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ABSTRACT. Tate duality is a Pontryagin duality between the ith
Galois cohomology group of the absolute Galois group of a local field
with coefficents in a finite module and the (2 —)th cohomology group
of the Tate twist of the Pontryagin dual of the module. Poitou-Tate
duality has a similar formulation, but the duality now takes place
between Galois cohomology groups of a global field with restricted
ramification and compactly-supported cohomology groups. Nekovar
proved analogues of these in which the module in question is a finitely
generated module T over a complete commutative local Noetherian
ring R with a commuting Galois action, or a bounded complex thereof,
and the Pontryagin dual is replaced with the Grothendieck dual 7%,
which is a bounded complex of the same form. The cochain complexes
computing the Galois cohomology groups of T' and T*(1) are then
Grothendieck dual to each other in the derived category of finitely
generated R-modules. Given a p-adic Lie extension of the ground
field, we extend these to dualities between Galois cochain complexes
of induced modules of T' and T*(1) in the derived category of finitely
generated modules over the possibly noncommutative Iwasawa algebra
with R-coefficients.
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1 INTRODUCTION

1.1 DuaALiTy

In [Nek], Nekovar gave formulations of analogues of Tate and Poitou-Tate dual-
ity for finitely generated modules over a complete commutative local Noetherian
ring R with finite residue field of characteristic a fixed prime p. In the usual
formulation of these dualities, one takes the Pontryagin dual, which does not
in general preserve the property of finite generation. Nekovar takes the dual
with respect to a dualizing complex of Grothendieck so as to have a duality
between bounded complexes of R-modules with finitely generated cohomology
groups. This paper is devoted to a generalization of this result to the setting
of nonabelian p-adic Lie extensions.

Recall that a dualizing complex wg, is a bounded complex of R-modules with co-
homology finitely generated over R that has the property that for every complex
M of finitely generated R-modules,; the Grothendieck dual RHompg (M, wg) in
the derived category of R-modules D(Modpg) has finitely generated cohomol-
ogy, and moreover, the canonical morphism

M — RHompg(RHomg(M,wr),wr)

is an isomorphism in D(Modg). Such a complex exists and is unique up to
quasi-isomorphism and translation (see [Harl]).

One can choose wg to be a bounded complex of injectives, in which case the
derived homomorphism complexes are represented by the complexes of homo-
morphisms themselves. If R is regular, then R itself, as a complex concentrated
in degree 0, is a dualizing complex, but R is not in general R-injective. If
R = Z,, for instance, then the complex [Q, — Q,/Z,] concentrated in degrees
0 and 1 provides a complex of injective Z,-modules quasi-isomorphic to Z,,.
Let us explain Nekovai’s theorem, and our generalization of it, in the setting
of Poitou-Tate duality. Let F' be a global field with characteristic not equal to
p. Let S be a finite set of primes of F' that, if F' is a number field, contains
all primes over p and any real places, and let Gr g denote the Galois group of
the maximal unramified outside S extension of F. We remark that a finitely
generated R-module has a canonical topology arising from its filtration by
powers of the maximal ideal of R. Let T be a bounded complex in the category
of finitely generated (topological) R-modules with R-linear continuous Gp g-
actions. We use RI'(GF g,T) to denote the object in D(Modg) corresponding
to the complex of continuous G g-cochains with coefficients in 7', and we
use RF(C)(G rs,T) to denote the derived object attached to the complex of
continuous compactly supported cochains (using Tate groups for real places in
its definition as a cone: see Section [T]).

There exists a bounded complex T of finitely generated R-modules with R-
linear continuous Gp g-actions that represents RHomp(T,wr) in the derived
category of such modules. Nekovdi’s duality theorem is then as follows (see
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[NeK, Proposition 5.4.3(ii)]) [l

THEOREM (Nekovéar). We have an isomorphism
RI(Gr,s,T) - RHomp (R (o) (Gr.s, T*(1)),wr ) [-3]

in the derived category of finitely generated R-modules.

In this paper, we consider a generalization of this to the setting of noncom-
mutative Iwasawa theory. Suppose that F, is a p-adic Lie extension of F
contained in Fis. We denote by I" the Galois group of the extension F.,/F', and
we let A = R[I'] denote the resulting Iwasawa algebra over R. For a finitely
generated R-module T" with a continuous R-linear G s-action, we define a
finitely generated A-module .Zr(T") with a continuous A-linear G g-action by

yp(T) =ANQ®RrT,

where the superscript ¢ denotes that an element of I' in A acts here on A
by right multiplication by its inverse, and where G s acts on A through the
quotient map Gr g — I' by left multiplication and then diagonally on the tensor
product.

The Gp g-cohomology of % (T') is interesting in that a version of Shapiro’s
lemma provides natural isomorphisms of continuous cohomology groups

H"(Gpg, %r(T)) = @H"(GFQ,S,T)
«@

for every n > 0, where the limit is taken over « indexing the finite Galois
extensions F, of F' that are contained in Fu, (cf. [Lim2l Lemma 5.3.1]). That
is, the cohomology groups of % (T) are the Iwasawa cohomology groups of
the module T itself for the extension F.,/F, and this identification is one of
A-modules. We also have the analogous statements for compactly supported
cohomology, as seen in [Lim2, Proposition 5.3.3]. Therefore, we can reduce the
question of finding dualities among Iwasawa cohomology groups of compact
modules to that of obtaining dualities among cohomology groups for Gp g
itself. Note that, however, it is not even a priori clear in this setting that
H"(Gpg, #r(T)) is a finitely generated A-module, let alone that we can find
such a duality of A-modules.

The following is our main theorem (cf. Theorem E5.T]).

THEOREM. We have isomorphisms
RI (G5, 71 (T)) — RHomye (RT (o) (Grs, Z0(T7) (1)), A &k wr ) [-3]
RI () (Grs, Zr(T)) — RHomye (RD(Grs, Zr(T7) (1)), A @k wr )3

in the derived category of finitely generated A-modules.

1 Actually, Nekovai’s longer treatise is particularly concerned with a generalization of this
duality that takes place between Selmer complexes, which we do not address in this article.
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Nekovar proves the above theorem in the case that I' is abelian [Nekl Theorem
8.5.6]. In fact, in that case, it is an almost immediate consequence of his above-
mentioned theorem. That is, suppose for instance that I' = 7, for some r > 1.
Then A is a complete commutative Noetherian local ring with finite residue field
of characteristic p. Moreover, its dualizing complex is isomorphic to A ®% WR
in the derived category of A-modules [Nekl Lemma 8.4.5.6]. Therefore, the
commutative theory described above applies to A, and Nekovér is able to deduce
the result from this. On the other hand, since we are working with nonabelian I"
and hence noncommutative A, we do not know that there exists a (nice enough)
dualizing complex, and so the proof of our main theorem takes a different route.
The idea is a simple one, though the proof is rather involved: after reducing
to the case that R is regular and Z,-flat, we perform an inductive argument,
using the grading on A arising from the powers of its augmentation ideal, to
deduce our result from Nekovai’s.

We remark that, in their manuscript on the noncommutative main conjecture,
Fukaya and Kato stated an analogue of our main theorem, with A replacing
A @B wp [FKI, (1.6.12)], which in turn generalized a result of Burns and Flach
[BF, Lemma 12(b)] for a narrower class of rings. The result of Fukaya-Kato
applies to a more general class of (adic) rings A than ours and replaces % (7))
and Zr(T*)" by a bounded complex of A[Gp s]-modules X and its A-dual
Homy (X, A). However, in order to be able to work with the A-dual, they
assume that X consists of (finitely generated) projective A-modules. In the
case of Iwasawa cohomology that we study, the complex T need not be quasi-
isomorphic to a bounded complex of R[Gr s]-modules that are projective and
finitely generated over R. Moreover, if R is Gorenstein, then R serves as an
R-dualizing complex, and our result reduces to a duality with respect to A
itself, as in the result of Fukaya-Kato. We also note that Vauclair proved a
noncommutative duality theorem for induced modules in the case that R = Z,,
and T is Zp-free, via a rather different method [Vau, Theorem 6.4].

1.2 AN APPLICATION

Since applications of our main result are not discussed in the body of this paper,
we end the introduction with an indication of one setting in which our results
naturally apply. Fix N > 1 not divisible by p, and suppose that p > 5. Let
Z,, n denote the inverse limit of the rings Z/Np"Z over r > 1. Hida’s ordinary
cuspidal Z,-Hecke algebra h of level Np> is a direct product of local rings
that is free of finite rank over the subalgebra Q = Z,[1 + pZ,] of the algebra
Zp[Z /(~1)] of diamond operators in b [Hid, Theorem 3.1]. Hida showed
that the h-module S of Q-adic cusp forms is Q-dual to h (see [Ohtll, Theorem
2.5.3] for a proof), from which it follows that S is a dualizing complex for b.
The inverse limit

A = im Hy (X1 (Np") g Zip (1))
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of ordinary parts of étale cohomology groups of modular curves is an h[{Gg,s|-
module for the dual action of h, where S is the set of primes dividing Npoo. As
an h-module, Ohta showed in [Oht2] that J# is an extension of S by h. Since
b is not always Gorenstein (in Eisenstein components: see [Oht3l Corollary
4.2.13] for conditions), it is not at all clear that J# is quasi-isomorphic to a
bounded complex of h{Gg,s]-modules that are finitely generated and projective
over b, precluding the use of the duality result of Fukaya-Kato. On the other
hand, there is a perfect, h-bilinear pairing # x 4 — S(1) which is Gq,s-
equivariant for the action of o € Gq s on S via the diamond operator (x(o)),
where x: Gq,s — Z, y is the cyclotomic character (see [FK2, Section 1.6],
where it is quickly derived from a pairing of Ohta’s [Ohtll Definition 4.1.17]).
Now fix a p-adic Lie extension Fi, of Q that is unramified outside S and con-
tains Q(unp=), and set I' = Gal(Fio/Q). The complex RI'(.\(Gq,s, Fr(H))
is the subject of the noncommutative Tamagawa number conjecture of Fukaya
and Kato for . (though to be precise, said conjecture is only formulated in
the case that S is h-projective), which is directly related to the noncommu-
tative main conjecture for ordinary Q-adic cusp forms (see [FKI1, Sections 2.3
and 4.2]). It is also perhaps worth remarking that, in the commutative setting,
the first Iwasawa cohomology group H'(Gq,s, - Zr (7)) contains zeta elements
constructed out of Kato’s Euler system (see [Katl Section 12] or [FK2|, Section
3.2]).

For a finitely generated A = H[[']-module A, let us use A{x) to denote the
A-module that is A as an h-module but for which the original h-linear action
of v € T on A has been twisted by multiplication by the diamond operator
(x(7)), for any lift ¥ € Gq,s of 7. Using the pairing on 4, our main result
can be seen to yield two interesting isomorphisms in the derived category of
finitely generated modules over, including

RI()(Gq,s, Zr(#)) — RHompe (RI(Gq,s, Zr(H#)"), A @5 S){x)[-3].
Perhaps more concretely, we have a spectral sequence
Extho (H7 (Ga.s, r(#)), A @y ) () = H (Ga.s, Fr ().

We remark that one has a similar result with X;(Np") replaced by Yi(Np”):
in this case, the pairing on J# to S is replaced by a pairing between ordinary
parts of cohomology and compactly supported cohomology groups to ordinary
Q-adic modular forms. We also note that Fouquet has constructed an analogue
of Ohta’s pairing for towers of Shimura curves attached to indefinite quater-
nion algebras over totally real fields [Foul Proposition 2.8], providing a related
setting for an application of our main result.
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2 PRELIMINARIES

In this section, we lay out some facts regarding modules over profinite rings that
we shall require later in the paper. Elsewhere in the paper, we use some of the
standard terminology and conventions regarding complexes, cones, shifts, total
complexes of homomorphisms and tensor products, and derived categories, as
can be found in [Nek], or in [Lim2] off of which this paper builds. In particular,
all sign conventions will be as in the latter two papers. For further background
on derived categories, we suggest the excellent book [Weil, as well as the more
advanced text [KS].

2.1 TENSOR PRODUCTS AND HOMOMORPHISM GROUPS

In this subsection, R is a commutative ring. By an R-algebra, we will mean
a ring with a given homomorphism from R to its center. In this section, we
construct derived bifunctors of homomorphism groups and tensor products for
bimodules over R-algebras and study a few isomorphisms that result from these
constructions.

We use A° to denote the opposite ring to an R-algebra A. Given two R-algebras
A and X, we are interested in a subclass of the class of A-YX-bimodules, namely,
the class of A-X-bimodules with the extra property that the left R-action coin-
cides with the right R-action. We can (and shall) identify the category of such
A-Y-bimodules with the category of A ® g X°-modules, and there are natural
exact forgetful functors

resp: Modagpse — Mody  and  resyge: Modag,se — Modso,

which extend to exact functors on the derived categories. One observes that the
categories Modag , ro and Mody are equivalent, as are Modrg x> and Modse.
We have following lemma, which extends [Yekl Lemma 2.1].

LEMMA 2.1.1.

(a) If ¥ is a projective (resp., flat) R-algebra, then resy preserves projective
(resp., flat) modules. Similarly, if A is a projective (resp., flat) R-algebra,
then resse preserves projective (resp., flat) modules.

(b) If ¥ is a flat R-algebra, then resp preserves injectives. Similarly, if A is
a flat R-algebra, then resyo preserves injectives.
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Proof. (a) We prove the statements of the first sentence, those of the second
being a consequence. Suppose that ¥ is a projective R-algebra. Since projective
modules are the summands of free modules, it suffices to show that A @ X°
is a projective A-module. Since X is a central R-algebra, we have 3 = ¥° as
R-modules. Therefore, we have ¥° @& P = L for some projective R-module P
and free R-module L. Then A ® g X° is a direct summand of A ® g L, which is
a free A-module. Hence, A ® g 3° is a projective A-module.

Now suppose that X is flat over R. Since flat modules are direct limits of
finitely generated free modules (see [Laml Theorem 4.34]) and tensor products
preserve direct limits, it suffices to show that A @z 3° is a flat A-algebra. Since
> is flat over R, we have that X is a direct limit of finitely generated free R-
modules, which implies that A ® g .° is a direct limit of finitely generated free
A-modules.

(b) We shall prove this for resy, the case of resge being a consequence. The
functor from Moda to Modag,se sending M to M ®p X° is exact by our
assumption and is left adjoint to the functor resy. The conclusion then follows
from [Weil Prop. 2.3.10]. O

Let us briefly introduce the notions of g-projective and g-injective complexes
of A-modules and several facts regarding them arising from the work of Spal-
tenstein, as can be found in [Spal, [Kel], [Lip, Section 2.3], and [KS| Chapter
14]. A complex P of A-modules is called g-projective if for every map g: P — B
and quasi-isomorphism s: A — B of complexes of A-modules, there exists a
map f: P — A of complexes of A-modules such that g and so f are homotopy
equivalent. We remark that P is g-projective if and only if it is homotopy
equivalent to a direct limit of bounded above complexes P, of projective A-
modules via maps ¢,: P, — P,41 that are split injective in each degree with
quotients Pyt1/tn(Py) having zero differentials. In particular, bounded above
complexes of projectives are g-projective. If A is a complex of A-modules, then
there exists a quasi-isomorphism P — A with P g-projective.

We also have the dual notion of g-injective complexes. A complex I of A-
modules is g-injective if for every map f: A — I and quasi-isomorphism s: A —
B of complexes of A-modules, there exists a map g: B — I such that f and gos
are homotopy equivalent. A complex I of A-modules is g-injective if and only
if it is homotopy equivalent to an inverse limit of bounded below complexes I,
of injective A-modules via maps 7, : I,+1 — I,, that are split surjective in each
degree with kernels kermw, having zero differentials. In particular, bounded
below complexes of injective A-modules are g-injective. If A is a complex of
A-modules, then there exists a quasi-isomorphism A — I with I g-injective.
In addition to A and X, we now let €2 be an R-algebra. If A is a A ®p Q°-
module and B is a A @ g X°-module, we give Homa (A4, B) the structure of an
Q) ®pr ¥X°-module via the left 2 and right X-actions

(w- f)(a) = flaw) and (f-0)(a) = f(a)o
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for f € Homp(A,B),a € A, w € Q, and 0 € X.
Moreover, if A is a complex of A®rQ2°-modules and B is a complex of A® g X°-
modules, we define a complex Homa (A, B) of 2 ® g ¥.°-modules by

Hom} (A, B) = [ [ Homa (A%, B™*™),
i€EZ

with the usual differentials, as in [Lim2), Section 2.

PROPOSITION 2.1.2. Let A be a compler of A ®r Q2°-modules, and let B be
a complexr of A ®@r X°-modules. If Q) is a projective R-algebra or 3 is a flat
R-algebra, then we have a derived bifunctor

:R,I_IOHIA(—7 —)I D(MOdA@RQO)O X D(MOdA@REO) — D(l\/[Od.Q(ngo)7

and Homp (A, B) represents RHomp (A, B) if A is ¢-projective as a complex of
A-modules and Q) is R-projective or B is gq-injective as a complex of A-modules
and X is R-flat.

Proof. Let us first assume that € is a projective R-algebra. Since every complex
of A ® g Q°-modules is quasi-isomorphic to a g-projective complex of A ® g 2°-
modules, we have a derived functor

RHomy (—, B): D(Modagra0)° — D(Modgg ,x0)

(see [Lipl Corollary 2.3.2.3]). Suppose that f: B — B’ is a quasi-isomorphism
of complexes of A ®pr X.°-modules. Let e: P — A be a quasi-isomorphism of
complexes of A ® g 2°-modules, where P is g-projective. Then RHomy (P, B)
(resp., RHomy (P, B')) is represented by Homp (P, B) (resp., Homy (P, B')).
Applying Lemma ZTT|(a), we see that P is also a g-projective complex of
A-modules, so by [Lipl, Proposition 2.3.8], the induced map

f«: Homp (P, B) — Homy (P, B)

is a quasi-isomorphism of complexes of abelian groups. Since f, is a morphism
of complexes of 2 ® g X°-modules, it is a quasi-isomorphism of such complexes.
Hence, f induces isomorphisms

RHomy (4, B) — RHomy (A, B'),

proving the existence of the derived bifunctor. Moreover, if A is g-projective
as a complex of A-modules, then

e+« Homy (A, B) — Homy (P, B)

is a quasi-isomorphism of complexes of ¥.°-modules, hence of 2 ® g 3°-modules
as well. Thus, Homy (A, B) represents RHomy (A4, B), as desired.

If ¥ is R-flat, the argument for the existence of the derived bifunctor and its
computation by Homy (A, B) in the case that B is g-injective as a complex of

DOCUMENTA MATHEMATICA 18 (2013) 621678



NEKOVAR DUALITY 629

A-modules is the direct analogue of the above argument, employing Lemma
2ITIDb). To see that the resulting derived functor agrees with that constructed
above in the case that both  is R-projective and ¥ is R-flat, consider a quasi-
isomorphism ¢: P — A as above and a quasi-isomorphism §: B — I with I a
g-injective complex of A ® p ¥.°-modules. As we have quasi-isomorphisms

Homy (P, B) —2— Homa (P, I) +=— Homa (A, )

of complexes of () ®r ¥°-modules, the derived functors coincide. O

Note that one always has a map Homy (A4, B) — RHomy (A, B) (canonical up
to isomorphism in the derived category), induced either by a quasi-isomorphism
P — A with P g-projective or a quasi-isomorphism B — I with I g-injective.

COROLLARY 2.1.3. IfQ is a projective R-algebra, then we have a commutative
diagram

RHomp (—,—)

D(MOdA@RQO)O X D(MOdA@REO) D(MOdQ@Rzo)

resa XidJ/ Jreszo
RHomay (—,—)

D(MOdA)O X D(MOdA®Rgo) D(Modgo).

In the case that X is a flat R-algebra, we have a commutative diagram

RHomap (—,—)

D(MOdA@RQO)O X D(MOdA@REO) D(MOdQ@Rzo)

idxresAJ Jressz
RHomp (—,—)

D(MOdA®RQo)O X D(MOdA) D(MOdQ)

If A is a complex of Q ® g A°-modules and B is a complex of A ® g 2°-modules,
we define a complex A ®, B of 2 ® g 3X°-modules by

(A A B)n _ @Az A anz"
i€EZ

again with the usual differentials, as in [Lim2, Section 2].

We also have a notion of a g-flat complex of A°-modules (see [Lipl Section
2.5] and [Spa), Section 5] in the case of commutative rings, the proofs being
identical); that is, a complex of A°-modules A is said to be g-flat if for every
quasi-isomorphism B — C of complexes of A-modules, the resulting map A ®x
B — A®, C is also a quasi-isomorphism. In particular, g-projective complexes
of A°-modules are g-flat, any bounded above complex of flat A°~-modules is g-
flat, and any filtered direct limit of g-flat complexes is g-flat. As in the case of
homomorphism complexes, the total tensor product induces derived bifunctors
as follows. We omit the analogous proof.
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PROPOSITION 2.1.4. Let A and B be complexes of Q ®@r A°-modules and A Qr
Y°-modules, respectively. If either Q) or X is a flat R-algebra, then we have a
derived bifunctor

— ®k — D(MOdQ®RA°) X D(MOdA@REO) — D(MOdQ@REo),

and A @a B represents A @Y B if A is ¢-flat as a complex of A°-modules and
Q is R-flat or if B is g-flat as a complex of A-modules and ¥ is R-flat.

Proposition [ZT.4 has the following direct corollary.

COROLLARY 2.1.5. If Q is a flat R-algebra, then we have a commutative dia-
gram

— ®L —
D (Modgg ;a0) X D(Modag ,x0) 2 D (Modgg ;50 )
respo Xidl lreszo
— L —
D(Modye) x D(Modag se) oA D(Modss),

and if ¥ is a flat R-algebra, we have a commutative diagram

— @k -
D(Modag,a0) X D(Modag pse) - D(Modags2)
ieresAJ/ lresn
_ ®k _
D(MOdQ@RAo) X D(MOdA) D(MOdQ).

We end this section with some general lemmas regarding the passing of tensor
products through homomorphism groups and the resulting isomorphisms in the
derived categories. Let us use m to denote the degree of an element m of a
term of a complex M of modules over a ring. We fix a fourth R-algebra =.

LEMMA 2.1.6. Suppose that = is a flat R-algebra and ¥ is a projective R-
algebra. Let A be a complex of QR rA°-modules, let B be a complex of AQrX°-
modules, and let C' be a complex of Qg =Z°-modules. Fix a quasi-isomorphism
Q — A of complexes of Q2 ®r A°-modules with Q q-flat over A°, a quasi-
isomorphism P — B of complexes of A® g X°-modules with P g-projective over
A, and a quasi-isomorphism C — I of complexes of Q) @ p E°-modules with I
g-injective over 2. Then the adjunction isomorphism

Homgq (A ®A P, I) — Homy (P, Homg (A, I))
frpm (m1)"fla®p))
induces an isomorphism
RHomgq (A @% B, C) =5 RHom, (B, RHomg (A4, C))
in D(Modxg,,z0), as does the adjunction isomorphism

Homg(Q ®a B,I) — Homp (B, Homgq(Q, I)).
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Proof. By Propositions and T4 the complex Homg(A ®a P,I) rep-
resents RHomg (A ®% B, C), and the complex Homy (P, Homg(A,I)) repre-
sents RHomy (B, RHomgq (A, C)). Therefore, we are reduced for the first part
to showing that the adjunction map is an isomorphism of complexes, and this
is standard (see |[Lim2, Lemma 2.2]). The second part follows easily from the
first part and the commutative diagram

Homg(Q ®4 B, 1) —— Homy (B, Homg(Q, I))

| |

Homg(Q ®4 P,I) —— Homy (P, Homq(Q, 1)),

in that the left-hand vertical map is a quasi-isomorphism. O
We consider the next isomorphism first on the level of complexes.

LEMMA 2.1.7. Let A be a bounded complex of Q @ %°-modules that are flat as
¥°-modules, let B be a complex of = @ r A°-modules that are finitely presented
as A°-modules, and let C' be a complex of ¥ ®@pr A°-modules. Suppose also that
either the terms of A are finitely presented as %°-modules or at least one of B
and C is bounded above and at least one is bounded below. Then the map

A ®x Hompo (B, C) — Hompo (B, A @5 C)
a® frr (b= a® f(b))

s an isomorphism of complezxes of Q ® g E°-modules.

Proof. That the stated map is a map of complexes is an easy check of the
actions and signs. To see that it is an isomorphism, consider first the case that
A, B, and C are concentrated in degree 0 and take a presentation

F,—F —B—0

with £} and F5 finitely generated free A°-modules. Then the two rightmost
vertical arrows in the commutative diagram with exact (noting the X°-flatness
of A) rows

0— A ®sx, Hompo (B,C) — A ®s Hompo (FQ,C) — A ®s Hompo (Fl,C)
0 — Homo (B,A X% C) — Hompo (FQ,A [25>) C) — Hompo (Fl,A [25>) C)

are isomorphisms of (2-modules by universal property of the direct sum and
the commutativity of direct sums and tensor products, so the other is as well.
Since the latter map is a morphism of complexes of 2 ® g Z°-modules, we have
the result in the case of modules.
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In the general setting, we have that

Homj}. (B, A®x C) = H Hompo (Bj, @Ai R Cnfiﬂ').
JEZ 1€EZ

Since BY is finitely presented over A°, the argument given above implies that
the latter group is naturally isomorphic to

1] P A" ®s Hompo (B7, C7HH9).

JEZ i€

On the other hand, we have

(4 @5 Homye (B,C))" = @ A’ @ ([ Homae (B7,C7=49)).

i€ JEZ

If the terms of A are finitely presented over X°, then we can use a finite pre-
sentation of A" to see that the latter term is naturally isomorphic to

@ H A ®y Hompo (Bj, CniiJrj),

i€Z jEZ

and the boundedness of A allows us to commute the direct product and direct
sum. Finally, if at least one of B and C is bounded above and at least one
is bounded below, then the products over j € Z involve only finitely many
nonzero terms (again using that A is bounded), and the result follows as direct
sums commute with tensor products and each other. O

In the derived category, we have the following generalization of [Venl, Proposi-
tion 6.1].

LEMMA 2.1.8. Suppose that Q2 is a flat R-algebra and = is a projective R-
algebra. Let A be a bounded above compler of QQ g X°-modules, let B be a
complex of Z ®pr A°-modules, and let C be a bounded below complex of ¥ g
A°-modules. Suppose that there exists a quasi-isomorphism Q@ — A of Q ®p
>°-modules, where Q is bounded and has terms that are flat as X°-modules.
Suppose also that there is a quasi-isomorphism P — B of complexes of 2EQr A°-
modules, where P is gq-projective as a complex of A°-modules with terms that
are finitely presented over A°. We assume also that either C is bounded, P is
bounded above, or the terms of Q are finitely presented as X°-modules. Then
the map
@ ®x Hompo (]37 C) — Hompe (P, Q®s 0)

gives rise to an isomorphism
A ®% RHomy. (B, C) — RHompo (B, A ®% C)

m D(MOdQ@REo ) .
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Proof. By Propositions and 2.4 the complex @ ®x Hompo (P, C) rep-
resents A ®% RHomp. (B, C) and the complex Homyo (P, Q ®yx. C) represents
RHompe (B, A ®% C). That the stated map is an isomorphism follows from

Lemma 217 O

REMARK 2.1.9. In this article, we need only compute derived tensor products
in the case that at least one of the complexes is bounded above and derived ho-
momorphism complexes in the case that the target complex is bounded below.
However, in Section [L.8] we will nevertheless be forced to represent derived
homomorphism complexes using g-projective resolutions in an unbounded first
variable. Hence, we have given a general treatment.

2.2 MODULES OVER GROUP RINGS

In this subsection, we preserve the notation of Section 21 and in addition,
let G be a group. We begin by extending the notions of derived bifunctors of
homorphism groups and tensor products to incorporate an additional action of
G.

If A is a complex of A[G]-modules and B is a complex of (A® r3°)[G]-modules,
we give Homp (A, B) the structure of a complex of 3°[G]-modules via the stan-
dard G-action

(g-Nla)=g-flg " a)

for g € G, a € A, and f € Homp(A, B). The following is then a slight
weakening of the natural analogue of Proposition [Z1.2 written in condensed
form.

PROPOSITION 2.2.1. There is a derived bifunctor
R,I{OH?[A(—7 —): D(MOdA[G])O X D(MOdA®RZ°[G]) — D(Modzo[g]).
Moreover, RHomp (A, B) can be represented by Homp (A, B) if A is g-projective

as a complex of A-modules or, if ¥ is R-flat, B is g-injective as a complezx of
A-modules.

Proof. Proposition Z.1.2] (with € replaced by R[G]° and X replaced by ¥°[G])
implies the existence of derived bifunctors with the desired properties that take
values in the category D(Mod RIG]°® REO[G]). There is a natural exact functor

MOdR[G]°®RZ°[G] — MOdEo[G]
taking M to the same ¥°-module with new G-action
g-m=(g""®g)m

for g € G and m € M. This in turn induces a functor on derived categories, and
composition of the above derived functor with this functor yields the result. O
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Next, if A is a complex of (2 ®r A°)[G]-modules and B is a complex of (A ®p
¥°)[G]-modules, we give A @5 B the structure of a complex of (2 ®r X°)[G]-
modules via the G-action defined by g(a ® b) = ga ® gb for a € A, b € B,
and g € G. We state a very slight weakening (for brevity) of the analogue of

Proposition 2.1.41

ProrosiTION 2.2.2. If Q or ¥ is a flat R-algebra, then we have a derived
bifunctor

- ®k —: D(MOdQ@RAo[G]) X D(MOdA®RZ°[G]) — D(MOdQ®RE°[G])~

Moreover, A @x B represents A @Y% B if either Q is R-flat and A is a g-flat
as a complex of A°-modules or ¥ is R-flat and B is ¢-flat as a complex of
A-modules.

Proof. Proposition T4 with Q replaced by Q[G] and 3° replaced by X°[G]
yields the existence of a derived bifunctor

- ®k - D(MOdQ@RAo[G]) X D(MOdA®RE°[G]) — D(MOdQ[G]®RZ°[G])
which has the desired properties. There is a natural exact functor

Modggigrseic) — Mod(agrye)a)

that takes an module M to the same 2 ® g X°-module with new G-action

g-m=(g®g)-m

for g € G and m € M, and the desired bifunctor is the resulting composition
of derived functors. O

Suppose now that A is an R-algebra and that we are given a homomorphism
X: G — Autpe(A), allowing us to endow A with the structure of a A°[G]-
module. We denote the resulting module by ,A. (If x is trivial, then we
continue to write A for ,A.) We also have a map x~': G — Auty(A) defined
by x 1(g)(A\) = A-x(g7)(1) for g € G and A € A, so the resulting object A,
is a A[G]-module. The relationship between , A and A, can be expressed by
the evaluation-at-1 maps

Homa(Ay,A) — A and Hompo (A, A) — A,
which are isomorphisms of A°[G] and A[G]-modules, respectively.

LEMMA 2.2.3. Suppose that A is a flat R-algebra, and let x: G — Autpo(A) be
a homomorphism. For any bounded above complex A of R|G]|-modules that are
finitely presented over R and any bounded below complex B of R-modules, the
two maps

0: XA QR HomR(A,B) — HomA(AX Qr A, AR®g B)
0" Ay ®g Hompg(A, B) — Hompo(,A®r A, A Qg B)
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defined by 0(A @ fl(p @ z) = pA @ f(z) and (A ® fl(p®@ x) = Ap Q@ f(x)
are isomorphisms of complexes of A°[G]-modules and of complexes of A[G]-
modules, respectively.

Proof. We focus on the case of §, as the other case follows from it. Since , A is
R-flat, Lemma [ZT.7] (with @ = A°[G] and = = R[G]) implies that the natural
map

XA QR HomR(A, B) = HomR(A, XA QR B)

is an isomorphism of complexes of A°[G] ® p R[G]-modules if we take the ac-
tions of G independently, and hence of A°[G]-modules if we take the G-actions
prescribed earlier in this subsection. The inverse of the isomorphism provided
by the evaluation map provides the first of the isomorphisms of complexes of
A°[G]-modules

YA ®r B 5 Homp (A, ) ®r B — Homy (A, A ®r B),

the canonical second map being an isomorphism as A, is free of rank 1 over A.
We therefore have an isomorphism

Homp(A, yA ®r B) — Homp (A, Homp (A, A ®r B)).
Finally, the inverse of the adjoint morphism is an isomorphism
Homp (A, Homy (Ay, A ®g B)) — Homa (A, ®r A, A ®g B)

of complexes of A°[G]-modules, and the resulting composite of three isomor-
phisms is easily computed to be 6. O

2.3 PROJECTIVE MODULES OVER A PROFINITE RING

Let A be a profinite ring, and fix a directed fundamental system Z of open neigh-
borhoods of zero consisting of two-sided ideals of A. We say that a topological
A-module M is endowed with the Z-adic topology if the collection {2AM }oez
forms a fundamental system of neighborhoods of zero. It was shown in [Lim2|
Section 3.1] that any finitely generated compact (Hausdorff) A-module nec-
essarily has the Z-adic topology, and, moreover, any homomorphism between
such modules is necessarily continuous.

In this subsection, we recall several facts about projective A-modules that will
be of use to us. We denote the abelian category of compact A-modules by Cy.
The free profinite A-module on a set X is canonically isomorphic to the topo-
logical direct product of one copy of A for each element of X [Will Proposition
7.4.1], and a profinite A-module P is projective if and only if it is continu-
ously isomorphic to a direct summand of the free profinite module on a set
of generators of P [Will Proposition 7.4.7]. In particular, the category Cx has
enough projectives. Any projective object in Cy that is finitely generated over
A is a projective A-module, and conversely, any finitely generated projective
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A-module endowed with the Z-adic topology is a projective object in Cx [Lim2,
Proposition 3.1.8].

Recall that the projective dimension of an abstract A-module M is the mini-
mum integer n (if it exists) such that there is a resolution of M by projective
A-modules

0—P"—...—P ' P s M-—0

The topological projective dimension of a compact A-module is defined simi-
larly, replacing projective A-modules by projective objects in Cy.

For the remainder of the subsection, we suppose that A is left Noetherian. Note
that any projective resolution P of a finitely generated A-module M is quasi-
isomorphic to a projective resolution @ of M by finitely generated A-modules
via a map (Q — P compatible with the augmentations to M. In particular, the
projective dimension of M is the length of its shortest resolution by projectives
in the category of finitely generated A-modules. It follows that the notions of
projective dimension and topological projective dimension coincide on finitely
generated (compact) A-modules.

In general, if € is a category with objects that are A-modules, we will use
@A to denote the full subcategory of objects that are finitely generated (i.e.,
of finite type) over A. Since Modﬁ_ft has enough projectives, the equivalent
category Cﬁfft also has enough projectives. Denote by D, ¢ (Moda) the full
subcategory of the bounded above derived category D~ (Moda) which has as
its objects those bounded above complexes X of A-modules for which all of the
H'(X) are finitely generated A-modules. The following standard lemma tells
us that any such complex is quasi-isomorphic to a complex of finitely generated
modules. (See [Nek, Proposition 3.2.6] for an analogous statement, which has
a similar proof.)

LEMMA 2.3.1. Let Q be a left Noetherian ring. Every bounded above complex
X of Q-modules for which every H'(X) is a finitely generated Q-module has a
quasi-isomorphic subcomplex of finitely generated Q2-modules.

In sum, we have equivalences of categories
D~ (C4™™) =5 D~ (Mody™™) =5 Dy (Mody),

the first being induced by the forgetful functor and the second by the inclusion
of categories Modﬁ_ft — Mody. We use these equivalences to identify these
categories with each other.

2.4 COMPLETED TENSOR PRODUCTS

In this subsection, we review some basic facts about completed tensor products
and briefly study their derived functors. Let R be a commutative profinite ring,
and let A, Q, and ¥ be profinite R-algebras, by which we shall mean that they
are profinite and the maps from R to their centers are continuous.
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Let Z (resp., J) denote a directed fundamental system of open neighborhoods
of zero consisting of two-sided ideals of A (resp., 2). We then define a completed
tensor product algebra by

QRrA° = i /B R (A/A)°.

(_
A€Z, BeT

This is clearly a profinite R-algebra.
We shall denote the category of compact Q ®g A°-modules by Cq_. Let M
be an object of Co_p, and let N be an object of Co—x. By [RZ, Lemma
5.1.1(a)], we have that the set of open, finite index Q2 ® g A°-submodules (resp.,
A ®pg ¥°-submodules) of M (resp., N) forms a basis of neighborhoods of zero
on M (resp., N). We define the completed tensor product to be the compact
Q Qg E°-module

M&yN = lim M/M'®) N/N',

M',N’

where M’ and N’ run through the respective bases for M and N, with the
topology defined by the inverse limit. The completed tensor product is asso-
ciative and commutative (i.e., M&A N 2 NQpo M) in the same sense as the
usual tensor product.
Note that the canonical A-balanced map

t: M xN— M&\N
induces a homomorphism
M@\ N — M&yN

of Q) ®p ¥X°-modules that has dense image. The completed tensor product of
M and N then satisfies the following universal property (see [RZl, Section 5.5]
in the case that 2 = ¥ = R).

LEMMA 2.4.1. For any compact Q&a X°-module L and any continuous, A-
balanced, left Q-linear and right X-linear map f: M x N — L, there is a unique
continuous map f: M &aA N — L of Q@ X°-modules such that fot = f.

It follows that, in defining the completed tensor product, it suffices to
run through a basis of neighborhoods of zero consisting of open Q&g A°-
submodules of M and a basis of neighborhoods of zero consisting of open
A ®p X°-submodules of N.

The following is also standard.

LEMMA 2.4.2. Let M and N be objects of Ca—_p and Ca_x, respectively.

(a) Suppose that M = @Ma and N = @Ng, where each My, (resp., Ng)
is a compact Q2 @r A°-module (resp., compact A @r X°-module). Then
there is an isomorphism

M®AN%@MQ®AN5
a,B

of compact Q &g X°-modules.
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(b) The canonical map M @5 N — M & N is an isomorphism if either
M is finitely generated as a A°-module or N is finitely generated as a
A-module.

(¢) The functor
M &p—:Crox — Ca-x

18 right exact.

The next lemma describes connections between projective objects in different
categories of compact modules and flat objects in categories of abstract mod-
ules. A ring is said to be left (resp., right) coherent if all its finitely generated
left (resp., right) ideals are finitely presented.

LEMMA 2.4.3.

(a) If A is left (resp., right) coherent, then every projective object in Cpo
(resp., Cp) is flat with respect to the usual left (resp., right) tensor product
over A.

(b) If Q (resp., A) is a projective object of Cr, then every projective object in
Ca—n is a projective object in Cpro (resp., Cq).

Proof. (a) Since every projective object in Cpo is continuously isomorphic to a
direct summand of a direct product of copies of A°, it suffices to show that any
direct product of copies of A is flat as an abstract A°~-module. By a theorem
of Chase (cf. [Laml Theorem 4.47]), this is equivalent to the fact that A is left
coherent.

(b) Suppose that Q is projective in Cg, so  is continuously isomorphic to a
direct summand of a direct product of copies of R. Lemma [Z4.2(a) then tells
us that Q ®r A° is topologically a direct summand of a direct product of copies
of A°, hence is projective. O

Let G be a profinite group. We use Cp ¢ to denote the category of compact
A-modules with a continuous commuting action of G, the morphisms being
continuous homomorphisms of A[G]-modules. Note the following.

REMARK 2.4.4. The category Cj g is equivalent to the category Cypqp, where
A[G] is given the profinite topology defined by

AIG] 2 Jim lim(A/20)[G/N],

AeT N
where N runs over the open normal subgroups of G.

Consequently, Cp ¢ is an abelian category with enough projectives, and ev-
ery element of Cp ¢ is an inverse limit of finite A[G]-quotients (see also [Lim2|
Section 3.2]). Moreover, A[G] is a projective object of Co by [RZ, Lemma
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5.3.5(d)], so the forgetful functor Co ¢ — Ca takes projective objects to pro-
jective objects. To shorten notation, we use Co_a,¢ to denote the category
Cogp e,

We remark that if M and N are, respectively, objects of Co_a.¢ and Ca—x.a,
possibly with trivial G-actions, we may give M @, N the structure of an object
of Co_x.¢ via the diagonal action of G. That is, the G-action is defined by
choosing bases of open (2 ®x A°)[G]-submodules of M (resp., (A ®r X°)[G]-
submodules of N) and taking the inverse limits of the tensor products of the
finite quotients.

REMARK 2.4.5. The analogous result to Lemma [Z4.2] holds, as a consequence
of said lemma, if we take M and N to be objects of Co_a,¢ and Ca—x,q,
respectively. (That is, in part (a), one must take M, and Ng to be objects
of these categories to attain an isomorphism in Cqo_x ¢, and in part (c), the
functor is now a functor from Ca_x ¢ to Co—x ¢.)

Note that we may form completed tensor products of bounded above complexes,
or of a bounded complex with any complex, as with the usual tensor products.

PROPOSITION 2.4.6. If ) is projective in Cr, then the completed tensor product
induces the following derived bifunctor

—@F —: D (Ca_arc)x D (Cr-z.¢) — D (Ca-x.0),

where A®p B represents A®Y B if the terms of A are projective as objects in
Cpo. Furthermore, there is a commutative diagram

gL
D~ (Ca-n.c) X D™ (Ca-s,6) —— D~ (Ca—x,6)

| ]

Di(CAo7G) X Di(CAfz)yG) _— Di(Cz)oﬁg)

in which the vertical arrows are induced by forgetful functors, and if A is left
Noetherian, there is a commutative diagram

-
D~ (Ca-ar,c) x D (Ca—x,c)

T

D~ (Co—ac) x D™(CA~E &)

J .

D_(MOd(Q®RAo)[G]) X D_(MOd(A®RZ°)[G]) L} D_(Mod(Q®RZo)[G])

D~ (Ca-s,¢)

in which the vertical arrows are induced by forgetful functors and embeddings
of categories.
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Proof. The proof of the first part and the commutativity of the first set of
diagrams follow by similar arguments to those of Propositions and 2.2.2]
making use of Lemma 2Z43|(b) (using bounded above complexes of projective
objects in place of g-projective complexes). The commutativity of the final
diagram then follows from Lemmas 242(b) and O

Let Chh. _pert(Ca—a,c) denote the category of bounded complexes in Co_a
that are quasi-isomorphic to bounded complexes in Co_a, ¢ of objects that are
projective in Cpo, and let Dl}\Lperf(CQ, A,c) denote its derived category.

PROPOSITION 2.4.7. If Q is projective in Cg, then we have a derived bifunctor
—@% —: Dhe_pat(Ca-n.c) X D(Ca-x.¢) — D(Ca-x.0),

where A®p B represents A ®}\‘ B if A is a bounded complex with terms that are
projectives in Cpo.

Proof. Let B be a complex of objects of Co_a,g. Since every object of
Chbofperf(CQ_A,G) is by definition quasi-isomorphic to a bounded complex
of objects that are acyclic for the functor — @ B, we have a derived functor
— ®,I§ B. Let A be a bounded complex in Cqo_a ¢ of projectives in Cpo and
f: B — B’ be a quasi-isomorphism. Then f induces isomorphisms between
the Fs-terms of the convergent spectral sequence

Ey’(B) = H'(A®x HY(B)) = H'/(A®, B)

and its analogue for B’, and therefore it induces isomorphisms on the abut-
ments. o

2.5 IND-ADMISSIBLE MODULES

The notion of an ind-admissible R[G]-module was introduced in [Nekl Section
3.3] for a complete commutative Noetherian local ring R with finite residue field
and a profinite group G. An R[G]-module is ind-admissible if it can be written
as a union of R[G]-submodules that are finitely generated over R and on which
G acts continuously with respect to the topology defined by the maximal ideal
of R. In this section, we discuss an analogous construction of ind-admissible
modules over noncommutative profinite rings.

As in Nekovai’s treatment, we do not consider the seemingly delicate issue
of placing topologies on ind-admissible modules, as it proves unnecessary. In
particular, it is still possible to define the continuous cochain complex of an
ind-admissible module as a direct limit.

We maintain the notation of Section 214l Moreover, we suppose that € is left
Noetherian and A is right Noetherian. For an (2 ® g A°)[G]-module M, we
denote by S(M) the set of (2 @r A°)[G]-submodules of M that are finitely
generated as A°-modules and on which Q and G act continuously with respect
to the Z-adic topology. The following is a straightforward generalization of
[Nekl Lemma 3.3.2].
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LEMMA 2.5.1. Let M be an (2 ®r A°)[G]-module.

(a) If M' € S(M), then N € S(M) for every (2 ®r A°)[G]-submodule N of
M.

(b) If f: M — N is a homomorphism of (2 ®r A°)[G]-modules and M’ €
S(M), then f(M') € S(N).

(¢) If M', M" € S(M), then M’ + M" € S(M).

Proof. For part (a), Corollary 3.1.6 and Proposition 3.1.7 of [Lim2] imply that
the subspace topology on N from the Z-adic topology on M’ agrees with the
7Z-adic topology on N, which implies that €2 and G act continuously on N. In
(b), the continuity of the Q and G-actions on the finitely generated A°-module
f(M') is a consequence of the fact that the map M’ — f(M’) is a continuous
quotient map with respect to the Z-adic topology (as follows from Corollary
3.1.5 and Proposition 3.1.7 of [Lim2]). Part (c) follows from (b), using the
addition map M x M — M. O

Note that Lemma Z5.T(c) implies that S(M) is a directed set with respect to
inclusion. We say that an (2 ®p A°)[G]-module M is (right) ind-admissible if

M= |J N

NeS(M)

We list some basic properties of the full subcategory oA ¢ of Mod(qg a0 [q)
with objects the ind-admissible (2 ® g A°)[G]-modules.

LEMMA 2.5.2.

(a) The category Fa_nc is abelian and stable under subobjects, quotients
and colimits.

(b) The embedding functor
i: Jo-ac — Modggra)al
1s exact and is left adjoint to the functor
J: Modagrac)a) = Fa-rc
that takes a module M to the union of the elements of S(M).
(¢) The category Fo_n ¢ has enough injectives.

(d) Let M be an ind-admissible (Q @ r A°)[G]-module, and let N be a finitely
generated A°-submodule of M. Then (Q®rA°)[G]-N is an ind-admissible
(Q ®r A°)[G]-module which is a finitely generated A°-module.
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(e) Let M be an (2 @r A°)[G]-module. Then M € S(M) if and only if M
is an ind-admissible (2 @ g A°)[G]-module which is finitely generated as
a A°-module.

Proof. For parts (a), (b) and (c), similar arguments to those of [Nekl, Proposi-
tion 3.3.5] apply. The “only if” direction of (e) is obvious. For (d), since N is
A°-finitely generated, we can find a finite subset {My, ..., M,} of S(M) such
that

NC M+ + M,

The assertion then follows from Lemma 25T](c) and the “only if” direction of
(e). The “if” direction of (e) follows from (d), since M = (Q®@r A°)[G]-M. O

If G is trivial, we write fo_p for Zo_p . We leave to the reader the proof of
the following.

LEMMA 2.5.3.

(a) Let M be an (2 ®@pr A°)[G]-module. If N is an (2 @ r A°)[G]-submodule
of M, then N € S(M) if and only if N is an object of Céi}ftg

(b) The category Fa_n ¢ is equivalent to the ind-category of Cé:\ftG

(¢) The category Fa_u is equivalent to the full subcategory of Fa_n . with
objects the modules on which G acts trivially.

REMARK 2.5.4. In the case that Q) = R, we denote #r_x ¢ by Fao g, and the
latter category is equivalent to the ind-category of ch; 7_0“. The subcategory

Fpo is simply Modpo.
LEMMA 2.5.5. Let A be an object of C&‘Gft, and let B be an object of Céo_j\ftc
Then Homgq (A, B) with the Z-adic topology is an object of CAO’*G&.

Proof. Since A is finitely generated over 2 and B is a compact 2-module, we
have by [Lim2| Lemma 3.1.4(3)] that Homg (A, B) = Homg cs(A, B), where the
latter group is the group of continuous homomorphisms of Q2-modules. Note
that A° acts continuously on Homg (A, B) with respect to the compact-open
topology by [Flo, Proposition 3(a)], and similarly G acts continuously on it
as a consequence of [Flol Lemma 2]. We have a continuous isomorphism of
A°[G]-modules
Homg (A, B) — %nHomQ(A, Bg),

where Bg runs over the finite Hausdorff (Q ® g A°)[G]-quotients of B. As Bg
is finite and therefore discrete, the group Homg (A, Bg) is finite and discrete as
well, so Homgq (A, B) is compact.

Note that Homq(A, B) injects into Homq (92", B) & B" for some r > 0, since
A is Q-finitely generated. We therefore have that Homg (A, B) is A°-finitely
generated. Finally, [Lim2| Proposition 3.1.7] then implies that the compact-
open topology on Homg (A, B) agrees with the Z-adic topology. o
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We define
Homgq cts(—, —): Ca,¢ X a-r,c — Fre.G-
by
Homg cts(A, B) = lim lim Homq (Aq, Bg),
ity

upon making the identifications A = @Aa, where A, runs over the quotients
of Ain C&_Gft, and B = lim B, where Bg runs over the elements of S(B), ie.,

by Lemma 5.3 the subobjects of B that lie in Céij\ftG Note that it actually
suffices to let A, and Bg run over cofinal subsets.

REMARK 2.5.6. We note that

HomQ,Cts(A; B) = h%)n Homg cts (A7 BB);

where Homg c4s(A, Bg) here is the (Q®@rA°)[G]-module of continuous Q-module
homomorphisms in the usual sense.

We also note the following.

LEMMA 2.5.7. Let A be an object ofC&_Gft, and let B be an object of Sq_n c.
Then we have
Homﬂ,cts (A, B) = HOIHQ (A, B)

Proof. This follows from the computation

Homgq ¢s(A, B) = H_r)nHomQMS(A, Bg) = 1i_r>nHomQ(A7 Bg) = Homg(A4, B),

B B
the latter isomorphism following from the case in which A is free of finite rank,
since A is finitely presented over ). O

As usual, we may extend our definition to consider the complex of continuous
homomorphisms from a complex of compact modules to a complex of ind-
admissible modules, supposing that at least one of these complexes is bounded
above and at least one is bounded below.

PRrROPOSITION 2.5.8. There is a derived bifunctor
RHOHIQ&tS(*, 7): D_(CQ’G)O X D+(jQ7A7G) — D+(on,G),

and RHomg cs(A, B) can be represented by Homg c4s(A, B) if the terms of A
are projective as objects of Cq. Moreover, we have a commutative diagram

RHom, ,cts(fff)
D_(Cgﬁg)o X D+(f(27A’G) “

T

D~ (ngt)o x Dt (fg_mg)

J

D~ (MOdQ[G] )O x Dt (MOd(Q®RA°)[G])

D+(jAo’G)

RHOmg(—,—)

D" (MOdAo [a] )
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in which the vertical arrows arise from forgetful functors and the natural em-
beddings of abelian categories.

Proof. The existence of the derived bifunctor in question follows from an ar-
gument similar to that of Proposition 2.1.2] and the second statement is a
consequence of the fact that a projective object in Cq, ¢ is a projective object
of Cq, noting Remark

Let A be a bounded above complex of objects of Cgfcft, and let B be a bounded
below complex of objects of Zo_x.g. Choose bounded above complexes L, P
and @, consisting of projective objects in Co ¢, Modg(g and Modg_ft (i.e.,
Cgift) respectively, with quasi-isomorphisms to A of complexes in the respec-
tive categories. Projectivity yields maps Q — L, @ — P and P — L of com-
plexes in Cq, Modg and Modgqg), respectively. We then have a commutative
diagram

HomQ,cts(Lv B) — HomQ,cts(Qa B)

| |

Homg, (P, B) — Homgq(Q, B).

Here, the right-hand vertical arrow is the identity map by Lemma 257 (view-
ing @ as a complex of objects in Cg,_Gft with trivial G-action), and the lower
horizontal map is a quasi-isomorphism as a consequence of Proposition [2.2.1]
as Q[G] is Q-free. We want to show that the left-hand vertical arrow is a
quasi-isomorphism of complexes of A°[G]-modules, and we will be done if we
can show the upper horizontal arrow is a quasi-isomorphism of complexes of
A°-modules.

In the case that B is a module, exactness of direct limit reduces us to the case
that B is an object of Céi}ftG, hence of Cq. In this case, since both L and @) are
complexes of projectives in Cq, we obtain that the map is a quasi-isomorphism.
In the general setting, since L and @) are bounded above and B is bounded
below, we have

Homg,cts(Xa B) = @I_I()Inﬁ,cts()(j7 Bj+n)
JEZ

for X = L and X = @, and the direct sum commutes with direct limits. As

B is the direct limit of its truncations 7<; B (with ith terms ker d%), we may

therefore assume that B is bounded with B/ = 0 for j > i. In this case, brutal

truncations (i.e., o<;B having ith term B*) provide an exact triangle
(0<i—1B)[i = 1] — B' — (0<;B)li] — (0<i—1 B)[i],

and we are reduced recursively to the above-proven case of a module. o

The following analogue of Lemma [Z2.3] will be of later use.
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LEMMA 2.5.9. Suppose that A is a flat, Noetherian R-algebra, and let x: G —
Autpo(A) be a homomorphism. Let A be a bounded above complex of objects
in Cr,c, and let B be a bounded below complex of R-modules. Then there are
isomorphisms

0: XA RRr HomR,CtS(A,B) — HOIIlA’CtS(AX ®R A,A RRr B)
6 AX RRr HomR,CtS(A, B) — HOon’CtS(XA ®R A,A RRr B)

that arise as direct limits of the maps in Lemma [Z.2.3.

Proof. Write A = ]'&nAa with A, an object of Cg,_c:& and B = lim Bg with By
an object of Cﬁ_ft. Note that
Ay Gr A %in (A ®r Aa),

(03

so, applying Lemma 2.2.3] we have

Homa cts(Ay ®rAA®r B) = hﬂHomA(AX ®r Ao, A ®r Bg)
o,
= hi)nXA KRR }IOHIR(Aa7 BB)
a,f
= XA QR HomRMS(A, B)

This yields the first isomorphism, and the argument for the second is similar.
O

Let M be an ind-admissible (2 ® g A°)[G]-module. The continuous cochain
complex of G with values in M is the complex of 2 ® g A°~-modules that is the
direct limit of complexes

Nes(m)

where C(G, N) is the usual complex of (inhomogeneous) continuous cochains,
with N given the Z-adic topology.

We remark that, in this definition, it clearly suffices to take the direct limit
over a cofinal subset of S(M). In particular, if M itself is finitely generated
over A°, then by Lemma [Z52|(e) the above definition of C(G, M) as a direct
limit agrees with its definition as continuous cochains, considering M as an
object of Co_a,¢. Finally, we can extend the above definition to consider the
total cochain complex of a complex M of ind-admissible modules, which has
kth term

CHG,M) = @ C(G, M)
i+j=k
and differentials as in [Nekl, (3.4.1.3)], and the cochain functor induces a functor

RI(G,—): DT (S9-a,¢) — DT (Modog za°)

between derived categories.
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3 COHOMOLOGY GROUPS OF INDUCED MODULES

In this paper, we are interested in the case that our profinite ring A is the
Iwasawa algebra of a compact p-adic Lie group. With this in mind, we introduce
some notation that will be used from this point forward. Fix a prime p. Let
R be a commutative complete Noetherian local ring with maximal ideal m and
residue field k, where k is finite of characteristic p. We let I' denote a compact
p-adic Lie group. We are interested in the completed group ring A = R[IT.
We note that A is a profinite ring, endowed with the topology given by the
canonical isomorphism

A — lim lim R/m"[I'/U],
UEY n>

3
—

where % denotes the set of open normal subgroups of I'. In fact, it is a
projective object in Cr (cf. [RZ, Lemma 5.3.5(d)]). Moreover, we have the
following (cf. [Wil, Theorem 8.7.8]).

ProprosSITION 3.0.1. The ring A is Noetherian.

Proof. As R is a complete local Noetherian ring with finite residue field k, the
Cohen structure theorem [Cohl, Theorem 12] implies that it is isomorphic to a
quotient of a power series ring S in n = dimy m/m? variables over the ring of
Witt vectors O of k. Therefore, R[I'] is a quotient of S[I'], so it suffices to prove
that S[I'] is Noetherian. Since S[I'] = O[Zy x I'] and Zj x I' is a compact
p-adic Lie group, we have that S[I'] is Noetherian by a mild extension of a
classical theorem of Lazard’s (cf. [Ven2, Corollary 2.4] and [Laz, Proposition
V.2.2.4]). O

Since Noetherian rings are necessarily coherent, we may apply Lemma [Z43|(a)
to conclude from Proposition B.0.1] that A is a flat R-algebra.

3.1 INDUCED MODULES AND DESCENT

In this subsection, we will exhibit an interesting spectral sequence relating the
cohomology of an induced module over an Iwasawa algebra to the cohomology
of the module itself. We start work in a more general setting.

Let G be a profinite group. Let X be a left coherent and right Noetherian profi-
nite R-algebra. For a complex M of objects in Cx g, we let C(G, M) denote
its total direct sum complex of continuous G-cochains (cf. the end of Section
23), we let RI'(G, M) denote the corresponding object in D(Mody), and we
let H(G, M) denote its ith continuous G-cohomology (or, more precisely, hy-
percohomology) group. As in [Lim2| Proposition 3.2.11], the functor

RF(G, —): D+(Cg7g) — D+(M0dg)

is well-defined and exact. (While Cs ¢ may not have enough injectives, the
treatment of [KS] asserts the existence of DT (Cx ) and D(Cx ) under certain
set-theoretic assumptions, which we make here.)

DOCUMENTA MATHEMATICA 18 (2013) 621678



NEKOVAR DUALITY 647

In the case that G has finite p-cohomological dimension, we can do better. For

a double complex X (or, by abuse of notation, its total complex) and n € Z, we

let 72! (X) (vesp., 2L (X)) be the total complex of the quotient complex (resp.,

subcomplex) of X with jth row equal to 7>,(X*) (resp., T<,(X*7)). For lack
of a sufficiently precise reference, we provide a short proof of the following.

LEMMA 3.1.1. Suppose that G has finite p-cohomological dimension. Then we
have a convergent hypercohomology spectral sequence

Ey’ = HY(G,H/(M)) = H"™™ (G, M)
for any complex M of objects in Cs .

Proof. Since G has finite cohomological dimension, for sufficiently large k& we
have a convergent hypercohomology spectral sequence

By = Hi(G, HI(M)) = H (74.0(G, M)

arising from the filtration on rows of the indicated truncation of the double
G-cochain complex of M (cf. [NSW| §I1.2]). As C(G, M) is the direct limit
of the complexes Tl<IkC (G, M) under maps that are quasi-isomorphisms by the
above convergence, the natural map

H™M(754,C(G, M) — H™(G, M)
is an isomorphism by exactness of the direct limit. O

As quasi-isomorphisms of complexes induce isomorphisms on the truncated
double complexes defining their hypercohomology spectral sequences, we have
the following corollary.

COROLLARY 3.1.2. Suppose that G has finite p-cohomological dimension. The
functor C(G, —) preserves quasi-isomorphisms of chain complexes and induces
an ezxact functor

RF(G, —)Z D(Cgc) — D(Modg).

Fix a profinite R-algebra €2 that is a projective object of Cr for the remainder
of the section. We now derive the following spectral sequence.

PROPOSITION 3.1.3. Let Y be a complex of objects in Cx g, and let N be a
bounded above complex of objects in Cé:igft. Consider the conditions

(1) G has finite p-cohomological dimension,

(2) N is bounded with terms of finite projective dimension over %°.

If (1) holds and Y is bounded above, (2) holds and Y is bounded below, or both
(1) and (2) hold, then we have an isomorphism

N @Y RI(G,Y) =5 RI(G,N &% Y)
m D(MOdQ).
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Proof. Let L be a bounded above complex of projective objects in Cq_x map-
ping quasi-isomorphically to N. If (1) holds and Y is bounded above, we set
P = L, and we have by Proposition that P®sx Y represents N ®@%Y in
D~ (Cq.). Otherwise, there exists a quasi-isomorphic bounded quotient com-
plex P = 7>, L of L of objects in Cqo_5, through which the quasi-isomorphism
L — N factors, such that the terms of P are projective in Cxo. Proposition
24T then tells us that P @y Y represents N ©2Y in D(Cq ). In all cases, the
terms of P are flat ¥.°-modules by Lemma 2.4.3] so Proposition 2.1.4 tells us
that P ®x C(G,Y) represents N ®% RI'(G,Y) in D(Modyg).

We have a map of complexes of 2-modules

P oy C(G,Y) — C(G,P&sY)

with sign conventions as in |[Nekl Proposition 3.4.4]. (The continuity of the
cochains in the image is insured, for instance, by the fact that any term of P
is a topological direct summand of a direct product of copies of X.) It suffices
to show that this map is a quasi-isomorphism.

Let @ be a bounded above complex of finitely generated projective 3°-modules
mapping quasi-isomorphically to N, which we take to be bounded if (2) holds.
We then have a map of complexes of R-modules

Q®sC(G,Y) = C(G,QesY)

that, much as in [Nekl Proposition 3.4.4], is an isomorphism. (To see that it
is an isomorphism, note that it is immediate if @ is a finitely generated free
>°-module, and therefore also for direct summands of such, i.e., the finitely
generated projective Y.°-modules. The case of a complex is then immediate.)
By the projectivity of ) in both the categories of abstract and compact 3°-
modules, we have a commutative diagram

Qs C(GY)——C(G,Q®sY)

| |

Py C(G,Y) — C(G,PésY)

in which the vertical arrows are quasi-isomorphisms of complexes of R-modules,
noting Lemma [Z42(b) and, when (1) holds, Corollary BT.21 It follows that
the lower horizontal arrow is a quasi-isomorphism as well. O

We make a couple of remarks.

REMARK 3.1.4. Suppose that G is a finite group. The proof of Proposition B.1.3
under condition (2) then goes through word-for-word for bounded Y, with Tate
cochains and the resulting derived complexes replacing the usual cochains of G
and its derived complexes.
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REMARK 3.1.5. In [FKI| Proposition 1.6.5(3)], an identical isomorphism to
that of Proposition B.1.3] is proved for a very general class of “adic” rings Q
and A, with stronger conditions on G, N, and Y.

From now on, we focus on case that ¥ is the Iwasawa algebra A = R[I'.
Fix a continuous homomorphism x: G — T' of profinite groups. Since I' may
be viewed as a subgroup of Auta.(A) by left multiplication, we may define
the A°[G]-module ,A as in Section If Aisa A ®pg A°-module, we then
set yA = A®r A and A, = A®p A,, which are A°[G] and A[G]-modules,
respectively.

Let M be a R[G]-module. As in [Lim2| Section 5.1], we define a A[G]-module
yp (M) by

Fr(M) = I&n (RT/U], ®r M)
Ueu
with G acting diagonally and A acting on the left on the terms in the inverse
limit. This construction applied to compact modules provides a functor

Fr:Cra — Cac,

which is exact as R[['/U] is R-flat and the inverse limit is exact on inverse
systems in Cp g. We extend this to an exact functor on complexes in the
obvious fashion.

Given an complex T of objects in Cg ¢, we have, noting Lemma 242(a), a
natural continuous isomorphism

yp(T) =~ Ax@RT

of complexes in Cp . We may therefore use Lemma 24.2(b) to note that .Fr
R—ft

takes a complex T' of objects in Cp';" to the complex Ay ®r T of objects in
Cf\\fGﬁ. We make the latter identification freely.

We now supply a key ingredient for descent.

LEMMA 3.1.6. Let T be a complex in Cr . Let TV be a quotient of T' by a closed
normal subgroup, and set A’ = R[I]. Let N be a bounded above complex of
objects of Ca_pr. Then N can be viewed as a complex of objects in Co_p via
the quotient map m: A — A’. Suppose either that T is bounded above or that N
is bounded and its terms have finite projective dimension in Cyo and in Cipryo.
Then 7 induces an isomorphism

N &% . 7r(T) = N &% Fr/(T)
m D_(CQ,G).

Proof. Let Q — N be a quasi-isomorphism, where () is a bounded above com-
plex of Co_p/-projectives, and note that its terms are projective objects of C(z/)o
by Lemma 243|(b). If N is bounded with terms of finite projective dimension
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in C(aryo, then for sufficiently small n, the truncation 7>, also consists of pro-
jectives in C(asyo, SO we may assume in that case that @ is bounded. Next, and
similarly, let P — @ be a quasi-isomorphism in Cq_, with P a bounded above
complex in Co_p of projectives in Cpo, and suppose that P is bounded if N
is bounded with terms having finite projective dimension in Cpo. The derived
completed tensor products in question are then represented by P &a Ay QrT
and Q ®a Al ®r T, respectively, by Propositions and 247 Since the in-
duced map P ®a Ay = Q Ons A;( is clearly a quasi-isomorphism and the terms
of these complexes are projective in Cr, we have by the same propositions the
desired quasi-isomorphism between the two complexes. O

We are particularly interested in the case that the complex N above is the
Iwasawa algebra of a quotient of I", for which the following lemma is crucial.

LEMMA 3.1.7. LetT'y be a closed normal subgroup of I with no elements of order
p. Set TV =T /Ty and A" = R[I’]. Then A’ has finite projective dimension
over A.

Proof. Let c-Tory(—, —) denote the ith derived bifunctor of the completed ten-
sor product over a profinite R-algebra =. A standard argument yields a con-
vergent spectral sequence

H;(T,c-Torf (A, Z)) = c-Torl, ;(N, Z)

for any compact A-module Z, as in [NSW| §V.2, Exercise 3], where elements of
I" act inversely on A°-modules and diagonally on completed R-tensor products.
Since A’ is a projective object in Cgr, the spectral sequence degenerates to yield
isomorphisms

H,(D,N &g Z) = c-Tor® (A, Z).

Moreover, by a standard extension of Shapiro’s lemma [RZ, Theorem 6.10.9],
we have
H,(To,Z)= H,(T',N ®r Z).

Since I'y has finite p-cohomological dimension by [Serl Corollaire 1], there then
exists no > 0 independent of Z such that c-Tor (A’, Z) = 0 for every n > ng. It
follows from [NSWI, Proposition 5.2.11] that A’ has finite topological projective
dimension as a compact A-module, so it has finite projective dimension over A
by the discussion of Section 2.3 O

The following descent spectral sequence is reduced by the above results to a
special case of Proposition [3.1.3]

THEOREM 3.1.8. Let T be a complex in Cr.c. Let I be a quotient of ' by a
closed normal subgroup Ty, and set A’ = R[I"]. Consider the conditions

(1) G has finite cohomological dimension,

(2) Ty contains no elements of order p.
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Suppose that (1) holds and T is bounded above, (2) holds and T is bounded
below, or both (1) and (2) hold. Then we have an isomorphism

N @% RI(G, 70 (T)) = RI(G, Fr (T))
in D(Modap).

Proof. This is simply Proposition B I3 for N = A’ and Y = Zr(T), noting
Lemma [3.1.7 and applying the isomorphism of Lemma O

3.2 FINITE GENERATION OF COHOMOLOGY GROUPS

In this subsection, we shall show that the cohomology groups of induced mod-
ules are finitely generated under a certain assumption on the group. We main-
tain the notation of the previous subsection. In particular, I' is a compact
p-adic Lie group, R is a complete commutative local Noetherian ring with fi-
nite residue field of characteristic p, and A = R[I']. Moreover, we are given a
continuous homomorphism x: G — I' from a profinite group G.

LEMMA 3.2.1. Suppose that T is pro-p. Let M be a compact A-module. Then
M s finitely generated over A if and only if R®a M is finitely generated over
R.

Proof. Since T is pro-p, the Jacobson radical 9t of A is mA + I, where [ is the
augmentation ideal of A (see [NSW| Proposition 5.2.16(iii)]). This implies that

M/E)JTM = MF/mMF,

where M = M/IM. Therefore, Nakayama’s lemma tells us that Mp is
finitely generated over R if and only if M/9M is finite. On the other hand,
Nakayama’s lemma for compact A-modules (cf. [NSW], Lemma 5.2.18(ii)]) tells
us that M is finitely generated over A if and only if M/9M is finite. O

Lemma [B.2.1] requires a compact A-module. Therefore, we give a sufficient
condition for an abstract A-module to be a compact A-module under an ap-
propriate topology.

LEMMA 3.2.2. Suppose that M is an abstract A-module which is the inverse
limit of an inverse system of finite quotient modules. Then M is a compact
A-module with respect to the resulting profinite topology.

Proof. We need only to show that the A-action
0:AxM—M

is continuous with respect to the topology given by the inverse limit. Suppose
first that M is finite. Let 9% denote the Jacobson radical of A. Then 9" M
stabilizes, and it follows from Nakayama’s lemma that we have 9" M = 0 for
large enough n. By [NSWI Corollary 5.2.19], there exist » > 0 and U € %

DOCUMENTA MATHEMATICA 18 (2013) 621678



652 MENG FAI LM AND ROMYAR T. SHARIFI

such that m"A + I(U) C 9™, where I(U) denotes the ideal of A generated by
the augmentation ideal in R[U]. Hence, 6 is continuous with respect to the
discrete topology on M.

In general, we can write M 2 lim M/M,,, where {M,} is a directed system of
A-submodules of finite index. Let (\,z) € 67! (y+M,) for A € A and z,y € M.
Since M /M, is finite, it follows from the above discussion that there exist r
and U such that

A4+m"A+I(U)) - (x+ My) Cy+ M,,
as desired. O

We shall also require the following lemma.

LEMMA 3.2.3. If M is a finitely generated A-module, then Torf(R, M) is finitely
generated over R for every i > 0.

Proof. To see this, we first choose a resolution P of M consisting of finitely
generated projective A-modules. Then R®x P is a complex of finitely generated
R-modules. Therefore, the homology groups Toré\(R7 M) of the latter complex
are finitely generated over R. o

We recall from [Nekl Proposition 4.2.3] that if G is a profinite group such
that H(G,M) is finite for every finite G-module M of p-power order and
i >0, then H(G,T) is a finitely generated R-module for every T' € Cﬁfot and
1 > 0. We will refer to a profinite group G as p-cohomologically finite if there
exists an integer n such that, for every finite G-module M of p-power order,
HY(G,M) =0 for all i >n and H*(G, M) is finite for all i. We remark that if
G is p-cohomologically finite, then so is every open subgroup of G, as follows
directly from Shapiro’s lemma.

THEOREM 3.2.4. Suppose that G is p-cohomologically finite. LetT be a complex
of objects in C}?,_Gft' Then the cohomology groups H'(G, Fr(T)) are finitely
generated over A for alli. That is, RT'(G, %1 (T)) is an object of Do _g(Mody ).

Proof. Suppose for now that T is concentrated in degree 0. Let I'y be an open
uniform normal pro-p subgroup of I', and set H = x~1(I'g). Fix a set of double
coset representatives 71, ...,y of Do\I'/x(G). For each i, define x;: G — T" by
xi(g) = %-g'yi_l. The reader may check that

t

@ (Z[G] Qz[H] R[[FO]]Xi) — Ay

i=1
(9 ® )i = Aovix(g) ™!
is an isomorphism of R[I'¢][G]-modules. Given this, Shapiro’s lemma induces
isomorphisms

HY(G, Fr(T)) = P H' (H, R[Tolly, ®r T)

i=1
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of R[['g]-modules. The finite generation of H’ (G, Zr(T)) over A then reduces
to the finite generation of each H’(H, R[['o]y, ®r T) over R[[o]. Thus, we
can and do assume that I' has no elements of finite order.

Since R has finite projective dimension over A by Lemma 3.1.7] Theorem B.1.§
provides the convergent spectral sequence

Ey® = Tor® (R, H*(G, v (T))) = H™ (G, T).

Since G has finite p-cohomological dimension, say n, we may suppose induc-
tively that H*(G, Zp(T)) is a finitely generated A-module for all i greater than
some j < n. Note that E%J is a quotient of ES? and that H7 (G, T) is a finitely
generated R-module by [Nek, Proposition 4.2.3]. Since E%J is a subquotient of
HI(G,T), it is also a finitely generated R-module. On the other hand, it follows
from the definition of E%J that the kernel of the surjective map Ey? — E9%J
is isomorphic to a subquotient of the finite direct sum

@ BN = @ Tork (R HI(G, Fo(T)).

i=j+1 i=j+1

By our induction hypothesis and Lemma B.2.3] the above module is a finitely
generated R-module. It follows that

EY7 =~ Reop HI(G, Zr(T))

is a finitely generated R-module. As H’ (G, %1 (T)) is an inverse limit of finite
A-modules by [Lim2l Proposition 5.2.4], Lemma gives it the structure of
a compact A-module, and we may therefore apply Lemma [3.2.1] to conclude
that H7(G, Zr(T)) is finitely generated over A.

Now let us work without condition on I" or the complex T'. By Lemma 3.1 1land
the exactness of % (—), we have the convergent spectral sequence of A-modules

H"(G, Zr(H*(T))) = H" (G, Zr(T)).

Thus, HY(G, %r(T)) has a filtration consisting of subquotients of the finitely
generated A-modules HY(G, Zr(H*7(T))) with 0 < j < n. Consequently,
HY(G,Zr(T)) is also a finitely generated A-module. O

REMARK 3.2.5. In the case that I" is abelian, Theorem [3.2.4] for bounded below
T is essentially [Nekl Proposition 4.2.3], as R[I'g] for an open pro-p, torsion-
free subgroup I’y is itself a commutative complete local Noetherian ring with
finite residue field. In the case that T is a bounded complex of R-projectives,
it is a corollary of [EK1, Proposition 1.6.5(2)].

3.3 DUALS OF INDUCED MODULES

In this subsection, we describe the pairings and the resulting cup products
that will be used in proving a duality theorem for the cohomology of induced
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modules. Key to our discussion is the following lemma, which we record for
convenience. We let Q and ¥ denote auxiliary Iwasawa algebras: e.g., Q = R[?]
for some compact p-adic Lie group .

LEMMA 3.3.1. Suppose that M is a bounded above complex of objects of Cao—a .,
let N be a bounded above complex of objects of Ca—x. ., and let L be a bounded
above complex of objects of Ca_x.q. Then any map

¢: My N — L
of complezes in Co_x, g gives rise to a cup product morphism
U: C(G,M)®p C(G,N) — C(G, L)
of complexes of Q) ®p X°-modules.

Proof. Briefly, the point is that to give such a map ¢ is equivalent to producing
a collection of continuous, A-balanced, G-equivariant, left -linear, and right
Y-linear pairings

(= —Vmn: M™ x N™* — [t
that are compatible with coboundaries in the sense of [Lim2l Section 3.3]. The
cup product U then arises from the induced cup products

Ui - CHG,M™) @5 CV(G,N™) — C*H (G, L™"™)
by combining them to a map of the total complexes with appropriate signs as

in [Nekl (3.4.5.2)]: U= ((-1)"U¥,.). O

Let us fix some notation. Let ¢:: A — A denote the unique continuous R-algebra
homomophism that satisfies ¢(y) = y~! for all v € I'. If A is a A[G]-module,
we let A* denote the A°[G]-module that is A as an R[G]-module but on which
any A € A now acts by left multiplication by ¢(\). We extend this to complexes
in the obvious fashion. Of particular interest to us is % (7T')" for a complex T
of objects in Cr ¢. Since ¢ induces a continuous isomorphism of A°[G]-modules
WA= A%, we can and will make the identification
Fr(T) = A®RT,
of complexes in Cpo ¢ from this point forward.
LEMMA 3.3.2. For objects M and N in Cr g, the pairing
(=, =): Fr(M) x Fr(N)* — A@r (M &r N)
A@m,u®n) = Ap@men

is continuous, R-balanced, G-equivariant with respect to the trivial action on A
in the target, and is left and right A-linear. Moreover, if M and N are bounded
above complexes of objects in Cr,g, we have a morphism

¢Z ﬂp(M)éaRﬁp(N)L — A®R (M®RN)

of complezes in CA_p G-
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Proof. We begin by remarking that by Lemma [ZZ.1] it makes sense to define
the pairing on pairs of tensors, identified with their images in the completed
tensor product. The pairing is clearly R-balanced, and the reader can check the
statements on the A, A°, and G-actions. The continuity of the pairing reduces
immediately to the continuity of multiplication on A. The second statement
follows easily. O

We next apply these pairings to study a duality between induced modules. As
described in the introduction, the dualizing complex for R is an object wg of
D% . (Modg) with the property that for every object M of D(Modgfﬂ), the
object RHomp(M,wg) lies in Dr_g(Modg) and the canonical morphism

M — RHompg(RHomp(M,wr),wr)

is an isomorphism in D(Modg). A dualizing complex exists for R and is unique
up to translation and isomorphism in D% . (Modg) (see [Harl, Ch. V]). We
choose a bounded complex Jg of injective R-modules which represents a choice
of the dualizing complex in D(Modpg). (See [Nekl Section 0.4], or Section 3]
below, for the construction of such a complex.)

Let T be a bounded complex of objects in CE . Then Hompg(T, Jg) is a
bounded complex of “admissible” R[G]—modulesywith cohomology groups that
are finitely generated over R (see [Nek| (4.3.2)]). By [Nek, Proposition 3.3.9],
there is a subcomplex T* of Hompg (T, Jr) which is a complex of objects in
Cgfgft (giving said objects the m-adic topology) and is quasi-isomorphic to
Hompg(T, Jr) via the inclusion map.

We have a composite morphism

T TRgrT* —>T®RH0mR(T,JR) — Jr

of complexes of R[G]-modules, the first morphism being induced by the inclu-
sion and the second being the usual evaluation map. By Lemma B.3.2 this in
turn induces a composite map

T Lgﬁp(T) ®RQF(T*)L i) ARrTQrT"* id;@;r A®r Jr

of complexes of (A ®pg A°)[G]-modules. Twisting T by the identity map on
an auxilliary bounded above complex of objects of Cgij\ft, Lemma B3] now
provides the cup product morphisms of the following lemma, which will be
used in the next section. For a continuous character x: G — R* and an R[G]-
module M, we let M(x) denote the R-module M with the new commuting
G-action given by the twist of the original by x. (In addition, M (k) will be
taken to maintain any topology and actions of profinite R-algebras with which
M may be endowed.)

LEMMA 3.3.3. Let A be a bounded above complex of objects in Céo_j\ft, and let
k: G — R* be a continuous homomorphism. The map T defined above induces
a map

Ta: An Fr(T)@r Fr(T*) — ARR Jg
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and, in turn, a well-defined cup product
C(G,Axpx Fr(T)) @r C(G, Fr(T7) (k) — C(G, A®R Jr(K)),
which is a map of complexes of Q @ A°-modules.

Note that, by definition, the adjoint maps (defined as in [Lim2, Lemma 2.2])
adj(m): T* — Hompg(T,Jg) and adj(7): T — Hompg(T™, Jr)

of m are quasi-isomorphisms, the first being simply the inclusion of complexes
already defined. Since the terms of Jg are injective R-modules, it follows from
Proposition [2.2.1] that the derived adjoint maps

adj(m): T* — RHomg(T,wg) and adj'(7): T — RHompg(T™*,wr)

are isomorphisms in DY%_ ¢ (Modg(g)), hence in D%_¢ (£, ), considering the
restriction of RHomp(—, —) to a bifunctor

D~ (Ci")° x DT (Modg) — DT (SR ),

(see [Nekl (3.5.9)]).

Though we shall not use it later, we feel it important to note that the derived
adjoint maps of 7 are also isomorphisms. While this is easy enough to prove
in the bounded below derived category D (Mode(g)) of abstract modules (in
the case of adj(7)), we are interested in G-cohomology groups, so we want such
an isomorphism in DT (A0 ).

THEOREM 3.3.4. For any bounded complexes T and T™* of objects in Cﬁfot such
that T* sits quasi-isomorphically as a subcomplex of the dual Homp(T, Jg), the
derived adjoint maps

adj(7): Zr(T*)* — RHomy cs(Fr(T), A @% wr)
(resp., adj'(7): Fr(T) — RHompo cs(Fr(T*)", A @% wR))

are isomorphisms in DV (Fpo &) (resp., DT (Fn,c)). Moreover, the derived
object RHom cts(Fr(T), A@%wr) (resp., RHompe cts(Fr(T)", A@%wR)) can
be represented by Homp (Fr(T), A ®gr Jr) (resp., Hompe (Fr(T*)", A®R Jr)).

Proof. Let X = RHomp ct5(-Zr(T), A ®% wg). Since Jg is a complex of R-
injectives and , A is flat over R, Lemma [2.5.9 implies that the functor F' given
by

Homy (A ®r — A ®R Jr): Ch™ (Cr.c)° — Ch'(Fpo g)
is exact. In particular, if P — T is a quasi-isomorphism with P a bounded
above complex of projective objects in Cr g, then F(T) — F(P) is a quasi-

isomorphism. As A, ®p P is a complex of objects in Cp ¢ that are projective
in Ca, we then have that F(T') represents X by Proposition 5.8
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By Lemmas [ZZ.2(b) and 257 the functor F equals Homa (A ®r —, AQr Jr)
on Ch™ (Cngft)o. Therefore, X is represented by Homy (F#r(T),A Qg Jg) in
D" (#po.¢). Finally, since the map

T — HOI’IlR(T, JR)
is a quasi-isomorphism, the adjoint map of complexes
XA QrT* — HomA(AX QrT,ARg JR)

is a quasi-isomorphism of complexes of A°[G]-modules by Lemma [ZZ3 There-
fore, we have the result for adj(7), and the proof for adj (%) is analogous. [

4 DUALITY OVER p-ADIC LIE EXTENSIONS

We now turn to arithmetic. Here, we fix the notation that we shall use through-
out this section. To start, let p be a prime. We let F' be a global field of
characteristic not equal to p. Let S be a finite set of primes of F' that, in the
case that F' is a number field, contains all primes above p and all real places.
Let Sy (resp., Sr) denote the set of finite places (resp., real places) in S. Let
Gr,s denote the Galois group of the maximal unramified outside S extension
of F. For a place v of F, let F,, denote the completion of F' at v, and let G,
denote a fixed decomposition group for v in the absolute Galois group of F'.

We fix a p-adic Lie extension F,, of F' that is unramified outside S, and we
let I' denote its Galois group. We let R denote a complete commutative local
Noetherian ring with finite residue field of characteristic p, and we set A =
R[TI']. We take the homomorphism x: Gg,s — I of Section[BI]to be restriction.

4.1 IWASAWA COHOMOLOGY

We recall the following facts, all of which can all be found in [NSW| Chapters
VII-VIII]. The Gp g-cohomology groups of a finite Gp g-module of p-power
order are all finite. If p is odd or F' has no real places, then Gr s has p-
cohomological dimension at most 2 and so is p-cohomologically finite in the
sense of Section If v is a nonarchimedean place of F, then G, has p-
cohomological dimension equal to 2, and the G,-cohomology groups of a finite
G,-module of p-power order are finite as well. Of course, the G,-cohomology
groups of a finite module are also finite for archimedean v, since G, is of order
dividing 2 for such places.

Recall (e.g., from [Nekl (5.7.2)]) that, for any profinite ring €2, the (Tate) com-
pactly supported G s-cochain complex of a complex of objects M in Cq g, 4
is defined as '

C(e)(Gr,s, M) = Cone (c*(GF,S,M) - @ cG., M)e P a(Gv,M)> [—1],

vESy VESR

DOCUMENTA MATHEMATICA 18 (2013) 621678



658 MENG FAI LM AND ROMYAR T. SHARIFI

where C(G,, M) is defined as in [Lim2, Section 3.4] and denotes the standard
complete complex of Tate GG,-cochains for M. N

We remark that, in Nekovéi’s notation, C(.)(GF,s, M) is denoted Ce(Gr,s, M).
We use the notation of [FKI], where parentheses are used to distinguish the
latter group from the compactly supported cochains C.(Gr,s, M), for which
one uses the usual cohomology groups at real places. For archimedean v, we
will abuse notation and use RI'(G,,, M) to denote the derived object of the Tate
cochains C (Gy, M). These cochains may as well be taken to be zero for complex
places or for real places if p is odd, RI'(G,,, M) being a zero object in the derived
category. We denote the derived object corresponding to C,)(GF,s, M) by
RI'(;)(GF,s, M) and its ith cohomology group by H(ic) (Gp,g, M). By definition,
we have an exact triangleE

RI()(Grs, M) — RI(Gps, M) — D RI(G,, M)
veS

in D(Modg). The results of and methods used in Section ] allow us to prove
the following descent result for such an exact triangle with induced coefficients.

PROPOSITION 4.1.1. Let IV = Gal(F! /F) be a quotient of T by a closed normal
subgroup, and set A’ = R[I"]. Let T be a bounded above complex of objects in
Cr,Gp.s- Suppose that at least one of the following holds: (i) p is odd, (i) F.,
has no real places, or (i) T is bounded and F_ has no real places that become
complex in Fo. Then we have an isomorphism of exact triangles

A ®k RF(C)(GF,S, Fr (T)) = RF(C)(Gﬂs, Fri (T))

l l

N @% RI(Grs, Zr(T)) ———— RI(Gp,s, Fr/(T))

| |

N &% @,cs RT(Go, Fr(T)) —— @B, cs RI(Gy, Zr(T))

m D(MOdA/).

Proof. We need only show that the lower and upper horizontal morphisms
are isomorphisms. The upper morphism exists and is an isomorphism for T’
bounded above without additional assumption. That is, recall that the com-
pactly supported cohomology groups of a module vanish in dimension greater
than 3 [Nekl Lemma 5.7.3]. The hypercohomology spectral sequence for com-
pactly supported cohomology therefore converges for bounded above complexes,
yielding the existence of a functor

RF(C)(GF’S, 7): Di(CAycF,S) — Di(MOdA).

2We write an exact triangle A — B — C — A[l] more compactly as A — B — C
throughout.
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The analogous result to Proposition [B.1.3] then holds by the original argument
(in the case that (1) holds and Y is bounded above). That the upper morphism
exists and is an isomorphism follows immediately as in Theorem B.1.8

The summands of the lower morphism corresponding to nonarchimedean v are
isomorphisms, again for T bounded above without further assumption, by The-
orem B.I.8 For a real place v of F, the functor RT'(G,,, —) is well-defined only
on the bounded derived category. However, if v becomes complex in F!_, then
the relevant hypercohomology spectral sequence implies that the composite
functor RI'(G,, Zr/(—)) is both well-defined and zero on D(Cg,g,). So, the
v-summand of the lower horizontal morphism is trivially an isomorphism. If
v splits completely in F./F, then the modules A, and , A have trivial G,-
actions, so we have isomorphisms Zr(T) 2 A®r T and Fr(T*) X AQr T*
of complexes in Cy g, and Cpo g, , respectively. Since G, is finite, the terms of

v
~

C(Gy, M) for a G,-module M are each naturally isomorphic to a finite direct
sum of copies of M. With these identifications, the canonical map

A®p C(Gy, T) =5 C(Gy, AR T)

agrees with the identity map, so is an isomorphism. Of course, we have the
corresponding result for A’, and the isomorphism

N &% (Aor C(G,,T)) = N % C(G,,T)
in D(Moda-) provides the v-summand of the lower isomorphism. O

REMARK 4.1.2. Proposition .11l holds with “bounded above” removed if we
suppose that the kernel of I' — I has no elements of order p. This follows
quickly if p is odd or F' has no real places, but it requires some work in the
remaining case that F/  has no real places but F does. We omit this for
purposes of brevity.

The next proposition shows in particular that if 7" is a bounded complex of ob-
jects of Cﬁg; » then the global, local, and compactly supported cohomology
groups of ﬂp(T) are finitely generated A-modules. (Here, we implicitly iden-
tify cochain complexes with their quasi-isomorphic truncations in the derived

category.)

PROPOSITION 4.1.3. Let T be a complex of objects of Cﬁy&fis.

(a) The complex RI'(oy(G s, F1(T)) lies in Dy _g(Mody) if Foo has no real
places or p is odd and in Dy _ (Moda) if T is bounded above.

(b) The complex RI'(Gp.s, #r(T)) for v € Sy lies in Dao_g(Moda) if Feo
has no real places or p is odd and in Dj\;& (Modyp) if T is bounded below.

(¢) If T is bounded and either Fo, has no real places or p is odd, then
RF(C)(GF,S,QF(T)) and RF(GF,S,yF(T)) lie in D?\_ft(MOdA).
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(d) For v € S¢, the complex RI(G,, r(T)) lies in Da—_g(Moda) and in
D4 _;(Mody) if T is bounded.

(e) The complex RI(Gy, #r(T)) for v € Sy lies in Da_g(Mody) if T is
bounded.

Proof. For real v, any i € Z and T concentrated in degree 0, the Tate coho-
mology group H'(G,, Zr(T)) is a 2-torsion subquotient of .7 (T), as G, has
order 2. Hence, it is finitely generated over A as % (T') is. The hypercohomol-
ogy spectral sequence allows one to pass to the case of a bounded complex T,
and therefore RI'(G,, Zr(T)) lies in Dy_¢,(Mody ), hence (e). Recall also that
RI(Gy, #r(T)) is a zero object for all complexes T if v extends to a complex
place of F.

If v € S is nonarchimedean, then G, is p-cohomologically finite by our
above remarks, and hence Theorem B.2.4] implies that RI['(G,,, #r(T)) lies in
Da_s(Mody). In the case that p is odd or F has no real places, Theorem
B2 again implies that R['(Gp g, #r(T)) lies in Dy_g(Mody ). (For this, note
that if p = 2 and F' has a real place that becomes complex in F.,, it will al-
ready have become complex in any extension with Galois group I'/T'o, where
Iy is an open uniform pro-p subgroup of I'.) In this case, it follows from the
above-mentioned exact triangle that RF(C)(GRS, Fr(T)) is in Dp_g(Mody).
If T is bounded, then clearly all of the above complexes will additionally lie in
the bounded derived category. In particular, we have (c) and (d) and part of
each of (a) and (b).

The analogue of Theorem [3.2.4] for compactly supported cohomology holds for
bounded above T" since H (Z (Grs, Zr(T)) vanishes for sufficiently large i. The
proof is essentially identical but uses the semilocal version of Shapiro’s lemma
INekl (8.5.3.2)] in the first step and the relevant hypercohomology spectral
sequence in the last. Thus we have (a).

Finally, if T is concentrated in degree 0, the exact triangle tells us that
H'(GF,s,Zr(T)) is finitely generated over Z(T) for sufficiently large i. Thus,
we are still able to perform the inductive step in the proof of Theorem [B.2.4]
to obtain that RI'(Gr,s, Zr(T)) sits in D}, (Mody) for such 7', and then for
bounded below T' via the hypercohomology spectral sequence. Thus, we have
(b). O

REMARK 4.1.4. Part (d) of Proposition T3] makes sense and holds more gen-
erally for any complex T in Cﬁgﬁ, as A, has a G-action through the composite

with the canonical map G, =+ GFs.

REMARK 4.1.5. We may also consider the setting in which we take F' itself
to be a nonarchimedean local field of characteristic not equal to p. We then
let G be its absolute Galois group, let I' denote the Galois group of a p-adic
Lie extension of F, and as before, set A = R[I']. In this case, we obtain
immediately from Theorem B.2.4] that the cohomology groups H? (G g, Zr(T))
are finitely generated A-modules for all 7 and any complex of objects of T' of
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Cg’_Gf;, and consequently, that RI'(Gr, #r(T)) is an object of Dp_g(Modp)

for any complex T of objects in Cngf;.

4.2 DUALITY OVER LOCAL FIELDS

In this subsection, we will state a version of Tate duality for I'-induced mod-
ules with A ®% wp for a dualizing complex wg replacing Q,/Z,. Fix a nonar-
chimedean prime v € S. We continue to suppose that I' is a compact p-adic
Lie group that is a quotient of G s defining an extension F, though as we
remark later, we could just as well assume it to be a quotient of G,. Let T be
a bounded complex of objects in Cﬁ,_cfi- As before, we let Jr denote a complex
of injective R-modules that represents wg, and we let T* be a quasi-isomorphic
subcomplex of Hompg (T, Jr) consisting of objects of Cﬁgz.

The cup product of Lemma [3.3.3] yields a map

C(Go, Fr(T)) @ C(Gy, Fr(T*)" (1)) — 725C(Gy, A ®R Jr(1))

of A®gr A°-modules. Taking adjoints, we have the following maps of complexes
of A-modules and A°-modules, respectively:

C(Gy, Fr(T)) — Hompe (C(Gv, Fr(T*)(1)), 7LLC(Gy, A ®R JR(l))),

O(Go, Fr(T*) (1)) —s Homy (C(Gv, Fr(T)), 7ILC(Go, A @ JR(l))).

From now on, we use M" to denote the Pontryagin dual of a locally compact
abelian group M. We have the following analogue of [Nek| (5.2.1)].

LEMMA 4.2.1. Let A be a bounded complex in Cll\\ixft

as R-modules. Then there exists a quasi-isomorphism

with terms that are flat

ga: (A®g Jr)[-2] — 725C(G,, A®R Jr(1)),
natural in A, of chain complexes of A ® g A°-modules.

Proof. We first note that if M is any finitely generated R-module with a triv-
ial action of G,, then Tate local duality as in [Lim2, Theorem 4.1.2] yields
isomorphisms

H*(G,,A®r M(1)) = H(G,,(A®r M)V)Y = A®r M,
of A ®@g A°-modules. Now suppose that M is any (ind-admissible) R[G,]-
module with trivial G,-action, and write M = | J M, where the M,, are finitely

generated R-submodules of M. Since the terms of A are R-flat, A* ®p M is
the union of the A* ®p M,, for any i € Z, so

H?*(Gy, A®r M(1)) = thQ(Gv,AeaR Mo(1)) 2 limA®r Mo = A®R M.
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As G, is of p-cohomological dimension 2, we therefore have a quasi-isomorphism
A®r M[=2] — m5C(Gy, A®r M(1)),

of complexes of A ® g A°-modules. The case of a bounded complex M of
ind-admissible R-modules, e.g. M = Jg, then follows easily. Naturality is
immediate from the construction. O

Combining Lemma 21 for A = A with the morphisms constructed above
and passing to the derived category, we obtain morphisms as in the following
theorem.

THEOREM 4.2.2. Let T be a bounded complex in Cﬁ_cfﬁ. Then the morphisms

RI (G, 71 (T)) — RHompe (RT(Gy, Zr(T7) (1)), A @k wi ) [-2)

RI(G., Zr(T%)" (1)) — RHomy (RF(GW, Fr(T)), A @k wR) (2]

in Da_g(Moda) and Da_g(Modao ), respectively, are isomorphisms.

Over the course of the next two subsections, we will show that the first of the
morphisms of Theorem is an isomorphism. The proof that the second is
an isomorphism is completely analogous. By an argument similar to that in
[Nekl Lemma 5.2.5], it suffices to prove the theorem for a particular translate
of the dualizing complex. In view of this, we will assume that our choice of the
dualizing complex satisfies [Nek| (2.5)(i)] throughout the next two subsections.

REMARK 4.2.3. In the setting that F' is a nonarchimedean local field of charac-
teristic not equal to p, that F., is any p-adic Lie extension of F', and that T is
a bounded complex of objects in Cngf;, the argument we are about to describe
also carries over as in Remark to prove the direct analogue of Theorem
with G, replaced by Gp.

4.3 (CHANGE OF RINGS

Recall that R is a complete commutative local Noetherian ring with maximal
ideal m and finite residue field k. In this subsection, we shall show that it suffices
to prove Theorem for any complete commutative local Noetherian ring
S that has R as a quotient. (In this subsection only, S denotes such a ring,
rather than the set of primes chosen above, which is used only implicitly.)

We suppose given a surjection ¢: S — R, which necessarily induces an isomor-
phism on residue fields. We use mg to denote the maximal ideal of S, and we
set

d = dimy, mg/mi« — dimy, m/mQ.

Note that if A is any complex of S-modules, then Homg(R, A) is isomorphic
to the subcomplex of A with terms the torsion submodules under kerv. In
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particular, if B is a complex of R-modules, then the resulting inclusion map
induces an isomorphism

Hompg (B, Homg (R, A)) — Homg (B, A),

as is easy enough to see by the usual adjointness principle. In particular, we
have
Hompg(B, RY) = Homg (B, SY).

With this comparison of Matlis duals with respect to R and S in hand, we
now compare Grothendieck duals with respect to these rings (see also [Har2]).
For this, we choose particular dualizing complexes Jr and Jg of injectives as
follows. Let Z1,...,Z, € m with images forming a k-basis of m/m?. Recall (cf.
[Nekl Section 0.4]) that we may take Jgr to be the Matlis dual of Cr|r], where
CRr is defined to be the complex

R — @R@ — @R@Ej — o — Ra oz,

i i<j

in degrees [0, 7], with the usual Cech differentials, which is to say that
JR = HOHIR(CR[’I“], Rv).

Note that Jg is a complex of R-injectives by the R-flatness of the terms of Cg
and the R-injectivity of RY.

We lift z1,...,Z, to elements zj,...,z, of mg and extend to a sequence
T1,...,zs such that the images of z1,...,z, form a basis of mg/m% and the
elements x,41,...,7s map trivially to m/m2. Modifying each x; with i > r

by an element of m¥% if necessary, we may choose these elements so that they

in fact map trivially to m. We use this sequence to define Cs, and we set
JS = HomS(C’S[s], SV).

LEMMA 4.3.1. Let T be a bounded complex in Cgfgfz, which we view also as a

complex in Cngfz via 1. Then v induces a natural map Jgp — Js[d] and in

turn an isomorphism
HOIIIR(T7 JR) L> Homs (T, Js)[d]
of complezes in Is q, .

Proof. The natural map Cs — Cg factors through an isomorphism R®gCs —
CRr. This induces an isomorphism

JR ;> HomS(R, Js)[d],

which is given by the following composition of isomorphisms

Hompg(Cr[r], RY) = Homg(Cg[r],S") — Homg(R ®g Cs[r], S")
— Homg(R, Homg(Cs[r],S")) = Homg (R, Homg(Cs|[s], S¥))[d],
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where the latter natural map is defined as in [Nekl (1.2.15)] (noting [Nek|
(1.2.5)]). The result then follows from the isomorphisms

Homp(T, Jgr) — Hompg (T, Homg (R, Js))[d] — Homg(T, Js)[d)].

We now proceed to the reductive step.
PROPOSITION 4.3.2. Let T be a bounded complex in Cg,_Gf:. Setting @ = ST,

there is a commutative diagram of natural morphisms

RI(Gy, Zr(T)) — RHomye (RF(GW, Fr(T*)H(1)), A @k WR) (2]

lz |
RI(G,,Q, ®s T) — RHomgs (RF(GE, Q2 ®s T1)), QY ws[d]) (2]
in which the horizontal morphisms are as in Theorem [[.2.2 and the vertical

arrows are isomorphisms in D(Modgq). In particular, Theorem [[.2.3 holds for
R if it holds for S.

Proof. Note that we have
Q) RsT=A, QrT (resp., Q®sT*" = ARrT™)

so RI'(Gy, Zr(T)) (resp., RT'(G,, Zr(T7*)"(1))) is the same complex for R and
for S. By Lemma [£3.7] and employing the S-flatness of 2 in applying Lemma
2T we have canonical isomorphisms

AQpr Jr =0 ®XRgs Jr =0 Rg HomS(R, Js)[d] AR HomS(R, O Rg Js)[d],

of complexes of Q° ®g R = A°-modules, and the composition of the composite
isomorphism with the natural inclusion

Homg(R,Q ®g Js)[d] — Q ®g Js[d]

induces the right-hand vertical map in the proposition. That the diagram
commutes then follows directly from the definition of the cup product in Lemma

B33
Let us fix a quasi-isomorphism ¢: Q ®g Jg — K, where K is a bounded below
complex of injective 2°-modules. We check that the map

tr: Homg(R,Q ®g Jg) — Homg (R, K)

induced by ¢ is a quasi-isomorphism, which implies that Homg(R, Q) ®gs Js)
represents RHomg (R, Q®%ws) in D(Modae ). Let e: P — R be a resolution of
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R by a complex P of finitely generated free S-modules. We have a commutative
diagram

Q ®s Homs(R, Js) 2% Homs (R, @ ®s Js) -5 Homs(R, K) 2% Homae (2 ®s R, K)

lid@s’} ls;}@] ls} l(id@s)}

Q ®s Homs(P, Js) 25 Homs (P, @5 Js) -5 Homs(P, K) 25 Homae (2 ®s P, K)

in which the vertical maps are all induced by €. Moreover, note that the
upper horizontal morphisms are of complexes of A°-modules and the others
are of complexes of 2°~-modules. The maps ¢p and ¢r are isomorphisms, and
the map id ® €% is a quasi-isomorphism by the S-injectivity of Js and the S-
flatness of €, so € ; is also a quasi-isomorphism. The maps g and ¥p are
isomorphisms by the usual adjointness of Hom and the tensor product, and the
map (id ® €)% is a quasi-isomorphism by the Q°-injectivity of K, so ¢ is a
quasi-isomorphism as well. Finally, the map ¢p is a quasi-isomorphism by the
S-projectivity of P, and it follows that tr is a quasi-isomorphism.

To finish the proof, we need only show that the morphism

RHor o (X, RHomg(R, Q @k ws)) s RHomg: (X, Q ®% ws)

is an isomorphism for X = C(G,, %r(T*)*(1)) . Tt is easy to see that
Homg(R, K) is a complex of injective A°-modules. Moreover, every Q°-
homomorphism from the complex X of A°-modules to K must factor through

Homgo (A, K) 2 Homge (2 ®s R, K) = Homg (R, K)
of K, so the map
Homyo (X, Homg(R, K)) — Homgo (X, K)

induced by inclusion is an isomorphism, as desired. O

4.4 DUALITY OVER FLAT Z,-ALGEBRAS

In this subsection, we will prove Theorem As remarked in the proof
of Proposition B.0.1] every complete commutative Noetherian local ring with
finite residue field of characteristic p is a quotient of a power series ring in
finitely many variables over an unramified extension of Z,. Proposition
then allows us to reduce Theorem to the case of such power series rings.
We therefore can and do assume that R is Z,-flat throughout this subsection.
We will require a bit more general of a derived adjoint map than the one we
wish to prove is an isomorphism. The construction is found in the following
easy lemma.

LEMMA 4.4.1. Let A be a bounded complex of R-flat objects in Cll\\:\ﬁ. Then
we have a morphism

RI (G, A @p Fr(T)) — RHomye (RD(Gy, Zr(T7)(1)), A @5 wr ) [-2)
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in D(Modp) that is natural in the complex A.

Proof. This is simply the derived adjoint of the composition of the cup product
in Lemma B33 with the map to the truncation TééC(Gy, A®pJr(1)), which is
quasi-isomorphic to (4 ®g Jr)[—2] by Lemma .21 Naturality is immediate.

o

We will mostly be interested in complexes of length 2, so we introduce the
following notation. Suppose that B is an object in Cﬁij\ft and that A is a
subobject of B, which is to say that it is a closed A ® g A°-submodule with the
subspace topology. Then for any bounded complex T of objects in Cﬁ_cfﬁ, we
define a complex
Fp/a(T) = [A — Bl @a Fr(T),

of objects in Cy ¢, , where A and B are in degree -1 and 0 respectively.

Let I = I(T") denote the augmentation ideal of A. We then have the following
lemmas. Recall for the first that we assume that R is Zp-flat in this subsection.

LEMMA 4.4.2. The following statements hold for any n > 0.
(a) The ideal I™ is a flat R-module.

(b) The module I"™/I" is finitely generated and of finite projective dimen-
sion over R.

Proof. (a) Suppose first that T is finite, and let Z denote the augmentation
ideal in Z,[I']. As Z,[I'] is finitely generated and free over Z,, so is Z". Since
R is Z,-flat, the natural surjection R ®z, Z" — I™ is an isomorphism, and
therefore I™ is free over R.

In the general case, I' = lim I, where I/ runs over the Galois groups of the
finite Galois extensions oﬁ in Fy, and I is the inverse limit of the nth
powers of the augmentation ideals I(I"”) of the R[I"]. As I(I'")" = I ®, R[],
an application of Lemma yields an isomorphism

I"®r B = lim (I(I'")" ®g B)
o

for any ideal B of R. The left exactness of the inverse limit and the R-flatness
of I(I'")™ then imply that the canonical map I" ® g B — I™ is an injection,
proving the flatness of I".

(b) Let Z denote the augmentation ideal in Z,[I']. For each n, the composition
R®z,I" — R®yz, Z,[I'] = R[]

induces a surjection R®Zp I™ — I™ that fits into the following commutative
diagram with exact rows:

R®z, I —— Réy, I" —— R&y, (I"/T") —— 0

l | l

0 In—i—l Im In/In+1 — 0.
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Since the two vertical maps on the left are surjections, so is the one on the
right. Note that Z"/Z""! is a quotient of nth tensor power of the maximal
abelian pro-p quotient of I', a finitely generated Z,-module. Therefore, the
existence of the above surjection implies that I"/I"*! is finitely generated
over R. To see that the last assertion holds, we note that it follows from
(a) that I™/I™*! has finite flat dimension. Since flat dimension coincides with
projective dimension for every finitely generated module over a Noetherian ring
(see [Weil, Proposition 4.1.5]), we have our assertion. O

LEMMA 4.4.3. Let T be a bounded complex of objects in Cgfgfz. Then we have

a quasi-isomorphism
Cone (y,n Jpoer (T) — Fp s (T)) s Fpy 1 (T)
of complezes in Cll\\foz. Moreover, we have an exact triangle
I/t eb g — A/ I ek o — A/ % wi
in D®(Modag a0 )-

Proof. Since the powers of I are R-flat by Lemma [LZ2)(a), it suffices in both
cases to show that there is a quasi-isomorphism

Cone ([I"T! — I"] — [I"TT = A]) = [I" — Al
Note that the latter cone is precisely the complex
ntl _f rnt1 n 9
1 —— 1 @ I" — A,

where f(z) = (z,—z) and g(z,y) = v +y for x € I"*! and y € I". One can
now easily check that the diagram

In+1 % InJrl P Vi % A

| |

0 Im A

commutes, where v is given by v(z,y) = x +y for z € I"™! and y € I", and
the vertical maps induce isomorphisms on cohomology. O

We are now able to prove the following proposition, which is an important
ingredient in the proof of Theorem [4.2.2]
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PRrOPOSITION 4.4.4. Let T be a bounded complex of objects in Cﬁ_Gfi. Then we

have the following morphism of exact triangles

RI(Go, Fpnjpnsr (T)) — RHom o (RF(GU, Fr(T*) (1)), I/ I @% wR) [—2]

| !

RI(Go, Fy)rn+1(T)) — RHom e (RF(GU, Fr(T*) (1)), AT @% wR) [—2]

| !

RI(G, Z,1n (T)) —— RHom o (RF(GU, Fr(T*) (1)), AT @ wR) [~2]

m D(MOdA).

Proof. By Lemma l22(a), we see that I"/I"*! @% wp and A/I" @% wg are
represented by [["T! — I"|®g Jr and [I" — A]®g Jg respectively. Therefore,
the commutativity of the diagram in the proposition follows from the naturality
in Lemma [£Z4.11 By Lemma [£Z4.3 both columns are exact triangles. O

We now describe the idea of the proof of Theorem [£.2.2l We shall first prove
that the morphism

RI(G,, Z4 1+ (T)) — RHomo (RF(GU, Fr(T*) (1), A/I" % wR> =)

is an isomorphism for all n. Then, Theorem will follow from this by a
limit argument. To show that above morphism is an isomorphism, we will
utilize Proposition 4.4l Note that if any two of the horizontal morphisms in
Proposition £.4.4] is a quasi-isomorphism, so is the third one. Therefore, by an
inductive argument, we are reduced to showing that the morphism

RI(Gy, Zyo o (T)) — RHompe (RF(GU, Fr(T*)H (1), "/ I ok wR) (2]

is an isomorphism for all n > 0.

Note that T' acts trivially on I™/I"*1. Therefore, one may view I"/I"*! as
a A°-module via the augmentation map A — R. We now have the following
lemma.

LEMMA 4.4.5. Let T be a bounded complex of objects in Cgfgfz. Then we have
the following isomorphisms

Fn i (T) <— I [I"TL QK Fr(T) = I/ T" T QR T
m Db(CA,Gv). Therefore, we have an isomorphism
RI(Gy, Frn i1 (T)) —= RI(Gy, I" /T & T)

in D(Mody).
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Proof. Let P be a resolution of I"™/I"*! consisting of projective objects in
Ca_a. Then there is a quasi-isomorphism P — [I"T! — I"] of complexes in
Ca— which lifts the identity map on I"/I"*!. By Lemmas and L.4.2(a)
this induces a quasi-isomorphism

PoaA A, @pT — [I" - 1" @7 Ay @r T

of bounded above complexes in Cp g,, proving the first isomorphism. The
second isomorphism is a special case of Lemma, with N = I"/I"*! and
IV trivial. Note that both quasi-isomorphisms of complexes factor through a
quasi-isomorphic truncation of P ®5 Ay ®r T, so they may be seen in the
bounded derived category. O

LEMMA 4.4.6. For each n, there is a commutative diagram

I /1" @& RI(G,, T) —— I" /1" @% RHompg (RF(GU, T*(l)),wR) (2]
13 14
RI(G,, 1"/ &% T) —— RHomp (RF(GU, T*(1)), I" /T @k wR) (2]
14
: RHompg (RF(GU, Fr(T*) (1)) @% R, 1"/ @k wR) (2]

1§

RI(Gu, Fpaypnsr (T)) — RHom o (RF(GU, Fr(T) (1), 1" /1" @% wR) (2],

where the vertical morphisms are isomorphisms in D(Modg).

Proof. By LemmaZZ2(b), we may choose a bounded resolution @ of 1™ /I"+!
by finitely generated projective R-modules. By [Nek| Proposition 3.4.4], we
have an isomorphism of complexes

a: Q®r C(Gy,T) = C(Gy,Q®@rT)

that fits into the commutative diagram

QerC(Gy,T)©r C(Gy, T*(1)) —— Q @r C(Gy, Jr(1))

a®idl J{a’

C(Gm Q QR T) QR C(Gva T*(l)) B— C(Gva Q ®R JRO))?

where o' is defined analogously to a and is also an isomorphism. Since Jg is a
bounded complex of R-injectives, we may find homotopy inverses to the quasi-
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isomorphisms gr and g of Lemma 2] that fit in a commutative diagram

Q R C(G'u; JR(l)) — Q QR T>QC(G’U; JR( )) E— Q XRr JR

I J H

C(Gy,Q ®r Jr(1)) —— TLLC(Gy, Q @R JR(1)) —— Q ®R Jr[—

We obtain the top commutative square in the lemma and the fact that the
vertical morphisms therein are isomorphisms, the one on the right by Lemma
218 and |[Nekl Proposition 4.2.3].

Let P be a resolution of I™/I™*! consisting of finitely generated projective A°-
modules. We may view @ as a resolution of A°~-modules via the augmentation
map A — R. Then, by Proposition [Z4.6] the map

PonFr(T)=POaAANQrT — QONA QrT=Q®rT

is a quasi-isomorphism of complexes of objects in Cr,g,, and we let f denote
its induced map on cochains. Let L be a resolution of R consisting of finitely
generated projective A-modules. Then, by an opposite version of Theorem
B.I8 we have a quasi-isomorphism

C(Gy, Fr(T7) (1)) ©a L — C(Gy, T*(1))

of complexes of R-modules. Noting Lemma B33 we have a commutative
diagram

C(Gu, POA Fr(T)) ®r C(Go, Fr(T*)" (1)) ®a L — C(Gv, P ®r Jr(1)) ®a L

jos| I

C(Gv,Q®rT)®r C(Gy,T" (1)) ————— = C(Gv,Q ®r Jr(1)),

where ¢ is induced by the augmentation L — R and the map P — Q.
Taking adjoints and applying the homotopy inverse to gg as above, we obtain
the commutative diagram

C(Gu, Q&1 T) —————— Homr (C(Gu, T*(1)), Q@1 Jr ) [-2)

|

C(Gy, P @A Fr(T)) —)HomR(C(GU,Jr(T )'(1)) ®a L,Q ®r JR) [-2]

C(G, P ®&x Fr(T)) — Hompo (C’( T)(1)), Homg (L, Q ®r JR))[ 2,

<_

!

<_

which yields upon passage to the derived category the lower part of the di-
agram in the statement of the lemma, the vertical morphisms therein being
isomorphisms by Theorem [B.1.8] Lemma 4.5 and Lemma Z.1.6] O
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LEMMA 4.4.7. The morphisms
RI(Gy, Fpn s (T)) — RHom e (RF(GW, Fr(T*) (1)), [/ @k wR) (2]

in D(Mody) are isomorphisms for every n > 0.

Proof. By Corollary 2.1.3] it suffices to show that the above morphism is an
isomorphism in D(Modg). The morphism

RI(G,,T) — RHomp (RF(GU,T*(l)),wR> [—2]

in D(Modpg) is an isomorphism by [Nekl Proposition 5.2.4(ii)], and so the
top morphism of the diagram in Lemma is an isomorphism. Since all the
vertical morphisms in the diagram are isomorphisms, it follows that the bottom
morphism is also an isomorphism, as required. O

PROPOSITION 4.4.8. The morphisms
RI(Gy, Fp1+(T)) — RHom (RI(Gy, Fr (1) (1)), A/ 1" 0% wr ) [-2]

in D(Modp) are isomorphisms for every n > 1.
Proof. As seen in the above discussion, the preceding lemma allows us to per-

form an inductive argument using the morphism of exact triangles in Proposi-
tion [£.4.4] to obtain the required conclusion. O

We finish the proof of Theorem by passing to the inverse limit.
Proof of Theorem[{.2.2 By Remark [L.1.4] there exists a quasi-isomorphism
W — C(Gy, Fr(T) (1))
with W a bounded above complex of finitely generated projective A°-modules.
Since Jr has cohomology groups which are finitely generated over R, Lemma
23] implies the existence of a subcomplex C' of Jr such that C is a com-
plex of finitely generated R-modules and the inclusion i: C — Jg is a quasi-
isomorphism. We fix such a C' and write X,, for [I" — A]. The complex
Hompo (W, X,, ® g C') represents
RHom,o (RF(GU, Fr(T*) (1), A/ I" % wR),
and Hompo. (W, A ® g C) represents
RHom,o (RF(GU, Fr(T)"(1)),A % wR>,
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since X, is a complex of flat R-modules by Lemma [£42|(a). Now, for each n,
we have a commutative diagram

RI(Gy, Zr(T)) —— RHomye (RF(GU, Fr(T*) (1)), A @% wR) (2]

\ |

RI(Gy, /1 (T) —— RHoms (RT(Gu, Fo(T*) (1)), A/ 1" & wr ) [-2]
which induces a commutative diagram

Hi(G,U, tg.r(T‘)) —_— H2_i(H0on (WA KRR C))

| |

H¥(Gy, Fny1n(T)) — H2{(Hompe (W, X, @5 C))

of cohomology groups. Since the maps in this diagram are compatible as we
vary n, we obtain the commutative diagram

Hi(Gy, Fr(T)) ————— H?>~(Hompe (W, A @5 C))

l |

lim H(Gy, F e (T)) — lim H*~* (Hompe (W, X,, ©p C)).

n

It remains to show that the upper horizontal map in the latter diagram is an
isomorphism. By Proposition .48 we know that the lower horizonal map is
one. Noting that the maps X,,;+1 ®r C — X,, ® g C' are injections of complexes
with intersection A ® p C over all n, we have an isomorphism

@Hoon(W X, ®r C) 2 Hompo(W,A ®@p C)
n

of complexes of finitely generated A-modules. Since inverse limits are exact for
finitely generated A-modules (being that they are compact), after taking coho-
mology groups, we have that the vertical map on the right is an isomorphism.
On the other hand, we also have an isomorphism

lim (X, ®@a Zr(T)) = Fr(T)
n
of complexes of objects in C/Q_fo and hence an isomorphism

lim C(Gy, X, @ Fr(T)) = C(Gy, Fr(T)).
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By [Lim2l Proposition 3.2.13], we then have
I'&nHj(Gv, X, @ Fr(T)) =2 H (G, Zr(T)).
n

Therefore, the vertical map on the left is also an isomorphism. Hence, the top
map is an isomorphism, as required. O

4.5 DUALITY OVER GLOBAL FIELDS
We end this paper by describing the global analog of Theorem that is our
main result. Let T be a bounded complex of objects in Cngf;S, and we choose
T* in Cﬁ,_cf;,s as in Section B3l As in [Nekl (5.3.3)], we define two morphisms
of complexes of A ® g A°-modules

U: C)(Grs, Zr(T)) ®r C(Gr,s, Zr(T*) (1)) = C)(Gr,s, A ®r Jr(1))

Ue: C(Grs, Zr(T)) ®r C)(Grs, Zr(T*) (1)) = C()(GF,s, A ®r Jr(1))
which are given by the formulas

(a,as) Ub=(aUb,as Ug resg(b))
a U (bybs) = (aUb, (—1)%resg(a) Us bs),

where a denotes the degree of a, the direct sum of the restrictions to the primes
in S is denoted resg, the symbol U is the total cup product

C(prs,cg‘\p(T)) R C(prs,cg‘\p(T*)L(l)) — C(Gpﬁs,A Rnr JR(I))

of Lemma [3.33] and Ug is the direct sum of the corresponding local cup prod-
ucts. Much as in Lemma [2T] (but now analogously to [Nekl, Lemma 5.7.3]),
we have a quasi-isomorphism

A®p Jp — 725C ) (Grs, A ®R Jr(1))

of complexes of A ® g A°~-modules, which allows us to use adjoints to define the
morphisms in the following theorem.

THEOREM 4.5.1. Let T be a bounded complex of objects in Cg_Gf;S. Then we

have an isomorphism
RT () (Gr.s, Fr(T)) —— RHomao (RT(Grs, Zr(T*)(1)), A @k wr ) [-3]

|

RI(Gr.s, 70 (T)) —— RHom o (Rr(c)(c;pys, Fr(T%) (1)), A @k wR) (3]

J

PRI(G,, Fr(T) — P RHomjo (RF(GU, Fr(T*) (1)), A % wR) [—2]

veS veS

of exact triangles in Dp_g(Mody).
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Proof. The morphism of exact triangles can be constructed as in [Lim2, The-
orem 4.2.6]. We remark that it suffices to prove that any two of the three hor-
izontal morphisms is an isomorphism, and we focus on the second and third.
By an analogous result to Proposition 1321 we may assume that R is regular
and Z,-flat. That the second of the morphisms is an isomorphism follows as
in proof of Theorem In fact, aside from the obvious changes of notation
for cochains and other objects, there are no significant changes to the proof.
As for the third, note that for a nonarchimedean prime v in S, the map

HLC(Goy A @n (1)) — 72 (Cloy (Grs, A @r Jr(1)1])

is a quasi-isomorphism that induces the identity maps on the cohomology
groups of each complex. Under this identification, the map on the v-summand
in the lower horizontal morphism in the statement is exactly the first isomor-
phism of Theorem

It remains to prove that, for a real place v, the morphisms
RI (G, 71 (T)) — RHompe (RT(Gy, Zr(T7) (1)), A @ wi ) [-2)

are isomorphisms in Dy _g(Mody ). There are two cases: either v extends to a
complex place or splits completely in F,. However, if v becomes complex, then
both C(Gy, #r(T)) and C(G,, Fr(T*)" (1)) are acyclic, and there is nothing
to prove.

If v splits completely in Fo,, then the adjoint map of interest is identified (as
in the proof of Proposition L T.1)) with

A @r C(Gy, T) — Hompe (A @5 C(Go, T (1)), A 1 Jr ) [-2],
A@ e (p@g = Au® fUg),

where

U: C(Gy,T) @ C(Gy, T*(1)) — Jr[—2]

is given by cup product followed by the maps
C(Gu, Tn(1) > 758G, Tr(1)) = 71 (Cloy (G, Tr())1]) = Jal-2],

the latter being a homotopy inverse to the inclusion of complexes.

Suppose now that we have a quasi-isomorphism D — a(Gy,T*(l)) with D
a g-projective complex of finitely generated R-modules. In the commutative
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diagram
Homae (A ®r C(Gy, T*(1)), A ®r JR> — Hompe (A ®r D, A ®@g Jr)
l 14
Homp (G(Gv, T*(1)),A ®p JR> —  Homp(D,A®g Jr)

l

A®g HomR<6(Gv, T*(1)), JR) —  A®g Homg(D, Jr),

of canonical maps, the lower right vertical map is an isomorphism by Lemma
217 (the terms of D being finitely generated over R), and the lower horizontal
morphism is a quasi-isomorphism by the R-injectivity of the terms of Jr and
the R-flatness of A. It follows that the derived adjoint morphism is represented
by a morphism

A®g C(Gy, T) — A @r Homp (a(vaT*(l))a JR) [—2]

that by construction takes A® f to A® (g — fUg), which is the tensor product
of the identity map with the derived adjoint that is already known to be a
quasi-isomorphism by [Nekl, (5.7.5)].

We are left to construct D, the existence of which is not so obvious as
C(G,,T*(1)) need not have bounded cohomology. However, as is seen in [Spa)
Lemma 3.3] (see also [Kel, Appendix]), such a complex may be constructed as
a direct limit lim D,, using maps a,: D, — D,4+1 that are split injective in
each degree, and where

Dy — tHC(G,, T*(1))

is a quasi-isomorphism from a bounded above complex of finitely generated
R-projectives and E,, = D, /a,—1(Dy,—1) for n > 1 is chosen to be quasi-
isomorphic to

Cone (714, _,C(Gy, T*(1)) — 714,C(Gu, T (1) ).

which has bounded, R-finitely generated cohomology. Since R has finite global
dimension, we may choose the E,, as bounded complexes of finitely generated
projective R-modules such that, for each k, only finitely many E¥ are nonzero,
which is what was needed. |

We end with a straightforward remark.

REMARK 4.5.2. There is also an analogous diagram and isomorphisms for the
other adjoint, with morphisms as in the second map in Theorem [£.2.2] and this
follows, for instance, by a nearly identical argument.
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