is the value of the first Chern class
c1(E⋆) ∈ H1((X⋆)Zar,O×) under the map(5.3.1).

(2) (Functoriality) For a morphismf : X⋆ → X ′⋆ of simplicial objects inV and a
vector bundleE⋆ onX ′⋆, we have

c(f∗E⋆) = f∗c(E⋆),

wheref∗ on the right hand side denotes the pull-back map obtained from the
contravariant functoriality ofTn(r), cf. Remark3.10.

(3) (Whitney sum) For a short exact sequence0→ E′⋆ → E⋆ → E′′⋆ → 0 of vector
bundles onX⋆, we have

cr(E⋆) =
∑

s+t=r

cs(E
′
⋆) ∪ ct(E

′′
⋆ ) ∈ H

2r(X⋆,Tn(r))

for eachr ≥ 0, where the cup product is taken with respect to the product
structure of{Tn(r)X⋆

}r≥0 in the derived category ofZ/pn-sheaves on(X⋆)ét ,
cf. Remark3.11 (1).

Moreover, the Chern classesc(E⋆) are characterized by these three properties.

Proof. The properties (1) and (2) immediately follow from this definition of Chern
classes. The last assertion on the uniqueness follows from the splitting principle of
vector bundles, whose details are straight-forward and left to the reader.

We prove the property (3) using the arguments of Grothendieck in [G] p. 144 Theo-
rem 1 (iii), as follows. Letπ′ : D′⋆ → X⋆ andπ′′ : D′′⋆ → X⋆ be the (simplicial) flag
schemes ofE′⋆ andE′′⋆ , respectively, and put

D⋆ := D′⋆ ×X⋆
D′′⋆ ,

which is identified with the flag scheme ofπ′′∗E′⋆ overD′′⋆ . Let f : D⋆ → X⋆ be the
natural projection. Since the pull-back map

f∗ : H2i(X⋆,Tn(i)) −→ H2i(D⋆,Tn(i)),

is injective by (5.4.3), we may replace(X⋆, E⋆, E
′
⋆, E

′′
⋆ )with (D⋆, f

∗E⋆, f
∗E′⋆, f

∗E′′⋆ )
to assume thatE⋆ has a filtration by subbundles

E⋆ = E0
⋆ ⊃ E

1
⋆ ⊃ · · · ⊃ E

a
⋆ = 0 (a := rank(E⋆))

such that the quotientEi
⋆/E

i+1
⋆ is a line bundle overX⋆ for 0 ≤ i ≤ a − 1 and such

thatEb
⋆ = E′⋆ for b = rank(E′′⋆ ). Now let

g : X ′⋆ := P(E⋆) −→ X⋆
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be the projective bundle associated withE⋆. Let L⋆ be the tautological line bundle
overX ′ = P(E⋆) and lets : X ′⋆ → g∗E⋆ ⊗ L⋆ =: F⋆ be the section induced by the
canonical inclusion(L⋆)

∨ →֒ g∗E⋆:

s : X ′⋆
1
−→ A1

X′
⋆
−→ g∗E⋆ ⊗ L⋆ = F⋆ .

PutF i
⋆ := g∗Ei

⋆ ⊗ L andV i
⋆ := s−1(F i

⋆) for 0 ≤ i ≤ a. ThenV a
⋆ is empty becauses

does not vanish. MoreoverV i
⋆ is a simplicial object inV and the section

si : V
i
⋆

s
−→ F i

⋆|V i
⋆
−→ (F i

⋆/F
i+1
⋆ )|V i

⋆

meets the zero section transversally for0 ≤ i ≤ a − 1, cf. [G] p. 147. On the other
hand, to prove the Whitney sum formula, it is enough to show

m+n−1∏

i=0

c1(F
i
⋆/F

i+1
⋆ ) = 0.

We are thus reduced to the following simplicial analogue of loc. cit. p.141 Lemma 2:

Lemma 5.6 LetX⋆ be a simplicial object inV . LetE⋆ be a vector bundle of rank
a overX⋆. Let (Ei

⋆)0≤i≤a be a descending filtration consisting of subbundles onE⋆

such thatEi
⋆ has ranka− i. For 1 ≤ i ≤ a, put

ξi := c1(E
i−1
⋆ /Ei

⋆) ∈ H
2(X⋆,Tn(1)).

Lets : X⋆ → E⋆ be a section ofE⋆ → X⋆ . For 0 ≤ i ≤ a, put

V i
⋆ := s−1(Ei

⋆), Li
⋆ := (Ei

⋆/E
i+1
⋆ )|V i

⋆
(restriction ofEi

⋆/E
i+1
⋆ ontoV i

⋆ ),

and letsi : V i
⋆ → Li

⋆ be the section induced bys. Assume the following condition:

• V i
⋆ is a simplicial object inV for 0 ≤ i ≤ a, andsi intersects the zero section

transversally for0 ≤ i ≤ a− 1.

Then we have

clX⋆
(V a

⋆ ) =
a∏

i=1

ξi in H2a(X⋆,Tn(a)) ,

whereclX⋆
(V a

⋆ ) denotes the value of1 under the Gysin map

Z/pn = H0(V a
⋆ ,Tn(0)) −→ H2a(X⋆,Tn(a)) .

One can easily check this lemma by the properties of the Gysinmorphisms in
Proposition 5.4 and the arguments in loc. cit. p.141 Lemma 2.This completes the
proof of Proposition 5.5. �

Now letX be a scheme which belongs toV . Applying the construction of Chern
classes to the caseX⋆ = B⋆GLs,X andE⋆ = universal ranks bundle overB⋆GLs/X ,
we obtain Chern classes

cj(E⋆) ∈ H
2j(B⋆GLs,X ,Tn(j)) (j ≥ 0),
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which are called theuniversal ranks Chern classes. On the other hand, letIn(j)•X be
an injective resolution of the complexCn(j)

•
X onXét defined in Definition 3.5, and

consider the following complex of abelian sheaves onXZar:

· · · −→ ǫ∗In(j)
2j−2
X

d2j−2

−→ ǫ∗In(j)
2j−1
X

d2j−1

−→ Ker(d2j : ǫ∗In(j)
2j
X → ǫ∗In(j)

2j+1
X ).

Hereǫ : Xét → XZar denotes the continuous map of small sites, and we regarded
this sequence as a chain complex with the most right term placed in degree0. We
apply the Dold-Puppe construction [DP] to this complex to obtain a sheaf of simplicial
abelian groups, which we denote byK(Tn(j), 2j). For a closed subsetZ of X and
non-negative integersi, r ≥ 0, we define the Chern class map

CZ
r,i : KZ

i (X) −→ H2r−i
Z (X,Tn(r)) (5.6.1)

as the following composite map (cf. [Gi1] Definition 2.22):

KZ
i (X) −→ H−iZ (XZar,Z× Z∞B⋆GL(OX))

pr
−→ H−iZ (XZar,Z∞B⋆GL(OX))

πi(Z∞cr)
−→ H−iZ (XZar,Z∞K(Tn(r), 2r)) ∼= H2r−i

Z (Xét,Tn(r)).

HereZ∞ denotes the Bousfield-Kan completion [BoK], and we have usedthe univer-
sal ranks Chern classcr(E⋆) for a sufficiently larges to define the arrowπi(Z∞cr).
See [Gi1] Proposition 2.15 for the first arrow and see loc. cit. p. 226 for the last iso-
morphism. The mapCX

r,0 agrees withcr for X⋆ = X (constant simplicial scheme)
defined before.

Theorem 5.7 (1) CZ
r,i is contravariantly functorial in the pair(X,Z), that is, for

a morphismf : X → X ′ in V and a closed subsetZ ′ ⊂ X ′ with f−1(Z ′) ⊂ Z,
there is a commutative diagram

KZ′

i (X ′)
CZ′

r,i //

f∗

��

H2r−i
Z′ (X ′,Tn(r))

f∗

��
KZ
i (X)

CZ
r,i // H2r−i

Z (X,Tn(r)).

(2) CZ
r,i is additive fori > 0.

(3) The induced Chern character

ch :
⊕

i≥0

Ki(X) −→
∏

i,r≥0

Hi(X,TQp
(r))

with Hi(X,TQp
(r)) := Qp ⊗Zp

lim
←− n≥1 H

i(X,Tn(r)) is a ring homomor-
phism.

Proof. (1) follows from the functoriality results in Proposition 5.5 (2) and Proposition
3.8. The assertion (2) follows from Proposition 5.5 (3) and [Gi1] Lemma 2.26. See
loc. cit. Definition 2.34 and Proposition 2.35 for the assertion (3). �
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6 Purity along log poles

This and the next section are devoted to the construction of cycle class maps from
higher Chow groups top-adic étale Tate twists.

Let k be a field of characteristicp > 0, and letY be a normal crossing variety over
k. Let c be a positive integer. LetD be a non-empty admissible divisor onY , and let
Z be a reduced closed subscheme ofY which has codimension≥ c and contained in
D. Let i : Z →֒ Y be the natural closed immersion. In this section, we first prove the
following purity result:

Theorem 6.1 (Purity) We haveRqi!νr(Y,D),n = 0 for q ≤ c.

See Theorem 6.5 below for a consequence of this theorem. Notethat the assertion for
q = c does not follow directly from Gros’ purity [Gr1] II Théorème 3.5.8, even when
Y is smooth. The case thatY is smooth has been considered and proved independently
by Mieda ([Mi1] Proof of Theorem 2.4, [Mi2]). Although the proof of Theorem 6.1
given below is essentially a variant of Gros’ proof of [Gr1] II Théorème 3.5.8, we
include detailed computations for the convenience of the reader.

Proof of Theorem 6.1.Since the problem is étale local, we may assume thatY is
simple and that there exists a pair(Y ,D) satisfying the following (1) and (2):

(1) Y is smooth overk and containsY as a normal crossing divisor,

(2) D is a normal crossing divisor onY such thatY ∪ D has normal crossings on
Y and such thatY ∩D = D.

Then we have a short exact sequence onYét

0 −→WnΩ
r+1
(Y ,D),log −→WnΩ

r+1
(Y ,Y ∪D),log −→ νr(Y,D),n −→ 0

(a variant of (2.1.1)), which reduces the assertion to the case thatY is smooth overk
and thatD has normal crossings onY . Furthermore, we may assume thatZ is regular
of pure codimensionc by a standard devissage argument. In what follows, we prove

Rqi!WnΩ
r
(Y,D),log = 0 for q 6= c+ 1, (6.1.1)

assuming thatY is smooth overk (and thatZ is regular and contained inD). By the
short exact sequences onYét

0 −→Wn−1Ω
r
(Y,D),log −→WnΩ

r
(Y,D),log −→ Ωr

(Y,D),log −→ 0,

0 −→ Ωr
(Y,D),log −→ Z r

Y (logD)
1−C
−−→ Ωr

Y (logD) −→ 0

(cf. (2.1.1) and [Sa1] Corollary 2.2.5 (2), Lemma 2.4.6), itis enough to show that

Rqi!Z r
Y (logD) = 0 = Rqi!Ωr

Y (logD) for q 6= c, (6.1.2)

1− C : Rci!Z r
Y (logD) −→ Rci!Ωr

Y (logD) is injective. (6.1.3)
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The assertion (6.1.2) follows from the smoothness ofY and the fact thatΩr
Y (logD)

andZ r
Y (logD) are locally free overOY and(OY )

p, respectively.

We prove (6.1.3) in what follows. Since the problem is étalelocal onZ, we may
assume the following condition:

(⋆) Y is affine, and there exists a regular sequencet1, · · · , tc ∈ Γ (Y,OY ) such that
the ideal(t1, · · · , tc) ⊂ OY definesZ and such thatt1, · · · , ta (1 ≤ a ≤ c) are
uniformizers of the irreducible components ofD. Moreover,Ω1

Y is free overOY

and has a basis{dtλ}λ∈Λ which containsdt1, . . . , dtc.

Let τ be the natural open immersion

τ : Y [t−11 , . . . , t−1c ]
� � // Y.

For j = 1, . . . , c, letσj be the natural open immersion

σj : Y [t−11 , . . . , t−1j−1, t
−1
j+1, . . . , t

−1
c ] � � // Y.

We recall here the following standard fact (cf. [Gr1] II (3.3.6)):

Lemma 6.2 We have isomorphisms of sheaves onZét

Rci!Ωr
Y (logD) ≃ τ∗τ

∗Ωr
Y (logD)

/∑c
j=1 σj∗σ

∗
jΩ

r
Y (logD) (6.2.1)

= τ∗τ
∗Ωr

Y

/(∑a
j=1 σj∗σ

∗
jΩ

r
Y (logD) +

∑c
j=a+1 σj∗σ

∗
jΩ

r
Y

)
,

Rci!Z r
Y (logD) ≃ τ∗τ

∗Z r
Y (logD)

/∑c
j=1 σj∗σ

∗
j Z r

Y (logD) (6.2.2)

= τ∗τ
∗Z r

Y

/(∑a
j=1 σj∗σ

∗
jZ

r
Y (logD) +

∑c
j=a+1 σj∗σ

∗
j Z r

Y

)
,

where we regarded the sheaves on the right hand side as sheaves onZét naturally.

We define an ascending filtrationFilm (m ≥ 0) on τ∗τ∗Ωr
Y as

Film(τ∗τ
∗Ωr

Y ) :=

{
1

(t1t2 · · · tc)pm
ω ∈ τ∗τ

∗Ωr
Y

∣∣∣∣ ω ∈ Ωr
Y

}
.

Let Fil•(Rci!Ωr
Y (logD)) be the induced filtration, and letFil•(Rci!Z r

Y (logD)) be its
inverse image under the canonical map

Rci!Z r
Y (logD) −→ Rci!Ωr

Y (logD)) (6.2.3)

induced by the natural inclusionZ r
Y (logD) →֒ Ωr

Y (logD)). Note that

Rci!Z r
Y (logD) =

∞⋃

m=0

Film(Rci!Z r
Y (logD)).

We prove here the following lemma.
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Lemma 6.3 (1) The map(6.2.3)is injective.

(2) Film(Rci!Z r
Y (logD)) is generated by elements of the form

[
1

(t1t2 · · · tc)pm
ω

]
with ω ∈ Z r

Y ,

where[−] denotes the residue class inFilm(Rci!Z r
Y (logD)) via (6.2.2).

(3) The kernel of the projection via(6.2.1)

Film(τ∗τ
∗Ωr

Y ) −→ Film(Rci!Ωr
Y (logD))

agrees with the subgroup

{
c∑

j=1

1

(t1 · · · tj−1tj+1 · · · tc)pm
ωj

∣∣∣∣∣
ωj ∈ Ωr

Y (logDj) (1 ≤ j ≤ a)

ωj ∈ Ωr
Y (a < j ≤ c)

}
,

whereDj ⊂ Y denotes the regular divisor defined bytj for 1 ≤ j ≤ a.

Proof. We prove (1). By the short exact sequence

0 −→ Z r
Y (logD) −→ Ωr

Y (logD)
d
−→ Br+1

Y (logD) −→ 0,

we have a long exact sequence onZét

· · · −→ Rc−1i!Br+1
Y (logD) −→ Rci!Z r

Y (logD) −→ Rci!Ωr
Y (logD) −→ · · · .

The assertion follows from the smoothness ofY and the fact thatBr+1
Y (logD) is

locally free over(OY )
p. The assertion (2) is a consequence of (1), and (3) is straight-

forward. �

We return to the proof of (6.1.3), and compute the map1− C in (6.1.3):

1− C : Rci!Z r
Y (logD) −→ Rci!Ωr

Y (logD)), (6.3.1)

using the filtrationFil•. Put

grm(−) := Film(−)/Film−1(−).

Since we have

C

(
1

(t1t2 · · · tc)pm
ω

)
=

1

(t1t2 · · · tc)m
C(ω) for ω ∈ Z r

Y ,

the Cartier operator preservesFil• (by Lemma 6.3 (2)) and induces a map

grm(C) : grm(Rci!Z r
Y (logD)) −→ grm(Rci!Ωr

Y (logD)),
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which is the zero map form ≥ 2. Hence we have

the kernel of (6.3.1)⊂ Fil1(R
ci!Z r

Y (logD)).

Let Dj ⊂ Y be as we defined in Lemma 6.3 (3) for1 ≤ j ≤ a. Fix an arbitrary
ω ∈ Z r

Y , and assume that

x :=

[
1

(t1t2 · · · tc)p
ω

]
∈ Fil1(R

ci!Z r
Y (logD))

belongs to the kernel of (6.3.1). To show (6.1.3), we have to prove that

ω =
c∑

j=1

tpj ηj for some

{
ηj ∈ Ωr

Y (logDj) (1 ≤ j ≤ a)

ηj ∈ Ωr
Y (a < j ≤ c)

(6.3.2)

in Ωr
Y (logD), which is equivalent to thatx = 0 in Rci!Z r

Y (logD) by Lemma 6.3 (1)
and (6.2.1). Sincex = C(x) in Fil1(R

ci!Ωr
Y (logD)) by assumption, we have

1

(t1t2 · · · tc)p
ω −

1

t1t2 · · · tc
C(ω) =

c∑

j=1

1

(t1t2 · · · tj−1tj+1 · · · tc)p
αj

in τ∗τ∗Ωr
Y for someαj ∈ Ωr

Y (logDj) (1 ≤ j ≤ a) andαj ∈ Ωr
Y (a < j ≤ c) by

Lemma 6.3 (3). This implies

ω = (t1t2 · · · tc)
p−1C(ω) +

c∑

j=1

tpj αj in Ωr
Y , (6.3.3)

and our task is to prove that

(t1t2 · · · tc)
p−1C(ω) =

c∑

j=1

tpj ζj for some

{
ζj ∈ Ωr

Y (logDj) (1 ≤ j ≤ a)

ζj ∈ Ωr
Y (a < j ≤ c).

(6.3.4)
Take a basis{dtλ}λ∈Λ of Ω1

Y overOY which containdt1, . . . , dtc (see the condition
(⋆)). Fix an ordering onΛ and letJ be the set of allr-tuplesλ = (λ1, λ2, . . . , λr) of
elements ofΛ satisfying

λ1 < λ2 < · · · < λr.

Forλ = (λ1, λ2, . . . , λr) ∈ J , put

dtλ := dtλ1 ∧ dtλ2 ∧ · · · ∧ dtλr
∈ Ωr

Y .

Using the basis{dtλ}λ∈J of Ωr
Y overOY , we decomposeC(ω) as

C(ω) = ǫ+ δ (ǫ, δ ∈ Ωr
Y ). (6.3.5)
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Hereǫ is anOY -linear combination ofdtλ’s which containdtj for some1 ≤ j ≤ a,
andδ is anOY -linear combination ofdtλ’s which contain none ofdt1, . . . , dta. We
have

(t1t2 · · · tc)
p−1ǫ =

a∑

j=1

tpj βj for someβj ∈ Ωr
Y (logDj) (1 ≤ j ≤ a), (6.3.6)

which implies (6.3.4) ifδ = 0. Otherwise, we proceed as follows. Put

y := (t2t3 · · · tc)
p−1δ ∈ Ωr

Y .

Sincedω = 0, the equalities (6.3.3) and (6.3.6) imply

tp−21 dt1 ∧ y = tp−11 dy +
c∑

j=1

tpj β
′
j for some

{
β′j ∈ Ωr

Y (logDj) (1 ≤ j ≤ a)

β′j ∈ Ωr
Y (a < j ≤ c).

By this equality and the assumption onδ, one can easily check that

tp−21 dt1 ∧ y =

c∑

j=1

tpj β
′′
j for some

{
β′′1 ∈ Ωr

Y (logD1)

β′′j ∈ Ωr
Y (2 ≤ j ≤ c).

(6.3.7)

To proceed with the proof of (6.3.4), we need the following lemma:

Lemma 6.4 Letf andg be the followingOY -linear maps, respectively:

f : Ωr
Y −→ Ωr+1

Y , z 7→ dt1 ∧ z,

g : Ωr
Y (logD1) −→ Ωr+1

Y (logD1), z 7→
dt1
t1
∧ z.

Then the following holds:

(1) For m ≥ 1, we have

Im(f) ∩

(
tm1 Ωr+1

Y (logD1) +

c∑

j=2

tmj Ωr+1
Y

)
= tm1 Im(g) +

c∑

j=2

tmj Im(f).

(2) For m,n ≥ 0, we have

tn1 Ω
r+1
Y ∩

( c∑

j=2

tmj Im(f)

)
=

c∑

j=2

tn1 t
m
j Im(f).

(3) For m ≥ 0, the sequence

tm1 Ωr−1
Y

f // tm1 Ωr
Y

f // tm1 Ωr+1
Y

is exact.
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Proof. These assertions follow from linear algebra overOY . The details are straight-
forward and left to the reader. �

By (6.3.7) and Lemma 6.4 (1) form = p, we have

tp−21 dt1 ∧ y = tp−11 dt1 ∧ γ1 +
c∑

j=2

tpj dt1 ∧ γj (6.4.1)

for someγ1 ∈ Ωr
Y (logD1) and someγj ∈ Ωr

Y (2 ≤ j ≤ c). If p = 2, this equality
implies

tp−21 dt1 ∧ y = tp−21 dt1 ∧

(
t1γ1 +

c∑

j=2

tpj γj

)
. (6.4.2)

If p ≥ 3, we obtain (6.4.2) from (6.4.1) by replacingγ2, . . . , γc suitably inΩr
Y (2 ≤

j ≤ c), where we used Lemma 6.4 (2) for(m,n) = (p, p− 2). Noting thatt1γ1 and
tpj γj (2 ≤ j ≤ c) belong toΩr

Y , we have

tp−21 y = tp−21 dt1 ∧ ϑ+ tp−11 γ1 +

c∑

j=2

tpj (t
p−2
1 γj) for someϑ ∈ Ωr−1

Y

by (6.4.2) and Lemma 6.4 (3) form = p− 2. Thus we have

(t1t2 · · · tc)
p−1δ = tp−11 y = tp1

(
dt1
t1
∧ ϑ+ γ1

)
+

c∑

j=2

tpj (t
p−1
1 γj),

which implies (6.3.4) (see also (6.3.5), (6.3.6)). This completes the proof of (6.3.2),
(6.1.3) and Theorem 6.1. �

Theorem 6.5 Let S, p andX be as in Setting3.1, and letc be a positive integer.
LetD be a non-empty normal crossing divisor onX , and letZ be a closed subset of
X which has codimension≥ c. PutU := X −D. Then we have

Hq
Z(X,Tn(r)(X,D)) ≃

{
0 (q < r + c)

Hr+c
Z∩U (U,Tn(r)U ) (q = r + c).

(6.5.1)

In particular, whenZ has pure codimensionr onX , we have

Hq
Z(X,Tn(r)(X,D)) ≃

{
0 (q < 2r)

Z/pn[Z0 ∩ U ] (q = 2r),
(6.5.2)

whereZ/pn[Z0 ∩ U ] means the freeZ/pn-module generated by the setZ0 ∩ U .

Proof. Admitting (6.5.1), we obtain (6.5.2) from the purity ofTn(r)U ([Sa2] Theorem
4.4.7, Corollary 4.4.9) and the absolute purity ofµ⊗rpn on U [p−1] ([FG]). To show
(6.5.1), we divide the problem into the following 4 cases:
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(1) Z ⊂ D ∩ Y (2)Z ⊂ D andZ 6⊂ Y

(3) Z is arbitrary andq < r + c (4)Z is arbitrary andq = r + c.

The case (1) follows from Theorems 3.3, 6.1 (see also Remark 3.13) and the same
arguments as in [Sa2] Theorem 4.4.7. The case (2) follows from the case (1) and the
same arguments as in loc. cit. Corollary 4.4.9. The case (3) also follows from similar
arguments as for the previous cases. To prove the case (4), write Z as the union of
closed subsets

Z = Z1 ∪ Z2,

whereZ1 has pure codimensionc onX , Z2 has codimension≥ c + 1 onX and we
suppose that no irreducible components ofZ2 are contained inZ1. SinceZ1 ∩Z2 has
codimension≥ c + 2 onX , the assertion in the cases (1)–(3) and a Mayer-Vietoris
long exact sequence

· · · −→ Hr+c
Z1∩Z2

(X,Tn(r)(X,D)) −→
⊕

j=1,2

Hr+c
Zj

(X,Tn(r)(X,D))

−→ Hr+c
Z (X,Tn(r)(X,D)) −→ Hr+c+1

Z1∩Z2
(X,Tn(r)(X,D)) −→ · · ·

imply isomorphisms

Hr+c
Z (X,Tn(r)(X,D)) ≃

⊕

j=1,2

Hr+c
Zj

(X,Tn(r)(X,D)) ≃ H
r+c
Z1

(X,Tn(r)(X,D)).

Similarly, we haveHr+c
Z∩U (U,Tn(r)U ) ≃ H

r+c
Z1∩U

(U,Tn(r)U ) by the purity ofTn(r)U
([Sa2] Corollary 4.4.9). Hence we may assume thatZ has pure codimensionc onX .
Moreover we may assume that no irreducible components ofZ are contained inD
by the cases (1)+(2) and a similar devissage argument. Then noting thatZ ∩ D has
codimension≥ c+ 1 onX , we obtain the case (4) from the cases (1)+(2) and a long
exact sequence

· · · −→ Hr+c
Z∩D(X,Tn(r)(X,D)) −→ Hr+c

Z (X,Tn(r)(X,D)) −→ Hr+c
Z∩U (U,Tn(r)U )

−→ Hr+c+1
Z∩D (X,Tn(r)(X,D)) −→ · · · .

This completes the proof of Theorem 6.5. �

Definition 6.6 LetX andD be as in Theorem6.5, and letC be a cycle onU :=
X −D of codimensionr. LetW ⊂ U be the support ofC and letW be its closure in
X . Then we define the cycle class

clX(C) ∈ H2r
W
(X,Tn(r)(X,D))

as the inverse image ofclU (C) ([Sa2] 5.1.2)under the isomorphism in Theorem6.5

H2r
W
(X,Tn(r)(X,D))

∼−→ H2r
W (U,Tn(r)U ).
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7 Cycle class map

Let S, p andX be as in Setting 3.1. In this section, we construct a cycle class mor-
phism

clX : Z(r)étX ⊗
L Z/pn −→ Tn(r)X in D(Xét,Z/p

n), (7.0.1)

following the method of Bloch [B3]§4 (cf. [GL] §3, see also Remark 7.3 below). Here
Z(r)étX denotes the étale sheafification onX of the presheaf of cochain complexes

U 7−→ zr(U, ⋆)[−2r],

andzr(U, ⋆) denotes Bloch’s cycle complex

· · · −→ zr(U, q)
dq

−→ zr(U, q − 1)
dq−1
−→ · · ·

d1−→ zr(U, 0).
(degree−q) (degree−q + 1) (degree0)

We review the definition of this complex briefly, which will beuseful later. Let∆⋆ be
the standard cosimplicial scheme overSpec(Z):

∆q := Spec(Z[t0, t1, . . . , tq]/(t0 + t1 + · · ·+ tq = 1)).

A face of∆q (of codimensiona ≥ 1) is a closed subscheme defined by the equation

ti1 = ti2 = · · · = tia = 0 for some 0 ≤ i1 < i2 < · · · < ia ≤ q.

Now zr(U, q) is defined as the free abelian group generated by the set of allintegral
closed subschemes onU × ∆q of codimensionr which meet all faces ofU × ∆q

properly. Here a face ofU ×∆q means the product ofU and a face of∆q. Noting that
the faces of codimension1 are effective Cartier divisors, we define the differential
mapdq as the alternating sum of pull-back maps along the faces of codimension1,
which defines the above complexzr(U, ⋆).

We fix a projective completion∆q of ∆q as follows:

∆q := Proj (Z[T0, T1, . . . , Tq, T∞]/(T0 + T1 + · · ·+ Tq = T∞)).

LetDq ⊂ ∆q be the hyperplane at infinity:

Dq : T∞ = 0.

The following proposition plays a key role in our construction of the morphism (7.0.1).

Proposition 7.1 Let q andr be integers withq, r ≥ 0, and letU beétale of finite
type overX . LetΣr,q be the set of all closed subsets onU ×∆q of pure codimension
r which meet the faces ofU ×∆q properly. ForW ∈ Σr,q, letW be the closure of
W in U ×∆q. Then:

(1) There is an isomorphism

clr,q : zr(U, q)⊗ Z/pn ∼−→ lim
−→

W∈Σr,q

H2r
W

(
U ×∆q,Tn(r)(U×∆q ,U×Dq)

)

sending a cycleC ∈ zr(U, q) to the cycle classclU×∆q (C) (see Definition6.6).
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(2) For W ∈ Σr,q, the natural morphism

τ≤2r RΓW

(
U ×∆q,Tn(r)(U×∆q ,U×Dq)

)

−→ H2r
W

(
U ×∆q,Tn(r)(U×∆q ,U×Dq)

)
[−2r]

is an isomorphism in the derived category ofZ/pn-modules.

(3) LetC be a cycle which belongs tozr(U, q), and letW be the support ofC (note
thatW belongs toΣr,q). Leti : U ×∆q−1 →֒ U ×∆q be the closure of a face
mapi : U ×∆q−1 →֒ U ×∆q. Then the pull-back map

i∗ : H2r
W

(
U ×∆q,Tn(r)(U×∆q ,U×Dq)

)

−→ H2r
i−1(W )

(
U ×∆q−1,Tn(r)(U×∆q−1 ,U×Dq−1)

)

sends the cycle classclU×∆q (C) to cl
U×∆q−1 (i

∗C), wherei∗C denotes the
pull-back of the cycleC alongi.

Proof. (1) and (2) follow from Theorem 6.5 and the definition ofzr(U, q). We show
(3). By Theorem 6.5, it is enough to show that the pull-back map

i∗ : H2r
W (U ×∆q,Tn(r)U×∆q ) −→ H2r

i−1(W )

(
U ×∆q−1,Tn(r)U×∆q−1

)

sends the cycle classclU×∆q (C) to clU×∆q−1 (i∗C). Put

U := U ×∆q, D := i(U ×∆q−1) ⊂ U and V := U −D

and lett ∈ Γ (U ,OU ) be a defining equation ofD . Noting thati−1(W ) = W ∩ D ,
consider the following diagram:

H2r
W (U ,Tn(r)U )

α

��

i∗ // H2r
W∩D

(D ,Tn(r)D)

i∗≀

��
H2r+1

W∩V
(V ,Tn(r + 1)V )

−δ //

��

H2r+2
W∩D

(U ,Tn(r + 1)U )

≀

��⊕
y∈W 0

H2r+1
y (V ,Tn(r + 1)V ) −δ //

⊕
x∈(W∩D)0

H2r+2
x (U ,Tn(r + 1)U )

⊕
y∈W 0

κ(y)×/pn

g ≀

OO

div //
⊕

x∈(W∩D)0
Z/pn.

g′≀

OO

Here we definedα by sendingω ∈ H2r
W (U ,Tn(r)U ) to {t|V } ∪ ω|V , where{t|V }

denotes the class oft|V ∈ Γ (V ,O
×
V
) in H1(V ,Tn(1)V ). The arrowsi∗, g andg′ are
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Gysin isomorphisms (cf. [Sa2] Theorem 4.4.7). The arrowsδ are boundary maps of
localization long exact sequences, and the central square commutes obviously. The ar-
rowdiv denotes the divisor map, and the bottom square commutes by the compatibility
in loc. cit. Theorem 6.1.1 and [JSS] Theorem 3.1.1 (see also Remark 3.7 of this paper).
The top square commutes by the following equalities (ω ∈ H2r

W (U ,Tn(r)U )):

i∗ ◦ i
∗(ω) = clU (D) ∪ ω = −δ({t|V }) ∪ ω = −δ({t|V } ∪ ω|V ) = −δ ◦ α(ω),

where the first (resp. second) equality follows from the projection formula in [Sa2]
Corollary 7.2.4 (resp. the same compatibility as mentionedbefore). Hence the asser-
tion follows from the transitivity of Gysin maps forW ∩ D →֒ D →֒ U (loc. cit.
Corollary 6.3.3) and the fact that the divisor mapdiv sendst|y ∈ κ(y)×/pn to the
cyclei∗[y], where[y] means the cycle onU given by the closure ofy. This completes
the proof. �

We construct the morphism (7.0.1). ForU as in the proposition, there is a diagram
of cochain complexes concerning• (see Corollary 3.9 (2) forGn(r)

•):

zr(U, q)⊗ Z/pn[−2r]
clr,q

−−−−−→ lim
−→

W∈Σr,q

H2r
W

(

U ×∆q,Tn(r)(U×∆q ,U×Dq)

)

[−2r]

αr,q

←−−−−− lim
−→

W∈Σr,q

τ≤2r ΓW

(

U ×∆q, Gn(r)
•

(U×∆q,U×Dq)

)

βr,q

−−−−−→ Γ
(

U ×∆q , Gn(r)
•

(U×∆q ,U×Dq)

)

.

Hereαr,q andβr,q are natural maps of complexes, which are obviously contravariant
for the face mapsU ×∆q−1 →֒ U ×∆q. The mapclr,q is bijective and contravariant
for these face maps by Proposition 7.1 (1) and (3). Hence we get homomorphisms of
double complexes concerning(⋆, •)

zr(U, ⋆)⊗ Z/pn[−2r]
(clr,⋆)−1◦αr,⋆

←−−−−− lim
−→

W∈Σr,⋆

τ≤2r ΓW

(

U ×∆⋆, Gn(r)
•

(U×∆⋆,U×D⋆)

)

βr,⋆

−−−−−→ Γ
(

U ×∆⋆, Gn(r)
•

(U×∆⋆,U×D⋆)

)

←−−−−− Γ (U,Gn(r)
•
U),

where the differentials in the⋆-direction are alternating sums of pull-back maps along
the faces of codimension1, and the last arrow is the inclusion to the factor of⋆ = 0.
The first and the last arrows are quasi-isomorphisms on the associated total complexes
by Proposition 7.1 (2) and Corollary 4.3, respectively. We thus obtain the desired
morphism (7.0.1) inD(Xét,Z/p

n) by sheafifying the diagram of total complexes.

Remark 7.2 The Rost-Voevodsky theorem([Vo1], [Vo2], [We], cf. [BK1] §3) and
the Suslin-Voevodsky theorem[SV] (cf. [GL]) imply that the morphism(7.0.1)induces
isomorphisms(cf. [Sa2]Conjecture1.4.1)

τ≤r (Z(r)
ét
X ⊗

L Z/pn) ∼−→ Tn(r)X in Db(Xét,Z/p
n),

τ≤r (Z(r)
Zar
X ⊗L Z/pn) ∼−→ τ≤rRε∗Tn(r)X in Db(XZar,Z/p

n),
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which one can easily check by similar arguments as in[SS] §A.2. HereZ(r)ZarX de-
notes the complex of Zariski sheaves onX defined asU 7→ zr(U, ⋆)[−2r], and ε
denotes the continuous map of sitesXét → XZar.

Remark 7.3 If X is smooth overS, thenZ(r)ZarX is concentrated in degrees≤ r by
a result of Geisser[Ge] Corollary 4.4. Hence his arguments in loc. cit.§6, Proof of
Theorem1.3gives an alternative construction of(7.0.1)in this case.

8 de Rham-Witt cohomology and homology

In this section we define two kinds of de Rham-Witt complexes for normal crossing
varieties playing the roles of cohomology and homology, andrelate them with the
modified de Rham-Witt complex of Hyodo [Hy2]. The main results of this section are
Theorems 8.8 and 8.12 below.

Let k be a field of characteristicp > 0, and letY be a normal crossing variety over
k. LetU ⊂ Y be a dense open subset which is smooth overk, and letσ : U →֒ Y be
the natural open immersion.

Definition 8.1 We define the complex(WnΛ
•
Y , d) of étale sheaves onY as the

differential graded subalgebra ofσ∗WnΩ
•
U generated by

WnOY and λ1Y,n(⊂ σ∗WnΩ
1
U ),

which we call the cohomological de Rham-Witt complex ofY . It is easy to see that
WnΛ

•
Y does not depend on the choice ofU . For n = 1, W1Λ

•
Y is the same as the

complexΛ•Y defined in[Sa1]§3.3.

By the relations




V (aR(x)) = V (a)x ∈ Wn+1Ω
r
U (a ∈ WnOU , x ∈Wn+1Ω

r
U,log )

F (ax) = F (a)R(x) ∈WnΩ
r
U (a ∈ Wn+1OU , x ∈ Wn+1Ω

r
U,log )

R(ax) = R(a)R(x) ∈WnΩ
r
U (a ∈ Wn+1OU , x ∈ Wn+1Ω

r
U,log )

(8.1.1)

(cf. [I1] I Théorème 2.17, Proposition 2.18), the operatorsV, F,R onWnΩ
r
U induce

operators

V : WnΛ
r
Y −→Wn+1Λ

r
Y ,

F : Wn+1Λ
r
Y −→WnΛ

r
Y ,

R : Wn+1Λ
r
Y −→WnΛ

r
Y ,

which satisfy relations

FV = V F = p, FdV = d, dF = pFd, V d = pdV, (8.1.2)

RV = V R, RF = FR, Rd = dR. (8.1.3)

The local structure ofWnΛ
r
Y can be written in terms of the usual Hodge-Witt sheaves

of the strata ofY .
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Proposition 8.2 (1) Assume thatY is simple, and letY1, Y2, · · · , Yq be the ir-
reducible components ofY . Then there is an exact sequence onYét

0 −→WnΛ
r
Y

ř0
−→

⊕

|I|=1

WnΩ
r
YI

ř1
−→

⊕

|I|=2

WnΩ
r
YI

ř2
−→

· · ·
řq−1

−→
⊕

|I|=q

WnΩ
r
YI
−→ 0,

where the notation is the same as in Proposition2.2.

(2) Assume thatY is embedded into a smoothk-varietyY as a normal crossing
divisor. Leti : Y →֒ Y be the closed immersion. Then there is a short exact
sequence onYét

0 −→WnΩ
r
Y (−logY ) −→WnΩ

r
Y

i∗
−→ i∗WnΛ

r
Y −→ 0.

Proof. (1) follows from the contravariant functoriality of Hodge-Witt sheaves of
smooth varieties and the same arguments as for [Sa1] Proposition 3.2.1. The assertion
(2) follows from (1) and [Mo] Lemma 3.15.1. �

We next introduce homological Hodge-Witt sheaves.

Definition 8.3 For r ≥ 0, we define théetale sheafWnΞ
r
Y on Y as theWnOY -

submodule ofσ∗WnΩ
r
U generated byνrY,n(⊂ σ∗WnΩ

r
U ). Similarly as forWnΛ

r
Y , the

sheafWnΞ
r
Y does not depend on the choice ofU . For n = 1, W1Ξ

r
Y agrees with the

sheafΞr
Y defined in[Sa1]§2.5.

SinceλrY,n ⊂ ν
r
Y,n by definition, we haveWnΛ

r
Y ⊂WnΞ

r
Y , which agree withWnΩ

r
Y

whenY is smooth (cf. [Sa1] Remark 3.1.4). The following local description will be
useful later.

Proposition 8.4 (1) Under the same setting and notation as in Proposition
8.2 (1), there is a canonical ascending filtrationFa (a ≥ 0) onWnΞ

r
Y satis-

fying
F0(WnΞ

r
Y ) = 0 and grFaWnΞ

r
Y ≃

⊕

|I|=a

WnΩ
r−a+1
YI

,

where the isomorphism fora ≥ 2 depends on the fixed ordering of the irre-
ducible components ofY .

(2) Under the same setting and notation as in Proposition8.2 (2), there is a short
exact sequence onYét

0 −→WnΩ
r+1
Y
−→WnΩ

r+1
Y

(logY )
̺
−→ i∗WnΞ

r
Y −→ 0,

where̺ is induced by the Poincaré residue mapping

̺0 :WnΩ
r+1
Y

(logY ) −→ (iσ)∗WnΩ
r
U .
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Proof. We first recall the following fact due to Mokrane [Mo] Proposition 1.4.5. Under
the setting of (2), letFaWnΩ

m
Y
(logY ) (a ≥ 0) be the image of the product

WnΩ
a
Y (logY )×WnΩ

m−a
Y

−→WnΩ
m
Y (logY ).

PutF−1WnΩ
m
Y
(logY ) := 0. Then there are isomorphisms

grFaWnΩ
m
Y (logY ) ≃

{
WnΩ

m
Y

(a = 0)⊕
|I|=a WnΩ

m−a
YI

(a ≥ 1),
(8.4.1)

which are induced by Poincaré residue mappings fora ≥ 1 and depend on the fixed
ordering of the irreducible components ofY for a ≥ 2. We prove (2). Because the
complementΣ := Y − U has codimension≥ 2 on Y and the sheavesWnΩ

r+1
Y

andWnΩ
r+1
Y

(logY ) are finitely successive extensions of locally freeOY -modules of
finite rank ([I1] I Corollaire 3.9), the sequence

0 −→WnΩ
r+1
Y
−→WnΩ

r+1
Y

(logY )
̺0
−→ (iσ)∗WnΩ

r
U

is exact by (8.4.1) forY −Σ. Hence it is enough to show thatIm(̺0) = i∗WnΞ
r
Y . Let

Fa(ν
r
Y,n) (a ≥ 0) be the filtration onνrY,n in [Sa1] Proposition 2.2.1, which is defined

under the assumption thatY is simple and satisfies

F0(ν
r
Y,n) = 0 and grFa ν

r
Y,n ≃

⊕

|I|=a

WnΩ
r−a+1
YI ,log

(non-canonically).

Hence comparing this local description ofνrY,n with (8.4.1) form = r + 1, we see
that Im(̺0) = i∗WnΞ

r
Y . As for (1), we define the desired filtrationFa(WnΞ

r
Y ) as

theWnOY -submodule generated byFa(ν
r
Y,n). This filtration satisfies the required

properties by (2) and again by (8.4.1). �

Since the residue mapping̺0 in Proposition 8.4 (2) commutes with the operators
d, V, F,R (cf. (8.1.1)), these operators onWnΩ

•
U induce operators

d :WnΞ
r
Y −→WnΞ

r+1
Y ,

V :WnΞ
r
Y −→Wn+1Ξ

r
Y ,

F :Wn+1Ξ
r
Y −→WnΞ

r
Y ,

R :Wn+1Ξ
r
Y −→WnΞ

r
Y

by Proposition 8.4 (2) (without the assumptions in Proposition 8.4 (1) or (2)), which
satisfy the relations listed in (8.1.2) and (8.1.3). We callthe resulting complex
(WnΞ

•
Y , d) the homological de Rham-Witt complex ofY .

Remark 8.5 There are natural injective homomorphisms of complexes

dim(Y )⊕

r=0

λrY,n[−r] →֒ WnΛ
•
Y ,

dim(Y )⊕

r=0

νrY,n[−r] →֒ WnΞ
•
Y ,

where the differentials on the complexes on the left hand side are defined as zero.
Indeed the differentials onWnΩ

•
U are zero onWnΩ

•
U,log .
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The following Proposition 8.6 and Theorem 8.8 explain a fundamental relationship
betweenWnΛ

•
Y andWnΞ

•
Y .

Proposition 8.6 The complexWnΞ
•
Y is aWnΛ

•
Y -module, that is, there is a natu-

ral WnOY -bilinear pairing

WnΛ
r
Y ×WnΞ

s
Y −→WnΞ

r+s
Y (r, s ≥ 0) (8.6.1)

satisfying the Leibniz rule

d(x · y) = (dx) · y + (−1)rx · dy (x ∈WnΛ
r
Y , y ∈WnΞ

s
Y ).

Moreover this pairing is compatible withR and satisfies relations

F (x · y) = F (x) · F (y)

x · V (y) = V (F (x) · y)

V (x) · y = V (x · F (y))

(x ∈WnΛ
r
Y , y ∈WnΞ

s
Y ).

Proof. The pairing (8.6.1) is induced by the product ofWnΩ
•
U and the biadditive

pairing
λrY,n × ν

s
Y,n −→ νr+s

Y,n

defined in [Sa1] Definition 3.1.1. The properties of the pairing (8.6.1) follow from the
corresponding properties of the product ofWnΩ

•
U ([I1] I Théorème 2.17, Proposition

2.18). �

Remark 8.7 Whenk is perfect andY is the special fiber of a regular semistable
familyX over a discrete valuation ring with residue fieldk, we have

WnΛ
•
Y ⊂Wnω

•
Y ⊂WnΞ

•
Y

by [Sa1]Proposition4.2.1. HereWnω
•
Y denotes the modified de Rham-Witt complex

associated withX [Hy2]. The complexWnΞ
•
Y does not in general have a product

structure unlessY is smooth.

Theorem 8.8 Assume thatk is perfect and thatY is proper overk. Put b :=
dim(Y ) andWn :=Wn(k). Then:

(1) There is a canonical trace maptrn : H2b(Y,WnΞ
•
Y ) → Wn, which is bijective

if Y is geometrically connected overk.

(2) The pairing

Hi(Y,WnΛ
•
Y )×H2b−i(Y,WnΞ

•
Y )

(8.6.1) // H2b(Y,WnΞ
•
Y )

trn // Wn

is a non-degenerate pairing of finitely generatedWn-modules for anyi ≥ 0.
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Proof. (1) Let fn be the canonical morphismWnY → Wn, whereWnY means the
scheme consisting of the topological spaceY and the structure sheafWnOY . Since
H2b(Y,WnΞ

•
Y ) ≃ H

b(Y,WnΞ
b
Y ), our task is to show that

WnΞ
b
Y
∼−→ f !

nWn in D+
qc(WnY,WnOY ), (8.8.1)

where the subscriptqc means the triangulated subcategory consisting of complexes
with quasi-coherent cohomology sheaves andf !

n means the twisted inverse image
functor of Hartshorne [Ha]. IfY is smooth, (8.8.1) is a theorem of Ekedahl [E]. In
the general case, (8.8.1) is reduced to the smooth case by Proposition 8.4 (2) and the
same arguments as for [Sa1] Proposition 2.5.9.

(2) The casen = 1 follows from [Sa1] Corollary 2.5.11, Proposition 3.3.5. The case
n ≥ 2 follows from a standard induction argument onn and the following lemma:�

Lemma 8.9 (1) There are injective homomorphisms

p :Wn−1Λ
r
Y →֒WnΛ

r
Y and p :Wn−1Ξ

r
Y →֒WnΞ

r
Y

induced by the multiplication byp onWnΛ
r
Y andWnΞ

r
Y , respectively.

(2) The following natural projections of complexes are quasi-isomorphisms:

WnΛ
•
Y /p(Wn−1Λ

•
Y ) −→ Λ•Y and WnΞ

•
Y /p(Wn−1Ξ

•
Y ) −→ Ξ•Y .

Proof. WhenY is smooth, the assertions are due to Illusie [I1] I Proposition 3.4 and
Corollaire 3.15. In the general case, (1) follows from that for the dense open subset
U ⊂ Y we fixed before. To prove (2), we may assume thatY is simple. Then the
assertions follow from those for the strata ofY and Propositions 8.2 (1) and 8.4 (1).�

In the rest of this section, we work under the following setting. LetA be a discrete
valuation ring with perfect residue fieldk, and letX be a regular semistable family
overA. PutY := X ⊗A k. Recall that

WnΛ
•
Y ⊂Wnω

•
Y ⊂WnΞ

•
Y

by Remark 8.7. We define a Frobenius endomorphismϕ on these complexes bypmF
on degreem ≥ 0. There is a short exact sequence of complexes with Frobeniusaction

0 −→Wnω
•
Y (−1)[−1]

dt
t
∧
−→Wn ω̃

•
Y −→ Wnω

•
Y −→ 0 (8.9.1)

by [Hy2] (1.4.3), where the complexWnω
•
Y (−1) means the complexWnω

•
Y with

Frobenius endomorphismp · ϕ. The monodromy operator

N :Wnω
•
Y −→Wnω

•
Y (−1)

is defined as the connecting morphism associated with this sequence.
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Proposition 8.10 There is a short exact sequence of complexes with Frobenius
action

0 −→WnΛ
•
Y −→Wn ω̃

•
Y −→WnΞ

•
Y (−1)[−1] −→ 0 (8.10.1)

fitting into a commutative diagram of complexes

Wnω
•
Y (−1)[−1]

dt
t
∧

��

v�

((RRRRRRRRRRRRR

WnΛ
•
Y

//
t�

''NNNNNNNNNNN
Wn ω̃

•
Y

//

��

WnΞ
•
Y (−1)[−1]

Wnω
•
Y .

Consequently, we obtain a complex ofWn(k)-modules with Frobenius action fori ≥ 0

Hi(Y,WnΛ
•
Y ) −→ Hi(Y,Wnω

•
Y )

N
−→ Hi(Y,Wnω

•
Y )(−1) −→ Hi(Y,WnΞ

•
Y )(−1). (8.10.2)

Proof. Let σ : U →֒ Y be as before and define a homomorphism∂ : Wn ω̃
r
Y →

σ∗WnΩ
r−1
U as the composite

∂ :Wn ω̃
r
Y −→ σ∗σ

∗Wn ω̃
r
Y
∼−→ σ∗(WnΩ

r
U ⊕WnΩ

r−1
U )

pr2−→ σ∗WnΩ
r−1
U ,

where the second arrow is obtained from the fact that the sequence (8.9.1) splits onU .
It is easy to see that∂ satisfies

d∂ = ∂d and ∂F = pF∂,

which induces a map of complexes∂• :Wn ω̃
•
Y −→ σ∗WnΩ

•
U (−1)[−1]. To show that

∂• induces the exact sequence (8.10.1), we may assume the assumption in Proposition
8.2 (2). Then we have an isomorphism of complexes

Wn ω̃
•
Y ≃WnΩ

•
Y (logY )/WnΩ

•
Y (−logY ) ([Hy2] p. 247 Lemma)

and the assertion follows from Propositions 8.2 (2) and 8.4 (2). The commutativity of
the diagram in the proposition is straight-forward and leftto the reader. �

We prove that the monodromy-weight conjecture for log crystalline cohomology
implies an invariant cycle ‘theorem’ (cf. [I2] 2.4.5), which will be useful in§§9–10
below. LetA be a discrete valuation ring with finite residue fieldk, andX be a
regular scheme which is projective flat overA with strict semistable reduction. Put
K0 := Frac(W (k)) andY := X ⊗A k. For integeri ≥ 0, we define

Ci := Qp ⊗Zp
lim
←−
n≥1

Hi(Y,WnΛ
•
Y ), (8.10.3)

Di := Qp ⊗Zp
lim←−
n≥1

Hi(Y,Wnω
•
Y ), (8.10.4)

Ei := Qp ⊗Zp
lim
←−
n≥1

Hi(Y,WnΞ
•
Y ), (8.10.5)
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which are finite-dimensional overK0 andF -isocrystals overSpec(k). The content of
the monodromy-weight conjecture due to Mokrane is the following:

Conjecture 8.11 ([Mo] Conjecture 3.27) The filtration onDi induced by
the weight spectral sequence(loc. cit. 3.25, cf. [Na] (2.0.9;p)) agrees with the mon-
odromy filtration induced by the monodromy operatorN : Di → Di(−1) ([Mo]
3.26).

Theorem 8.12 Let i ≥ 0 be an integer, and assume Conjecture8.11for Di. Then
the following sequence ofF -isocrystals overSpec(k) induced by(8.10.2)is exact:

Ci // Di N // Di(−1) // Ei(−1).

Proof. Suppose that#(k) = pa. Thenϕa is K0-linear and we use the notion of
weights concerningϕa. Because the groups

Hi(Y,WnΛ
•
Y ), Hi(Y,Wnω

•
Y ), Hi(Y,WnΞ

•
Y ), Hi(Y,Wn ω̃

•
Y )

are finite for anyn ≥ 1, there is a diagram ofF -isocrystals with exact rows by (8.9.1)
and Proposition 8.10

D̃i // Di N // Di(−1) //

))

D̃i+1

Ci //

66

D̃i
∂ // Ei−1(−1) // Ci+1 // D̃i+1

∂ // Ei(−1),

where we put
D̃i := Qp ⊗Zp

lim
←−
n≥1

Hi(Y,Wn ω̃
•
Y ).

By the assumption onDi,Ker(N) has weights≤ i andCoker(N) has weights≥ i+2.
Hence for the reason of weights, it is enough to show the following lemma, where we
do not need Conjecture 8.11:

Lemma 8.13 For integersi ≥ 0, Ci has weights≤ i andEi has weights≥ i.

Proof of Lemma 8.13.WhenY is smooth, the lemma is a consequence of the Katz-
Messing theorem [KM]. In the general case,Ci has weights≤ i by the spectral
sequence ofF -isocrystals obtained from Proposition 8.2 (1)

Es,t
1 =

⊕

|I|=s+1

Dt
I =⇒ Cs+t,

where we put
Dt

I := Qp ⊗Zp
lim
←−
n≥1

Ht(YI ,WnΩ
•
YI
).

MoreoverEi has weights≥ i by the duality result in Theorem 8.8. Thus we obtain
Lemma 8.13 and Theorem 8.12. �
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Remark 8.14 One can show Lemma8.13for Ei alternatively by the Katz-Messing
theorem and the spectral sequence obtained from Proposition 8.4 (1)

Es,t
1 =

⊕

|I|=1−s

D2s+t
I (s) =⇒ Es+t.

9 Comparison with the finite part of Bloch-Kato

In this section we relate the cohomology ofp-adic étale Tate twists with the finite part
of Bloch-Kato [BK2]. Letp be a prime number, and letK be ap-adic local field, i.e.,
a finite extension ofQp. LetOK be the integer ring ofK, and letk be the residue field
of OK . In this section we consider Tate twists only in the sense ofGK-Zp-modules
(and not in the sense ofF -crystals). For a topologicalGK-Zp-moduleM and an
integerr ∈ Z, we define

M(r) :=

{
M ⊗Zp

Zp(1)
⊗r (if r ≥ 0),

HomZp
(Zp(1)

⊗(−r),M) (if r < 0),

whereZp(1) denotes the topologicalGK -modulelim
←− n≥1 µpn(K).

LetX be a regular scheme which is projective flat overOK with strict semistable
reduction, and putXK := X ⊗OK

K andY := X ⊗OK
k. Let j : XK →֒ X

be the natural open immersion, and leti andr be non-negative integers. PutV i :=
Hi(XK ,Qp) (see also Notation) and

Hi+1(X,TQp
(r)) := Qp ⊗Zp

lim
←−
n≥1

Hi+1(X,Tn(r)X ),

which are finite-dimensional overQp. LetF • be the filtration onHi+1(XK ,Qp(r))
resulting from the Hochschild-Serre spectral sequence

Ea,b
2 = Ha(K,V b(r)) =⇒ Ha+b(XK ,Qp(r)). (9.0.1)

Let F qHi+1(X,TQp
(r)) be the inverse image ofF qHi+1(XK ,Qp(r)) under the

canonical mapj∗ : Hi+1(X,TQp
(r))→ Hi+1(XK ,Qp(r)). We have

Φi,r := gr1FH
i+1(X,TQp

(r)) →֒ gr1FH
i+1(XK ,Qp(r)) = H1(K,V i(r))

by definition. We relateΦi,r with the finite part of Bloch-Kato [BK2]:

H1
f (K,V

i(r)) := Ker(ι : H1(K,V i(r))→ H1(K,V i ⊗Qp
Bcrys)).

whereBcrys denotes the period ring of crystalline representations defined by Fontaine
[Fo1], andι is induced by the natural inclusionQp(r) →֒ Bcrys. The main result of
this section is as follows

Theorem 9.1 Assume0 ≤ r ≤ p− 2 and Conjecture8.11for Di := Di(Y ). Then
we have

Φi,r ⊂ H1
f (K,V

i(r)).

Further if r ≥ dim(XK)− p+ 3, then we haveΦi,r = H1
f (K,V

i(r)).
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Remark 9.2 WhenX is smooth overOK , Theorem9.1 is a part of thep-adic point
conjecture raised by Schneider[Sc] and proved by Langer-Saito[LS] and Nekov́ař
[Ne1].

Put

Hi+1(X, τ≤rRj∗Qp(r)) := Qp ⊗Zp
lim
←−
n≥1

Hi+1(X, τ≤rRj∗µ
⊗r
pn )

and letF qHi+1(X, τ≤rRj∗µ
⊗r
pn ) be the inverse image ofF qHi+1(XK ,Qp(r)) under

the map

j∗ : Hi+1(X, τ≤rRj∗µ
⊗r
pn )→ Hi+1(XK ,Qp(r)).

We first prepare the following key commutative diagram to prove Theorem 9.1, as-
suming0 ≤ r ≤ p− 2:

H1(K,V i(r))

ι

��

F 1Hi+1(X, τ≤rRj∗Qp(r))

σ′

((QQQQQQQQQQQQQQ

oo

α

��
(A)

H1(K,V i ⊗Qp
Bcrys) Di/NDi

δ
oo

ǫ
//

(B)

Ei,

(9.2.1)

whereEi := Ei(Y ) is as in (8.10.5), andDi/NDi denotes the cokernel of the mon-
odromy operatorN : Di → Di. The top arrow is induced byj∗ and an edge homo-
morphism of the spectral sequence (9.0.1). The arrowǫ is induced by the complex
(8.10.2), and the arrowσ′ is induced by the composite map

Hi+1(X, τ≤rRj∗µ
⊗r
pn )

σ
−→ Hi+1−r(Y, νr−1Y,n ) −→ Hi(Y,WnΞ

•
Y ) (n ≥ 1).

See Theorem 3.4 forσ and see Remark 8.5 for the last map. The constructions of
the arrowsα andδ and the commutativity of the square (A) deeply rely on thep-adic
Hodge theory. The commutativity of the triangle (B) is rather straight-forward once
we defineα (see Proposition 9.10 below). The proof of Theorem 9.1 will be given
after Proposition 9.10.

Remark 9.3 In his paper[La], Langer considered the diagram(A) assuming that
OK is absolutely unramified(loc. cit. Proposition2.9). We remove this assumption
and the assumption(∗) stated in loc. cit. p.191, using a continuous version of crys-
talline cohomology(see AppendixA below). For this purpose, we include a detailed
construction ofα and a proof of the commutativity of(A).

Construction of δ. We first construct the mapδ. There is an exact sequence of
topologicalGK-Qp-modules

0 −→ V i ⊗Qp
Bcrys −→ V i ⊗Qp

Bst
1⊗N
−→ V i ⊗Qp

Bst −→ 0, (9.3.1)
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whereN denotes the monodromy operator onBst. Taking continuous Galois coho-
mology groups, we obtain a long exact sequence

0 −→ (V i ⊗Qp
Bcrys)

GK −→ (V i ⊗Qp
Bst)

GK
1⊗N
−→ (V i ⊗Qp

Bst)
GK

−→ H1(GK ,V
i ⊗Qp

Bcrys) −→ · · · .

By theCst-conjecture proved by Hyodo, Kato and Tsuji ([HK], [K4], [Ts1], cf. [Ni2]),
the last arrow of the top row is identified with the mapN : Di → Di (see (9.3.3)
below for the construction ofCst-isomorphisms). We thus define the desired mapδ as
the connecting map of this sequence.

Cst-isomorphism. Before constructingα, we recall the construction ofCst-
isomorphisms, which will be useful later ([K4], [Ts1]§4.10). See [K3] for the general
framework of log structures and log schemes. Put

W :=W (k) and K0 := Frac(W ) =W [p−1].

For a log scheme(Z,MZ) and an integern ≥ 1, we define

(Zn,MZn
) := (Z,MZ)×Spec(Z) Spec(Z/p

n),

where we regardedSpec(Z) andSpec(Z/pn) as log schemes by endowing them with
the trivial log structures and the fiber product is taken in the category of log schemes.
LetM be the log structure onX associated with the normal crossing divisorY . Let
OK be the integral closure ofOK in K, and letM be the log structure onX :=
X ⊗OK

OK define by base-change (see (A.0.2) below). PutY := Y ⊗k k. For
n ≥ 1 ands ≥ 0, let Sñ (s)(X,M) ∈ D

+(Y ét,Z/p
n) be Tsuji’s version of syntomic

complex of(X,M) (§A.5). Let j : XK →֒ X be the natural open immersion. For
m, s ≥ 0, we define the syntomic cohomology of(X,M) as

Hm
syn((X,M),SQp̃

(s)) := Qp ⊗Zp
lim
←−
n≥1

Hm
(
Y ,Sñ (s)(X,M)

)
.

The following isomorphism due to Tsuji ([Ts1] Theorem 3.3.4(2)) plays a crucial
role:

Hm
syn((X,M),SQp̃

(s)) ≃ Hm(X, τ≤sRj∗Qp(s)). (9.3.2)

The right hand side is isomorphic toV m(s) = Hm(XK ,Qp(s)) if s ≥ dim(XK) or
s ≥ m. We now introduce the crystalline cohomology of(X,M) overW :

Hm
crys((X,M)/W )Qp

:= Qp ⊗Zp
lim
←−
n≥1

Hm
crys((Xn,Mn)/Wn),

whereHm
crys((Xn,Mn)/Wn) denotes the crystal cohomology of(Xn,Mn) overWn

(see§A.1 below). We define aGK-equivariant homomorphism

gm : V m −→ Dm ⊗K0 Bst
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as the composite map (d := dim(XK))

V m
(1)
∼−→ Hm

syn((X,M),SQp̃
(d))⊗Qp

Qp(−d) (9.3.3)
(2)
−→ Hm

crys((X,M)/W )Qp
⊗Qp

Qp(−d)

(3)
∼−→ (Dm ⊗K0 B

+
st )

N=0 ⊗Qp
Qp(−d)

(4)
−→ Dm ⊗K0 Bst ,

where (1) is obtained from the isomorphism (9.3.2) withs = d, the arrow (2) is the
pd-times of the canonical map induced by (A.5.2) below, and (3)is the crystalline
interpretation of(Dm ⊗K0 B

+
st )

N=0 due to Kato ([K4]§4, cf. Proposition A.3.1 (3)
below). The map (4) is induced by the natural inclusionQp(−d) →֒ Bst. TheBst-
linear extension ofgm is an isomorphism by [Ts2] Theorem 4.10.2:

V m ⊗Qp
Bst

∼−→ Dm ⊗K0 Bst , (9.3.4)

which we call theCst-isomorphism. Now we have a commutative diagram ofGK-
modules form, s ≥ 0

Hm
syn((X,M),SQp̃

(s))
(1)

//

(9.3.2)

��

Hm
crys((X,M)/W )Qp (2)

//∼ (Dm ⊗K0 B
+
st )

N=0
� _

��
V m(s) � � Qp(s)→֒Bst // V m ⊗Qp

Bst
(9.3.4)

//∼ Dm ⊗K0 Bst,

(9.3.5)
where the arrow (1) is thepr-times of the canonical map (A.5.2), and (2) is the crys-
talline interpretation of(Dm ⊗K0 B

+
st )

N=0 mentioned in (9.3.3). This diagram com-
mutes by the construction of (9.3.4) and the compatibility facts in [Ts1] Corollaries
4.8.8 and 4.9.2.

Remark 9.4 We modified theCst-isomorphisms in[Ts1] by constant multiplications
to make them consistent with the canonical map from syntomiccohomology of Kato
to (continuous) crystalline cohomology(see the map(1) of (9.5.1)and the equality
(A.5.4) below). Under this modification, the elementtsyn in [Ts1] p. 378 is replaced
with p−1tsyn, and Corollary4.8.8of loc. cit. remains true.

Construction of α. We start the construction ofα assuming0 ≤ r ≤ p −
2, which will be complete in Corollary 9.8 below. Forn ≥ 1, let Sn(r)(X,M) ∈
D+(Yét,Z/p

n) be the syntomic complex of Kato (see§A.5 below). Since0 ≤ r ≤
p− 2, there is an isomorphism

(τ≤rRj∗µpn)|Y ≃ Sn(r)(X,M) in D+(Yét,Z/p
n) (9.4.1)

for eachn ≥ 1 ([Ts2] Theorem 5.1), andHi+1(X, τ≤rRj∗Qp(r)) is isomorphic to
the syntomic cohomology

Hi+1
syn ((X,M),SQp

(r)) := Qp ⊗Zp
lim
←−
n≥1

Hi+1(Y,Sn(r)(X,M))
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by the proper base-change theorem. Therefore we considerHi+1
syn ((X,M),SQp

(r))

instead ofHi+1(X, τ≤rRj∗Qp(r)), which is the major reason we assumer ≤ p− 2.
We first prove:

Lemma 9.5 The kernel of the composite map

ξ : Hm
syn((X,M),SQp

(r)) −→ Hm
crys((X,M)/W )Qp

−→ Hm
crys((X,M)/W )Qp

agrees with that of the composite map

η : Hm
syn((X,M),SQp

(r))
(9.4.1)
≃ Hm(X, τ≤rRj∗Qp(r))

−→ V m(r) = Hm(XK ,Qp(r)).

Proof. The mapη factor through (9.3.2) withs = r, and the mapξ factors through the
map (1) in (9.3.5) withs = r by (A.5.4) below. Hence the diagram

Hm
syn((X,M),SQp

(r))
ξ //

η

��

Hm
crys((X,M)/W )Qp� _

��
V m(r)

� � // Dm ⊗Qp
Bst

commutes by (9.3.5), which implies the assertion. �

LetHm
cont-cr((X,M)/W ) be the continuous crystalline cohomology of(X,M) over

W (see§A.2 below). Put

Hm
syn((X,M),SQp

(r))0 := Ker(η : Hm
syn((X,M),SQp

(r)) −→ V m(r)),

Hm
cont-cr((X,M)/W )Qp

:= Qp ⊗Zp
Hm

cont-cr((X,M)/W ),

Hm
cont-cr((X,M)/W )0Qp

:= Ker(Hm
cont-cr((X,M)/W )Qp

→ Hm
crys((X,M)/W )Qp

).

There are canonical maps

Hi+1
syn ((X,M),SQp

(r))0
(1)
−→ Hi+1

cont-cr((X,M)/W )0Qp
(9.5.1)

(2)
−→ H1(K,Hi

crys((X,M)/W )Qp
)

(3)
∼−→ H1(K, (Di ⊗K0 B

+
st )

N=0)

(4)
−→ H1(K,V i ⊗Qp

Bcrys),

where (1) is the canonical map obtained from Lemma 9.5 and Proposition A.6.1 (2)
below, the arrow (3) is the isomorphism (2) in (9.3.5) form = i, and (4) is obtained
from theCst-isomorphism (9.3.4) and (9.3.1). The most crucial map (2) is obtained
from an edge homomorphism of the spectral sequence in Theorem A.4.2 (see also
Corollary A.4.5 below). To proceed with the construction ofα, we need to introduce
some notation.
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Definition 9.6 PutS := Spec(OK), and fix a primeπ ofOK . LetMS be the log
structure onS associated with the closed point{π = 0}. PutV := Spec(W [t]), and
letMV be the log structure onV associated with the divisor{t = 0}. Let

ι : (S,MS) −→ (V,MV )

be the exact closed immersion overW sendingt 7→ π. For eachn ≥ 1, let (En,MEn
)

be the PD-envelope of the exact closed immersionιn : (Vn,MVn
) →֒ (Sn,MSn

)
compatible with the canonical PD-structure onpWn. We define

Hm
crys((X,M)/(E ,ME ))Qp

:= Qp ⊗Zp
lim
←−
n≥1

Hm
crys((Xn,Mn)/(En,MEn

)),

which is anRE := lim
←− n≥1 Γ (En,OEn

)-module endowed with aϕE -semilinear en-
domorphismϕ and aK0-linear endomorphismN satisfyingNϕ = pϕN . HereϕE is
a certain canonical Frobenius operator onRE . See[Ts1] p. 253for ϕE , loc. cit.§4.3
for N andϕ, and see loc. cit. Remark4.3.9for N .

The following lemma plays a key role in our construction ofα, where we do not
need to assume0 ≤ r ≤ p− 2 (compare with the assumption(∗) in [La] p. 191).

Lemma 9.7 (1) There exists a long exact sequence

· · · −→ Hi
cont-cr((X,M)/W )Qp

−→ Hi
crys((X,M)/(E ,ME ))Qp

N
−→ Hi

crys((X,M)/(E ,ME ))Qp

∂
−→ Hi+1

cont-cr((X,M)/W )Qp
−→ · · ·

and the image of∂ agrees withHi+1
cont-cr((X,M)/W )0Qp

.

(2) There is a commutative diagram whose lower row is exact

Hi
crys((X,M)/(E ,ME ))Qp

∂ // //

��

Hi+1
cont-cr((X,M)/W )0Qp

��

Di N // Di
(−1)i+1δ // H1(K,V i ⊗Qp

Bcrys).

Here the right vertical arrow is the composite of(2) – (4) in (9.5.1), and the left
vertical arrow is the specialization maps witht 7→ 0 (cf. [Ts1] (4.4.4)).

Proof. (1) follows from Proposition A.2.4 and Corollaries A.3.2 (1) and A.3.4 below.
As for (2), the exactness of the lower row has been explained in the construction ofδ.
See Corollary A.4.5 below for the commutativity of the square. �

Corollary 9.8 The composite map(9.5.1)factors as follows:

Hi+1
syn ((X,M),SQp

(r))0 −→ Di/NDi δ
→֒ H1(K,V i ⊗Qp

Bcrys).

We defineα as the first arrow of this decomposition.
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Commutativity of the diagram (9.2.1). We first prove that the square (A) in
(9.2.1) is commutative. By the construction ofα andδ, it is enough to show

Theorem 9.9 The following square is commutative:

Hi+1
syn ((X,M),SQp

(r))0

(9.5.1)

��

//∼ F 1Hi+1(X, τ≤rRj∗Qp(r))

��
H1(K,V i ⊗Qp

Bcrys) H1(K,V i(r)),
Bcrys←֓Qp(r)oo

(9.9.1)

where the right vertical arrow is the top arrow in(9.2.1).

Proof. Putd := dim(XK). We define aGK-homomorphism

βi,r : V i(r) −→

{
Hi

crys((X,M)/W )Qp
(r − d) (if r < d)

Hi
crys((X,M)/W )Qp

(if r ≥ d)

as the following composite map forr ≥ d:

βi,r : V i(r) Hi
syn((X,M),SQp̃

(r))
(9.3.2)

∼
oo (9.3.5) (1) // Hi

crys((X,M)/W )Qp
,

and as the following map forr < d:

βi,r : V i(r) ≃ V i(d) ⊗Qp
Qp(r − d)

βi,d⊗id // Hi
crys((X,M)/W )Qp

(r − d).

We next define a homomorphism

γi,r : Hi+1
syn ((X,M),SQp

(r))0

−→

{
H1(K,Hi

crys((X,M)/W )Qp
(r − d)) (if r < d)

H1(K,Hi
crys((X,M)/W )Qp

) (if r ≥ d)

as the following composite map, ifr < d:

Hi+1
syn ((X,M),SQp

(r))0
(i)
−→ H1(K,Hi

crys((X,M)/W )Qp
)

≃ H1(K,Hi
crys((X,M)/W )Qp

(r − d)⊗Qp
Qp(d− r))

(ii)
−→ H1(K,Hi

crys((X,M)/W )Qp
(r − d)),

where (i) is the composite of (1) and (2) in (9.5.1), and (ii) is induced by the inclusion
Qp(d − r) →֒ H0

crys((X,M)/W )Qp
(cf. (A.6.5) below) and the cup product of crys-

talline cohomology. Ifr ≥ d, then we defineγi,r as the composite of (1) and (2) in
(9.5.1).
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We prove the commutativity of (9.9.1) assumingr < d. In this case, the following
triangle commutes by Theorem A.6.7 below:

Hi+1
syn ((X,M),SQp

(r))0

��

γi,r

++VVVVVVVVVVVVVVVVVVV

H1(K,V i(r))
βi,r

// H1(K,Hi
crys((X,M)/W )Qp

(r − d)),

(9.9.2)

where the left vertical arrow is the composite of the top horizontal and the right vertical
arrows of (9.9.1). Moreover the following square commutes by the construction of the
Cst-isomorphism (9.3.4) (compare with (9.3.5)):

V i(r)

Qp(r)→֒Bcrys

��

βi,r

// Hi
crys((X,M)/W )Qp

(r − d)

��
V i ⊗Qp

Bcrys

(9.3.1), (9.3.4)

∼
// (Di ⊗Qp

Bst)
N=0,

(9.9.3)

where the right vertical arrow is given by the isomorphism (2) of (9.3.5) and the in-
clusionQp(r−d) →֒ Bcrys. The commutativity of (9.9.1) follows from these commu-
tative diagrams and the fact that the composite map (9.5.1) agrees with the composite
of γi,r and the map

H1(K,Hi
crys((X,M)/W )Qp

(r − d)) −→ H1(K,V i ⊗Qp
Bcrys)

induced by the right vertical arrow and the bottom isomorphism in (9.9.3).

Whenr ≥ d, the following triangle commutes by Corollary A.6.3 below:

Hi+1
syn ((X,M),SQp

(r))0

��

γi,r

**VVVVVVVVVVVVVVVVV

H1(K,V i(r))
βi,r

// H1(K,Hi
crys((X,M)/W )Qp

),

where the left vertical arrow is defined in the same way as for that of (9.9.2). The
commutativity of (9.9.1) follows from this diagram and the diagram (9.3.5). This
completes the proof of Theorem 9.9. �

Proposition 9.10 The triangle(B) in (9.2.1)is commutative.

Proof. There is a commutative diagram by the definition of∂ in Proposition A.2.4

Hi
crys((X,M)/(E ,ME ))Qp

t7→0 //

∂

��

Di

dt
t
∧

��
Hi+1

cont-cr((X,M)/W )Qp

t7→0 // D̃i+1,
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whereD̃i+1 = D̃i+1(Y ) is as in the proof of Theorem 8.12, the left (resp. right)
vertical arrow is as in Lemma 9.7 (1) (resp. given by the product with d log(t), cf.
(8.9.1)), and the horizontal arrows are the specializationmaps byt 7→ 0. Therefore in
view of the constructions ofα andσ′, it is enough to check that the following diagram
of canonical morphisms commutes inD+(Yét,Z/p

n) for eachn ≥ 0:

Sn(r)(X,M)
//

σ

��

J
[r]
(Xn,Mn)/Wn

s // Wn ω̃
•≥r
Y

//

(8.10.1)

��

Wn ω̃
•
Y

(8.10.1)

��
νr−1Y,n [−r]

Remark 8.5 // WnΞ
•≥r−1
Y [−1] // WnΞ

•
Y [−1],

whereJ[r](Xn,Mn)/Wn
is as in§A.5 below, ands denotes the specialization map by

t 7→ 0. The right square commutes obviously in the category of complexes of sheaves.
As for the left square, we have only to show the commutativityon the diagram of the
r-th cohomology sheaves becauseWnΞ

•≥r−1
Y [−1] is concentrated in degrees≥ r and

Sn(r)(X,M) is concentrated in degrees≤ r by (9.4.1). Since we have

H r(Sn(r)(X,M))
(9.4.1)
≃ (Rrj∗µ

⊗r
pn )|Y

and the sheaf on the right hand side is generated by symbols (cf. the caseD = ∅ of
Theorem 3.3 (1)), one can check this commutativity of the diagram of sheaves by a
straight-forward computation on symbols using the compatibility in [Ts1] Proposition
3.2.4 (2). �

Proof of Theorem 9.1. We have the following commutative diagram by (9.2.1):

F 1Hi+1(X,TQp
(r)) //

**UUUUUUUUUUUUUUUU
F 1Hi+1(X, τ≤rRj∗Qp(r))

σ′

//

��
α

**TTTTTTTTTTTTTTTT

(B)

(A)

Ei

H1(K,V i(r))

ι
**TTTTTTTTTTTTTTTT
Di/NDi

δ

��

?�

ǫ

OO

H1(K,V i ⊗Qp
Bcrys),

where the left triangle commutes obviously. The kernel ofι is H1
f (K,V

i(r)) by
definition. The top row is a complex by the definitions ofσ′ andTn(r)X . The mapǫ
is injective by Theorem 8.12 and Conjecture 8.11 forDi. We obtain the first assertion

Φi,r ⊂ H1
f (K,V

i(r)) (9.10.1)

by a simple diagram chase on this diagram. To obtain the second assertion, we repeat
the same arguments forΦ2d−i,d−r+1, where we putd := dim(XK). The map

ǫ : D2d−i/ND2d−i −→ E2d−i
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is injective by Conjecture 8.11 forDi, Theorems 8.12 and 8.8 and the Poincaré duality
betweenDi andD2d−i [Hy2]. Hence we have

Φ2d−i,d−r+1 ⊂ H1
f (K,V

2d−i(d− r + 1)). (9.10.2)

The results (9.10.1) and (9.10.2) implyΦi,r = H1
f (K,V

i(r)), becauseΦi,r and
Φ2d−i,d−r+1 (resp.H1

f (K,V
i(r)) andH1

f (K,V
2d−i(d − r + 1))) are the exact an-

nihilators of each other under the non-degenerate pairing of the Tate duality

H1(K,V i(r)) ×H1(K,V 2d−i(d− r + 1)) −→ Qp

by [Sa1] Corollary 10.6.1 (resp. [BK2] Proposition 3.8). �

10 Image of p-adic regulators

In this section, we prove Theorem 1.1. We first review the definitions of the finite part
of Galois cohomology [BK2] and the integral part of algebraic K-groups [Sch] over
number fields.

LetK be a number field and letV be a topologicalGK-Qp-module which is finite-
dimensional overQp. Let o be the integer ring ofK. For a placev ofK, letKv (resp.
ov) be the completion ofK (resp.o) at v. The finite partH1

f (K,V ) ⊂ H1(K,V ) is
defined as

H1
f (K,V ) := Ker

(
H1(K,V ) −→

∏

v : finite

H1(Kv,V )

H1
f (Kv,V )

)
,

wherev runs through all finite places ofK, andH1
f (Kv,V ) is defined as follows:

H1
f (Kv,V ) :=

{
Ker(H1(Kv,V )→ H1(Iv ,V )) (if v6 |p),

Ker(H1(Kv,V )→ H1(Kv,V ⊗Qp
Bcrys)) (if v|p),

whereIv denotes the inertia subgroup ofGKv
. We next review the definition of the

integral part of algebraicK-groups. LetV be a proper smooth variety over the number
fieldK. First fix a finite placev ofK. By de Jong’s alteration theorem [dJ], there is a
proper generically finite morphism

π : V ′ −→ Vv := V ⊗K Kv

such thatV ′ has a projective regular modelX ′ with strict semistable reduction over the
integer ring of some finite extension ofKv. The integral partKm(Vv)ov

⊂ Km(Vv)⊗
Q is the kernel of the composite map

Km(Vv)⊗ Q
π∗

−→ Km(V ′)⊗Q −→
Km(V ′)⊗Q

Image ofKm(X ′)⊗Q
,

which is in fact independent ofX ′ ([Sch]§1). The integral partKm(V )o is defined as

Km(V )o := Ker

(
Km(V )⊗Q −→

∏

v : finite

Km(Vv)⊗Q

Km(Vv)ov

)
,
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wherev runs through all finite places ofK. If V admits a regular model which is
proper flat over the integer ring ofK, thenKm(V )o agrees with the image of theK-
group of the model, i.e., the integral part considered by Beilinson. By these definitions
of H1

f (K,V ) andK2r−i−1(V )o , Theorem 1.1 is immediately reduced to Theorem
10.1 below, which is an analogue of Theorem 1.1 over local fields.

Let ℓ andp be prime numbers. We change the setting slightly, and letK be an
ℓ-adic local field, i.e., a finite extension ofQℓ. LetOK be the integer ring ofK, and
let V be a proper smooth variety overK. Let i andr be integers with2r ≥ i+1 ≥ 1.
There is ap-adic regulator map obtained from étale Chern character

regp : K2r−i−1(V )OK , hom −→ H1(K,Hi(V ,Qp(r))),

where V denotesV ⊗K K, and K2r−i−1(V )OK , hom denotes the subspace of
K2r−i−1(V )OK

consisting of all elements which vanish inHi+1(V ,Qp(r)) under
the Chern character.

Theorem 10.1 If ℓ = p, assume thatr ≤ p− 2 and that Conjecture8.11holds for
projective strict semistable varieties overFp in degreei. ThenIm(regp) is contained
in H1

f (K,H
i(V ,Qp(r))).

Remark 10.2 Whenℓ = p, we need Conjecture8.11for the reduction of an alter-
ation ofV . Whenℓ 6= p, we do not need the monodromy-weight conjecture, but use
Deligne’s proof of the Weil conjecture[D] to show thatregp is zero.

Proof of Theorem 10.1.We first reduce the problem to the case thatV has a regular
model which is projective flat overOK with strict semistable reduction. By de Jong’s
alteration theorem [dJ], there exists a proper genericallyfinite morphismπ : V ′ → V
such thatV ′ has a projective regular model with strict semistable reduction over the
integer ringOL of L := Γ (V ′,OV ′). Then there is a commutative diagram

K2r−i−1(V )OK , hom

regp //

π∗

��

H1(K,Hi(V ,Qp(r))) //

π∗

��

H1(K,Hi(V ,Qp(r)))

H1
f (K,H

i(V ,Qp(r)))
� _

π∗

��

K2r−i−1(V
′)OL, hom

regp // H1(L,Hi(V ′,Qp(r))) // H
1(L,Hi(V ′,Qp(r)))

H1
f (L,H

i(V ′,Qp(r)))

whereV ′ denotesV ′ ⊗L K, and the right (and the middle) vertical arrows are split
injective by a standard argument using a corestriction map of Galois cohomology and
a trace map of étale cohomology. By this diagram and the definition of K∗(V )OK

,
Theorem 10.1 forV is reduced to that forV ′. Thus we may assume thatV has a
projective regular modelX with strict semistable reduction overOK . Then the case
ℓ 6= p follows from [Ne1] II Theorem 2.2 (cf. [D]). We prove the caseℓ = p. Let Y
be the reduction ofX . Put

Hi+1(X,TQp
(r)) := Qp ⊗Zp

lim
←−
n≥1

Hi+1(X,Tn(r)),
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and letK2r−i−1(X)hom (resp.Hi+1(X,TQp
(r))0) be the kernel of the composite map

K2r−i−1(X) −→ K2r−i−1(V )
ch
−→ Hi+1(V,Qp(r))→ Hi+1(V ,Qp(r))

(resp. Hi+1(X,TQp
(r)) −→ Hi+1(V,Qp(r))→ Hi+1(V ,Qp(r)) ).

There is a commutative diagram by Corollary 5.7

K2r−i−1(X)hom // //

ch

��

K2r−i−1(V )OK , hom

regp

��
Hi+1(X,TQp

(r))0 // H1(K,Hi(V ,Qp(r))).

The image of the bottom arrow is contained inH1
f (K,H

i(V ,Qp(r))) by Theorem 9.1
and Conjecture 8.11 forDi = Di(Y ), which implies Theorem 10.1. This completes
the proof of Theorems 10.1 and 1.1. �

A Continuous crystalline cohomology

In this appendix, we formulate continuous versions of crystalline and syntomic coho-
mology of log schemes, combining the methods of Jannsen, Kato and Tsuji ([J], [K2],
[K3], [Ts1], [Ts2]). The results of this appendix have been used in§9 of this paper.
See [K3] for the general framework of log structures and log schemes.

Let p be a prime number, and letK be a complete discrete valuation field of char-
acteristic0 whose residue fieldk is a perfect field of characteristicp. LetOK be the
integer ring ofK. PutW := W (k), Wn := Wn(k) (n ≥ 1) andK0 := Frac(W ). Let
X be a regular scheme which is projective flat overOK with semistable reduction,
and put

XK := X ⊗OK
K, Y := X ⊗OK

k

XK :=XK ⊗K K, Y := Y ⊗k k and X := X ⊗OK
OK ,

whereOK denotes the integral closure ofOK in K. LetM be the log structure onX
associated with the normal crossing divisorY . We endowX with a log structureM
as follows. For a finite field extensionL/K, putSL := Spec(OL), and letMSL

be the
log structure onSL associated with its closed point. We denote(SK ,MSK

) simply by
(S,MS), and define(XOL

,MOL
) by base-change in the category of log schemes

(XOL
,MOL

) := (X,M)×(S,MS) (SL,MSL
) . (A.0.1)

We then define the log structureM onX as that associated with the pre-log structure

lim
−→

K⊂L⊂K

MOL
|X , (A.0.2)
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whereL runs through all finite field extensions ofK contained inK,MOL
|X denotes

the topological inverse image ofMOL
ontoX, and the inductive limit is taken in the

category of étale sheaves of monoids onX .

For a log scheme(Z,MZ) and an integern ≥ 1, we define

(Zn,MZn
) := (Z,MZ)×Spec(Z) Spec(Z/p

n),

where we regardedSpec(Z) andSpec(Z/pn) as log schemes by endowing them with
the trivial log structures and the fiber product is taken in the category of log schemes.

We denote byMod(Z/p•) the category of the projective systems{Fn}n≥1 of Zp-
modules such thatFn is aZ/pn-module for eachn ≥ 1. For a pro-finite groupG,
Mod(G-Z/p•) denotes the category of the projective systems{Fn}n≥1 of discrete
G-modules such thatFn is aZ/pn-module.

For a schemeT , Shv(Tét,Z/p•) denotes the category of the projective systems
{Fn}n≥1 of étale sheaves onT such thatFn is aZ/pn-sheaf for eachn ≥ 1. For
a pro-finite groupG acting onT , Shv(Tét, G-Z/p•) denotes the category of the pro-
jective systems{Fn}n≥1 of étaleG-sheaves onT such thatFn is aZ/pn-sheaf for
eachn ≥ 1. We writeD(Tét,Z/p

•) (resp.D(Tét, G-Z/p•)) for the derived category
of Shv(Tét,Z/p•) (resp.Shv(Tét, G-Z/p•)).

For an additive categoryC , we writeQ ⊗ C for theQ-tensor category ofC , i.e.,
the category whose objects are the same asC and such that for objectsA,B ∈ C , the
group of morphismsHomQ⊗C (A,B) is given byQ ⊗ HomC (A,B). We often write
Q⊗A for A ∈ C regarded as an object ofQ⊗ C to avoid confusions.

A.1 Crystalline complexes

We construct the following objects:

E(X•,M•)/W•
,E(X•,M•)/(E•,ME• )

∈ D+(Yét,Z/p
•)

E(X•,M•)/W•
,E(X•,M•)/(E•,ME• )

∈ D+(Y ét, GK -Z/p•),

whereWn meansSpec(Wn) endowed with the trivial log structure for eachn ≥ 1.
See Definition 9.6 for(En,MEn

). To constructE(X•,M•)/W•
, we fix an étale hyper-

covering(X⋆,M⋆) → (X,M) and a closed immersion(X⋆,M⋆) →֒ (Z⋆,MZ⋆) of
simplicial fine log schemes overW such that(Zi,MZi) is smooth overW for each
i ∈ N (cf. [HK] (2.18)). Put

Y ⋆ := X⋆ ⊗OK
k,

which is an étale hypercovering ofY . Forn ≥ 1, let (D⋆
n,MD⋆

n
) be the PD-envelope

of (X⋆
n,M

⋆
n) →֒ (Z⋆

n,MZ⋆
n
) with respect to the canonical PD-structure on(p) ⊂ Wn

([K3] Definition 5.4), and we define a complexE(X⋆
n,M

⋆
n)/Wn

of sheaves onY ⋆
ét as

OD⋆
n

d
→ OD⋆

n
⊗O⋆

Zn
ω1
(Z⋆

n,MZ⋆
n
)/Wn

d
→ · · ·

d
→ OD⋆

n
⊗OZ⋆

n
ωq
(Z⋆

n,MZ⋆
n
)/Wn

d
→ · · · ,

where the first term is placed in degree0 andωq
(Z⋆

n,MZ⋆
n
)/Wn

denotes theq-th differ-

ential module of(Z⋆
n,MZ⋆

n
) overWn cf. [K3] (1.7). See loc. cit. Theorem 6.2 ford.
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Regarding this complex as a complex of projective systems (with respect ton ≥ 1) of
sheaves onY ⋆

ét, we obtain a complexE(X⋆
• ,M

⋆
• )/W•

of objects ofShv(Y ⋆
ét ,Z/p

•). We
then define

E(X•,M•)/W•
:= Rθ∗(E(X⋆

• ,M
⋆
• )/W•

) ∈ D+(Yét,Z/p
•),

where θ : Shv(Y ⋆
ét,Z/p

•) → Shv(Yét,Z/p•) denotes the natural morphism of
topoi. The resulting objectE(X•,M•)/W•

is independent of the choice of the pair
((X⋆,M⋆), (Z⋆,MZ⋆)) by a standard argument (cf. [K2] p. 212).

To constructE(X•,M•)/(E•,ME• )
, we putV := Spec(W [t]), and defineMV as the

log structure onV associated with the divisor{t = 0}. We regard(X,M) as a log
scheme over(V,MV ) by the composite map

(X,M)→ (S,MS)→ (V,MV ),

where the last map is given byT 7→ π, the prime element ofOK we fixed in Definition
9.6 to define(En,MEn

). We then apply the same construction as forE(X•,M•)/W•

to the morphism(X,M) → (V,MV ), i.e, fix an étale hypercovering(X⋆,M⋆) →
(X,M) and a closed immersioni⋆ : (X⋆,M⋆) →֒ (Z⋆,MZ⋆) of simplicial log
schemes over(V,MV ) such that(Zi,MZi) is smooth overW for eachi ∈ N. We
defineE(X•,M•)/(E•,ME• )

by replacingωq
(Z⋆

n,MZ⋆
n
)/Wn

with ωq
(Z⋆

n,MZ⋆
n
)/(Vn,MVn ) in

the above definition ofE(X•,M•)/W•
.

We constructE(X•,M•)/W•
as follows. Fix an étale hypercovering(X⋆,M⋆) →

(X,M) and for each finite extensionL/K contained inK, fix a closed immersion
(X⋆

OL
,M⋆

OL
) →֒ (Z⋆

L,MZ⋆
L
) ((X⋆

OL
,M⋆

OL
) := (X⋆,M⋆) ×(S,MS) (SL,MSL

)) of
simplicial fine log schemes overW such that(Zi

L,MZi
L
) is smooth overW for each

i ∈ N andL/K, and such that for finite extensionsL′/L there are morphismsτL′/L :
(Z⋆

L′ ,MZ⋆
L′
)→ (Z⋆

L,MZ⋆
L
) satisfying transitivity. For a finite extensionL/K, let kL

be the residue field ofL, and put

Y ⋆
L := X⋆ ⊗OK

kL and Y ⋆ := X⋆ ⊗OK
k,

which are étale hypercoverings ofYL := Y ⊗k kL andY , respectively. We de-
fine a complexE(X⋆

OL,•
,M⋆

OL,•
)/W•

on Y ⋆
L applying the same construction as for

E(X⋆
• ,M

⋆
• )/W•

to the embedding(X⋆
OL
,M⋆

OL
) →֒ (Z⋆

L,MZ⋆
L
), whose inverse image

ontoY ⋆ yields an inductive system of complexes of objects ofShv(Y ⋆
ét, GK-Z/p•)

with respect to finite extensionsL/K. We then define

E(X⋆
•,M

⋆
•)/W•

:= lim
−→

K⊂L⊂K

E(X⋆
OL,•

,M⋆
OL,•

)/W•

∣∣
Y ⋆ ,

E(X•,M•)/W•
:= Rθ∗(E(X⋆

•,M
⋆
•)/W•

) ∈ D+(Y ét, GK-Z/p•),

whereθ : Shv(Y ⋆
ét, GK-Z/p•) → Shv(Y ét, GK-Z/p•) denotes the natural morphism

of topoi. We constructE(X•,M•)/(E•,ME• )
applying similar arguments to the com-

plexesE(X⋆
OL,•

,M⋆
OL,•

)/(E•,ME• )

∣∣
Y ⋆ .
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We define the following objects ofMod(Z/p•):

Hi
crys((X•,M•)/W•) := RiΓ (E(X•,M•)/W•

), (A.1.1)

Hi
crys((X•,M•)/(E•,ME•

)) := RiΓ (E(X•,M•)/(E•,ME• )
), (A.1.2)

Hi
crys((X•,M•)/W•) := RiΓ

(
E(X•,M•)/W•

)
(A.1.3)

Hi
crys((X•,M•)/(E•,ME•

)) := RiΓ
(
E(X•,M•)/(E•,ME• )

)
, (A.1.4)

whereΓ andΓ denote the following left exact functors, respectively:

Γ := Γ (Y,−) : Shv(Yét,Z/p
•)→ Mod(Z/p•), (A.1.5)

Γ := Γ (Y ,−) : Shv(Y ét, GK-Z/p•)→ Mod(GK-Z/p•). (A.1.6)

We define ‘naive’ crystalline cohomology groups

Hi
crys((X,M)/W ), Hi

crys((X,M)/(E ,ME )),

Hi
crys((X,M)/W ) and Hi

crys((X,M)/(E ,ME ))

as the projective limit of (A.1.1)–(A.1.4), respectively.

Remark A.1.6 Let πn : Shv(Yét,Z/p•) → Shv(Yét,Z/pn) be the natural functor
sending{Fm}m≥1 to Fn. Sinceπn is exact, it extends to a triangulated functor

πn : D+(Yét,Z/p
•) −→ D+(Yét,Z/p

n),

which sendsE(X•,M•)/W•
7→ E(Xn,Mn)/Wn

, an object computing the crystalline co-
homology of(Xn,Mn)/Wn, becauseπn is compatible with the gluing functorRθ∗.
Moreover by[J] Proposition1.1 (b), we have

Hi
crys((X•,M•)/W•) ≃ {H

i
crys((Xn,Mn)/Wn)}n≥1.

We have similar facts for(A.1.2), (A.1.3)and(A.1.4)as well.

A.2 Continuous crystalline cohomology

We define continuous crystalline cohomology groups as follows:

Hi
cont-cr((X,M)/W ) := Ri

(
lim
←−
◦Γ

)(
E(X•,M•)/W•

)
, (A.2.1)

Hi
cont-cr((X,M)/(E ,ME )) := Ri

(
lim
←−
◦Γ

)(
E(X•,M•)/(E•,ME• )

)
, (A.2.2)

whereΓ is as in (A.1.5). BecauseΓ has an exact left adjoint, it preserves injectives
and there exists a spectral sequence

Ea,b
2 = Ra lim

←−
Hb

crys((X•,M•)/W•) =⇒ Ha+b
cont-cr((X,M)/W ).

BecauseRa lim
←−

= 0 for a ≥ 2, this spectral sequence breaks up into short exact
sequences

0 −→ R1 lim←− Hi−1
crys ((X•,M•)/W•) −→ Hi

cont-cr((X,M)/W )

−→ Hi
crys((X,M)/W ) −→ 0. (A.2.3)

We have similar exact sequences for (A.2.2) by the same arguments.
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Proposition A.2.4 There exists a distinguished triangle

E(X•,M•)/W•

can
−→ E(X•,M•)/(E•,ME• )

ν
−→ E(X•,M•)/(E•,ME• )

dt
t
∧
−→ E(X•,M•)/Wn

[1]

in D+(Yét,Z/p
•). Consequently we obtain a long exact sequence

· · · −→ Hi
cont-cr((X,M)/W ) −→ Hi

cont-cr((X,M)/(E ,ME ))

ν
−→ Hi

cont-cr((X,M)/(E ,ME ))
∂
−→ Hi+1

cont-cr((X,M)/W ) −→ · · · .

Proof. The assertion follows from the same arguments as in the proofof [K4] Lemma
4.2 withF = Ocrys. �

There is a commutative diagram (see Definition 9.6 forN )

Hi
cont-cr((X,M)/(E ,ME ))

ν //

��

Hi
cont-cr((X,M)/(E ,ME ))

��
Hi

crys((X,M)/(E ,ME ))
N // Hi

crys((X,M)/(E ,ME )) .

We will show later that the vertical arrows are bijective in Corollary A.3.2 (1) below.

A.3 Comparison of projective systems of crystalline cohomology

We recall here the following comparison facts on projectivesystems of crystalline
cohomology groups, which will be useful later. Note that forA• ∈ Mod(Z/p•), both
lim
←−

A• andR1 lim
←−

A• have finite exponents ifQ⊗ (A•) ≃ 0 in Q⊗Mod(Z/p•).

Proposition A.3.1 Let i be a non-negative integer, and putDi
n := Hi(Y,Wnω

•
Y ).

LetPn be the ring defined in[Ts1] §1.6, and putREn
:= Γ (En,OEn

).

(1) There is an isomorphism inQ⊗Mod(Z/p•)

Q⊗
(
Hi

crys((X•,M•)/(E•,ME•
))
)
≃ Q⊗ {REn

⊗Wn
Di

n}n≥1

andR1 lim←− Hi
crys((X•,M•)/(E•,ME•

)) has a finite exponent.

(2) There is an isomorphism inQ⊗Mod(GK -Z/p•)

Q⊗
(
Hi

crys((X•,M•)/(E•,ME•
))
)
≃ Q⊗ {Pn ⊗Wn

Di
n}n≥1

andR1 lim
←−

Hi
crys((X•,M•)/(E•,ME•

)) has a finite exponent.

(3) There is an isomorphism inQ⊗Mod(GK -Z/p•)

Q⊗
(
Hi

crys((X•,M•)/W•)
)
≃ Q⊗

{
(Pn ⊗Wn

Di
n)

N=0
}
n≥1

and R1 lim
←−

Hi
crys((X•,M•)/W•) has a finite exponent. HereN acts on

Pn ⊗Wn
Di

n byNPn
⊗ 1 + 1 ⊗ N andNPn

denotes the monodromy opera-
tor onPn, cf. [Ts1] p. 253.
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Proof. (1) The first assertion follows from [HK] Lemma 5.2 (see also(∗) in the proof
of [Ts1] Proposition 4.4.6). To show the second assertion, we check that the projective
system{REn

⊗Wn
Di

n}n≥1 satisfies the Mittag-Leffler condition. Indeed,Di
n is finitely

generated overWn, and the projectionREn+1 → REn
is surjective by the presentation

REn
=W [t, teν/ν! (ν ≥ 1)]⊗W Wn (e := [K : K0])

obtained from the definition of(En,MEn
) (see the proof of [Ts1] Proposition 4.4.6).

(2) The first assertion follows from that of (1) and [Ts1] Proposition 4.5.4. The
second assertion follows from the fact that{Pn ⊗Wn

Di
n}n≥1 satisfies the Mittag-

Leffler condition. Indeed, the natural projectionPn+1 → Pn is surjective (loc. cit.
Lemma 1.6.7) andDi

n is finitely generated overWn.

(3) See the proof of loc. cit. Proposition 4.5.6 for the first assertion.. We show the
second assertion. Note thatPn is flat overWn, becauseREn

is flat overWn andPn

is flat overREn
by the above presentation ofREn

and loc. cit. Proposition 4.1.5. Let
{Dn}n≥1 be a projective system ofW -modules such thatDn is finitely generated over
Wn for eachn, and letN : {Dn}n≥1 → {Dn}n≥1 be a nilpotentW -endomorphism.
Our task is to show that

R1 lim
←−
{
(
Pn ⊗Wn

Dn

)
N=0}n≥1 = 0.

Consider a short exact sequence of projective systems

0 −→ {(Dn)
N=0}n≥1 −→ {Dn}n≥1 −→ {N(Dn)}n≥1 −→ 0.

Note that(Dn)
N=0 andN(Dn) are finitely generated overWn for eachn. Let b be

the minimal integer for whichN b = 0 on {Dn}n≥1. By [K4] Lemma 4.3 and the
flatness ofPn overWn, we have a short exact sequence for eachn ≥ 1

0→ (Pn ⊗Wn
(Dn)

N=0)N=0 → (Pn ⊗Wn
Dn)

N=0 → (Pn ⊗Wn
N(Dn))

N=0 → 0,

which yields a short exact sequence of projective systems with respect ton ≥ 1. Since
N b−1 = 0 on {N(Dn)}n≥1, we may assumeb = 1 by induction onb ≥ 1. Now let
Bn be as in [Ts1]§1.6 and letAcrys be as in loc. cit.§1.1. Then we have isomorphisms

(Pn ⊗Wn
Dn)

N=0 (1)
≃ (Pn)

N=0 ⊗Wn
Dn

(2)
≃ Bn ⊗Wn

Dn
(3)
= (Acrys/p

n)⊗Wn
Dn,

where (1) follows from the assumptionb = 1 and the flatness ofPn overWn. The
isomorphism (2) (resp. (3)) follows from loc. cit. Corollary 1.6.6 (resp. the definition
of Bn in loc. cit. §1.6). ThusR1 lim

←−
{(Pn ⊗Wn

Dn)
N=0}n≥1 is zero, and we obtain

the assertion. �

Corollary A.3.2 (1) For i ≥ 0, we have

Hi
crys((X,M)/(E ,ME ))Qp

≃ Hi
cont-cr((X,M)/(E ,ME ))Qp

.
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(2) The torsion subgroups ofHi
crys((X,M)/(E ,ME )) and Hi

crys((X,M)/W )
have finite exponents for anyi ≥ 0.

Proof. (1) follows from Proposition A.3.1 (1) and the remark after (A.2.3). Since
lim←− n≥1 Pn isp-torsion free, the assertion (2) follows from the isomorphisms in Propo-
sition A.3.1 (3). �

Remark A.3.3 If K is absolutely unramified, then we have

Hi
crys((Xn,Mn)/Wn) ≃ Hi(Y,Wn ω̃

•
Y ),

which is finitely generated overWn by Theorem8.8 (2)and (8.10.1) (see also[Hy2]
(1.4.3), (2.4.2)). Consequently, the projective systemHi

crys((X•,M•)/W•) satisfies
the Mittag-Leffler condition and we obtain a long exact sequence

· · · −→ Hi
crys((X,M)/W )Qp

−→ Hi
crys((X,M)/(E ,ME ))Qp

N
−→ Hi

crys((X,M)/(E ,ME ))Qp
−→ Hi+1

crys ((X,M)/W )Qp
−→ · · · ,

which removes the assumption(∗) in [La] p. 191. On the other hand, the author
does not know ifHi

crys((X•,M•)/W•) satisfies the Mittag-Leffler condition even up
to torsion, whenK is not absolutely unramified.

The following corollary has been used in the proof of Lemma 9.7 (1):

Corollary A.3.4 In the following commutative diagram of canonical maps, the
arrows(3) and(4) are injective:

Hi
cont-cr((X,M)/W )Qp

(1) //

(2)

��

Hi
crys((X,M)/(E ,ME ))Qp

(3)

��
Hi

crys((X,M)/W )Qp

(4) // Hi
crys((X,M)/(E ,ME ))Qp

.

In particular, the kernel of(1) agrees with that of(2).

Proof. The injectivity of (3) follows from Proposition A.3.1 (1) and (2) and the in-
jectivity of the natural mapsREn

→ Pn for n ≥ 1 ([Ts1] Proposition 4.1.5). The
injectivity of (4) follows from Proposition A.3.1 (2) and (3). �

A.4 continuous-Galois crystalline cohomology

We define the continuous-Galois crystalline cohomology as follows:

Hi
cG-cr((X,M)/W ) := Ri

(
lim
←−

ΓGalΓ
)(
E(X•,M•)/W•

)
,
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whereΓ is as in (A.1.6), andΓGal denotes the functor takingGK-invariant subgroups:

ΓGal := Γ (GK ,−) : Mod(GK -Z/p•) −→ Mod(Z/p•).

There is a natural map

Hi
cont-cr((X,M)/W ) −→ Hi

cG-cr((X,M)/W ) (A.4.1)

by definition.

Theorem A.4.2 There exists a Hochschild-Serre spectral sequence

Ea,b
2 = Ha(K,Hb

crys((X,M)/W )Qp
) =⇒ Ha+b

cG-cr((X,M)/W )Qp
.

Proof. BecauseΓ has an exact left adjoint functor, it preserves injectives and there
exists a spectral sequence

Ea,b
2 = Ha(K,Hb

crys((X•,M•)/W•)) =⇒ Ha+b
cG-cr((X,M)/W ),

whereH∗(K, {Fn}n≥1) for a projective system{Fn}n≥1 of discreteGK-modules
denotes the continuous Galois cohomology ofGK in the sense of Jannsen [J]§2. We
show that the canonical map

αa,b : Ha(K,Hb
crys((X,M)/W )Qp

) −→ Ha(K,Hb
crys((X•,M•)/W•))Qp

(see the proof of loc. cit. Theorem 2.2) is bijective fora, b ≥ 0. Put

Lb
• := {Pn ⊗Wn

Db
n}n≥1 , Lb := Qp ⊗Zp

lim
←−

Lb
• = B+

st ⊗K0 D
b ,

T b
• := Hb

crys((X•,M•)/W•) and T b := Hb
crys((X,M)/W )Qp

.

Since the torsion part oflim
←−

Lb
• has a finite exponent, the canonical map

βa,b : Ha(K,Lb) −→ Ha(K,Lb
•)Qp

(A.4.3)

is bijective by loc. cit. Theorem 5.15 (c). We have a short exact sequence of objects in
Q⊗Mod(GK -Z/p•)

0 −→ Q⊗ (T b
• ) −→ Q⊗ (Lb

•)
N
−→ Q⊗ (Lb

•) −→ 0

and a short exact sequence of topologicalGK-modules

0 −→ T b −→ Lb N
−→ Lb −→ 0 (A.4.4)

by Proposition A.3.1 (3) and [K4] Lemma 4.3. These exact sequences yield a commu-
tative diagram with exact rows

· · · −→ Ha−1(K,Lb) −→ Ha(K,T b) −→ Ha(K,Lb)
N
−→ Ha(K,Lb) −→ · · ·

βa−1,b





y αa,b





y βa,b





y βa,b





y

· · · −→Ha−1(K,Lb
•)Qp −→Ha(K,T b

• )Qp −→Ha(K,Lb
•)Qp

N
−→Ha(K,Lb

•)Qp −→ · · · ,

where the arrowsβa−1,b andβa,b are bijective by (A.4.3). Hence the assertion follows
from the five lemma. �
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Corollary A.4.5 Put

Hi+1
cont-cr((X,M)/W )0Qp

:= Ker
(
Hi+1

cont-cr((X,M)/W )Qp
→ Hi+1

crys ((X,M)/W )Qp

)
.

Then the canonical homomorphism

Hi+1
cont-cr((X,M)/W )0Qp

−→ H1(K,Hi
crys((X,M)/W )Qp

),

obtained from(A.4.1) and an edge homomorphism of the spectral sequence in Theo-
remA.4.2, fits into a commutative diagram

Hi
crys((X,M)/(E ,ME ))Qp

∂ // //

��

Hi+1
cont-cr((X,M)/W )0Qp

��
(B+

st ⊗K0 D
i)GK

(−1)i+1δ // H1(K,Hi
crys((X,M)/W )Qp

),

where∂ is the connecting map induced by that in PropositionA.2.4 (see Corollary
A.3.4 for the existence and the surjectivity), and δ denotes the connecting map of
continuous Galois cohomology associated with(A.4.4) with b = i. The left vertical
arrow is obtained from PropositionA.3.1 (2).

Proof. The assertion follows from Proposition A.3.1 (2) and a simple computation on
boundary maps arising from the distinguished triangle

RΓ
(
E(X•,M•)/W•

) can
−→ RΓ

(
E(X•,M•)/(E•,ME• )

)

ν
−→ RΓ

(
E(X•,M•)/(E•,ME• )

) dt
t
∧
−→ RΓ

(
E(X•,M•)/W•

)
[1]

inD+(Mod(GK-Z/p•)) (a variant of Proposition A.2.4). The sign(−1)i+1 in the dia-
gram arises from the difference of the orientations betweenthis distinguished triangle
and (A.4.4), and the fact that the construction of connecting morphisms associated
with short exact sequences of complexes commutes with the shift functor [i] up to the
sign(−1)i. The details are straight-forward and left to the reader. �

A.5 Syntomic complexes

We construct the following objects forr ≥ 0:

S• (̃r)(X,M) ∈ D
+(Yét,Z/p

•) and S• (̃r)(X,M) ∈ D
+(Y ét, GK -Z/p•),

and the following objects forr with 0 ≤ r ≤ p− 1

S•(r)(X,M) ∈ D
+(Yét,Z/p

•) and S•(r)(X,M) ∈ D
+(Y ét, GK-Z/p•).

Definition A.5.1 Let (T,MT ) be a log scheme overZp. A Frobenius endo-
morphismϕ : (T,MT ) → (T,MT ) is a morphism overZp such thatϕ ⊗ Z/p :
(T1,MT1)→ (T1,MT1) is the absolute Frobenius endomorphism in the sense of[K3]
Definition4.7.
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To construct the objectsS• (̃r)(X,M) andS•(r)(X,M), we fix an étale hypercovering
(X⋆,M⋆)→ (X,M) and a closed immersion(X⋆,M⋆) →֒ (Z⋆,MZ⋆) of simplicial
fine log schemes overW such that(Zi,MZi) is smooth overW and has a Frobenius
endomorphism for eachi ∈ N. Let n ≥ 1 be an integer, and let(D⋆

n,MD⋆
n
) be the

PD-envelope of(X⋆
n,M

⋆
n) in (Z⋆

n,MZ⋆
n
) with respect to the canonical PD-structure

on (p) ⊂ Wn. For i ≥ 1, let J [i] ⊂ OD⋆
n

be thei-th divided power of the ideal

J = Ker(OD⋆
n
→ OX⋆

n
). For i ≤ 0, put J [i] := OD⋆

n
. Let J[r](X⋆

n,M
⋆
n)/Wn

be the
complex of sheaves onY ⋆

ét

J [r] d
→J [r−1]⊗OZ⋆

n
ω1
(Z⋆

n,MZ⋆
n
)/Wn

d
→ · · ·

d
→J [r−q]⊗OZ⋆

n
ωq
(Z⋆

n,MZ⋆
n
)/Wn

d
→ · · · ,

whereJ [r] is placed in degree0. See [Ts2] Corollary 1.10 ford. The complex

E(X⋆
n,M⋆

n)/Wn
we considered in§A.1 agrees withJ[0](X⋆

n,M
⋆
n)/Wn

. We define a complex
Sñ (r)(X⋆,M⋆) onY ⋆

ét as the mapping fiber of the homomorphism

pr − ϕ∗n : J
[r]
(X⋆

n,M
⋆
n)
→ E(X⋆

n,M
⋆
n)

For 0 ≤ r ≤ p − 1, the Frobenius endomorphism on(Z⋆
n+r,MZ⋆

n+r
) induces a

homomorphism of complexes

fr := p−r · ϕ∗n+r : J
[r]
(X⋆

n,M
⋆
n)/Wn

−→ E(X⋆
n,M⋆

n)/Wn

(cf. [Ts2] p. 540). We define a complexSn(r)(X⋆,M⋆) onY ⋆
ét as the mapping fiber of

the homomorphism
1− fr : J

[r]
(X⋆

n,M
⋆
n)
→ E(X⋆

n,M
⋆
n)

RegardingSñ (r)(X⋆,M⋆) andSn(r)(X⋆,M⋆) as complexes of projective systems (on
n ≥ 1) of sheaves onY ⋆

ét, we define

S• (̃r)(X,M) := Rθ∗(S• (̃r)(X⋆,M⋆)) (r ≥ 0),

S•(r)(X,M) := Rθ∗(S•(r)(X⋆,M⋆)) (0 ≤ r ≤ p− 1),

whereθ : Shv(Y ⋆
ét,Z/p

•) → Shv(Yét,Z/p•) denotes the natural morphism of topoi.
The resulting objects are independent of the pair((X⋆,M⋆), (Z⋆,MZ⋆)) (cf. [K2] p.
212).

We constructS• (̃r)(X,M) for r ≥ 0 andS•(r)(X,M) for 0 ≤ r ≤ p − 1 as
follows. Fix an étale hypercovering(X⋆,M⋆) → (X,M) and for each finite ex-
tensionL/K contained inK, fix a closed immersion(X⋆

OL
,M⋆

OL
) →֒ (Z⋆

L,MZ⋆
L
)

((X⋆
OL
,M⋆

OL
) := (X⋆,M⋆) ×(S,MS) (SL,MSL

)) of simplicial fine log schemes
overW such that(Zi

L,MZi
L
) is smooth overW for eachi ∈ N andL/K, such

that Zi
L has a Frobenius endomorphism for eachi ∈ N andL/K, and such that

for finite extensionsL′/L there are morphismsτL′/L : (Z⋆
L′ ,MZ⋆

L′
) → (Z⋆

L,MZ⋆
L
)

which satisfy transitivity and compatibility with Frobenius morphisms. For a finite
extensionL/K, we defineY ⋆

L in a similar way as in§A.1. We define complexes
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S• (̃r)(XOL
,MOL

) andS•(r)(XOL
,MOL

) on Y ⋆
L applying the same constructions as

for the complexesS• (̃r)(X,M) and S•(r)(X,M), respectively, to the embedding
(X⋆

OL
,M⋆

OL
) →֒ (Z⋆

L,MZ⋆
L
), whose inverse images ontoY ⋆ := X⋆ ⊗OK

k yield
inductive systems of complexes of objects ofShv(Y ⋆

ét, GK-Z/p•) with respect to fi-
nite extensionsL/K. We define

S• (̃r)(X⋆
•,M

⋆
•)

:= lim
−→

K⊂L⊂K

S• (̃r)(X⋆
OL,•

,M⋆
OL,•

)

∣∣
Y ⋆ ,

S• (̃r)(X•,M•)
:= Rθ∗(S• (̃r)(X⋆

•,M
⋆
•)
) ∈ D+(Y ét, GK -Z/p•),

whereθ : Shv(Y ⋆
ét, GK-Z/p•) → Shv(Y ét, GK-Z/p•) denotes the natural morphism

of topoi. We constructS•(r)(X•,M•)
from S•(r)(X⋆

OL,•,M
⋆
OL,•)

’s in a similar way.
When0 ≤ r ≤ p− 1, there is a canonical projection

ψr
• : S• (̃r)(X,M) −→ S•(r)(X,M)

induced by the identity map ofE(X•,M•)/W•
. There are canonical morphisms

c̃r• : S• (̃r)(X,M) −→ J
[r]

(X•,M•)/W•

1
−→ E(X•,M•)/W•

(r ≥ 0) (A.5.2)

cr• : S•(r)(X,M) −→ J
[r]

(X•,M•)/W•

1
−→ E(X•,M•)/W•

(0 ≤ r ≤ p− 1), (A.5.3)

which satisfy

pr · c̃r• = cr• ◦ ψ
r
• (when0 ≤ r ≤ p− 1). (A.5.4)

Forr ≥ 0, we define

Z/p•(r)′ := (paa!)−1Zp(r) ⊗ Z/p• ∈ Shv(XK , GK-Z/p•),

wherea denotes the maximal integer≤ r/(p− 1). We haveZ/p•(r)′ = µ⊗rp• canoni-
cally whenr ≤ p− 2. Similarly for r < 0, we define

Z/p•(r)′ := paa!Zp(r) ⊗ Z/p• ∈ Shv(XK , GK-Z/p•) (A.5.5)

with a the maximal integer witha ≤ −r/(p−1), which will be used in (A.6.4) below.
Let j : XK →֒ X andι : Y →֒ X be the natural immersions. LetRj∗ andι∗ be the
following functors, respectively:

Rj∗ : D
+((XK)ét, GK-Z/p•) −→ D+(X ét, GK-Z/p•),

ι∗ : D+(X ét, GK-Z/p•) −→ D+(Y ét, GK-Z/p•).

Theorem A.5.6 ([Ts1] §3.1, [K4] Theorem 5.4) For r ≥ 0, there exists a
canonical morphism inD+(Y ét, GK-Z/p•) compatible with product structures

ηr• : S• (̃r)(X,M) −→ ι∗Rj∗Z/p
•(r)′.

If r ≤ p− 2, thenηr• factors through an isomorphism

S•(r)(X,M)
∼−→ τ≤r ι

∗Rj∗µ
⊗r
p• . (A.5.7)
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Proof. We defineηr• applying the arguments in [Ts1]§3.1 in the category ofZ/p•-
sheaves. Ifr ≤ p − 2, then we haveZ/p•(r)′ = µ⊗rp• , andηr• factors through a mor-
phismηr• : S•(r)(X,M) → ι∗Rj∗µ

⊗r
p• by the construction ofηr• (loc. cit. (3.1.11)).

The morphismηr• induces an isomorphism as claimed, becauseS•(r)(X,M) is con-
centrated in[0, r] andηr• induces isomorphisms on theq-th cohomology objects with
0 ≤ q ≤ r by [K4] Theorem 5.4. �

We define

Hi
syn((X,M),S•(r)) := RiΓ (S•(r)(X,M)),

Hi
syn((X,M),SZp

(r)) := lim
←−

Hi
syn((X,M),S•(r)),

Hi
syn((X,M),SQp

(r)) := Qp ⊗Zp
Hi

syn((X,M),SZp
(r)),

Hi
syn((X,M),SQp

(r)) := Qp ⊗Zp
lim
←−

RiΓ
(
S•(r)(X,M)

)
.

whereΓ andΓ are as in (A.1.5) and (A.1.6), respectively.

A.6 continuous(-Galois) syntomic cohomology

We assumer ≤ p− 2 in what follows. Fori ≥ 0, we define the continuous syntomic
cohomology as follows:

Hi
cont-syn((X,M),SZp

(r)) := Ri
(
lim
←−

Γ
)(

S•(r)(X,M)

)
.

Similarly, we define the continuous-Galois syntomic cohomology as follows:

Hi
cG-syn((X,M),SZp

(r)) := Ri
(
lim
←−

ΓGalΓ
)(

S•(r)(X,M)

)
.

We put

Hi
cont-syn((X,M),SQp

(r)) := Qp ⊗Zp
Hi

cont-syn((X,M),SZp
(r)).

Proposition A.6.1 Let i ≥ 0 be an integer.

(1) Let η : Hi
syn((X,M),SQp

(r)) → Hi(XK ,Qp(r)) be as in Lemma9.5. Then
the kernel of the composite map

Hi
cont-syn((X,M),SQp

(r)) −→ Hi
syn((X,M),SQp

(r))
η
−→ Hi(XK ,Qp(r))

agrees with that of the composite map

Hi
cont-syn((X,M),SQp

(r))→ Hi
syn((X,M),SQp

(r))→ Hi
crys((X,M)/W )Qp

,

which we denote byHi
cont-syn((X,M),SQp

(r))0, in what follows.

(2) If K is ap-adic local field(i.e.,k is finite), then we have

Hi
cont-syn((X,M),SZp

(r)) ∼−→ Hi
syn((X,M),SZp

(r)).

In particular, we have the following canonical map in this case:

Hi
syn((X,M),SZp

(r)) −→ Hi
cont-cr((X,M)/W ).
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(3) If r ≥ d := dim(XK), then we have

Hi
cG-syn((X,M),SZp

(r)) ∼−→ Hi
cont(XK ,Zp(r)),

whereH∗cont(XK ,Zp(r)) denotes the continuousétale cohomology[J].

Proof. (1) The assertion immediately follows from Lemma 9.5.

(2) There is a short exact sequence analogous to (A.2.3)

0 −→ R1 lim
←−

Hi−1
syn ((X,M),S•(r)) −→ Hi

cont-syn((X,M),SZp
(r))

−→ Hi
syn((X,M),SZp

(r)) −→ 0.

SinceX is proper overk andk is finite by assumption,Hi−1
syn ((X,M),Sn(r)) is finite

for any i, n ≥ 1 by [Ts1] Proposition 2.4.1. See also the remark in loc. cit.,p. 263.
The assertion follows from these facts.

(3) Sincer ≥ d by assumption, (A.5.7) impliesS•(r)(X,M) ≃ ι∗Rj∗µ
⊗r
p• . Hence

the assertion follows from the isomorphisms inD+(Mod(GK -Z/p•))

RΓ
(
XK , µ

⊗r
p•

)
= RΓ

(
X,Rj∗µ

⊗r
p•

)
∼−→ RΓ

(
Y , ι∗Rj∗µ

⊗r
p•

)
, (A.6.2)

where the last isomorphism is a consequence of the proper base-change theorem for
the usual étale cohomology. �

For i ≥ 0, put

Hi(XK ,Qp(r))
0 := Ker(Hi(XK ,Qp(r))→ Hi(XK ,Qp(r))),

Hi
syn((X,M),SQp

(r))0 := Ker(η : Hi
syn((X,M),SQp

(r))→ Hi(XK ,Qp(r))).

We haveHi(XK ,Qp(r)) = Hi
cont(XK ,Qp(r)) whenK is ap-adic local field. The

following corollary is a consequence of Proposition A.6.1 (1), (2) and the covariant
functoriality of Hochschild-Serre spectral sequences in coefficients (see also the dia-
gram in the proof of Theorem A.6.7 below).

Corollary A.6.3 Assume thatK is ap-adic local field, and lete be the composite
map

e : Hi+1
syn ((X,M),SQp

(r))0 → Hi+1(XK ,Qp(r))
0 → H1(K,Hi(XK ,Qp(r))),

where the last map is an edge homomorphism of the Hochschild-Serre spectral se-
quence(9.0.1). If r ≥ d, thene fits into a commutative diagram

Hi+1
syn ((X,M),SQp

(r))0 //

e

��

Hi+1
cont-cr((X,M)/W )0Qp

��
H1(K,Hi(XK ,Qp(r)))

βi,r

// H1(K,Hi
crys((X,M)/W )Qp

),

where the top arrow is obtained from PropositionA.6.1 (1)and(2), the right vertical
arrow is the map in CorollaryA.4.5andβi,r is as in the proof of Theorem9.9.
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We next construct a commutative diagram inQ⊗D+(Mod(GK -Z/p•)) assuming
r < d

Q⊗RΓ
(
Y ,S•(r)(X,M)

)

fr

��

hr

++WWWWWWWWWWWWWWWWWWWWW

Q⊗RΓ
(
XK , µ

⊗r
p•

) gr

// Q⊗
(
RΓ

(
Y ,E(X•,M•)/W•

)
⊗ Z/p•(r − d)′

)
,

(A.6.4)
which is a key ingredient of the commutative diagram (A) of§9 for the caser < d.
See (A.5.5) forZ/p•(r − d)′. We definehr as the composite morphism

Q⊗RΓ
(
Y ,S•(r)(X,M)

)

(A.5.3)
−→ Q⊗RΓ

(
Y ,E(X•,M•)/W•

)

∼−→ Q⊗
{
RΓ

(
Y ,E(X•,M•)/W•

)
⊗ Z/p•(d− r)′ ⊗ Z/p•(r − d)′

}

−→ Q⊗
{
RΓ

(
Y ,E(X•,M•)/W•

)
⊗ Z/p•(r − d)′

}
,

where the last arrow is induced by thepd−r-times of the composite map

Q⊗ Z/p•(d− r)′
(1)
≃ Q⊗H0

syn((X•,M•),S• (̃d− r)) (A.6.5)
(A.5.2)
→֒ Q⊗H0

crys((X•,M•)/W•)

(see (A.6.6) below for the isomorphism (1)) and the product of crystalline complexes.
We definef r as the morphism induced by (A.5.7) and the isomorphisms in (A.6.2).
To definegr, we need an isomorphism

f̃d : Q⊗RΓ
(
Y ,S• (̃d)(X,M)

)
≃ Q⊗RΓ (XK ,Z/p

•(d)′) (A.6.6)

induced bỹηd• in Theorem A.5.6 (cf. [Ts1] Theorem 3.3.2 (1)). We define

h̃d : Q⊗RΓ
(
Y ,S• (̃d)(X,M)

)
−→ Q⊗RΓ

(
Y ,E(X•,M•)/W•

)

in the same way ashr (using (A.5.2) instead of (A.5.3)) and definegd := pd · (h̃d ◦

(f̃d)−1). Finally we definegr as the composite of the natural map

RΓ
(
XK , µ

⊗r
p•

)
−→ RΓ

(
XK ,Z/p

•(d)′
)
⊗ Z/p•(r − d)′

andgd ⊗ id. The above diagram is commutative by the definition ofgr and the com-
patibility of ηr• with products (cf. [Ts1]§3.1). Now we prove

Theorem A.6.7 Assume thatK is a p-adic local field(i.e., k is finite). Then the
diagram(9.9.2)commutes forr < d.
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Proof. We first note the isomorphisms

Hi+1
cont-syn((X,M),SQp

(r)) ∼−→ Hi+1
syn ((X,M),SQp

(r)),

Hi+1
cont(XK ,Qp(r))

∼−→ Hi+1(XK ,Qp(r))

by the assumption thatk is finite (cf. Proposition A.6.1 (2)). For integersm ≥ 0 and
s < 0, put

Hm
cG-cr((X,M)/W ; s) := Rm(

lim
←−

ΓGal

){

RΓ
(

Y ,E(X•,M•)/W•

)

⊗ Z/p•(s)′
}

,

Hm
cG-cr((X,M)/W ; s)0Qp

:= Ker(Hm
cG-cr((X,M)/W ; s)Qp → Hm

crys((X,M)/W )Qp(s)).

By (A.6.4), there is a commutative diagram

Hi+1
syn ((X,M),SQp

(r))

fr

��

hr

**UUUUUUUUUUUUUUUUU

Hi+1(XK ,Qp(r))Qp

gr

// Hi+1
crys ((X,M)/W )Qp

(r − d),

where the bottom arrow is the same asβi+1,r. By this diagram we obtain the arrows
(gr)0 and(hr)0 in the following commutative diagram:

Hi+1
syn ((X,M),SQp

(r))0

(fr)0

��

(hr)0

++WWWWWWWWWWWWWWWWWWWWW

Hi+1
cont(X,Qp(r))

0
(gr)0 //

edge

��

Hi+1
cG-cr((X,M)/W ; r − d)0Qp

edge

��
H1(K,Hi(XK , µ

⊗r
p• ))Qp

gr

// H1(K,Hi
crys((X•,M•)/W•)⊗ Z/p•(r − d))Qp

H1(K,Hi(XK ,Qp(r)))

≀c

OO

βi,r

// H1(K,Hi
crys((X,M)/W )Qp

(r − d)),

≀ c′

OO

where the top triangle is induced by (A.6.4) and the central square commutes by the
functoriality of Hochschild-Serre spectral sequences. The arrowsc andc′ are canoni-
cal maps, and the bottom square commutes by the definitions ofβi,r andgr. The map
c is bijective by [J] Theorem 5.15 (c) and the finiteness ofHi(XK , µ

⊗r
pn ) for n ≥ 1.

The bijectivity ofc′ is obtained from a similar argument as for the proof of Theorem
A.4.2. Moreover it is easy to see that the composite of the left column agrees with the
left vertical arrow of (9.9.2), and that the composite ofhr and the right column agrees
with γi,r in (9.9.2). The commutativity in question follows from these facts. �
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