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ABSTRACT. We study the structure of the p-jet spaces of the p-typical
Witt rings of the p-adics. We also study the p-jets of the comonad
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1. INTRODUCTION

1.1. MoTIvATION. This paper is the second in a series of papers where we
investigate p-jet spaces (in the sense of [6]) of finite flat schemes/algebras. The
understanding of such p-jet spaces seems to hold the key to a number of central
questions about arithmetic differential equations [7]. This paper is logically
independent of its predecessor [8]. In [8] we dealt with the case of p-divisible
groups; in the present paper we investigate the case of algebras of Witt vectors
of finite length. Another example of a class of finite algebras whose p-jet spaces
are arithmetically significant is that of Hecke algebras; we hope to undertake
the study of this example in a subsequent work.

The present paper is partly motivated by the quest for “absolute geometries”
(the so-called “geometries over the field with one element, F17); cf. [12] for an
overview of various approaches and some history. In particular, according to
Borger’s approach [3], the geometry over F; should correspond to A-geometry
(i.e. algebraic geometry in which all rings appearing come equipped with a
structure of A-ring in the sense of Grothendieck). For the case of one prime
p the “p-adic completion” of A-geometry is the d-geometry developed by the
author [6, 7], where ¢ is a p-derivation (morally a “Fermat quotient operator”).
Now Borger established in [3] an elegant categorical framework which predicts
what actual objects should correspond to the basic hypothetical constructions
over [F1. According to his framework the hypothetical tensor product Z ®p, Z
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972 ALEXANDRU BUIUM

(which was one of the first objects sought in the quest for F;) should correspond
to the big Witt ring W(Z) of the integers. Then the hypothetical groupoid
structure on Z®p, Z should correspond to the commonad structure A : W(Z) —
W(W(Z)). The main interest in Z ®p, Z comes from the fact that this tensor
product should be viewed as an arithmetic analog of a surface X x X where
X is a curve (algebraic, analytic, C°°). With this analogy in mind one is
immediately tempted to ask for an arithmetic analogue of the Lie groupoid of
X, in the sense of Lie and Cartan, and more recently Malgrange [11]. (Recall
that, roughly speaking, a point of the Lie groupoid of X is by definition a pair
of points of X together with a formal isomorphism between the germs of X
at these two points.) Since the Lie groupoid of X is the infinitesimal version
of an automorphism group we should view any arithmetic analogue of the Lie
groupoid of X as an infinitesimal version of the “Galois group of Q/F;”. Now
the Lie groupoid of X is an open set in the inverse limit, as n — oo, of the
manifolds J™"(X x X/X) of “n-jets of formal sections, at various points, of the
second projection X x X — X”. Since the arithmetic analogue of the second
projection X x X — X is the structure morphism Spec W(Z) — Spec Z, one
candidate for an arithmetic analogue of the Lie groupoid of X could be the jet
spaces (in the sense of [4]) of the Witt ring W(Z) over Z. We will not recall
the definition of these jet spaces here (because we don’t need it) but let us
note that they are constructed using derivations and knowing them essentially
boils down (in this easy case) to knowing the Kéhler differentials Qyy(z),z. By
the way, the module of Kahler differentials Qyyz),z is also the starting point
for the construction of the deRham-Witt complex of Z [9]. However using
Kéhler differentials (equivalently usual derivations) arguably looks like “going
arithmetic only half way”. What we propose in this paper is to “go arithmetic
all the way” and consider p-jet spaces (in the sense of [6]) of Witt rings rather
than usual jet spaces (in the sense of [4]) of the same Witt rings. The former
are an arithmetic analogue of the latter in which usual derivations are replaced
by p-derivations.

A few adjustments are in order. First since p-jet spaces are “local at p”’ we
replace the big Witt ring functor W( ) by the p-typical Witt functor W( ).
Also we replace Z by Z,, or, more generally, by the Witt ring R = W (k) on a
perfect field k of characteristic p. Finally since W(R) is not of finite type over
R we replace W(R) by its truncations W,,(R) (where we use the labeling in
[1], so Wy, (R) = R™*! as sets.) So after all what we are going to study are
the p-jet algebras J"(W,,(R)) and the p-jet maps

JHNA) T (Wi (R)) = T (Wi (Wi (R)))

induced by the comonad maps A : W4/ (R) = Wi (Wi (R)); cf. the review
of J" and Wy, in the next subsection. Since W, (R) and W, (W, (R)) are
finite flat R-algebras our investigation here is part of the more general effort to
study p-jets J"(C) of finite flat R-algebras C; the case when Spec C is a finite
flat p-group scheme was addressed in [8].
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1.2. MAIN CONCEPTS AND RESULTS. For R = W (k) the Witt ring on a perfect
field k of characteristic p # 2,3 we let ¢ = W (Frob) be the automorphism of
R defined by the p-power Frobenius Frob of k. (The main examples we have
in mind are the ring of p-adic integers Z, = W (IF,) and the completion of the
maximum unramified extension of Z,, Zg\T = W(IF}); here F5 is the algebraic
closure of F,,.) Let z,2’, 2", ..,z .. be families of variables z = (24 )acq,
' = (2))acq, etc., indexed by the same set , and let ¢ : R[x,2’,2”,..] —
R[z,a’,2"”,...] be the unique endomorphism extending ¢ on R and satisfying

gb(x(ar)) = (zg))p + pal™ for r > 0. Following [6] we define the map of
sets (referred to as a p-derivation) 6 : R[x,z’,2",..] — Rlz,a’,2",...] by the
formula

Then for any R-algebra C' = R|z]/(f), where f is a family of polynomials, we
define the p-jet algebras of C:

Rlz, 2/, ...,x™)] Rlz, 2’ 2", ..]
(f,0fssonf)’ (f,0f,0%f,...)

Note that each J"T1(C) has a natural structure of J"(C)-algebra and we have
naturally induced set theoretic maps § : J*(C) — J"™(C) and § : J*(C) —
J>°(C). Note also that ¢ on R[z,a’,2”,...] induces ring homomorphisms ¢ :
JYC) — J"H(C) and ¢ : J*®(C) — J>®(C). (For C of finite type over
R we also defined in [6] the p-jet spaces of Spec C as the formal schemes
J"(Spec C) := Spf (J"(C))" where ~ means p-adic completion; these spaces
are very useful when one further looks at non-affine schemes but here we will
not need to take this step.)

We need one more piece of terminology. First, for any ring B and element
b€ B welet B= B/pB and we let b € B be the image of b. Assume now
the finitely generated R-algebra C' comes equipped with an R-algebra homo-
morphism C' — R which we refer to as an augmentation. Then there is a
unique lift of the augmentation to an R-algebra homomorphism J*°(C) — R
that commutes with 6. Composing the latter with the natural homomorphism
J"(C) — J*(C) and reducing mod p we get an induced homomorphism

J*(C) — k. Let P, be the kernel of the latter. Consider the ring J"(C)/
defined (up to isomorphism) by asking that Spec J”(C)/ be the connected

JC) = J®(C) =

component of Spec J?(C') that contains the prime ideal P, ; we refer to J”(C’)/
as the identity component of J7(C). If J"(C’)J is “the” ring such that

—_—

Spec J"(C)” ~ (Spec J*(C))\(Spec J*(C))

then we call J"(C’)” the complement of the identity component of J7(C).
Clearly

/

J(C) ~ Jn(C) x J(C)".
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974 ALEXANDRU BUIUM

Let now C be the Witt ring W,,,(R), m > 1. Recall that W,,(R) is the set
R™+! equipped with the unique ring structure which makes the ghost map w :
i i—1 .
R™ — R™H wi(ag, ..., am) = ab +pal +...4+p'a;, a ring homomorphism.
Let v; = (0,...,0,1,0,...,0) € W,,,(R), (1 preceded by i zeroes, i = 1,...,m), set
7 =1-08v; € J'(Wn(R)), and let Q,, = {1,...,m}. As usual we denote by
(J”(Wm (R))) the ring of fractions of J™(W,,(R)) with denominators powers
of w. The ring W,,(R) comes with a natural augmentation W,,(R) — R
given by the first projection. So we may consider the identity component of
J (Wi (R)). The following gives a compete description of this component and

also shows this component is (J”(Wm(R)))
THEOREM 1.1. For n > 2 the image of 7P in J*(W,,(R)) is idempotent and
we have an isomorphism

k[xm;i € Q0 < r < nj

3

(T Wu(mD) =

4 (Z‘Z:Cj,(l'z(r))p,’l,,jEQm,lgTSTlfl)
()

%

sending each 6"v; into the class of the variable x

Indeed by the theorem Spec (J"(Wm(R))) is connected (indeed irreducible)

T

and contains P, hence (J "(Wm(R))) is isomorphic to the identity component

of J*(W,,(R)). By the way, since (1 — m)? = 1 — «? is also idempotent in

J (Wi, (R)) it follows that (J (W (R))) is isomorphic to the complement
-7

of the identity component of J"(W,,(R)).
Next let C be one of the iterated Witt rings Wi, (W, (R)), m,m’ > 1, (cf. the
next section for more details). Set

Vi = (0,...,0,0i7,0,...,0) € Wp,(Wp,/ (R)),
with vy € Wy, (R) preceded by 4 zeroes in Wp,,/(R) and set
IT = (1 —6v1,0)(1 — 6vo,1) € J (Wi (Wi (R))),
Qs = ({0, ..., m} x {0,...,m"})\{(0,0)}.
There is a natural augmentation of W, (W, (R)) given by composing the two

obvious first projections. Then we have the following complete description for
the identity component of J?(W,, (W, (R))).

THEOREM 1.2. For n > 2 the image of TIP in J*»(W,,, (Wi (R))) is idempotent
and we have an isomorphism

k[xgrl),, (,4) € Qm.m; 0 <1 < nj
0 (2 @) (08, (G 5) € Qs LS T <m— 1)

(T W @)

o)

sending each 0"v; ;s into the class of the variable xE i
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Again the theorem shows that
(T W W (R))) | and (T (W (Wour(R))))

are isomorphic to the identity component, respectively to the complement of
the identity component, of J»(W,,(Wp, (R))).

Finally we have the following complete description of the reduction mod p of
the map induced by the comonad map:

1-1I1

THEOREM 1.3. The map
Joo(A) 2 T (Winm (R))w = JO (Wi (Wi (R)))

sends xl(.,r,) into the class of

Z T ity Zf r=20

il =it

and into the class of

ot ( Z xizl> , if r>1.
it =i
Remark 1.4. The above results give a complete description of the identity com-
ponents of our objects. On the other hand one can ask for a description of the
complements of the identity components. Take for instance J™(W,,(R)). This
is not a group object so the components different from the identity component
cannot be expected to necessarily “look like” the identity component. And this
is indeed what happens (in spite of the comonad structure floating around):

the complement (J (Wi (R))) of the identity component looks quite differ-
1—m

ently (more degenerate) than the identity component (J"(Wm(R))) . Indeed
the identity component is a polynomial ring in m variables over a local Artin

ring (cf. Theorem 1.1) and hence has Krull dimension m; by contrast, for the
complement of the identity component, we have:

THEOREM 1.5. For n > 3 and m > 2 the ring (J"(Wm(R))) has Krull

1—m

dimension > 2m — 1.

Remark 1.6. The simplicity modulo p of all these p-jet rings and maps may
be deceptive. The structure of these objects in characteristic zero is actually
extremely complicated and, as in [8], the whole point of this paper is to manage
the complexity of the situation in such a way that, eventually, mod p, the
situation becomes transparent. On a conceptual level the results of this paper
are best understood as an attempt to unravel the “differential geometry” of
the “automorphisms of Z over F1”; cf. the beginning of our Introduction. The
objects introduced and studied in the present paper could then be viewed as
an “infinitesimal” replacement (at p) for the elusive absolute Galois group of
Q over ;.
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976 ALEXANDRU BUIUM

1.3. PLAN OF THE PAPER. In Section 2 we review (and give some complements
to) the basic theory of Witt vectors. Section 3 is devoted to computing J"(C')
for certain finite flat R-algebras C' whose structure constants satisfy some sim-
ple divisibility /vanishing axioms. These axioms are in particular satisfied in
the cases C = W;,,(R) and C' = W,,,(W,,,»(R)). Using this we derive, in Section
4, the main results of this note, stated above.

1.4. ACKNOWLEDGMENT. This material is based upon work supported by the
National Science Foundation under Grant No. 0852591, and by THES, Bures
sur Yvette, and MPI, Bonn. Any opinions, findings, and conclusions or rec-
ommendations expressed in this material are those of the author and do not
necessarily reflect the views of the National Science Foundation, IHES, or MPI.
Also the author is indebted to James Borger for explaining some of his insights
(and also some technical points) about Witt vectors.

2. WITT RINGS

In this section we review some basic facts about the rings of Witt vectors
which we are going to need in the sequel. For most proofs we refer to [9] and
[1]. However, for the convenience of the reader, we will provide proofs for the
facts for which we could not find an explicit reference. Note that the labeling
of Witt rings in [9] and [1] are different (W, in [9] is W,,—1 in [1]); we follow
here the labeling in [1].

Fix a prime p and m a non-negative integer or co. For any ring A we may
consider the ghost maps w; : A™T — A, 0<i <m, i< oo,

k3 i—1 .
wi(ag, ...,am) = afy +pal  + ...+ pa;.

Then there is a unique functor W,, from the category of rings to itself such
that, for any ring A, we have that W,,,(4) = A™T! as sets and the ghost map
W = (W, oy W) + Win(A) = AL — A™FL ig a ring homomorphism where
the target A™*! is given the product ring structure. We use the convention
00+ 1=00—-1= oo and we write W(A) = W (A4). The ghost map w :
W (A) — A™+L s an integral ring homomorphism and has a nilpotent kernel
if 0 < m < oo; it is injective if A is p-torsion free and 0 < m < oo. The
rings W, (A) are called the (p-typical) rings of Witt vectors of length m + 1.
There are natural additive maps, functorial in A, called Verschiebung maps
Vi Wn-1(A) = Wy, (A) defined by

V(ao, ai, az, ) = (O, ap, al, az, )

Also there are unique ring homomorphisms, functorial in A, called Frobenius
maps, F : Wy, (A) — Wy,,—1(A), such that wo F = F¥ ow where F¥ : Am+1 —
A™ is the shift

F*(bg,b1,ba,...) = (b1,ba,...).
(If pA = 0 and m = oo we have F' = W (Frob) where Frob : A — A is the p-
power Frobenius.) For m < oo one has also ring homomorphisms p : W,,,(A) —

DOCUMENTA MATHEMATICA 18 (2013) 971-996



p-JETS OF FINITE ALGEBRAS, 11 977

Win—1(A) defined by

p(ao, a1, ..., am) = (ag, a1, ..., Gm—1).
Finally one has the multiplicative map, called the Teichmiller map, [ | = [ |m :
A — W, (4),
[a] = (a,0,0,...).

These maps are related by the following identities:

1) F(V(u)) = pu,

2) uV(u') = V(F(u)u'),

3) F([a]) = [a"],

4) If pA = 0 then V(F(u)) = pu.

It is also convenient to introduce the maps Vi = Vio[ ], : A — W, (4),
0 <i<m< oco. Then Vi (a) = (0,...,0,a,0,...,0) where a is preceded by i
zeroes. We have the identities:

G—i

(2.1) V(@) - Vi (b) = p" - V(" ), 0<i<j<m,
(2.2) w(V;i () = (0,...,0,p'a, p'a”, p'a””, ...).
Also, for any N € Z we have the following formula for the Teichmiiller map [9]:
[Nl = D ar(N)V,(1)

=0

where ¢o(IN) = N and
Npt N Npt—l
(N) = ———, t>1L
p

If A is p-torsion free so is W;,(A4). Now if A is p-torsion free and ¢ : A — A
is a ring homomorphism lifting the p-power Frobenius on A/pA then there is a
unique ring homomorphism A, : A — W, (A) such that w;(A\s(a)) = ¢*(a) for
all 4; if in addition A/pA is perfect then A, induces an isomorphism A4/p™ 1 A ~
Wi (A/pA).

LEMMA 2.1. Let A be a p-torsion free ring equipped with a ring automorphism
¢ : A — A lifting the p-power Frobenius on A/pA. Let 0 < m < oo and
view Wi, (A) as an A-algebra via the homomorphism Ay : A — Wy, (A). Set
v; = Vi), 0<i<m. Then {v;;0 < i < m} is an A-basis for W,,(A) and
viv; = plv; for i < j.

Proof. The case A = Z, is in [1]. The general case is similar but for convenience
we recall the argument. If w : W,,(4) — A™FL by (2.2) and by the injectiv-
ity of ¢, we have that w(v;) are A-linearly independent in A™*! (the latter
viewed as an A-algebra via (1,4, ...,¢™) : A — A™*1). Hence v; are A-linearly
independent. To check that v; span W,,(A4) we proceed by induction on m.
For m = 0 this is clear. Assume spanning holds for m — 1. The kernel of the
map Wy, (4) = W,,—1(A) is V(A) = {(0,...,0,a);a € A}. By induction the
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images of vg, ..., Uym—1 in W;,_1(A) generate W,,,_1(A) so it is enough to show
that v, generates V,7*(A) as an A-module. This follows from the equality

Ag(a) - vm = (0,...,0,0™(a)),
plus the fact that ¢ is surjective. The last assertion of the Lemma follows from
(2.1). 0

LEMMA 2.2. With notation as in Lemma 2.1 the Frobenius map F : Wy, (A) —
Win—1(4) is the unique ¢-linear map with F(v;) = p- p(vi—1), 1 < i < m,
Vo = 1.

Proof. The equalities F(v;) = p - p(vi—1) follow from the identity FV = p - id.

We are left to prove that Folgy = Ag0¢: A — Wp,_1(A). It is enough to show
that wo F oAy = wo Ay 0 ¢. This follows from the following computation:

wokFody, = FYowolg
= Fwo(lad)a-'-ad)m)
= (6™
= (1,..,¢m oo
= wo\o00.

O

LEMMA 2.3. Let A be Noetherian a p-torsion free ring equipped with a ring
automorphism ¢ : A — A lifting the p-power Frobenius on A/pA. Let u :
A — B be a p-torsion free A-algebra, let 0 < m < oo, and view W, (B) as

an A-algebra via the homomorphism A KN W (A4) W) W (B). If B is
a finitely generated A-algebra (respectively a finite A-module) then Wy, (B) is
also a finitely generated A-algebra (respectively a finite A-module).

Proof. The ghost map w : W,,,(B) — B™*! is injective and integral. Now if B is
a finitely generated A-algebra (respectively a finite A-module) then so is B™*!
(with the A-algebra structure given by (1,¢,...,¢™) : A — A™FTL — pmtl)
because ¢ is bijective. In the finite case, by Noetherianity W,,(B) is a finite
A-algebra. In the finitely generated case it follows that B™*! is finite over
Wi (B) and hence, by the Artin-Tate lemma W,,(B) is a finitely generated
A-algebra. O

Next we discuss iterated Witt vectors. One proves (cf. e.g. [9]) that F :
W(A) — W(A) lifts the p-power Frobenius on W(A)/pW(A). So for A p-
torsion free, since W(A) is also p-torsion free, we have at our disposal a ring
homomorphism A = Ap : W(A) = W(W(A)) which composed with any ghost
map w; : W(W(A)) — W(A) equals the i-th iterate F*. Then one trivially
checks that the composition

W(A) 25 W(W(A)) ~5 W(A)® 255 (4%)>
equals the composition

W(A) 5 A% 25 (4%)>,
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where, if we write the elements of (4A°°)> as
aoo ao1 ap2

((aoo,a()l,aog, ), (alo,an,alg, ), (ago,agl,agg, ), ) =
a0 az1 G22

then
(23) Aw(ao,al,ag,...) =

Using this plus the injectivity of the map w one immediately checks that if
a; = 0 for i < m + m' then A(ag,ai,as,...) is in the kernel of W(W(A)) —
Wi, (Wi (A)). So we have induced ring homomorphisms

A(’m,m’) : Werm/ (A) — W (Wm/ (A))

These homomorphisms (and A) were constructed for A p-torsion free but, as
usual, one extends this construction uniquely to all rings in a functorial manner.
Also one immediately checks (composing with ghost maps) that the following
diagram is commutative:

(2.4) Fl I F

LEMMA 2.4. Let R =W (k) be the Witt ring on a perfect field of characteristic
p and ¢ : R — R the Frobenius. Let 0 < m,m’ < oo. Then:
1) Wiu(Wis (R)) 4s a finite R-algebra, where the structure morphism is given

by R 2% W (R) "3 W (W (R)).

2) If Witm (R) is viewed as an R-algebra via Ay : R — Wiims(R) then the
morphism A(m msy * Wi (R) — Wi (Wy (R)) ds an R-algebra homomor-
phism.

Proof. The first assertion follows from Lemma 2.3. The second assertion follows
from the “coassociativity” property in [9], p 15. O

LEMMA 2.5. Foranya € A, s € Z4, and 0 < i < m < oo we have the following
formula in W, (A):

m—i

Vi(pta) Z et (p*) Vi ( a”’ ).
t=0
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Proof.
Vi(ra) = Vi([p*alm-i)

= V([p’Im-ilalm-i)
= VIZ @)V _(DVe_i(a))
= X eV IV (Vi _i(a))
= X a)Vi(Vi (@)
= X0 eV (@ Jnmie)
= XU Vit
O

LEMMA 2.6. Let R =W (k), k a perfect field of characteristicp > 5, ¢ : R — R
the lift of Frobenius on R, uw : R — A a p-torsion free finite R-algebra (e.g.

A=W, (R) for some 0 <m' < o0), let 0 <m < oo, and Wy, (A) be viewed as

an R-algebra via R SN W (R) W) W (A). Moreover let a € A, a®> = p“a

(e.g. a =V, (1), in which case v =1'). Then for any s >0 and 0 < i < m we
have

m—i—1

Vi(p'a) € pVi(a) +p T Y RV (a).
t=0

(For i = m the sum in the right hand side is, by definition, zero.)

Proof. For 0 < i < m onsider the R-modules

Mﬁn = ln:?)izrzoR'ViH(pTa) C Wi(A)
Ni = YPUUR-Vitt(a) c M.

Also set M, = N}, =0 for i > m. Since W, (A) is a finite R-algebra the
modules M, and N, are finitely generated. By Lemma 2.5, for s > 1 we have

Vipa) = YIS e )Vitt(e)
= pVi(a) + X7 ) Vi (0@ v a)
= PVi(a) + S S e (0P TV @)
= P Vi(a) + XIS ST T e (p%) e (PP I VT (pT DY g
€ pVil(a)+p T MEY,
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because for p > 5, s > 1, ¢t > 1, v > 1, r > 0 we have p*~!|c;(p®) and
Pler(p® DY), In particular

M! c N +pM.
C N +p(N +pM}) =N +p* M,

C Ni, +p*(Ni +pMi) =N +p* M}, etc.
Hence
N;, € Mj, € (\(NL, +p" M) = Nj,
r=1

because M}, is a finitely generated R-module and hence N}, is p-adically sep-
arated. So M,?n = N}'n. So for all s > 0 we have

Vin(p*a) € p°Vy,(a) +p* I NG
which is what we had to prove. O

LEMMA 2.7. Let R = W (k), k a perfect field of characteristic p. For 0 < i <
m< oo and 0 <i <m' < oo set

(2.5) v = Vi (VL 3 (1)) € W, (W (R)).

Then the family {v;+} is R-linearly independent in Wy, (Wi (R)) where the
latter is viewed as an R-algebra via the map

Wm_(>\>¢ )

R 2% W, (R) W (Wi (R))

Proof. First it is trivial to check that the composition

(2.6) R2% w(r) " ww(R) 4 w(R)™ Y5 (Re)®
is given by
a ¢(a)  ¢*(a)
¢(a)  ¢%(a) &°( a
H
R OB O #()
Next note that the images of w™ (w(v; ) (R™ +1)m+1 are R-linearly in-

dependent (where (R™*+1)™+1 i an R- algebra via the map (2.6)); indeed the
matrix

0 0 0 0

0 0 O 0
(2.7) w®(w(vi ) =1 0 0 pZ:H:, pZ:H:,

0 0 pz-i-z D pz-i-z P

0 0 pi-l-i/pz pi-l-i/p
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with the first ¢ rows and ¢’ columns zero. The assertion of the Lemma now
follows. O

LEMMA 2.8. Let R = W(k), k a perfect field of characteristic p > 5. For
0<i<m<ooand 0 <7 <m' < oo let vy be as in (2.5). Then for
0<i<j<mi,j €{0,...,m}, and 1 <t < m — j there exist unique
elements c;irjj:+ € R such that the following equalities hold in W, (Wi (R)):

it+ilpi Tt i+i'pd 41 m—j -/ -/
p V550 +P Doy’ Cirjre t Vigegrs i <J
Vil V50 =
i’ (pf TP =1)+5" i+i (pI T 1) 45 +1 xm—j ot
P ( ) Vi +p ( ) Zt 1 Ciirggtt Vet b 2]

Proof. Uniqueness of the ¢’s follows from Lemma 2.7. Let us prove the existence
of the ¢’s. We have

v v = pVE(VEQ)P TV (1))

= PV VLWV )

The latter equals ing‘l(pi/pjfiVi,(l)) if i < j/ and p'Vi (pi' @ DRV (1))
if i’ > 3'. We conclude by Lemma 2.6. O

LEMMA 2.9. Let R = W(k), k a perfect field of characteristic p > 5, let
m,m’ < oo, and view Wy, (W, (R) as an R-algebra via the homomorphism
Wi (Ag) 0 Ap : R — Wi (R) = Wyy(Wir (R)). Then {v;,i;0 < i <m,0<i <
m'} is an R-basis for W, (Wp./ (R)).

Proof. Linear independence was proved in Lemma 2.7. To prove generation we
fix m’, set A = W,,,(R), and proceed by induction on m. The case m = 0 is
Lemma 2.1. For the induction step we need to show that the kernel of the map
Wi (A) = Wy—1(A) (which equals V'™ (A) = {(0, ...,0,a); a € A}) is generated
as an R-module by vy, 7. By Lemma 2.1 the R-module A is generated by the
vj’s and note that vy, ;; = V™(vj). So to conclude it is enough to show
that the map V™ : Agm — V™(A) is an isomorphism of R-modules where

Apm is A viewed as an R-module via the map R R ﬁi A. The map
Vo Agm — V™(A) is clearly a bijection. So we are reduced to check that
Vvm o Agm — Wy, (A) is an R-module homomorphism. It is enough to check
that the composition wo V™ : Agm — W, (A) — A™FL (which by the way is
given by a +— (0,...,0,p™a)), is an R-module homomorphism where A™*! is
an R-algebra via the map (Ay)" " o (1,¢,...,¢™) : R — R™Tt — A™+1 This
is however trivial to check. g

LEMMA 2.10. With notation as in Lemmas 2.1 and 2.9 the comultiplication
A=Aty : Wingm (R) = Wey (Wi (R)) is given by

(28) Avyr = Z Qj it 31"V it 0< i <m+ m',
i’

where a; i i € Z. Moreover we have the following relations:

1) a0 =0 fori+ i<,
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2) aj i =1 fori4i' =1i",

3) ;0,5 = 0 fori > i”,

4) Qj it 411 = 0 for i > i”,

5) aii i € L fori+i > i,

6) Fori+i >4i"+1, and i,i’ > 1,

i—1
i pt T —i—i
(29) Qg5 410 = — E Qg i’ i P .

j=i"—i

Note that the relations above allow one to recurrently determine all the coeffi-
cients a; s i

Proof of Lemma 2.10. Let K = Frac(R) and let M (i"") be the linear subspace of
the space of all (m~+1) x (m’+1)-matrices (K™ T1)™*+! consisting of all matrices
(ri,i) with ;4 = 0 for 4 4+ ¢’ < 4”. Since the elements w* (w(v; 1)) € M(i")
for i + 4’ > 4" and since these elements are K-linearly independent it follows
that these elements form a basis of M (i"). By (2.2) and (2.3) we have that

-7/ 1"

0 0 0 pt pt
0 N 0 i” 1;// i”
o) = o e B P b

with " zeros on the first line. So w*>(w(A(vy))) belongs to M (i"), hence
we get an equality as in (2.8) with a; ;» € K and relation 1) holding. Since
v;i form a basis of W, (W, (R)) we get that a;; ;» € R. Picking out the
(i,i')-entry in (2.8) and using (2.7) we get the relation

11 J

i It
(2.10) p = E aj,j i P ‘
Jtg' 2, i<, 5 <

Relations 2) follows immediately. Relation 3) follows by induction. To prove
relation 6) subtract the equality (2.10) with ¢’ replaced by ¢’ — 1 from the
equality (2.10) and divide by p"‘”/. Relation 4) for ¢ = 0 follows by induction
from (2.10). Relation 4) for arbitrary ¢ follows by induction from 6). Relations
1), 2), and 6) imply relation 5) by induction. By 1), 2), and 5) we have
P RTRTANS Z for all 17, i/, . O

Remark 2.11. It is easy to see directly from the definitions that for any Z,-
algebra C' we have an isomorphism of Q,-algebras

J"(C) ®z, Qp = (C ®z, Q)™+

which for any ¢ € C sends ¢? 1= ¢*(c) into 1 ® ... ®1Qc®1®..31 (¢
on position s with positions labled from 0 to n). Hence we have Q,-algebra
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isomorphisms

J"Wi(Zp)) ®2, Qp =~ (Win(Zp) @ Q,)2n+1)
(211) ~ (Hm+1 Qp)®(n+1)

= H(MH)’ Qp

where HN means N-fold product in the category of rings. If we set vg = 1 and
Um+1 = 0 then the isomorphism W,,(Z,) ® Q, ~ [ Q, is defined by the
family of orthogonal idempotents

Ui Uit

p] pj+1

€ Win(Zy) @ Qp, 0<j<m.

Hence the isomorphism (2.11) is defined by the family of orthogonal idempo-
tents

s

n [

Vi, Vj41 n ) .

(2.12) | | (p% - pj—L> € J"(Win(Zp)) ®z, Qp,  Jo, s jn € {0, ..., m}.
s=0

In particular the whole complexity of J™(W,,(Z,)) disappears after tensoriza-
tion with @, and hence it is an “integral” phenomenon. On the other hand,
by the above, the Z,-algebra

J" (W (Z,))/torsion

is a free Z,-module of rank (m + 1)"*! that retains most (but not all) of the
complexity of J™(W,,(Z,)). For instance if one considers the surjection

(2.13) J(Wi(Zyp)) — J* (W (Z,))/torsion

then the target of this surjection is an Fp-vector space of dimension (m +1)"*!
whereas the source of this surjection is, by Theorem 1.1, an infinite dimensional
F,-vector space; in fact this source, J*(W,,(Z,)), is a product of two algebras:
the identity component of J*(W,,(Z,)) and the complement of the identity
component. By Theorem 1.1, the identity component is a polynomial algebra
in

0", .., 0" U € JP(Win(Zy))

over an Artin local subring of J"(W,,(Z,)) whose dimension as an Fj-vector

space is 2p"~'m™. Indeed one can take as an F,-vector space basis for this

Artin ring the elements

(2.14) USO(60, ) (6" g, )t € TN (Win(Zy)),

eo €{0,1}, e1,...,en—1 €{0,....,p—1}.
It is interesting to compare the two families (2.12) and (2.14).
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Remark 2.12. We end by discussing the link between p-jets and Witt vectors.
The discussion that follows will be helpful to set up notation for later and to put
things into the right perspective. However, the adjunction properties that will
be explained below have, by themselves, very little impact on the unraveling
of the structure of p-jet spaces.

The following concept was introduced independently by Joyal [10] and the
author [6]. A p-derivation from a ring A into an A-algebra B is a map of sets
0 : A — B such that the map A — W1 (B), a — (a,da) is a ring homomorphism.
(Here we identify a with a-15.) A é-ring is a ring A equipped with a p-derivation
A — A. The category of §-rings is the category whose objects are the §-rings
and whose morphisms are the ring homomorphisms that commute with 4. By
definition a p-derivation ¢ : A — B satisfies

é(x+y) = dx+dy+Cy(r,y)
O0(xzy) = aPdy+ yPox + pdxdy,

where C), is the polynomial:
Co(X,Y)=p HXP +Y? — (X +Y)P) € ZIX,Y].

If § is as above then ¢ : A — B, ¢(x) = «P + pdx, is a ring homomorphism.
Note that §(zy) = 2Pdy + ¢(y)dx = yPéx + ¢(x)dy. Also 6 and ¢ commute. If
A is p-torsion free then ¢ is, of course, uniquely determined by ¢; also

(2.15) (14 oo+ i) =021 + oo 0T + Crp(21, -0y T ),
where
Conp(X1, 000 Xi) = p O XP = (Y Xi)?) € ZXy, o, X
i=1 i=1

Note that for any ring A the ring W (A) has a structure of é-ring which func-
torial in A; it is given by the composition W (A) = W (W (A)) — W1 (W (A)).
According to a result of Joyal [10] (which will not be needed in the sequel) for
any ring A and any d-ring B we have

Homrings(B!; A) = Hom(;frings(Bv W(A))a

where ! is the forgetful functor from J-rings to rings. More generally if R is
a 6-ring by a d-ring over R we shall mean a J-ring equipped with a é-ring
homomorphism from R into it. Similarly a ring over R will mean an R-algebra.
Then the above adjunction property implies that for any §-ring B over R and
any ring A over R,

Homrings/R(B!a A) = Homé—rings/R(Ba W(A))v

where W (A) is an R-algebra via R — W (R) — W(A). Let now R = W (k) with
k a perfect field of characteristic p. Recall that for any R-algebra we defined
in the Introduction R-algebras J™(C) and J*°(C). The set theoretic maps
§:J(C) — J(C)and § : J*(C) — J*(C) constructed in the Introduction

DOCUMENTA MATHEMATICA 18 (2013) 971-996



986 ALEXANDRU BUIUM

are then p-derivations and we have the following adjunction property: for any
0-ring D over R and any ring C over R we have

Homrings/R(Ca D!) = Homé—rings/R(Joo(C)a D)

Putting together the two adjunction properties above we get
Homyings/r(J™(C)', A) = Homs—ringsy (= (C), W(A)) =~ Homyings/r(C, W (A)")
for any rings A and C over R.

It is sometimes useful to use a universality property that is more refined than

that of J°°. To that purpose let us define a prolongation sequence to be a

sequence

BY 2% Bt L p? A L
of ring homomorphisms which is equipped with p-derivations
B* % B' %, B2 %,

such that ¢, 0§ = doyp,_1 for all n. We denote by B* a prolongation sequence

as above. A morphism of prolongation sequences B* = (B") and C* = (C™) is

by definition a sequence of morphisms B™ — C™ that commute, in the obvious
sense, with the ¢s and the ds. Clearly, for any ring C, J*(C) = (J™(()) is
naturally a prolongation sequence. Moreover, for any prolongation sequence

D* = (D") and any ring C we have

Homyings(C, DY) ~ Homprolseq.(J*(C), D).

Finally consider the prolongation sequence R* = (R™) where all R" are

R = W(k), k a perfect field of characteristic p, and all ¢ are the identity.

By a prolongation sequence over R we understand a morphism of prolongation

sequences R* — B*; we have a natural notion of morphism of prolongation

sequences over R*. Clearly, for any ring C over R, J*(C) := (J"(C)) is natu-
rally a prolongation sequence over R. Moreover, for any prolongation sequence

D* = (D"™) over R and any ring C over R we have

Homrings/R(Cv DO) = Homprol.seq./R(J* (C)v D*)

Note that for any ring A over R the morphisms A : W, (A) — W1 (W,,—1(4))

induce p-derivations 6 : W,,(4) — W;,—1(A) which, for each N, fit into a

prolongation sequence

Wi (A) S Wy 1(A) S S We(A)=A—> 00— ...

This is a prolongation sequence over R because of the ¢-linearity of F :
Wi (R) = Wi—1(R) and hence of F : W,,,(A) = Wp,—1(A); cf. Lemma 2.2.
So by the universality property for prolongation sequences we have a natural
(compatible) family of R-homomorphisms:

(2.16) S: Jn(WN(A)) — WN_n(A)

for 0 < n < N. Note that for any R-algebra A the p-derivation 6 : W,,,(A) —
Win—1(A) sends v; into

(2.17) dv; = p(vi-1) = p" PV p(vy)
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for i = 1,...,m, where vg = 1. Indeed it is enough to show this for A = R
in which case this follows from Lemmas 2.1 and 2.2. Finally note that by
the commutativity of (2.4) if m’ is fixed and m varies the morphisms A :
Wintm (R) = Wy (Wyy (R)) fit into a morphism of prolongation sequences.
This induces commutative diagrams

" TS
T Winim (R)) =" T (Wi (W (R)))
(2.18) s ls

A
Werm’fn(R) — Wmfn(Wm/ (R))

Remark 2.13. If the upper row of the diagram 2.18, for m,m’/,n variable, is
viewed as the “Lie groupoid of the integers” (i.e. an arithmetic analogue, for
the integers, of the Lie groupoid of the line) then one is tempted to view the
bottom row of the above diagram as an analogue of a “subgroupoid” of that
“Lie groupoid”. However this candidate for a “subgroupoid” is contained in
the “complement of the identity component” of the “Lie groupoid of integers”;
cf. Remark 4.7.

3. p-JETS AND p-TRIANGULAR BASES

Let R be any ring, and let C' be a commutative unital R-algebra, equipped
with an R-algebra homomorphism C' — R. Let CT be the kernel of this
homomorphism and assume C™ is a free R-module of finite rank. Let {v,;a €
Q} be an R-basis of C* where () is a finite set equipped with a total order <.
Write
Vo " Vg = Z CapfyUy
vEQ
for o < 8, where cop, € R. Let x be a collection of variables z, indexed by
a € Q and
Qap = Taxg — Z CapyTy € Rlz].
v€Q

LEMMA 3.1. The R-algebra map
R[z]/(Qap;a < B) = C
sending To —> Vo 1S an isomorphism.

Proof. Indeed the source is generated as an R-module by 1 and the classes of
Zq s0 the algebra map above is injective (because 1 and the v,’s are linearly
independent) and surjective (because 1 and the v,’s generate C). O

DEFINITION 3.2. Let C and CT be as above and let p be a prime. Let us say
that v, is a p-triangular basis of C* if for all a < 8 and all v the structure
constants cng, satisfy the following conditions:

1) capy =0for v < oy

2) Capy = 0 mod p? for v # B;

3) capp = peap mod p? where €5 € {0,1}.
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For the rest of this section, we assume that C* possesses a p-triangular basis
Vo, @ € Q. We also assume R = W (k) for k a perfect field of characteristic
p=>3.

Let A = R{z} = R[z,2',2",...] and A" = R[z, ', ...,2(™]. We start by recall-
ing some filtrations from [8]. Let

Al = A 4 p AT 4 p2 AT 4 C A
Also let
I=(z,2',2",..) C A

Consider the ideal IP! ¢ A generated by all elements of the form pf and f?
where f € I; equivalently I [Pl A is the ideal generated by all elements of the
form pz$’ and (z&”)? where a € 0, j > 0. It is trivial to check (cf. [8]) that

(3.1) s(Almy ¢ alntth - palndy ¢ Alnd ) (1)) ¢ 1P,

(3.2) S(pt Aty cprAt sty C 'L
For any set S let us denote by [S] an arbitrary element of S. In particular for
our algebra C' and the V-basis v, of CT,
Qap = TaTs — Peaprp + p*[A° N 1]
and Q.s depends only on the variables x., with v > «a.
Finally let Q™  A™ be the ideal generated by
{0"Qapsar < B,0 <7 < n}.

Note that if F,G € A" and F = G mod Q=Y A" then § F = §G mod Q") A"+,

Here is our main computation in characteristic zero.

THEOREM 3.3. Assume C has a p-triangular basis and let Qqp and Q) ¢ A"
be as above. Then for n > 1 and o < 8 we have the congruences

0"Quap = Fapn mod Qn=1) gn
in the ring A™ where

prowls — peaply + plA N ], n=1

Foupn = (wa)Pp(x) + (25)7d(x0) — (warh)” — capd(al) + [A1T NIW), n=2

—1 —1
p" p"

(@o)”" oS ) + @) @l ) — eap(ay )

+]Atn=2} q il n >3,

and Fog, only depends on the variables indexed by v > «.
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Proof. Note that x5 = p?[I] mod Q) for s > 3. We get the following congru-
ences mod QW A®:

6Qap = 6(Tazp) — 0(eapprs) + S(p* ALY N 1)) + p[ALO} N 1]
= ahal + xhrl, + prial — €apTRop — €appT + p[A0} A 1
= p?At NI + P Tl — peaprl +plA1Y N 1
= palaly — peasry + plA0T N ]

Using the fact that dp = 1 mod p we get the following congruences mod Q1) A2:
5 Qap S(priols) — d(peasml) + 6(p[A N 1))

+C3p(prp s, —peaprly, [AC N IP)))

(wals)?(5p) + po(hy) — (peas)(@h)? — peasaly + [AL A 1]

(2ox)” + p((20)7af + (¢h) zd + p[A* N 1))

75(15(17(1'23) + [A{O} N I[”}]

= (e)"o(xp) + (zh)Pd(an) — (zozh)? — eapd(xf) + [ NI,

Using the fact that the 5 terms above are in A™} N TP the fact that ¢ = 6¢,
and the fact that §((z})P), 5((x})?(2})P) € pA2 N 1P c AT N TP we get the

following congruence mod Q(2) A3:

Qap = S((xa)Pd(xh)) +8((zh)"d(wa)) — ((zaxs))

—8(eapd (@) + (AL N IP)) + Oy (AT A 1P, ., [ADY A 1))

5((ah)P$(as)) + ()P () — (eapd(a)) +[AM) A IP)

(@) 8(p(xh)) + 62 ()3 ((xh)P) + (€5)?” 3(d ()
+¢2(x'a)5((x23)p) - Eaﬁ(s((ﬁ(x;a)) 4 [A{l} n I[p]]

= (2h)” d(ah) + (xh)” d(al) — eapd(aly) + [ATD A TP,

Finally using the same kind of computation as for §3Q,g one proves by induc-
tion on n that for n > 3 we have the following congruence mod Q™1 A":

n—1

"Qap = (@) S ) H@h) o2l ) —eapolal )+ AT,

The fact that Fi,g, only depends on the variables indexed by v > « follows
simply from the fact that for any pair @ < 8 we can make the computations
above in the rings with variables indexed by indices v > a. ]
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Let B = B/pB for any ring B; also for b € B let b € B be the class of b. Set

k = R/pR. Then the ideal IPl in A = k[z,2’,2",...] is generated by the set
{(;c&’”))l’; r > 0,a € Q} and it is trivial to see that we have an equality of ideals

Aln=2b A [0l = An=2 0 [Pl = (20?0 <r <n—2,a€Q)

in the ring
A2 = klz, 2, ..., ("),
Set Fapo = Qap- We get the following:

COROLLARY 3.4.

Talg, n=20

0, n=1
Fa[ﬁ’n -

(z6s)? — €ap(@h)” + Gape, n=2

(@) @)+ @) @8V = eap(@l V) + Gagn, >3,

for a < 3, where
Gopn € ((xEYT))pW >ao,0<r<n-—2)Ckfz,, ...,:I:SY"_Q);W > al.
COROLLARY 3.5. The ideal Q™) C A™ is generated by the set
{Foprs @< B, 0<r <n}.

In particular:

JNC) = A" [(Fopr; o<, 0<r <n),
J(C) = A" (Fopr; < B, 0 <1 < n).
Since
QM) € (zoxp, (200, €1 <r<n—-1)cC A"
we get

COROLLARY 3.6. There is a natural surjection
An
(Tazs, (D)0, BEQ1<r<n—1)

(3.3) T (C) —

In some important cases the above surjection is close to an isomorphism as we
shall see next.

DEFINITION 3.7. Assume C7 has a p-triangular basis v,, o € Q. Let

{veYey, =1} ={y, ...} M <..<N.

We say that v, is a non-degenerate p-triangular basis if min @ = ~; and
€y =1foralli=1,..,N and all v; < < ~v;11. (Here and later we discard
the condition v < ;41 if i = N.)
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Remark 3.8. Let m be a non-negative integer. Let Q = Q,, = {1,...,m} be
equipped with the usual total order and consider the R-algebra C' = W,,,(R),
the ghost homomorphism wq : W,,(R) — R, and its kernel W,,,(R)*. Then by
Lemma 2.1 vy, ..., v, is a non-degenerate p-triangular basis of W,,,(R)™; indeed
{ie Qe =1}={1} and e, =1for j=1,...,m.

Remark 3.9. Let m, m’ be non-negative integers. Consider the set
Qi=Qm ={(i,i") €ZXxZ;0 <i<m, 0<7 <m'}\{(0,0)},
ordered by the lexicographic order: (i,i) < (j,j') if either ¢ < j or i = j,
i’ < j'. Consider the R-algebra W,,(W,,/(R)) (p > 5) and the composition of
ghost maps wpowg : Wy, (W, (R)) — R with kernel W,,,(W,,,/(R))". Consider
the R-basis v i1y = viir of Wi (Wi (R))T where (i,4') € Qi ms; of Lemma
2.9. Then v; 4+ is a non-degenerate p-triangular basis by Lemma 2.8; note that

for m,m’ > 1

{(’Lvl/) S Qm,m/; 6(i,i’)(i,i/) = 1} = {(05 1)7 (150)}

Going back to our general C, viewed with augmentation C — C/CT = R, the
following is a computation of the identity component of J™(C) in the presence
of non-degenerate p-triangular bases.

With notation as in Definition 3.7 we have

THEOREM 3.10. Assume CT has a non-degenerate p-triangular basis ve and
set

m =

(6v,, — 1) € JHO).

—

Il
—

K2

Then the image of 7P in J2(C) is idempotent and for all n > 2 we have a
natural isomorphism

An
(zag, (5P 0, € Q1 <r <n—1)

(3.4) Jn(C),. ~

sending the class of §"v, into the class of xg) for allr >0 and all .

By the theorem it follows that J(C),_, respectively Jm(C),_., are isomor-
phic to the identity component, respectively to the complement of the identity
component, of J*(C').

Proof of Theorem 3.10. Since the map (3.3) sends 7 into the class of the poly-
nomial ¢ = vazl(:c’% — 1) (which is an invertible element) we get a surjective
map from the left hand side of (3.4) to the right hand side of (3.4). In order
to prove that the latter map is an isomorphism it is enough to show that the
inclusion of ideals

(8). € (arp, @O0 Be Q1 <7 <n—1)

in the ring (A")g is an equality. Clearly z,75 € (Q(”)) . Next we show
®
that for all ¢ = 1,..., N, all 3 < v < 7,41, and all 1 < r < n — 1 we have
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(:ESYT))p € (Q("))q). We proceed by induction on N — i > 0. The proof of the

case N —i = 0 is similar to the proof of the induction step so we skip it. For
the induction step assume the assertion is true for ¢ + 1,7 + 2, ..., N, for some
index 1 <4 < N, and let us prove it for i. We proceed by induction on r > 1.
To check the base case r = 1 note that for all v € €; we have

Fyiy2 = (xiyl - 1)1)(33;)17 + éw"ﬂ € (Q(n))q)

Since G2 € (Q(”)) we get (21)P € (Q(”)) . Now let 3 < s < n and assume
® ®
that for all 1 <r < s —2 and all v € ; we have (x(f))p € (Q(")) : we want
o

to show that (z{° )P € (Q(”))q). Note that

Frs = (@, )7 @ 0P 4 @) @7 = @) 4 T € (20))
Recall that 6%.,,5 is in the ideal generated by (z,(f))p with g > ~; and 0 <7r <
s — 2. By the induction hypotheses (and the fact that 22 € (W)q)) we have
that

(ziﬂps*la (z;)p% ,Gins € (W)@ :
It follows that (x%s_l))p € (W) which ends the induction on r and hence

®
the induction on ¢ as well. To conclude the proof of the Theorem note that

F%"Yﬂ - G%"Yﬂ = (foi)Q;D - (‘T/m-)p €9®

so the image of (dv4, )P in J2(C) is idempotent hence so is the image of 7. O
Finally we need the following

LEMMA 3.11. For Uy, Uy € IN A° and n > 0 we have
S (Uy + pUs) = 6"U, + [T n Al

Proof. We proceed by induction on n. The case n = 0 is tautological. For the
induction step,

5n+1(U1 +pU2) = 5n+1U1 + 5([[[}7] n A{n}])
+C, (87U, [T N AT
= Uy 4 1P 0 Aln

which ends the proof. O

COROLLARY 3.12. Assume the notation in Theorem 3.10 and let uq,us € CT.
Then for any ¢ =0,....,n — 1 we have

8% (uy + puz) = §*(u1)
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in the ring J*(C) . In particular for all uy,...,us,u € Ct we have

S

5(Zut +pu) =) 0(u).

t=1

Proof. Let uy, us be the classes of polynomials Uy, U, € I N A°. Then the first
assertion follows from Lemma 3.11 because, for i < n—1, I?l N A{#} is contained
in the denominator of the fraction in Equation 3.4. The second assertion follows
from the fact that the difference between 6(>_;_; u) and > ;_, 6(u;) is in the
square of the ideal C* and hence its reduction mod p s zero. O

4. APPLICATIONS TO p-JETS OF WITT RINGS

In this section we continue to write R = W (k) for k a perfect field of char-
acteristic p > 5. In view of Remark 3.8 the results in the previous sec-
tion apply to the algebra C = W,,(R) equipped with the homomorphism
wp @ Win(R) — R and with the non-degenerate p-triangular basis vy, ..., U,
indexed by Q,, = {1,...,m}. For m =1 we have:

COROLLARY 4.1.

klz,z’,z"]

Jr(Wi(R) = i@ r—2) n=2

B!,
(@2,((z")2—z")?, (22’ —1)P" ~ (&= 4 G11,;3<r<n)’

n>3

)

where Gi1, € ()P0 < s < r —2) C klz,....,2" ). In particular, since
22" — 1 is invertible in the ring k[z']/(((z")? — 2')P), the ring J*(W1(R)) is
a polynomial ring in m variables =", ...,z  over an Artin ring. This Artin

ring is a free module of rank p"~1 over the ring W1 (R) = k[z]/(x?). Moreover

the ring J° (W1 (R)) is a flat integral extension of W1(R).
Set m =1 —dvy. For m > 1 and n > 2 we have a splitting

T W (B) = (7" W (R)) > (77 (Wou(B)))

1—m
For the identity component we have the following direct consequence of Theo-
rem 3.10:

COROLLARY 4.2. Forn > 2

- k[xl(.r);iGQm,OSTSn]
(77 () = T .
™ (xixy, (®; )P, € U, 1 <r<n-—1)
In particular the above ring is a polynomial ring in m variables x§”>, ...,:I:,(ﬁ)
over a local Artin ring. This local Artin ring is a free module of rank p™™—1)
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over W, (R). Moreover the ring

v L AL L)

T (g, (2P0, f € Qv > 1)

is local and is a flat integral extension of W, (R).

On the other hand the canonical lifts J*(W,,(R)) — R of wy,...,wy, send
dvy — dp € R* so they factor through J"(W,,(R))1—» — R. In particular

the complement of the identity component, (J"(W,,(R)) , is non-zero.
1-m

Moreover for m > 2 this ring is, in some sense, more “degenerate” than the
identity component. Indeed this ring is trivially seen to be the quotient of
(ﬁ)gﬁf1 by the ideal generated by the following elements:

1) zizy, 1<i<j<m,

(1)? =1,

()P (z )p 2<i<j<m,

(Z.(r 1))? + GHT 3<r<n,

) EW, 2<j<m, 3<r<n,

6)61”, 2<i<j<m, 3<r<n.

Since the variables :cg"_l), o z§,’$‘”,x§”>,. 2™ do not appear in any of the

e

2)
3)
)
)

above generators, and since, as we saw, the ring (J"(Wm(R))) is non-zero
1—m

we get:

COROLLARY 4.3. Forn >3 and m > 2 the ring (J”(Wm(R))) is isomor-
1-m
(n—1) (n=1) (n) ()

phic to a polynomial ring in 2m — 1 variables x sy T, X
over some non-zero Ting.

Assume from now on p > 5. In a similar way, in view of Remark 3.9, the
results in the previous section apply to the R-algebra C' = W,,(W,. (R)),
1 <m,m’ < o0, equipped with the homomorphism wgowg : Wy, (Wi (R)) — R
and with the non-degenerate p-triangular basis v; ;» indexed by 2 = €, v in
loc. cit. In particular if IT = (1 — dvg1)(1 — dv1,0) we have a splitting

T W (W (R)) = (T W W (B ) (T (W (W (R))) -

For the identity component we have the following direct consequence of Theo-
rem 3.10:
COROLLARY 4.4. For n > 2 we have

(Jn(W W, (R)))) ~ klz E:’)a( ;1) €Q,0 <r <nj
e no (xii/xjj/,(xz(.:/)) i (4,4, (5,7) € Q1 <r<n-— 1)-

Next consider the comultipication R-algebra map

A Wbm (R) — Wn (Wm’ (R))
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and the induced R-algebra maps
(4.1) JHA) : T (Whim (R)) = J" (W (Wi (R))).

LEMMA 4.5. For n > 2 the above R-algebra map induces an R-algebra map

J(A) T (W (R))w = S (Wi (Wi (R)))H

Proof. It is enough to show that J"(A) in (4.1) sends # = 1 — dv; into an
invertible element of J™(Wy,(Wy (R)));- But by Lemmas 2.10 and 3.12 we
have the following congruences mod p:

JH(A)(l — 5’[)1) =1- 5(A’Ul) =1- 5’0110 — 5’[)071 =1I - (5’0110)(5’0071)

and we conclude by the fact that the image of (dv1,0)(dvo.1) in JH (Wi (Wi (R))
is nilpotent; cf. Corollary 4.4. O
By the identifications in Lemmas 4.2 and 4.4 we get that the R-algebra map
in Lemma 4.5 induces an R-algebra map

(4.2) JOO(A):k[‘Tz 31 € m+m,7“_0]_> [x;,/5(3,1) € mym,r_()].

(wixy, (@7 )Py > 1) (@i, (25 Py r > 1)

COROLLARY 4.6. For 1 <i” <m+m’ we have that J®(A) sends the class of

(r)
Z T il Zf r=20

x,/ into the class of
il =i

and into the class of

5T1< Z x;i,), if r>1.

il =i

Too (A (r)

Proof. By Corollary 3.12 and Lemma 2.10 J>°(A) sends the class of x;,’ into

the class of
o (% )
AT

if » > 0. It is then enough to prove that
o < > x”> =51 < > x;i,) + (12N A% A + 11P)
i+i/:i// i+i/:i//

for r > 11in A = R[z,2’,2",...], where I? denotes as usual the square of the
ideal I. The later follows by induction using the fact that

S(INA%A) c (1PN A% A + 1),
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Remark 4.7. Tt would be interesting to have an explicit understanding of the
homomorphisms s : J*"(W;,(R)) = Wp—n(R) in (2.16), or at least of their
reduction mod p. This involves understanding the iterates of formula 4.2. Note
however that by formula 4.2 it follows that

s(m) =1—(1—p"?p(v1)) € pW—1(R).
In other words for n > 2
5: I (Wi(R)) = Wh—n(R)
factors through the complement of the identity component !
J* (Wi (R)) = Win—n(R)

rather than through the identity component J"(W,,(R))_; this makes the prob-
lem more subtle.

1-m
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