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and the validity of the 2-adic Main Conjecture in Iwasawa theory
[47]. This equivariant version coincides with the version, which Rit-
ter and Weiss formulated and proved for odd p under the assumption
p = 01in [35]. Our proof combines the approach of Ritter and Weiss
with ideas and techniques used by Greither and Popescu in [15] in
a recent proof of an equivalent formulation of the above EMC under
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1 INTRODUCTION

One of the most fascinating discoveries in Arithmetic Algebraic Geometry is
the still mysterious relationship between certain algebraic and analytic data
attached to a given arithmetic object. Classical examples include the Conjec-
ture of Birch and Swinnerton-Dyer, which conjecturally relates the order of
vanishing of the L-function attached to an elliptic curve at 1 to the rank of the
algebraically defined Mordell-Weil group of the curve, and Dirichlets Analytic
Class Number Formula, which gives a precise algebraic interpretation of the
residue of the zeta-function of a number field at 1. This last connection has
been generalised to yield interpretations of special values of zeta-functions at
arbitrary negative integers in terms of algebraic K-theory and motivic coho-
mology. One of the main tool to understand the deep relations between alge-
braic and analytic objects is Iwasawa Theory. In this theory a precise formu-
lation of such a relationship is called the Main Conjecture. We first recall the
formulation of the Main Conjecture in Iwasawa theory in the classical form:

Let p be a prime number, let I be a totally real number field, and let ¢ be
a 1-dimensional p-adic Artin character for ' with F, totally real, where F;
denotes the fixed field of the kernel of . Let F, denote the cyclotomic Z,-
extension of F'. We recall Greenberg’s terminology about the different types
of the characters 1: ¢ is of type S, if Fyy N Foo = F, and v is of type W, if
Fy C Fi. Let Oy denote the ring obtained by adjoining all -values to the
ring Z,. Let Fy, o be the cyclotomic Z,-extension of I, with Galois group I
over Fy,. Throughout we fix a topological generator y of I. We denote by S a
finite set of primes of F’ containing the set S, of primes above p and the set of
the infinite primes, and by S the set of finite primes in S. Deligne and Ribet
[8] and independently Cassou-Nogues [4] showed the existence of a p-adic L-
function for the character v, which is continuous for s € Z,, \ {1}, and even at
s = 1, if ¢ is not trivial. This satisfies the following interpolation property for
any integer n > 1:

Ly(1 = n,9) = LA — n,yw™) ] (1= vw™(p)Nm(p)' ™).

pESY

Here L(1 —n,¢Yw™") is the usual Artin L-function with respect to the character
Yw™", where w : F(ug,) — Z) is the Teichmiiller character. Let Hy, € Oy [T]
be defined as ¢(v)(T + 1) — 1if ¢ is of type W, and 1 otherwise. Deligne and
Ribet showed that there exists a power series Gy, s(T') € Oy[[T]] so that

_ Gus(e()° —1)
Hy(k(v)s = 1)’
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where Lﬁ (1 — s,1) denotes the p-adic L-function with Euler factors removed
at the primes in S, and & is the restriction of the cyclotomic character to I'. By
the Weierstrass Preparation Theorem (cf. §7.1 in [16]) we have the following
decomposition:

Gy,s(T) = 793 gs o(Tuy s(T),

where g, ¢(T') is a distinguished polynomial in Oy [T}, and uy,s(7T') is a unit
power series in Oy[[T]]. This power series represents the analytic object in the
Main Conjecture.

For the cyclotomic Z,-extension Fy, o of Fy, let My % be the maximal abelian
pro-p-extension of Fw oo, Which is unramified out51de the primes in S, with
Galois group X3, := Gal(M} ., /Fy ). The pro-p-group X5, is equipped with
a (torsion) Oy [[F]]—module sfructure, as well as a Gal(Fy/ F)—action given by
inner automorphisms. Serre showed that the completed group ring O [[I']]
can be identified with the one variable power series O, [[T]], by mapping v —
1 to T. By the Structure Theorem of Iwasawa theory (cf. §13.2 in [46]) for
Oy[[T]]-modules, the y-eigenspace

X5V = {x € X5 ®z, Oylo(x) = ¢(0)x forallo € Gal(Fy/F)}

of X35 is pseudo-isomorphic, as an Oy[[T]]-module, to a unique Oy[[T]]-

module of the form .

P oulT/p™

i=1
for m > 1 and n; > 1. Here p; is the ideal generated by either a fixed uni-
formizer m € Oy or a monic irreducible polynomial in O [T"]. We call the ideal
[T~ pi™ the characteristic ideal. By the Weierstrass Preparation Theorem (cf.
§7.1 in [16]) we can choose a unique generator for the characteristic ideal of
the following form

Fys(T) = aFes) fr o(T),

where f7 o(T') is a distinguished polynomial in Oy[T]. The polynomial
Fy.s(T) is called the characteristic polynomial of X3:¥. The classical Main
Conjecture in Iwasawa theory is formulated as follows: If the character v is of
type S, then

fo.5(T) = gy,s(T).

This was proved by Wiles in [47] for any totally real number field F' and an
odd prime p. He also proved the conjecture for the prime 2 and the character
¢ provided Fy, is an abelian extension of Q. He also showed the equality of
the p-invariants u(Fy,s) = u(Gy s) for odd primes p and characters . For
odd primes p, both invariants p(Fy, s) and u(Gy,s) are known to be zero in
the case Fy,/Q is abelian (cf. [10]), and are conjectured to be zero in general.

The O,[[T]]-torsion module X3;¥ is of projective dimension at most one
and has a principal Fitting ideal generated by the characteristic polynomial
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Fy 5(T) (see for instance Lemma 2.4 in [32]). Therefore another formulation
of the Main Conjecture for odd primes reads as follows: If the character ¢ is
of type S, then
Fitto, i) (X3") = (Gys(T))-

To obtain a similar formulation of the Main Conjecture in terms of ideals for
the prime 2, we replace X, by X1, where X/, = %3 is the Galois group of
the abelian pro-p-extension of F, o, unramified outside the primes in Sy, over
Fy.oo. For an odd prime p the two Oy [[T]]-modules are the same, since infinite
primes are unramified in p-extensions for p odd. However, for p = 2 the two
modules are related by Lemma 5.9, which shows that they may differ in their
p-invariants. If we assume that X/ has trivial y-invariant, then the analogous
formulation of the Main Conjecture in terms of ideals for the prime 2 reads as
follows:

Fitto,, ) (¥L") = (G, s(T)), (1.2)
where G}, 5(T') = g;, (T)uy,s(T'). We note that for odd primes p this version
is the same as before provided the y-invariant of X/ vanishes.

As we see, for any character ¢ of an abelian extension £/ F of totally real num-
ber fields, the Main Conjecture gives an equality of ideals over the power se-
ries ring O, [[T]] in the form (1.2) under the assumption that the p-invariant is
vanishing. If we denote by G the Galois group of E/F, then the G-equivariant
formulation over the Iwasawa algebra Z,[G][[T] is the so-called Equivariant
Main Conjecture in Iwasawa theory. Ritter and Weiss formulated such a con-
jecture in [35] for any odd prime p, and proved it under the assumption of
the vanishing of a certain Iwasawa p-invariant. To explain this, we need the
following set-up:

Let E/F be an abelian extension of totally real number fields with Galois
group G, and let E., be the cyclotomic Z,-extension of E. Let S be a finite
set of primes of F' containing the primes which ramify in F.,, and infinite
primes, and let Sy be the set of finite primes of S as before. Let M5 denote
the maximal abelian pro-p-extension of E.,, unramified outside the primes in
S, and let X, := X3, = Gal(MZ/E). We denote by G, the Galois group
of Ew/F, by H the Galois group of E /F, and by A the completed group
ring Zy[[G]]. In this article the assumption p = 0 refers to the following
assumption:

pu=0: The p-invariant of%f:o = %fof is zero, i.e. the Z,-module (13)
X/ is finitely generated. '

We note that X/ maps by Galois restriction to the Galois group

Gal (lefoO /Fy ), where Mffoo is the maximal abelian pro-p-extension of
Fy o unramified outside the primes in Sy, with a finite cokernel for any

character ¢ of G. Here the cokernel is Gal(Ex N M, 5{)0 /Fy.00) which is a
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quotient of a subgroup of H, and whence finite. As a result the assumption
w = 0 implies that the p-invariant of Gal(M, 5 T/ Fy o) is zero, and therefore
the p-invariant of XZ;¥ vanishes for any (even) character v of G.

The pro-p group X has a (torsion) A-module structure, whose projective di-
mension is not necessarily at most one. However to formulate an Equivariant
Main Conjecture, similar to the classical Main Conjecture, one needs a finitely
generated A-torsion module of projective dimension at most one. Let d, be a
non-zero divisor of the augmentation ideal AG, of A, let ¢, be an invertible
element of the total ring of fraction of A so that doc = coo((y — 1)e + (1 —€)),
where e is the idempotent attached to the trivial character of H. We denote
by L the fixed field of E/F under the action of the p-Sylow subgroup of G,
by G the Galois group of the maximal algebraic extension 7 of L unramified
outside the primes in S, over F, and by H the Galois group of Q7 / E,. There
is a commutative diagram of A-modules

0 0
{ 4
A = A
L L
0 - Xoo — VYo — AGx — 0
I ] !
0 - Xoo — 2o — 26 — 0
{ 4
0 0,

where 9 maps 1 to do, ¥ maps 1 to a pre-image Yo of doo, and Voo =
Ho(H,AG). Here AG denotes the augmentation ideal of Z,[[G]]. We will see
that this definition of ), is the same as the definition of Ritter-Weiss in [35].
The A-torsion module Z,, in the diagram above, whose projective dimension
is at most one, shows up as the algebraic object in the Equivariant Main Con-
jecture of Ritter-Weiss. We note that the construction of Z., depends on the
choice of d... Before stating the algebraic object we remark that there exists a
subgroup I' < G, topologically generated by +, so that Goc = H x I for the
abelian group G. The analytic object is defined as follows:

1
Gs:=Y Gys(y—1)-ey€ HO[HH[F]],
YeH
where e, is the idempotent attached to the character ¢ of H, i.e.
1
ey = T Yoot
v 20

One version of the Equivariant Main Conjecture of Ritter-Weiss [35] for odd
primes is as follows (cf. [28], §2, (CPE2)):

F’iﬁﬁA(Zoo) = (COOGs),
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which was verified under the assumption of the vanishing of the p-invariant
of X, i.e. assuming that X is a finitely generated Z,-module. It is worth
mentioning that they have generalized and proved their Equivariant Main
Conjecture in the non-commutative case, still assuming the vanishing of the
p-invariant of a certain Iwasawa module (see [36]). In [15], Greither and
Popescu have recently formulated and proved an Equivariant Main Conjec-
ture in Iwasawa theory in the abelian case in terms of the Tate module of
a certain Iwasawa-theoretic abstract 1-motive again under the assumptions
p = 0 and p odd. More recently, Nickel [29] showed that this formulation is
equivalent to the formulation of Ritter-Weiss.

We now describe our Equivariant Main Conjecture for an arbitrary prime p.
For an abelian extension E/F, by applying the algebraic construction of the
Equivariant Main Conjecture of Ritter-Weiss to the set S¢ of finite primes in
S, we construct the A-torsion module ZZ,, which is of projective dimension at
most one. We show that it satisfies the following exact sequence:

0= Zp — (A)doo A)* — a(2L) = (X)) =0,

in which
pdp((A)deoA)?) <1 and pdy(a(2L)) < 1.

Here « is the adjoint functor in Iwasawa theory with the contravariant action
and M#, for any A-module M, denotes the same underlying module but with
g acting as g~! for any g € Go. The Equivariant Main Conjecture is then
formulated as follows (cf. Conjecture 4.1):

Fitty(ZL) = (coG%),

where

Gyi= S Ghsli—1) ey e |—}{|0[Hmrn.
weH

Here we recall that G}, 4(T') = g;, ¢(T)uy,s(T'). In Section 4, we prove that this
conjecture follows from the classical Main Conjecture under the assumption
w1 = 0 by taking advantage of the idea of determinantal ideals used by Greither
and Popescu [15].

In the last section we show that the Coates-Sinnott Conjecture follows from the
Equivariant Main Conjecture assuming 1 = 0 (cf. Theorem 5.10). After some
fundamental work of Coates-Sinnott in [6] and more recent results by Ritter-
Weiss, Nguyen Quang Do, Burns-Greither, Greither-Popescu et al. the Coates-
Sinnott Conjecture is completely known up to powers of 2, assuming p = 0.
However, the 2-primary information was neglected more or less completely
due to various technical problems. For example, there was no formulation of
an Equivariant Main Conjecture in Iwasawa theory for the prime 2 at the time.
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The Coates-Sinnott Conjecture is a generalization of the classical Stickelberger
Theorem, which provides elements annihilating the class group of a cyclo-
tomic field, using special values of analytic functions. To make it more precise,
let E/F be an abelian extension with Galois group G, and let S be a finite set
of primes in F' containing the primes ramified in E and the infinite primes.
Let
0% r(s) i= S LY r(s,x ) - ey € C[C]
x€G

be the S-incomplete equivariant L-function, where e, is the idempotent at-
tached to any character y of G. Deligne and Ribet [8] and independently
Cassou-Nogues [4] proved that

Anngie)(H°(E,Q/Z(n))) - ©Fp(1 —n) C Z[G)

for any integer n > 1. Stickelberger’s Theorem shows that the following ana-
lytic object is in the annihilator ideal of the class group Ci(Og) of the field E
in the case F' = Q:

Annge)(H(E,Q/Z(1))) - ©%,£(0) € Anngg)(Cl(Og)).

This setup has been generalized in two directions: First of all one looks
at an arbitrary relative abelian extension E/F of number fields. Here the
analogue of Stickelberger’s theorem (Brumer’s Conjecture) is still not com-
pletely known. In a different direction one replaces the class group by al-
gebraic K-groups or motivic cohomology groups and studies annihilators of
these groups as Galois modules for relative abelian extensions. In [6], Coates
and Sinnott formulated the relevant conjecture in terms of higher Quillen K-
groups as

Anngie)(H°(E, Q/Z(n))) - ©F/p(1 —n) € Anngie)(Kzn—2(0F))

for any integer n > 2. As a result of the recent work of Voevodsky in [45] the
relation between algebraic K-theory, étale cohomology for all prime numbers
and motivic cohomology is known. This yields the motivic formulation of the
Coates-Sinnott Conjecture, which implies the K-theoretic version. Moreover,
it enables us to study each p-primary part of the conjecture separately for any
prime number p as follows:

Anng, 61 (H(B,Qp/Zp(n))) - OFp (1 — ) C Anng, jc)(HE (O, Zp(n)))

for any integer n > 2, where HZ (O, Zy(n)) = lim HZ (0%, pin) and
H;,(O, pawt) refers to the étale cohomology of the scheme Spec(Og|1/p))
with values in the étale sheaf uf’ﬁ. In the last section we complete the proof of
the Coates-Sinnott Conjecture under the assumption ;. = 0 by proving it for
the prime 2.
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2 ALGEBRAIC CONSTRUCTION

Let E//F be a finite abelian extension of totally real number fields with Galois
group G, and let p be an arbitrary prime. Let F, (resp. F) be the cyclotomic
Zy-extension of E (resp. F'). We denote the multiplicative group Gal(E/E)
(resp. Gal(F/F)) by I'r (resp. I'r). Let H denote the Galois group of the
finite abelian extension E,/F... We denote by G, := Gal(Ew/F') the Galois
group of the abelian extension E,/F. We let S denote a finite set of primes of
F which ramify in E, and the infinite primes. In particular S contains the
set S, of the primes above p. The set of finite primes in S is also denoted by
S¢. We use the same notations for the set of primes above the primes in S and
S¢, respectively, in any intermediate field of E.,/F'. Since I'r is topologically
generated by one element, the exact sequence

0> H—> G STp—0 (2.1)

splits. We denote by I' < G the image of I'r, so that Goc >~ H x I, and
by A the completed group ring Z,[[I']]. Let E’ be the fixed field of E., under
the action of the closed subgroup I Then E' N Fo, = F, E,c = E' - Fy,
Gal(E'/F) ~ H and E./E' is also a cyclotomic Z,-extension.

Let M5 and M. 3/ be the maximal abelian pro-p-extensions of E,, unramified
outside the primes in S and Sy, respectively. We recall that X = X3 and

xL, := x5! denote the Galois group of the extensions M5 /E., and M5 /E,
respectively. Since F is totally real, the A-module X is a torsion module with
no non-trivial finite submodule by Propositions 10.3.22 and 10.2.25 in [31].
The A-module %{:O, which is a quotient of X, is also torsion and has no non-
trivial finite submodule (cf. [38], §6.4). Finally, we set A := Z,[[G]] and we
freely use the identification

A = 2, [H)[IT), 2)
which is given by mapping the topological generator yof I'to 1 + T'.

REMARK 2.1. For an odd prime p, infinite primes of F' are unramified in a pro-p-
extension. Hence M5 and M5} coincide and therefore, X oo = X1 for odd primes.
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The following diagram illustrates the situation:

We recall that the Main Conjecture in Iwasawa theory for a character ¢ of
G can be written in the form (1.2), assuming i = 0. Here the Fitting ideal
of the (finitely generated) O,[[T]-torsion module X/*¥ is principal, because
it has projective dimension at most one, and is generated by the p-adic L-
function associated to . Hence to formulate an Equivariant Main Conjecture
we construct an appropriate (finitely generated) A-torsion module of projec-
tive dimension at most one. The resulting Fitting ideal is then principal, and
conjecturally generated by an equivariant p-adic L-function. This was done
by Ritter-Weiss for odd primes in [35]. The strategy of this part is as follows:
Since the A-torsion module X/_ is not necessarily of projective dimension at
most one, we first construct an A-module Y7, of projective dimension at most
one. Since this module is not necessarily A-torsion, we pass to a quotient
ZI of Y1, which is then shown to be a (finitely generated) A-torsion module
of projective dimension at most one, whose principal Fitting ideal is conjec-
turally generated by an equivariant L-function.

Let P be the p-Sylow subgroup of G and let L be the fixed field of £ under

the action of P with Galois group @ over F. Let Qif be the maximal algebraic
pro-p-extension of L, which is unramified outside the primes in S;. We denote
by H the Galois group of Qif over E.,, and by G the Galois group of Qif over
F. The finitely generated group G has a presentation of the form G ~ F/W,
where F is an appropriate free profinite group of rank d and W is a relation
subgroup of F of rank r. For a certain relation subgroup R of F we then have
an isomorphism G, ~ F/R. The following diagram illustrates the situation:

S
Qp
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We apply Proposition 5.6.7 in [31] (see also Lemma 4.3 in [17]) to the profinite
groups in the commutative diagram

1 1
i i
w = W
i :
1 = R = F = G — 1
! I |
1 - H —- ¢ — G — 1
S +
1 1
and obtain a commutative diagram:
0 0
{ 1
0 — Hy(H,Z,) — Ho(HW?®) — R®p) — XL —= 0
| I ! 4
0 — Hy(H,Zy) — Ho(H,W?) — A = YL — 0
i 1
AGx = AGx
S 4
0 0,

(2.3)
where AG, denotes the augmentation ideal of A. Here Y1 := Hy(H,AG)
and AG and AG, denote the augmentation ideals of G and G, respectively.

REMARK 2.2. The same construction leads to a similar diagram for an arbitrary
intermediate field of Qif /L.

Since the cyclotomic Z,-extension E,/E satisfies the weak Leopoldt Conjec-
ture by Proposition 10.3.25 in [31], the group Hz(H,Z,) in diagram (2.3) van-
ishes (cf. Proposition 10.3.22 in [31]). Moreover we have the following propo-
sition:

PROPOSITION 2.3. The A-module Hy(H, W) is projective.

Proof. Since |Q| is prime to p, we have the equality of cohomological dimen-

sions
cdy(G) = cdy(Gal ()’ /1))

The p-cohomological dimension of the pro-p group Gal(Qif /L) is at most 2
by Proposition 8.3.17 in [31] for odd primes p (note that infinite primes are
unramified in any p-extension for p odd), and by Theorem 1 in [38] for p = 2,
ie.

edp(G) <2

for any prime p. Now Proposition 5.6.7 in [31] completes the proof. O
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Let x be a C,-valued character of the group Q, let

1 ~1
ey = Qi Z x(o)o

ceQR

be the idempotent of ) attached to the character x, and let A, := O, [[G (p)]],
where O, is the ring obtained by adjoining all character values of x to Z,.
Since Goo(p) ~ P x T is a pro-p group, A, is a local ring and therefore,
ey Ho(H, W) is a free A, -module of rank r:

exHo(H, W) ~ ATx. (2.4)

Now by applying e, to the exact sequence in the second row of diagram (2.3)
we obtain:
Tx d
0— A} %Axﬁexygo — 0.

From the last column of diagram (2.3) we have
0= ey Xl » eVl - A, —e,Z, —0.

This implies that e, )£, has rank one and as a result 7, = d—1 for any character
X. Now by taking the direct sum over all characters of @ in equality (2.4) we
obtain:

Ho(H, Wab) ~ AT

for r = d — 1. Therefore, diagram (2.3) can be rewritten as

0 0
\ \
0 - A" L R®p) — XL, — 0
I s b
R N N TR @3
X \
AGs = AGx
\ \
0 0.

So far we have constructed the module y(fo, which fits into the exact sequence
0— %/ - YL - AG. — 0. (2.6)

The second row in diagram (2.5) implies that the A-module V7, is of projective
dimension at most one. To replace it by a torsion A-module we now take a
quotient of Y/, by a certain submodule as follows:

Let dw € AG« be a non-zero divisor in the augmentation ideal of A and let
Cso be an invertible element in Q(A) such that

doo = Coo((y = 1)e+ (1 —€)), (2.7)
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where 7 is the fixed (topological) generator of I' < G and e = ﬁ Y ohem is
the idempotent of Q,[H] attached to the trivial character of H. Here we note
that y—1 and 1 — e generate AG., ® Q), and that v —1 and 1 — e can be written
in the form (2.7) as follows:

v=l=(e+ (-1 -e)((y - De+(1-¢)),
l-e=(1-¢e)((y—1e+ (1 —e)).

Let yo be a pre-image of do, in Y/, in diagram (2.5). We have the following
diagram:

0 0
A A
A = A
1o 1o
0 — X, - YL = AG. — 0 (2.8)
i ! !
0 — xf, —- 2L — 2L — 0
A A
0 0,

where ® and ¢ are defined by mapping 1 € A to y. and to d., respectively,
and ZZ and zf are the quotients of YV and AG by the images of ® and
¢, respectively. We note that the vertical maps are injective since do € A is a
non-zero divisor. By a diagram chase in the diagram

A = A

Lo 19
0 - AG — A —=7Z,—0,

we obtain:
LEMMA 2.4. The sequence
0— 2zl = AJdohA =7, =0 (2.9)
is exact, where the middle term is of projective dimension one and
Fitta(A/dsoA) = (doo ).

By using the middle column of diagram (2.8) and the first row of diagram (2.5)
we also obtain the commutative diagram

0 0 0
3 3 3
0 - A" — AL 5 A = 0
| v Lo
0 = R?p) — AT = AGx — 0 (2.10)
\J \J 1
0 - xL - zL - 2L = 0
\J \J \J
0 0 0,
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which implies the following proposition:

PROPOSITION 2.5. Z1 is a finitely generated A-torsion module of projective dimen-
sion at most one:
pdA(Zgo) <1.

3 ANALYTIC CONSTRUCTION

Again let £/ F be an abelian extension of totally real fields, let S be a finite set
of primes in F’ containing the primes above p, the primes ramified in £ and the
infinite primes, and let S; denote the set of finite primes in S. As before, we
denote by E and F the cyclotomic Z,-extensions of E and F, respectively,
by H the Galois group of Eo./Fs, and by G =~ H x T the Galois group of
EL /F. We define equivariant versions of Gy s and H, as follows (cf. [34],
Proposition 5.4): For a character ¢ of Go, let Gy s(T), Hy(T') € Oy[[T]] be the
power series defined in (1.1). Let

Gs = Y Gus(r—1)-ey € —O[H][IT]

el |H|
1 (3.1)
Hs:= ) Hy(y—1)-ey€ HO[H][[F]]
weH

be the equivariant versions of G s and Hy,. For any character x of G, they
satisfy the following:

X(Gs) = Gys(0) , x(Hs)= Hy(0).

We recall that for any character ¢ of G one has
Gy,s(T) = m(E5) - i §(T) -y s(T)
by the Weierstrass Preparation Theorem, where 7 is a fixed uniformizer in

Oy, g, 5(T') € Oy[T] is a distinguished polynomial, and uy, s(1") € Oy[[17] is
a unit. The modified equivariant L-function G’ is now defined as follows:

Gy=zamm—w%e§pmwm (3.2)
YeH

where G, o(T) = g;, 5(T)uy,s(T'). The following lemma relates G5 and G,
assuming p = 0 (cf. (1.3)):

LeMMA 3.1. Under the assumption p = 0 we have the following equalities:

1. Gs = G for any odd prime p.
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2. Gs =2 G forp = 2.

Proof. Part 1 follows from the result of Wiles [47] that (G, s) is the same as
the Iwasawa p-invariant of X1.¥ for all odd primes p. Part 2 follows from the
fact that m(Gv.s) = 2m1(F) ynder the assumption 1 = 0, where 7 € Oy is a
uniformizer, for any character ¢ of G (see [12], pages 82 and 87). O

We note that Lemma 3.1 holds unconditionally for abelian extensions E of Q,
since in this case p = 0 (cf. [10]).

To prove the next lemma we briefly review the definition of a p-adic pseudo-
measure on a certain Galois group and its relation to the p-adic L-function.
For more properties one can consult [39]. For a commutative profinite group
G, As € Q(Z,[[G])) is called a pseudo-measure on G if (¢g—1)\g is a measure, i.e.
(9 — 1)As € Z,[[G]], for any g € G, where Q(Z,[[G]]) denotes the quotient ring
of Z,[[G]]. Let X denote the Galois group of the maximal abelian extension
of F' unramified outside the primes in S¢, over F. By a theorem of Deligne
and Ribet there is a unique pseudo-measure on X denoted by \s € Q(Z,[[X]]),
which satisfies the following relation for any finite order character y of X:

Lps(1—s,x) =< xK"As >.

For the definition of this inner product see [39]. Equivalently, if we lete : X —
Z,, be the locally constant function defined by e(g) = 1 if g has image 1 in
H = Gal(Ex/Fx), and zero otherwise, then

Cg(sha 1—n)=<epp", As >.

Here p is the cyclotomic character, €}, is the locally constant function satisfying
epn(z) = e(hz) and sz (€n, s) is the S-incomplete p-adic partial zeta function
associated to 5. The image of As under the natural surjection 7 : X - G is
a p-adic pseudo-measure on G, which is denoted by 65 € Q(A). Soif ¥ € X
denotes a pre-image of v € G, under the surjection above, then

Zs:=7((% —1)Ag) € A.

In fact s = (y—1)"1Zs € Q(A). With notations as above we have the follow-
ing lemma:

LEMMA 3.2. Let do be a non-zero divisor in the augmentation ideal AG o, and let
Coo be an invertible element in Q(A) so that dow = coo((y — e+ (1 —¢)) € AGw,
where e is the idempotent associated to the trivial character of H. Then

COOGS - dooes S A

Proof. A calculation in Proposition 12 in [35], which works for any character x
of G, satisfying x () = 1 and for any prime p,provides the following equality:

M — Z X(h)w

T<X,1> T
heH
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Here Zs(h,T) is given by the relation Zs = ;. Zs(h,y —1)h € A. Asa
result,
Gx.s(T)

Gs/Hs = Z T<xol> X Os,
xeﬁ

for any prime p. Since Hg = (y—1)e+(1—e), we obtain ¢, G5 = doo8s. Hence,
for the p-adic pseudo-measure s on G, we have c.oGs = doofs € A. O

Let E = E((y,) be the field obtained by adjoining a primitive 2p-th root of
unity (s, to E, and let Eo := Eoo((2p) = E(pip=) be the Z,-cyclotomic exten-
sion of F, where f1,~ is the group of all p-power roots of unity. We denote by
G the Galois group of E.,./F. Since E,, contains all p-power roots of unity,
we have the cyclotomic character

p:Go — Ly, = Aut(pp<)

of Go. We extend the definitions of a Tate twisted module and an inverse
module to the following:

e Let ¢, be the unique continuous isomorphism of O-algebras

tn : Ol[Goc]] = Ol[Goc]l; (33)
which satisfies t,,(g) = p(g)" - g forall g € G, and n € Z. For a O[[Guo]]-
module M let the Tate twisted module M (n) be the same underlying

group M with a new O[[G]]-action given by o *, m := t,(o)m for

o € O[|[Gu]] and m € M. For even n, we note that it is enough to replace
E+ by its maximal real subfield EJ; to have the isomorphisms t,,.

o Let ¢ be the unique continuous isomorphism of O-algebras
L2 O[[Gocl] = O[[Gooll; (3:4)

which satisfies 1(g) = g7! for all ¢ € G For a O[[G]]-module M, let
the inverse module M# be the same underlying group M with a new
O[[G]]-action given by o * m := 1(o)m for ¢ € O[[G]] and m € M.
In the following we mean by the ideal generated by m#, for any m €
O[[G]], the inverse ideal (m)* of (m).

LEMMA 3.3. Assume that E is the maximal real subfield of E = E(Cap) where (o
is a primitive 2p-th root of unity. For all even n we have:
(tLoty)(Gg) = Z Gy-1n s(U" (7)™ = 1) - ey,
YeH

(totn)(Hs) = Z Hyrn s(u" (7)1 = 1) - ey,
YeH

where u = k(7).
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Proof. Under the assumptions of the lemma we first note that F, is the maxi-
mal real subfield of the field F((2,) which contains all p-power roots of unity.
So the actions of ,, on G5 and Hg are defined for all even n. Now it suffices
to observe that (tot,)(y — 1) = u™y™t — Land (1o t,)(ey) = €yp-14n. O

This lemma yields the following equality:

GX—lwnﬁs(un - 1)
folwnys(u" —1

. eX’

(rototy,)Gs/Hg = Z

xeé

where 7 : A — 7Z,[G] is the projection mapping v — 1 to zero, and u = (7).
Therefore, we obtain:

COROLLARY 3.4. If we assume that E is the maximal real subfield of E = E(2,p)
where (o 1s a primitive 2p-th root of unity, and that n is even, then

(movoty)Gs/Hg = @%/F(l —n)

REMARK 3.5. We note that in the non-dyadic L-functions we have defined, the set
S can be replaced by Sy, since infinite primes have no influence on the definitions.

4 AN EQUIVARIANT MAIN CONJECTURE IN IWASAWA THEORY

We recall that for the abelian extension E/F of totally real number fields, E
(resp. Fi) is the cyclotomic Z,-extension of E (resp. F), H = Gal(Ex/Fw),
and G = Gal(E /F), which is abelian and hence of the form G, = H x T’
for ' ~ Z,. We also recall that dow = coo((y — 1)e + (1 — €)) is a non-zero
divisor in the augmentation ideal of A = Z,[[G]] so that A/d. A is a finitely
generated Z,-free module, e.g. doo = v — 1.

CONJECTURE 4.1. (The Equivariant Main Conjecture). With notations as above,
we have the following equality of ideals in A:

Fittp(ZL) = (coaG%)

REMARK 4.2. For any odd prime p, the formulation of the Equivariant Main
Conjecture 4.1 is equivalent to the formulation of Ritter-Weiss in [35] (cf. [28],
§2, (CPE2)). We note that Ritter-Weiss use the translation functor to define Voo,
which equals to Voo = xgypag. Here AG.H) = ker(Zy[[G]] — Z,[[G])),
which is the same as (AH)Z,[[G]] (cf. for example page 275 in [31]). As a result,

Voo = ﬁig = Ho(H, AG), which is the same as the definition used in this article.

Under the assumption ¢ = 0 we prove that Conjecture 4.1 follows from the
classical Main Conjecture in Iwasawa theory [47]. For some technical reasons,
we need to apply the contravariant functors E*(—) := Ext} (—,A) to 2L, for
i = 0,1. We will see that E1(ZZ) is a finitely generated A-torsion module
of projective dimension at most one, whose Fitting ideal is generated by the
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modified equivariant L-function. First, we recall the definition and some basic
properties of Fitting ideals (see [30] for more properties).

For a commutative ring R with identity, the Fitting ideal Fitt g(M) of a finitely
presented R-module M is defined as follows: Given a presentation of M as

R RY M 0,

let A be the matrix associated to the map h. The (initial) Fitting ideal of M is
defined to be the ideal of R generated by all b-minors of A if ¢ > b, and (0)
otherwise. Here are some properties:

1. Fittr(M) is a finitely generated ideal of R satisfying
(Anng(M))® C Fittgp(M) C Anng(M),

where Anng(M) is the annihilator ideal of M and b is an integer so that
M can be generated by b elements as a R-module.

2. If M — M’ is a surjective map of finitely presented R-modules, then
Fittr(M) C Fittg(M").

3.If0 - M’ - M — M" — 01is an exact sequence of finitely presented
R-modules, then

Fittg(M') - Fittgr(M") C Fittg(M).
Moreover, we have equality if the exact sequence splits, i.e.
Fittg(M' & M") = Fittr(M') - Fittg(M").
4. If M ~ R/ais a cyclic module, then
Fittr(M) = Anng(M) = a.

More generally, if we apply the previous property to a direct sum of n
cyclic R-modules

M ~R/a;® R/as®---® R/ay,

then we obtain
Fittp(M) = ajas - - - .

5. Let M be a finite R-module for a group ring R of a finite abelian group
with coefficients in Z,,. If M is cyclic as a Z,-module, then

F’L'ﬁﬁR(M*) = AnnR(M*) ~ A?’L?’LR(M) = F’L'ffR(M),

where M* = Hom(M,Q,/Z,) is the Pontryagin dual equipped with the
covariant action.
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We recall that # denotes the inverse action defined in (3.4). In the next lemma
we list some general properties of E‘(M) for an A-module M. For a proof see
propositions 5.4.17,5.5.6 and corollary 5.5.7 in [31], or [17].

LEMMA 4.3. Let M be an A-module, let (M) denote the adjoint of M with the con-
travariant action, and let MY = H omg, (M, Z,) be the dual with the contravariant
Goo-action. Then

1. EY(M) = Ext' (M, A) as A-modules for any A-module M and i > 0,

2. EY(M)# ~ (M) as A-modules, provided M is a finitely generated A-torsion
module,

3. EY(M)# ~ M" as A-modules, provided M is a A-torsion module with trivial
p-invariant, i.e. M is a finitely generated Z,-module.

We list some results obtained by applying the contravariant functors E*(—)
for i = 1, 2, to some of the exact sequences arising from diagram (2.8). We first
remark that E°(—) = Homa(—, A) is a left exact functor, and that E*(A) = 0
for ¢ > 1, since pds(A) = 0 (cf. Proposition 5.2.11 in [31]).

LEMMA 4.4. The A-module E*(Z1.)# is of projective dimension at most one, and
Fitty (EY(21)%) = Fitty(ZL)7*.

Proof. This lemma is a consequence of Proposition 2 in [13] and Lemma 4.3.
We give here a direct proof, since we need some of the methods in the proof
of Lemma 4.5 below: We first apply E?(—) to the last column of diagram (2.8).
We observe that Homy (21, A) is the set of all morphisms in Hom(AGo, A),
whose restriction to do A vanishes. This observation and the choice of d., €
AGo as a non-zero divisor imply that E°(zL) = 0. By part 1 of Lemma
4.3 E°(X1)) is also trivial for the A-torsion module X/ . Hence by applying
the contravariant functor E*(—) to the last row of diagram (2.8), we obtain
E°(ZL) = 0. On the other hand FE(A) is trivial for i > 1 as we mentioned
before. Therefore, applying E*(—) to the middle column of diagram (2.10)
leads to the exact sequence

0
0 — BO(A)+ P poa)ytt 5 BY(2L) 0.
Here E°() is the transpose of ¥. We now apply “#” to the exact sequence
above to obtain:
0 #
0 AT+ ET prar EY(z2L)#* =0,

which shows that the projective dimension of the A-module E'(Z1)# is at
most one. To complete the proof it is enough to note that the Fitting ideal
of the A-module E'(Z£)# is given by the determinant of E°(¥)#, whereas
the Fitting ideal of ZZ, is given by the determinant of the map ¥ defined in
diagram (2.10). O
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LEMMA 4.5. We have the following exact sequence of finitely generated A-torsion
modules:
0—Zp — (A)doo A — EY(21)* — 0.

Proof. We saw in the proof of Lemma 4.4 that E°(z1) is trivial. As a conse-
quence of Proposition 5.2.11 in [31] we obtain that E*(Z,) is trivial as well,
since the projective dimension of the A-module Z,, is one. By applying E’(—)
to the exact sequence (2.9) we therefore obtain the exact sequence

0 — EY(Z,) — EY(A/dwA) — E*(21) — 0.

By part 2 of Lemma 4.3 together with the fact that an elementary module
is isomorphic to the inverse module of its adjoint (cf. 1.3 in [16]) we have
EYZ,)* ~ Z,, where Z, has the trivial G.-action. We also have the isomor-
phism E1(A/doA)# ~ (A/dwA)#, since pdy(A) = 0. Therefore, by applying
“#” to the exact sequence above, we obtain:

0 — Zp — (A)doA)* — E*(2L)# — 0.
O

LEMMA 4.6. We have the following exact sequence of finitely generated A-torsion
modules:
0— E' (L) = EY(2) » B (x]) — 0.

Proof. First we observe that E2(z1,) is trivial by applying E*(—) to the exact
sequence (2.9) and by noting that the projective dimensions of Z,, and A /d. A
are both one. Now we apply E?(—) to the last row of diagram (2.8) to obtain
the exact sequence above. We note that the surjectivity of the last map in the
diagram follows from the observation that £?(z{,) = 0, and that the injectiv-
ity of the first map in the diagram is a consequence of the observation that
E°(Xf,) = 0 in the proof of lemma (4.4). O

We combine Lemmas 4.5 and 4.6 to obtain the following theorem:

THEOREM 4.7. We have the following exact sequence of finitely generated A-torsion
modules:

0— Zp — (AJdoA)* — EYZL)#* — BN XL)* — 0,

in which
pda((A/doA)#) <1 and pdu(E*(ZL)#) <1.

The A-module E'(X1)# is isomorphic to the adjoint of X/ by part 2 of
Lemma 4.3 and so it is a finitely generated Z,-free module under the assump-
tion g = 0. Therefore we obtain from Theorem 4.7 the first statement in the
following proposition:
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PROPOSITION 4.8. Let dsy € AG o be a non-zero divisor so that A/d. A is a finitely
generated Z,-free module. Then, under the assumption p = 0, the sequence

0= Zp — (AdoA)* — EYZL)# = BYxL)* =0

is an exact sequence of finitely generated Z,-free modules. Moreover, if we consider
this sequence as an exact sequence of Z,[H]-modules, then under the assumptions of
1 = 0 we have

pdz, (1 (A)doA)#) =0 and  pdy, ) (E"(ZL)#) = 0.

Proof. We only need to prove the second part. We first remark that A/dA
and E'(Z1) are both H-cohomologically trivial by Proposition 2.2 in [32],
since their projective dimensions are at most one as A-modules. By a classical
theorem of Nakayama pdz ;)(M) = 0 if and only if M is Z,-free and H-
cohomologically trivial (p-adic version of Theorem 8 in [40], Chapter IX, §5).
Therefore, both modules are of projective dimension zero as Z,[H]-modules.

O

To finish the proof that the Equivariant Main Conjecture follows from the
classical Main Conjecture under the assumption x4 = 0, we first review the
definition of the determinantal ideal, which plays a role similar to that of the
characteristic ideal for some A-modules with an extra group action: For a com-
mutative ring R with identity, a finitely generated projective R-module P and
f € Endr(P), the determinant of f is defined as

detr(f | P) :=detr(f ®idg | P® Q),

where ) is a complement of P, i.e. P @ @ is free. One can check that the
definition is independent of ) by using Schanuel’s lemma. By the same strat-
egy, since P®pr R[X] is a finitely generated projective R[X]-module, the monic
polynomial detg(X — f | P) € R[X] is defined to be

detr(X — f | P) := detgix)(idp ® X — f © 1| P®g R[X])

for any projective R-module P. One can see that these definitions are well-
behaved under base-change, i.e.

detp(f | P) = detp/(f @idp | P® R)

detp(X — f | P) =detp/ (X — (f®idr) | P®R'), 1)

where R’ is any commutative R-algebra. We have the following general
proposition:

PRrROPOSITION 4.9. ([15], Proposition 7.2). Let R be a commutative, semi-local,
compact topological ring and let T" be a pro-cyclic group with topological generator ~y.
Let M be a topological R[[I']]-module, which is projective and finitely generated as an
R-module. Let

F(X) :=detr(X —m, | M),
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where my, is the R[[T"]]-module automorphism of M given by multiplication by .
Then the following holds:

1. M is finitely presented as an R[[T'|]-module. If we let F () be the image of
F(X) via the R-algebra morphism R[X| — R[[I']] sending X to vy, we have an
equality of R[[T']]-ideals

Fitt gyry (M) = (F(7))-

2. If we view My, = Homp(M, R) as a topological R[[I']]-module with the co-
variant T-action, then

FittR[[F]] (M) = F’L'ttR[[p]] (Ml\i{)

3. If we view MY = Homg, (M,Z,) as a topological R[[T'|]-module with the
covariant T'-action, where R = Z,[G) and G is a finite abelian group, then

Fittgiry (M) = Fitt grry (MY).

By using Proposition 4.9 for the ring R = Z,[H] and the finitely generated
R-modules M = EY(ZL)# and M = (A/d-A)#, which are projective by
Proposition 4.8, we obtain:

LEMMA 4.10. If m denotes the R[[I']]-module automorphism of M given by multi-
plication by -y, then

Fitty(B'(ZL)%) = (detz,m (T + 1) —m, | EY(ZL)7)),
Fitta((A)dss)*) = (detz, (T + 1) =m0 | (b/docA)#).
Let O be the ring of integers obtained by adjoining all character values of the
characters of H to Zj, let 7 be a fixed uniformizer in O and let Q(O) denote the
field of fractions of O. We consider O and Q(O) as A-modules with trivial G-
action. We note that for the idempotent e attached to the trivial character of H
we have Hg(T) =T - e + (1 — e) using the identification (2.2) (see (3.1) for the

definition of Hg(T')). Therefore, using Lemma 4.10 we obtain the following
lemma:

LEMMA 4.11. We have the following equalities of ideals in Q(O)[H][[T']):
(Hs(T)) = (detqoym (T +1) = my [ Q(O))),
(d%,) = (detqoym (T +1) — my | (Q(O)H][IT])/dsc)™)).

REMARK 4.12. Any character x of H can be extended to a Q(O)[X|-algebra homo-
morphism, for a variable X, and to a Q(O) @ O[[I']]-algebra homomorphism

x : QO)H][X] = Q(O)[X],
X Q(0) ®o O[[Gu]] = Q(O) @o O[[T],

which maps h — x(h) for h € H.
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LEMMA 4.13. We have the following equality of ideals in O[[T']] under the assump-
tion p = 0O:
(detqoy (T +1) —my | ey(XL, @z, Q(O)))*

= (detqo) (T +1) = my | ey (BN (XL)* @z, Q(O))))).
Proof. Since the R := Oy[[I']]-torsion module M; := ey (XL, ®z, Q(O)) is of
projective dimension at most one (cf. for example Lemma 2.4 in [32]), the R-
torsion module M, := ey (E'(X1,)# @z, Q(0)) is also of projective dimension
at most one. Hence by the first part of Proposition 4.9 it is enough to show

that Fittp(M;)# = Fittp(Msz). But this is a direct consequence of the second

part of Lemma 4.3 and Proposition 2 in [13].
O

At this point we use the classical Main Conjecture in Iwasawa theory [47], i.e.
the equality of fractional ideals

(G,5(T)) = (detquoy (T +1) —my | ey(XL, ®2z, Q(0))))

in Q(O)[[T]] for any character ¢ of H (see equality (1.2) and part 1 of Propo-
sition 4.9). Here we note that the assumption y = 0 implies the vanishing of
the p-invariants of X/;¥ for all (even) characters ¢ of H. Hence, using Lemma
4.13, we obtain the following equality of fractional ideals in Q(O)[[T]):

(W (G5(I)%)) = (G, 5(T)7)
= (detq(o) (T +1) —my | ey(B'(XL)* @2, Q(0))))
= (¢ (detqopm) (T + 1) —m, | B (XL)* ©2, Q0)))).
Consequently the exact sequence
0= Zp = (AJdeoA)# — EN(ZL)# — BN (X[ )* =0

in Theorem 4.7, and Lemma 4.10 together with the base-change property of
determinants (cf. (4.1)) imply the following equality of ideals in O[[T]]:

B((exG3(T)*) = (b(detgopm (T +1) —m, | BY(ZL)* @2, Q(0))). 42)

Before completing the proof we recall that the u-invariant u(F') of a power
series F' € O[[T1]] is the largest exponent p > 0 such that f € (7*)O[[T]]. For
F € A we define the p-invariant of F' to be zero if p1(x(F')) = 0 for any p-adic
valued character x of H.

Let F' := detz, (T + 1) — m, | EY(ZL)#) and G := (cocG%(T))# in A (cf.
Lemma 3.2). Then

o 1(F) = 0, since the determinantal polynomial F' € Z,[H|[[T]] of the
projective Z,[H]-module E'(Z1,)# (cf. Proposition 4.8) is monic.
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e 11(G) = 0, since for any p-adic character v of the group H, we have

p((Gs)) = ulgys - uyps) =0, pu((Hs)) =0 , p((ds)) =0.

Here we note that the determinantal polynomials of the field Q(O) and
the projective Z,[H]-module (A/dxA)# (cf. Proposition 4.8), which are
generated by Hg and d¥,, respectively (cf. Lemma 4.11), are monic.

o (Y(F)) = (¥(G)), using equality (4.2).

In the terminology of [2], R := Z,[H] is admissible for the abelian group H, i.e.
R is a finite product of strictly admissible rings R;, which means that each R;
is separated and complete in the rad(R;)-adic topology and also R;/rad(R;)
is a skew field. Since the p-invariants of F, G € R[[T]] are both zero, Propo-
sition 2.1 in [2] as an equivariant Weierstrass Preparation Theorem implies
the existence of unique distinguished polynomials f*,¢* € R[T] and units
u,v € (R[[T]])* such that

F=u-f* and G=v-g".

We apply a p-adic character ¢ of H to both sides, and note that ¢ (f*) and ¢(¢*)
are both distinguished polynomials in O[T’], and that ¢(u), ¥ (v) € O[[T]]* are
units. Hence the equality (¢(F)) = (¢(G)) together with the uniqueness of
the Weierstrass decomposition yields

(") =(g")

for any p-adic character ¢ of H. Therefore, f* = ¢g* and F = uww~'G. The
equality (F) = (G) now implies the following:

((ceG%)) = (detz, () (T +1) —my | EY(ZL)7))
= Fitty(F(21)%) by Lemma 4.10 (4.3)
= Fitty(21)* by Lemma 4.4.
Consequently, the equality
Fitty(Z21) = (cG%)

holds, and this completes the proof of the Equivariant Main Conjecture 4.1
under the assumptions of the classical Main Conjecture and of p = 0.

THEOREM 4.14. The Equivariant Main Conjecture 4.1 follows from the classical
Main Conjecture in Iwasawa theory under the assumption pn = 0.

REMARK 4.15. For any odd prime p, or for the prime 2 if F is an absolutely abelian
number field, the classical Main Conjecture holds, and hence the Equivariant Main
Conjecture 4.1 is verified under the assumption y = 0.

DOCUMENTA MATHEMATICA 18 (2013) 749-783



772 REzA TALEB

We recall that the assumption ;@ = 0 holds for any absolute abelian number
field I, i.e. for any number field £/ whose Galois group over Q is abelian, by
the result of Ferrero and Washington in [10]. Hence

COROLLARY 4.16. If E is an absolute abelian number field, the Equivariant Main

Conjecture 4.1 holds unconditionally.

5 THE COATES-SINNOTT CONJECTURE AS AN APPLICATION

Let E/F be an abelian extension of number fields with Galois group G, let
n > 2 be an integer, and let p be an arbitrary prime. Let S be a finite set of
primes in I’ containing the primes above p, the primes ramified in £ and the
infinite primes, and let Sy denote the set of all finite primes in S. Let

G%/F(S) = Z L%/F(vail) " €x
xeé

be the G-equivariant S-incomplete L-function associated to E/F. We recall
that for an integer n > 1 by a result of Siegel [41]

03,1 —n) € QIG],
and furthermore, by Deligne and Ribet [8] or by Cassou-Nogues [4]
Anngi)(H(E,Q/Z(n)) - ©3p(1 - n) C Z[G).
For n > 1 the n-th higher Stickelberger ideal is defined as follows:
Stick$,p(n) i= Annzic) (HO(E,Q/Z(n))) - 65,01 — n) C Z[G.
REMARK 5.1. The classical theorem of Stickelberger states that
Sticky ;o(1) € Anng g (Cl(OR),

where Cl1(Og) denotes the class group of Og. Brumer conjectured that the same holds
for any abelian extension E/F' of number fields.

The original formulation of the Coates-Sinnott Conjecture is as follows:

CONJECTURE 5.2. (The Coates-Sinnott Conjecture, K-theoretic version). Let E/F
be an abelian Galois extension of number fields with Galois group G, and let n > 2.
Then

Stickg/F(n) g AnnZ[G] (Kgn,Q(OE)).

As a consequence of the work of Voevodsky (cf. [45]) the Quillen-Lichtenbaum
Conjecture holds, i.e. for all odd primes p the étale Chern characters defined
by Soulé [42]

i)+ KoniOF) © Ty = Hiy (O, Ty ()
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are isomorphisms for ¢ = 1,2, and all n > 2. Here O = Op[1l/p]. The
surjectivity of the Chern characters was proved by Soulé for even n (see [42])
and by Dwyer and Friedlander in general (see [7]).

For the prime 2 the situation is in general different. The deviation between
Kon—i(Op) @ Zy and H:,(O%,Z2(n)) has been determined by Rognes and
Weibel [37]. In [21] it was suggested to replace the K-groups Ka,—2(OF)
by the motivic cohomology groups H3,(E,Z(n)), because the latter groups
have the advantage that their p-parts are isomorphic to H% (0%, Z,(n)) for all
primes p ([19], Theorem 2.4). This leads to the following motivic version of
the Coates-Sinnott Conjecture:

CONJECTURE 5.3. (The Coates-Sinnott Conjecture, motivic version). Let E/F be
an abelian Galois extension of number fields with Galois group G, and let n > 2.
Then

Stickg/F(n) C Anngq)(H34(E, Z(n))).

The explicit results of Rognes-Weibel show that the motivic version implies
the K -theoretic version. Moreover, the validity of the motivic version is equiv-
alent to the validity of the following p-adic version for all primes p:

CONJECTURE 5.4. (The Coates-Sinnott Conjecture, p-adic version). Let E/F be an
abelian Galois extension of number fields with Galois group G, let p be prime, and let
n > 2. Then

Anng, ) (H*(E, Qp/Zp(n))) - O p(1 = n) C Anng,j6)(HZ (O, Zy(n))).

We remark that by the functional equation of L-functions (see for example [1])
Lg/r(s, x) vanishes at negative integers 1 — n for n > 2, unless F is a totally
real number field and x(—1) = (—1)". Therefore only the following cases are
of interest:

e E is a totally real number field and n > 2 is even.

e F is a totally complex number field, F' is totally real and n > 2 is odd.

We will consider the first case, namely that E/F is an abeian extension of
totally real fields with Galois group G, and that n > 2 is even. We show that
in this case the p-adic version of the Coates-Sinnott Conjecture follows from
the Equivariant Main Conjecture for all primes p assuming 1 = 0. For odd
primes this has been done by Nguyen Quang Do [28] and independently by
Greither-Popescu [15] (see also [2] for a slightly weaker result).

We first assume without loss of generality for the proof of the Coates-Sinnott
Conjecture that E is the maximal real subfield of E((2,) (this assumption clearly
holds for p = 2, and for odd primes p one can see for instance Lemma 6.14
in [15]). Here (3, is a primitive 2p-th root of unity. We recall the set up from
Section 2: Let E, (resp. Fu) be the cyclotomic Z,-extension of E (resp. F)
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with Galois group I'z (resp. I'r) over I (resp. over F). We denote by G
the Galois group of E../F, by H the Galois group of E./Fo, and by I' =
< 7> theimage of I' » under the splitting map in (2.1). The following diagram
illustrates the situation:

Since G is abelian, Go, = H x I' and the completed group ring A = Z,[[G]]
is identified with Z,[H][[T]] under the identification (2.2). We let do, € AG
be a non-zero divisor so that A/dA is a finitely generated Z,-free module,
e.g. dw = 7 — 1. By Theorem 4.7 we obtain an exact sequence of finitely
generated A-torsion modules

0= Zp — (AdoA)* — EYZL)# = EYxL)* =0 (5.1)

in which the middle terms are of projective dimensions at most one. Using the
equalities in (4.3) we also have

FittA((A/dooA)#(n)) = ((L © tn)(doo))

5.2
Fitta (B (L) () = (0o 1) e G2). °?
We note that the sequence (5.1) is also an exact sequence of finitely generated
A-modules, where A = Z,[[T']]. Moreover, the exact sequence (5.1) is an exact
sequence of finitely generated Z,-free modules since we have assumed p = 0.

LEMMA 5.5. Let Gif be the Galois group of the maximal algebraic pro-p-extension
of E unramified outside the primes above Sy, over E. Under the assumption that E
is the maximal real subfield of E((ap), we have the following:

1. HO(E,QP/Zp(n)) ~ Zp(n)ry forn > 2

2. HX(GY ,Z,y(n)) ~ (EY(XL)#(n))r, for even n > 2 (under the hypothesis
w=0)

Proof. 1. It is enough to take the I'g-invariants and I' g-coinvariants of the
exact sequence 0 — Z,(n) — Qp(n) — Qp(n)/Zy(n) — 0 to get a 6 term
exact sequence in which Q,(n)r, = Q,(n)'® = 0 for n > 2. We note that
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HO(Ea Qp/Zp(”)) = Qp/Zp(”)FE

2. Let E, be the cyclotomic Z,-extension of E, with Galois group I';. As be-

fore we denote by ng the maximal algebraic pro-p-extension of £ unramified
outside the primes above S;. We have the following isomorphisms:

ENXL)# (n)r, ~ Hom(XL,,Z,)(n)r, By part 3 in Lemma 4.3
~ Hom(X/ ( n), Zp)re
~ Hom(X!_ (—n)r,, (@p/Z By Lemma 5.18 in [14]
~ Hom(X!,,Q,/Z,(n)
~ Hom(Gal(Q} / Ex) Qp /Zp(n))'E

If we assume that

Hom(XL,,Qp/Z,y(n)) = H (Gal(Qy [ Exc), Qp/Zy(n)), (5.3)

then - using the fact that ¢d,(I'g) = 1 - we can continue the isomorphisms
above as follows:

HY(Gal(y /Exc), Qp/Zp(n))'= ~ HY(Gal(Q /E), Qp/Zy(n))
~ H2(GY , Zy(n)),

where the last isomorphism follows from the finiteness of the groups

HY(GY ,Q,/Zy(n)) and HX(GY ,Z,(n)) for even n and the totally real field
E (cf. Corollary 2.5 in [20] and Proposition 2.3 in [44]).

Hence, to complete the proof it is enough to show that the claim (5.3) is true.
Clearly

Hom(X%,,Q,/Z,(n)) = Hom(Gal(}! / Ex), Qp/Zy(n))

since X/_ is the abelianization of Gal (ng /E~ ). Now we notice that the Galois
group Gal(ng /Es) acts trivially on Q,,/Z,(n), since n is even, and therefore

Hom(Gal(y /En), Qp/Zy(n)) =~ H (Gal(2y /Ex), Qp/Zy(n))
O

At this point we recall the following lemma from Iwasawa theory (See Lemma
6.3 in [5], where a special case is proved, or [31], Chapter V, §3, Ex. 3):

LEMMA 5.6. Let M be an O|[T')]-torsion module, where O is a finite extension of Z,,
and let F(T) be the characteristic polynomial of M. The following are equivalent:

1. MV is finite.
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2. Mr is finite.
3. F(0)#£0

If these conditions hold, then

|MT
| Mr|

= [F(O)], =p /O,

where v is the normalized valuation, i.e. v(m) = 1 for a uniformizer = € O, and f is
the residue degree of m over p.

As a consequence of Lemma 5.5 we see that (E*(X/,)#(n))r, and Z,(n)r,
are both finite and so by Lemma 5.6 (E*(X/,)#(n))'# and Z,(n)"'® are both
trivial for even n > 2. We note that both Z,(n) and E*(X/ )#(n) have no
non-trivial finite A-submodules. For E'(X/ )#(n) this follows from the fact
that by Lemma 4.3 F*(X/)# is isomorphic to the adjoint of X/, and as such
it does not have any non-trivial finite A-submodules (see [16], Section 1.3).
Moreover, ((A/dsA)#(n))'2 = 0, since for n > 2 we have k(7)" # 1. There-
fore, ((A/dwA)?(n))r, is again finite by Lemma 5.6. As a result the I'-
coinvariants of E'(Z£)#(n) are also finite and similarly (E'(Z)#(n))'z =
0, for any even n > 2. Hence by taking the I'g-coinvariants of the exact se-
quence (5.1) we obtain the following exact sequence of finite Z,[G]-modules
for any evenn > 2:

0 — H(E,Qp/Zy(n)) = (A/dosA)#(n))r, —
(EYZL)* () — HAGY , Zyp(n)) — 0,
(5.4)

where the two middle Z, [G]-modules are of projective dimension at most one
as a consequence of the last part of Theorem 4.7 and the facts that Z, [Goo |12 =
0 and Z,[Goo|r, = Z,|G]. Furthermore, following the equalities in (5.2), we
have

Fittz, 11 ((A/do) ¥ (n))r) = (0 0 tn)(d)),
Fittz, i1 (E(ZL)% (n))rp) = (T o Lo tn)(cxG),

where 7 : A — Z,[G] is the projection mapping v — 1 to 0.

Now we take advantage of the following Proposition due to Burns-Greither,
which relates the Fitting ideals of the modules of a 4-term exact sequence un-
der some assumptions:

PROPOSITION 5.7. ([2], Lemma 5) Let R := Z,[G), for a finite abelian group G and
a prime number p. Assume that we have an exact sequence of finite R-modules

0>A—-P—->P 5 A >0
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Further, assume that pdy, )P < 1 and pdy, ¢ P' < 1. Then, we have
Fittg(A*) - Fittg(P') = Fittr(A’) - Fittr(P),

where the Pontryagin dual A* := Hom(A,Q,/Z,) is endowed with the covariant
G-action.

Applying Proposition 5.7 to the exact sequence (5.4) of finite Z,[G]-modules
yields the following equality:

Fitty,16)(H*(E,Qp/Zy(n))*) Fitty, c) (B (L)% (n)ry)
= Fitty,c)((A/dosA)# (n)r,, ) Fitty, () (H (G , Zp(n))).

Property 5 of Fitting ideals (section 4) shows that the Fitting ideal of
H°(E,Q,/Z,(n))* is the same as the annihilator ideal of H(E,Q,/Z,(n)).
This, together with (5.2), yields the following equality of fractional ideals in
Zp[G:
Fitty, e (H (G Zy(n)))
= Anan[G] (HO(Ea QP/ZP(H)))((T" 010ty)(Coo/doo - G5)).

Finally we have d/coo = (7 — 1)e + (1 — e), which can be identified by (2.2)
with Te+ 1 — e = Hg(T), and obtain the following theorem:

THEOREM 5.8. We have the following equality of ideals of Z,[G):

Fitty, 6 (H* Gy, Zp(n))) = Annz, ) (H(E, Qp/Zp(m)) (w0 v 0 t”)(gi))'

Now let p be an odd prime. In this case we have an equality of the Galois

groups G5, and sz , as we noticed before. Furthermore, by Lemma 3.1 we
have G¢ = Gg under the assumption y = 0. On the other hand for odd primes
p, since E is the maximal real subfield of E((2,), we have (movot,)(Gs/Hs) =
03 /(1 —n) for any even n by Corollary 3.4. Therefore from Theorem 5.8 we
obtain

Fitty, c)(H; (0%, Zp(n))) = Anng,j6)(H°(E,Qy/Zp(n))) - OF /5 (n).
This implies the p-adic version of the Coates-Sinnott Conjecture for odd
primes. Here we note that HZ,(0;, Z,(n)) C H2,(0%, Zy(n)).

For p = 2, we use the following lemma:

LEMMA 5.9. Let E/F be an abelian extension of totally real fields with Galois group
G, and let n > 2 be an integer. Let ri(F) = [F' : Q]. Then we have the following
exact sequence of A-modules for A = A[H]:

0— (A/20)F) 5 x5 5 xf 0.
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Proof. We have the following commutative diagram by class field theory (cf.
[18]) for the finite sets S and Sy of primes in F:

Dp — U — IlesllypBw — Gal(Mg/HZ) — 0
+ + + 4
Dy = Uy = Tles, MupBo — Gal(Mi'/HY) — 0,
where Dy and DY, are the kernels of the corresponding maps and are bounded
by the Leopoldt defect 6, Ug (resp. U;f ) is the p-adification of the S-unit
(resp. S¢-unit) group of the ring of integers of E, E,, is the p-adic completion
of the local field E,,, Mg (resp. M gf ) is the maximal abelian pro-p-extension

of E unramified outside the primes in S (resp. in S¢), and Hj (resp. H gf )
is the Hilbert S-class (Sy-class) field of £. Here the S;-unit group means the

group of the totally real S-units. Since E,, is isomorphic to Z/27Z for a real
prime w, and G acts transitively on the set

{E, | w:infinite primes of E lying above v}

for any infinite prime v of F, we obtain the following exact sequence of A[H]-
modules:

0 Dp— Dy~ ] ZIGl/2— Gal(MF /M) — 0,
weS\Sy

where [, ¢ g\ s, Z|G)/2 ~ (Z]G]/2)"(F). Since the real primes are unramified

in Ew/E, we can write the exact sequence above for the unique intermediate
fields E,, of Eo,/E with G,, :== Gal(E,,/E) ~ Z/2"Z for all n > 0, as follows:

0 — D, — Dy — (Z/2Z[G,])"") = Gal(M3, /My’ ) — 0.
Now the claim is that we have the isomorphism
lim(Z/2Z[Gy]) ") =~ (A/24)7 ()

for A = A[H]. Since A/2A ~ @Z/QZ[T]/TT, it suffices to show for a fixed
real prime v of F' that the inverse limits of {[],, ,Z/2Z} and {z/22]T))T?"}
are isomorphic. For this we inductively define an isomorphism

fo: 1] 2/22 — z/22]1)/ T
U |V

compatible with the norm maps as follow: Let f, be the identity and assume
we have defined the isomorphisms f,, compatible with the norm maps for all
m < n. Let v,41 and v}, | be the extensions of v, to F}, 1. We define

forr: [[ 272z 1] 2/22 — z/2z[1)) 7%

Un+1 Vg1
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as follows:

foxi(ar, - agn, by, - by, ) = fn(ar+b1,- - agn+bon)+T% fr(ay,---

Now we have the commutative diagram

M,,.2/2z % 2217
!
M, .22z "% z/22/1))7%""

for any n > 0, and hence

lim [] /22 ~ A/2A.

nooplv

This completes the proof of the claim. Now the exact sequence
0= Gal(Mg /M) — x5 = xf =0
yields an exact sequence

(A/2M) ) 5 x5 5 xf 0.

779

,a2n).

We note that under the assumption of the weak Leopoldt Conjecture for
E /E the cokernels of Dg, — D’En, for all n > 0, are finite elementary 2-
groups of order bounded independent of n (see for example [31], Chapter X,
§3). Finally, since A/2A has no non-trivial finite submodules, we obtain the

following exact sequence of A[H]-modules:

0— (A20)F) 5 x5 5 xf 0.

O

We now take I'g-coinvariants and then the Pontryagin dual of the exact se-
quence of Lemma 5.9. The same calculation as in the proof of the second part

of Lemma 5.5 leads to the exact sequence
0= H(Gy , Za(n)) — H*(G3, Za(n)) — (2/2Z[G)" " (n)
of Z3[G]-modules. This yields

27 Anng, 6 (H (G , Za(n))) € Anng, ) (H (G, Z2(n))).

Consequently by Theorem 5.8 we obtain

25 Az, 1 (B, @/ Zy(n))) (7 0 10 1) (52))

C Anng, () (HZ (0%, Zs(n))).

DOCUMENTA MATHEMATICA 18 (2013) 749-783



780 REzA TALEB

Under the assumption p = 0, we have Gg = 2(F) . G for the prime 2 (cf.
Lemma 3.1). Consequently ©F (1 —n) = 2" ((movo tn)(%)) (cf. 3.4) for
any even integer n > 2 and as a result,

Anng,q)(H'(E,Q2/Z3(n))) - ©%(1 —n) C Anng,c)(HZ,(OF, Za(n))).

Finally, we note that H2,(0%,Zs(n)) C HZ(0%,Z2(n)). Hence, the 2-adic
version of the Coates-Sinnott Conjecture 5.4 holds. This finishes the proof of
the following result:

THEOREM 5.10. Let E/F be an abelian extension of totally real number fields with
Galois group G, and let n > 2 be an even integer. Then the motivic version - and
therefore the original version - of the Coates-Sinnott Conjecture holds under the as-
sumptions that p = 0 and that the 2-primary part of the classical Main Conjecture in
Twasawa theory is valid.

We note that both assumptions are true if E is abelian over Q, and therefore
we obtain the following unconditional result:

COROLLARY 5.11. Let E be a totally real absolute abelian field. For an abelian
extension E/F with Galois group G and even n > 2, the Coates-Sinnott Conjecture
5.3 holds.

REFERENCES

[1] E. Artin, Collected Papers, Springer-Verlag, New York (1965).

[2] D. Burns and C. Greither, Equivariant Weierstrass preparation and Values of
L-functions at negative integers, Doc. Math., Extra Volume: Kazuya Kato’s
Fiftieth Birthday (2003), 157-185.

[3] N. Bourbaki, Commutative Algebra, Springer-Verlag, Heidelberg, New
York (1989).

[4] P. Cassou-Nogues, Valeurs aux entiers négatifs des fonctions zéta et fonctions
zéta p-adiques, Invent. Math. 51(1) (1979), 29-59.

[5] J. Coates and S. Lichtenbaum, On [-Adic Zeta Functions, Annals of Math.
11 98 (3), 1973, 498-550.

[6] J. Coates and W. Sinnott, An Analogue of Stickelberger’s Theorem for the
Higher K-Groups, Invent. Math. 24 (1974),149-161.

[7] W. Dwyer and E. Friedlander,Algebraic and étale K-theory, Trans. AMS 292
(1985), 247-280.

[8] P. Deligne and K. Ribet, Values of abelian L-functions at negative integers,
Invent. Math. 59 (3) (1980), 227-286.

[9] B. Ferrero, Iwasawa invariants of abelian number fields, Math. Annalen 234
(1978),9-24 .

DOCUMENTA MATHEMATICA 18 (2013) 749-783



AN EQUIVARIANT MAIN CONJECTURE 781

[10] B. Ferrero and L. C. Washington, The Iwasawa Invariant p, Vanishes for
Abelian Number Fields, Annals of Math., Second Series, Vol. 109 (2) (1979),
377-395.

[11] R. Greenberg, On p-adic L-functions and cyclotomic fields II, Nagoya Math.
J. 67 (1977),139-158.

[12] R. Greenberg, On p-adic Artin L-functions, Nagoya Math. J. 89 (1983), 77—
87.

[13] C. Greither, Computing Fitting ideals of Iwasawa modules, Math. Z. 246
(2004), 733-767.

[14] C. Greither and C. D. Popescu, The Galois module structure of l-adic realiza-
tions of Picard 1-motives and applications, Intl. Math. Res. Notices 2012 (5)
(2012), 986-1036.

[15] C. Greither and C. Popescu, An equivariant main conjecture in Iwasawa the-
ory and applications, to appear in Journal of Algebraic Geometry, 52 pages.

[16] K. Iwasawa, On Z;-extensions of algebraic number fields, Annals of Math. 98
(1973), 246-326.

[17] U. Jannsen, Iwasawa modules up to isomorphism, Algebraic number theory,
Adv. Stud. Pure Math. 17, Academic Press, Boston, MA (1989), 171-207.

[18] J. Jaulent, Structures galoisiennes dans les extensions métabéliennes, Thése de
3éme cycle, Besanon (1979).

[19] C.Junkins and M. Kolster, The Analogue of the Gauss Class Number Problem
in Motivic Cohomology, to appear in Annales des sciences mathématiques
du Qubec, 28 pages.

[20] M. Kolster, K-theory and arithmetic, In Contemporary developments in
algebraic K-theory, ICTP Lect. Notes, Trieste (2004), XV 191-258 (elec-
tronic).

[21] M.Kolster and J.Sands, Annihilation of motivic cohomology groups in cyclic
2-extensions, Ann. Sci. Math. QuBec 32 (2008), no 2, 175-187.

[22] T. Kubota and W. H. Leopoldt, Eine p-adische Theorie der Zetawerte. I.

Einfiithrung der p-adischen Dirichletschen L-Funktionen, J. fiir die reine und
angewandte Mathem. 214 /215, 328-339.

[23] S. Lichtenbaum, On the values of zeta and L-functions, I, Annals of Math.
96 (1972), 338-360.

[24] V. Mazza, V. Voevodsky and C. Weibel., Lecture notes on motivic coho-
mology, Clay Mathematics Monographs 2, AMS, Providence, R, (2006).

[25] B. Mazur, and A. Wiles, Class fields of abelian extensions of Q, Invent. Math.
76 (1984), 179-330.

[26] ].S. Milne, Etale Cohomology, Princeton University Press, 1980.

DOCUMENTA MATHEMATICA 18 (2013) 749-783



782 REzA TALEB

[27] Th. Nguyen Quang Do, Formations de classes et modules d’Iwasawa, Num-
ber Theory Noordwijkerhout 1983, Lecture Notes in Mathematics 1068
(1984), 167-185.

[28] Th. Nguyen Quang Do, Conjecture Principale Equivariante, idéaux de Fitting
et annulateurs en théorie d'lwasawa, . de Théorie des Nombres de Bordeaux
17 (2) (2005), 643-668.

[29] A. Nickel, Equivariant Iwasawa theory and non-abelian Stark-type conjecture,
to appear in Proc. Lond. Math. Soc., 29 pages.

[30] D.J. Northcott, Finite Free Resolution, Cambridge University Press, Cam-
bridge Tracts in Math. 71 (1976).

[31] J. Neukirch, A. Schmidt and K. Wingberg, Cohomology of number fields,
Springer (2000).

[32] C. D. Popescu, On the Coates-Sinnott Conjecture, Math. Nachr. 282 (10)
(2009), 1370-1390.

[33] O. Pushin, Higher Chern classes and Steenrod operations in motivic cohomol-
ogy, K-Theory 31 (4) (2004), 307-321

[34] J. Ritter and W. Weiss, The lifted root number conjecture and Iwasawa theory,
Memoirs AMS 157/748 (2002).

[35] J. Ritter and W. Weiss, Toward equivariant Iwasawa theory, Manuscripta
Math. 109 (2002), 131-146.

[36] J. Ritter and A. Weiss, On the “main conjecture” of equivariant Iwasawa the-
ory, ]. Amer. Math. Soc. 24 (4) (2011), 1015-1050.

[37] J. Rognes and C. Weibel, Two-primary algebraic K-theory of rings of integers
in number fields, AMS 13 (2000), 1-54.

[38] A.Schmidt, On the relation between 2 and oo in Galois cohomology of number
fields, Compositio Mathematica 133 (3) (2002), 267-288.

[39] J.-P. Serre, Sur le residue de la fonction zeta p-adique d'un corps de nombers,
C.R.Aca.Sci.Paris 287 series A (1978), 183-188.

[40] J.-P. Serre, Local fields, volume 67 of Graduate Texts in Mathematics,
Springer-Verlag, New York (1979).

[41] C. Siegel, Uber die Fourierschen Koeffizienten von Modulformen, Gott. Nach.
3 (1970), 15-56.

[42] C Soulé, K-théorie des anneaux d’entiers de corps de nombres et cohomologie
étale, Invent. Math. 55 (1979), 251-295.

[43] R. Taleb, An Equivariant Main Conjecture in Iwasawa theory and the Coates-
Sinnott Conjecture, Ph.D. thesis (2012), McMaster University.

[44] ]. Tate, Relations between K and Galois cohomology, Invent. Math. 36 (1976),
257-274.

[45] V. Voevodsky, On motivic cohomology with Z/l-coefficients, Annals of Math
174 (2011), 401-438.

DOCUMENTA MATHEMATICA 18 (2013) 749-783



AN EQUIVARIANT MAIN CONJECTURE 783

[46] L. C. Washington, Introduction to cyclotomic fields, volume 83 of Graduate
Texts in Mathematics, Springer-Verlag, New York, second edition (1997).

[47] A. Wiles, The Iwasawa conjecture for totally real fields, Annals of Math.(2),
131 (3) (1990), 493-540.

Reza Taleb

Department of Mathematics
McMaster University
Hamilton, Ontario

Canada L8S 4K1
talebr@math.mcmaster.ca

DOCUMENTA MATHEMATICA 18 (2013) 749-783



784

DOCUMENTA MATHEMATICA 18 (2013)



