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ABSTRACT. We continue our investigation of the connected compo-
nents of the moduli space of surfaces of general type containing the
Burniat surfaces, correcting a mistake in part II. We define the family
of extended Burniat surfaces with K?g = 4, resp. 3, and prove that
they are a deformation of the family of nodal Burniat surfaces with
K% = 4, resp. 3. We show that the extended Burniat surfaces to-
gether with the nodal Burniat surfaces with K g = 4 form a connected
component of the moduli space. We prove that the extended Burniat
surfaces together with the nodal Burniat surfaces with K2 = 3 form an
irreducible open set in the moduli space. Finally we point out an inter-
esting pathology of the moduli space of surfaces of general type given
together with a group of automorphisms G. In fact, we show that
for the minimal model S of a nodal Burniat surface (G = (Z/2Z)?)
we have Def(S, G) # Def(S), whereas for the canonical model X it
holds Def(X,G) = Def(X). All deformations of S have a G-action,
but there are different deformation types for the pairs (S, G) of the
minimal models S together with the G-action, while the pairs (X, G)
have a unique deformation type.
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1090 I. BAUER AND F. CATANESE

INTRODUCTION

In the present article we continue our investigation, begun in [BC09b] and
[BC10], of the connected components of the moduli space (of minimal surfaces
S of general type) which contain the Burniat surfaces. We also correct an error
in [BCI10).

Recall that Burniat surfaces have KZ = 6 —m, m = 0,...,4, and the case
m = 2 bifurcates in the subcases: the one of non-nodal Burniat surfaces, and
the one of nodal Burniat surfaces. For m = 3 Burniat surfaces are three-nodal
(this means that their canonical model has three nodes).

The main goals that we achieve in this paper are the following;:

(1) We define the family of extended Burniat surfaces for K2 = 3,resp. 4,
and prove that they are a deformation of the family of nodal Burniat
surfaces with K2 = 3,resp. 4.

(2) We show that the extended Burniat surfaces with K% = 4, together
with the nodal Burniat surfaces with K2 = 4, form a set N'EB, which
is a connected component of the moduli space: thereby we correct
Theorem 1.1 of [BCI0] and simultaneously we answer a question posed
on page 562 of [BCT0]. [1

(3) We show that the extended Burniat surfaces with K% = 3, together
with the nodal Burniat surfaces with K% = 3 form an irreducible open
set N'EBs of the moduli space, whose closure A€ B3 consists of bidouble
covers of normal cubic surfaces in P? and is shown in Section 7 to be
strictly larger than N'EBs.

(4) We point out a truly interesting pathology of the moduli space of va-
rieties with a group G of automorphisms, which is the reason of our
mistake mentioned above (Murphy’s law applies then, but in a different
way than foreseen).

For nodal Burniat surfaces S, we have a group G = (Z/2Z)? of auto-
morphisms, which is also the group of automorphisms of the canonical
model X. But whereas Def(X) = Def(X, G), i.e., all deformations of
X carry along a deformation of the G-action, Def(S) # Def(S, G): thus
even if all deformations of S have a G-action, the local moduli space
Def(S, G) for the pairs yields a proper subvariety in the smooth germ
Def(S).

We refer to [BCO9b] and [BCI10] for more details concerning investigation of
the connected components of the moduli space containing the Burniat surfaces
with K2 = 6,5,4, 2, which is fully achieved thanks to the results of the present
article.

What remains to be done in order to finish the investigation of Burniat surfaces
is to decide, in the case K2 = 3 of tertiary Burniat surfaces, whether the irre-
ducible component mentioned above is also a connected component, describing
in detail all the surfaces which are in the closure and their local deformations.

INamely, the integer m > 2 in Theorem 1.1 is indeed = 400, and the local moduli space
of nodal Burniat surfaces is smooth.
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The description of the closure of the irreducible component of the moduli space
given by the extended nodal Burniat surfaces with Kg = 3 has been carried
out by Y. Chen in his Ph. D. thesis (cf. [Ch12]).

In [BC10] we proved that 3 of the 4 irreducible families of Burniat surfaces
with Kg >4, i.e., of primary and secondary Burniat surfaces, are a connected
component of the moduli space of surfaces of general type.

In this paper we consider only nodal Burniat surfaces with K2 = 4, 3, showing
that a general deformation of a nodal Burniat surface with K% = 4, resp. with
K% = 3, is an extended Burniat surface, still a bidouble cover (through the
bicanonical map) of a normal Del Pezzo surface of degree 4 with one ordinary
double point, resp. of a cubic surface with three nodes.

The main results of the present paper are the following:

THEOREM 0.1. 1) The subset NEBy of the moduli space of canonical surfaces of

general type M’ given by the union of the open set corresponding to extended

Burniat surfaces with K% = 4 with the irreducible closed set parametrizing nodal

Burniat surfaces with K% = 4 is a three dimensional irreducible connected

component, normal and unirational.

Moreover the base of the Kuranishi family of deformations of any such a min-

imal model S is smooth.

2) The subset NEB3 of the moduli space of canonical surfaces of general type
%" corresponding to extended and nodal Burniat surfaces with K2 =3isan

irreducible open set, normal, unirational of dimension 4.

Moreover the base of the Kuranishi family of deformations of any such a min-

imal model S is smooth.

A very surprising and new phenomenon occurs for nodal surfaces, confirming
Vakil’s ‘Murphy’s law’ philosophy ([Va06]).

To explain what happens for the moduli spaces of extended and nodal Burniat
surfaces, let us recall again an old result due to Burns and Wahl (cf. [BWT4]).
Let S be a minimal surface of general type and let X be its canonical model.
Denote by Def(.S), resp. Def(X), the base of the Kuranishi family of .S, resp.
of X.

Their result explains the relation between Def(S) and Def (X).

THEOREM (BURNS-WAHL).

Assume that Kg is not ample and let p : S — X be the canonical morphism.
Denote by Lx the space of local deformations of the singularities of X and by
Lg the space of deformations of a neighbourhood of the exceptional curves of p.
Then Def(S) is realized as the fibre product associated to the Cartesian diagram

Def(S) ——= Lg = C”,

L)

Def(X) ——= Lx = C”,
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1092 I. BAUER AND F. CATANESE

where v is the number of rational (—2)-curves in S, and A is a Galois covering
with Galois group W := ®;_;W;, the direct sum of the Weyl groups W; of the
singular points of X .

An immediate consequence is the following

COROLLARY (BURNS-WAHL).

1) ¢ : Def(S) — Def(X) is a finite morphism, in particular, ¥ is surjective.
2) If Def(X) — Lx is not surjective (i.e., the singularities of X cannot be
smoothened independently by deformations of X ), then Def(S) is singular.

Assume now that we have 1 # G < Aut(S) = Aut(X).

Then we can consider the space Def(S, G) of local deformations of S together
with the G-action (by [Cat88] this is the space of G-invariant local deformations
of S), and similarly consider the space Def(X,G) of local deformations of X
and its G-action; we have then a natural map Def(S, G) — Def(X, G).

We indeed show here that, unlike the case for the corresponding morphism of
local deformation spaces of the surfaces, this map needs not to be surjective;
and, as far as we know, the following result gives the first global example of
such a phenomenon.

THEOREM 0.2. The deformations of nodal Burniat surfaces with K% =
4,3 to extended Burniat surfaces with K% = 4,3 yield examples where
Def(S, (Z/27)?) — Def(X, (Z/27)?) is not surjective.

Moreover, Def(S, (Z/2Z)?) C Def(S), whereas for the canonical model we have:
Def(X, (Z/27)%) = Def(X).

The moduli space of pairs, of an extended (or nodal) Burniat surface with K2 =
4,3 and a (Z/27)*-action, is disconnected; but its image in the moduli space is
a connected open set.

The above phenomenon can already be seen locally around a node, as it will be
explained in Section 2. Our results show that the local pathology does indeed
globalize.

Our paper is organized as follows: in Section 1 we give the definition of extended
Burniat surfaces and describe the respective branch loci of the bidouble covers
yielding nodal Burniat surfaces, respectively extended Burniat surfaces.

In the second chapter we analyse bidouble covers of a nodal surface singularity,
explaining the phenomenon of Theorem locally.

In the third section we show that nodal Burniat surfaces with K g = 4, 3 deform
to extended Burniat surfaces with K2 = 4, 3.

Section 4 is instead devoted to the calculation of H!(S,©g) for nodal and
extended Burniat surfaces, and its eigenspaces for the G = (Z/2Z)? action.

In the course of doing this we need to amend a small mistake in [BCI0] Lemma
2.10; this is done in an appendix, where we actually generalize this lemma
substantially in order to make it appropriate for our present purposes and also
applicable in other situations.
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In the end we succeed to prove that the subset NEBy of the moduli space of
canonical surfaces of general type MM{%" corresponding to nodal and extended
Burniat surfaces with K% = 4 is an irreducible open set, normal, unirational of
dimension 3 (similarly we show that the subset NEB3 of the moduli space of
canonical surfaces of general type M{%' corresponding to nodal and extended
Burniat surfaces with Kg = 3 is an irreducible open set, normal, unirational
of dimension 4).

Section 5 is dedicated to the study of one-parameter limits of extended Burniat
surfaces with K2 = 4, showing that the subset of the moduli space of canonical
surfaces of general type IMN{" corresponding to nodal and extended Burniat
surfaces with K2 = 4 is closed.

In Section 6 we give examples of other surfaces which lie in the closure of the
family of extended Burniat surfaces with K g =3.

In another appendix we give an alternative proof of three of the four assertions
of Proposition 4]l by other methods which could be of independent interest.

1. DEFINITION OF EXTENDED AND NODAL BURNIAT SURFACES

Burniat surfaces are minimal surfaces of general type with K2 = 6, 5,4, 3,2 and
pg = 0, which were constructed in [Bu66] as minimal resolutions of singular
bidouble covers (that is, Galois covers with group (Z/27Z)?) of the projective
plane branched on 9 lines.

We refer the reader to [BC10] for their construction, and we shall adhere to
the notation introduced there.

Let Pp, Py, P3 € P? be three non-collinear points (which we assume to be the
points (1:0:0), (0:1:0) and (0:0: 1)), and let Py,..., P54, m = 2,3,
be further (distinct) points not lying on the sides of the triangle with vertices
Pl; P27 P3-

We make the further assumptions:

e for m = 2, the points P;, Py, P5 are collinear, while,

e for m = 3, we assume moreover that also P», Py, P; and Ps, P5, Ps are
collinear (in particular, no four points are collinear); we may also use
the notation P := Fg, Py := P5, Py := Py, so that P;, P |, P/ , are
collinear, where we use the convention ¢ € {1,2,3} mod 3.

Let’s denote by Y = P2 (P, Pa,. .., P3ip) the weak Del Pezzo surface of degree
6 — m, obtained blowing up P? in the points P;, Ps, ..., P3im.

Saying that Y is a weak Del Pezzo surface means that the anticanonical divisor
— K is nef and big; in our case it is not ample, because of the existence of
(-2)-curves, i.e. curves N; = P!, with N; - Ky = 0: for m = 3 N; is the strict
transform of the line passing through P;, P/, |, P/, ,.

Contracting the (-2)-curves N; we obtain a normal singular Del Pezzo surface
Y’ with — Ky very ample.

We denote by L the divisor on Y which is the total transform of a general line
in P2, by E; the exceptional curve lying over P;, by E! the exceptional curve
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1094 I. BAUER AND F. CATANESE

lying over P! (hence E! = E7_;) and by D;; the strict transform of the line
yi—1 = 0, side of the triangle joining the points P;, Pj;;1j; that is, the unique
effective divisor in |L — E; — Ej;11)|, where [i + 1] represents the residue class
of i+ 1 mod 3, an element of {1,2,3}.

For m = 2 we have only one (-2)-curve Ny, such that {N,} = |L—E, —E,— Es|,
while for m = 3 we also have the curves N3, N3 such that {Ny} = |L — Ey —
Ey— Eg|, {Ns} = |L — E3 — Es — Eg|. _

Therefore the anticanonical image of Y is a normal surface Y/ C PS~™ of
degree 6 — m, whose singularities are one node v; (an A; singularity) in the
case m = 2, and three nodes vy, 9, v3 in the case m = 3 (the (-2)-curve N; is
the total transform of the point v;).

In order to improve readability we separate the definitions for m = 2 and
m = 3.

1.1. NODAL AND EXTENDED BURNIAT SURFACES WITH K2 = 4.
DEFINITION 1.1. 1) Define the Burniat divisors for m = 2 as follows:
D, e |L*E1|+|L*E17E2|+|L*E17E47E5|+E3,

i.e., D1 = D11+ N1+Cy+E3, where Cy € |L—E4| is assumed to be irreducible,
whereas Dy, D3 are divisors such that

{DQ}:|L*E2*E3|+|L7E27E4|+|L7E27E5|+E1,
{D3}:|L*E3*E1|+|L7E37E4|+|L7E37E5|+E2.

P

PN

2) The extended Burniat divisors for m = 2 are given as follows:
Ay € |L— Ey|+|L — Ey — Es| + E3,
i.e., Ay = D11+ C1 + E3, where Cy € |L — E4| is assumed to be irreducible,

and
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AQ c |L*E27E4|+|L*E27E5|+|2L7E27E37E47E5|,
where we assume the divisor I'y € |2L — Ey — E5 — E4 — Ej5| to be irreducible;
and As is the divisor such that

{As} = (|L—E3—E4|+|L—E3—Es|)+(|L— E3— E1|+ E3)+|L— E, — E4— Es|
=: A3z + Az + Ni.

p\

P P,

Ps

3) Define L; := %(D[i_l] + Diiy1]) and observe that it is an integral divisor;
define also Ay := L1 + Ny and Aj := Lj for j =2,3.

REMARK 1.2. 1) Observe that (D; + D3 + D3) € | —3Ky| is a reduced normal
crossing divisor.
2) Similarly, (A1 + Ay + A3z) € | — 3Ky + Ny is a reduced normal crossing
divisor.
3) On the normal Del Pezzo surface Y’
e D; yields a conic plus two lines, and A; does the same (indeed Dy =
A1+ Ni and Nj is the ‘nodal’ exceptional curve)
e Dy yields four lines, Ay yields a conic plus two lines (indeed Ay =
Dy + Ny)
e Dj yields four lines, the same does Ag (indeed As = D3 + Ny).
In particular, if the conic corresponding to Ay specializes to contain the line
corresponding to F1, we obtain then D5 subtracting the divisor Ny = L — Fq —
E4— Es.
Finally, the four lines of Ag divide into two groups, i.e., we can write Ag =
As1 4+ Aza + N so that, setting I'y := C; and writing A; = T'; + Al for
1 =1,2, then
(*) : A; + Agji = _Kf/
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(xx) : Ty + g = K.

4) The divisors D; enjoy the property (cf. [BCI0]) that there are divisor classes
L; such that D[ifl] + D[i+1] =2L;.

Hence, in particular, Ap_1)+Apyq) = 204, where, Ay := L1+ Ny and A := L;
for 7 = 2,3.

5) Assume now that the conic corresponding to I's becomes reducible: if the
conic passes through Pj, then necessarily I's splits as N1 + Ey +|L — Es — E3],
hence the conic is the union of two lines. If the conic is the union of two lines
in another fashion, then necessarily either |L — Es — E5| or |[L — Eo — Ey| is a
component of I's, hence As is not reduced.

We can now consider (cf. [Cat84b], [Cat99]) the associated bidouble covers
S — Y with branching divisors the Burniat divisors, respectively the extended
Burniat divisors.

DEFINITION 1.3. A secondary nodal Burniat surface is a bidouble cover S — Y
with branch divisors three Burniat divisors for m = 2.

S is then a minimal surface of general type with p,(S) = ¢q(S) = 0, K% =
6—m=4 (c¢f [BCI10]).

If we let the three branch divisors be extended Burniat divisors, then we obtain a
non minimal surface S whose minimal model S is called a secondary extended
Burniat surface.

1.2. NODAL AND EXTENDED BURNIAT SURFACES WITH K2 = 3.

DEFINITION 1.4. 1) The Burniat divisors for m = 3 are defined to be the
divisors D1, Do, D3 such that

More in detail,

{D1}=|L—E,—Es|+|L—E—Ey— Es|+|L— E, — Eg| + Es,
{D3} =|L—FEy— E3|+|L—Ey—Ey— Eg|+|L— E2 — E5| + En,

{D3}:|L*E3*E1|+|L7E37E57E6|+|L7E37E4|+E2.
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(LK

Fs
/ | Py

Py

2) The strictly extended Burniat divisors for m = 3 are defined as follows:

Ai = |L — E,L — EZI| —+ N[i+1] +Fz,

/

[Z-+1]| to be the strict transform

where we assume Ty € 2L — E; — B — B — E
of an irreducible conic.
More in detail,

Ay €|L—FEy —Eg|+|2L— Ey — Ey — E5s — Eg|+ |L — E5 — E4 — Fg,

AQE|L—E2—E5|—|—|2L—E2—E3—E4—E5|+|L—E3—E5—E6|,

Age|L—E3—E4|—|—|2L—E1—Eg—E4—E6|+|L—E1—E4—E5|.
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P,

3) Define L; := %(D[Z—,” + Dy 41]) and observe that it is an integral divisor;
define also A; := L; + N;.

L
REMARK 1.5. 1) Observe that (D; + D3 + Ds3) € | —3Ky| is a reduced normal
crossing divisor.
2) Similarly, (A; + Ay + Ag) € | = 3Ky + Y N;| is a reduced normal crossing
divisor.
3) On the normal Del Pezzo surface Y’, for m = 3,
Aj; yields a conic and one line, D; yields three lines (indeed A; = D; — N; +
Nj—1+ Njt1).
In particular, if the conic corresponding to A; specializes to contain the line
corresponding to E;_q) (here as before [j —1] € Z/3Z), we obtain D, subtract-
ing the divisor N;_; + N;11 and adding the divisor ;.
4) The divisors D; enjoy the property (cf. [BC10]) that there are divisor classes
L; such that D[ifl] + D[i+1] =2L;.
Hence, in particular, Aj_q) + A1) = 24y, recalling that, for m = 3, A; :=
L; + N;.
5) Assume that one or more of these conics become reducible. E.g., assume that
the conic corresponding to I's becomes reducible, and observe that this will be
the case if the conic passes through P; or Ps. We disregard this degeneration
if the corresponding divisor Ay will be non reduced. The only possibility left
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over is that 'y splits as before, N7 + E7 + |L — Es — E3|. This degeneration
will be considered admissible. This motivates the following definition:

DEFINITION 1.6. Assume m = 3 and that one or two of these conics I'; become
reducible in the admissible way I'; = Nj_1 + Ej_1 + |L — E; — Ej11]| (here, as
usual, j € Z./37Z).
In this case we define the (not strictly) extended Burniat divisors by subtracting
to I'; the nodal divisor N;_; it contains. Moreover, we replace

® Aji1 by (Ajy1 — Nja), and

[ ] Aj—l by (Aj—l + Nj—l)-

For the convenience of the reader we have drawn the non strictly extended
Burniat divisors in the case, where only I's degenerates.

PG P5

/'

REMARK 1.7. If all three conics I'; become reducible in the admissible way
and we define in the same way as in the previous definition the three divisors
by subtracting to I'; the nodal divisor N;_; it contains, by subtracting again
the nodal divisor N;_1 from Aj; and adding it to A;_1, we get the Burniat
divisors from Definition [[.4

We can now consider (cf. [Cat84b], [Cat99]) the associated bidouble covers
S — Y with branching divisors the Burniat divisors, respectively the extended
Burniat divisors.
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DEFINITION 1.8. A tertiary (three-)nodal Burniat surface S is a bidouble cover
S — Y with branch divisors three Burniat divisors for m = 3.

S is then a minimal surface of general type with p,(S) = q(S) = 0, K% =
6—m=23 (c¢f [BCI1Q]).

If we let the three branch divisors be extended Burniat divisors (i.e., either
strictly extended or non strictly extended!), then we obtain a non minimal sur-
face S whose minimal model S is called a tertiary extended Burniat surface.

REMARK 1.9. 1) In the nodal Burniat case the surface S does not have an ample
canonical divisor Kg, due to the existence of (-2)-curves, which are exactly the
inverse images of the (-2)-curves N; C Y.

For this reason we call the above Burniat surfaces of nodal type. We denote
their canonical model by X, and observe that X is a finite bidouble cover of
the normal Del Pezzo surface Y.

If m = 2, then X has precisely one node (an A;-singularity, corresponding
to the contraction of the (-2)-curve) as singularity. While, for m = 3, the
canonical model X has exactly three nodes as singularities.

2) In the extended Burniat case S is not minimal. In the strictly extended
Burniat case the inverse image of each N; splits as the union of two disjoint (-
1)-curves. S has ample canonical divisor (hence S = X) exactly in the strictly
extended case.

3) In all cases, the morphism X — Y is exactly the bicanonical map of X (see
[BC10)).

4) Nodal Burniat surfaces are parametrized by a family with smooth base of
dimension 2 for m = 2, of dimension 1 for m = 3.

Strictly extended Burniat surfaces are parametrized by a family with smooth
base of dimension 3 for m = 2, of dimension 4 for m = 3.

The key feature is that, both for nodal Burniat surfaces, and for extended
Burniat surfaces, the canonical model X is a finite bidouble cover of a singular
Del Pezzo surface Y/, which has one node in the case m = 2, and three nodes
for m = 3 (in this case Y” is a cubic surface in P3).

In this case the direct image p.(Ox) splits as a direct sum of four reflexive
character sheaves of generic rank 1.

In the next section we shall describe how the covering behaves in the neigh-
bourhood of a node in the two respective cases, and how these local coverings
deform to each other (the Burniat case deforms to the extended Burniat case).

2. LOCAL CALCULATIONS AROUND THE NODES

In this section we consider finite bidouble covers of a node which are of Du
Val type, i.e., yielding singularities which are at worst RDP ’s (rational double
points).

We obtain a classification which is a subset of the one made in [Cat87], classi-
fying quotients of RDP’s by actions of Z/2Z or of G = (Z/27)>.
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We only need to look at Table 2, page 90, and Table 3, page 93, ibidem, to
see which quotients of a rational double point by an involution, or by a pair of
commuting involutions, yield an A; singularity, i.e., a node.

There are six cases for such coverings of Du Val type of a node Y, which in
local holomorphic coordinates is given by

xy — 22 =0.

In order to be more informative in our description, we denote by Y the reso-
lution of Y, which is the total space of a line bundle on N = P! of degree —2
(hence N? = —2). Denoting the bidouble cover of Y by X, we shall obtain,
through the normalization of the fibre product, a finite bidouble cover of Y,
for which we shall give the three corresponding branch divisors.

In the case where X is not irreducible, we shall describe a connected component
X' of X.

(1) X’ =Y (the covering is étale).
(2) X’ = C?, X has two components and the covering morphism is given
by
(u,v) = (z = u?,y =02, 2 = uwv).

The branch divisor on Y is just the (-2)-curve N.
(3) X’ = {w* = zy}, X has two components and the covering morphism
is given by
(z,y,w) — (z,y, 2z = w?).

The branch divisor on Y consists of the (-2)-curve N plus two fibres;
the double cover of ¥ has two nodes and resolving them we get the
minimal resolution of the Az singularity X'.

(4) X = {w? = uwv} and the covering morphism is given by

2

(u,v)r—>(x:u2,y:v ,z:wQ).

The three intermediate Z/27Z covers are the two double covers (2), (3)
described above, plus the intermediate cover (here a := uw,b := vw)

xT,a,z,b
{(xaya z,a, b)| Rank (a7 2, b, y) = 1}7
which is the cone over a rational normal quartic (set * = ti,a =
t3t1, 2 = 1313, 2 = tot3, 2 = t1).
The branch divisors on Y are two: the (-2)-curve N and the divisor

D formed by two fibres. The three intermediate double covers depend
on the choice of the branch locus: N, respectively N + D, respectively
D.

(5) X' ={2? = (w?*+y**1)-y}, X has two components having a singularity
of type Dg.3, and the covering morphism is given by

k+1

(y,z,w)»—)(acsz—i—y Yy Z).
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The branch divisor on Y is the total transform of the divisor C' := {z =
yk*1 22 = y*k*+2} which is irreducible with a cusp for k odd, else it is
reducible with a g—tacnode for k even.

In particular, N is part of the branch locus.

6) X = {w? = (u— " (u + "N} = {w? = u? — v?**2} and the
covering morphism is given by

u,v,w) = (2 =u?y =%z =w).
( ) = ( y

X is a singularity of type Asx11 and, in order to treat a new case, we
make the assumption k£ > 1.

The three intermediate Z/27Z covers are the smooth double cover (2),
the double cover (5) {w? = x — y**1}, and a third singularity which
we omit to describe.

The branch divisors on Y are two: the (-2)-curve N and the the
total transform of the divisor C' above.

The three intermediate covers depend on the choice of the branch
locus: N, or N + C’, or C’, where C’ is the strict transform of C.

Letting p : X — Y be the finite bidouble cover, the direct image sheaf p.Ox
splits as

Oy@( @ Ei),

i=1,2,3

where in the first case the reflexive sheaves £; are locally free.

To describe the other cases we use the reflexive sheaf F generated by u,v as
Oy-module, with relations

yu —zv = 0,2u —2v = 0.
We get
(2) X' =C2, (u,v) = (z=u?y =% 2 =uv),
p:Ox = (Oy & F)%?
(3) X' ={w' =ay}, (z,y,w) = (z,y,2 = w?)
p.Ox = (Oy @ Oy)®?
(4) X ={w?=w}, (uv,v) = (x =u?y =122 =w?)
pOx = (Oy & F)¥2,

with generators 1, {u, v}, w, {a = wu, b = vw}.
(5) X' ={w? =z —y"*'}, (y,2,w) = (x = w’ +y* y, 2),

p«Ox = (Oy & Oy)*2.
(6) X = {w? =u? —v¥*+2} (u,v,w) = (x=u?y =022 =uv)

p:Ox = (Oy @-7:)@2~
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REMARK 2.1. Cases 1, 3 and 5 are the case where we have a flat bidouble cover,
i.e., p.Ox is locally free. In cases 2, 4 and 6 we have non-flat bidouble covers,
but with the same character sheaves. We shall soon show how case 4 deforms
to case 2.

PROPOSITION 2.2. In case 2) X = Spec((Oy & F) @ (Oy & F)), where the
two addenda are orthogonal, and the algebra structure is determined by the
nondegenerate pairing F x F — Oy.

In case 4) X = Spec((Oy & F) ® w(Oy & F)), and the algebra structure
is determined by the nondegenerate pairing F x F — Oy, together with the
assignment w? = z.

We omit the simple proof.

Case 4) deforms now to case 2) by changing the assignment w? = z to w? = z+t,
t # 0, so that w becomes then a local unit at the origin.

We can relate the resulting picture with the local semiuniversal deformation of
a node.

PROPOSITION 2.3. Let t € C, and consider the action of G := (Z/2Z)? on
C? generated by o1 (u,v,w) = (u,v, —w), oa(u,v,w) = (—u, —v,w). Then the
hypersurfaces Xy = {(u,v, w)|w? = uv + t} are G-invariant, and the quotient
X:/G is the hypersurface

Yi = Yo = {(z,y,2)|* = ay},

which has a nodal singularity at the point x =y =z = 0.
X — Yy is a bidouble covering of type 2 for t # 0, and of type 4 fort =0. We
get in this way a flat family of (non flat) bidouble covers.

Proof. The invariants for the action of G on C3 x C are:
=y =02 2= uv, s = w? t.

Hence the family X of the hypersurfaces X; is the inverse image of the family
of hypersurfaces s = z 4+t on the product

Y x C? = {x,y,2,5,t)|zy = 2%}.

Hence the quotient of X; is isomorphic to Y.
The rest was already explained before. O

REMARK 2.4. i) The simplest way to view X; is to see C? as a double cover of
Y’ branched only at the origin, and then X; as a family of double covers of C2
branched on the curve uv +t = 0, which acquires a double point for ¢t = 0.

ii) The involution o3(u, v, w) = (—u, —v, —w) has only the origin as fixed point,
which lies on Xy. Whereas o3 acts freely on X;, for ¢ # 0.

Fiz(o1) ={w =0}, and {w =0} NX; = {uv+t =w = 0}.

Finally, Fiz(c2) = {u=v =0}, and {u=v =0} NX; = {u=v = 0,w? = t},
which consists of two points for ¢ # 0, one for ¢t = 0.

The corresponding branch loci are the origin, for t = 0, the divisor z = 0, and
the point z =y=2—-t=0.
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iii) If we pull back the bidouble cover X; to Y, and we normalize it, we can see
that

e Dj is, for t = 0, the nodal curve N, and is the empty divisor for ¢ # 0;

e Djis, for t # 0, the inverse image of the curve z+t = 0; while, for £ = 0,
it is only its strict transform, i.e. the divisor D considered previously,
made up of two fibres;

e Dy is an empty divisor for t = 0, and the nodal curve N for ¢ # 0.

REMARK 2.5. Part iii) of the previous remark shows that, as t — 0, one
subtracts the nodal divisor N to Dy, and adds it to Ds; while for Dy, it
specializes to D 4+ N, and then we subtract N.

This is precisely the algorithm which applies when passing from extended Bur-
niat to Burniat divisors.

The really interesting part of the story comes now: the family X; admits a
simultaneous resolution only after that we perform a base change t = 72 and
the equation of X; becomes

X, ={w? -7 = w}.

DEFINITION 2.6. Let X — T" be the family where

2

X = {(u,v,w,7)|w2 — 77 =uv}

and T' is the affine line with coordinate T.
Define S C X x P! to be one of the small resolutions of X, and S’ to be the
other one, namely:

w—"T (%

S:{(wv,w,7)(€) € XX P —— = ———g
S/:{(U’)’anaT)(n) EffoP’1| 'LUTM = wliT :77}

Let G be the group G =2 (Z/27)?* acting on X trivially on the variable T, and
else as in Proposition [Z23. Let further o4 act by o4(u,v,w,7) = (u,v,w,—7),
let G' = (Z/2Z)3 be the group generated by G and o4, and let H = (Z/27)* be
the subgroup {Id,o9,0104,0304}.

The following is a rephrasing and a generalization of a discovery of Atiyah in
our context: we omit the simple proof. For more details and a discussion of how
these examples fit into the general theory of moduli spaces, see the ‘working
guide’ written by the second author in [Catll].

LEMMA 2.7. The bireqular action of G' on X lifts only to a birational action
on S, respectively S'. The subgroup H acts on S, respectively S’, as a group of
biregular automorphisms.

The elements of G'\ H = {01,03,04,0204} yield isomorphisms between S and
S'.

The group G acts on the punctured family S\ So, in particular it acts on each
fibre S
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Since o4 acts trivially on Sy, the group G' acts on Sy through its direct summand
G.

The biregular actions of G on S\ Sy and on Sy do not patch together to a
biregular action on S, in particular o1 and o3 yield birational maps which are
not biregular: they are called Atiyah flops (cf. [At58]).

3. NODAL BURNIAT SURFACES DEFORM TO EXTENDED BURNIAT SURFACES

In this section we will show that

e the canonical models X of nodal Burniat surfaces with K% = 4,
together with the extended Burniat surfaces with K% = 4 are
parametrized by a family with smooth connected base of dimension
3, which maps to the moduli space via a finite morphism;

e the canonical models X of nodal Burniat surfaces with K% = 3,
together with the extended Burniat surfaces with K% = 3 are
parametrized by a family with smooth connected base of respective
dimension 4, which maps to the moduli space via a finite morphism.

We shall treat first the easier case

3.1. (EXTENDED) BURNIAT SURFACES WITH K2 = 4.

PROPOSITION 3.1. There exists a family, with connected smooth 3-dimensional
base

B C {(P5,01,F2)|01 S |L7E1|,F2 S |2L7E2 —FE3s — FEy 7E5|}

parametrizing a flat family of canonical models, including exactly all the nodal
Burniat surfaces and the extended Burniat surfaces with K% = 4. The family
maps to the moduli space via a quasi-finite morphism.

Here, P1, Py, P3, Py are the standard projective basis in P, the point Ps belongs
to the line Py Py and, in the blow up of the plane in the given five points Pj,j=
1,...,5, C1,T2 are as in Definition [I1 (C1 is irreducible and either Ty is
irreducible, or splits as Ny + Ey1 + |L — E2 — Es)).

Proof. Recall that in this case D1+ D3 = A; + As, and that N; is a connected
component of the above divisor D1 + D3 = A1 + Ags.
We can therefore construct a family of double covers

V~Vb — ?
such that the inverse image of Ny is a (-1)-curve. Blowing down this (-1)-
curve we get a family of finite double covers W) — Y’, which are nodal and
equisingular.
Consider the pull back of the divisors As in the case where I's is irreducible,
and of the divisors D5 in the case where I's is reducible.
Since Ay = Do+ Ny, and the divisor N1 becomes trivial on W}, since it contracts

to a smooth point, it follows that all these divisors are linearly equivalent, and
we have a family of divisors on the family W}
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We consider then the family of double covers X, — W) branched on these
divisors, and on the nodes of W}.
Finally, assume that two surfaces Si1,S5 in the above family are isomorphic,
equivalently that their canonical models X7, X5 are isomorphic. Then this
isomorphism would yield an isomorphism of the bicanonical morphisms of each
X, hence we would have isomorphisms of the image normal Del Pezzo surfaces
Y/, Yy, sending the respective triple of branch curves for X; to the ones for
Xo.
Y/ has exactly one node and contains exactly 12 lines (cf. Proposition 3.7
of [BC10]. Y] is obtained blowing down the (—2) curve N; and conversely,
blowing up the singular point of Y/ and five disjoint (—1)-curves we obtain an
isomorphism with the plane. Since these (—1)-curves correspond exactly to the
lines in Yj’ , we have only a finite number of such birational contractions to the
plane, and each of them determines a triple of branch curves, and five points
in the plane.
Therefore the number of surfaces S in the family which are isomorphic to Sy
is finite.

|

3.2. (EXTENDED) BURNIAT SURFACES WITH K? = 3. We argue similarly, but
it may be useful to make right away a simple geometrical observation.

Let P;, P,, P3, Py be the standard projective basis in P2, and consider a line L’
with P3 € L/, different from te coordinate lines: then the line configuration of
a ternary Burniat surface is completely determined by the line L', since then

Ps:=L'NPP, Ps:=LNPPy.

PROPOSITION 3.2. There exists a family, with connected smooth 4-dimensional
base

T C {(LI7F17F27F3)}

where L' is as above and T'1, T, T's are as in Definitions[I.) and[LB, parametriz-
ing a flat family of canonical models, including exactly all the nodal Burniat
surfaces and the extended Burniat surfaces with K% = 3. The family maps to
the moduli space via a quasi-finite morphism.

Proof. Given a triple (I'1,T'2,T's), according to the reducibility of each T';, there
corresponds either a Burniat divisor, or an extended Burniat divisor. We take
the corresponding bidouble cover of Y, hence we construct four families of
smooth surfaces, which are not necessarily minimal. We take now the corre-
sponding canonical models, which are finite bidouble covers of the normal Del
Pezzo surface Y.

Observe that, given p’ : S - Y, and 7: Y — Y/,

X = Spec(m.(p).0g) = Spec(Oy P (&L, ).

Now the reflexive sheaves F; correspond to Weil divisors on Y’, and they are
independent of ¢ € T' by virtue of 4) of remark
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The multiplication maps correspond to a family of Weil divisors on Y’: whence
we get a flat family on Y’ \ Sing(Y”). Locally around the nodes the structure
of the deformation is as described in the previous section, therefore the family
is flat everywhere.

The assertion that for a given surface S; in the family parametrized by T the
number of surfaces Sy in the family which isomorphic to S is finite follows as
in the case K2 = 4, using that the three nodal cubic surface Y’ contains only
a finite number of lines.

O

Observe that proof given for the case K2 = 3 works also in the case K? = 4.

4. LOCAL DEFORMATIONS OF THE EXTENDED BURNIAT SURFACES

The aim of this section is to calculate the dimension of H!(S,©g) for

e nodal Burniat surfaces with Kg =4,
e extended Burniat surfaces with Kg =4,
e nodal Burniat surfaces with Kg =3,
e extended Burniat surfaces with K% = 3.

The main results of this paragraph are the following (note that we use the
notation introduced in Section [I}

PROPOSITION 4.1. 1) Assume that S is a nodal Burniat surface with K2 = 4
(m =2). Then the dimension of the vector space

HO (9 (log(D:))(Ky + Li)) = H*(Q (log(D;))(E; — Ei-2))

is 1 fori =3, else it is 0.
2) Consider instead extended Burniat divisors for m = 2, and the corresponding
vector spaces
HO(Q4 (log(A) (Ky + Ay)).
Then their dimensions are the same as in the Burniat case, namely, 1 fori =3,
else 0.
3) Assume that S is a Burniat surface with K% =3 (m=3).
Then each vector space

HO(QL (log(D:)) (K + L)) = H(QL (log(D:))(E; — Eiy2))

is equal to 0.
4) In the case of (strictly or not strictly) extended Burniat divisors for m = 3
we have Vi:

H (9 (log(A)(Ky + Ay)) = 0.

The proof of Proposition [£1]is to be found in the second appendix.

Using Proposition 1] we can explicitly determine the several G-character

spaces of H(S,05) and their dimensions (here G = (Z/2Z)% = {1, 91,92, 93})
In the following, given a G-space V, we denote by Vi, for i € 1,2,3, the

eigenspace corresponding to the character whose kernel consists of {1, g;}.
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PROPOSITION 4.2. 1) Let S be the minimal model of a Burniat surface.
Then the dimensions of the eigenspaces of the cohomology groups of the tangent
sheaf ©g (for the natural (Z/27)?-action) are as follows.
(1) K% =4 of nodal type:
h1(S,©5)m =2, h2(S,05)™ =0,
hl(S,05)% =1 = h%(S,05)3,
h’j(Sa 65)1 = 0; fOT‘i € {L 2}; v]z
(2) K2 =3:
h’l(Sa @S)inv =1, h2(Sa @S)inv =0,
h'(S,05) =1, h?(S,05)" =0, foric {1,2,3}.
2) Let S be a minimal model of an extended Burniat surface with K% = 4.
Then the dimensions of the eigenspaces of the cohomology groups of the tangent
sheaf ©g (for the natural (Z/27)?-action) are as follows.
° hl(S, @S)inv — 37 h2(S7 @S)inv _ 0;
e 11(S,05)" =0=h%(S,05), foric{1,2},
o h'(S,05)% =1="h2%(S,05)>.
3) Let S be the minimal model of an extended Burniat surface with Kg =3.
Then the dimensions of the eigenspaces of the cohomology groups of the tangent
sheaf ©g (for the natural (Z/27)*-action) are as follows:

(1) strictly extended case:
hl(S, @S)inv — 47 hQ(S, @S)inv — 0;
hi(S,05)" =0, fori € {1,2,3};
(2) case where exactly one conic, w.l.o.g. the conic I'1,because of symmetry,
degenerates to two lines:
h’l(Sa @S)inv =3, h2(Sa @S)inv =0,
h1(S,05) = 0= h%*(S,05)¢, foric {1,3},
hl(S, 65)2 = 1, h2(S,@S)2 = 0,’
(3) case where exactly two conics, w.l.o.g. T'1, T'a, degenerate to two lines
each:
h’l(Sa @S)inv =2, h2(Sa @S)inv =0,
h’l(Sa 65')1 =0= h2(5793)1;
hl(S, es)i =1, hQ(S, es)i =0, forie{1,3}.

For the reader’s convenience the above dimensions can also be found in Table[I]
We begin with an easy but useful observation

LEMMA 4.3. Assume that N is a connected component of a smooth divisor
D CY, whereY is a smooth projective surface.
Moreover, let M be a divisor on'Y. Then

HO(Qy (log(D — N))(N + M)) = H(Q5 (log(D))(M))
provided (Ky + 2N + M) - N < 0.

Proof. The cokernel of Q3. (log(D))(M) — Qi (log(D — N))(N + M) is sup-
ported on N and equal to Q5 (N + M) = On(Ky + 2N + M).
O
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The lemma, will be applied several times in the case where N = P! and N2 < 0.
Another useful lemma which will be crucial in some calculation is the following

LEMMA 4.4. Assume that we have three linearly independent linear forms on
P2, 1, := 1,1y := 29,13 := 3. Then
(1) H°(Q.(2)) has as basis the three 1-forms, for j <1,
nji = I’jdl‘i — I’Z‘dl'j = 77’”
(2) H°(Q4,(dlogly,dlogls, dlogls)(1)) has as basis the siz 1-forms
da; — 2d;
iy = zjdu; — vidz;
z;

(3) H°(Q3,(dlogly,dlogla, dlogls)(2)) has as basis the three 1-forms n;;,
for j < i, plus the siz 1-forms zjw;; and the three 1-forms
T1W23, T2W31, L3Wi2-

Proof. 1) is well known and follows from the Euler sequence.

2) Take the chart z; # 0 < x; = 1: then in this chart w;; := —dz; is a regular
1-form.

In the chart x; = 1 we have w;; = ‘ig,“, while in the chart x;, = 1 we have
Wij = T4 dfi" —dz;.

Hence w;; has logarithmic poles on z; = 0, and the coefficient of the logarithmic
term vanishes for x; = x; = 0, and is equal to 1 in z; = x5 = 0.

The above observation shows the linear independence of the above 6 forms.
Moreover, w;; is an eigenvector with character A for the C*-action x; — Ax;,
hence w;; € H°(Q3, (dlogly, dlogla, dlogls)(1)).

It suffices to show that this space has vector dimension equal to 6.

This follows however from the exact sequence

0 — Q2(1) = Qs (dlogly, dlogly, dlogls)(1) — @310y, (1) — 0

and the vanishing of H7(Q}.(1)) for j =0,1.

3) Observe that w;; = %nﬁ, so that z;w;; = 0 = —nij = Twji.

Moreover, if h # 4, j, Tpwi; — Tjwin = Njn, so that the products z,w;; generate
a subspace of dimension at most 12.

By the exact sequence

0 — Q2(2) = Qs (dlogly, dlogly, dlogls)(2) — @3, 0y, (2) — 0

and since H'(Q3,(2)) = 0, h°(Oy,(2)) = 3 we infer that the dimension is indeed
12.

Since H°(0;,(2)) is generated by H®(Op:2(1)) ®c H®(Oy, (1)) we conclude that
the twelve 1-forms are a basis. g

LEMMA 4.5. Assume that we have two linearly independent linear forms on P2,
Zl = Il,lg =XT2.
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(1) H°(Q4.(dlogly,dlogls)(1)) has as basis the 4 forms

jdr; — xidx; o ‘
wij = e B W ) i #3.
z;
(2) HO(Q.(dlogly, dlogls)(2)) has as basis the 3 forms nj;, for j < i, plus
the 6 forms xowia, T1wW21, T3wis, T3wag, Tawi2, T1W23.

Proof. Follows from Lemma A4 observing that H?(Q4, (dlog (1, dlogls)(i)) is a
subspace of HY(Q4,(dlogly,dlogls, dlogls)(i)). The above two sets of vectors
are linearly independent and the dimensions are 4, resp. 9. (|

COROLLARY 4.6. 1) Let w € H°(Q, (dlogly, dlogl5)(1)).
Then there are complex numbers a;; such that:

dl’l

w = a12wWi2 + a21w21 + a13W13 + A23W23 = m—(a12ﬂf2 —ag121 + a1323)+
1
dl‘g
+ x—(*a12992 + ag1x1 + ag3x3) + drs(—aiz — ags).
2

2) Let w € H(Q4,(dlogly,dlogls)(2)): then we can write

W = a12M12 + G13M13 + a23723 + A212T2W12 + A121T1W21 + A313T3W13+

+ a323T3W23 + A213T2W13 + A123T1W23 =

dx1
2 2 2
= x—(—a12$1I2 — 4132321 + Q21225 — a121%] + A313%5 + A213%223)+
1

dzs 2 2 2
+ z—(a12$1ﬂf2 — Q23%3T2 — A212%5 + Q12127 + 32375 + A123L123)+
2
+ dzs(a13z1 + @232 — 3133 — A323T3 — A213L2 — A123%1).

3) Any w € HO(Q}; (dlogly, dlog lo, dlogls)(1)) can be written as:

w = aiawi2 + a13wi13 + a23we3 + a21w21 + aA31ws31 + a3zwsz =
dx1
= x_(a12$2 — G211 + a13%3 — a3121)+
1
d:L'Q
+ x—(*a12$2 + a2 21 + a23T3 — aza®2)+
2
dl‘3
+ x—(*a13ﬂf3 + az1x1 + azeT2 — a2313).
3

4) Any w € H°(Q4,(dlogly, dlog ls, dlogls)(2)) can be written as:

W = a127M12 + G13M13 + A23723 + A212T2W12 + A313T3W13 + A323T3W23+

+ a121T1W21 + A131T1W31 + G232T2W32 + G123T1Wa3 + G231 T2W31 + A312T3W12 =
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dx1 2 2
= x—(—a123€1$2 — 137321 + G212%5 + a31303—
1
2 2
— (1217 — Q13177 — G231T2T1 + a312$3I2)+
L2 2 2 2
+— (127122 — a23T3%2 — A21275 + 12127 + a32323+
2
2
+ 01237123 — Q23275 — a312x3x2)—|—
dxs 2 2 2
+— (137123 + a23T203 — 31373 — A323T3 + A13127+
3
2
+ a232%5 — Q1232123 + A231T122).
Proof. This is an easy verification. O

Now we have prepared everything for the proof of Proposition £l Since the
proof is long and technical we prefer to put it in a separate section (cf. Appendix
).

Proof of Proposition[{.2 For the invariant part, the calculation goes exactly
as the proof of Lemma 2.9. of [BCI0], using that h*(©5)"" = h'(Og)"".

For the other character spaces, we use the same argument as in Lemma 2.12.
in [BCI0] to calculate x(Q} (log D;)(Kg +L;)) (vesp. x(Q} (log Ay)(Ky +As))
for extended Burniat surfaces).

We first observe that

X(Q5 (log D) (Ky + L)) = x(Qp (Ky + L)) + x(Op, (Ky + L3)),
(and analogously for X(Q%, (log A;)(Ky + A;)) for extended Burniat surfaces).
Moreover, note that with the same calculation as in Lemma 2.12. of [BC10],
we see that x(Qp (Ky + £;)) = K2 —12.
Each D; (resp. A;) consists of k; irreducible connected components, each of
them being a smooth rational curve. Write D; = D; 1 + ... 4+ D;, as disjoint
union of smooth rational curves and let n; := D; ; - (Ky + L;). Then

ki
X(Op, (log D;)(Ky + Li)) =Y max(0,n; +1).
Jj=1
Therefore
ki
X(Q} (log Di)(Ky + £i)) = K2 =12+ > max(0,n; + 1).
j=1

We summarize the calculations in the following table (note that we write x;
for x(Q} (log D;)(Ky + L;))). The values for h?(65)" have been calculated in
prop. LIl The notation: extended case (2), resp. (3), refers to Proposition
Moreover, we use Lemma 9.22 of [Cat88] to compare h'(04) and h'(0g): it
asserts that for a single blow up of a point P

ﬂ*eg = mpes, Rlﬂ'*eg =0.
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TABLE 1.
LKz | i ) [ [0 0109 [12(0s) [ 1 (05)
0 -2 0 2 0 2
4 1 (1,1,1,1) | 0 0 0 0 0
n.B. 2 (1,1,1,1) | 0 0 0 0 0
3 (1,1,1,1) | 0 1 1 1 1
0 -3 0 3 0 3
4 1 (1,1,1) | -2 0 2 0 0
ext. 2 (1,1,1) | -2 0 2 0 0
3 | (1,1,1,0,1) | 1 1 0 1 0
0 -1 0 1 0 1
3 1 (1,1,1,1) | -1 0 1 0 1
B. 2 (1,1,1,1) | -1 0 1 0 1
3 (1,1,1,1) | -1 0 1 0 1
0 —4] 0 1 0 1
3 1,2,3| (1,1,0) | —4| 0 4 0 0
str.ext.
0 -3 0 3 0 3
3 1 (1,1,0,1) | -2 0 2 0 0
ext. (2) | 2 (1,1) -5 0 5 0 1
3 (1,1,0,1) | -2 0 2 0 0
0 -2 0 2 0 2
3 1 | (1,1,1,1,0) | © 0 0 0 0
ext. (3).] 2 (1,1,1) | -3 0 3 0 1
3 (1,1,1) | -3 0 3 0 1
U

From the above calculations and from Propositions[3.1] follow all the state-

ments of our first main theorem, with the exception of the statement that N'EBy

is a connected component. It follows that A'€B, is open, while the statement

that N'EBy is closed will be shown in the forthcoming section.

THEOREM [0L] 1) The subset NEBy4 of the moduli space of canonical surfaces of

general type M%) given by the union of the open set corresponding to extended

Burniat surfaces with K% = 4 with the irreducible closed set parametrizing nodal

Burniat surfaces with K% = 4 is an irreducible connected component, normal,

unirational of dimension 3.

Moreover the base of the Kuranishi family of deformations of such a minimal

model S is smooth.

2) The subset NEBs of the moduli space of canonical surfaces of general type
an corresponding to extended and nodal Burniat surfaces with K% = 3 is

an irreducible open set, normal, unirational of dimension 4.

Moreover the base of the Kuranishi family of S is smooth.

DOCUMENTA MATHEMATICA 18 (2013) 1089-1136



BURNIAT SURFACES II1 1113

Proof. We show here the smoothness of the base B of the Kuranishi family.
This follows, in the case K? = 4, from the fact that we have shown (Proposition
B1)) the existence of a family with smooth three dimensional base B mapping
to the moduli space, hence also to the base 28 of the Kuranishi family, in a
quasi-finite way. Since the tangent dimension of 8 is also equal to three, it
follows that the dimension of B is exactly three, and that 8 is smooth.

The argument in the case K2 = 3 is identical, using Proposition [3.21

We are also almost done with the proof of our second main theorem

THEOREM The deformations of modal Burniat surfaces with K% =
4,3 to extended Burniat surfaces with K% = 4,3 yield examples where
Def (S, (Z/27)?) — Def (X, (Z/2Z)?) is not surjective.

Moreover, Def(S, (Z/27)?) C Def(S), whereas for the canonical model we have:
Def(X, (Z/27)%) = Def(X).

The moduli space of pairs, of an extended (or nodal) Burniat surface with K% =
4,3 and a (Z/27)*-action, is disconnected; but its image in the moduli space is
a connected open set.

Proof. By PropositionsB.1land .2l we have two families with smooth connected

rational base of dimension 3, resp. 4, parametrizing all the canonical models

X of the surfaces in NEBy, resp. NEBs.

In the previous Theorem [0.1] we showed that the base of the Kuranishi family

of S is smooth, hence base change of these families yield the Kuranishi family

of S.

The above families of canonical models X yield the Kuranishi family of X, e.g.,

by the Theorem of Burns and Wahl.

Propositions B.I] and B2 exhibiting all the canonical models as bidouble cov-

ers of normal Del Pezzo surfaces, immediately show that Def(X,(Z/2Z)%) =

Def(X).

Let now S be a nodal Burniat surface.

Since, by (7.1), page 23, of [Cat88] Def(S, (Z/27)?) < Def(S) is the intersection

with H'(0©5)?, which is the smooth subvariety corresponding to the nodal

Burniat surfaces, we obtain that Def(S, (Z/27Z)?) C Def(S).

On the other hand, for instance in the case Kg = 4, we explicitly see that

NEB, is the union of two families of bidouble covers, the family of nodal

Burniat surfaces, respectively the family of extended Burniat surfaces: hence

the moduli space of pairs (S, (Z/27Z)?) has exactly two connected components.
O

5. ONE PARAMETER LIMITS OF EXTENDED BURNIAT SURFACES WITH
KZ=14

In this section we shall prove the following:
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THEOREM 5.1. The family of extended Burniat surfaces with K% = 4 yields,
together with the family of nodal Burniat surfaces with K% = 4, a closed subset
NEBy of the moduli space.

This will be accomplished through the study of limits of one parameter fam-
ilies of such extended Burniat surfaces: we shall indeed show that only nodal
Burniat surfaces (or extended Burniat surfaces) occur.

Let Y’ be a normal Q- Gorenstein surface and denote the dualizing sheaf of Y’
by wy.

Then there is a minimal natural number m such that w{‘??ﬂ is an invertible sheaf
and it makes sense to define wy+ to be ample, respectively anti-ample; Y is
Gorenstein iff m = 1.

We recall the following result which was shown in [BCI0].

PROPOSITION 5.2. Let T be a smooth affine curve, tg € T, and let f: X — T
be a flat family of canonical surfaces. Suppose that Xy is the canonical model of
a Burniat surface with 4 < K}Q fort #tg € T. Then there is a biregular action
of G = (Z/27)* on X yielding a one parameter family of finite (Z/27)?-covers

X——)
N
T )
(i.e., Xy — Vi is a finite (Z/2Z)?-cover), such that Y, is a Gorenstein Del
Pezzo surface for eacht € T.

Observe that the above result remains true if we replace “Burniat surface” by
“extended Burniat surface”.
This implies immediately the following:

COROLLARY 5.3. Consider a one parameter family of bidouble covers X — Y
as in prop. [2. Then the branch locus of Xy, — Dy, is the limit of the branch
locus of Xy — Yy, and it is reduced.

Note that the limit of a line on the del Pezzo surfaces ); is a line on the del
Pezzo surface )y, and, as a consequence of the above assertion,
two lines in the branch locus in ), cannot tend to the same line in ), .

REMARK 5.4. Let X be the canonical model of an extended or nodal Burniat
surface with K% = 4. Recall that X is smooth for a general member of the
family of extended Burniat surfaces, whereas X has one ordinary node if X is
the canonical model of a nodal Burniat surface with K2 = 4.

In the extended case the branch locus consists of the union of 3 hyperplane
sections, containing 8 lines, 2 conics and the node. In the nodal Burniat case
one of the conics degenerates to two lines, hence the branch locus consists
instead of 10 lines and one conic.

The first step towards proving Theorem [5.1]is the following:
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PRroOPOSITION 5.5. Consider a one parameter family of bidouble covers X — )
as in prop. except that Xy is an extended Burniat surface with K?Q =4 for
t#0.

Then Yy is a normal Del Pezzo surface with exactly one node as singularity.

LEMMA 5.6. A normal singular Del Pezzo surface with KJQ,0 =4 containing at
least 8 lines has as singularities either

(1) one node, and then it contains 12 lines, or

(2) two nodes, and then it contains 9 lines, or

(3) an As singularity, and then it contains 8 lines, 4 of which pass through
the singular point.

Proof. The assertion is a generalization of Proposition 3.6 of [BC10], page 581,
see especially the proof in the appendix ibidem, pages 585-587.

We blow up r = 5 points in the plane.

By [BCI0], p.586, we have that the loss of number of lines when one has a
chain of k infinitely near points is bounded by

(k= 1) — (b = 1)) 5 (b 1)k —2) = (k= 1)(5 — (k= 1) + 3 (k +1)(k —2).

Since a smooth Del Pezzo surface of degree four has 16 lines, £k > 4 implies
that the number of lines is less than or equal to 16 — 11 = 5.

If there is a chain with k£ = 3, the same estimate gives a loss of 8, and we
cannot then have other (-2)-curves, else the number would be strictly smaller
than 16 — 8 = 8.

In this case we get an A, singularity and 8 lines.

In fact, in the chosen plane model we have 5 points lying on an irreducible
conic C, of which P, infinitely near to P;, and Ps infinitely near to P». The
lines are given by

FEs,Ey4,E5,|L — Ey — E4|,|L — Ey — E5|,|L — Ey — Es|,|L — E4 — E5|,C’,
where C' is the strict transform of C.
In this case the 4 lines passing through the singular point are
Es,|L — E1— Ey|,|L — E1 — E5|,|L — E1 — Es.

In the case where there is no chain of three infinitely near points by a standard
Cremona transformation as in [BC10], ibidem, we may reduce to the case where
there are no infinitely near points and then we have

that the weak Del Pezzo surface is Yy = I@Q(Pl, ..., P5), where Py, P>, P; and
Py, Py, Ps are collinear.

Then Y; contains nine lines. In fact, the set of lines of Yy is:

L:= {El,...,Eg,,L*EQ7E4,L7E27E5,L7E37E4,L7E37E5}.
U

Proof of prop. [63 Since the branch locus of X; — ) contains eight lines for
t # 0, also the branch locus of Xy — ) contains eight lines.
We want to show that cases (2) and (3) of the previous lemma cannot occur.

DOCUMENTA MATHEMATICA 18 (2013) 1089-1136



1116 I. BAUER AND F. CATANESE

We start by eliminating case (3).

Here, the As singularity must be a limit of the node of ), hence the bidouble
cover is branched at the singular point.

The bidouble cover is a RDP, hence, looking at table 2, page 90 of [Cat87], and
table 3, page 93 ibidem, we see that the branch locus is analytically isomorphic
to

e an ordinary cusp {y =0 = 22+ 23 =0} for Eg = {2 + 23 +t* =0} —
Ag = {22 + 23 + y% = 0},

o two lines {z =0 =22 +y? =0} for A5 = {2 +w® +y? =0} = Ay =
{22+ 2% +y* =0},

e two lines {x = 0 = 22 4+ y? = 0} for the composition of Ay — A
(ramified only at the singular point) with the previous As = {22 +
wl + 9% =0} = Ay = {22 + 2% +4% =0},

We observe however that by our previous arguments the branch locus contains
the 8 lines, 4 of which pass through the As singularity, contradicting the above
local description of the branch locus.

Assume now by contradiction that we have case (2), i.e., )y has two nodes.
Then

CLAIM 5.7. E7 is not a component of the total branch locus A of X0 — Y ,
i.e.,

Es,...,B5,L — FEy — Ey,L — Ey — FE5,L — E3 — E4,L — E3 — Fj5
are exactly the 8 lines contained in A.
Proof of the claim. Assume that E; is contained in the total branch locus A
of the bidouble cover Xy — Y. Then A contains three lines intersecting one
of the two (—2) curves. But a bidouble cover of a node branched in at least

three lines does not give a rational double point, as shown by the classification
recalled in Section Pl A contradiction. g

Since for each node v, 15 there are two lines in the total branch divisor passing
through v;, it follows by the classification given in Section Bl that N1, No < A
and that (A — N;)N; = 2.
Denote by 7m: Yy — Y’ be the desingularization map.
Then 7, (A) = —3Ky~, whence
A= —SK}}O + n1N1 + TLQNQ.
Then 2 = (A — N;)N; = (n; — 1)NZ2 =2(1 —n;) & n; =0.
We conclude that

A = 73KY’0'
Observe that
—3Ky — Y. 1=Ni—Noy=3L—F —E,—...— E;.
leL\{E1}
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Since no other component of A can intersect the (—2)-curves, we see immedi-
ately that the remaining two components of A are:

L—Fy,2L— FEy— FEs— E4— Fs.
We write now
Ay =ML —FEy—asEs —asEs — ayEy — asEs,
Ag =X oL — Ey — byFy — bsFEs — byFy — by Fs,
Az =XsL — E1 — coFs — c3Fs — ¢y By — c5Fs.

Here we have used that, since E is not a component of A and since A; + A;
has to be divisible by two, the only possibility is

Ey- (A1, A, Az) = (1,1,1).

Note that, since A + A2 + A3 = 9 (and again since A; + A; is divisible by two)
we have:

()\1, )\2, )\3) S {(3, 3, 3), (1, 3, 5), (1, 1, 7)}
Moreover, since the branch divisor is reduced, for each 7 it happens that, among
the three numbers a;, b;, ¢;, there cannot be two which are negative, and if one

such a number is negative, then it is = —1; hence the only possibilities are:
{ai, biye;} ={1,1,1} or {—1,1,3}, for i € {2,...,5}.

(A1, A2, A3) = (3,3,3) : then we get for the character sheaves:
batca,, bstes,, batca,, bitos

—OBL- B — E E E E
Ly =0(3 1 5 2 5 3 5 4 5 5),
£2:0(3L—E1—GQ;CQEQ—G3J2FCBE37a4;rc4E4fa5;rc5E5),

b b b b
£3:(9(3L—El—“2;r QEQ—%;F 3E3—a4;_ 4E4—“5;L 5 E5).

Note that (a;, b;,¢;) = (1,1,1) for all 4 € {2,...,5} implies that p,(Xp) # 0,
whence w.l.o.g.

(G’Qa b2; 02) = (71, 1, 3)
Then Fs < Aj, and by the local calculations in Section [ this implies that
also F3 < A; (since the two lines of the branch locus intersecting a (—2)-curve
belong to the same A;). Therefore

(as,bs,c3) € {(—1,%,%),(1,1,1)}.
Again using py(Xp) = 0, we conclude (looking at £3) that (up to exchanging
Py with Ps)
(a4, by, C4) S {(3, 1, —1), (1, 3, —1)},
and again this implies that
(as,bs,c5) € {(x,%,—1),(1,1,1)}.

But in all of these cases we have

%t 01y e f2,...,5),
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contradicting p, = 0.

(A1, A2, A3) = (1,3,5) : here we have

b b b b
Ly = O4L - By — 2+62E2_ 3+C3E3_ 4+C4E4_ 5+C5E5),
2 2 2 2
Lo=0@BL-F -2t@p Glap Gtap o616LH,
2 2 2 2
b b b b
£3:(9(2L—El—“2;r QEQ—%;F 3E3—a4;_ 4E4—“5;L 5 E5).

Again, p; = 0 implies that there is an ¢ € {2,...,5} such that % = 2.
W.l.o.g. we can assume that asz = 2. Therefore
(ag,ba,c2) € {(3,-1,1),(1,-1,3)},
whence
(a3, bs,c3) € {(3,—1,1),(1,—1,3), (1,1,1)}.
Then I’Q%, b“"% <1 and }’4%, b"% < 2, which implies that O(L — E3 —
E4) C O(Ky,) ® L4, contradicting py(Xp) = 0.

(A1, A2, A3) = (1,1,7) : this case can be excluded since

5 5
A=A7z-(Kg)=3M—1-) ¢;=12>> ¢ =16,
1=2 1=2

a contradiction.
This proves the proposition. ]

Consider a one parameter family of bidouble covers X — ) as in prop.
Then Y’ := ))y is a normal Del Pezzo surface with exactly one node.

Let Y be the blow up of Y’ in the node and denote the exceptional (—2)-curve
of Y over the node by A.

The following result concludes the proof of Theorem [5.11

PROPOSITION 5.8. For the limit of a one parameter family of extended Burniat
surfaces with K% = 4 we have:

(1) if A does not intersect A — A, then Xy is an extended Burniat surface
with Kg =4
(2) if A intersects A — A, then Xy is a nodal Burniat surface with K% =4

Proof. We can assume that ¥ = I@’Q(Pl,...,P5), and w.l.o.g. Py, Py, Ps
collinear, i.e., A=L — Fy — By — Fs.

Recall that we have shown that in both cases A is contained in the branch
locus, hence the two alternatives are that A is a connected component of the
branch locus, or not.

1) In the first case, argueing as in Proposition 5.5, we get that the total branch
locus is A = —3Ky + A.
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It is easy to see that Y contains exactly 8 lines I1, ..., ls which do not intersect
A. Then these 8 lines have to be contained in A.
Then A — A — Zle l; = 3L — Y E;, which has to split into two Del Pezzo
conics, which then have to be L — F; and 2L — ZLQ FE;. Hence we get an
extended Burniat surface.
2) HereL—El—E4—E5EA§AE—K?.
Observe that Y contains exactly 4 lines intersecting A: F1, Fy, E5, L — FEs— E3.
By our local calculations in Section [2] two of these four lines are components of
the total branch divisor and the two other not.
W.l.o.g. we can assume E1, L—FEy—FE3 < A. Since F4 and E5 are not contained
in the branch divisor, we see (writing A; as in the proof of Proposition (5]
that(a4, b47 C4) = (a5, ()57 65) = (1, 17 1).
Now it is straightforward that (A1, A2, A3) = (3,3,3) (use the same argument
as in the proof of prop. to exclude the cases (1,3,5) and (1,1,7)).
Since pgy = 0, we have (up to a permutation of {1,2,3})

bi+c  az+ca  az+bs _

2 2 2 7

W.lo.g. we can assume (a1, b1,c1) = (—1,1,3); then £y, L — By — E3 < Aq.
Therefore

(ag, bg, CQ) S {(3, -1, 1), (1, -1, 3)}
and
(ag, bg, Cg) S {(3, 1, —1), (1, 3, —1)}.

But only (ag, bs,co) = (3,—1,1) and (as, bs,c3) = (1,3, —1) is possible (since a
cubic cannot have two triple points, i.e., this would contradict the effectivity
of A; for some 7).

Therefore we get a nodal Burniat surface. O

6. NODAL AND EXTENDED BURNIAT SURFACES DO NOT FORM A CLOSED
SET FOR K% =3

We are going to exhibit surfaces which are in the closure of the family of nodal
and extended Burniat surfaces, but for which the image of the bicanonical map
is a normal cubic with other singularities than 3 nodes.

In our first example we exhibit a 3 -dimensional family with a 4-nodal cubic as
image.

Consider a specialization of the 6 points Pi,...,Ps in P2 so that P;, Py, P3
become collinear, and, more precisely, the point P, moves in the line joining
P, and Py till it reaches the line joining P; and Ps.

Then Pi,...,Ps are the vertices of a complete quadrilateral with sides
Ny, Na, N3, Ny: here we identify Ny to the (-2) curve Ny =L — Ey — Es — Ej
on the weak Del Pezzo Y of degree 3 obtained blowing up the 6 points. Our
notation for Ny, Na, N3 remains the same, and Y is the minimal resolution of
the 4-nodal cubic surface Y/ := X.
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We consider exactly the same divisors as the strictly extended Burniat divisors
in 4) of Definition[[.4l We obtain a three dimensional family of bidouble covers
X of ¥, with total branch locus consisting of 9 connected components, namely:

N15N27N3; F15F2)F3; G17G2)G3'

(1, G2, G5 correspond to the three diagonals of the quadrilateral, and are the
3 lines of ¥ not passing through the nodes, whereas I'y,I'2, '3 are conics as in
Definition [[L4l The canonical models X have therefore 4 nodes lying over the
node of ¥ corresponding to Ny.

We have therefore proven:

PROPOSITION 6.1. The closure of the (4-dimensional) open set corresponding
to nodal and extended Burniat surfaces with K% = 3 contains a 3-dimensional
family of canonical models which are bidouble covers of a 4-nodal cubic surface
3.

FEach such surface X has 4 nodes, lying over one fized node of X2, and where
the bicanonical map ®o: X — X is unramified.

In our second example we obtain a 3-dimensional family of bidouble covers of
a cubic surface Y’ with a singularity of type Djy.

We give this example using the different planar realization which was indeed
the way we found our first description of the deformation of nodal Burniat
surfaces with K g = 3 to extended Burniat surfaces.

To do this, we relabel the 6 points in the plane as follows:

Pé = f:)47 PQI = P5, Pll = Pﬁ.
We have therefore irreducible rational curves

Di,l I:L—E,L' _Ei+17 Di,g = Nz :L—E,L' — Z(Jrl —E,L{JFQ,
D,L',3 ZZGi:L—Ei—E,L{

on the weak Del Pezzo Y of degree 3.

Blowing down the 3 (-1) curves D;1 (i = 1,2,3) first, and then the strict
transform of the 3 (-2) curves D; 2 ( ¢ = 1,2, 3) we obtain another copy of the
projective plane where one has blown up three points Q; (¢ = 1,2, 3) and three
points @} (i = 1,2,3), where @} is infinitely near to @;.

We denote by slight abuse of notation by @; the full transform of the point Q;,
namely, the divisor D; 1 + D;_1,2, and by @} the full transform of the point
Q},namely, the divisor D; ;.

The pull back of the system of lines in the new P? is, by the Hurwitz formula,

the linear system
L= 4L—22Ei —ZE;.
i i

And the curve D; 3 is linearly equivalent to

Dis=L—-2Djt11—Diz2=L—Qiy1—Qipy.
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Hence D;_12 = Q; — Q}, and we can write the branch loci for the extended
Burniat surfaces as:

Ai € Dig+Diy12+|Diz+Diy13| = Diz+|Qi-1 — Q1| +[Diz+ Dit13] =
=[L-Qiy1 — Q| +1Qi1 — Q|+ 2L = Qi1 — Qi — Qi1 — Q4| =
=1L-Qiy1 — Qi |+ Nis1 + 2L = Qip1 — Qi — Qi1 — Q4.

Now, we simply let the three points @1, Q2,3 become collinear, but we let

the tangent directions @)} remain general.

The blow up of the plane in the 6 points possesses now 4 (-2) curves, the three
curves N1, No, N3 and the strict transform N of the line through Q1,Q2, Q3.
Since N intersects each N; and these are disjoint, the corresponding normal
Del Pezzo surface Y’ has a singularity of type Dj.

Letting the branch divisor be as before (namely, take pull backs of general
conics in [2£ — Qi1 — Q4 — Qi—1 — Qj_1]), we obtain

PROPOSITION 6.2. The closure of the (4-dimensional) open set corresponding
to nodal and extended Burniat surfaces with K% = 3 contains a 3-dimensional
family of canonical models which are bidouble covers of a normal cubic surface
Y’ with a singularity of type Dy.

The branch locus on Y’ has the singular point as an isolated point, and the
local covering is determined by the epimorphism Dy — (Z/27)* = (D)% of
the local fundamental group of the singularity to its abelianization.

Proof. The inverse image of the (-2) curves in the bidouble cover are: the
inverse image N’ of N, which is a (-8) curve, and, for each N;, there is a pair
of (-1) curves meeting N'. After contracting the 6 (-1) curves we obtain a (-2)
curves.

O

7. APPENDIX 1: A CORRIGENDUM TO BURNIAT SURFACES II

Parts 1), 2) and 3 ) of the following lemma were contained in Lemma 2.10 of
[BC10], while 4) corrects a wrongly stated assertion of 2) of loc. cit.
We also amend the proof for the correct assertions.

LEMMA 7.1. Consider a finite set of distinct linear forms
lo =y —cox,a €A

vanishing at the origin in C2.

Let p: Z — C? be the blow up of the origin, let D, be the strict transform of
the line Lo := {lo = 0}, and let E be the exceptional divisor.

Let O ((dlogla)aca) be the sheaf of rational 1-forms n generated by Q.
and by the differential forms dlogl, as an Ocz-module and define similarly
QL ((log Da)aca). Then:

1) p*le(log E)(-E) = Q%p,

2) . (log E, (1og Da)aca) = ks ((dlog Lo)ac.).
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3) p*le((log Da)aGA) ==
{n € Qea((dlogla)aca)ln = 3o, go dlogla +w,w € Qta, >3-, ga(0) = 0}.
4) p*QIZ((log Do)aca)(E) D Q(%?((dl()g la)aca) and

dimc[p*ﬂlz((log Da)aeA)(E)/Qéﬁ((leg la)aca)l =d—2

is supported at the origin, where d := |A|. More precisely, we have an exact
sequence

0— Qfz — pQ%((log Da)aca) —>@(’)D )= C2 = 0.

5)
Assume w.l.o.g. ¢1 =0 in the following formulae: then
Q5 (log D1)(—E) C Qs (dlogly) is the subsheaf of forms
3] 3]

{w=ads + 5%15(0) =0, 50(0) = 0.5 (0) + a(0) = 0}
6) pQL(—F) = mOQCQ, where mq is the mazimal ideal of the origin 0 in the
sheaf Ocz.
7) p«Qy (log D1,log Do) (—E) C Q. (dlogly, dlogly) is the subsheaf of forms

= a2+ 5%4a(0) = 0,5(0) = 0, LD ) — 0, L2 ) gy

Proof. We show 2), 3), 4), 5) and 7).
Observe that

p+2%((log Da)aca)(mE)
consists of rational differential 1-forms w which, when restricted to C? \ {0},
yield sections of Q. ((dloglq )aeA)
Therefore, in partlcular w][[seala is a regular holomorphic 1-form on c2.
Hence w, modulo holomorphic 1-forms, can be written as

wzidx—i— J

HaEA lOt HaeA la
where f, g are Weierstrass pseudopolynomials of degree in y strictly less than
d := card(A).

Since dy = dlo, + codw, the condition that w restricted to C? \ {0} yields a
section of Q. ((dlogla)aca) implies that Io|(f + cag).

Whence [, d1v1des fx 4 yg, and we conclude, since [],. 4 lo is a pseudo poly-
nomial of degree d, that

dy,

fxr+yg=c(z) H lo.

acA
This allows us to write, modulo holomorphic 1-forms,
dy — Ldz
wo I —gdr) e,
HaGA ZU‘ z
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where now ¢ € C.
Let us pull back w to Z, using local coordinates (z,t) such that y = «t, and
where we make the assumption ¢, # 0, Va.

—d
D= x~%g(x, xt)(zdt) + S

HaEA(t — Ca) z
The pull back form has logarithmic poles along F = {x = 0} iff g(z,y) has
multiplicity at least d — 1 at the origin, and poles of order at most one along
E iff g(x,y) has multiplicity at least d — 2 at the origin.
Observe that the d polynomials Ps := [],. Aot lo are linearly independent
and homogeneous of degree d — 1, hence they generate the vector space of
homogeneous polynomials of degree d — 1, hence they generate the ideal of
holomorphic functions vanishing at the origin of multiplicity at least d — 1.
Hence g(z,y) has multiplicity at least d — 1 iff we can write

g:ZgaPa-

acA

And since g is a pseudo polynomial of degree < d—1, the g, ’s are just functions
of .
In this case we can write

_° 9o gy — Yy = L 9o (ydy —
w= d:chZl (dy Idz)gg(cd:chzl (xdy yd:c))

T
acA @ acA @

_1 gou _ I _
_;p<0d$+zl (xdly + xeodx ydm))—zl dla—l—xdac (c Zga>

acA ¥ acA ¥ acA

The above form w does not have poles on the line x = 0 if and only if ¢ =
(ZaEA Ga (0))

Observing that the strict transform of the line z = 0 is not among the divisors
D,, we establish claim (2), while (3) follows since ¢ = 0 iff there are no poles
along FE.

The very first assertion of (4) follows by (2), so let’s proceed to verify the other
assertions.

Assume now that p*w has poles of order 1 along FE; equivalently, assume that
g(z,y) has multiplicity at least d — 2 at the origin. Since we already dealt with
the case where this multiplicity is at least d — 1, we may assume that g(z,y) is
homogeneous of degree d — 2, and that ¢ = 0.

Argueing as before, the space of homogeneous polynomials of degree d — 2 has
as basis the d — 1 polynomials (=1,...,d —1)

Qp = H ly.

a€A,a#B,a#d

Whence g =3 c4 atd gaQq, where g, € C, and we may write:
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Since we want no poles on the line x = 0, we must have
d—1 d—1
3> gy“—Qy =0& Y ga=0.
a=1 a=1

Under this condition we may then write

d—1

w=Y 2 (d),

a—1 lald

which has logarithmic poles along [, = 0.
Logarithmic poles along [; = 0 follow by writing

SH

~ g = galea — ca)
=3 2 (a ald_Talg
w= g )+ 2 ST

[e%

and observing that S %"} % vanishes for l; = 0 since on {l; = 0} we
have y = cqx.

Applying the residue sequence, we see that each such form w has as residue on
D,, a function with a single pole at most at the origin O, and with coefficient

of % respectively equal to rq := 22;11 (Cdgjca)

in the case of Dy, and 7, :=

 Crry in the case of D,.

In other words, the sum of the ‘double’ residues is 0, and the other condition
22;11 go = 0 can be also written down as Zi=1 CaTa = 0.

To show 5), observe that

p«Qy (log D1)(—E) C p.Q3(log D1) C Qg2 (dlogly).

Take coordinates x,y such that [y = y, and write w = adz + ﬁ‘z—y.
We just pull back w on the blow up Z in the chart where we have y = tz, and
impose that it lies in the span of

dt
r—, xdx.
t

We have
w = afz,tx)dxr + ﬂ(x,tm)(% + dw

)

x
and we must clearly have 5(0) = 0.

Then f(zx, tm)% is a multiple of m%, and it suffices to require that a(x,tx) +
1 B8(z, tz) be divisible by .

Writing (z,y) = 12+ B2y + ..., our condition boils down to the divisibility
by = of

a(0)+ 1+ Pat & B2 =0, a(0) + 51 =0.
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Finally, let us show 7). Write
d
w=oa—+ B—y
T Y
and pull back to the blow up in the chart where y = tx: we get
dx dt
(a+B)— + B8~

which must be divisible by «, hence in particular 5(0) = 0. Looking at the
other chart we get symmetrically «(0) = 0.
Now, « + 8 must vanish of order two, in order that its pull back be divisible
by z2.

a

8. APPENDIX 2: PROOF OF PROPOSITION [4.1]

Proof of Proposition [f.1, We can prove 1) and 2) simultaneously for i = 1.
Observe that D; = A; + Ny, that Ay = L + Ny, and apply Lemma 3]
(observing that (Ky +2N; + (Ey — E3))N; = —4+41 < 0) in order to conclude
that
H°(Q, (log(A1))(By — B3 + Ni)) = H°(Qy (log(D1)) (Ey — E3)).
Moreover we observe that, again by Lemma [£.3]
H°(Q (log(D1))(Br — E3)) = H*(Qy (log(D1 — (L — E1)))(L — Ez)).

Let f: Y — P2 be the blow down of E1, ..., Es. Then f, (D1 — (L — Ey)) splits
as the sum of two lines Iy, 15 in P? intersecting in P;.

W.lo.g. we can assume that P, =(0:0:1), P, =(0:1:0), P, =(1:0:0)
and Ps = (1:0: A), with A #0.

Applying Proposition [[I] several times for each blow down we get that

H°(Q (log(D1 — (L — E1)))(L — E3)) = H(f Q5 (log(D1 — (L — E1)))(L— E3))

is the subspace V1 of H%(}; (dlog 1, dlogl5)(1)) consisting of sections satisfying
several linear conditions.
We write these conditions using the basis provided by Lemma L5 and its corol-
lary, in order to show that Vi = 0. By prop. [l 3) we get for P;:
a3 + az3 = 0;
for P, P, and Ps the three equations
a12 = az1 = az1 + Aazz = 0.

This shows that V; = 0.
We continue with the proof of 1).
For i = 2, again by Lemma we have to calculate

Vo = H°(Q% (log(L — E» — E5),log(L — E> — Ey))(L — E3)),
which after blowing down FEi,...,FE5 corresponds to a subspace of

HO(Q}, (dlog 1, dlog l2)(1)).
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W.lo.g. we can assume that P, =(0:0:1), P =(0:1:0), P, =(1:0:0)
and Ps=(1:1:1).
By prop. [Tl 3), we get for Py,Py, Ps the three linear equations:
a13+ag3 =0, az1 =0, a1z =0.
We evaluate w in Ps, and get (using the above equalities)
w(P3) = a13dz1 + agsdrs,

whence by Proposition [[1] 6) a13 = a3 = 0 and therefore we have verified
that V5 = 0.
For ¢ = 3, using Lemma 3] we have to calculate:

Vs := HO(Q} (log(L — Es — Ey),log(L — Es — E5))(L — E)),

which, after blowing down Fi,...,E5, becomes a linear subspace of
HY(Q} (dlog ly, dlogl2)(1)).

W.lo.g. we can assume that P = (0:0:1), P, =(0:1:0), P=(1:0:0),
Pr=(1:1:0).

By prop. [1] 3), we get for Ps,Py, Ps the three linear equations:

a13 +az3 =0, a;2 =0, az =0.

Setting the evaluation of w in P; equal to zero is easily seen to give no new
conditions, hence V3 = C.

Let’s proceed to prove 2) for i = 2, 3.

For i = 2,3, by 4) of remark [[L5]

HO(QF (log Ai)(Ky + Ay)) = HY(QF (log Ai)(E; — Eit2)).
For ¢ = 2, using again Lemma 3] observing that
(Kyg +2T2+ (B2 — Ey))T'2 <0,
we see that we have to calculate
Vo := H(Q} (log(L — Ey — Ey),log(L — Ey — Es))(2L — Ey — E3 — E4 — E3)),

which, after blowing down FEji,...,FE5, becomes a linear subspace of
HO (0, (dlog 1y, dlog I2)(2)).

W.lo.g. we can assume that P, = (0:0:1), P,=(0:1:0), P =(1:0:0),
Py =(1:1:1), and then P, = (1: A:0), where A # 0, 1.

Using cor. 6] we get by prop. [[11] 3) for P, the linear equation

az13 + azas = 0.
By prop. [1] 5) the conditions for Py are
aziz =0, a12 =0, a3 = 0;
whereas the conditions for P5 are
a1 =0, a12 =0, a;3 =0.
Imposing that w vanishes in Ps, we get

w(Ps) = dz1(asiz + 2a213 + a123) + dra(asaes + 2a123 + az13) = 0.
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The above conditions yield:
123 = 313 = —0A213 = —A323.
Finally, imposing that w vanishes in P; we obtain:
w(Py) = —dwz(Aazi3 + ai3) = 0,

whence (A — 1)az13 = 0. Since A # 0,1 this implies a215 = 0, and we have
shown that V5 = 0.

We are left with the case i = 3. Using repeatedly Lemma [£.3] and Proposition
[1l we see that we have to calculate

Vs := HO(Q} (log As)(Es — E»)) =
= HO(Q%/(log(L — E1 — Eg),log(L — E1 — E4 — E5))(2L — E3 — E4 — E5))
After blowing down Ej,..., E5, we can assume w.l.o.g. that P, = (0:0: 1),
Pb=(0:1:0),P3=(1:0:0), P=(0:1:1), and V3 becomes a linear
subspace of H°(Q,(dlog!ly,dlogls)(2)).
Using cor. 6] we get by prop. [[11] 3) for P; the linear equation
az1z + agaz = 0.

By prop. [[1] 5) the conditions for P, are

az12 =0, a;2 =0, azs =0;
whereas the conditions for P are

ai21 =0, a;2 =0, a;3 =0.
For P5, we get instead (again by prop. [[I] 5)), the two linear equations (the
third is trivial):

a213 + a3z = 0, 2a313 = 0.
This implies that asi3 = ao13 = asagz = 0, but ajo3 is arbitrary. This shows
that V3 = C.
Thus 2) is proven.
To prove 3), by symmetry, we may assume without loss of generality that ¢ = 1.
We have to calculate V; := HO(Q%/ (log(D1)(E1 — E3)), which by Lemma [£3 is
equal to

H°(Q} (log(L — Ey — E»),log(L — Ey — Ey — E5))(L — Eg)),

which, after blowing down FEji,...,E5, becomes a linear subspace of
H°(Q4,(dlogly,dlogls)(1)).
W.lo.g. we can assume that P, = (0:0:1), Ps=(0:1:0), P, =(1:0:0),
Py =(0:1:1). Since Py, Py, Ps are collinear, P = (1 : pu: p), where p # 0.
By prop. [[1] 3), we get for P;,P5, Py and Ps the linear equations:

aig +agg =0, az1 =0, a12 +a13 =0, a12 =0.

This already shows that V; = 0.
Thus 3) is proven.
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Let us treat the subcase of 4) where we have strictly extended Burniat divisors:
the situation is here symmetric in the indices ¢, hence it suffices to show the
vanishing of
HO(@ (log(A1))(Ky + A1)).

Recall that we have the decomposition in irreducible connected components
A1 = G1 + 'y + No, where GG is the del Pezzo line G = L — E; — Eg.
By Lemma [£3] we get:

HO(QL (log(A1))(Ky + A1) = HO(Q (log(Ay + N1)) (Er — E)),

since (Ky + 2N; + (E1 — E3))N; < 0. Using again Lemma [A3] we see that

HO(Q%;(IOg(Al + Nl))(El — E3)) =
= HO(Qp (log(A1 + N1 = T1))((Br — B3) +T1)) =
= H°(Qp (log(G1 + N1 + N2))(2L — E> — E3 — E5 — Eg)),
because (K¢ + 2T + (E; — E3))I'; < 0.
Let f: Y — P2 be the blow down of E,,...,Es. Then f.(G1+ N1+ Ny) splits as
the sum of three lines 1, ls, [3 in P? forming a triangle. W.l.o.g. we can assume
that Ps=(1:0:0), b =(0:1:0), P,=(0:0:1)and Ps=(1:1:1). Then
P; = (0:1:1), whereas P, is collinear with Ps, Py, whence P = (1:0: \),
with A # 0, 1.
Then

H°(Q} (log(G1 + N1+ N3))(2L — Ey — B3 — Es — Eg)) =
Ho(f*Q%/(log(GH + N1 + N2))(2L - E2 - E3 — E5 — EG))
is a subspace of
H°(Q}2 (dlog 11, dlog I3, dlog 13)(2)),

where l; = xz;, whence Py, Py, Ps € {l1 = 0}, Ps, Py, P, € {lo =0}, P, Ps €
{l3 = 0}, consisting of sections satisfying fourteen linear conditions described
in Proposition [Tl

We explicitly write these conditions using Lemma [£4] and Lemma [Z6] in order
to show that this subspace must be trivial.

Let w € HY(Q},(dlogly,dlogls, dlogls)(2)) and we write w in the basis of
Lemma L4

w = a12M2 + @133 + 23723 + G212T2wW12 + G313T3W13 + A323T3W23+
+ a121T1W21 + A131T1W31 + A232T2wW32 + A123T1W23 + A231T2wW31 + A312T3W12.
Then by prop. [l 3) the condition for P = (0:1:0) is
(1) azi2 + aszz = 0.
The same argument shows that the linear condition for P, = (0:0:1) is

(2) asz1s + aszsz = 0.
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Next we work out the conditions for Ps, P> using prop. [[I} 5). For P5 :=
(0 :1:1) we work in the chart 3 = 1 and write w locally around (0, 1) as
a(x1, x2)dxs + B(21, xg)dmill. Then we get (using Lemma [.0]):

(3) B(0,1) = azi2 + az13 + azi2 = 0;
0
(4) 8—:061(0’ 1) = —a12 — a13 — ags1 = 0;
op
(5) 87(07 1)+ «(0,1) = —aa3 + 2a212 + aszs = 0.
2

The same argument for P» = (1: 0: A) (working in the chart 21 = 1 and writing
w locally around (0, \) as a(z2, x3)dzs + B(ze, xg)%) gives the following three
linear equations (A # 0, 1):

(6) B(0,\) = az23\? + aja1 + ajaz) = 0;
0
(7) a—i(O, )\) = a2 — )\a23 — )\a312 = O;
03 1
(8) 8—553(0’ A) 4+ a(0,N) = a3 + Tt + Aasaz — Aazgiz =

1
=ai3+ N 181 + 2)Aazez = 0.

There are four linear conditions coming from Ps = (1 : 0 : 0), given in prop.
[C1 7). We work in the chart 1 = 1 and write w = a(mg,x3)dx—22+ﬁ(m2, Z3)%
Then we get:

(9) 0&(0, O) = a121 = 0;
(10) £(0,0) = a131 = 0;

ola +
(11) (TQB)(O, 0) = a2 + ag31 = 0;

d(a+p)

12 —=(0,0) = a3 =0.
( ) ax3 ( Y ) a13
From equation (11) we get: a12 = —ag31.
Since a13 = ai31 = 0, equation (8) implies asza3 = 0, whence by (2) also

as1s = 0. Moreover, by (6), we get aja3 = 0.

We write finally the conditions coming from P; = (1:1: 1) (using again that
certain coefficients are zero).

We evaluate w in P3 and work in the affine chart 5 = 1 to obtain

(13) w(Ps) = (—a12 + a1z — azs1 + azi2)dr1+

(a23 + a3 + ass1)dxs = 0.
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Since:
w(P3) = (azi2 + aziz)dxy + ((azs + a3z + ag31)dws
we get the last two linear equations:

(14) G231 + a3 + az32 = 0;
(15) az12 + azi2 = 0.
These immediately imply that
G312 = G232 = —a212.
By (14) ass = —asse — a231, and using (5), we see that ass = 2as12.
Again by (14) we get then that as;o = —ags1. Therefore, we have:
a23
G212 = —@A231 = —A312 = —0232 = 7

By (7):
0 = a12 — Aags — Aagz1 = a2 + Aagsi,

whence by (4) A = 1, which gives a contradiction, or aj3 = ass; = 0.

Hence the claim for strictly extended Burniat surfaces with K2 = 3 is estab-
lished.

Next we come to the case of (non strictly) extended Burniat surfaces. Here we
have to consider two cases:

a) only one of the three conics I'; degenerates to two lines;
b) exactly two of the three conics I'; degenerate to two lines.

a) W.lo.g. and by remark [[L5] (5) we may assume that I'y splits as
I'y=(L—-E,— E>)+ N3+ Es.
Then we get the extended Burniat divisors:
{D\}=|L—Ey — Eg| +|L — E1 — Es| + E5 + Na,
Dy €|L—FEy—FEs|+ 2L — Ey — E3 — E4 — Es|,
Dj € |L— E3 — Eq|+|2L — Ey — E5 — Ey — Eg| + Ny + Ns.
We make the assumption, for each D}, i = 2,3 that the strict transform of the

conic I'; is irreducible.
Then we have

K;}+£/IEL7E37E47E5EK{/+A1,
K;}‘FE&EL*EH*EZ*EGEK{/‘FAQ,
K{,+£/3£E37EQEK{,+A37N3,

where the A; are as for the strictly extended Burniat divisors.
Observe that D} + N3 = As, whence

H(Q (log Dy) (Ky + £3)) € H(Qy (log D3)(Ky + L5 + N3)) =
H(Qg (log(Dj + N3))(Ky + £3)) = H%(Q (log A2)(Ky + Az)) =0,

DOCUMENTA MATHEMATICA 18 (2013) 1089-1136



BURNIAT SURFACES II1 1131

where the first equality holds by Lemma [£3] and the last holds by our previous
computations for strictly extended Burniat surfaces.

Moreover, D = Az + N3, L = A3 — N3, whence the vanishing of
H°(Q} (log D4)(Ky + L3)) follows again using Lemma 3] from the analogous
vanishing for strictly extended Burniat surfaces. It remains to prove the fol-
lowing

Cramv 8.1. H°(Q (log D) (Ky + L7)) =0
Proof of the claim. By Lemma [£3] we see that

HO(QL (log D)(Ky. + £4)) = H(Q (log(D} — Es))(L — Ex — Bs)).
Let f: Y — P2 be the blow down of E, ..., Eg.
Then f.(D} — Es3) splits as the sum of three lines Iy,ls,l3 in P? forming a
triangle. W.lo.g. we can assume that P, = (1 :0:0), P, = (0 : 1:0),
Ps=(0:0:1)and Ps=(1:1:1). Then P,=(0:1:1).
We conclude that H°(Q} (log(D} — E3))(L — By — E5)) = H(f.Q} (log(D} —
Es3))(L — E4 — E5)) is the subspace of H(Q4,(dlog 1, dlogls, dlogl3)(1)) con-
sisting of sections satisfying one linear condition for P;, P», Ps each, two linear
conditions for P; and three linear conditions for Py, described in Proposition
i\
We write these conditions using Lemma 4] in order to show that this subspace
must be trivial.
By Lemma 4 we write w € H?(Q, (dlog1, dlog I, dlogl3)(1) as

w = Z QijWij.
i#]

Then the three equations for Py, Py, Ps (cf. prop. [l 3)) are

a1 +az1 =0, aiz +azz =0, a1z + a3 = 0.
By prop. [l 5), we get for Py the linear equations:

aiz2 + a3 =0, —az; —az1 =0, azz —azz =0.
The above conditions already imply:

a13 = a1z = agz = azz =0, a1 = —az;.

We impose the vanishing of w in P; = (1 : 1 : 1) working in the affine chart
x3 = 1 and obtain

w(l 11 1) = (—a21 — agl)dI1 + (agl)dm =0,
whence as; = az; = 0. O

b) W.lo.g. we can assume that each of the two conics I'1 and I'y degenerate
to two lines. Then we get the extended Burniat divisors:

{D{} =|L—FEy — Eg| +|L — Ey — E3| + E3+ N1 + Na,
{DIQI}Z|L—E2—E5|+|L—E2—E3|+E1,
D:ge|L—E3—E4|+|2L—E1—E3—E4—E6|+N3.
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We make the assumption for Df that the strict transform of the conic I's
passing through Py, P35, Py, Ps is irreducible.
Then we have

K)*/—F,C//EEl —E3 :K{,—f—[:/l —Nl, D/I/:Dll—f—Nl,
K{,—f—ﬁ”EL—El—E4—EGEKY/+£2+NQ, DIQIZDQ—NQ;
Ky + L5 = E3 — By = Ky + Aj, Dy = D5 — Ns.
Therefore for ¢ = 1,2, 3 the vanishing of HO(Q%, (log DY)(Ky + L)) can be re-
duced via Lemma to the analogous vanishing for extended Burniat surfaces
of case a) (i = 1,3) and to the analogous vanishing for Burniat divisors (for

i = 2), which was already proved in part 3).
O

9. APPENDIX 3: AN ALTERNATIVE PROOF OF STATEMENTS 1), 2), 3) OF
ProPoOsITION (1]

In this appendix we present other methods to calculate the space of sections of
twisted logarithmic sheaves, in particular a fibration method.

Assume that we have d smooth rational curves C, C Y contained in a smooth
algebraic surface Y, meeting with distinct tangents in a point O, a divisor B,
on C, of degree 0, 1 or 2, and disjoint from O, and let Z be the blow up of
Y in the point O. Denote by D, the strict transform of C,, and denote by
O ((log Co(—Ba))aca) the sheaf which is the inverse image, under the residue
sequence, of ®qecaOc, (—By).

Then by 4) of Proposition [Tl we have an exact sequence

0 — Q3 ((log Ca(~Ba))aca) =
= pxQ%((log Da(~Ba))aea)(E) = C5* = 0
which is exact on global sections if
h:= dimcH' (Qy ((log Ca(=Ba))aca)) = 0.
Or, more generally, iff h = I/, where
h' = dimcH (Q((log Do (—Ba))aca))-

Consider the exact sequence
d
0 — Q) = Q3 ((log Ca(—Ba))aca) = P Oc,, (—Ba) — 0,
a=1

and assume that H2(Q.) = 0.

Then h = a + b, where a is the number of a’s such that B, has degree 2,
while b is the difference of the dimensions between H'(Q},) and the subspace
generated by the Chern classes of the C,’s such that B, has degree 0. If we
choose Y = P2 then h = 0 as soon as no B, has degree 2, and some B, has
degree 0.
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Otherwise, one can calculate b’ in a similar way. We assume for simplicity that
Y = P2. We have a similar exact sequence

d
0 — QL (E) = Q4((log Da(~Ba))aca)(E) = € Oc,, (O — Ba) — 0,
a=1
and since H'(O¢, (O — B,)) = 0 by our assumption, we get that h’ is the
dimension of the cokernel of

d

P H(0c, (0 - B.)) — H'(Q(E)).

a=1
To calculate the last space, observe that

QIZ ®Op =0g(-2)® 0g(1)

whence h!(QL(E)) = h'(Q}) +1 = 3.
These criteria can now be used in order to prove statements 1), 2), 3) of Propo-
sition 411
We can prove 1) and 2) simultaneously for ¢ = 1.

Observe that D; = Ay + Ny, that Ay = L; + Ny, and apply Lemma [£3] in
order to conclude that

HO(L (log(A1))(Ey — Bs + V1)) = HO(QL (log(D1)) (Er — B)).

By Lemma [Tl we can blow down F3 and obtain H%(Q}, (log(D}))(E1)). In
this case the respective degrees of the divisors B, are 0,1,2 hence h = 1. We
have to decide whether A’ is 0 or 1. We contract E3, Ey4, E5, and we let Z be
the blow up of the plane in P;. We must calculate h°(Q% (log(Co(—Ba)))(E1)).
Here the curves C, are fibres of the ruling of Z, f: Z — P!. Using the exact
sequence

(%) 0 = f*Qp1 = QY > wzpr = Oz(—F —2E1) = 0
we obtain the analogous sequence
0— f*Op(1)(E1) — Q5 (log(Ca)(E1) = Oz(—F — E1) = 0
to infer that
H°(f*Opi (1)(Er)) = H(Qy (log(Ca)) (B1))-
We are imposing some vanishing on three points lying in two fibres, hence we
get the sections of H*(Oz(F + E1)) = p*H%(Op:z(1)) vanishing in the three
points Py, P5, P>, whence we conclude that this space has dimension = 0.
This argument shows 1) also for i = 2, 3.
For a nodal Burniat with m = 2 the space HO(QI?(Iog(Di))(Ei — Ei49)), van-
ishes for ¢ = 2, but it has dimension equal to 1 for ¢ = 3, since then the three
points Py, Ps, Py are collinear.

Let’s proceed with 2).
For:=2,3

HY(QF (log Ai)(Ky + A;)) = HY(QF (log Ai)(E; — Eiy2)).
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By applying again Lemma[TTl for : = 3 we can blow down the curve Ey and the
curve Fs5 and apply the residue sequence to the sheaf Q;/(log A%). Since each
component is smooth and rational, we find that HO(Q%;, (log A})) = ker(C* —
HY(QL,)), while H'(Q}, (log A})) = Coker(C* — H'(Q;))).

The map is given by the Chern classes of L — Fy,L — E4,L — FE5,L —
FEy — E4 — E5. These generate a rank 4 subspace of the 4-dimensional space
Hl(Qi;/) (we are blowing up 3 points in the plane), whence hO(Qi;, (log Af)) =
0,h' (5, (log A3)) = 0.

We conclude, by the exact cohomology sequence associated to

0 — Qp, (log Ay) — f.(Q% (log Az)(Ky + Az)) — Cp, — 0,

that h%(QF (log A3)(Ky + A3)) = 1+ h%(Q;, (log Aj)) = 1.

For the case i = 2 recall that Ay € |L — E3 — Ey4|+ |L — Ey — E5|+ |20 — E5 —
E5 — E4 — E5| consists of three smooth connected components.

Blow down FE1, E3, E4, F5 and obtain the ruled surface Z equal to the blow up
of the plane in Py. Denote by f : Z — P! the standard fibration.

The direct image A}, := f.Ay decomposes as the union of two fibres Fy and Fj
and a section C' with C' - E5 = 1.

We have to calculate the space of global sections of

F :=mp,Q (log Fy,log Fy,log C(—Ps))(E>)

satisfying two linear conditions imposed by the points Py, Ps.
Using the exact sequence (**) we get the exact sequence

0— mploz(EQ) —-F = mpgmploz(—F — FE5 + C) — 0.
Observe that Oz(—F — E2 + C') has degree 0 on each fibre and degree 1 on Fs.

If D= —-F — Es +C = L — E5 is effective, then D is a fibre. Since no fibre
contains both P, P3, we obtain

H°(mp,mp,Oy(—F — Ey + C)) = 0.

Since |Ej| consists of the curve Es, which does not contain P;, we conclude
that HO(Mploz(Eg)) = HO(]:) =0.

To prove 3), by symmetry, we may assume without loss of generality that ¢ = 1.
Blow down all the curves F; excet Eq, so that , as usual, we have the blow up
Z of the plane in a point (P;) and the standard fibration f : Z — PL.

By Lemma[7.1] and since Fs5 is a connected component of D1, the direct image
F of Q%, (log(D1)(Ey — E3) is contained in QL (log(Fx + Fs + Fu5))(E1) where
F; denotes the unique fibre of f passing through the point P;.

More precisely, we have an exact sequence

0> mpmpmpmp,Oz(F+E) = F— Oyz(—F —E;) — 0.

Clearly H°(Oz(—F — Ey)) = 0 since F - (F + E;) = 1. On the other hand
H°(Oz(F + E1)) = H°(Op2(1)), hence the fact that the points Py, Py, Ps, Pg
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are not collinear implies the desired vanishing

HO(mPQmp4mp5mp6(’)Z(F + El)) =0.

Thus 3) is proven.
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