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1 INTRODUCTION

1.1 MOTIVATION AND HEURISTIC DISCUSSION

In this article, we study the global Cauchy problem for the semi-relativistic
Schrédinger-Poisson system in R™, n > 1, for a wide class of nonlocal inter-
actions, both in the attractive and repulsive cases. This system is relevant to
the description of many-body semi-relativistic quantum particles in the mean-
field limit. We consider a system of N semi-relativistic quantum particles in
R™, n > 1 with long-range two-body interactions g% Zl§i<j§N m, with

0<y<Tlifn>2 and 0<y<1ifn=1, and with g € R. In the mean-field
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limit, one can formally show that the density matrix that describes the mized
state of the system satisfies the Hartree-von Neumann equation

i0up(t) = [Hyn + 1w, (D), p(0)], ©€RY, n>1, >0
Hpy =v m? — A — m, Wy = g|xl|'yv n(tv'r) - p(t,:c,:c), p(O) = Po ,
(1.1)
where A stands for the n-dimensional Laplacian, x stands for convolution in
R™, and m > 0 is the mass.! Since py is a positive, self-adjoint trace-class

operator acting on L?(R"), its kernel can be decomposed with respect to an
orthonormal basis of L?(R"),

po(w,y) = Meow ()i (y) (1.2)

keN

where {1, }ren denotes an orthonormal basis of L?(R™). Furthermore,

A= {dken €0, A >0, Y N=1.
k

We will show that there exists a one-parameter family of complete orthonormal
bases of L?(R"), {¢x(t)}ren, for t € R, such that the kernel of the solution
p(t) to (1.1) can be represented as

p(t,l‘,y) = ZAkiz}k(taz)wk(tay) (13)

keN

Substituting (1.3) in (1.1), the one-parameter family of orthonormal vectors
{Yk(t) }ren is seen to satisfy the semi-relativistic Schrodinger-Poisson system

i

i = Hut + Vi, heN (1.4)
VW] =wyxn[¥], W= {¢p}i, (1.5)
[z, 6)] = Melvnl*. (1.6)

k=1

The purpose of this note is to show global well-posedness of (1.4) in a suit-
able Banach space (to be specified below), and to study the asymptotics of
the solution as the mass m tends to oo, which we compare to solutions to
the non-relativistic Schrédinger-Poisson system, see [11]. The semi-relativistic
Schrodinger-Poisson system of equations in a finite domain of R? and with re-
pulsive Coulomb interactions has been studied recently in [1, 2]. Here, we gener-
alize the result of [1] in several ways. First, the problem is studied in R, n > 1.

1The rigorous derivation of the semi-relativistic Hartree-von Neumann equation is a topic
of future work, see [3, 4] for a derivation of this system of equations in the non-relativistic
case.
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Second, we consider a wide class of nonlocal interactions in both the attractive
and repulsive cases, and which includes the repulsive Coulomb case in three
spatial dimensions. Third, in the infinite mass limit m — oo, we prove that so-
lutions to the semi-relativistic, and to the non-relativistic Schrédinger-Poisson
systems become indistinguishable; the latter has been studied extensively, see
for example [5, 8] and references therein. In the special case when the initial
density matrix is a pure state pg = [to) (o], the Schrodinger-Poisson system
becomes a single Hartree equation

0pp = (Vm? = A —m) + (wy x [¢*)1), ¥(0) = ¢ho.

In that sense, our analysis generalizes the results of [10, 7] to the effective
dynamics of a mized state of a semi-relativistic system.

The organization of this paper is as follows. In Subsection 1.3 we state our
main results. We prove local and global well-posedness in Section 2. Finally,
in Section 3, we discuss the asymptotic behavior of the solutions as the mass
tends to infinity. For the benefit of a general reader, we recall some useful
results about fractional integration and fractional Leibniz rule in Appendix A.

1.2 NOTATION

e A < B means that there exists a positive constant C' independent mass
m such that A < C B.

e LP stands for the standard Lebesgue space. Furthermore, LYB =
LP(I; B). {(-,-)1> denotes the L?(R™) inner product. We will often use

the abbreviated notation L%, for L][”0 7> in the situation where [0, 7] de-

notes a time interval.

o I' = {{athen] X lan] < oo}

o WP = (—=A +1)"2LP, the standard (complex) Sobolev space. When
p =2, W52 = H°. H? denotes the homogeneous Sobolev space with

norm [[9] 7. = (¥, (—=A) ) 12)7.

e For fixed A € I}, )\, > 0, and for sequences of functions ® := {¢y }ren
and U := {4} }ren, we define the inner product

(@, )2 = > Mok, Vi) 2,

k>1

which induces the norm

@]z = (Z Mellnll22) %

k>1

The corresponding Hilbert space is £2.
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e For fixed A € l', A\, >0,

= {U = {Ue}ren] ¥ € H*, > Mellthn|lFe < oo}

k>1
is a Banach space with norm [|¥|/3c = (3 sy Akllve]%: )2

e For fixed A € l', A\ >0,

H* = {0 = {gr}ren| ¥n € H*, Y Nillvhu]|%., < oo}

k>1

is a Banach space with norm |||, = (32,5, )\kHwkst)%.

1.3 STATEMENT OF MAIN RESULTS

For s > 0, we define the state space for the Schrodinger-Poisson system by

S% =
{(T,N)] V= {¢p}r=1 € H® is a complete orthonormal system in L*(R™),

A={Xetren €11, Ap >0}
The following is our first main result about the global Cauchy problem.

THEOREM 1.1. Consider the system of equations (1.4)-(1.6), with m > 0, with
0<y<1lifn>2 and0 <~ <1ifn=1. Suppose that (¥(0),\) € §°, s >
1/2. If g > 0, or g < 0 with ||¥(0)| 22 small enough, then there is a unique
mild solution (¥, \) € C([0, ], S?).

REMARK 1.2. )\ is time-independent, and hence the evolution can be thought
as that of W € H5.

REMARK 1.3. Local well-posedness requires less reqularity, in particular, s >
~v/2, see Proposition 2.2 in Section 2.1. On the other hand, in order to enhance
local to global well-posedness, energy conservation is used, and consequently,
5> % is assumed to ensure finiteness of the energy.

REMARK 1.4. It follows from the proof of local well-posedness (Proposition 2.2
in Section 2.1) that there exists a positive time T independent of m > 0 such
that [|¥| Lsoas < C|W(0)|laes, s > /2, where C > 0 is independent of m.

REMARK 1.5. The solution is continuous in the mass m. In particular, as
m N\, 0, and for T > 0 fized, U — ¥ strongly in L (H®), s> 1/2, where
U satisfies (1.4)-(1.6) with m = 0 and initial condition W(0), see Proposition
2.6 in Sect. 2.
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The second result is about the infinite mass limit. Let I' satisfy the nonrela-
tivistic Schrodinger-Poisson system of equations

ot
V[¥] = W~ xn[W],  Wi={Yp}il,

n[(z, )] = > Aol
k=1

with initial condition ¥(0) = {¢%(0)}ren-

THEOREM 1.6. Suppose that the hypotheses of Theorem 1.1 hold. Then there
exists T > 0 such that ¥ —T' — 0 in L2 (H?®), s> v/2, as m — 0.

1
=——AY,+ Vi, keN
2m

In other words, when the mass tends to infinity, the solutions of the semi-
relativistic, and of the non-relativistic Schrodinger-Poisson systems of equations
asymptotically become indistinguishable.

REMARK 1.7. The proof of Theorem 1.6 relies on local well-posedness, and this
is why the result holds for s > /2.

2  WELL-POSEDNESS

2.1 LOCAL WELL-POSEDNESS

In what follows, we fix A € I', )\, >0, [ € N. We start by showing that the
nonlinearity V[¥]¥ is locally Lipschitz.
LEMMA 2.1. For U, ® € H*, s>~/2,

IVIZ]T — V@]®|l3: < (125 + @[3 — D3¢

~

Proof. The proof relies on the fractional Leibniz rule and fractional integration,
see Appendix A. From the Minkowski inequality,

[VI¥]¥ = V[®]D[l3e S [[(VI¥] = VO[3 + [VII(T = @)[[3e (2.1)
We begin by estimating the first term on the right.
(VP = V@D Tl9e S Y il x (1] — |60]*)oou] 1o

ki>1
SO0 NeAfllws * ([l = ()l o | are
ki>1
+ flwy * (J]* = |¢z|2)IIWS,27n [Vl 2=}
SO0 Ml = il g Ul g + bl )Nl e
Ei>1
+ llnf? - |¢zl2||L2357 el 3}
S (193 + 1203 [1¥ — ®|le. (2.2)
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Here, we used Minkowski inequality in the first line, fractional Leibniz rule
(Lemma A.1 in the Appendix) in the second line, Holder’s inequality, fractional
integration (Lemma A.2) and Lemma A.3 in the third line. Similarly,

VRN — @)[lpe S Y MeMillwy * |1 (vor — 1)l e
k>1

SO Medi{llwy * [Pl e — dillme + [Jwy * 60| oz N0k — il | 2a}

n—-vy
Ei>1

S D0 NN 5 19 — Sl + Mol 2l — dxll 3}

L2n—v
i>1
S 1213 1% — @l (2.3)
The claim of the lemma follows from inequalities (2.1), (2.2) and (2.3). O

Using a standard contraction map argument, the generalized semi-relativistic
Schrédinger-Poisson system of equations is locally well-posed.

PROPOSITION 2.2. Consider the system of equations (1.4)-(1.6), with m > 0,
0<y<1lifn>2 and0 < vy < 1ifn=1. Suppose that (¥(0),)) €
8%, s > /2. Then there exists a positive time T such that the unique solution
U € C([0,T); H?). Furthermore, there exists a mazimal time 7% € (0,00] such
that limy s« || U(t)]|2e = 0.

Proof. Given p, T > 0, consider the Banach space
By, ={V € LF(H’) : [V rsens < p}.

Let U™ = e¢~®Hm the unitary operator generated by the semi-relativistic
Hamiltonian H,, = v/ —A + m? — m. We define the mapping A by

N@)(t) = U (1)(0) — i /O D (¢ — V) ()t

which is the solution given by the Duhamel formula. First we show that N is
a mapping from B, , into itself.

[N geres < [1(0)|34s + TN VW] L334
<@ O) e +T > MeAillwy * [ * i oo mre

ki>1
= G kAN Wy 1 L Lo [Pkl L He
<NTOles +T ) Mdidllwy > ()] okl g e+
ki>1
2
LR (TR N A

where we have used fractional Leibniz rule (Lemma A.1) in the last inequality.
It follows from fractional integration (Lemma A.2) and Sobolev embedding
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H3% < L+ that
IN () Lgme < NTO)ae +T D> MeN{llwll® |y 19kl g e+

ki>1 Lz
2

IR a0}

<N@O) s +T ) Meddllall? g onllpgme}
k,I>1 T

< W) e + T Ml 2 )7 Mol )
1>1 r E>1

< 1T (0) |9 +T||‘I’Hi§9%g 19 Lo e,

where we have used the fact that A\, > 1 and Zk>1 A = 1 before the last
inequality. -
Since s > 3, and since by assumption, ¥ € B ,, we can choose T" and p such

that )
14 2

T0)||ys <=, Tp* < =,

[WO) e < &, T < 5

it follows from the last inequality and the Duhamel formula that
W[ Loeaes < 2[[W(0)][3s < p.

Second, since the nonlinearity is locally Lipschitz (Lemma 2.1), A is a contrac-
tion map for sufficiently small 7T'.

IN(®) = N (@) gems < TIVU]Y = VI[P]D| pge3e

ST — @ Loope
Local well-posedness follows from a standard contraction mapping argument,
see for example, [6]. O
It follows from local well-posedness that for every k € N, |||z is conserved.

LEMMA 2.3. Suppose that the hypotheses of Proposition 2.2 hold. Then
[ok®)llL2 = 19 (0)[l L2, ¢ €[0,77).
Proof. Multiplying (1.4) by ¢} and integrating over space yields

Wl = G, Fl) + {5, VIO,

Taking the imaginary part of both sides of the equation yields d;||1||* = 0. O

The energy functional associated with the semi-relativistic Schrédinger-Poisson

system is
1

T2
Formally, conservation of energy follows from multiplying (1.4) by N9y, in-

tegrating over space, and summing over k£ > 1. To make the argument precise,
we need a regularization procedure.

E(D) (U, Hp, W) 2 + i(\II,V[\II]\IOLz.
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LEMMA 2.4. Suppose that the hypotheses of Proposition 2.2 hold. Then
E(W(t)) = E(P(0)), t € [0,7%), is satisfied for solutions ¥ € C([0,7*), H?)
with s > %

Proof. Let
Je=(eHp +1)71 €>0,

act on the sequence of embedding spaces
HE s HE s Hz s H?
It follows from fractional calculus that
(i) J. is a bounded operator from H* to H**!,
(i) [|Te¥llas < [[@[l3¢s, and
(iii) J. U — W strongly in H® as ¢ — 0.

Now

)

E(TV(t2)) — E(TTU(t)) = /tt2 WE(T V(L

_ Re{ /tZ i Hp T U(t), Hp TV (1)) 2+

+ (Hn U (), TV ()] (1) c2+
H(TVIIV DTV (), Hn TV (t)) 22+

RCAUNATO RATONAG IO TOESS
The first term is trivially zero, since H,,J. = J.H,. Let

9e(t) = Re{(Hm TW(t), TV (8)] () 2+
H(TVIIVDONTY (), Hn TV (#)) 22+
H(IVITVD)]TV (@), TV V)] (2)) 2}

Then
E(TV(t2)) — E(TY(t)) = /t ge(t)dt.

It follows from the above properties (i)-(iii) of J. that lim. ¢ ge(¢t) = 0. Fur-
thermore,

9¢(t) < IV (E)]| c2 | Hn ¥ (1) 2 + [V (O] ()] Z2- (2.4)

Using Lemma A.3, we have

IVIOIWllce S D MAdllvell?, 3 1wl e

k,i>1
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The Gagliardo-Nirenberg inequality,
1—
ell 3 S 1l 4 Il 2"

together with conservation of charge (Lemma 2.3), yields
NQaNTEEDS )\l”l/’lHj;%
1>1

SO /\l”T/)lHi-{%)'y

>1
S,

where we have used in the second inequality the fact that > ,o; Ay =1, A >0,
and f(x) = 27, 0 < v < 1, is concave (equality when v = 1 is trivially
satisfied). Substituting back in (2.4) yields

< 2v+1 4y
gelt) S I WIZ + w1,

which is finite for ¢ < 7*. By the Dominated Convergence Theorem,

E(W(tr)) — E((t1)) = / i g, (£)dt = 0.

e—0
1
as claimed. O

Global well-posedness in H®, for s > %, follows from conservation of charge and
energy.

PROPOSITION 2.5. Suppose that the hypotheses of Proposition 2.2 hold. Then,
if g >0 or g <0 with || ¥(0)| 22 small enough, and for s > %,
1)l < CNT(O) e e EHOIHITOZ2),
where C, v and & are positive constants that are independent of m > 0.
Proof. We start by bounding ||\Il(t)HH% from above, uniformly in time.
(T, VW) 2 = > N, V[W]en)

1>1
< V]| o< 9] Z2

S QO MllenlZ )12z

k>1
2
< (0 Ml I 2
k>1
< O Ml ) 1%
k>1

SN 19,
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Here, we used Holder’s inequality in the second line, Lemma A.3 in the third
line, the Gagliardo-Nirenberg inequality and conservation of charge in the
fourth line, and >, -, Ax = 1, Ap > 0, the fact that 27, 0 < v < 1, is
concave in the fifth line (equality when v = 1 is trivially satisfied). Together
with conservation of energy (Lemma 2.4), this implies that for g > 0 or g < 0
with [[¥(0)]|z2 small enough,

1Wll,3 < a (E@®) + [P(0)]Z2), (2.5)

where o and ¢ are constants independent of the mass m > 0. Now, it follows
from the Duhamel formula that

W) [[32= < [[W(0)[J3¢= +/O 13,5 12Xl dt’
< 1Ol +a (E(T(E)) + H‘IJ(O)II‘ZQ)/O 1T () l3e dt’,

where we used Holder’s and Minkowski inequalities in the first line, and (2.5)
in the second line. By Gronwall’s lemma,

D)3 < [[W(0) 3o (E@OHITOI2)t

follows. O

Proof of Theorem 1.1. It follows from Propositions 2.2 and 2.5 that 7% = oo,
i.e., the generalized semi-relativistic Schrodinger-Poisson system of equations
is globally well-posed. |

We now prove the claim of Remark 1.5 about the asymptotic behaviour of the
system as the mass tends to zero.

PROPOSITION 2.6. Consider the system of equations (1.4)-(1.6) with initial
condition (), ¥(0)). Let ¥ denote the solution of the initial value problem
with mass m = 0, and fir T > 0. Under the hypotheses of Proposition 2.5,
U — UO) strongly in L5 (H®), s> 1/2, as m — 0.

Proof. Proposition 2.5 implies that, given T" > 0, there exists finite p > 0 such
that

sup || ¥l|Lgers < p- (2.6)
me[0,1]

We now compare the norm of the difference of W(t) and W) (¢), t € [0, 7). Tt
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follows from the Duhamel formula that

19 = Ol S 1 (U0 = UO®)) w(O) e+
+ [OVIR@ ) - VO @O @ e+
+ 1 (U (@) - UOW)) VIEO SO () - bt
ST O) e+ [ VIR )~ VOO @) e d

mT?
+ T||V[‘I’(O)]‘I’(O)||L;°H57

where we used Minkowski inequality in the first inequality and Hoélder’s in-
equality in the second. We also used 0 < vV—A +m?2 —m < m.

It follows from the fact that the nonlinearity is locally Lipschitz (Lemma 2.1)
and (2.6) that

Ve ENEE) = VIEO @Ol S 210 (E) = O I3,
IVIZOTT O 90 < 0%

Hence
t
)~ PO e ST+ mp'T 42 [ 1900) ~ ¥ O W) e
0
By Gronwall’s lemma, ¥ — ¥ strongly in L3°(H*) as m — 0. O

3 ASYMPTOTIC BEHAVIOUR OF SOLUTIONS AS MASS TENDS TO INFINITY

In this section, we discuss the asymptotics of the solution as the mass m tends
to infinity.

Proof of Theorem 1.6. Recall that from the proof of local well-posedness in
Section 2.1, there exists 7" > 0 independent of m such that [[W|lpeps <
C||w(0)|ls, s > /2, where C is independent of m. Similarly, one can show
that there exists 7" > 0 independent of m such that [[I'l| o3 < C[[¥(0)]|5-,

where C' is independent of m. Let 7 = min(T,T”"). Let T = {7, }xen satisfy the
system of equations

{i@tf — V[T,
VIE] = wy xn[l], nll] =322, Aelful?,

with initial condition T'(0) = ¥(0). Alternatively, T satisfies the integral equa-
tion

P(t) = w(0) — '/Ot VI () dt .
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Uniqueness of the solution follows from the fact that the nonlinearity is locally
Lipschitz (Lemma 2.1). We are going to compare ¥ to I', and then I" to T

19(8) = T @l < 11 (U(1) = 1) W (O0) e+ (3.1)
+ [ N[O -0 1) VEORO e+ (32
+ [ VIR ~ VIR et (3.3)

To estimate the first term on the right-hand-side, we apply the Fourier trans-
form and use Parseval’s Theorem,

I (U™ @) 1) w3

_ Z)\l/ —it(n/m2+|k|2—m) _ 1|2(1 + |k|2)s|{/1\l(0; k)|2dk/,

1>1
<Y onf[ e VIR AR k) (0, k) PR+
I>1 |k|<m37

" /m | €7 OV — 13+ [k (0, 8) k)
>m4

2 4 —~
<>f. (14 )2 40, b P+

>1 j<m® (/M2 +[k[? +m)

4 / (U4 (BN [0, k) [2dk}
w>mz

||\1: )12, +4Z/ (1+ k)2 |80, k) 2k

1
1>1 7 [k[>m1

—0 as m — oo.

Since V[I|T" € H?, it follows from the Dominated Convergence Theorem that

i [ I (U(m)(t - 1) VD)D) |-t = 0.

m—o0 0

To estimate the third term, let p > 0 be a constant such that

sup (|9 zoopee + [Tl zgons) + [Tl Looms < p.
m>1

It follows from the fact that the nonlinearity is locally Lipschitz that
IVIOE () = VIDE)TE ) [l0s < Co*[U(E) = D) [1aes,

where C' is a positive constant independent of m.
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Therefore,

() — T(t)||5 Sfm+cp2/0 W) = D) || -t

where f,, bounds the first two terms on the r.h.s. of (3.1). As shown above,
lim;, 00 frn = 0 and C'is independent of m, so that it application of Gronwall’s
lemma yields

m—0o0

Similarly, one can show that

t
IT®) = E Ol < g +C* [ 10(E) = D) e
0
where lim,;, 00 g = 0 and C' is independent of m, and it follows that

m—o0

Since
[¥ =T zeeps <NV —Tlpeops + [T =Tl nooe,

it follows that
lim H\IlfFHLaoHs :0,
m—00 4

as desired. O
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A APPENDIX
The following result about the fractional Leibniz rule can be found in [9].
LEMMA A.1.
ID* (o)l S P ullpa [vllzr + [|ullpoe | D0l L2,
1

1,1
wherepfqurTi, i=1,2.

The second result is about inequality involving fractional integral operators,
which can be found, for example, in [12].
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LEMMA A.2. Let I, for 0 < a < n, be the fractional integral operator

I = [ o=yl "uy) dy.

Then

1 1 «
Iau L;US uljlre, —=———.
[ ()] [ PR

We also recall the following useful Hardy-type inequality.

LEMMA A.3. Let 0 <y <mn. Then,

2 2
su —u dy| < ||ull” ~ .
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