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ABSTRACT. Let B be a finite dimensional C*-algebra equipped with
its canonical trace induced by the regular representation of B on it-
self. In this paper, we study various properties of the trace-preserving
quantum automorphism group G of B. We prove that the discrete
dual quantum group G has the property of rapid decay, the reduced
von Neumann algebra L°°(G) has the Haagerup property and is solid,
and that L°°(G) is (in most cases) a prime type II;-factor. As applica-
tions of these and other results, we deduce the metric approximation
property, exactness, simplicity and uniqueness of trace for the reduced
C*-algebra C,.(G), and the existence of a multiplier-bounded approx-
imate identity for the convolution algebra L!(G).
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1 INTRODUCTION

Consider a finite set X, consisting of n distinct points. An elementary and
well known fact from group theory is that the automorphism group of C(X,,),
the commutative algebra of complex valued functions over X,,, is precisely the
permutation group S,, = Aut(X,). In other words, the permutation group
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on n points is the universal object within the category of groups acting on
C(X,). In [40], Wang made the remarkable discovery that if one replaces
the category of groups acting on C(X,,) by the category of compact quantum
groups acting on C'(X,,), then there still exists a universal object within this
new category, called the quantum permutation group S;7. S;' is a C*-algebraic
compact quantum group which contains the classical permutation group S,
as a quantum subgroup. Moreover, the inclusion S,, C S, is proper when
n > 4. That is, finite sets with at least four elements admit genuinely “quantum
permutations”.

More generally, given a (non-commutative) finite dimensional C*-algebra B,
one can ask about the existence of a universal object within the category of
compact quantum groups acting on B. This question was also considered by
Wang [40], who showed that such an object exists provided we fix a faithful state
1 : B — C and restrict to the subcategory of compact quantum groups acting
on B which preserve the state 1). The resulting object is called the quantum
automorphism group of the pair (B,1), and is denoted by Gaut(B,%). When
B = C(X,) and 7 is the uniform probability measure on X,,, we recover the
quantum permutation group S;". See Example 3.4.

Since the quantum groups G..:(B, ) generally depend a great deal on the
initial choice of state 1, a natural first step in attempting to develop a structure
theory for these objects is to restrict attention to certain “canonical” choices of
states on B (which should ideally correspond to uniform probability measures
in the commutative case). In [3, 4], Banica showed that one very natural
choice of state ¥ : B — C, which ensures that the generators of the category of
finite dimensional representations of G = Gyt (B, 1) satisfy the fewest relations
(or are as “free” as possible), is to take ¢ to be the restriction to B of the
unique trace on L(B), where B — L(B) via the left regular representation. In
particular, with the above choice of 1) (or more generally by taking ¢ to be a
0-form on B — see Definition 3.5), Banica showed that when dim B > 4, the
finite dimensional representation theory of G admits a nice description using
Temperley-Lieb algebras. Using this link with Temperley-Lieb algebras, he
obtained a complete description of the fusion rules for the irreducible unitary
representations of G and from this deduced many interesting structure results,
including the fact that G is co-amenable if and only if dim B < 4.

The goal of this paper is to investigate the operator algebraic structure of
the quantum groups G = Gut(B, ), where ¢y : B — C is the canonical
trace described above. Our focus will be on properties of the reduced C*-
algebras C(G) and reduced von Neumann algebras L>(G) = C,.(G)”, as well
as the quantum convolution algebras L'(G) = L*>°(G),. Note that in the co-
amenable (i.e., dim B < 4) case, the structure of G is already well understood.
If dimB =n < 3, then B = C(X,,) and G = S,,. If dim B = 4, then either
B = M3(C) or C(X4). In the first case, G turns out to be isomorphic to SO(3),
the classical *-automorphism group of M3(C) (see [3]). In the second case,
G = S;, which has been extensively studied in [5] and [7]. In particular,
Banica and Collins [7] have obtained a concrete model for the reduced (= full,
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due to co-amenability) C*-algebra C,.(S;) in the form of an explicit embedding
Cr(S]) — M4(C) @ C(SU(2)).

In the non-co-amenable (i.e., dim B > 5) regime, much less is known about the
structure of G and its operator algebras. Among the known results, we note
that De Rijdt and Vander Vennet [20] have obtained a detailed description
of the probabilistic boundaries associated to the discrete dual quantum group
G. In addition, combinatorial “Weingarten” formulas for the Haar state on the
quantum permutation groups S;" were obtained in [6]. The large n asymptotics
of these formulas have found many interesting applications in free probability
theory. See for example [8, 9, 28]. Perhaps most striking of these applications
is Kostler and Speicher’s free analogue of de Finetti’s theorem [28], which
asserts that an infinite sequence of random variables in a W*-probability space
is identically distributed and free with amalgamation if and only if its joint *-
distribution is invariant under the action of the quantum permutation groups
{S5 =1

Returning now to a fixed quantum automorphism group G = G,ut(B, 1) with
dim B > 5, basic results in co-amenability theory imply that C,.(G) is non-
nuclear, L>°(G) is non-injective and L'(G) is a Banach algebra which fails to
have a bounded approximate identity. However, based on the above connections
between S, and free independence, as well as some compelling evidence pro-
vided by work of Vaes and Vergnioux [36] on free orthogonal quantum groups,
more is conjectured to be true. Namely, it is expected that L>°(G) is a full,
prime type II;-factor and C,.(G) is a simple C*-algebra with unique trace when
dim B > 5 (see [7], Introduction).

In this paper we show that if dim B > 8, then L°°(G) is a full type II;-factor
(Theorem 5.1) and C,.(G) is simple with unique trace (Corollary 5.12) — veri-
fying the above conjecture in all but six cases. We also prove that L>(G) is
a solid von Neumann algebra (Corollary 5.14): the relative commutant of any
diffuse injective von Neumann subalgebra of L*°(G) is injective. Combining
this with the above factoriality result, we conclude that L>°(G) is a prime fac-
tor as soon as dim B > 8. The solidity of L>°(G) is established by proving
that L>°(G) has property (AO)T (Theorem 5.13), which implies solidity by a
celebrated result of Ozawa [31]. See Section 5.4 for the relevant details and
definitions. Our proof of property (AO)™ follows very closely the method of
Vergnioux [37], where property (AO)T was established for universal discrete
quantum groups.

In addition to considering the algebraic structure of L*°(G) and C,.(G), we
also investigate various approximation properties for these operator algebras
and the convolution algebra L'(G). We prove that when dim B > 5, L>°(G)
has the Haagerup property (Theorem 4.2), C,.(G) (respectively L>°(G)) has
the (respectively weak*) metric approximation property, and that L!'(G) ad-
mits a central approximate identity which is contractive in the multiplier-norm
(Theorem 4.15). To obtain these approximation properties, we first construct a
suitable family of L2-compact completely positive multipliers on L>°(G), estab-
lishing the Haagerup property. We then prove that the discrete dual quantum
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group G has the property of rapid decay, which amounts to proving a type of
Haagerup inequality for L>°(G) (Theorem 4.10). The norm control provided
by the property of rapid decay for G allows us to truncate our completely pos-
itive multipliers down to finite rank contractions in such a way as to yield the
(weak*) metric approximation property. (We also use the property of rapid
decay in the proof of simplicity for C,.(G)). The existence of the claimed ap-
proximate identity for L(G) then follows by a standard duality argument. We
also observe that C,(G) is an exact C*-algebra (Corollary 4.17), by piecing
together some results on monoidal equivalence for compact quantum groups
from [20] and [36].

The remaining parts of this paper are organized as follows: Section 2 fixes
some notation and contains the basic facts on compact and discrete quantum
groups that will be needed. In Section 3 we recall the definition of the quantum
automorphism groups G = G, (B, ¥), d-forms and describe the representation
theory of G when 1 is a §-form. Section 4 deals with approximation properties
for the reduced operator algebras of G (assuming 1) is the canonical trace on B)
and the property of rapid decay for G. In Section 5 we prove our factoriality,
fullness and simplicity results for the reduced operator algebras of G. We
end Section 5 by establishing property (AO)T for L>(G), deducing solidity
and primeness results from this. The final section (Section 6) is an appendix
containing a proof of Theorem 5.4, which is a technical result required in our
study of factoriality and fullness for L*>(G).
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2 PRELIMINARIES

2.1 NOTATION

For a Hilbert space H, we take its inner product to be conjugate-linear in the
first variable and write B(H) for the C*-algebra of bounded linear operators
on H. Given &,n € H, we write wy,¢ € B(H). for the o-weakly continuous
linear functional 7'+ (n|T¢). For tensor products, we write ® for the minimal
tensor product of C*-algebras or Hilbertian tensor product of Hilbert spaces,
® for the spatial tensor product of von Neumann algebras and ®,1, for the
algebraic tensor product. If X is an operator space, we write CB(X) for the
algebra of completely bounded linear maps on X. We take the natural numbers
N to include 0 and for m > 1 we write [m] := {1,2,...,m}. We also use
standard leg numbering notation for operators on multiple tensor products.
For example, if Hy, Ho, H3 are Hilbert spaces and T € B(H; ® Hz), then
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Tio = T®1dH3 c B(H1®H2®H3), T3 = (1d®0'*)T12(1d®0') c B(H1®H3®H2)
where 0 : H3® Hy — Ho® Hj3 is the tensor flip map and T53 is defined similarly.

2.2  COMPACT AND DISCRETE QUANTUM GROUPS

We present here a very brief summary of the basic facts on compact and discrete
quantum groups that will be needed for this paper. Our main reference for this
will be [43] and the excellent book [35].

DEFINITION 2.1. A compact quantum group is a pair G = (A4, A), where A is
a unital C*-algebra and A: A — A® A is a unital x-homomorphism (called a
coproduct) satisfying the coassociativity condition

(ida®A)o A= (A®idy) o A
and the cancellation property
span{A(A)(14 & A)} = A® A = span{A(A)(A ® La)}.

Every compact quantum group G = (A4, A) admits a Haar state, which is a
state h : A — C determined uniquely by the following bi-invariance condition
with respect to the coproduct:

(h®id4g)A(a) = (idg @ h)A(a) = h(a)ly (a € A).

Let L*(G) := L?*(A,h) denote the GNS Hilbert space associated to the state
h and let A : A — B(L?(G)) the left reqular representation. That is, L*(G) is
Hilbert space obtained from A by separation and completion with respect to the
sesquilinear form (a|b), = h(a*b), and A is given by A(a)Ax(b) = Ap(ab), where
a,b € Aand A : A — L*(G) is the GNS map. The reduced C*-algebra and
reduced von Neumann algebra of G are the concrete operator algebras acting
on L?(G) given by

Cr(G):=\NA) CB(L*G)) and  L>(G):=C.(G)",

respectively.

Observe that the A-invariance of the Haar state h implies that there exists
a normal faithful *-homomorphism A, : L®(G) — L*(G)®L>*(G) given by
Aol =(A®A) oA, turning (C-(G), A,) into a compact quantum group (the
reduced version of G). The pre-adjoint of A, induces a completely contractive
Banach algebra structure on the predual L'(G) := L*(G).. L*(G) is called
the convolution algebra of G. G is said to be of Kac-type if the Haar state h
is tracial. In this case, L>°(G) is a finite von Neumann algebra with faithful
Haar trace h.

Let H be a finite dimensional Hilbert space. A representation of G on H is an
element U € B(H) ® A such that

(ld (9 A)U = U12U13. (21)
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By fixing an orthonormal basis {e;}¢_; for H and writing U = [u;;] € Mq(A)
relative to this basis, (2.1) is equivalent to requiring that A(u;;) = Zzzl Uik @
ug; for 1 <4,5 < d. U is called a unitary representation if U is, in addition, a
unitary element of My(A). If Ul = [“3(1)j(1)] € My1y(A) and U? = [uf(Q)j(Q)] €
My(2)(A) are (unitary) representations, then their tensor product U' R U? =
[ui(l)j(l)u?@)j@)] € Myya2)(A) and direct sum U' @ U? € My)tac2)(A) are
also (unitary) representations. The vector space

Mor(UY,U?) = {T € B(Hy, Hy) | (T®@ 1)U = U*(T ® 14)},

is called the space of morphisms (or intertwiners) between U! and U?. U!
and U? are called (unitarily) equivalent if there exists an invertible (unitary)
operator T' € Mor(U', U?), and in this case we write U = U?. If U = [u;4] €
M4(A) is a representation, then so is U = [uf;]. The representation U is called
the conjugate of U. Note that the passage from U to its conjugate U does
not preserve unitarity in general. A representation U is called irreducible if
Mor(U,U) = Cid. Note that U is irreducible if and only if U is irreducible.

The following is a fundamental result in the theory of compact quantum groups.

THEOREM 2.2. Fwvery irreducible representation of a compact quantum group
G = (A, A) is finite dimensional and equivalent to a unitary one if it is invert-
ible. Moreover, every unitary representation is unitarily equivalent to a direct
sum of irreducibles.

Let {U® = [u}]i<ij<d, : @ € Irr(G)} be a maximal family of pairwise in-
equivalent finite-dimensional irreducible unitary representations of G = (A, A),
with 0 € Irr(G) denoting the index corresponding to the trivial representation
14 € A and U® denoting the representative of the equivalence class of U?. If
A C A denotes the linear span of {uf; : 1 <4,j < da,a € Irr(G)}, then A
is a Hopf x-algebra on which h is faithful, A is norm dense in A, and the set
{ug + 1 <4,j < da,a € Irr(G)} is a linear basis for A. The coproduct of A
arises as the restriction of the coproduct of A, so in particular A(A) C ARae.A.
The coinverse k : A — A is the antihomomorphism given by r(uf;) = (u$;)",
and the counit € : A — C is the *-character given by e(uf;) = d;;. The Hopf
x-algebra A is unique in the sense that if B C A is any other dense Hopf
x-subalgebra, then B = A (see [10, Theorem 5.1]).

For each « € Irr(G), fix an isometric morphism ¢, € Mor(1,U* K U®) (which
exists and is unique up to scalar multiplication by T). Let j, : Hy, — Hg
be the invertible conjugate-linear map defined by j,& = (£* ® id)t,, (£ € Ha).
Renormalize j, so that the positive operator Q, := j%j, > 0 satisfies Tr(Q,) =
Tr(Q;') and jajo = +idy, . The operators {Qa}acmr(c) can then be used to
describe the Schur orthogonality relations for the matrix elements of irreducible
unitary representations of G, which are given by

S0 (Qa ki

h((u%)*ufl):TQa and h(ugj(ugl)*):

5&[351'16 (Qa)lj

sl (2
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where o, € Irr(G) and 1 < 4,5 < do,1 < k,I < dg. See [43] for details.
In particular, setting LZ(G) = span{An(ugy) : 1 < 4,j < dqo}, we obtain the
L?(G)-decomposition

LG = P L26)= P HaoHa, (2.3)

a€lrr(G) a€lrr(G)
where the second isomorphism is given on each direct summand L2 (G) by
Ap((wye ®ida)U) = €@ (1 @0 )t (a elr(G), &,ne Hy).  (24)

Note that when G is of Kac-type, then Q, = idy, for each a € Irr(G) and
{di/QAh(u%) : 1 < i,j < du} is then an orthonormal basis for L2(G). For
future reference, we will always write P, for the orthogonal projection from
L?*(G) onto L2(G) 2 H, ® Hs.

Denote by C,(G) the universal enveloping C*-algebra of the Hopf *-algebra
A and by 7, : A — Cy(G) the universal representation. Then there is a *-
homomorphism A, : Cy(G) = Cy(G) ® Cy(G) defined by A, omy = (my ®
) 0 A, making (Cy(G), A,) a compact quantum group (the universal version
of G). In the universal setting, we write Cas(G) for the canonical dense Hopf
x-subalgebra m,(A) C C,(G). We say that G is co-amenable if the regular
representation A : Cy,(G) — C,(G) is an isomorphism. The compact quantum
groups encountered in this paper will all appear canonically in universal form.
Le., given by G = (A, A) where A = C,(G) and A = A,,.

Following [32], we view a discrete quantum group as the dual of a compact quan-
tum group: Let G = (A, A) be a compact quantum group and let {U®},crr(c)
(with U* € B(H,)®A) be a maximal family of pairwise inequivalent irreducible
unitary representations of G. Define

P BH.). @) =co— P BH)

a€clrr(G) a€clrr(G)

=G = ][] B

a€clrr(G)

and let P, € (> (@) denote the minimal central projection corresponding to
the factor B(H,) € £{°(G).
The unitary operator

P U e MG e A, (2.5)

a€lrr(G)

where M (B) denotes the multiplier algebra of a C*-algebra B, implements
the duality between G and G. There is a dual coproduct A : (=(G) —
0°°(G)®¢>(G) determined by

(A ®ida)V = V13Vas,
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~

or equivalently by the relation A(z)S = Sz for each 2 € (*(G), S €

Mor(U®, UP K U"). The left and right invariant Haar weights on EOO(@), hr

and hp, are given by

ho()= Y maTr(Qalaz),  hrl@)= > m Tr(Q Pax) (2.6)
aclrr(G) aclrr(G)

for each z € (C[@], where m, = Tr(Q,) = Tr(Q5') denotes the quantum di-

mension of H,. Finally, we define the positive invertible unbounded multiplier

Q= Zaehr(G) P,Q. of co(G). Note that @ satisfies the relation A(Q) = QRQ

and plays the role of the Haar modular function on a locally compact group.

3 QuANTUM AUTOMORPHISM GROUPS OF FINITE DIMENSIONAL C*-
ALGEBRAS.

We now turn to the central objects of this paper — quantum automorphism
groups of finite dimensional C*-algebras. To define these objects, we first recall
the notion of an action of a compact quantum group on a unital C*-algebra.

DEFINITION 3.1. Let B be a unital C*-algebra and G = (A, A) a compact
quantum group.

1. A right action of G on B is a unital *-homomorphism a: B - B® A
satisfying

(a®@id)a = (d ® A)a and  span{a(B)(1® A)} = B® A.

2. If v : B — C is a positive linear functional on B, a right action « of G
on the pair (B, ) is a right action of G on B which is also i-invariant.
That is,

(¥ ®ida)a(b) = (b)1a, (b€ B).

DEFINITION 3.2. ([40, 3, 4]) Let (B,®) be a finite dimensional C*-algebra
equipped with a faithful state ¢». The quantum automorphism group of (B, 1)),
denoted by G = Gaut (B, v), is the universal quantum group defined by a right
action of G on (B, %), say a: B — B ® C,(G), with the following properties:

1. Cu(G) is defined as the universal C*-algebra generated by

{(w®id)a(a) : w € B*,a € B}.

2. The action « is universal in the sense that if 8 : B — B ® A’ is an
action of another compact quantum group G’ = (A’, A’) on (B, ), then
there exists a unital *-homomorphism 7 : C,(G) — A’ such that 5 =
(idp ® m)a.
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Remark 3.3. As was shown in [40, 3, 4], it is possible to give a more “concrete”
description of the quantum group G = Gyt (B, %) in terms of generators and
relations. Let n = dim B and fix an orthonormal basis {b;}} ; for B relative to
the inner product (-|-), induced by ¥. Let m : B B — B be the multiplication
map and v : C — B the unit map. Then C,(G) is the universal C*-algebra
with n? generators {u;; : 1 <4,j < n} subject to the relations which make

U = [uij] € M,(Cyu(G)) unitary, m € Mor(U®2,U) and v € Mor(1,U).
(3.1)

The universal property of C,(G) then allows us to define a coproduct A :
Cu(G) — Cu(G) ® C,(G) by the formula

Alui) = un @ur;  (1<i,j<n),
k=1

which turns (C,,(G), A) into a compact quantum group with fundamental rep-
resentation U acting on the Hilbert space H = (B, (:|-}y). (Recall that a
fundamental representation of a compact quantum group G = (A, A) is a rep-
resentation U whose matrix elements generate A as a C*-algebra.) The univer-
sal action « of G on (B, %) is uniquely determined by a(b;) = Z?Zl b; @ wujs,
(1<i<mn).

Ezample 3.4. Consider the simplest situation where X,, = {1,...,n}, B =
C(X,) and ¢ is the uniform probability measure on X,,. Taking as an or-
thogonal basis the n standard projections in C(X,,), it can be shown using
Remark 3.3 that C,(G) is the universal C*-algebra generated by n? projec-
tions {u;; : 1 < 4,5 < n} with the property that the rows and columns of
the matrix U = [u;;] form partitions of unity. (An n x n matrix U over a
C*-algebra A satisfying the above properties is called a magic unitary.) On
the other hand, C,(S,), the universal C*-algebra associated to the quantum
permutation group S;7, admits the same description by [40], Theorem 3.1.
Therefore Gaut(C(Xy), ) = S;F.

As mentioned in the introduction, this paper deals almost exclusively with
finite dimensional C*-algebras equipped with certain canonical tracial states,
called tracial 6-forms [3, 4].

DEFINITION 3.5. Let B be a finite dimensional C*-algebra equipped with a
faithful state ¢ : B — C and let § > 0. We call ¢ a §-form if for the inner
products on B and B ® B implemented by v and @ ® 1, respectively, the
multiplication map m : B ® B — B satisfies mm* = §%idp.

The reason for considering d-forms is two-fold. On the one hand, the class
of d-forms yields many of the interesting concrete examples of quantum au-
tomorphism groups (including quantum permutation groups — see Example
3.7 below). On the other hand, it turns out that the concrete monoidal W*-
category of finite dimensional unitary representations of Gaut(B, %) admits a
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very tractable description in this setting (see Section 3.1). For a brief discussion
of the situation where 1 is not a é-form, we refer the reader to the concluding
remark at the end of the paper in Section 5.5.

Remark 3.6. Let ¢ be a d-form on a finite dimensional C*-algebra B. One
can readily verify (see for example [4], Theorem 1) that in addition to usual
relations

mm* = §%idg, v'v=1, m(m®idg)=m(idp ®m),
m(idp @ v) =m(v ®idp) = idp

satisfied by the multiplication map m : B® B — B and the unit map v : C — B,
the additional useful relation

m*m = (m ®idg)(ids ® m*),

also holds.
We now consider some examples.

Ezample 3.7. 1. If B = C(X,,) where X,, = {1,2,...,n} and ¢ is the uni-
form probability measure on X,,, then v is a §-form with §% = dim B = n.
Note that by Example 3.4, Gu(B,v¥) = S;F.

2. If B = M,(C) and ¢ = Tr(Q-) with @ > 0, then % is a d-form with
5% =Tr(Q71).

3. If (B,v) is arbitrary, then B decomposes as the direct sum B =
@', M,,(C) and 1 can be written as ¢ = @F_, Tr(Q;-) with Q; > 0.
Then 1) is a d-form if and only if Tr(Q;l) =62 for 1 <i < k. See [4].

Using the notation from Example 3.7(3) and the inequality dimB <
Y oi<i<k Tr(Qi)Tr(Qi_l), it follows that 42 > dim B for any d-form . If 4
is moreover a trace, then 62 = dim B and 1 is precisely the restriction to B of
the unique trace on £(B), described in Section 1. In this case, we call ¢ the
d-trace or tracial §-form on B. Note that when ¢ is a trace, Gaut(B, ) is a
compact quantum group of Kac-type [40].

We remind the reader that for n = dim B < 3, G = G, (B, ¥) is just the usual
permutation group S, [40], so for the remainder of the paper we will assume
that dim B > 4.

3.1 REPRESENTATION THEORY AND THE 2-CABLED TEMPERLEY-LIEB CAT-
EGORY

Let 0 > 2 and % be a d-form on a finite dimensional C*-algebra B. In this sec-
tion we review the description of the representation theory of G = Gaut (B, 1)
obtained by Banica in [3, 4]. In the following paragraphs it will be convenient
to use the language of (concrete) monoidal W*-categories. We refer to [42] and
[23] for the appropriate definitions.
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In [4] (see [3] for the tracial case) it is shown that the fundamental representa-
tion U of G is equivalent to U, and therefore the concrete monoidal W*-category
R of all finite dimensional unitary representations of G is the completion of the
concrete monoidal W*-category

Ro = {{U™* }ren, {Mor(U™*, U}, 1en },

whose objects are the tensor powers U* of U and whose morphisms are the
associated spaces of intertwiners. Moreover, Ry is generated as a monoidal
W*-category by the morphisms m € Mor(U¥2?,U), v € Mor(1,U) and idp €
Mor(U,U).

Consider the universal graded C*-algebra (TLgi(d))k,jenxn given by
TLy,(6) = {0} if k—1 is odd, and generated by elements ¢(k, 1) € TLy1; g+1+2(d)
with the following relations (where 1, denotes the unit of the C*-algebra
TL,, () := TL,, ,,(9)):

t(k, 1) t(k,1)

t(k, 1+ 1)tk +1,0)
t(r,k+142)t(r + k1)

tr k+142)"t(r+k+2,0)

1pt

0" 1k+l+1
tr+k+2,0)t(r,k+1)
t(r+k,Dt(r, k+1)".

It is well known that each (necessarily finite dimensional!) vector space TLy, ;(6)
has the following planar-diagrammatic interpretation: TLy ;(d) is the C-vector
space spanned by a basis of (k,[)-Temperley-Lieb diagrams {Dx }rencs(k+1)-
(That is, diagrams D, consisting of two parallel rows of points — k points
on the bottom row and [ points on the top row — which are connected by
a non-crossing pairing m € NCy(k +1)). We refer to the book [27] for de-
tails on the spaces T'Lj (). Note, however, that our choice of notation and
terminology differs slightly from theirs. In terms of diagrams, the generators
t(k,1) € TLgy1 k1142(0) are given by the (scaled) diagrams

=572 | ULl = O
—— N—_—— N—_—— N—_——
k dots ! dots k dots ! dots

The composition DD, € TLy ;(8) of diagrams D, € TL;(d), D, € TLy 5(9)
is obtained by the following procedure. First stack the diagram D, on top
of D,, connecting the bottom row of s points on D, to the top row of s
points on D,. The result is a new planar diagram, which may have a certain
number c of internal loops. By removing these loops, we obtain a new diagram
D, € TLj,;(0). The product DD, € TLj;(0) is then defined to be §°D,. The
involution D, — DX is just the conjugate linear extension of the operation of
turning diagrams upside-down.

The collection TL(4) = {N,{TLy;(0)}rien} has a natural structure as a
monoidal W*-category and is called the Temperley-Lieb category (with param-
eter §). Related to this is the 2-cabled Temperley-Lieb category TL2(5) =
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{N, {TLi,l(é)}kﬁleN}, where TLiJ(é) := T Loy, 2(6) for each k,1 € N. A funda-
mental result of [4] is that there is an isomorphism of monoidal W*-categories

7: Ry — TL?(8) such that =(U**) =k,
7(Mor(UBF, UBY)) = TLop21(8) (k.1 €N).

This is defined on the generating morphisms v, m,idp of Ry by

m(v) =(0,0) = 67/2 ] € TLo2(0),
m(m) = 6t(1,1)* = 6% | (]| € TL42(6), w(idp) =12 = | € TLy(6).

From now on we will omit 7 in our notation and simply view idp, v and m as
generators of (a concrete faithful representation of) TL?(J).

Using the above isomorphism, a description of the irreducible unitary repre-
sentations of G and their fusion rules can be obtained. See [4] and Theorem
4.1 of [3] for the tracial case.

THEOREM 3.8. There exists a bijection Irr(G) = N and a mazimal family
{U*}ren of pairwise inequivalent irreducible finite dimensional unitary repre-
sentations of G such that:

1. Uk~ yk for each k € N.

2. U = lc,(c) and the fundamental representation U decomposes as U =
U'a U

3. UrRUF =~ @i:oin{"’k} Uktm=" for all n,k € N. In particular, G has the
same fusion rules as SO(3).

4. The sequence of representation dimensions {dj, = dim(U*)}en is given
by the recursion

do =1, di =dimB — 1, didy = dpy1 + dy, + dg—1 (kz 1).

3.2 EXpLICIT MODELS

To facilitate our investigation of certain structural properties G, it will be useful
to have explicit models for the irreducible representations {U*}en of G, as well
as concrete expressions for certain morphisms between their tensor products.

Consider the kth tensor power U™ of the fundamental representation of G.
Using the isomorphism Ry = TL?(§), we can consider the Jones-Wenzl projec-
tion poj, € Mor(UPF, URF) = TLyy (). Put Hy, = pop B®* and define U* to be
the subrepresentation of UX¥ obtained by restricting to the invariant subspace
Hj, € B®F. One can inductively show that {U¥},cn forms a complete family
of pairwise inequivalent irreducible unitary representations of G satisfying the
hypotheses of Theorem 3.8. For a good introduction to the basic properties
of the Jones-Wenzl projections {py}yen, we refer the reader to the book [27].
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Using the notation from Section 3.1, note that p, € TL,(J) is given explicitly
by po =1, p1 = 11, p2 = 13 — vv* = 15 — £(0,0)¢(0,0)*, and (more generally)

py =1, — \/ t(r,y —r—2)tlr,y —r —2)"

0<r<y—2
]
=l...|- \V [ . (y >2).
0<r<y—2 A
—— —— —~—
Yy T y—r—2

Here, V denotes the supremum of a family of projections. Note that a useful
consequence of the above formulae for {p, }yen is the following absorption prop-
erty: (Pz ® Dy)Paty = Paty V&, y € N. This property will be used throughout
the paper.

Given n,k,l € N such that U’ ¢ U" KR U* (i.e., U' is equivalent to a sub-
representation of U X U¥), we now proceed to construct explicit morphisms
PR € Mor(U', U™ B U*) = (p2n ® par)TLay 2(ntk) ()par. To do this we first
require some notation.

Notation 3.9. 1. Let § > 2 and let 0 < ¢ < 1 be such that § = ¢ + ¢~ !.
Recall that the ¢g-numbers and g-factorials are defined for each a € N by

_ qa _ q—a _ q—a-i-l(l _ q2a)

a—q1 1—¢ 5 la]q! = [a]ga — 1]q - .. [1]q.

[alg

Of course when ¢ = 1, the above formulas reduce to [a]; = a and [a]4! =
al. Observe that § = [2], [3], = 62— 1, and [2k+ 1], = my, - the quantum
dimension of U*.

2. Given a € N, 1, will denote the unit of the algebra TL,(4). Thus 1o, =
idge. via the isomorphism Ry = TL? (6). More generally, if ¢ < a, 1, will
denote any collection of x parallel through-strings in a Temperley-Lieb
diagram belonging to TL,(9).

3. Forr>1,let t,. =[r+ 1];1/2(pT ® p,)UM | where U™ denotes r nested
cups in TLg 2,(d). In terms of planar diagrams,

=172l ] L Je i, ).

Now if U ¢ U™ X U*, then by Theorem 3.8 there is a unique 0 < r <
2min{n, k} such that | = n 4+ k — r. Define p?gk € Mor(UL, U™ X U*) by
setting

p?gk = (an X p2k)(12n—7‘ Rt ® 12k—r)p2l- (32)
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Using the results of [27], Section 9.10, it follows that (p?'m)*pfgk = Cln,k,1)P21,

where

2n + 2k — r + 1]4![2n — r]g![r]¢![2k — 74!
[+ 1]4[20 + 1]4[2n]4![2k]4![20] 4!

C(n,k,l) = > 0. (33)

Therefore C’(_n %i)pfgk is an isometric morphism from H; onto the subspace
of H, ® H}, equivalent to H;. Moreover, this isometry is unique (up to scalar
multiplication by T) since the inclusion U! ¢ U™ K U is multiplicity-free by
Theorem 3.8.

When we study the property of rapid decay and factoriality, it will be useful for
us to have a description of the quantity lo,—, ® ¢, ® log_, in formula (3.2) in
terms of the basic morphisms m, v, 1 and the Jones-Wenzl projections {py }yen-
This can be done recursively as follows: if r = 2s is even, then to is given by
the initial condition and recursion

to=1¢€¢ (C, to = [3];1/2(172 ®P2)(m*V)a p2 =1 — VV*’ (34)

, B ([2k+1]q[21+1]q
260 = U 2k + 20+ 1],

1/2
) (P2k+21 @ D2rt2k) (Lok @ toy @ Lok )tar.  (3.5)

If r =2s+ 1 1is odd, then

2s+1 1/2
lop_r @t @ 1o = (ﬁ) (12n—25—1 ® P2s+1 ® P2st+1 @ Log—2s—1)
q q
(3.6)

X (lan—2s—2 ® (12 ® tas ® 1l2)m" ® lag_2s_2),

which can be readily verified using the fact that m* = [2],(11 ® t1 ® 11). Note
furthermore that C(; o) = 1 for each k € N by equation (3.3). Thus each
tax € Mor(1,U* K U*) is an isometric morphism, and p?gk is a contraction
(being a composition of contractions).

To conclude this section let us also fix once and for all an orthonormal basis
{ei}&, for Hy = B © Cl1 and write U! = [uj;] relative to this basis. The
equivalence U = U? given by Theorem 3.8 ensures that there is an invertible
matrix F; € GL(d;,C) such that U' = (F; @ 1)UL(F; ' ® 1). Moreover, since
U! is irreducible, we can assume that F} F} = cl where ¢ = +1 (see [1], Page
242). By possibly replacing Fy by zFy for some z € T, we may also assume
that

dy
ty =Tr(Fy F1)™"/* > e; @ Fie; € Mor(1, U RUY). (3.7)
=1

This follows because both sides of equation (3.7) are evidently isometries in
the one dimensional space Mor(1,U! X U'). Finally, note that when 1 is the
d-trace on B, then Gyt (B, 1) is of Kac-type. We therefore can and will assume
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that Fy € U(dy) is unitary. Also note that when v is the d-trace, formula (3.4)
yields oty = t9, where o is the tensor flip-map. On the other hand, formula
(3.7) yields oty = cto. Consequently F1Fy = 1. We leave the easy details to
the reader.

4  APPROXIMATION PROPERTIES AND THE PROPERTY OF RAPID DECAY

This section is devoted to proving some approximation properties for the re-
duced operator algebras and convolution algebras associated to the quantum
groups Gyt (B, 1), where 1 is the é-trace on B.

4.1 THE HAAGERUP PROPERTY

Our first goal is to prove that L°°(G) has the Haagerup property. We begin by
recalling this approximation property.

DEFINITION 4.1. A finite von Neumann algebra (M,7) has the Haagerup
property if there exists a net {®;}icp of normal unital completely positive
T-preserving maps on M such that

1. For each t € A, the L*-extension ®, : L>(M) — L*(M) is a compact
operator.

2. For each & € L*(M), limyep ||[®¢€ — €]l z2(ar) = 0.

Note that the Haagerup property does not actually depend on the choice of
faithful normal trace 7 : M — C [26].

THEOREM 4.2. Let B be a finite dimensional C*-algebra with §-trace ¢ and let
G = Gout(B,¥). Then L*°(G) has the Haagerup property.

To prove Theorem 4.2, we begin by recalling a standard method for constructing
normal completely positive maps on L°(G) from states on Cy(G). See for
example [14], Lemma 3.4.

PROPOSITION 4.3. Let G be a compact quantum group and ¢ € C(G)* be a

state. Then there exists a unique normal unital completely positive h-preserving
map M, € CB(L>*(G)) defined by

MyA(a) = (¢ ® ide, () Aa) (a € Cu(G)).
In particular, M,C(G) C C(G).

Remark 4.4. It is easily verified that the map M, defined in Proposition 4.3
satisfies the relation A, M, = (M, ® idpe~(g))Ar. A map T € CB(L>(G))
such that AT = (T ® idpe(g))Ar (respectively AT = (i~ ® T)A,) is
called a completely bounded left (respectively right) multiplier of L°°(G). This
terminology originates from the classical situation where L>(G) = VN(T') is
the reduced von Neumann algebra of a discrete group I'. In this case, the above
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definition reduces to the one for completely bounded Fourier multipliers on T'.
See [16]. Note that for (unital) completely positive left multipliers, a recent
result of Daws [17] shows that Proposition 4.3 is actually a characterization of
such normal multipliers.

Now let {U = [ufj] : @ € Irr(G)} be a maximal family of irreducible unitary
representations of a compact quantum group G and let x, = (Tr®id¢, ))U® €
C.(G) be the character of the representation U®. We say that T € CB(L>°(G))
is a central completely bounded multiplier if T is both a left and right com-
pletely bounded multiplier of L>°(G). This is equivalent to saying that for each
a € Irr(G), there is a constant ¢, € C such that TA(ug;) = caA(us;) for all
1 <i,5 < d,. The following result (proved in [14]) will be our main tool for
proving Theorem 4.2. It shows that when G is of Kac type, central completely
positive multipliers can be obtained from states on the (generally much smaller
and more tractable) subalgebra C*(xa : a € Irt(G)) C Cy(G) generated by
the irreducible characters of G.

THEOREM 4.5 ([14], Theorem 3.7). Let G be a compact quantum group of Kac
type and let ¢ € C* (Xa ta € ITT(G))* be a state. Then there exists a unique
normal unital completely positive h-preserving map T, € CB(L*>°(G)) defined

by

ToA(u) = ‘P(Xah(u%) (@€ Irr(G),1 < i,j < dg).
Moreover, T,,C,(G) C C.(G).

Remark 4.6. Our proof in [14] of Theorem 4.5 uses the traciality of the Haar
state in an essential way. Indeed, the proof relies on both the boundedness
of the coinverse  : A — A and the existence of an h-preserving conditional
expectation E : L>®(G)®L>*(G) — A,(L>*(G)). Each of these conditions
imply that h is tracial.

Let us now return to the quantum automorphism groups G = G,u(B, ).
Theorem 4.5 suggests that we study the (state space of the) C*-algebra C* (Xk :
k € N) C Cu(G), where xi is the character of the irreducible representation
U* given by Theorem 3.8. Since G has commutative fusion rules and each
irreducible representation U* is equivalent to U* by Theorem 3.8, it follows
from general character theory that C* (Xk ke N) is commutative and that
each character yj is self-adjoint. In the following paragraphs we will obtain a
more precise description of this C*-algebra.

Let {Sk}72, denote the (dilated) Chebyshev polynomials of the second kind,
which are defined by the recursion

So(z) =1, Si(x) ==z, S1(x)Sk(z) = Skt1(x) + Sp—1(x) (k>1).

These are the monic orthogonal polynomials for Wigner’s semicircle law, which

is the probability measure supported on [—2, 2] with density Y5 4 2% Following
Section 4 of [29], we let {II;}7°, be the family of polynomlals deﬁned by
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Io(z) = 1 and I (x) = Sk(x —2) + Sig—1(z — 2) for each k > 1. Then we have
the recursion

H1 (:L')Hk (:C) = Hk;Jrl(x) + Hk(:c) + kal(:c) (k Z 1) (41)

The polynomials {II;}ren are the monic orthogonal polynomials for the free
Poisson law (with parameter 1), which is the probability measure supported
on [0,4] with density given by —“12:;;:”2. Observe that one can equivalently
define the family {II;}ren by setting I (z) = Sax(v/2). To see this, note that
Sar () is a polynomial of degree 2k which contains only terms of even degree.
Therefore we can define a degree k polynomial II;, by setting Iy (z) = Sor(v/Z).
It is then easy to verify that Iy = Il = 1, II;(z) = « — 1 = I;(z), and that
the II;’s satisfy the recursion (4.1).

PROPOSITION 4.7. Let x € C,(G) be the character of the fundamental repre-
sentation U of G = Gaut(B, ). Then x = x* and there is a x-isomorphism

\P:C*(Xk:kGN)%C(J) given by U g = Hilo,
where o := o(x) C R is the spectrum of x.

Proof. By Theorem 3.8, U = 1 @ U! and each yy is self-adjoint. Therefore
x = 1+x1 = (14 x1)* = x*. Moreover, the fusion rules for {U*}en
yield the character relations x1xx = Xk+1 + Xk + Xx—1 for all £ > 1. Thus
C*(xk : k € N) = C*(1,x). Let ¥ : C*(xx : k € N) = C*(1,x) = C(0)
be the Gelfand isomorphism. Then for any ¢t € ¢ and k£ > 1, we have
U1 () Uxe(t) = U(xixe)(t) = Uxat1 (t) + Uxi(t) + Uxr—1(t), with the initial
conditions Wxo(t) = ¥(le,(c))(t) = 1 and Ux;(t) = ¥(x — xo)(t) =t — 1.
Comparing with the initial conditions and recursion (4.1) for the polynomials
{Hk}kENa we obtain Uy = Hk|g (k e N). O

This next proposition gives us some useful information about the spectrum
o C R of x € C,(G), at least in the J-trace case.

PROPOSITION 4.8. Let ¢ be the §-trace on B and let o = o(x) C R be as in
Proposition 4.7. Then [0,dim B] C o.

Remark 4.9. We suspect that the equality [0, dim B] = o always holds in Propo-
sition 4.8, but we are unable to show that y > 0 in general.

Proof. Let p be the spectral measure of x relative to the Haar state h. Since
the irreducible characters of a compact quantum group form an orthonormal
family with respect to the L?(G)-inner product, Proposition 4.7 yields

/ O OR(0) = 00 T 0) = hox) =8 (kL€ N).

Le., {II; }ren are the monic orthogonal polynomials for p. Therefore p must
be the free Poisson law, and in particular [0,4] = supp(u) C o.

DOCUMENTA MATHEMATICA 18 (2013) 1349-1402



1366 M. BRANNAN

We now show that [4,dim B] C 0. Write B as a direct sum of matrix algebras,

say
= C(XO)@ @ an((c)’

1<i<k, n;>2

where C(X() denotes the maximal commutative ideal of B (which may be
zero). In what follows, we will make extensive use of the fact that G contains
@UX”'/QJ) X II1<;<kSO(n;) as a quantum subgroup. Let ng = |Xo| so that
dim B = ng + Z§:1 n?. We will assume for the remainder of the proof that
both of the components C(Xo) and @, <;<;. n.>2 Mn,(C) are non-zero. (The
trivial modification of our argument for the remaining two cases is left to the
reader).

Let Go = S}, and let G; = SO(n;) for 1 < i < k. For each i, let 3; : B; —
B; ® C,(G;) be the canonical action of G; on (B;, 1;), where B; is the ith direct
summand of B and ¢; = ¢|p,. (In other words, Sy is the fundamental action
of S;f on C(Xp) and f; is the standard action of SO(n;) on M,,(C) by inner
automorphisms.) Now let G’ = ®f:0 G; be the tensor product quantum group
(see [35], Chapter 6) and consider the diagonal action

ﬁ:B%B@Cu(G/); 6: @ (idB®Li)6i;

0<i<k

of G’ on (B,), where ¢; : Cy(G;) — C,(G’) is the canonical embedding.
Invoking Definition 3.2, we see that there exists a unital x-homomorphism
7w : Cyu(G) = Cu(G’) such that 8 = (idp ® 7)a, where a : B = B ® C,(G)
is the universal action of G on (B,1). Moreover, since § is faithful in the
sense of [40], it follows that 7 is surjective. In particular, if U’ denotes the
representation of G’ associated to the action 8 and Y’ is its character, then
X' =7(x) and o(x’) C 0. It therefore suffices to show that [4,dim B] C o(y/).
Let x(0) € Cu(Go) denote the fundamental character of Gg, and let x(; €
C(SO(n;)) denote the character of the standard representation of SO(n;) on
C™. A simple calculation using the definition of G’ and the action 3 shows
that

X' =X0)®1®.. ®1+Zl® RLex)®le... .8l

k times i times k—1i times

and therefore (by tensor independence) o(x’) = o(x(0)) + Zle a(x%i)). More-
over, an elementary exercise in linear algebra shows that for i > 1, x(;) = xz‘i),
x|l = n: and [0,n;] C o(x()). Therefore

k
a(x') = a(x(0)) + Z[O,nf] = o(x(0)) + [0,dim B — ng]. (4.2)

To finish the proof, we analyze the spectrum o(x(o)) of x) € Cu(Go). If
1 < mng < 4, then 4 > ng = e(x() € o(xo0), and (4.2) yields [4,dim B] C
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[no,dim B] C o(x’). If ng > 5, write ng = 2s + r where s > 2 and r € {0, 1}.
Since Cy(Go) = Cu(S})) is the universal C*-algebra generated by an ng x ng
magic unitary matrix [v;;], there exists a unique surjective *-homomorphism
7o : Cu(Go) — #5_,C*(Z2) which sends [v;;] to the block-diagonal matrix
W € My, (*i_, C*(Z2)) given by

L if r =0
EBJ_l( P; ) ’

1—pj

W=
1@ LA T
=1 1—pg pj '

Here p; is the projection %(1 — gj), where g; is the canonical unitary generator
of the jth copy of C*(Zz) in the free product *j_,C*(Z2). We then have
mo(X(0)) = 1 + 22:1 2p;. Since the spectrum of a sum of s free projections
is well known to equal [0, s] (see [18], Example 4), we obtain o(mo(x(0))) =
[1,25+7] C o(X(0))- Using this last inclusion in (4.2), we conclude that o(x") D
[r,dim B] D [4,dim B]. O

We are now ready to prove Theorem 4.2.

Proof of Theorem 4.2. If 1 < dim B < 4 then G is co-amenable by [3], Corol-
lary 4.2, and it follows from [11], Theorem 1.1, that L*°(G) is injective. In
particular, L>°(G) has the Haagerup property.

Assume now that dimB > 5 and fix 4 < tg < 5. From the isomorphism
C*(xr : k € N) = C(0) given by Proposition 4.7 together with the fact that
[0,dim B] C o from Proposition 4.8, it follows that for each ¢ € [tp,dim B),
there is a unique state ¢, € C* (xk ke N)* given by

ot (xr) = T (t) (k € N).

Consider the irreducible representation U* = [uf;] of G with label k. From
part (4) of Theorem 3.8 and the recursion (4.1), we have dy = II;(dim B) for
all & € N. Applying Theorem 4.5 to the family of states {¢}iefty,dimB) C
C* (xk t k€ N)*, we obtain a net of central completely positive multipliers
{®¢}efto,dim B) € CB(L>*(G)) defined by

I, (¢) o
d,(MNuh)) = —— N\ (uF, keN,1<ij<dy). 4.3
t( (uzj)) Hk(dlmB) (uzj) ( eN,1=<1,7= k) ( )
Here [tg,dim B) C R is directed in the usual way.

We now show that this net of normal unital completely positive maps is L?2-
compact and converges pointwise in L?-norm to the identity map. Using the
decomposition L*(G) = P,y L7 (G) glven by (2.3), each L%-extension ®; €

B(L%(G)) is given by &, = Y keN Hk(dlm 7y D Since limg,dim 5 W(ri)B) =1
for each k and ||®]| = 1 for each t, it follows that limy_,qim B ||®+€ — €l =0

for each £ € L?(G). To see that each d, is compact, observe that since d, is the
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orthogonal direct sum of the finite rank projections { Py }ren, it suffices to show

that {%&?B)}%N € co(N) for each t € [tg,dim B). To check this last fact,

note that 0 < Hkr(l(;“i(r? 7 = 525(“ (d‘i/jl)B), and an easy exercise (see for example
[14], Proposition 4.4) shows that there is a constant A(tg) > 0 (depending only
on tp) such that

Sar (V1) Vi N2k oV
» kdimB) - A(to)(idimB) - A(to)(dimB) 50 (k- o0).
(4.4)
O

4.2 THE PROPERTY OF RAPID DECAY

Given a finitely generated discrete group I' with symmetric generating set S =
{71,-..,7s}, there is a natural length function £ = £g : I' — N defined by
assigning to each v € I' the length of its shortest representation as a reduced
word in the elements of S. The group I' is said to have the property of rapid
decay (with respect to £), or just property RD, if there exists a polynomial P €
R, [z] such that for each n € N and each function f: {y € T' | {(y) =n} - C
supported on words in I" of length n, the following inequality holds

IANHIvaey < P@)fller-

It is a standard fact that property RD is essentially independent of the initial
generating set S for I'. Perhaps the most famous example of a group with
property RD is the non-abelian free group Fy on d > 2 generators, which was
shown by Haagerup [24] to have property RD with P(z) = = + 1.

The notion of property RD for discrete quantum groups was defined and stud-
ied by Vergnioux in [38]. There he showed that property RD can only occur
for unimodular discrete quantum groups, and he also exhibited the first (and
what currently appear to be the only) truly “quantum” examples having this
property. The goal in this section is to prove that if B is a finite dimensional
C*-algebra with d-trace 1, then the dual unimodular discrete quantum group
G of G = Gaut(B, ¥) has property RD. We will use this result to obtain some
finite rank approximation properties for L>°(G), C,.(G) and L(G) in Theorem
4.15. Property RD will also be a key tool in our analysis of simplicity and
uniqueness of trace for C,(G) in Section 5.3.

For our purposes, property RD for G will be most conveniently formulated in
dual terms, as an equivalent property of L>°(G). More precisely, we will prove
the following theorem.

THEOREM 4.10. Let ¢ be the d-trace on a finite dimensional C*-algebra B and
let Co(G) = span{(wn,e ® id)U™ : £,m € Hy} C Cu(G) be the subspace of
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matriz elements of the nth irreducible representation of G. Then there exists a
constant D > 0 (depending only on dim B) such that

IMa)llL=e) < D@2n+D[[An(a)ll2@)  (n€N,a e Cu(G)).

In particular, each orthogonal projection P, : L*>(G) — L2(G) is bounded as a
map from L*(G) into C,.(G) with || Pyl p2— -~ < D(2n + 1).

Remark 4.11. Note that the O(2n + 1) growth rate of the constants in The-
orem 4.10 is optimal. To see this, consider the character x,, € C,(G) of
the irreducible representation U™. Using the notation and arguments from
the proof of Proposition 4.8, it follows that [[A(xn)| = sup.cjoq [Hn(t)] =
SUPyefo,4] |S2n (VE)| = S2n(2) = 2n + 1. Noting that [[An(xn)|lz2@) = 1, we see
that the O(2n + 1) bound is actually obtained by the sequence {A(xn)}nen-

Our proof of Theorem 4.10 is based on the ideas in Section 4 of [38], where
property RD is proved for the duals of free orthogonal and free unitary quantum
groups. The main difference between the present situation and the one in
[38] is that for quantum automorphism groups, the fusion rules U" K U* =
@i:om{"’k} Uk+tn=" imply that each tensor product U™ X U* contains both
even and odd length subrepresentations, whereas in the orthogonal case all
subrepresentations of U™ X U* have the same parity. This has the effect of
complicating some norm estimates.

To begin the proof of Theorem 4.10, note that it suffices to show that there
is a constant D > 0 (depending only on dim B) such that for each n € N and
each a € Cp(G),

1P (a) Pellsr2(e)) < DlAn(a)l2@) (k1 €N). (4.5)

To prove this, we follow along the lines of Haagerup [24], where an analogous
reduction was obtained for free groups. Assume that (4.5) holds and take
n €N, a€ C,(G) and ¢ € L*(G). Using the fusion rules from Theorem 3.8,
it is not difficult to see that the sets A;, = {k € N: U' ¢ U" K U*} and
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Bin ={l € N: U' C U"RUF} both have cardinality at most 2n+1. Therefore

Pz =Y P = X Pa@re]

leN leN  keN: UlCcU"RUk

(Y @)

leN  keN: UlcUrKUF

(Y DIn@lalRel)

leN  keN: UlcU"KUF

<@ Al (X Ineld)

leN keN: UlcURU*

<Pm@ee+0Y (X IBgg)
kEN leN: U'CU"RU*
= D?|An(a)l32n +1) Y [BraI Petll3 < D[ An(a)[3(2n + 1)? |13,
keN
which yields |[A(a)||z~c) < D(2n +1)||An(a)|lz2)-
The remainder of this section is devoted to proving (4.5). To do this, we utilize
the Fourier transform defined by Podle$ and Woronowicz in Section 2 of [32].
Let G be a compact quantum group and let V € M(co(G) ® C,(G)) be the
unitary given by (2.5). Define

~

F:Cue(@) > CGl;  Fla)=(id@ah)V*  (a€Cu(G)),  (4.6)

where ah € C,(G)* is given by ah(b) := h(ba), (b € Cu(G)). Using the
descriptions of h and hy, given by (2.2) and (2.6), it is readily checked that
F: Cae(G) — C[G] is a linear bijection with inverse

F1CG] = Cag(G);  F 'z)=(zhy®id)V  (zeC[G]), (4.7)
where zhz (y) := hi(yz), (y € £2°(G)). Indeed, a simple calculation shows that
Fluf) =my' 3 crcq (Q31)ires,, where {ef;} denotes the system of matrix
units for B(H,) associated to the matrix representation U® = [u;]. This
calculation also shows that F extends to a unitary isomorphism F : L*(G) —
2(G) := L2(C[G], hy).
Recall that one can define a convolution product Conv : C[G] ®alg C[G] — C[G]
using the dual coproduct A as follows. Given z,y € C[G], Conv(z ® y) € C[G]
is defined to be the unique element, denoted by x * y, such that (x x y)iL =
(xiLL ® yﬁL) o A. With respect to the usual algebra structure on Chis(G)
and the convolution product on C[G], the Fourier transform F : Caz(G) —
(C[G], Conv) becomes an algebra isomorphism. Indeed, since (A ® id)V =
V13V23, we have

]:71(,% * y) = (.T]A”LL X th X ’Ld)(A X ld)V = (.T]A”LL X th X id)(V13V23)
= (zhy ®id)V - (yhy @ id)V = F~'aF 1y
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As a final useful observation, we note that FP,F~! = 151, where {151}161\; are
the canonical minimal central projections in £>°(G) = [[,en B(H;) C B(2(G)).
In view of the above properties of the Fourier transform, we can transfer our
required condition (4.5) to an equivalent one on the dual quantum group G.
Namely, we must find a D > 0 (depending only on dim B) such that

12 %)l oz < Dllell e lWloe, (@ € PCIEL, y € BCIT), Le N).
(4.8)
The following useful result provides an alternate expression for the left-hand

side of (4.8) and can be found in [38], Lemma 4.6. For the convenience of the
reader we include a proof.

LEMMA 4.12. Let G = Gau(B, ), where ¢ is a 6-form on B, and let w €
P,C|G] ® P,C[G]. Then for anyl € N such that U' c U™ KU, we have

~ _ 1/2 ~ A~ ~ ~
HPIC'Onv(w)Héz(@) = (mnmkmz 1) ”A(PI)WA(PI)HW(@)@gZ(@)-

Proof. Since the inclusion U’ CU"K Uk is multiplicity-free by Theorem 3.8,
there exists a unique z € BC[G] such that A(P)wA(P) = A(2)(P, ® By).
(Le., z = C(nlk y(p PP <k using the notation of (3.2)-(3.3)). Then from

the definition of convolution, we have P,Conv(w) = Conv(A(P)wA(F)) =
Conv(A(2)(FPn @ Py)) = 2(Pn * Py) = Az for some A € C. The last equality
follows because P, * P is evidently central. This yields

|ExConv(w)|2, g,
= iLL((]SlCOIlV( ))* By Conv(w ) = M, (2*Conv(w))
=My @ hr (A(z)"w) = My @ b (B @ B)A(2) wA(B))
= Mz @ hi (ABYwA(B)) wA (B)) = NAPYwA(P)|| 2 302
Finally, the appropriate value of \ is obtained from the equation
Amj
= Mip(B) = hi(Bi(By # Py)) = mumy,(Trn, ® Try,) ((Qn P @ QuPr)A(B))
= mymg(Tr, ® Trk)( (QlPl)) = mumiTr (Q;) = mpmem.
O

We now restrict to the unimodular case, so that @, = idy, and my =
dp = dimU* for all k. In this case, we have, Hx”e? @ = d}l/2||z||Hs(Hn) and

1A (z@y)A (Pz)Hez(G joer@) = (dn di)' 2| A(P) (2 @) A(B) s (1, 0.1, for
cach z € P,C[G], y € P,C[G] (where || - l2s(.) denotes the usual Hilbert-
Schmidt norm). Combining this fact with Lemma 4.12, we can recast our
required inequality (4.8) in terms of Hilbert-Schmidt norms. Thus to prove
Theorem 4.10, it suffices to establish the following proposition.
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PRrROPOSITION 4.13. There is a constant D > 0 depending only on dim B such
that for every n,k,l € N,

1/2

IA(P)(z @ y)A(Pl)llHS(HTL@Hk) < D(did, di ) e s o s i)

for all x € P,C[G] and y € P,C[G].

Of course if I € N is such that U' is not a subrepresentation of U"XU¥, then the
inequality in Proposition 4.13 is trivially valid since the left-hand side is then
zero. So to proceed towards proving Proposition 4.13, let us fix an inclusion
Ul ¢ U" X U*. Recall that we defined in equation (3.2) a morphism p?gk €

Mor(U!, U™ X U*) C TL21,2n+?k(f5) which has the property that C@%éi)pfgk
is an isometry from H; onto A(P)(H, ® Hy), where C, 1) is the constant
defined in (3.3). We will use the morphism p?®* to obtain the required norm

estimate in Proposition 4.13. To do this, we first need the following lemma
which gives a uniform estimate on the size of C, 1.

LEMMA 4.14. With the notation above, there exists a constant Do > 0 (inde-
pendent of n, k,l and only depending on dim B) such that Dy < Cy 1) < 1.

Proof. Since p?gk is a contraction, the upper bound C, 1) < 1 is immediate.

The lower bound can be obtained by analyzing the expansion of C,, ;. ;) in terms
of the g-numbers. This, however, has already been done by Vaes and Vergnioux
in [36], Lemma A.6. Note that in [36], the authors work with a concrete
representation of the Temperley-Lieb algebras which is generally different from
the one considered here. However, since all representations under consideration
are faithful, their estimates transfer directly to our context. O

Proof of Proposition 4.13. With U! ¢ U™ K U* fixed, let 0 < r < 2min{n, k}
be such that | = k+n —r. From Lemma 4.14 and the discussion preceding it,
it follows that

IAP) (@ © ) AP s e = CotpllI™) (@ @ 9o 350
< Dy M| oF™) (@ @ 9o s i)

We now consider two possible cases: either r is odd or even.

Suppose first that r = 2s + 1 is odd. Identify H; with the highest weight
subspace A(Pl)(Hn_s_l ®Hy_s), and H,, Hi with the highest weight subspaces
of Hy_s—1® H1®(S+1) and H?S ® Hjy_s, respectively. Now recall Section 3.2
where we fixed an orthonormal basis {e; f;l for Hi, a unitary F; such that
(F;, ® DULY(F7' ® 1) = U' and an isometric morphism t, = dfl/2 i€ ®
Fie; € Mor(1,U' X U"'). Let e;; and f;; denote the standard matrix units for
B(H) relative to the orthonormal bases {e;}; and {f; = Fie;};, respectively.
Given functions 4,5 : [s] — [d1], we will also write e; and f; for the tensors
€i(1) ® .- €i(s) and fi1) ®...® fy,) € HP*, respectively, and write e;; and fi;
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for the matrix units €i(1)5(1) - - - B€i(s)j(s) and fi(l)j(1)®- . -®fi(s)j(s) € B(H?s),
respectively. With these identifications, we can uniquely express

T = g Tig 50,5 @ €igjo @ €ij, Yy = E Suv @ Yu,w,

1<40,j0<d1 u,UZ[S]—>[d1]
i,4:[s]—[d1]

where {Zig.i o, Yiosigo; C B(Hn—s—1) and {yuov}ue C B(Hr—s). Note

that ||$H§{S(Hn) = Zi,j,io,jo ||$io7i,jo,j||§{s(ﬂn,s,l) and ||y||§-[S(Hk)
D ||yu,v|\§{$(Hkis). By repeatedly using the expression (3.7) for t2 in the re-

cursion formula (3.5), it follows that [23—1—1];/21528 = (P25 ®P25) 2215 s [ar] € @ S5
where for any multi-index i = (i(1),...,i(s — 1),i(s)), 7 := (i(s),i(s —
1),...,4(1)). Plugging this expression for ¢s5 into (3.6), we obtain

11 ®tas41®@ 14

=25+ 212202 (11 @ poep1 @ P21 @ 1) (12® Y € ® f; @ lg)m”,
i:[s]—[d1]

which then yields

(o™ %) (x @ y) ™"
= par(lon—2s—1 @ty 1 @ log_2s-1)

X Z (Tio,i,50.5 ® €igjo @ €ij ® fuv ® Yuw)

©,7,u,v0:[s]—[d1]
1<io,jo<d1

X (Lap—2s—1 ® tos+1 ® lak—2s—1)pa
= (2], 125 + 2], '
X Z (Zioijo,s © (M @ lag—as-2)(€igjo ® Y3 7)(M* @ lag_252))pai

i,5:[s]—[d1]
1<io,jo<d1
_ 1X(k—s 1X(k—s
= [2]q4[2s + 2]q "par E (zioyi»jowj ® (Pk—(s é))*(eiojo ® yi,j)ﬁ'k—(s é))p2l'
i,j:[s]—[d1]
1<io,jo<d1

Note that in the last equality above, we have also used that (p2 ® par—as)(m*®
log—2s—2)P2k—2s = [2]qp,1E(sk75), which follows from (3.2). If we now take the

Hilbert-Schmidt norm of the above expression and use the triangle and Cauchy-
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Schwarz inequalities, we obtain

nXk\ * nX
(™) (z @ y)pp k”HS(Hl)

2l
T [2s+2]
1X(k—s)\* 1K(k—s
<D Tinidos @ (ry ) (€iggo @ i )P ))HHS(H ®Hk_.)
i,5:[s]—[d1] e
1<io,jo<d1
B 1/2
< [Q]q[28 + 2]q 1( Z ||$7:077:1j01j||’2;‘LS(H71,—5—1))
%,7,%0,70
1R (k—s)\ 1X(k—s) 2 V2
X ( Z ||(Pk_s ) (eiojo ®yi,j)pk—s H’}-[S(kas))
%,7,%0,70

= [2]4[2s + 2];1”50”%5(1{”)

oA R 1/2
X C(l,k—s,k—s)( Z HA(P’C*S)(eiojo ®y%,j‘)A(Pk*S)||3—[S(H1®Hk,s))

%,3,80,J0

1/2

< 2al2s + 20, Nrlwesnn (3 e @ v s o))

1,3,%0,J0

1/2

= 2laf2s + 20, elescnn (30 19i5Buscan )

i,3,%0,J0
= [2)4[3]4[25 + 2] |2 llas o) 1Y )-
Now consider the second case where r = 2s is even. We will only sketch this
situation, as it is similar to (and in fact simpler thaAn) ‘the previous case. We
now identify H; with the highest weight subspace A(F,)(Hp—s ® Hi—s), and

H,,, Hj with the highest weight subspaces of H,_; ® H?S and H{gs ® Hy_s,
respectively. Using the notation from the previous case, write

xTr = Z Tij & €ij, Yy = Z fuv ®yu,v7

4,5:[s]—[d1] w,v:[s]—[d1]

where {x; ;}i; C B(Hp—s) and {Yuw}u,o C B(Hi—s). Since [2s + 1]3/21525 =
(p2s ® pas) Zi:[s]—>[d1] €; ® f;, it is easy to verify that

Xk * X
(o™ )" (x @ y)pp™*
= par(lan—2s @ t5, @ log_2s)

X ( Z i ®€ij @ fup ® yu,v) (1ap—2s ® tas @ log—_2s)P2

i,5,u,v:[s]—[d1]

=[2s+ 1]_1]?21( Z Tij & y;,j)])m.

i,5:[s]—[d1]
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Taking the Hilbert-Schmidt norm then yields

(™) (x @ y)pj kHHS(Hl) < [23+1]q1||$|\H$(Hn)|\y|\7{$(ﬂk)-

From the preceding two estimates we finally obtain the inequality
IAF) (@ @ Y)AP) lnsm,om) < [r+ 15" 2168le Dy 1lls ) 19lns )

where [ = n + k — r. To complete the proof, we therefore need to show that
there exist constants 0 < D’ < D" (depending only on ¢ = ¢(dim B)) such that

[r+ 1]3[2n + 2k —2r + 1], < D
2n + 1]4[2k + 1], - '

D' < [r+1]2did, M dt =

But since

[r+ 1220+ 2k — 2r + 1] (1 — ¢"+2)2(1 — 2n+2h=21)42)
ot IRk +1, T (- )1 - g1 )

the existence of the constants D', D” is clear. O

4.3 FURTHER APPROXIMATION PROPERTIES

We will now use the property of rapid decay and the Haagerup property for
L>(G) to prove some additional approximation properties for L>(G), C,(G)
and the convolution algebra L*(G). In this section we will assume that dim B >
5 (i.e., G is not co-amenable), so that L>°(G) is non-injective, C,.(G) is non-
nuclear, and L'(G) does not have a bounded approximate identity (see [11],
Theorem 1.1 and [12], Theorem 3.1).

Recall that a Banach space X has the metric approximation property if there
exists a net of finite rank contractions {®; : X — X };ca such that lim; &, =
idx pointwise in norm. If X is a dual Banach space, we say that X has the
weak™ metric approzimation property if there is a net of weak™ continuous finite
rank contractions {®; : X — X }1ep such that lim; &; = idx pointwise in the
weak* topology. Finally, recall that the left multiplier norm on L'(G) is the
norm

[wllar i) = sup{llw * 'l 1) : W' lli@ =1} (w e LY(G)),

where * := (A,), denotes the convolution product on L'(G). Obviously
||WHML(L1(G)) = ||LUJHB(L1(G)) < ||wHL1(G), where Lw is the left—multiplication
operator induced by w € L'(G).

THEOREM 4.15. Let i be the d-trace on a finite dimensional C*-algebra B and
let G = Gaut(B,1). Then the following approzimation properties hold for the
quantum groups G.

1. C.(G) has the metric approxzimation property.
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2. LY(G) has a central approzimate identity {wn}ln>1 such that
sup,, |wnllag @) < 1.

3. L>*(G) has the weak* metric approximation property.

Our proof of this theorem uses standard truncation techniques for completely
positive maps using property RD. Compare with [24] and [14].

Proof of (1). We will use the notation and results from Theorem 4.2 and its
proof. Let {®;}ieit.aim By C CB(L>(G)) be the net of normal unital completely
positive maps in (4.3), whose L2-extensions are given by

5 Ik (¢)
=) Ty (dim B
keN
Recall that by Theorem 4.5, &, restricts to a unital completely positive map
on C,-(G). Moreover, since lim;_,4im B %E?B) = 1 and || ®¢]|(c,(c)) = 1 for
all ¢, it follows that lim; ,qim B P+ = idCT(G) pointwise in norm.
Now, for each n € N consider the finite rank truncation

bin=3 nknip’“ € B(I*(G)),

and let @, ,, : L°(G) — C,.(G) be the associated finite rank map determined
by ®:, 0 Ap = Ap o ®;,. Using Theorem 4.10, we have ||Pi|[s(c, (@) <
| Pill2—p < D(2k 4+ 1) for each k € N. Therefore

1T (2)
H‘I)t - (I)t,nHB(CT(G)) = Z mpk

k>n+1 B(C-(G))

I, (¢) Ik (t)
< Y AU P <D Y — 2k +1
= Hk(dimB)” kllsc. @) < Hk(dimB)( +1)

k>n+1 k>n+1

t k
< A(to)D Y (2k+1)(m) 50 (n— o0, t€ [ty,dim B)),
k>n+1

where in the last line we have used (4.4). Consequently ®; = lim,_oc Oy p
in operator norm and lim, o ||®:n]| = ||®:] = 1. Therefore if we set
Dt = || ®s.0]| 1@, We obtain a family of finite rank contractions {®; ,}+..
which also satisfies lim,, s ‘i)t,n = &, in norm. Since we already know that
lim;qim B @+ = id¢, (g) in the point-norm topology, we conclude that the set
{‘i)t,n}t,n contains idg, (g) in its point-norm closure. We can now easily ex-
tract a sequence of finite rank contractions from {étm}t,n which yields the

metric approximation property. Indeed, just choose any sequence of numbers
{t(n)}nen C [to,dim B) such that

. o . tn) \* _
nl;n;ot(n) =dimB and nl;rrgo k>z+l(2k + 1)(dimB) = 0.

DOCUMENTA MATHEMATICA 18 (2013) 1349-1402



QUANTUM AUTOMORPHISM GROUPS 1377

Then the sequence {Uy,}neny C B(Cr(G)) where ¥, = ét(n),n does the job.
Proof of (2). Identify L'(G) with the closure of Cys(G) with respect to the
norm

[@llLi@) = h(lw]) = sup{|h(wz)] : & € Cag(G), |A(2)]|L~(@) = 1}-

Consider the sequence {wnlnen C  Z(LY(G)), where w, =
||<I>t(n),n|\_1Zkgnﬂk(t(n)))(k and {t(n)}nen is the sequence chosen in

the proof of part (1). Since lim,t(n) = dim B, lim, ||®;),[ = 1 and
Xk * ulij = ulij * X = %uéi for each irreducible matrix element

uj; € Cag(G) C L'(G), it follows that
L, w=wp*w=ws*w, —w (n — 00, w € Cae(G) C L*(G)). (4.9)

To prove that (4.9) holds for each w € L'(G), the usual density argument
shows that it is suffices to observe that ||wn|lar, (21 (g)) is uniformly bounded.
This, however, is true because an easy duality calculation shows that (L, )* =
Uy, € B(L>*(G)) and therefore [[wnllagzr@) = [Lw,ll = ¥nllBr=@) =
1Vl 8(c,(@)) = 1. The result now follows.

Proof of (3). Since the maps ¥,, = (L, )* are o-weakly continuous finite rank
contractions, and || Ly, w —w| 1@y — 0 for all w € L*(G) = L>(G)., it follows
by duality that lim,, ¥,, = idj~(g) pointwise o-weakly. O

4.4 A REMARK ON EXACTNESS

We close this section with a few remarks on the exactness of the reduced C*-
algebras C,.(G). We suspect that Corollary 4.17 below may already be known
by the experts, but we could not find a reference.

In [13], the notion of monoidal equivalence for compact quantum groups was
introduced, and in [36], Vaes and Vergnioux showed that exactness of reduced
C*-algebras of compact quantum groups is preserved by monoidal equivalence.

THEOREM 4.16 ([36], Theorem 6.1). Let G and Gy be monoidally equivalent
compact quantum groups. Then C.(G) is exact if and only if C.(Gy) is exact.

Now let (B, ) be a finite dimensional C*-algebras equipped with a (possibly
non-tracial) §-form ¢ : B — C and consider the quantum automorphism group
G = Gaut(B, ). In [20], Section 9.3, it is shown that G is monoidally equiva-
lent to G1 = Gaut(M2(C), Tr(Q-)), where @ € Ms(C) is any positive invertible
matrix satisfying Tr(Q~') = 2. Using [34], we can assume that G; is isomor-
phic to SO, (3) where 0 < ¢ < 1 is such that ¢ + g7 = §. Since SO,4(3) is
well known to be co-amenable, we have C,.(G1) = C,(Gq) is nuclear (therefore
exact) by [11], Theorem 1.1. This yields the following corollary.

COROLLARY 4.17. Let @ be a 6-form on a finite dimensional C*-algebra B and
let G = Gau(B,¥). Then C.(G) is an exact C*-algebra.
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5 ALGEBRAIC STRUCTURE

We now turn to some algebraic questions concerning the operator algebras
L>(G) and C,(G) associated to the trace-preserving quantum automorphism
groups G = Gue(B, ). We will first prove a factoriality and fullness result
for L>=(G), followed by a simplicity and uniqueness of trace result for C,.(G).
We conclude this section by studying property (AO)* for L>(G), and use this
prove that L>°(G) is always a solid von Neumann algebra.

5.1 FACTORIALITY AND FULLNESS

Let (M,7) be a II;-factor (with unique faithful normal trace 7). Given a
sequence {z, }22 , C M, we say that {x, }5°, is asymptotically central if |z, y—
YZnlla — 0 for each y € M. We say that {x,}°2 is asymptotically trivial if
|z — 7(zn)1]|2 — 0. Recall that M is said to be a full factor if every bounded
asymptotically central sequence in M is asymptotically trivial. Concerning
factoriality and fullness for L>°(G), we obtain the following result.

THEOREM b5.1. Let ¢ be the d-trace on a finite dimensional C*-algebra B and
let G = Gaue(B, ). If dim B > 8, then L>°(G) is a full type II;-factor.

Remark 5.2. Note that there are six cases corresponding to dim B = 5,6,7
(i.e., B = C(X,) with n = 5,6,7 and B = C(X,,) ® M2(C) with n = 1,2,3)
that are not addressed by Theorem 5.1. The question of factoriality remains
open in these cases. See Remark 5.10 for more details.

Note also that when dim B < 4 and G # S, L>=(G) is commutative. If G =
S, the matrix model of Banica and Collins [7] (mentioned in Section 1) shows
that L°°(S]) — My(C)®L*>(SU(2)) as an infinite dimensional subalgebra.
Based on this explicit embedding, it seems likely that Z(L>°(S])) is infinite
dimensional, but we are currently unable to verify this.

The arguments in our proof of Theorem 5.1 are based on the ideas of [36],
Section 7, where factoriality for free orthogonal quantum groups is studied.
A fundamental difference between the present situation and the one for free
orthogonal quantum groups is that the fundamental representation of G is
reducible in our case. This means that this representation does not provide an
optimal set of generators for L°°(G) with which to check commutators (i.e.,
factoriality). We remedy this by working instead with the matrix elements of
the irreducible representation U! of G labeled by 1 € N.

Recall that in Section 3.1 we fixed an orthonormal basis {e;}%*, for the Hilbert
space Hj, with respect to which the irreducible representation U € B(H;) ®
Cu(G) can be written as U' = [uj;]. Observe that by Theorem 3.8, every
irreducible representation of G is contained in some tensor power of U! and
therefore L>(G) = {A(u};) : 1 <i,j < d1}". To study factoriality and fullness,
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we therefore consider the bounded linear map

T:L*G) — H1 ® L*(G) ® H,

T(yo) = Z Fie; @ (Mul)yéo - yMul)éo) @i (y € LZ(G)),
7,j=1

where & = Ap(1) € L*(G) is the cyclic and separating vector for L>°(G) and
Fy € U(dy) is the unitary matrix from (3.7).

Remark 5.3. The connection between the operator T" and the factoriality or
fullness of L°°(G) is obvious: L*°(G) is a factor if and only if ker T = C&.
If T'lces is bounded below, then L>(G) is moreover a full factor. Indeed,
if C > 0 is such that |T¢| m,0r2@)0m = Cllélli2@) for all £ € C& and
{xn}2, C L*®(G) is an asymptotically central sequence, then

lzn = h(za)1llz2@) < CTHT (@0 — han) Dl mer2@en — 0 (n— 00).

5.2 ANALYSIS OF THE OPERATOR T

The commutator operator T' compares the left and right action of the operators
{Mui;)bi<ij<a, on L*(G). At the level of representation theory, this can be
interpreted in terms of comparing certain decompositions of tensor products
of irreducible representations. This leads us to consider, for each k& > 1 and
a € {0,£1}, the isometric morphisms qﬁ : Hy — Hy ® Hgyo and qﬁ(a) :
Hj, — Hjpiq ® Hy defined using formulas (3 2) (3.3) as follows:

1 —1/2 1R (k+1 [3]4[2k + 1]4\ 1/2

l(:L) =C, k/+1 i Pk ) = (7[2,{; 3 ) (P2 ® pak+2)(t2 ® Lok )pak,
1 —1/2 k+1)R1 [3]¢[2k + 1]4\1/2

z(:R) = C(k-i-/l k)P( Y (W) (P2k+2 ® p2) (Lo @ t2)pak,

- [2k]q  \1/2 «
¢(0) =2 Pk — (L (p2 @ par)(Mm* & log—2)pok,
kLT (kR PR ([2k+ 2]q)

0 —1/2 [2K] 12 *
1(6,3?, = C(k,l/,k) P = (m) (P2r @ p2)(lak—2 @ m™)pay,
-1 —1/2 1X(k—
§cL) :C(lk/ 1,k) Pk ( = (P2 @ p2r—2)p2;
N k—1)K
b = Co ik = e @ p2)pan

o~

The following theorem shows that, relative to the decomposition L2(G)
Dy Hr ® Hy given by (2.3)-(2.4), the commutator operator T is block-
tridiagonal and built quite naturally from the above list of isometric morphisms.

THEOREM 5.4. There is a decomposition T = THD 4 TO) 4 71 where for
each o € {0, £1},

T@¢ =0, T(Hy® Hy) CHy @ Hyyo @ Hopo @ Hi (k> 1),
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and

2k + 3]\ 1/2
T, om, = ({2k+ 1%) ( b © 0Ll ool ©o ¢(+1))

T(O)|Hk®H,€ — (0) ®¢(0) 70(;5(0) Q0 ¢§€0)L,

_ [Qk*] 1/2 -1 -1 v (=1
- (B b oo o),
q

where o : H, ® Hy — Hy ® Hy, is the tensor flip map.

The proof of Theorem 5.4 is rather long and tedious, so we delay it to the
Appendix (Section 6).

Before commencing the proof of Theorem 5.1, we need one more remark.
Remark 5.5. At various places during the proofs of Theorems 5.1 and 5.4, it
will be useful to have slight modifications of the recursions (3.4)—(3.7) for the
isometies top € Mor(1,U* ® U¥). Namely, we claim that t, = [3]1/2(12 ®
p2)miv = [3]}1/2(1)2 ® 12)m*v and more generally,

tor, = (ﬁ)lm(lgk ® por)(lak—2 @ ta ® log_2)tak—2 (5.1)
— (%)1/2@% ® log)(lak—2 @ ta ® log_2)tok—2. (5.2)

q

While the above equalities are perhaps “diagrammatically” obvious, we can
nonetheless algebraically verify these claims as follows. If k > 2, let tor €
Mor(1,U*=1 ® U' ® U*) and to, € Mor(1,U* X U' K U*~1) be the mor-
phisms appearing on the right sides of (5.1) and (5.2), respectively. Since
Mor(1,U*=1 ® U ® U*) is one-dimensional and ty;, € Mor(1,U* ® U*) C
Mor(1, UF-DRU'K U*), we must have ty), = ztoy, for some z € C. Moreover,
since z = f;ktgk = t5,tor = 1, we must have z = 1. A similar argument gives
tor, = tor. The case of k = 1 goes similarly.

We will now use the tridiagonal decomposition of 1" given by Theorem 5.4 to
show that if the dimension of B is sufficiently large, then 7" is bounded below
on C¢ C L*(G). By Remark 5.3, this will prove that L>(G) is a full factor.
To obtain this bound, we actually prove that T(+1)|C€é is bounded below by

some constant which tends to co as dim B — oo, while (T(® 4 T(_l))|(c£é
is bounded above by a constant which is uniformly bounded as a function of
dim B. An application of the triangle inequality will then show that T|C£é is
bounded below for dim B sufficiently large.

Notation 5.6. Given & € L?(G), denote by & the component of £ belonging to
the subspace L%(G) & Hjy, ® Hy, and let €Y = & — (§|€)& be the orthogonal
projection of ¢ onto C&. We then have T¢ = T¢0 = THD 0 4 (T(0) 4 7(=1))¢0,
Similarly, given € H; ® L?(G) ® Hy, let n; be the component of i belonging
to the subspace H1 ® Hy ® Hi ® Hi.
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We start by finding a uniform upper bound for the norm of (7(® + T(’l))|CEOL.

LEMMA 5.7.
(T +TED)eer || <2(1+9).

Proof. Theorem 5.4 implies that for any ¢ € L*(G),

ITOe)? = Z IO = D ITO& I < DT ||l 12
k=1 k=1 k=1

g |

<D 4llél® = 4l1€%1?,
k=1
TR =D TP = ZIIT< 1§kIIQ<ZHT< e, | 1612
k=0
2. 42k — 1]

< ekll® < 4971817,
k:1[2k+-u

where in the last line we have used the fact that

2k -1 _ o/1—g"2\ . 2k—1],
k— 2k 1), = (1 — q4k+2) is increasing and Sup m =q".
The result now follows from the triangle inequality. O

Next we deal with more difficult task of bounding T(+1)|C§é from below. Fix

€ € L*(G). Then ||[THDE0)12 =322 |[THVE,|1? and for each k > 1, Theorem
5.4 gives

T2
_ RN ) ) ey |
Bl i el o
2k + 3] o @ o)1 (D g o gl e 2
= i (et D& +1l(oof ) © o)l
—2Re((oafly) © " of) (0f1) © 0Tl
2k+3 . N
~ | ]q(2||5k||2 Re( (64170 0f) © (001 00w Jerler)
2k + 1],
2k +3]q 2 C DYt 2] g 2
-2 .
> e (el =2 Ty
Therefore
— [2k + 3],
|70 > Z%H L@l ook 1) g
k=1
2k + 3], 1 1
>2I,?;gl{[2k+1](—ll( COrost I ER,  (53)
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showing that we need to find some useful upper bounds for the norms
+1)\x +1
I(6/2) 064!z ||, where

(@) oy
[3]4[2k + 1],

= ty 1 1 t k>1). 4
2k + 3], Dok (t5 @ Log) (P2 ® paky2)o(lor @ t2)par (k>1). (5.4)

As a first observation, note that the naive estimate ||( ,(:Ll))*a ,(€+}%)|| <

[3]q[2k+1]
[2k+3],
1. To obtain a sharper estimate, we need to unravel the right-hand side of (5.4)

using the recursive structure of the Jones-Wenzl projections {py},en. We will
do this by first finding a suitable two-step recursion formula which expresses
the projection por4o in terms of the projection por. Plugging this recursion
into the right-hand side of (5.4) will yield an expression whose norm can be
more sharply bounded from above. The required two-step recursion for poj4o
will be obtained by iterating twice the following (one-step) recursion for the
Jones-Wenzl projections {p, }yen due to Frenkel and Khovanov ([21], Equation
3.8):

is of no use since the right hand side of this inequality always exceeds

Py = (1y - yi(*l)yiril [Q]q[T]q (L1t ® 1y r1® t’f))

r=1

X (py—1®@11)  (y=>2). (5.5)

Setting y = 2k + 2 in (5.5) and then applying (5.5) again to the resulting pog+1
term yields

2k+1

_ 12]4l7]
= (1 _ —1)2k+1 T[qiq 1, t 1 Rt
D2k+2 (2k+2 521( ) [2k+2]q( 1 ®t ® 1okt ®1))
= 2], 11
s (1gprg = S (=12t 2dle o w1y 0t @1 )
(12rs2 S e @t el @t e 1)
X (par ® 12).

Multiplying this expression by 1o ® pop on the left, observing that pogie =
(12 ® por)pak+2 and parTLy 25 (6) = TLoky(6)per = 0 for all y < 2k, we see
that most terms in the above sums vanish. That is,
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2
pakt2 = (12 ®p2k)(12k+2 [ 2], (t1 ® 1o @ t])

% + 2],
+ﬂ(1 9t el ®t))
[2]€+2] 1 1 2k—1

2k

214 .
X (12k+2 - ;(71)2’9 l%(lu @t ® lop_r O] @ 11))

X (pax ® 12)

2
= (12 ® pox) 12k+2+[ 2], (t1 @11 @1 @ 14)

2k + 1],

ﬂ(l Rt ®1 Rt ®1;) — 2y
2k + 1], 1 1 2k—2 1 1 2k + 2,

(2]q[2F]q
2k + 1),[2k + 2],

4+ 12l (11 ® t1 ® lop_ ® )
[2k+2]q 1 1 2k—1 1
N 215
2k + 1],[2k + 2],
[2]52k]q (
T 2k + 142k + 2],

(t1 ® 1op ® 1)

(t1 ®lop—1 @] ® 11)

(L1 @t @11t @ lop—2 @t (L1 @] @ 1))

L @t @ lop_o @17 @ 11) | (par ® 12).

After collecting like terms, this gives

DP2k+2

[2]4 [2]4[2k]q .
= (12 ® pa) [@Jr([% 1 + B 1], 2 T 2]q) (t1 ®log—1 @] @ 11)

(a) (b)
(L [2)2[2H],
2k+1),  [2k+1]4[2k + 2],

) (11 @t @ log—2 @] ®11)
©)

o [2] q * [2]2

2% + 2] (t1®12k®t1)+m(11®t1®12k 1 ® 1Y)
q—/_/
(d) (e)

25
1 t 1)t 1ok ti(1 ti®1
+[2k+1]q[2k:+2]q((1® 1® 1)t ® 12 @17 (11 @] @ 14))
f)

X (par @ 12).
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If we now insert the above expression for pag12 into equation (5.4) and use the
fact that pot; = 0, we see that the contributions coming from (b), (d) and (e)
are all zero. Thus,

(@) ool y

Blq[2K +1]4
2k + 3],

D2k (t5 & par)o(lag @ ta)par

i=a [resulting from (a)]
(B, BERH, )

2kt 1), 2k + 1,2k 1 2,

X ok (t5 @ par) (12 @ (11 @ t1 @ lop—2 @t} @ 11)) o (1o @ t2)par

:=f [resulting from (c)]

o,
2k + 1],[2k + 2], d(p2r)

+

X (t5 @ par) (12 @ (11 @ t1 @ 11)t @ lop_2 @ 11 (11 @ 1] ® 11))) o (lak @ t2)

:=~ [resulting from (f)]

[2K]q
2k+1], L+ mrgg]
S A U] I R L U Lo *(m* @ Lon_
[2k+3]qp2k0 D2k 2%+ 3], pok(log—2 @ m)o™ (m* @ log_2)pak
2]

q
2k + 3],[2k + 2,

+ [ P2kO P2k,

where, to obtain the last equality, we have substituted the following three
identities for the quantities «, 8 and ~:

d1 dl
[3]q = ka(Ze;‘ ® (Fre;)” ®p2k) (Zej ® P2k ® Flej)

i=1 j=1
dy

= pog Z((sz')* ® pak) (D2k @ Fre;) = poro™ Dok,
i=1
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[2]3[3]qﬂ = [3]qp2r(t3 ®p2k)(12 @m" ®log_a @ m)J(lgk ® to)pak
(using (3.6))
d1
= p%(z ef @ (Fre;)” ®p2k) (12 @m* R lgk_g ® m)
i=1
dq
X (Zej ® p2r & Flej)
j=1
dy

= P2k Z((sz')* ® par) (Lo @ m)((M* @ log—2)par ® Fre;)
i=1
dy

= pok(lok—2 @ m) Z((sz')* ® logr2)(M” @ lak—2)por @ Fie;)
i=1

= por(lak—2 @ m)o™ (Mm* @ lak_2)pok,

81a[2157 = Blipan(ts © par) (12 € 2 © Loz © 15)0 (Lo  t2)pon
(using the fact that t2 = [3];"/%[2]4(p2 ® p2)(11 ® t1 ® 11)t1)
= [35p2 (13 © 12)(12 @ t2) @ lok—2 @ 13) 0 (Lo @ t)pan
= [3]gp2r (P2 ® log—2 ® t5)0(1ar @ t2)pak
(since (t5 ® 12)(12 ®ta) = [3]71172)

—ka(p2®12k 2®Z€ ® (Fre;) )(Ze] ®p2k®F1€J)
dy

= pok(p2 ® lox—2) > (Lo ® €])(e; @ pax) = paropar.
i=1

A simple application of the triangle inequality using the fact that |m| = § =
[2]4 now yields our desired norm estimate.

LEMMA 5.8. For each k > 1,

[2k]4 (24
2k + 1] + [2]7 (1 + Brra, ) + Braa,

(+1)ys _((+1)) <
H( k,L ) U(bk,R H = [2I€+3]q

(5.6)

Returning to inequality (5.3) with Lemma 5.8 now at hand, we obtain the lower
bound
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1T D€l

>1

[2k] 2, \*

S 2[|€0) min J 125+ 3la (12 + 10, + 203 (1 + ol ) + i)
min — .

- k 2k + 1], 2k + 3]4[2k + 1],

By expanding the square in the previous line and using the fact that

miny gﬁiﬂz = ¢ 2, maxy {;ZI;{Z = ¢* and that y — [y], is increasing, we

finally obtain

) PO+ ? PR 20R0+¢)
(+1) 012 2 2 q _ q - q
" f'ZQG T T BLB. | B, B

Dol 2RBOEP) e o
051, [mm&hyﬁl~c@mn,

If we now combine the preceding inequality with Lemma 5.7, we have

ITEl = 1 TEVE + (T + TN = TV = (7@ + 7))
> (C()"? =20+ )"l (€ € L*()). (5.7)
We are now ready to prove Theorem 5.1. The remaining ingredient we need is

the following lemma, which will also be useful when studying the simplicity of
C(G) in Section 5.3. Recall that 0 < ¢ < 1 was defined so that 6 = vdim B =

¢+ q ' Note that g = g(¢) = 2=¥2=4 V252*4 is a decreasing function of 4.

LEMMA 5.9. Consider the function f(J) := [3];(%2(0((](5))1/2 —2(1+q¢(9)))-

Then f is an increasing function on the interval [v/8,00) and f(v/8) > 0.
Proof. From the definition of C(q), it follows that f(d) = g(q(d)) where

e @ RaEe? PR 2RO+ )
0=V G B BEE,  GEBEER BBl
S22, 2250 +¢°) 1/2_2(1—|—q)
BLHLE,  [A.BEE, e

When § = /8, ¢ = \/%72 A~ 0.4142 and direct substitution yields f(d) =
0.1111 > 0. It is now just an elementary calculus exercise to verify that ¢ is a

decreasing function of ¢ € (0, ‘/52_2] and therefore f is an increasing function
of § € [v/8,00). O

Proof of Theorem 5.1. Since f(+/8) > 0 and f is increasing by Lemma 5.9,

inequality (5.7) shows that T'|¢¢. is bounded below by [3];(/3) f(6) > 0 whenever

dim B = 6% > 8. Thus L*(G) is a full factor by Remark 5.3. O
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Remark 5.10. Note that if 62 = 5,6 or 7, one can check that [3];(/5)]‘(5) <
—0.4386 < 0. So the preceding calculations yield no information about the

factoriality or fullness of L>°(G) when 5 < dim B < 7.

5.3 SIMPLICITY OF C,.(G)

We now consider the reduced C*-algebra C,.(G) and show that, at least in most
cases, it is simple with unique trace. To do this, we adapt the “conjugation by
generators” method used in [36], Section 7.
Write W1 = (id @ A\)U! where U! is the irreducible representation of G labeled
by 1 € N and consider the unital completely positive map @ : C,.(G) — C,.(G)
defined by

B(z) = 2[3))] (Tr@id) (W) (1o )W + W' (1@ 2)(W)*).

q

Observe that ® is 7-preserving for any tracial state 7 on C,(G) and that ®(Z) C
T for any closed two-sided ideal Z C C,.(G). Moreover, a simple calculation
shows that the L2-extension of ®, denoted by CTD, is given by

. 1

dAp(a) = (idL2(G) - mT*T)Ah(a> (a € Cu(G)), (5.8)
q

where T : L?(G) — H; ® L*(G) ® H; is the commutator map introduced in

Section 5.1. The key result of this section is the following proposition.

PROPOSITION 5.11. Let G = Gaui(B, %), where B is a finite dimensional C*-
algebra with §-trace . If dim B > 8, then

nh—>nolo (I)n(l') = h(.%')lcr(G) (.T S CT(G))

Proof. Note that it is sufficient to prove this result for xzg belonging to the
dense Hopf #-subalgebra A(Caiz(G)) C Cp(G). Now take a € Cu(G) and
consider z = A(a). Since a € Cha(G), there is an » > 0 such that = €
Do MCr(G)), where Cy(G) is the subspace of Cai¢(G) spanned by the matrix
elements of the irreducible representation U*. Now let n € N and consider
®"(x) — h(z)1 = ®"(z — h(z)1), which evidently belongs to @, 2" A(Ck(G)).

Writing ®"(z — h(z)1) = 3757 Mz;,) with 2, € Cx(G) and using property
RD (Theorem 4.10), we obtain
r+2n r+2n
12" (@) = h(@) v < Y M@)o < D 2k + DIArz) 2@
k=1 k=1
r42n ) 1/2
<@r+4n+ )Vt 2n 2n( 3 HAh(zk)HLZ(G))
k=1

= (2r + 4n + D)Vr + 2n)|9" (A (a — h(a)1)) | 2(c)
<@2r+dn+1DVr+ 2nllﬁ>lcg¢ ["|An(a = h(a) D)l L2(c)-
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Now assume that § = v/dim B > /8. From (5.7) and Lemma 5.9, it follows
that T*T|cer > [3]¢f(0)*idges and therefore

1

;T Tless < (1- 510)idegs < (1= 3A(/B)?)idgs

Dlegy = idegy —

Since f(v8) ~ 0.1111, [||ce. || < (1 - %f(\/§)2) < 1, which gives

limsup || ®"(z) — h(z)1]c, (@)

n— o0
1 n
< Tim (2 +4n+ D)V + 2n(1 - §f(\/§)2) 1An(a — h(a)1)] o) = 0.

O

Simplicity and uniqueness of trace for C.(G) are now immediate consequences
(as long as dim B > 8).

COROLLARY 5.12. Let v be the d-trace on a finite dimensional C*-algebra B
and let G = Gau(B,¢). If dim B > 8, then C,.(G) is simple with unique trace.

Proof. Let T C C(G) be a non-zero closed two-sided ideal and let a € Z be
such that h(a) # 0. Then by Proposition 5.11, h(a)l = lim, ., ®"(a) € Z.
Therefore Z = C,(G) and C,(G) is simple.

Now let 7 be any tracial state on C.(G). Since 7 0 ®" = 7 for all n, we have
7(2) = limy 00 T7(®"(2)) = 7(h(2)1) = h(z) for all z € C.(G). O

5.4 SOLIDITY

In this final section we show that the von Neumann algebras L>°(G) considered
in this paper always have the Akemann-Ostrand property. Recall that a von
Neumann M C B(H) has the Akemann-Ostrand property (or property (AO)) if
there exist o-weakly dense unital C*-subalgebras A € M and B C M’ such that
A islocally reflexive and the *-homomorphism mom : A®..B — B(H)/K(H) is
continuous with respect to the minimal tensor norm. Here m : A®q, B — B(H)
is the multiplication map and 7 : B(H) — B(H)/K(H) is the canonical quotient
map. Note that an exact C*-algebra is always locally reflexive. We now state
the main result of this section. Below we denote by J : L*(G) — L?(G) the
modular conjugation operator for L= (G) = A(C,(G))", so that JL>=(G)J =
L>(G).

THEOREM 5.13. Let G = Guu(B,1), where B is a finite dimensional C*-
algebra equipped with a §-form . Then there exists a unital completely positive
map 0 : Cr(G) ® JC.(G)J — B(L*(G)) such that

O(a ® JbJ) — aJbJ € K(L*(G)) (a,b € C.(G)).

In particular, L>°(G) has property (AO).
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n [31], Ozawa proved that a finite von Neumann algebra M with property
(AO) is solid. That is, for any diffuse von Neumann subalgebra A C M, the
relative commutant A’ N M is injective. Recall that a II;-factor M is said to be
prime if for every tensor product decomposition M = M;®M,, either M7 or
Mo is finite dimensional. It is easy to see that a solid II;-factor is prime unless
it is injective. As a consequence of Corollary 4.17, Theorem 5.1 and the above
discussion, the following result is immediate.

COROLLARY 5.14. Let 9 be the d-trace on B and let G = Gau(B, ). Then
L>(G) is solid and it is a prime II-factor if dim B > 8.

Remark 5.15. It is perhaps worthwhile pointing out that the local reflexivity
of C-(G) is not actually required to establish the solidity of L>°(G). To see
this, note that an examination of the proof that property (AO) implies solidity
in [31] shows that local reflexivity is only needed to establish, for each finite
dimensional operator system E C L°°(G), the existence of a net of unital
completely positive maps {¥F : E — C,.(G)}; converging pointwise o-weakly
to idg. In our case, we can just take UF = ®,;|p, where {®;}i<qim 5 is the
net constructed in the proof of Theorem 4.2. Indeed, a standard estimate
using property (RD) (see for example [14], Proposition 5.3) shows that @,
is ultracontractive, that is ®;(L*(G)) C An(Cr(G)) for all t. In particular,
O, (L>(G)) C Cr(G) for all ¢.

Remark 5.16. The existence of a completely positive map 6 in Theorem 5.13
such that m o 8 = 7 o m imposes a structural property on L°°(G) which is
stronger than property (AO). Using the terminology of Isono [25], Theorem
5.13 says that L°°(G) has property (AO)T. Property (AO)T can be regarded
as a generalization to finite von Neumann algebras of the description of bi-
exactness for discrete groups in terms of their reduced C*-algebras (see [15],
Chapter 15). In [33], Popa and Vaes proved that the II;-factors M = L(T)
associated to i.c.c., weakly amenable, bi-exact groups I are strongly solid. That
is, for any diffuse injective von Neumann subalgebra A C M, the von Neumann
algebra generated by the normalizer of A, Nj(A4) = {u € U(M) : uAu* = A},
is injective. Recently, Isono [25] extended the results of [33] and proved that
a finite von Neumann algebra with property (AO)* and the weak*-completely
bounded approximation property (W*-CBAP) is strongly solid. As a result, if
one could prove that the von Neumann algebras L>°(G) considered here have
the W*-CBAP, their strong solidity would be an immediate consequence. Based
on recent work of Freslon [22] on the weak amenability free orthogonal quantum
groups, we expect that L>°(G) always has this approximation property.

Proof of Theorem 5.13. Our arguments follow very closely those of Vergnioux
[37], where property (AO)™ was established for the duals of universal discrete
quantum groups. We note that the proof in [37] makes extensive use of the no-
tion of a Cayley graph associated to a discrete quantum group @, and assumes
that this graph is a tree. In the case of G = G,ut(B, ) of interest here, the
Cayley graph of G is no longer a tree. In this case, since we have the fusion
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rules U RU* =2 UF R UL = UL @ U* @ U (k > 1), the Cayley graph is
obtained by taking the infinite tree Ao, and adding a loop starting and ending
at each vertex k # 0 (resulting from the inclusions U¥ ¢ U' K U*, U* K UY).
Since such a graph is not “too far” from being a tree, we can readily adapt the
proof from [37] to our context. Below we freely use the notation from Sections
3.2, 4.2 and 5.1. We also assume that 6 = ¢+ ¢~! > 5, so that C,.(G) is not
nuclear.

For each | € N, put my = 21+ 1]4, oy = (Zn KEN: nthel m;;;"’“)_ and define

W=

a linear map

V:CG] = ClG]®ae CIGl;, V(z)=> ar >  APz)(P.@By).
leN n,keN: n4+k=I
Using Lemma 4.12 and its proof, it follows that V' extends to an isometry from
22(G) — 2(G) @ £2(G), and V*(P, @ Pr)y = anikPoirConv((P, @ Py)y)
(y € ?(G) ® %(G), n,k € N). Identifying ¢*(G) = L*(G) via the Fourier

transform F, we can form a unital completely positive map
0:C.(G)® JC.(G)J = B(LA(G)); 6(z) =V*aV.
Our goal is to prove that
aJbJV* —V*(a® JbJ) € K(L*(G) ® L*(G), L*(G)) (5.9)

for all a,b € C.(G), which will show that 6 satisfies the hypotheses of the
theorem. Note that since aJbJV* —V*(a® JbJ) = a(JbJV* —=V*(1® JbJ)) +
(@V*=V*(a®1))(1® JbJ), it suffices to prove (5.9) when one of a or b equals
1. Let us start with b = 1. Note furthermore that we only need to prove (5.9)
for a = A(v) € C.(G), where v € C(G) is a matrix element of the irreducible
representation U! = U © U°. This follows because the norm-closed subalgebra
of C.(G) generated by all such a = A(v) equals C,(G), and (5.9) is preserved
by sums, products and norm-limits.

Fix for the remainder a = A(v) as above, and put K =3,y o P e B(LA(G)).

Since 1 < m:ﬁTk = (1(_1{1::)2()1%;4‘%12;2) < (171(12)2 for k +n = 1, it follows that
(1-¢)(1+1)7"2 < < (141)7'/2 Thus K is compact with (unbounded)

inverse K~ = Y, _ya; ' P, Using K, we can write

aV* —V*a®1)=K(K'a—aK )YW* - K@K 'V* - K 'V*(a®1)),

so it suffices to show that 41 = K la—aK ' and Ay = aK~1V* —K‘lV*(a(X)
1) are bounded linear maps.
First consider A;. Since a = A(v) = PyaPy + 2121 D oven: —r|<1 Plapl/, we
have
A1 = (1 — al_l)Poaﬁ’l + Z Z (Oél_l — Oél_/l)plaﬁ’l/.
I>1UVeN: [I-1|<1
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It therefore suffices to show that S 1= sup;>q {max)_j<; la; ! = a; !} < oo

Since (I +1)1/2 < a; ' < (ZH) , the fact that S < oo is clear.

Now consider Ay. Let 4 = f(v) € B(Hy) C C[G], let y € C[G] ®alg C[G],
and put yi, = (Pk ® f:’n)y for each k,n € N. For each inclusion U' C
UFR U™ (k,I,n > 0), let ¢of%n = C(‘klﬁ)pf@" . H, — H, ® H, be the
(unique, up to multiplication by T) isometric morphism defined by (3.2)-
(3.3). Since V*(yg,n) = K Pyt Conv(ys,,) and (by Lemma 4.12 and its proof)
]illConv(ykyn) = Ml (@), LGP = I AG((G7E7)* Yyk it follows
that

Az(yp.n) = Conv(a ® PpipnConv(ys.,)) — K1V ((Conv @ id)(a © yr.n)

Z <Pn+k+r

r=0,%+1

X (Conv(d ® P;HnConv(yk,n)) — Conv((PkJrTConv ®id)(a ® ykn)))>

mimgmy . kXny  1Xk+n7*
———— (Ad([(id ® ¢pim) et
zi<m( (1 @ gE)pl=ken)

— Ad([(¢%F @ id)pfirEn ) [a ® yk,n]> :

where P_; is zero by convention. Let ¢;1Eﬁ§?7 ;= (i[d® (bﬁ?ﬁ)gf)iéiﬁ’: nd
gb,lE’fE’;R (0125F @ 1d)¢£ij§_’j. By appealing to [36], Lemma A.1, note that

we can find a constant C' = C(¢) > 0 (independent of k and n) such that

1XEX 1XEX 2k+ 1
}\Ielf,ﬂ- ||¢k+n+77},L - A¢k+n+¢,R||TL2(k+n+r) 2(k+nt1)(8) = < Cg™r (5'10)

for each n,k € N and r = 0,£1. Since we also have |T*(a@ ® yx.n)S|lez <
1/2
(st ) YT 1S 2yl woo for any S,T € Mor(Husrr, Hy& Hy Hy),

mi1mEMn

an application of the triangle inequality and (5.10) yields

IAd([$ihn 1) = Ad(605 R 1)@ © el 2 e

_1/ Mntk 2
< 20t 1( n+k+r ) ||a®yk7n||52(@)®3.
mimgimsy

Using this last inequality and the Cauchy-Schwarz inequality, we obtain the
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estimate

R 2
layliZg = X Py

2(G)
>0 k,nint+k—1<1

= Z H Z %@(Ad([ 1@16@71] ) Ad([ 1IZIkIZIn] ))[d®yk,n]
>0 knint+k—1<1

=1 (TN LMy I 2
< Z ( Z 20 gk i1 (Tl) HaHgZ(@)||yk,n||e2(@)®2)

>0 kn:n+k—1|<1

mEem —on—
O Y R (S L)
>0 k,n:n+k—1|<1 t k,n:|k+n—1|<1

mgm —on—
% sup{ Z —nq2k+2l 2n 2}2 Z |‘yn7k|‘?2(@)®2

m
120 % g nintk—1]<1 L 1>0 kyn:|k+n—1|<1

2

02

Since the above sum over [ is dominated by 3||y||?2(@)®2, e < (—1‘1_;—)2 for
[k +n—1]<1,and
-2
MEMn ok+21-2n—-2 4 2k+21—2n—2
R T SR s
k,n:n+k—1|<1 k,n:n+k—1|<1
F Y s it
4k—2r
q < 1 (1>0),
1—q gy P (1= =q")

we conclude that As is bounded.

The proof of (5.9) when a = 1 and b # 1 is essentially the same as the above
argument. The only significant difference is that one must use a right-sided
version of (5.10). The required inequality is given by Lemma A.2 from [36].
We leave the details to the reader. O

5.5 CONCLUDING REMARK

Since this work was submitted for publication, the author has obtained a de-
scription of the quantum groups G, (B, ¥) for arbitrary invariant states v in
terms of a free product *;Gaut(Bi, 1;), where each B; is a certain distinguished
subalgebra of B and ¢; = ¢|p,. See Proposition 18 in [19)].

6 APPENDIX — PROOF OF THEOREM 5.4

In this section we prove Theorem 5.4. We will freely use the notation and
assumptions of Section 5.1.
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Proof of Theorem 5.4. We can write the commutator map T : L?(G) — H; ®
L*(G)® H; as the sum T' = Ty, —Tg, where T}, = ZZ;ZI F16j®)\(ul1j)®ei is the
part of T' corresponding to the left action of {)\(u%j)}ffj:l on L?(G) and —Tg
is the remaining part of T' corresponding to the right action of {)\(u}j)}%:l on
L?(G). Observe that T¢y = Tr.& — Tréo = 0.

In terms of matrix elements of irreducible representations of G, the map 77, (re-
spectively Tr) corresponds to the operation of tensoring on the left (respectively
on the right) by U'. Since U'RU* = UktlgU @ UF1 = UFRU! for all k > 1,
we can uniquely decompose 17, and Tx as the sums T7 rp = Zazo, 11 Téfyl)z,
where

dy
T =Ty a6 =0, T e =Te = Fie; @ Mul)éo @ e,

ij=1
and for k > 1, T\ : L}(G) — Hy ® L}, ,(G) ® Hy is defined by
Téﬁzh%(@) = (idg, ® Pota ®1da,)TL,R|12(0)-

Setting T(*) := TL(a) - TI(;‘), we obtain the decomposition 7' = Y"__, ., 7@
stated in Theorem 5.4. 7

To verify the expressions for T(®) given by Theorem 5.4, fix k > 1, £,1 € Hj, and
consider the matrix element A((wy,e @ id)U*)& = Ap((wn,e ®1d)U*) € LE(G).
In the following calculations, we freely use the identities given in Remarks 3.6
and 5.5, the unitary identifications

L3(G) =2 Hy®Hy;  A((wy,e ®@id)U*)&o — €@ (1@n0" )ta, (§,m € Hi, k> 0),
given by (2.4), as well as the identities
d 4 dy
ZFlej Re; = Z PFfF"e; ®@e; = Z Fire; @ e; = [3];/21?2,
j=1 j=1 j=1
(Px @ py)Paty = Paty = Paty(P2 ®py) (3,5 €N).

Since @ainl qﬁ(_a) a=0+1 Hita = H1 ® Hy, is a unitary intertwiner, it

k+a,L
follows that
d1
T (A((wn,e ® id)Uk)fo) = Z Fie; ® A(u}j (wy.e @IDTF)E @ e
Q=1
d1

=Y Fie; @ M(We,@n.e,0e @ id)(U RUR))E @ ¢

Q=1

d1

o ) . k+a X
= 2 2 G OM@ e o 60 (e n © DU T0 @6

a=0,%£14,5=1

€eH1®L}  (G)®H:
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Therefore
Ti (€@ (1@ 0" )tar)

— . ; k+a .
— Z Fiej @ M(wy-o e (e @m (652 ) (e 08) D id)U )& @ e;

k+a,L

j=1 i=1

- [(12 ® ((bl(cjrz),L)*)(ZFlej ®€; ®€)}

::A(la)f

® {(12194-204 @12 @n")(log42a @ ¢1216;2L))t2k+2a}a

=AY (1@n* )t

and similarly

dy
T}(;f)(g ® (1@ n")ta) = {(12 ® (¢;(;2)13)*)(ZF16]4 RE® ej):|
j=1

::Bia)f

® {(12k+2a @n* ® 12)(logt2a ® (b]i:_i),R)tQkJrQa} :

=:B{™ (1®1*)t2x
Let us first consider T£Q)|Hk®Hk = Aga) ® Aéa). When a = 1, we have

AVe = [3112(12® (94,1 1)) (t2 @ €) = [311/2 (12 @ paks2(p2 @ por)) (b2 © )

Pk4-ﬂq)”2<+n

— [3](11/2(172 ® pak+2)(ta ® log)paré = ([2k T 1]q kLG

and

Agl)(l QN )tor = (logt2 @ 12 @ ™) (logt2 @ p2 @ pak)tokto

_ (24118,
*( 2k + 3],

= (Lakr2 @ 12 @ ") (langz ® Lors2) (84 © Lot )tar = 0 7 (1ak ® 07 )tas.

1/2
) (Lokt2 ® 12 @ 0")(Part2 @ p2 & par)(lor @ t2 @ Log)tok
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When a = 0, we have

AVe = B2 (p2 @ ($0))") (b2 ® €)

([[QL Er 2]]2) (P2 ® par(m @ lag—2)(p2 @ par))(t2 ® €)
= ([[QSL‘ZEZ]]Z)W@Q ® par(m @ lag—2))(t2 ® €)
~ (i) om0
~ () @ ) (128 m @ Lakca)m” @ 1) @ 1)
_ ([25?‘12](1)1/2(192 ® por) (M M @ Log—_2) (v ® 1ax)€  (cf. Remark 3.6)
(o) e © 1o = 60
and
AP @0 Yo = (lox @ 12 @ 0") Lok @ 1) ook = 3y (12x @ 0"Vt

The last equation follows because both of the isometries (gb ® log)tar and
(12 ® (bk’L)ka belong to the one-dimensional space Mor(1, Uk XU'XU*) and
therefore (1gf ® qﬁ;f)L)tgk = z(qﬁéogz ® 1aog )tar for some z € T. But then

2= 5 (61 R)" © Low) (Lo, ® d) ) )tar

[2k]q . .
= —————t5,(lag— 191 )(1 1o2)(1 Lo )t
2k + 2], 2k (Lok—2 @ m @ log)(lok ® p2 @ 1o )(lok @ M ® log—2)tok
[2K]q
2k + 2], se(l2g—2 @ m ® log)(lor ® (12 — vv™) ® 1og)
X (12k Q@m*® 12k72)t2k
= oy, (Belas ©mm ® Lapa)toe — thytar )
- 2k ([2]q[2k3 +1]g 1) _1
2k +2], N [2K] ’

where in the last line we have used

(Log—2 @ m ® lop_2)tar = ([2]4[2k + 1]q[2k];1)1/2t2k—1-
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When o = —1, we have

ATe =822 @ (¢ ) @)
[3]3[2]{: —1g\1/2 )
= (m) (12 ® par—2(t5 @ log—2)(p2 ® par))(t2 ® )
3202k — 1], 172 *
= (m) (p2 @ pag—2)(la @ th ® lag_2)(ta ® 1ax)E
R 1)\ 12 CRE -1
N ([2k+1]q) (P2 ® pak-2)§ = ([2kz+1] ) (bl(c,L)g
(using (12 X t;)(tz X 12) = [3]11 pg),

and

ATV (@0t
Blyl2k = 1]\ /2
_( 2k + 1], )

X (log—2 ® 12 @ ™) (p2k—2 @ p2 @ par)(log—2 ® to @ log_2)tak—2
= (1op—2 @ 12 @ ") (p2k—2 @ p2 ® lak)
% ([3]11[2]‘3 —1jg

1/2
2k + 1] ] ) (L1or @ par)(log—2 @ ta ® log_2)top—2
q

= (12x ® n*)(qﬁé}? ® log)tor = (bl(cTI%)(l% ®n*)tar.

Let us now consider T |Hk®Hk = B(a) ® B(a) When o =1, we have

BVe = 3120 (6151 )" @ 12) (€ @ 1)
=3 (
=3

lq
lq
- (et
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and
BM 1 @0 tar = (Laksz @0 © 12)(Logye ® ¢§f+11),1z)t2k+2

2k + 1]4\ /2 .
— (w) (lokt2 ® 0" @ 12)(P2kt2 ® Lokto)
q

d1

X (Z ej @l ® log ® F1€j)t2k

j=1
B ([2k +1]4
2k + 3],

d1
X (Z Fiej®ej ® 1y ® 12k)t2k

j=1
([ka + 1],
2k + 3],

([3]q[2k +1]q
C[Rk+3],
[

1/2
) 0" (12 ® logyo @ ™) (12 @ part2 ® log)

1/2 & .
) 0" (1y ®p2k+2)(ZF1€j ®ej Rl ®@n )f%

j=1

/2 .
) 0" (12 @ pag+2)(te @ Lok @ n*)tak

_([3 [2k + 1],
-\ 2k + 3],
= oL (L2t @ 0*)ta).

When a = 0, we have

B¢ = [3]120 (¢} ))* @ 12)(€ @ t2)

1/2
) 0" (12 ® pak+2)(te ® log)(lok ® 0™ )tok

= [3];/2(%)1/20@%(1%2 ®m)(p2k @ pa) @ 12)(§ @ 12)

2k + 2]
- [3];/2(%)1/20@% Q@ p2)(log—2 @m ® 12)(log ® t2)&
= (%)1/%(}7% ® p2)(lak_2 @ m ® 12)(1op ® 1o @ pa)

q
X (Log @ m™)(1ox ® V)¢
= (%)U%(pzk ® p2)(lap_2 @ Mm@ 13)(1ax @ m*)(lop ® )&
/

= (%)1 20.(p2k ®p2)(12k72 ®m*)§ _ Ugﬁ](vo,z% .

Using the fact that
5> (1o @ m*)ta = [3]5/p5° (1o @ m*)ym*v
= [3/%5° (m" @ L)m*v = p3*(m* @ La)ta,
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we also have

() BP0emm

(12k Qn" @ 12)(p2k ® (Par @ p2)(log—2 @ M™))tag
W2k — 1],
2k + 1

1/2
) P2k @N" @ p2)(Log @ log—o @ M*) (12 @ tog—o @ 1a)ta

3 1/2

q

(P2r @N" @ p2)(la @ tog—2 ® 1o ® 12)(12 @ m™)ts

(3

)
q)1/2

(P2 @M @ p2)(l2 R tog—2 ® 12 ® 12)(M™ @ 12)ta

o\ /2
) p2 QX por ® M )(12 Rl Rtop—2® 12)(12 X m*)tg

[
]2k—1
2k + 1],
112k — 1]
2k + 1],
[3]4[2k — 1]
2k + 1],
112k — 1]
2k + 1],
1412k — 1],
[

O,
e,
(
o,
(
e,
(mssn

3 1/2 .
= q) (P2 @ P2k @N") (12 ® 1a @ top—2 @ 12)(M* @ 12)ta
3 12 1 1 1
= * _ tor_ t
2k 1, ) “(p2 @ par @N*)(M* @ Lyp—2) (12 @ tag—2 ® 12)ta
= (pz ®p2k)(m ® log—2)(lor @ n*)tak
)_1 O (Lo @)t
2k:+2 2k D1 )2k
Finally, when o = —1, we have
By Ve = B} %0((0y7) p)" @ 1) (€ ©1)

8/
= [3]3/2 %)1/20@%2(1%2 ®@t3)(par @ p2) @ 12)(E @ ta)
[3]q[2k — 1],
[
Jq
[

1/2
_9(lgp— x 15)(1
2k + 1], ) o (par—2(l2k—2 @ 15) © 12)(12k ® t2)¢

2k — 1],

(
=18 (
( )1/20(27%—2 ® 12)(log—2 ® t5 @ 12) (1o ® t2)€

k— /2
2 1h) (-1

1/2
7(1) o(p2r—2 ® p2)€ = ([2k+ 1

3,0 =t © 1) (12 @ 1)),
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_ ~1/2
([3][222 . 1]1] ) B e
= (log—2 @ 1" @ 12)(lag—2 ® (p2r @ p2)(lor—2 @ t2)par—2)tor—2
= (p2k—2 QN @p2)(lak—2 @ log_2 ® t2)tog—_2
o (p2 ® pak—2 @N*) (12 ® tak—2 @ 12)to
( q12k — 1]
2k + 1],
(S 1,
2K+ 1],

—1/2
) 0" (p2 ® pak—2 @ n*)tag

1/2 B
0 g 1k © 7)o

The theorem now follows from these identities. O
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