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ABSTRACT. A collection of n distinct hyperplanes L; = {l; = 0} C
P" !, the (n — 1)-dimensional projective space over an algebraically
closed field of characteristic not equal to 2, is a polar simplex of a
smooth quadric Q"2 = {q = 0}, if each L; is the polar hyperplane
of the point p; = ﬂj# L;, equivalently, if ¢ = 2 + ...+ (2 for suitable
choices of the linear forms [;. In this paper we study the closure
VPS(Q,n) C Hilbn(f’”_l) of the variety of sums of powers presenting
Q@ from a global viewpoint: VPS(Q,n) is a smooth Fano variety of
index 2 and Picard number 1 when n < 6, and VPS(Q, n) is singular
when n > 6.
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470 KRISTIAN RANESTAD AND FRANK-OLAF SCHREYER

1. INTRODUCTION

Let @ = {¢ = 0} be a (n — 2)-dimensional smooth quadric defined over the
complex numbers, or any algebraically closed field of characteristic not equal to
2. We denote the projective space containing @ by P"~! because its dual space
P71 plays the major role in this paper. A collection Ly = {l; = 0},..., L, =
{l,, = 0} of n hyperplanes is a polar simplex iff each L; is the polar of the point
pi =) i L;, equivalently, iff the quadratic equation

n
¢=) 1
i=1

holds for suitable choices of the linear forms I; defining L;. In this paper we
study the collection of polar simplices, or equivalently, the variety of sums of
powers presenting ¢ from a global viewpoint.

We may regard a polar simplex as a point in Hilb,, (P"~1). Let VPS(Q,n) C
Hilb,, (P™1) be the closure of the variety of sums of n squares presenting Q.
The first main result is:

THEOREM 1.1. If 2 < n < 5, then VPS(Q,n) is a smooth rational (Z)—
dimensional Fano variety of index 2 and Picard number 1. If n > 6, then
VPS(Q,n) is a singular rational (g) -dimensional variety.

If n = 2, then VPS(Q,n) = P!, and if n = 3, then VPS(Q,n) is a rational
Fano threefold of index 2 and degree 5 (cf.[Muk92]).

The quadratic form defines a collineation ¢ : P"~1 — P! let ¢~ : P*~ 1 —
P"~! be the inverse collineation, and Q~! = {¢g~! = 0} € P""! the corre-
sponding quadric. Consider the double Veronese embedding Q! — P("2+1)72,
and let T7Q~' be the image by the Gauss map of tangent spaces Q' —

G(n—1,("") — 1). Our second main result is:

THEOREM 1.2. VPS(Q,n) has a natural embedding in the Grassmannian va-
riety G(n—1, (”'2“) —1) and contains the image TQ ™' of the Gauss map of the
quadric Q' in its Veronese embedding. When n =4 or n = 5. the restriction
of the Plcker line bundle generates the Picard group of VPS(Q,n), and the
degree is 310, resp. 395780.

We denote the coordinate ring of P"~! by S = C|xy,. .., x,] and the coordinate
ring of the dual P*~! by T' = Clyi,...,y,]. In particular S; = (T1)*, so we
may set P"~! = P(T}), the projective space of 1-dimensional subspaces of T}
with coordinate functions in S, and P"~! = P(S;) with coordinate functions in
T. Let g € T =Cluy,-..,yn] be a quadratic form defining the smooth (n — 2)-
dimensional quadric Q C P! = P(S;). Regard [q] as a point in P(T,) and
consider the Veronese variety Vo C P(T%) of squares,

Vo = {[I’] € P(Ty)|l € P(T1)}.
Then a polar simplex to ) is simply a collection of n points on V5 whose

linear span contains [¢]. Any length n subscheme I' C V5 whose span in P(7%)
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VARIETY OF POLAR SIMPLICES 471

contains [¢] is called an APOLAR SUBSCHEMES OF LENGTH n TO ). The closure
VPS(Q,n) of the polar simplices in Hilb,,(P(7})) consists of apolar subschemes
of length n. We denote by VAPS(Q,n) the subset of Hilb, (P(71)), with
reduced scheme structure, parameterizing all apolar subschemes of length n to
@. Our third main result is:

THEOREM 1.3. The algebraic set VAPS(Q,n) is isomorphic to the complete
linear section

VAPS(Q,n) = (TQ YN NG(n—1,Ty/q) C P(A""H(To/q))

in the Plicker space. For n < 6 the two subschemes VPS(Q,n) and
VAPS(Q,n) coincide. For n > 24, the scheme VAPS(Q,n) has more than
one component.

Notice that we do not claim that the linear section (T'Q~) NG(n — 1,7T2/q)
is reduced, only that its reduced structure coincides with VAPS(Q,n). The

linear span (T'Q ') has dimension (2::11) — (2::23) —1, while the Grassmannian

has dimension (n—1)(}) in ((ngi)l_l)—dimensional Pliicker space. So this linear
section is far from a proper linear section when n > 4, i.e. the codimension
of VAPS(Q,n) in the Grassmannian is much less than the codimension of its
linear span in the Pliicker space.

We find a covering of VAPS(Q,n) by affine subschemes Vhaﬁ (n) that are con-
tractible to a point [I'y] € VPS(Q,n) (Lemma 5.3). Therefore the apolar sub-
schemes I',, play a crucial point. Let us explain what they are: The projection of
the Veronese variety Vo C P(T%) from [q] € P(T%) is a variety Vo, C P(12/q).
Since a polar simplex to () is a collection on n points on V5 whose span contains
[q], the variety V.SP(Q,n) is naturally embedded in and in fact coincides with
the variety of (n — 2)-secant spaces of the projected Veronese variety V5 4. The
double Veronese embedding of @ ! is a linearly normal subvariety in Vs , that
spans P(T,/q). For each point p € Q! consider the tangent space to @~ in
this embedding. This tangent space intersects Vs, along the subscheme I,
and belong to the boundary of variety of (n — 2)-secant spaces of V5 4.

The affine subscheme Vhaﬁ (n) is contractible to I',, but depend only on a
hyperplane: It consists of the apolar subschemes that do not intersect a tangent
hyperplane i to Q. The point p is simply a point on Q! that does not lie
in this hyperplane.

Our computations show that the affine scheme Vhaﬁ (n) and certain natural
subschemes has particularly interesting structure: Vhaff (n) is isomorphic to
an affine space when n < 6 while Vhaff (6) is isomorphic to a 15-dimensional
cone over the 10-dimensional spinor variety (Corollary 5.16). Why this spinor
variety appears is quite mysterious to us. Recall that Mukai showed that a
general canonical curve of genus 7 is a linear section of the spinor variety. Let
Vjec(n) € VAPS(Q, n) be the subscheme of apolar subschemes in VAPS(Q,n)
with support at a single point p € Q~'. The subscheme VXOC (n) is naturally

contained in V,7*°(n), the variety of apolar subschemes in Vhaﬁ (n) that contains
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472 KRISTIAN RANESTAD AND FRANK-OLAF SCHREYER

the point p. We compute these subschemes with Macaulay2 [GS] when n < 6
and find that V;f”c(f)) is isomorphic to a 3-dimensional cone over the tangent
developable of a rational normal sextic curve. This cone is a codimension 3
linear section of the scheme ‘/;,860(5), which is isomorphic to a 6-dimensional
cone over the intersection of the Grassmannian G(2,5) with a quadric. Mukai
showed that a general canonical curve of genus 6 is a linear section of the
intersection of G(2, 5) with a quadric. The appearances in the cases n = 5,6 of
a natural variety whose curve sections are canonical curves is both surprising
and unclear to us. The computational results are summarized in Table 1 in
Section 5.

By the very construction of polar simplices, it is clear that VPS(Q,n) has
dimension (g) On the other hand, the special orthogonal group SO(n, q) that
preserves the quadratic form ¢, acts on the set of polar simplices: If we assume
that the symmetric matrix of ¢ with respect to the variables in T is the identity
matrix, then regarding SO(n, ¢) as orthogonal matrices the rows define a polar
simplex. Matrix multiplication therefore defines a transitive action of SO(n, q)
on the set of polar simplices. By dimension count, this action has a finite
stabilizer at a polar simplex. This stabilizer is the subgroup H C SO(n,q)
of rotational symmetries of the hypercube [—1,1]" C R™ of order 2"~ ! - n! as
suggested by an anonymous referee. We get

PROPOSITION 1.4. VPS(Q,n) is a compactification of the group SO(n,q)/H.
The linear representation of SO(n, q) on Ty decomposes
Ty = (q) ® Tz,

where the hyperplane P(T5,) intersect the Veronese variety V5 along the
Veronese image of Q~!'. Therefore we may identify To/q = T, and the
projection from [g]: P(T2) --» P(Is,4) is an SO(n, ¢)-equivariant projection.
Q' C P(T»,) is a closed orbit, and similarly the image TQ~" of the Gauss
map is a closed orbit for the induced representation on the Pliicker space of
G(n — 1,T»4). The linear span of this image is therefore the projectivization
of an irreducible representation of SO(n,q). The set of polar simplices form
an orbit for the action of SO(n, q), so the linear span of VPS(Q,n) is also the
projectivization of an irreducible representation of SO(n, q). Therefore

VPS(Q,n) C (TQ 1N G(n—1,Tz,).

We show that the intersection (TQ~1)N G(n—1,T5 ,) parameterizes all apolar
subschemes of length n, hence Theorem 1.1.

The organization of the paper follows distinct approaches to VPS(Q,n). To
start with we introduce the classical notion of apolarity and regard polar sim-
plices as apolar subschemes in P(T}) of length n with respect to . We use syzy-
gies to characterize these subschemes among elements of the Hilbert scheme. In
fact, polar simplices are characterized by their smoothness, the Betti numbers
of their resolution, and their apolarity with respect to ¢q. Allowing singular
subschemes, we consider all apolar subschemes of length n. We show in Sec-
tion 2 that these subschemes naturally appear in the closure VPS(Q,n) of the
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set of polar simplices in the Hilbert scheme. For n > 6 there may be apolar
subschemes of length n that do not belong to the closure VPS(Q,n) of the
smooth ones. In fact, we show in Section 2 that at least for n > 24, there are
nonsmoothable apolar subschemes of length n, i.e. that VPS(Q,n) is not the
only component of VAPS(Q,n).

The variety VPS(Q,n), in its embedding in G(n — 1,75 4), has order one,
i.e. through a general point in P(T%4) there is a unique (n — 2)-dimensional
linear space that form the span of an apolar subscheme I' of length n. This
is a generalization of the fact that a general symmetric n X n matrix has n
distinct eigenvalues. In Section 3 we use a geometric approach to characterize
the generality assumption.

The fact that V PS(Q, n) has order one, means that it is the image of a rational
map

v:P(Ts,) --> G(n—1,Ts,).

In Section 4 we use a trilinear form introduced by Mukai to give equations for
the map . With respect to the variables in 7" we may associate a symmetric
matrix A to each quadratic form ¢’ € T5 ;. The Mukai form associates to ¢’ a
space of quadratic forms in Ss that vanish on all the projectivized eigenspaces
of the matrix A. For general ¢’ these quadratic forms generate the ideal of the
unique common polar simplex of ¢ and ¢’. This is Proposition 4.2. The Mukai
form therefore defines the universal family of polar simplices, although it does
not extend to the whole boundary. Common apolar subschemes to ¢ and ¢/,
when ¢’ has rank at most n — 2, form the exceptional locus of the map ~.

We do not compute the image of v in G(n — 1,T54). Instead we compute
affine perturbations of [I'y] in G(n — 1,72 ) that correspond to apolar sub-
schemes to (). These perturbations form the affine subschemes Vhaff (n) that
cover VAPS(Q,n). In Section 5 we make extensive computations of these affine
subschemes. Each once of them is contractible to a point [I',] on the subvariety
TQ ' c VPS(Q,n). The question of smoothness of VPS(Q,n) is reduced to
a question of smoothness of the affine scheme V" ' (n) at the point [[',]. For
n < 5 we show that such a point is smooth, while for n > 6, it is singular. The
main result of Section 5 is however Theorem 1.3, that VAPS(Q,n) is a linear
section of the Grassmannian.

In the final Section 6 we return to the geometry of VPS(Q,n) and compute
the degree by a combinatorial argument for any n. The Fano-index is com-
puted using the natural P"~2-bundle on V PS(Q,n), obtained by restricting
the incidence variety over the Grassmannian, and its birational morphism to
P(T,).

We thank Tony Iarrobino for sharing his insight on Artinian Gorenstein rings
with us, Francesco Zucconi for valuable comments on a previous version of this
paper.

Let us briefly summarize the notation:

e C denotes the field of complex numbers.
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e g € T, is a non-degenerate quadratic form, and defines a collineation
q:S1 — T7 and a linear form ¢ : Sy — C.

e () is the quadratic hypersurface {g = 0} C P(51).

o ¢! € S5 is a quadratic form, that defines the collineation ¢~ ! : Ty —

S, inverse to ¢ and a linear form ¢—' : T, — C.

Q! is the quadratic hypersurface {¢~! = 0} C P(T7).

gt C Sy is the kernel of the linear form ¢ : So — C.

T5 4 is the kernel (g~ 1)+ of the linear form ¢~ : Ty — C

g : P(T2) --» P(Ty ) is the projection from [q] € P(T3), and V5, C

P(T3 ) is the image under this projection of the Veronese variety Vo C

P(Tv).

2. APOLAR SUBSCHEMES OF LENGTH n

We follow the approach of [RS00]: The apolarity action is defined as the action
of S = Clxy,...,x,] as polynomial differential forms on T" = C[y1, ..., yn] by
setting x; = 6%. This makes the duality between S; and T3 explicit and, in
fact, defines a natural duality between T; and S;. The form ¢ € T5 define the
smooth (n — 2)-dimensional quadric hypersurface

0
Q={D_aw]| > aia—y)Q(q) =0} C P(5).
Apolarity defines a graded Artinian Gorenstein algebra associated to Q:
AQ = Clzy,...,zn]/(qF)
where
gt ={D € Sy =Clz1,...,2,]2|D(q) = 0}.
A subscheme Y C P(T7) is APOLAR to @, or equivalently APOLAR to ¢, if
the space of quadratic forms in its ideal Iy2 C g. The apolarity lemma
(cf.[RS00] 1.3) says that any smooth I', [I'] € Hilb,,(P(7})) is a polar simplex
with respect to @ C P(S1) = P! if and only if Iro C gt C Sy, ie. T is
apolar to Q. We drop, for the moment, the smoothness criterium and consider
any [I'] € Hilb,(P(T})), such that T' is apolar to Q. Notice that since @ is
nonsingular, I' is nondegenerate. But more is known: The following are the
graded Betti numbers of AY and T, given in Macaulay2 notation [GS].

PROPOSITION 2.1. a) For a smooth quadric @ C P"~' the syzygies of the
apolar Artinian Gorenstein ring A9 are

1 — e — e —
— +2 k(n—k) (n+2 — +2
- Z—Jr}(nQ ) :+1 (ZH) Z—Jr}(nn ) -
— — ... — .. — 1
b) A zero-dimensional nondegenerate scheme ' C P"~! of length n has syzygies
1 - ... — . — —
= () kG e =D) -
Proof. Eg. [Beh81] and [ERS81] O

DOCUMENTA MATHEMATICA 18 (2013) 469-505



VARIETY OF POLAR SIMPLICES 475

COROLLARY 2.2. The natural morphism
vars@n -+ &((4 ) T lac ot

is injective. Equivalently, there is a natural injective morphism,
VAPS(Q,n) = G(n—1,Ta,); T+ Ify CThy

into the variety of (n — 2)-dimensional subspaces of P(1I,q) that intersect the
projected Veronese variety Vo, in a scheme of length n. In particular, the
Hilbert scheme and Grassmannian compactification in G(n — 1,15 4) of the
variety of polar simplices coincide.

Proof. Apolarity defines a natural isomorphism ¢+ = T3 .. Therefore the sub-
space Ir 2 C gt defines a (n — 1)-dimensional subspace Iﬁ:Q C Ty 4. The inter-
section P(IF{Q) N Va4 with the projected Veronese variety is precisely 7y (T).

The variety VPS(Q,n) C Hilb, (P 1) is the closure of the set of polar sim-
plices inside the set of apolar subschemes of length n. The former set is irre-
ducible, while the latter set is a closed variety defined by the condition that
the generators of the ideal of the subscheme lie in ¢. By Proposition 2.1, the
map I — Ir 5 C ¢F extends to all of VPS(Q,n) as an injective morphism. [J

We relate apolarity to polarity with respect to a quadric hypersurface. The
classical notion of polarity is the composition of the linear map ¢~' with apo-
larity: The polar to a point [I[] € P(T}) with respect to Q! is the hyperplane
hy =P(g 1 (D)*) € P(Ty), where

(@) ={enl'¢'W) =10 ") =0}

In particular, the polar hyperplane to [ contains [ if and only if ¢=1(I?) = 0,
i.e. the point [I] lies on the hypersurface Q1.

Let T' € P(T1) be a length n subscheme that contains [I] and is apolar to Q.
The subscheme IV C T" residual to [I] is defined by the quotient I+ = Ir: (I+).
Since I" is non degenerate, IV spans a unique hyperplane. This hyperplane is
defined by a unique linear form u’ € S;, and is characterized by the fact that
u' - u(q) = u'q(u) = 0 for all u € I+, so it is the hyperplane P(g(I1)). But

leqlt) e 0=¢'(N=q¢'0-1)=q 'O el (@ D),
so P(q(I1)) is the polar hyperplane P(¢~'(I)*) to [I] with respect to Q1.
Thus the subscheme I residual to [I] in T" spans the polar hyperplane to []
with respect to Q1.

LEMMA 2.3. A component of an apolar subscheme has support on Q' if and
only if this component is nonreduced.

Proof. If a component is a reduced point, the residual is contained in the polar
hyperplane to this point, so by nondegeneracy the polar hyperplane cannot
contain the point. If a component is nonreduced, the residual to the point
supporting the component lies in the polar hyperplane to this point, so the
point is on Q1. O
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Each component I'g of an apolar subscheme to ¢ is apolar to a quadratic form
qo defined on the span of I'y and uniquely determined as a summand ¢. This
is the content of the next proposition.

ProrosIiTION 2.4. Let I' = T'y UTy be an apolar subscheme of length n to q
that decomposes into two disjoint subschemes 'y and I's of length ny and no.
Let Uy C Ty and Uy C Ty be subspaces such that T'; spans P(U;). Then there
is a unique decomposition q = q1 + g2 with q; € (U;)?.

Furthermore, subschemes 'y C P(Uy) and T's C P(Uz) of length ny and ny are
apolar to q1 and qo respectively, if and only if 'y Ul is apolar to q.

Proof. Since I' is nondegenerate, 77 = Uy & Us. Let Uf‘ C S1 be the space
of forms vanishing on U; via apolarity. Then Uj- are natural coordinates on
P(U;) and likewise, Us" are natural coordinates on P(Uy). Let I} C (Us-)? be
the quadratic forms generating the ideal of I'y in P(U;), and likewise I the
quadratic forms generating the ideal of 'y in P(Us). Then Iy I2®(Ui)-(Us-) C
Ss is the space of quadratic forms in the ideal of T'.

Consider the intersections, g3 = ¢+ N (U{-)? and ¢ = ¢+ N (Us)?. Since ¢ is
non degenerate, ¢= does not contain either of the subspaces (U;-)2. Therefore
¢y is a codimension one subspace in (U;)? and is apolar to a quadratic form
q2 € (Uz)?, unique up to scalar. Similarly, qi- is apolar to a unique quadratic
from q; € (U1)?. The space of quadratic forms ¢f- ®g3 ®(Ui)-(Us") is contained
in ¢* and is apolar to the subspace (g1, q2) C To. Therefore, there are unique
nonzero coefficients ¢; and ¢y such that ¢ = ¢1q1 + c2q2. Furthermore, each T';
is apolar to ¢;,1 =1, 2.

It remains only to show the last statement. Assume I'y and I's are apolar to ¢;
and ¢o respectively. Then I'; UT; is non degenerate of length n. Let I; C (Us-)?
be the generators of the ideal of I'; and Iy C (Ui-)? be the generators of the
ideal of T'y. Then the quadratic forms in

Lol (U1)J' . (UQ)J_

all lie in the ideal of I'y UT'5. The dimension of this space of quadratic forms is

() () +moma=(3)

so they generate the ideal of I'; U T's. Since all these forms are apolar to
q = q1 + g2, the subscheme I'y U T is apolar to q. g

REMARK 2.5. By Proposition 2.4, the orbits of SO(n,q) in VASP(Q,n) are
characterized by their components.

We shall return to the set of local apolar subschemes Vpl"c(n) supported at a
point p € Q! in section 5.
Here we show that apolar subschemes of length n to g are all locally Gorenstein.

LEMMA 2.6. Let B be a local Artinian C = B/mpg-algebra of length n and
® : SpecB — A" ! C P"! the reembedding given by C-basis of mp. The
subscheme Im ® is apolar to a full rank quadric if and only if B is Gorenstein.
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Proof. Let ¢ : A = C[z1,..,2,—1] — B be the ring homomorphism corre-
sponding to ®. Thus ¢ is defined by a linear k-isomorphism ¢; = A<; =
(1,21, ..., @n—1) = B. Let 7 : B — (0 : mp) be the projection onto the socle of
B, let ¢ : (0: mp) — C be a linear form and consider the bilinear form

Ax AL BT (0:mp) S C,

where the first map is the composition of ¢ with multiplication. This map
extends to the tensor product A® A, and the restriction then to the symmetric
part
(A<1)’ C A1 ® A
defines a linear form
ﬁ¢ : (A§1)2 — C

and an associated quadratic form
qy - Agl — C.

Clearly the kernel of 3, generate an ideal in A that is apolar to ¢y. On the
other hand, B is Gorenstein if and only if the socle is 1-dimensional. So for the
lemma, it suffices to prove that ¢, is non degenerate, i.e. has rank n, if and
only if the linear form 1 is an isomorphism.

But gy is degenerate if and only if the kernel of §, contains x - A<; for some
nonzero element © € A<y. Now, By(z - A<1) = 0 if and only if ¢(x) - BN (0 :
mp) C kert. Since B is Artinian, ¢(z) - BN (0 : mp) is a nonzero subspace
of (0:mp), so it suffices to consider elements x, which map to the socle. But
then the kernel of 3, contains x - A<; precisely when z is in the kernel of ¢
and the lemma follows. 0

COROLLARY 2.7. VAPS(Q,n) is reducible for n > 24

Proof. Consider a general graded Artinian Gorenstein algebra B of embed-
ding dimension e and socle in degree 3. The length of B is 2e + 2. By the
Macaulay correspondence [Macl6], such algebras are in bijection with homo-
geneous forms, up to scalars, of degree 3 in e variables, hence depends on
(“"3™) = (e +2)(e + 1)e/6 — 1 variables. The family of smoothable algebras
have dimension at most e(2e + 2) — 1 So for e + 2 > 2 - 6 a general algebra B
cannot be smoothable, for trivial reason. In particular, e = 11 hence n = 24 is
enough. ]

We do not believe the bound n > 24 is sharp.

3. A RATIONAL PARAMETERIZATION

In this section we show that through a general point in P (7% 4) there is a unique
n-secant (n — 2)-space to the projected Veronese variety Vs 4. Furthermore, we
give a characterization of the points for which there are more than one, i.e.
infinitely many n-secant (n — 2)-spaces to Va 4.

If we choose basis a for T; such that the symmetric matrix associated to ¢ is
the identity matrix, then the eigenvectors of the symmetric matrix associated
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to a general quadric ¢’ are distinct. Thus, the symmetric matrices associated
to ¢ and ¢’ have a unique set of n common 1-dimensional eigenspaces. Hodge
& Pedoe [HP52, XIIL.8, Theorem IT] and Gantmacher [Gan59, Chapter XII,
Theorem 3] found canonical forms for any pair of quadratic forms ¢, ¢’ as soon
as one of them is nonsingular. Here we are concerned with the simplex formed
by the set of common eigenspaces and give a geometric formulation and proof.

PROPOSITION 3.1. Let q,q' € Ty be two general quadrics. Then there exists a
unique n—simplex {L1,...,L,} polar to both q and ¢'.

Proof. By the above, it suffices to show the relation between the collection of
common eigenspaces of the associated symmetric matrices and the common
simplex. So we assume that ¢, ¢’ are quadrics of rank n and that

q= ilf, and ¢ = i)\ilf,
i=1 i=1

where the \; are pairwise distinct coefficients and L, = {l; =0}, i=1,...,n.
Let

G=XNg—q, i=1,...,n
Then the g; are precisely the quadratic forms of the pencil generated by ¢ and
¢’ that have rank less than n. The rank of ¢; is exactly n — 1 since \; # A, for
i # j,s0 q; € (U;)? for a unique rank n — 1 subspace U; C T1. The intersection
Ni2;U; is the 1-dimensional subspace generated by the nonzero linear form [;.

These forms are therefore determined uniquely by the pencil generated by ¢
and ¢’ a

A precise condition for generality in the proposition is given by rank:

LEMMA 3.2. A pencil of quadratic forms in n variables have a unique common
apolar subscheme of length n if and only if every quadric in the pencil have rank
at least n — 1 and some, hence the general quadric has rank n. Furthermore
the unique apolar subscheme is curvilinear, i.e. embeddable in a smooth curve.

Proof. Let
@ + M) rear

be a pencil with discriminant A C A}, a scheme of length n. Consider the
incidence

{(D,N)|D(¢' + A\q) =0} CP(T1) x AL

with projections pr and pc. Clearly the fibers of each projection are all lin-
ear. Now as in the proof of the proposition, a general length n subscheme of
pr(pe 1(A) is a common apolar subscheme to the pencil of quadratic forms.
Therefore, the common apolar subscheme is unique if and only if pr(pc L)
is finite, i.e. the corank of any quadric in L is at most 1. In this case both
projections restricted to the incidence are isomorphisms onto their images. In
particular the apolar subscheme is isomorphic to A, so it is curvilinear. O
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REMARK 3.3. The ideal of the curvilinear image I' of the map
Spec C[t]/(t") — P"*

tes (Lot ot ot h),
s generated by the 2 X 2 minors of

ry T2 ... Tp-1 ITn

T2 X3 ... In 0 ’

so the T" is apolar to the maximal rank quadric

n
Z YYn+1—k-
k=1

This remark generalizes to a partial converse of Lemma 3.2.

LEMMA 3.4. Any curvilinear nondegenerate zero-dimensional subscheme I' C
P! of length n is apolar to a quadric Q C P! of maximal rank.

Proof. Let I' be a nondegenerated curvilinear subscheme with » components of
length nq,...,n, such that ny +...+n, =n. Then I' is projectively equivalent
toIV=T7U...UT,, where I'; is the image of

Spec C[t]/(t") - P(C") cP(C" @ ... C™)

tes (Lott?: . gl
where the nonzero coordinates in the image are x; 1,...,Z; ;. The ideal of T”
is generated by the 2 x 2 minors of the r matrices
G@U'“m@wﬂ %mv ”,<%m e %Wﬁ)%mﬂ
T(1,2) - Z(1,n1) 0 T(r2) - Z(r,n,) 0 ’

and the products
T (i ki) T 5,k ) for 1<i<yj<r1<k <n;l1<kj <n,;.

So I'V is apolar to the maximal rank quadric

roon,
Z Z Y, k) Y(ini+1—k)-

i=1 k=1
]

More important to us will be that rank n quadrics have apolar subschemes of
length n that are not curvilinear (when n > 3).

REMARK 3.5. Consider the rank n quadric
4=2y1Yn + Y3+ -+ Yoy
The subscheme T’y C P~ defined by

2 2 2
(], T1@2, 5 — T1Tn, T1T3, . .., T — T1Tp),
has degree n and is apolar to q, but it is clearly not curvilinear when n > 3. It
1

contains the tangency locus of the quadric {q~* = 5T1Tn + ix% +...+ ix?kl =
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0} at the point [0: 0 : ... : 1]. The tangency locus has length n—1 and is defined
by

(mla (CL’% — L1Tp, L2LZ, ...,y xifl - 1'11‘”))
The subscheme T',, is itself not contained in the tangent hyperplane {x1 = 0},
but it is the unique apolar subscheme to q that contains the first order neigh-
borhood of [0:0:...: 1] on {g~! = 0}. It will be the focus of our attention in
Section 5.

It follows immediately from Proposition 3.1 that there is a rational and domi-
nant map

v:P(Ts,) --» VPS(Q,n) C G(n—1,T5,)

whose general fiber is a n-secant (n —2)-space to the projected Veronese variety
Va,4- In the next section we find equations for this map.

4. THE MUKAI FORM

Mukai introduced in [Muk92] a trilinear form in his approach to varieties of
sums of powers of conics in particular, and to forms of even degree in general
(see also [Dol12, Sections 1.4 and 2.1.3]). In this section we show how this
form naturally gives equations for the map ~ and for the universal family of
polar simplices. The main result of this section, Proposition 4.2, gives the
equations for the common apolar subscheme of length n of a pencil of quadrics
in n variables, whenever this subscheme is unique, cf. Lemma 3.2.

Both the quadratic form ¢ € T5 and the inverse ¢~ € Sy play a crucial role in
the definition of the Mukai form. Recall that the form ¢ defines an invertible
linear map ¢ : S; — T4, and ¢! defines the inverse map: ¢~ ' : 77 — S;. In
coordinates, if ¢ = (a1y7 + ... + anyp), then ¢~' = (=27 + .. + - 77).

We will arrive at Mukai’s form from

7 € Hom(A?S; @ To @ Ty ® Sa, C)
defined by
21N 22 ® 1 ® g2 ®a = (21(q1)22(q2) — 22(q1)21(g2)) (@)

where f(g), as above, means f viewed as differential operator applied to g.
Interpreting w = 21 A 23 € A2S] C Hom(T4,51),q; € T» C Hom(S1,71) and
a € Sy C Hom(Ty, S1) the expression

1
(WG ®®a)— atrace (dogaowoq —aoqowoqm)
1
= §trace (Wogqroaoga —aoqg owoqs)
gives an alternative description of 7. In fact f(g) = %(trace f o g) holds for
f®g € Sy®Ty, C Hom(Ty,S1) ® Hom(Sy,T1) and trace ((oqa) o (woqy)) =

trace ((wo q1) o (o g2)). We now substitute a = g~'. Then trace (wo g o
g logg—q togrowogs) =0 for ¢y = ¢, and, since the first expression for 7 is
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alternating on 7> ® T, we have itrace (wogiog tog —g 'ogowog) =0
for o = q as well. Thus 7 induces a well defined trilinear form

Tq € Hom(/\251 ®To,q ®Ts,q,C)

on the quotient space Tb , = T2/ {q).
Since T3 , = gt C Sy =Ty and

Hom(/\251 ®Ts,4®Ts4,C) = Hom(Ts 4, Hom(/\2517 qL))

we have a second interpretation of 7,. With this interpretation, the image of
74(q1) € Hom(A%S1, ¢t) € Hom(A%Sy, S2) is defined by

W [woqr oqgt—q¢gtoq ow| € qL C Se C Hom(T1,57).

The form 7 is alternating on T, ® Ty, so 7(w, ¢',¢', ¢~ ') = 0 for every w € A2S].
Therefore

74(¢')(A*81) < (¢)*.
If Q' is the quadric {¢’ = 0} C P(S7), we may therefore conclude:

LEMMA 4.1. Any quadratic form in 7,(¢')(A%S1) is apolar to both Q and Q':
(@) (A*S1) C gt N(d)*
O

Notice that the linear space of quadratic forms 7,(g’)(A?S1) is not all of g+ N
(¢')*. Tt is a special subspace of the intersection. Since 7,(q) = 0, we have
74(¢") = 74(¢" + Aq) for any A, so the space 7,(¢')(A%S1) of quadratic forms
depends only on the pencil (g, ¢).

If the pencil of quadratic forms (q,q') C T, contains no forms of corank at
least 2, then, by Lemma 3.2, there is a unique common apolar subscheme I'y/
of length n to ¢ and ¢’. The significance of the form 7, is

PROPOSITION 4.2. Let ¢' € Ty 4. Then the linear map
T(q") : N2S — g+
is injective if and only if ¢ and q' have a unique common apolar subscheme of

length n. Furthermore, in this case the image generates the ideal in S of this
subscheme.

Proof. Our argument depends on several lemmas, in which we study
Im 74(¢') C S3 by considering the symmetric matrices associated to these
quadratic forms with respect to a suitable basis. Thus, we choose coordinates
such that ¢ = 2(y? +y3 + ... +y2) and hence ¢~ ' = (27 + 23 + ... + 22). The
symmetric matrices of these quadratic forms with respect to the coordinate ba-
sis of T1 and S7 are both the identity matrix. We denote by A the symmetric
matrix of ¢/, i.e. ¢ = %(yl,...,yn)A(yl,...,yn)t. For a form w € A%S; there
is similarly an associated skew symmetric matrix A,. For a form [ € T} we
denote by v; the column vector of its coordinates. The quadratic forms in the
image 74(¢") are the forms associated to the symmetric bilinear forms

fwod oq —g 7 oq owlw € A2S1)},
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so their associated symmetric matrices are

{ALA — ANy|w € A%Sy}.
LEMMA 4.3. Let [I] € P(T1), then every quadric in 7,(¢')(A%S) C ¢+ vanishes
at the point [l] if and only if there is a quadric qx = ¢’ + A\q for some X € C,
such that 1 lies in the kernel of the linear transformation qx o g~ : Ty — T}.
FEquivalently, in terms of matrices: If vy is the column coordinate vector of I,
then v} (AwA— AN, )vr = 0 for every w € A2Sy if and only if v is an eigenvector
for the matriz A.

Proof. Note first that the matrix of the linear transformation ¢y o ¢! , with
respect to the coordinate basis of 11, is simply A + AI. Hence, the two parts
of the lemma are equivalent.

In the matrix notation, if v; is an eigenvector for A with eigenvalue A, then

v (AyA — AN, v = vf A, Avp — vf AN,
= ’UltAw)\Ul - )\vawvl =0,

so the if part follows.
Conversely, assume that

vf(AwA —AA)v =0
for every skew symmetric n X n matrix A,. Again
vf (A A — AN ) = viA, Avp — vf A, Ay,

and since A is symmetric and A, is skewsymmetric, (vf A, Av)t = —vf AA vy,
so we deduce that

’U;AwA’Ul =0.
But vjA,u = 0 for every skew symmetric matrix A, only if u is proportional
to v, so we conclude that A(v;) = Av; for some . |

REMARK 4.4. A point | € Ty lies in the kernel of qx o q~* if and only if ¢~ (1)
lies in the kernel of g\ : S1 — T1. Equivalently, {gx = 0} C P(S1) is a singular
quadric and [q=(1)] € P(S1) lies in its singular locus.

COROLLARY 4.5. 14(¢") is injective only if (q,q’) contains no quadratic form
of rank less than n — 1.

Proof. If the quadratic form ¢y = ¢’ + Ag has rank less than n — 1, then there
are independent forms [,1’ € Ty such that (g=*(l),q~'(I')) is contained in the
kernel of ¢y : S; — Ti. In particular, viewed as differential operators applied
to gx,

g ()(gn) = ¢ (") (grn) =0 € T1.

Let
w=q ') Ag ') € A*S; C Hom(Ty, Sy).
Then
wOB®E®e =g () a7 (1)) g (e a (D(a2)l(g ) =0
for every ¢ € T5, so 74(¢’)(w) = 0 and 7,(¢’) is not injective. O
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To complete the proof of Proposition 4.2, we assume that ¢ and ¢’ have a unique
common apolar subscheme I' of length n, i.e. by Lemma 3.2, no quadratic form
in (q,q’) has rank less than n — 1. We want to show that 7,(¢’) is injective and
that the image generates the ideal of T'.

Let ' =Ty U...UT, be a decomposition of I' into its connected components.
Then each T'; is a finite local curvilinear scheme. Let n; be the length of I';. By
Proposition 2.4, there is a decomposition 71 = @®,;U; such that each T'; C P(U;).
Furthermore U; has dimension n; and ¢ and ¢’ have unique decompositions
¢g=q +..+¢ and ¢ = ¢} + ... + ¢, with ¢;,¢} € (U;)*> C Te. Denote by
U! = ®;2U;, and let (U/)* be the orthogonal subspace of linear forms in 5.

Then
Y U (UHtC S,

generate the ideal of U;P(U;) C P(T1).

The linear forms ¢~ 1(U;) C S; are natural coordinates on P(U;). Denote
by Ir, 2 the quadratic forms in these coordinates in the ideal of I';. Then
Ir, 2 C (g7 2(U;))? C Sy and the space of quadratic forms in the ideal of T' is

Ira =Y Ir,2+ Y Uo-(U)*"C S
[ [

‘We

CLAIM 4.6.
Im 74(¢") D ZIF“2 + Z Ut - (UhH*.
i i

If the claim holds, 7,(¢’) is injective, since dim A? Sy = dimlry (= (Z)), SO
the equality Im 74(¢") = Ir 2 holds and the proof of Proposition 4.2 is complete.
We use matrices to prove the claim. To interpret the decomposition of ¢ and
¢’ in terms of matrices, we choose a basis for each U; such that the symmetric
matrix associated to each ¢; is the n; x n; identity matrix. Let A; be the
symmetric n; X n; matrix associated to ¢;. The union of the bases for the U;
form a basis for 77 with respect to which the symmetric matrix A of ¢’ has r
diagonal blocks A; and zeros elsewhere.

The matrices A; each have a unique eigenvalue \;, and these eigenvalues are
pairwise distinct. Furthermore, each A; has a 1-dimensional eigenspace, so their
Jordan form has a unique Jordan block, and we may write A; = NI, + B;
with B; a nilpotent symmetric matrix. (See ([DZ04, Theorem 2.3]) for a nice
normal form for the matrices B;.)

By extending each A; with zeros to n x n matrices, we may write A = Y A,.
The decomposition Ty = @,;U; is then defined by U; = ker(\I — A)™ C T.
Denote by U = @®j%;U;. Then P(U;) and P(U;) have complementary di-
mension in P(77). We shall use the techniques applied by Gantmacher in the
analysis of commuting matrices ([Gan59, Chapter VIII]) to show

LEMMA 4.7. Let A be the symmetric matriz of the quadratic form ¢’ € Ts 4 as
above. Let Th = U; & U] be the decomposition associated to the eigenvalue \;.
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Then
Ut - (U)* cIm7,(¢) C So.

K2

Proof. Set d =n; and A = \; and choose coordinates such that Uy = (y1, ..., Yd)
and U} = (Yat1, - Yn)- Then (UL = (21, ..., 24) and (Ux)* = (Tas1, .., ).
Consider the matrix B of the quadratic form 74(¢")(x;Az;) with i < dand j > d.
The skew symmetric matrix A¢;) of x; A x; has (ij)-th entry 1, consequently
(ji)-th entry —1, and 0 elsewhere, and

B =AupA— Ahgy).

The nonzero entries in A(;;)A are in positions (i, k) with k > d and (j, k) with
k < d, while the nonzero entries in AA(;;) are in positions (k, i) with k > d and
(k,j) with k < d. Therefore the quadratic form 7,(¢")(z; A x;) lies in the space

<xaxb>a§d<b = (U/I\)l : (U)\)L'

A linear relation between these quadratic forms would correspond to a skew
symmetric matrix A with nonzero entries only in the rectangular block (ij),7 <
d,j > d, such that AA — AN = 0. Write A asasum A = Ay + A4, + ...+
A,, where the p; are the eigenvalues of A distinct from A. Let A be a skew
symmetric matrix and let Ay ,, be the rectangular submatrix with rows equal
to the nonzero rows of Ay and columns equal to the nonzero columns of A4,,.
Then the corresponding submatrix

(AA — AA))\,M = A)\,MAM - A/\A)\,M'

So AA — AN =0onlyif Ay ,, Ay, — AxAx u, = 0 for each p;.

Let u be one of the u;, and assume for simplicity U, = (Yat1, -, Ydte). Let Iy
be the diagonal matrix with 1 in the d first entries and 0 elsewhere, and let I, be
the diagonal matrix with 1 in the entries d+1,...,d + e and 0 elsewhere. Then
the special summand Ay of A can be written as a sum Ay = A+ By where By
is nilpotent of order d. Likewise, A, = pl. + B, where B, is nilpotent of order
e. So we may write A = A4+ By + plc + B, + A', where A’ = A — A\ — A,.
But then (AA — AA)y, = 0 only if

AA,;LA;L - A)\A)\,u =0,

i.e. when
A)\’#(,LLIS + Be) — ()\Id + Bd)A)\,H =0.

This is equivalent to
(>‘ - IU‘)A/\W« = A/\,uBe - BdA)\“u,-

Multiplying both sides by (A — ) and substituting on the right hand side
()\ - ILL)A,\WJ with A)\’#Be - BdA,\# we get

(>‘ - M)QA)\,,LL = (A)\“LLBQ - BdAA,p,)Be - Bd(A)\,,uBe - BdA)\,,u)
= (A)\,H(Be)2 — QBdA,\’MBe + (Bd)QA)\,u).

Iterating m = d 4+ e — 1 times we get
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A== 3 (T Baram
s+t=m

But on the right hand side either (B4)® = 0 or (B.)! =0 when s+t =d + e,
so Ay, = 0.

Thus Ay, = 0 for all ¢, and the symmetric matrices AA;; — Ayj; A with
t < d,j > d are linearly independent. The corresponding quadratic forms
therefore are linearly independent in the space (x1, ..., 24) X (€41, ..., Tn). Since
the dimensions coincides, the quadratic forms span this space, and the lemma
follows. O

Next, we consider the case when the symmetric matrix A only has one eigen-
value. Thus we assume that I'" has only one component, the symmetric matrix
A of ¢’ has only one eigenvalue and up to scalars only one nonzero eigenvector.
Hence (q,¢’) contains exactly one quadratic form of rank n — 1. In particular,
by Lemma 3.2, I is curvilinear. Without loss of generality we may assume that
¢’ has rank n — 1 i.e. that the eigenvalue is 0. Then A is nilpotent, and since
A is a one-dimensional eigenvector space, A" = 0 and A # 0 for any i < n.

LEMMA 4.8. Let ¢’ € Ty 4 be a quadratic form whose associated n x n matriz
A is symmetric, nilpotent and has rank n — 1. Then the ideal generated by the
quadratic forms T4(q") C gt is the ideal of the unique common apolar subscheme
I of length n of q and q'. Moreover T' is a local curvilinear subscheme.

Proof. Let A be a skew symmetric n X n matrix and think of A and A as the
matrices of linear endomorphisms of a n-dimensional vector space V. Then
we may choose a basis vi,...,v, € V such that Av; = 0 and Av; = v;_; for
1=2,...,n. Let

p: Spec(Clt]/t") = P(V) 1t [v1 +tva + ...+ 1" o]

and set I' = Im p. Then It is generated by (Z) quadratic forms. We shall
show that the symmetric matrices of these forms coincide with the matrices
AA — AA as A varies. We evaluate the quadratic form associated to AA — AA
on the vector v = vy + tvg + ... + t" Lo,:

V' (AA — AN)v = v'AAv — v' AAw.
But
v'AAv = (v +tvg + ...+ t”_lvn)tAA(Ul +tvg + ...+ " toy)
= (vy +tvg + ..t ) A (toy T )
=(v+...+ t"_QUn_l)tA(vl ot 2, )t
+t"vEA(vy + ...+ t" 2, 1)
=0

since A is skew symmetric and t" = 0. Therefore the quadratic forms with
matrices AA — AA are in the ideal of I'. They are independent and therefore
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generate the ideal unless AA — AA = 0 for some nontrivial A. But then A
and A commute, hence have common eigenvectors. A is nontrivial and skew
symmetric so it has at least 2 independent eigenvectors, while A has only one,
so this is impossible. Clearly, I' is curvilinear, and any non degenerate local
curvilinear subscheme of length n in P(V) is projectively equivalent to it, so
the lemma follows. 0

To complete the proof of the claim 4.6 and the proof of Proposition 4.2, we
consider the common apolar subscheme I' =T'; U...UT,. to ¢ and ¢’, and the
corresponding decompositions ¢ = > ¢; and ¢ = >_ ¢} as above. By Lemma
4.7,

S UF (UD€ Tmry(q).

Furthermore, applying Lemma 4.8 to each component ¢; and ¢}, the image
of 75 (¢}) in (¢7'(U;))? is Ir, 2. But 7,(q}) is the restriction of 7,(¢') to
A (q~ (1)), so

Ir, 2 C Im7y(q") i=1,..,7
and the claim and Proposition 4.2 follows. O

By Lemma 4.3, the quadratic forms in Im 7,(¢’) vanish in every point on any
common apolar subscheme of length n to ¢ and ¢. Combined with Proposition
4.2 it may be reasonable to guess that Im 7,(¢") is precisely the quadratic forms
in the intersection of the ideals of these common apolar subschemes. We do
not have a clear answer and leave this as an open question.

We are now ready to analyze our main object V PS(Q,n) in its embedding in
G(n—1,T54), i.e. as the image of the rational map

7 P(Tq) --» G(n— 1,T2,q).
We identify the restriction of the Pliicker divisor to VPS(Q,n).
Let h C P(T1) be a hyperplane, and denote by H, C V.SQ(Q,n) the set
Hy = {[T] € VSQ(Q,n)[T A # 0},

LEMMA 4.9. Hj is the restriction to VPS(Q,n) of a Plicker divisor on
G(?’L — 1,T27q).

Proof. The hyperplane h C P(T}) is defined by some [ € S;. Let V(1) = {¢ €
Tull(¢") = 0}, then V(I)* =1-S; ={l-UI'|l' € S1} C Ss.

For any nondegenerate subcheme I' C P(71) of length n, the ideal Ir C S
contains a reducible quadric [; -l only if T" intersects both hyperplanes {l; = 0}
and {lo = 0}. On the other hand the subspace of quadrics Irs C S2 has
codimension n, which coincides with the dimension of [ - S;. Therefore

IroNl-S; #{0}C Sy ifandonlyif (Ir2)t NV (I)+#{0}C To.
Notice that P((Ir2)*) equals the span (I') C P(Ty) of T' in the Veronese
embedding.

For the lemma we now consider apolar subschemes to g and the projection from
P(T5) to P(1Ts,4). Since ¢ has maximal rank, (q) # 0, i.e. ¢ ¢ V(I). Thus
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P(V (1)) is projected isomorphically to its image P(V(l)) C P(T5,4). For an
apolar subscheme I of length n the quadratic form ¢ lies in the linear span of
I' C P(T%), so this subspace is mapped to the (n — 2)-dimensional linear span
of T in P(T3 4). We therefore deduce from the above equivalence: If I' is apolar
to ¢, then the linear span of I" in P(75 ) intersects the codimension n linear
space P(V, (1)) if and only if T" intersects the hyperplane h C P(T1).

But the set of (n — 2)-dimensional subspaces in P(T5 ) that intersect a linear
space of codimension n form a Pliicker divisor, so the lemma follows. (|

In the next section we use the special Pliicker divisors Hj, of this lemma to give
a local affine description of VPS(Q,n), or better, the variety VAPS(Q,n) of
all apolar subschemes of length n.

5. AN OPEN AFFINE SUBVARIETY

We use a standard basis approach to compute an open affine subvariety of
VAPS(Q,n), the variety of all apolar subschemes of length n to Q. Of course
this will include our primary object of interest, namely V PS(Q,n). For small n
there will be no difference, but for larger n we have already seen that they do not
coincide. The distinction between the two will eventually be the main concern
in our analysis. The computations in this section extensively use Macaulay2
[GS]. In particular when we show, by direct computation, that VAPS(Q, 6) is
irreducible and therefore coincides with V PS(Q,6) (Corollary 5.16).

We choose coordinates such that

Q={g=2yyn+y3+... +yn_, =0},
and consider the apolar subscheme I', to ¢ defined by
I?, 12, I% — T1TLp,T1X3,T2TL3, .. .I%_l — X1Tp.

It is of length n and corresponds in the setting of the previous section to the
intersection of the projected Veronese variety V5 , with the tangent space T}, to
12(Q71) C P(Ts,) at the point va(p) = [y2] € P(T2,), where p = [y,] = [0 :
...:1] € P(T1). The tangent space to the Veronese variety Vo C P(T%) at [y2]
is spanned by
<y1yna Y2Yns o5 s Yn—1Yn; y721>

The quadric @~ is defined by %xlxn + i(m% +...+22_,). Its tangent space in
P(Ty) at [y,] is defined by x1, so its tangent space in P(T») at [y2] is defined
by x; inside the tangent space to the Veronese variety. Therefore, the tangent
space T}, to v2(Q 1) is spanned by

(Y2Yn s s Yn—1Yn > Yp)-
The orthogonal space of quadratic forms in Ss is spanned by
(22, 120, 23, 123, ToT3, . .. T2, T1Ty,)

and intersect ¢ precisely in the ideal of T', given above.
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With reverse lexicographically order on the coordinates xy, ..., x,, the initial
ideal of I',, is generated by the monomials

2 2 2
L1, L1X2, Lo, L1L3,L2X3, ... Tp_1-

In this monomial order, these monomials have the highest order in the ideal of
any apolar scheme I' that does not intersect the hyperplane {z,, = 0}. In fact,
if the initial ideal of " contains x;x,, then z,, divides a quadratic form in the
ideal of T". But if T" does not intersect {z, = 0}, then T would be degenerate.

We therefore consider the open subvariety Vhaﬁ (n) containing [I'p] in
VAPS(Q,n), parametrizing apolar subschemes I' of length n with support
in D(xy,). This is the complement of the divisor Hy, defined by h = {z, = 0},
the tangent hyperplane to Q! at [y;] =[1:0:...: 0] € P(Ty).

ForT' € Vhaﬁ (n) the initial terms of the generators of the ideal Ir coincide with
those of Ir,. More precisely, the generators of Ir may be obtained by adding
suitable multiples of the monomials x;x,,7 > 1 to these initial terms. We may
therefore write these generators in the form

2 2
T — 011,1)T1Tn — A(11,2)T2Tn — A(11,2)T2Tn — «.. = G(11,0) Ty
2 . .
TiTj — Q35,1)T1Tn — A(35,2)L2Tn — oo — Q(ijn) Ty, 1< <j<n—1,
2 2 .
Ty — T1Tn — Q(45,2)T2Tn — o — Qi) Tpy, 2 <1 <n—1

Analyzing these equations of I' further, we see that the apolarity condition,
i.e. that Iro C ¢t, means that aci1,1) = 0 and that a(;;1) = 0 when @ # j.
Therefore they take the form

2 2
f11 =27 — aq1,2)T2Tn — ... — A(11,0)Tp>
2
fi2 =129 — A(12,2)T2Tn — - - — A(12,0) Ty
(2 2
Joz =(25 — x120) — Q(22,2)T2Tp — ... — A(22,0) T},
2
(5.1) J13 =0123 — a(13,2)TaTn — ... — A(13,0) T,
2
fo3 =T2T3 — A(23,2)T2Tn — ... — Q(23,0) T,
2 2
f33 —(303 — 21%) — A(33,2)T2Ln — -+ - — A(33,n)Tp,
f =22 | —z11,) —a ToLp — ... —a x>
(n=1)(n-1) =(@3—1 = L1Tn) = A((n-1)(n-1),2)T2Tn = -+ = A((n-1)(n—1),n) Lp-

To insure that these perturbed equations actually define length n subschemes,
we ask that the first order relations or syzygies among the generators of Ir,
lift to the entire family. This is in fact precisely the requirement for the per-
turbation to define a flat family [Art76, Proposition 3.1], and will be pursued
below when we find equations for Vhaﬁ (n).
Here, we introduce weights and a torus action on this family: We give

e 1, and aj ), where 2 <4, 5,k <n — 1, weight 1,

e 1;, where 2 <i <n —1, and a(;; ), where 2 <4,j <n — 1. weight 2,

e 11 and a(y;,) and aiy4), where 2 <7 <n — 1, weight 3,
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® a(i1,,) weight 4.

Notice that with these weights each generator f;; is homogeneous. A C*-action
defined by multiplying each parameter with a constant A to the power of its
weight, acts on each generator by a scalar multiplication, i.e. on the total
family in P(T7) x Vhaﬁ (n). This C*- action induces an action on the family
V4T (n). In particular, if [a] = lagjm] € V47 (1) defines a subscheme L),
then [\“(a)] = [\“(ai;x)] € V¥ (n) and defines a subscheme ['[awgq), such that
p € F[a] if and only if )\w(p/) S F[/\wa].

Since limy—0 A" (asj5,%) = 0, the limit when A — 0 of the C*- action is the point
in Vhaff (n) representing I',. Thus we have shown

LEMMA 5.1. The affine algebraic set Vhaﬁ(n) of apolar subschemes of length
n contained in D(xy,) coincides with the apolar schemes of length n whose
equations are affine perturbations of the equations of I'p.

Furthermore, the family Vhaﬁ (n) is contractible to the point [T'p).
An immediate consequence is the

COROLLARY 5.2. The apolar subscheme T, belongs to VPS(Q,n). In par-
ticular, the variety of tangent spaces TQ™" C G(n — 1,T,2) to the Veronese
embedding of the quadric Q=" C P(T,2) is a subvariety of VPS(Q,n).

Notice that Vhaﬁ (n) depends only on h, and not on p. Only the coordinates

on Vhaﬁ (n) depend on p. On the other hand, the contractible varieties Vhaﬁ (n)
form a covering of VAPS(Q,n):

LEMMA 5.3. If h; = {l; = 0},j =1,....,n* is a collection of tangent hyper-
planes to Q~', so that no subset of n of them have a common point, then the

open subvarieties Vha]ﬁ (1;) parametrizing apolar subschemes Z of length n with
support in D(l;) form a covering of VAPS(Q,n) of isomorphic varieties.

Proof. If an apolar subscheme I' has k < n components, then the collection of

hyperplanes among the {/; = 0} that intersect I is at most k(n — 1) < n?, so
the V,Z_ﬁ (1) form a covering. The last part follows from the homogeneity. [

To find equations for the family Vhaff (n), we use the parameters for the gener-
ators in (5.1), i.e.

a(ij,k) Z,je{l,7n—1},2§k’§n,
where we read the first index (ij) as an unordered pair.
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It will be useful to write the generators with matrices:
2

T
T1T2
fu (1) (1) 8 Teary - ) T3 — x120
fi2 —G(12,2) - —Q(12,n)
fas 0 0 0 —agp2z2) - —a(22,n) :
. : : 1’%71 — T1Tn
: T2Xn
f("fl)("fl) o 0 .. 1 . co TO((n—1)(n—1),n) :
a,

We denote by Ap the (5) x ((5) +n—1)-dimensional coefficient matrix of these
generators. The maximal minors of Ap are, of course, precisely the Pliicker
coordinates for Vhaﬁ(n) in G((3),q"), or equivalently in G(n — 1, T 4).

We find the equations of the family by asking that the first order syzygies
among the generators of Iv, lift to the entire family. By [Art76, Proposition
3.1], this is precisely the requirement for the perturbation to define a flat family.
We use a standard basis approach (cf. [Sch91]). The syzygies for a subscheme
Z in the family are all linear, and the initial terms are inherited from I',.
Therefore, the difference between syzygies of Z and syzygies of I',, are only
multiples of z,,. By the division theorem ([Sch91, Theorem A.3]), every syzygy
has the initial term zy(x;x;), where k > j > 4, and has the form

T fij = ngffst
st

where f;; is the generator with initial term z;x; and gfjt is a linear form such
that gfjt fst has higher order than x(z;z;). More precisely, we therefore con-
sider products of the generators (f;;) with a first order syzygy for I',, and add
precisely those multiples of z,, in the syzygy that eliminates monomials xyx;x,
with £ <[ < n in the product. The relations among the parameters required
for the lifting of the syzygies can then be read off as the coefficients of the

monomials x;x2.

THEOREM 5.4. The equations defining Vhaﬁ(n) all lie in the linear span of the

2 x 2 minors of the coefficient matriz Ar of the family of equations fi;. In
particular VAPS(Q,n) is a linear section of the Grassmannian G(n—1,Ts ).

REMARK 5.5. This generalizes the result of Mukai in case n =3, ¢f. [Muk92].

For an exposition of different approaches to the n =3 case, see [Doll2, Section
2.1.3].

Proof. Consider the following first order syzygies of I'j, of rank 2 and 3:
R;-Si(m),1<i<nm=12:

—L;  Tn
2 2 _
(:cl 12 :L'Z-flL'llL'n)- Ty —x; | =0,
0 T

where S;(m) is the m-th column vector in the syzygy matrix .S;,
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Rij-Sij(m),1<i<j<nm=1,..4:

z 0 0 0

0 Tn T 0
2 2
(27 —miwn wim mixy wiwy xi — o) - | X, 0 -z —x;| =0,
—L; —Xy 0 X1

0 T 0 0

and
Rijk~S¢jk(m),1<i<j<k<n,m:1,2:

—Tr — Tk

(:Uixj T Tk xixk)~ T 0 =0.
0 T
J

These syzygies are clearly linearly independent, and their cardinality, 2(?),
coincides with the dimension of the space of first order syzygies, according to
Proposition 2.1, so they form a basis.

We lift these syzygies by adding the multiples of z,, in the syzygy matrix, that
reduces the product to cubic polynomials with monomials only of the form
z;22. We denote by S; (7) the syzygies obtained from S;(j) this way. Likewise
we denote by R; the row vector obtained from R; by substituting the entries
Tsxt by fsr. Similarly we get row vectors Rij, Rijk and column vectors S'ij(r)
and Sy, (7).

For example, with ¢ = 2 and n = 4 we get

—
T1 + a(12,2)%4
& —a(11,2)T4
Ry-S(1) = (fir fiz fer fis fos  fas)- a(1(2,3)2ﬂ4
—0a(11,3)T4
0
(a2, + a(11,2))I1$421
+(a(i1,4) — a%1272) + a(22,2)0(11,2) — G(13,2)3(12,3) + a(zs,z)a(u,s))wzxi
+(—a(12,3)a(12,2) + A(22,3)a(11,2) — @(13,3)0(12,3) T a(23,3)a(11,3))9335&21
+(—a2,4)a12,2) + A(22,4)Q(11,2) — C(13,4)Q(12,3) + O(23,4)0(11,3)) -
For general i and n we get (with the first pair in the index unordered to simplify
presentation of the summation)

R’L' . 51(1) = (a(u’i) — G/(liﬂll))fﬂlx% + a/(117n)$ix,'2,l
+ 3o (i sa (@ ik ) — Ak a(ik )T Th-
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Similarly
Ri-Si(2) = (aiii) — iz n)T172 + ai, ) TiTh
L + 3o (—aag) + 2022 (@i Ak.) — A6im Ak.)))Ti T,
Rij - Si(1) = (a(ij,i) — a(”,]))xlxn + ag%n)xlx% — a(uyn)x]x%
+ ko (mas k) + s (Agi,m) A, k) — AGiim) A Gm,k) ) TrTn

', a 2 2 2

Rij - 8ij(2) = (a@j ) — agjin)ri@, — (jj,m) i +a3ijn)TjTn
o 2k (e + 30 (@m) A A(j,m) Aim, ) ) )T T s
Rij-Si(3) = (aqj — a(lza))fﬂlfﬂ + Q@14 Tt — A(16,0) LT
o + (X (am,m)%m k) = Q(1im) A(im, k) )T,

R’Lj : 827(4) = (a(lj ) a(zg n )xlxn — A(15,n)TiTy

o + 3o (2 (@ m) AGim k) = (i, m) A(1m k) )) TR,

Riji - Sije(1) = (a@je) — a, 1))3713:71, Ak,n)TiTh + Q(ij ) TrTr

5 - + Zl Q(Z (a(zg m)A(km,l) — AGik,m)A(im, l)))xlmru

Rijk : S”k(2) - (a(zj k) a(zk,j )xlxn a(zk n)x]xn + a(zg n)xkxn

+ Zz:g(zm: (@(i.m)@(km.1) = Q(ik,m) @ (Gm. 1)) ) T1T5-

The linear relations in the parameters of the family Vhaﬁ (n) are precisely the
coefficients of x122 in these products:

LEMMA 5.6. The space of linear forms in the ideal of Vhaff(n) is generated
by the following forms, where {i,j,k} is any subset of distinct elements in

{2,...,n—1}
(11,4) = A(1im)s A(14i) — Q(idn)s A(15,4) — Aign)s C(ij.g) — (G0 ig.k) — Q(jki)-
a
Notice that only the first two occur when n = 3, and only the first four occur
when n = 4.
Using these linear relations, the quadratic ones all become linear in the 2 x
2 minors of the matrix Ap of coefficients aj ), i-e. linear in the Pliicker
coordinates. In fact, by a straightforward but tedious derivation from the
above presentation, we may write the generators of the ideal Vhaﬁ (n) as linear
combinations of 2 x 2 minors in the coefficient matrix Ap (cf. the documented
computer algebra code to perform the computation of ideal generators [RS11]):

LEMMA 5.7. Modulo the linear forms the ideal of Vhaﬁ(S) is generated by
a(11,3) + Q(12,3)0(22,2) — A(12,2)@(22,3)-
O
LEMMA 5.8. Modulo the linear forms the ideal of Vhaﬁ(él) is generated by
—a(12,2) — 0(13,3) T (@(23,2)0(22,3) — A(22,2)0(23,3)) T (A(33,2)@(23,3) — A(23,2)0(33,3) )
—a(11,2) + (a(12,3)a(23,2) - a(23,3)a(12,2)) + (a(13,3)a(33,2) - a(33,3)a(13,2)),
—a(11,3) + (a(12,2)a(22,3) - a(22,2)a(12,3)) + (a(13,2)a(23,3) - a(23,2)a(13,3)),
(a(11,2)0(22,3) — (12,2)0(12,3)) + (0(11,3)0(23,3) — 0(12,3)0(13,3))
a(11,4) + (a(12,4)a(2272) - a(2274)a(12,2)) + (a(1374)a(23,2) - a(2374)a(1372))v
a(11,4) + (a(12,4)a(23,3) - a(23,4)a(12,3)) + (a(13,4)a(33,3) - a(33,4)a(13,3))-
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O

LEMMA 5.9. Modulo the linear forms the ideal of Vhaﬁ(n), when n > 4, is
generated by the following forms:
Forie{2,...,n—1},
n—1
ag11,n) — Z (@im,m) A(1m,i) = A(1m,n) A(im,i) )
m=2
for any subset {i,j} C {2,...,n— 1},
n—1
A1) = Y (AGmm) Alim.g) ~ Aom,m) Aim.g))s
m=2

n—1
D (@mm)Aim. ) = Aim.m) 1m.5)
m=2

and
n—1

A1) + ajg) = O (@Gms) Oimg) = Oim,i) Um.g) )

m=2
for any subset {i,j, k} C{2,...,n — 1},

n—1

a(1jr) = O (@Gm.i)Uim.k) = Uim.i)@(mk))
m=2
and
n—1
> (@) Aim.k) = Aimm)@mk))»
m=2
and for any subset {i,j,k, 1} C{2,...,n—1},
n—1
> (im.g) Um 1) — Ok ) Aim.0))-
m=2

O

Since the open affine sets Vhaﬁ (n) cover VAPS(Q,n), we conclude that
VAPS(Q,n) is a linear section of the Grassmannian G((}),¢"). Equivalently,
VAPS(Q,n) is projectively equivalent to a linear section of G(n — 1,75 4) in
its Pliicker embedding. This concludes the proof of Theorem 5.4. |

Using the linear relations we may reduce the number of variables, when n > 4,
and use as indices the following unordered three element sets:

IT={{1lk}1l<k<n}U{{ljk}Hl<j<k<n}U{{ijk}l<i<j<k<n}
Let R = Clas|I € Z]. We substitute a11x = 11,5, @1jk = Q1j,k, Gijk = Qijk and

get:

DOCUMENTA MATHEMATICA 18 (2013) 469-505



494 KRISTIAN RANESTAD AND FRANK-OLAF SCHREYER

LEMMA 5.10. The ideal of Vhaﬁ(n), when n > 4, is generated by the following
polynomials in R: Fori€ {2,...,n—1},

n—1

A11n — Z (ai-m - allmaiim)a
m=2
for any subset {i,j} C {2,...,n— 1},
n—1
113 — Z (aljmaijm - alimajjm)7
m=2
n—1 n—1
2
Z (allmaijm - alimaljm)a a1ii + Q155 — Z (aijm - aiimajjm);
m=2 m=2
for any subset {i,j,k} C{2,...,n—1},
n—1 n—1
vk = Y (Qijm@ikm — Giim@jkm); Y (@1jmGikm — G1imjkm),
m=2 m=2
and for any subset {i,j,k, 1} C{2,...,n—1},
n—1
Z (aijmaklm - ajkmailm)-
m=2

O

Notice that these generators are all homogeneous in the weights introduced
above. The linear parts of the ideal generators define the tangent space of
the family Vhaff (n) at [[',], so another consequence of our computations is the
tangent space dimension.

PROPOSITION 5.11. Let L(n) be the space of linear forms spanned by the linear
parts of the generators in the ideal of Vhaﬁ(n). Then L(3) is spanned by

a(11,3)s  A(11,2) — A(12,3) and a(12,2) — 4(22,3)-
L(4) is spanned by
A(11,4),  A(11,2)s  A12,4),  A(11,3), @(13,4),
a(12,2) — A(22,4), 0(13,3) — 4(33,4)s @(12,2) T @(13,3),

a(12,3) — @(23,4), @(13,2) — (12,3), @(23,3) — 4(33,2) and A(22,3) — A(23,2)-
L(n), when n > 4, is spanned by a1 ) and for any i € {2,...,n — 1},

A(11,i)> A(1i,n)> @(14,3) > A(4i,n)>
for any subset {i,j} C {2,...,n —1},

A(15,i)> Q(ig,n)» Wi g) — A(ig,i)
and for any subset {i,j, k} C {2,...,n—1},

Aig,k) — O(jki)-

DOCUMENTA MATHEMATICA 18 (2013) 469-505



VARIETY OF POLAR SIMPLICES 495

In particular
Vil (3) = A%, Vi (4) = A%, V0 (5) = A,

Proof. The linear parts of the generators can be read off Lemma 5.6 and Lem-
mas 5.7, 5.8 and 5.9. Notice only that the two term forms

a(12,2) — @(22,4)s  (13,3) — @(33,4); @(12,2) T @(13,3)
span a three dimensional space, while
Qi) = Qi) A(15,5) ~ AGim) G T aasg), for 1<i<j<mn
span the space generated by
a1iyi),  OGim)s 1 <i<n

when n > 4.
For n = 3, the family Vhaﬁ (3) has 6 parameters, while there are three indepen-
dent linear forms in the relations so the tangent space at [I'p] has dimension

6 — 3 = 3 as expected. In fact Vhaﬁ (3) = A3 with parameters
a(11,2)5 @(12,2), A(22,2) -

For n = 4 the family Vhaﬁ (4) has 18 parameters, while the linear forms in the
relations are generated by 12 independent forms, so the tangent space at [I'p]

has dimension 18 — 12 = 6. In fact Vhaﬁ (4) = AS with parameters

A(12,2)5 @(12,3), A(23,3) s @(22,3), @(22,2), @(33,3)-

For n > 4 we see that all parameters with a 1 or an n in the index are indepen-
dent forms in the space of linear parts of ideal generators in Vhaﬁ (n). Further-
more, the other linear parts, simply expresses that {(ijk)|1 <i < j <k <n}
form a natural index set for representatives of the parameters. The cardinality
of this index set is simply the cardinality of monomials of degree 3 in n — 2
variables, i.e. (%). In case n = 5 we again conclude that Vhaff (5) =2 A0 with
parameters
{aijr|2 <i<j <k <4}
O

COROLLARY 5.12. The tangent space dimension of VAPS(Q,n) at [I'p] is (g)
when n > 5. Whenn <5, VAPS(Q,n) has a finite cover of affine spaces, in
particular VAPS(Q,n) is smooth and coincides with VPS(Q,n). |

REMARK 5.13. LetT' be a smooth apolar subscheme to Q) consisting of n distinct
points. Any subset of n — 2 points in I' is contained in a pencil of apolar
subschemes that form a line in VPS(Q,n) through [I']. Thus (3) lines in
VPS(Q,n) through [T] is contained in the tangent space at [T'].

We extend this remark and give a conceptual reason for the dimension of the
tangent space to VAPS(Q,n) at [I',].
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PROPOSITION 5.14. Let [I')] € VPS(Q,n) C G(n —1,T»4) be a point on the
subvariety TQ™1 in its Grassmannian embedding. Then VPS(Q,n) contains
the cone over a 3-uple embedding of P"~3 with vertez at [['p).

Proof. We first identify a cone over a 3-uple embedding of P"~2 inside
VAPS(Q,n), and then give an explicit description of the apolar subschemes
parameterized by this cone in order to show that the cone is contained in
VPS(Q,n).

Consider the subvariety V' (n) C V,* i (n) parameterizing ideals It with co-
efficient matrix Ap(I') = (I A) where the submatrix A = (a(;;x)) has rank
at most 1 and has nonzero entries only in the submatrix Ag C A with entries
{agjmll <i<j<n, 1 <k<n} Asabove, using the linear relations, we
may substitute the parameters a;; ) with parameters a;;jr whose indices are
unordered triples (ijk). In these new parameters the matrix A, takes the form:

222 223 a22(n—1)
223 233 a23(n—1)
A =
0 a22(n—1) a23(n—1) a2(n—1)(n—1)
a2(n—1)(n—1) a3(n—1)(n—1) -+ O(n-1)(n—1)(n—1)

By Theorem 5.4, the equations of Vhaff (n) are linear in the 2 x 2 minors of the
coefficient matrix A, so any rank 1 matrix Ao defines a point on V¢ (n). The
symmetry in the indices explains why the 2 x 2 minors of the matrix define
the 3-uple embedding of P"~3. Since the ideal of ', correspond to the zero
matrix, we conclude that the subvariety V,’?(n) in VAPS(Q,n) is the cone
over this 3-uple embedding.

To see that V,’*"(n) is contained in V PS(Q,n) we show that a general point
on Ve (n) lies in the closure of smooth apolar subscheme to Q. For this, we
describe for each general point s € P"~3 an apolar subscheme I'; belonging to
Vp"em (n). It has two components I's = I'; oUps, the first one I'; ¢ of length n—1
and supported at p, while the second component p; is a closed point. We shall
show that ¢ has a decomposition ¢ = ¢, + q(1)? € Ty where [¢(1)] = ps € P(T})
and q; € (ZL)Q. The subscheme I' ¢ is apolar to ¢; and contains the first order
neighborhood of p inside the quadric {g;” ' = 0} ¢ P(I*) in the hyperplane
polar to ps. Then I'y  lies in the closure of smooth apolar subschemes to ¢;.
We conclude by applying Proposition 2.4.

Let s = [sg:..: 5, 1] € P"™3 and let

n—1 n—1
||5||2:S§+"'+S%—1) <57x>:z:si$’ia <57?J>:Zsz‘yia
=2 i=2

then

2
Tiyeee 3 T1Tn—1,

x? — xx, —si(s,x)x, 1<i<n, Ty — 88 (s, xyx,, 1 <i<j<mn
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defines a subscheme T’y that belongs to V,'*(n). When |[s|[* # 0, then T,
contains the point

ps = [alls]*(s,2) +20)] = [[Is|*(s,9) + yn] € P(T1)
Consider the linear subspace Ls = {z1 = 0} N {(s,x) = 0}. The intersection
I's N Lg is the subscheme defined by

I%ngwgz...zxi_lzo.

This subscheme has length n—2. The union p;U(I'sN L) spans the hyperplane
{x1 = 0}, so the residual point in T'y is the pole, with respect to @1, of this
hyperplane, i.e. the point p. Therefore the subscheme I's o = I's \ ps has length
n — 1, is supported in p, and contains the first order neighborhood of p in the
codimension two linear space L.

The subscheme I'; ¢ is apolar to the quadric

gs = (IIsl1*(s,9) +yn)® = lIsl1®2y1yn + 43 + .. + 92 _1)-
Let [ = ||s||?(s,z) + x1. Then ps = [q()], while
I+ = (y2 = [IsIPsiy1s s yn—1 — ||5||25iy1ayn>-
Then ¢, € (I+)% < 2 and

(@) = a5 =[sl° - q € To.

According to Proposition 2.4 a subscheme I'g in P (1) of length n—1 is apolar to
gs if and only if I' = I'gUpy is apolar to g. Now, I'; ¢ is apolar to gs and contains
a first order neighborhood of a point on the smooth quadric {gs~* = 0} in
P(I+) c P(T1). By Remark 3.5, the subscheme I'; g is a subscheme like 'y, with
respect to gs. Therefore I' o lies in the closure of smooth apolar subschemes
to gs. But then I'y must lie in the closure of smooth apolar subschemes to gq.
Hence [I's] € VPS(g,n).

O

COROLLARY 5.15. VPS(Q,n) is singular when n > 6.

Proof. The cone with vertex at [[,)] € TQ~! over the 3-uple embedding of
P73 is contained in the tangent space of VPS(Q,n) at [I',], i.e. also in the
tangent space of VAPS(Q,n). Since the span of the cone and the tangent
space of the latter have the same dimension, they coincide. In particular the
tangent space of VPS(Q,n) at [I',] has dimension (g) When n > 6, then

(3) > (5) = dimVPS(Q,n) so VPS(Q,n) is singular. O

We pursue the case n = 6 a bit further and show that VAPS(Q,6) and
VPS(Q,6) coincide. We use the symmetric variables
Aijk = Q(35,k)» 1< iajak <6

for any permutation of the letters i, j, k. According to Lemma 5.10 we may list
the generators explicitly. This list is however not minimal. In fact, a minimal
set of generators is given by the following twenty generators in weight 2, four
generators in weight 3 and one generator in weight 4. The twenty generators
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of weight 2 are the generators of weight 2 in Lemma 5.10: For each 1 < k < 6,
and each pair {i,j} C {2,3,4,5}\ {k} the generator
5
—@46 + Z (QikmQjkm — GijmGhlm )
m=2
for each pair {i,j} C {2,3,4,5} the generator
5
—aiic — 6 + O (@igmijm — Giimajjm),
m=2
and additionally the two generators
5 5
Z (a23m@asm — G24ma35m) and Z (a23m@asm — A25ma34m)-
m=2 m=2
The last five generators are computed from the list of Lemma 5.10 using
Macaulay2 [GS], see the documented code in [RS11].
Of weight 3 we find, for ¢ = 2, 3, 4:

5
ail; — E (aimﬁam55 - am56aim5)
m=2
and
5
ais — E (Ama6Amas — Qms60maa)-
m=2

The generator of weight 4 is

5 5
2
aiie — g a6+ E A11mAm55-
m=2 m=2

The ten parameters with 6 in the index appear linearly in the 20 generators
of weight 2, while the five parameters with 11 in the index appear linearly in
the five generators of weights 3 and 4. The remaining 10 generators of weight
2 therefore depend only on 20 parameters ay. In fact they depend only on 16
linear forms. It is a remarkable fact that these ten quadratic forms define the
10-dimensional spinor variety. To see this we choose and rename the following
16 forms:

T1234 = —a353 + A252, T15 = —A555 + Q454 + A353 + A252, T34 = A453,

T1235 = A554 — G444 + 0343 + G242, T14 = Q343 — A242, T35 = A553 — A232,
T1245 = —0A553 — Q443 + A333 — (232, T13 = G553 — 443, T24 = 452,
T1345 = Q552 1+ Q442 + A332 — G222, T12 = A552 — G442, T23 = G352,
2345 = Q454 — A353, T45 = A554 — (242, T25 = —A442 + A332, To = A342.
In these variables the ten quadratic generators takes the form
qo = T25T34 — XT35T24 + T45T23 + 234570,

Q1 = —T45T13 + 14235 — L1534 + 134520,
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Q2 = T45T12 + T14T25 + T15T24 + T1245%0,
q3 = —T35%12 + T13%T25 — T15%23 + T1235%0,
Q4 = T12T34 — T13T24 + T14T23 + T1234%0,

Q5 = T1345T12 + T1245T13 + T1235T14 + T15T1234,

(6 = —T2345%12 + T1245T23 + T1235T24 + L1234T25,
Q7 = —T2345%13 — T1345T23 + £1235T34 + 1234735,
(s = —T2345%14 — T1345T24 — 124534 + 21234745,
q9 = —X1522345 — L1345T25 — L1245L35 — L1235L45-

The first five express (when xo = 1) the variables z;;5; as quadratic Pfaffians
in the x4, while the last five quadrics express the linear syzygies among these
Pfaffians. The ten quadratic forms satisfy the following quadratic relation

qoqs + q196 + q2q7 + q3qs + qaqe = 0.

In fact the ten quadratic forms generate the ideal of the 10-dimensional spinor
variety embedded in P'® by its spinor coordinates [RS00, Section 6],[Muk95].

COROLLARY 5.16. Vhaﬁ (6) is isomorphic to a cone over the ten-dimensional

spinor wvariety embedded in P by its spinor coordinates. In particular
VAPS(Q,6) is singular, irreducible and coincides with VPS(Q,6). O

We end this section summarizing some computational results, for small n, of
some natural subschemes of VAPS(Q,n). The first is the punctual part V,/¢(n)
of VAPS(Q,n), i.e. the variety of apolar subschemes in VAPS(Q,n) with
support at a single point p. The support p of a local apolar subscheme must lie
on Q! by Lemma 2.3. Therefore we may assume that p=1[0:0: ... : 1], and
use the equations 5.1. Of course, [I',] is then in V/°?(n). Furthermore, V,°(n)
is naturally contained in a second natural subscheme of VAPS(Q, n), namely
V,7¢¢(n), the variety of apolar subschemes in Vhaﬁ (n) that contains the point p.
We will do the explicit computation in the cases where VAPS(Q,n) =
VPS(Q,n) is smooth, i.e. when n < 6. An apolar subscheme in Vhaﬁ(n)
lies in V¢ (n) if and only if the term z2 does not appear in any equation, so
V;7¢¢(n) is defined by the equations a(;j,) = 0 for 1 <i < j < n in Vhaﬁ(n).
The linear relations then imply that a(y; j) = 0 for all 4 and j, and as before that
each parameter a(;;x) with 1 <14, j,k <n may be represented by a parameter

aijkwith1<i§j§kz<n.
In particular for n = 3 the only parameter left is agqz, and V¢ (3) is isomorphic
to the affine line. The equations :L'% = T12T9 = :c% — X1X3 — A299%2x3 define a
scheme supported at p only if ages = 0, so V;f"c(n) is a point in the case n = 3.
The computation of Vpsec(n) follow the same procedure for every n. For a local
scheme T in V,/¢(n) we may set z,, = 1 in the equations.

LEMMA 5.17. A local scheme T' supported at p, that belongs to Vpl"c(n), 18
Gorenstein. The mazimal ideal of its affine coordinate ring is spanned by
To,...,Tp_1,T1, and its socle is generated by 1.
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Proof. The scheme I' is Gorenstein by Lemma 2.6. The maximal ideal is cer-
tainly generated by x1,zs,...,Z,_1, and since I' is nondegenerate these are
linearly independent. Finally, z;x; = 0 for all i by the apolarity condition as
soon as p € I', so the socle is generated by z. (|

We may now get explicit equations for V,/*¢(n). If [I'] € V[°°(n), then by
definition m; = 0. But the maximal ideal is generated by z1,z2,...,2n_1,
so this means that any monomial of degree n in the z; must vanish in the
coordinate ring of T'.
On the other hand, the equations for I" define the products

n—1 n—1

TiTj = Z aijrxr and :EZQ =z + Z Wiik Tk

k=2 k=2
in this ring. Therefore, by iteration, we get polynomial relations in the param-
eters a;;i. Imposing the apolarity condition, symmetrizing the parameters and
adding the equations for Vpsec(n), then after, possibly, saturation we get set
theoretic equations for V,/¢(n).
When n = 4 we have the parameters asos, 4223, G233, a333 for V;ec(él) and the
relation

a§23 — 2220233 + 0333 — 2230333
Thus V;*°(4) is a quadric hypersurface in A*.
For Vpl"c(él) we first get the subscheme defined by the equations

x% =x1209 = 21203 =0

and

2 2
Ty = X1 + a222T2 + A223X3, ToX3 = A223%2 + 23323, T3 = T1 + A233%2 + A333T3.

The coefficient of x; using these relations iteratively to compute x3,...,z3,
must vanish, so it yields the equations agss + @033 = a923 + a333 = a§33 +a§23 =
0. The other coefficients give no additional relations, and neither does the
equations for V;°(4), so Vpl"c(él) is 1-dimensional and consists of a pair of
affine intersecting lines.

When n = 5, the computation becomes a bit more involved. There are ten
parameters a;;,. The equations of V;°(5) are

a§34 — (2330244 + a§34 — (3330344 1 a§44 — a334a444 = 0,
(2240234 — 42230244 + 02340334 — (2330344 + 02440344 — G2340444 = 0,
(2240233 — 02230234 + (2340333 — (2330334 + 12440334 — 12340344 = 0,
a3sy + 304 — Q2200244 + G344 — A2230344 — A2240444 = 0,
(2230224 — 12220234 + 2330234 + 2340244 — 02230334 — G224a344 = 0,
393 — 42220233 + G333 — Q2230333 — A224a334 + A3g4 = 0.
They define in A the affine cone over the intersection of the Grassmannian

variety G(2,5) with a quadric. For Vpl"c (5) there are additional equations defin-
ing the cone over the tangent developable of a rational normal sextic curve, a

DOCUMENTA MATHEMATICA 18 (2013) 469-505



VARIETY OF POLAR SIMPLICES 501

n V’ploc (n) Vpsec (n) V'haﬁ (n)
dim degree | dim degree | dim  degree
31 0 1] 1 1] 3 1
point Al A3
41 1 2| 3 2|1 6 1
two lines Quadric 3-fold AS
51 3 10| 6 10| 10 1
cone over tangent developable | cone over G(2,5) N Q A0
of a rational sextic curve
6 15 12
cone over Sig

TABLE 1.

codimension 3 linear section of V*°(5). The cone over the rational normal
curve parameterizes local apolar subschemes that are not curvilinear. For the
computations in Macaulay2 [GS], see the documented code in [RS11].

The findings are summarized in Table 1.

6. GLOBAL INVARIANTS OF VPS(Q,n)
We consider VPS(Q,n) as a subscheme of G(n — 1,73 4), and the incidence
15" = {(l¢], [TDIl¢] € (T)} € P(Tn,q) x VPS(Q,n).
The incidence is a projective bundle,
1575 = P(Eq) & VPS(Q,n),

while the first projection is birational (the rational map v : P(Tp,) --»
VPS(Q,n) factors through the inverse of this projection). Denote by L the
tautological divisor on P(Eq). It is the pullback of the hyperplane divisor on
P(T54). When VPS(Q,n) is smooth,

Pic(I %) = Pic(VPS(Q,n)) ® Z[L].

Recall from Lemma 4.9, that the set H, C VPS(Q,n) of subschemes I'
that intersects a hyperplane h C P(77) form a Pliicker divisor restricted to
VPS(Q,n). Therefore the class of the Pliicker divisor coincides with the first
Chern class ¢1(Eg).

THEOREM 6.1. 1) Pic(VPS(Q,4) = Pic(VPS(Q,5)) = Z.

it) The ample generator H is very ample, and VPS(Q,4) and VPS(Q,5) are
Fano-manifolds of index 2.

iii) The boundary in VPS(Q,n) consisting of singular apolar subschemes is,
when n < 5, an anticanonical divisor.

Proof. i) Let n = 4 or n = 5. Then the Pliicker divisor H is very ample by
the above. Furthermore, the complement Vp“ﬁ of the special Pliicker divisor
defined by a tangent hyperplane to @~ C P(7}), the divisor Hy,, —oy in the

DOCUMENTA MATHEMATICA 18 (2013) 469-505



502 KRISTIAN RANESTAD AND FRANK-OLAF SCHREYER

above notation, is isomorphic to affine space by Proposition 5.11. Therefore the
Picard group has rank 1 as soon as this special Pliicker divisor is irreducible.
The tangent hyperplanes to Q~! cover all of P(T}), so the corresponding
Pliicker divisors cover VPS(Q,n). Furthermore, for any subscheme T' in
VPS(Q,n), there is tangent hyperplane that does not meet I', so these special
Pliicker divisors have no common point on VPS(Q,n). Assume that the special
Pliicker divisors are reducible, then we may write H = H; + Hs, where both
H, and Hy moves without base points on VPS(Q,n). Since H -1 =1 for every
line on VPS(Q,n), only one of the two components can have positive intersec-
tion with a line. The other, say Hs, must therefore contain every line that it
intersects. But this is impossible, since Hs must contain all of VPS(Q,n), by
the following lemma:

LEMMA 6.2. Any two polar simplices I' and I are connected by a sequence of
lines in VPS(Q,n).

Proof. This is immediate when n = 2. Forn > 2, let [[] € T and [I'] € ",
and let P(U) = hyNhy C P(TY) be the intersection of their polar hyperplanes.
Then ¢ = 1>+ 1} +qu = (I')* + (I1)? + qu for qu € U? and suitable /; and [].
Let T'yy be a polar simplex for gi. Then T is line connected to T'y U{[l1], [I]} by
induction hypothesis. Likewise I' is line connected to I'y U {[l1], [I']}. Finally
Ty U{[l],[1]} and Ty U {[l1], [I']} span a line in VPS(Q,n), which completes
the induction. g

ii) Since Pic(Igps) = Pic(VPS(Q,n)) ® Z][L] we deduce from i) that the bira-
tional morphism
o: ISPS — P(Ts,)

has an irreducible exceptional divisor. Let E € Pic(Ig PS5y be the class of this
exceptional divisor. Then, since the map v : P(Th,) --» G(n—1,T5 ) is
defined by polynomials of degree (Z), the size of the minors in the Mukai form,
we have

wa(n)L.EandBwa(<n+1
2 5 2

On the other hand H = ¢i(Eg) where ISPS = P(Eg) is a projective bundle
over VPS(Q,n) so

)DL+E

2

Therefore —Ky ps(qn) = 2H. Finally, since VPS(Q,n) C G(n — 1,13 4) con-
tains lines, H is not divisible.

iii) The boundary in VPS(Q,n) consisting of singular apolar subschemes, co-
incides, by Lemma 2.3, with the set of subschemes I' C P(7}) that intersect
quadric @~!. The Pliicker divisor H is represented by the divisor of sub-
schemes T' that intersect a hyperplane in P(T}), so —K = 2H is represented
by the boundary. O

_((n + 1) —1)L+E= Kf(‘gps =71"Kvps +m*(c1(Eq)) — (n —1)L.
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THEOREM 6.3. Letn > 2 and let VPS(Q,n) C G(n—1,Ts ) be the variety of
polar simplices in its Grassmannian embedding, with Plicker divisor H. The
VPS(Q,n) has degree

m
H" = -

> () /o-a,

AFm
where the sum runs over all partitions A = (A1,...,\n) of m = (Z) =
dimVPS(Q,n) into integers n —1 > A\ > ... > X\, > 0. Here \* =
(Al...., Ah_1) denotes the sequence A} =| {j | A\; = i} | and X*! = IIX;\.
Finally

d= [ (Di+Dy)

1<i<j<n

is the intersection number of m divisors on the product

PPl M o ox Pt
with D; the pullback of the hyperplane class on the it" component.

Proof. We first show that for (g) general hyperplanes h; C P(T}), the cor-
responding Pliicker divisors Hj, has a proper transverse intersection on the
smooth part of VPS(Q,n). Therefore, by properness, the intersection is finite,
and, by transversality, it is smooth, so it is a finite set of points. The cardinality
is the degree of VPS(Q,n).

First, let A = (A1,...,\,) be a partition of m and consider the partition
hity.ooshirgs oy hnt, ..oy hpy, of m general hyperplanes into n sets of size
Aty An. Let Ly = Njhyy, it is a linear space of dimension n —1 — A;. Con-
sider the product of these linear spaces in the product P(77)":

Ly x - x L, CP(T1) x -+ x P(T).

Let A € P(T1)™ be the union of all diagonals and let L° = Ly x --- X L, \A C
P(T1)". Then L° parameterizes n-tuples of points I' = {p1,...,pn} C P(TY),
with p; € L;. Of course, L° has a natural map to the Hilbert scheme of P(T})
that forgets the ordering, so we will identify elements in L° with their image
in the Hilbert scheme.

Consider the incidence between subschemes I' € L° and quadratic forms q € T5:

I = {(T,[¢))|Ir C ¢*} C L° x P(Ty).

This variety is defined by the equations h;;(p;) = 0 and the apolarity, ¢(Ir) = 0.
Clearly L is a smooth scheme of dimension (Z) The fibers of the projection
I;, — L are (n — 1)-dimensional projective spaces, so I, is a smooth variety
of dimension equal to dimP (7). The projection I;, — P(7%) is clearly onto,
so the fibers are finite. Since both spaces are smooth, the general fiber is
smooth. Now, I' C L° lies in the fiber over [q], precisely when I+ C ¢t i.e.
[l € VPS(Q,n) and h;j(p;) = 0, i.e. [I'] lies in the intersection of all the
Pliicker hyperplanes Hy,,. Since the general fibers are smooth the divisors
Hy,, intersect transversally in V PS(Q,n), where Q = {¢ = 0}, and have an
isolated intersection point at each point [I']. Turning the argument around and
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considering all partitions, we get that for general hyperplanes hi,...,h,, in
P(Ty) the Pliicker hyperplanes Hj,, has a transversal intersection at a finite
number of points in VPS(Q,n) corresponding to smooth apolar subschemes.
We proceed to compute the cardinality of the intersection, i.e. the formula
given in the theorem. Let [I'] = [{p1,...,pn}] € VPS(Q,n) be a point in
the intersection of the hyperplanes Hy,. Then each h; contains some p; € T,
by the definition of Hy,. For each i let A; be the number of hyperplanes h;
that contains p;. The set of positive integers {\1,..., A, } must add up to m:
It is at least m by definition, and at most m by the generality assumption
discussed above. Therefore the point [I'] defines a unique partition of the set
of hyperplanes {h;}"", into subsets {h; }?-;1 of cardinality \;, as above.
The factor (T) in the degree formula counts the number of ordered partitions of
m hyperplanes into subsets of cardinality \;, while A*! counts the permutations
of the subsets of the same cardinality, i.e. the number of ordered partitions
determined by [[']. Therefore the remaining factor dy for each partition should
count the number of polar simplices I' that intersect the n linear subspaces
L; =Njh;; C P(T1) of codimension \;,i =1,...,n.
Let [I'] = [{p1, -, pn}] € VPS(Q,n) and assume that (p1,...,pn) € L1 XX Ly,.
For each pair of linear spaces L;, L; the bilinear form associated to the quadratic
form ¢ restricts to a linear form on the product L; x L, that vanishes on (p;,p;).
This linear form defines a divisor H;; in the divisor class H; + H;, where H; is
the pullback to the product of the hyperplane class on L;. If D;; and D; are
the pullbacks of H;;, respectively H;, to the product II;L;, then I' C II; L; lies
in the intersection M;<;D;;.
Conversely, consider a point (p1,...,pn) € L1 X -++ x L, that lies in the in-
tersection of the divisors N;<;D;;. The projection of this point into P(T}) is a
collection of n points I' = {p1,...,pn}. Let p; = [v;],v; € T1, then the bilinear
formq: Ty xTh — C, (¢ '(vi)(q))(vj) = 0 for every i # j, so the hyperplanes
p; C P(S;) form a polar simplex to Q. Hence [I'] is a point in VPS(Q,n).
Thus d) counts the number of polar simplices I' that intersect the n linear
subspaces L; and the degree formula follows.

|

The Theorem 1.1 in the introduction follows from Corollary 5.12, Corollary
5.15 and Theorem 6.1. Theorem 1.2 follows from Corollary 2.2, Corollary 5.2,
Theorem 6.1 and the degree is computed from Theorem 6.3. Theorem 1.3
follows from Theorem 5.4, Corollary 5.16 and Corollary 2.7.
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