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ABSTRACT. Let f : X — B be a projective surjective morphism
between quasi-projective varieties. The goal of this paper is the study
of the Chow groups of X in terms of the Chow groups of B and of the
fibres of f. One of the applications concerns quadric bundles. When
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we show that the Chow motive of X is “built” from the motives of
varieties of dimension less than the dimension of B.
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1522 CHARLES VIAL

For a scheme X over a field k, CH;(X) denotes the rational Chow group of i-
dimensional cycles on X modulo rational equivalence. Throughout, f : X — B
will be a projective surjective morphism defined over k from a quasi-projective
variety X of dimension dx to an irreducible quasi-projective variety B of di-
mension dp, with various extra assumptions which will be explicitly stated.
Let h be the class of a hyperplane section in the Picard group of X. Intersect-
ing with h induces an action CH;(X) — CH;_1(X) still denoted h. Our first
observation is Proposition [[LGt when B is smooth, the map

dx—dB dX—dB
(1) P rixiriopr 1 @ CHi_i(B) — CHy(X)
=0 =0

is injective for all [ and a left-inverse can be expressed as a combination of the
proper pushforward f,, the refined pullback f* and intersection with h. It is
then not too surprising that, when both B and X are smooth projective, the
morphism of Chow motives

dx—dp . dx—dp
@ th_dB—’Lof* . @ f)(B)(’L) N b(X)

is split injective; see Theorem [L4l By taking a cohomological realisation, for
instance by taking Betti cohomology if k£ C C, we thus obtain that the map

dx—dp dx—dp
P rixtorr : P HH(B,Q) — H'(X,Q)
=0 1=0

is split injective for all n and thus realises the left-hand side group as a sub-
Hodge structure of the right-hand side group. This observation can be consid-
ered as a natural generalisation of the elementary fact that a smooth projective
variety X of Picard rank 1 does not admit a non-constant dominant map to a
smooth projective variety of smaller dimension.

Let now 2 be a universal domain containing k, that is an algebraically closed
field containing k which has infinite transcendence degree over its prime sub-
field. Let us assume that there is an integer n such that the fibres X, of f over
Q-points b of B satisfy CH;(X,) = Q for all I < n. If f is flat, then Theorem
shows that (I)) is surjective for all [ < n. When X and B are both smooth
projective, we deduce in Theorem 2] a direct sum decomposition of the Chow
motive of X as

dx—dp

(2) h(X)= @ nB)()e Mn),
=0

where M is isomorphic to a direct summand of the motive of some smooth
projective variety Z of dimension dx — 2n. This notably applies when X is a
projective bundle over a smooth projective variety B to give the well-known
isomorphism @?jode h(B)(i) — h(X). Such a morphism is usually shown
to be an isomorphism by an existence principle, namely Manin’s identity prin-
ciple. Here, we actually exhibit an explicit inverse to that isomorphism. The
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ALGEBRAIC CYCLES AND FIBRATIONS 1523

same arguments are used in Theorem [B.3] to provide an explicit inverse to the
smooth blow-up formula for Chow groups. More interesting is the case when
a smooth projective variety X is fibred by complete intersections of low de-
gree. For instance, the decomposition (2)) makes it possible in Corollary 4]
to construct a Murre decomposition (see Definition [L3]) for smooth projective
varieties fibred by quadrics over a surface, thereby generalising a result of del
Angel and Miiller-Stach [5] where a Murre decomposition was constructed for
3-folds fibred by conics over a surface, and also generalising a previous result
[27] where, in particular, a Murre decomposition was constructed for 4-folds
fibred by quadric surfaces over a surface. Another consequence of the decompo-
sition (2) is that rational and numerical equivalence agree on smooth projective
varieties X fibred by quadrics over a curve or a surface defined over a finite
field; see Corollary L8 It should be mentioned that our approach bypasses
the technique of Gordon-Hanamura—Murre [§], where Chow—Kiinneth decom-
positions are constructed from relative Chow—Kiinneth decompositions. In our
case, we do not require the existence of a relative Chow-Kiinneth decomposi-
tion, nor do we require f to be smooth away from finitely many points as is
the case in [8]. Finally, it should be noted, for instance if X is complex smooth
projective fibred by quadrics, that ([2)) actually computes some of the Hodge
numbers of X without going through a detailed analysis of the Leray—Serre
spectral sequence.

More generally, we are interested in computing, in some sense, the Chow groups
of X in terms of the Chow groups of B and of the fibres of f. Let us first
clarify what is meant by “fibres”. We observed in [27, Theorem 1.3] that if B
is smooth and if a general fibre of f has trivial Chow group of zero-cycles (i.e.
if it is spanned by the class of a point), then f. : CHyo(X) — CHy(B) is an
isomorphism with inverse a rational multiple of h%x~92 o f*. We thus see that,
as far as zero-cycles on the fibres are concerned, it is enough to consider only the
general fibre. For that matter, we show in Proposition 2.4] that, provided the
ground field is a universal domain, it is actually enough that a very general fibre
have trivial Chow group of zero-cycles. However, if one is willing to deal with
positive-dimensional cycles, it is no longer possible to ignore the Chow groups of
some of the fibres. For instance, if X y — X is a smooth blow-up along a smooth
center Y C X, then CH,;(Xy) is isomorphic to CH; (X) & CHo(Y), although a
general fibre of )~(y — X is reduced to a point and hence has trivial CH;. One
may argue that a smooth blow-up is not flat. Let us however consider as in [I]
a complex flat conic fibration f : X — P2, where X is smooth projective. All
fibres F of f satisfy CHo(F) = Q. A smooth fibre F' of f is isomorphic to P!
and hence satisfies CH; (F) = Q. A singular fibre F of f is either a double line,
or the union of two lines meeting at a point. In the latter case CHy (F) = Q& Q.
This reflects in CH; (X) and, as shown in [I], CH; (X )hom is isomorphic to the
Prym variety attached to the discriminant curve of f. This suggests that a
careful analysis of the degenerations of f is required in order to derive some
precise information on the Chow groups of X. On another perspective, the
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1524 CHARLES VIAL

following examples show what kind of limitation is to be expected when dealing
with fibres with non-trivial Chow groups. For instance, consider a complex
Enriques surface S and let T — S be the 2-covering by a K 3-surface T. We
know that CHp(S) = Q, and the fibres T are disjoint union of two points and
hence satisfy CHo(7Ts) = Q @& Q. However, we cannot expect CHy(T) to be
correlated in some way to the Chow groups of S and of the fibres, because a
theorem of Mumford [17] says that CHo(T") is infinite-dimensional in a precise
sense. Another example is given by taking a pencil of high-degree hypersurfaces
in P". Assume that the base locus Z is smooth. By blowing up Z, we get a
morphism P?% — P!, In that case, CHo(P') = Q and the CHy of the fibres is
infinite-dimensional, but CHo(f’%) =Q.

Going back to the case where the general fibre of f : X — B has trivial Chow
group of zero-cycles, we see that CHy(X) is supported on a linear section of
dimension dg. We say that CHp(X) has niveau dg. More generally, Laterveer
[15] defines a notion of niveau on Chow groups as follows. For a variety X, the
group CH;(X) is said to have niveau < n if there exists a closed subscheme
Z of X of dimension < i+ n such that CH;(Z) — CH;(X) is surjective, in
other words if the i-cycles on X are supported in dimension i + n. It can be
proved [27] Theorem 1.7] that if a general fibre F of f : X — B is such that
CHy(F) has niveau < 1, then CHy(X) has niveau < dp + 1. In that context,
a somewhat more precise question is: what can be said about the niveau of
the Chow groups of X in terms of the niveau of the Chow groups of the fibres
of f: X — 57 A statement one would hope for is the following: if the fibres
Xp of f: X — B are such that CH,(X;) has niveau < n for all Q-points
b € B, then CH,(X) has niveau < n + dg. We cannot prove such a general
statement but we prove it when some of the Chow groups of the fibres of f are
either spanned by linear sections or have niveau 0, i.e. when they are finite-
dimensional Q-vector spaces. Precisely, if f : X — B is a complex projective
surjective morphism onto a smooth quasi-projective variety B, we show that
CH,(X) has niveau < dp in the following cases:

o CH;(X) =Q for all i <! and all b € B(C) (Theorem [6.10);

e dp =1 and CH;(X}) is finitely generated for all ¢ <[ and all b € B(C)
(Theorem [612]);

e f is smooth away from finitely many points, CH;(X};) = Q for all i <
and CH;(X}) is finitely generated, for all b € B(C) (Theorem [6.13)).

These results, which are presented in Section [6l complement the generalisation
of the projective bundle formula of Theorem by dropping the flatness con-
dition on f and by requiring in some cases that the Chow groups of the fibres
be finitely generated instead of one-dimensional. Their proofs use standard
techniques such as localisation for Chow groups (for that matter, information
on the Chow groups of the fibres of f is extracted from information on the
Chow groups of the closed fibres of f in Section [J), relative Hilbert schemes
and a Baire category argument. Let us mention that the assumption of The-
orem [6:I3] on the singular locus of f being finite is also required in [§] where
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the construction of relative Chow—Kiinneth decompositions is considered. Fi-
nally, Theorem [[I] gathers known results about smooth projective varieties
whose Chow groups have small niveau. Together with the results above, in
Section [l we prove some conjectures on algebraic cycles (such as Kimura’s
finite-dimensionality conjecture [12], Murre’s conjectures [I8], Grothendieck’s
standard conjectures [I3], the Hodge conjecture) for some smooth projective
varieties fibred by very low degree complete intersection, or by cellular varieties
over surfaces. For instance, we show the existence of a Murre decomposition for
smooth projective varieties fibred by cellular varieties over a curve (Proposition
[C77)) and for 6-folds fibred by cubics over a curve (Proposition[74]), and the stan-
dard conjectures for varieties fibred by smooth cellular varieties of dimension
< 4 (Proposition [[7)) or by quadrics (Proposition [[3)) over a surface.

NoTATIONS. We work over a field £ and € denotes a universal domain that
contains k. A wvariety over k is a reduced scheme of finite type over k. Through-
out, f : X — B denotes a projective surjective morphism defined over k£ from
a quasi-projective variety X of dimension dx to an irreducible quasi-projective
variety B of dimension dp. Given a scheme X over k, the group CH;(X)
is the Q-vector space with basis the i-dimensional irreducible reduced sub-
schemes of X modulo rational equivalence. By definition, we set CH;(X) =0
for j < 0 and we say that CH;(X) is finitely generated if it is finitely gen-
erated as a Q-vector space, i.e. if it is a finite-dimensional Q-vector space.
If Z is an irreducible closed subscheme of X, we write [Z] for the class of Z
in CH,(X). If « is the class of a cycle in CH,(X), we write |«| for the sup-
port in X of a cycle representing a. If Y is a scheme over k and if § is a
cycle in CH,(X X Y), we define its transpose '3 € CH.(Y X X) to be the
proper pushforward of 8 under the obvious map 7 : X xY — Y x X. If
X and Y are smooth projective, a cycle v € CH.(X x Y) is called a corre-
spondence. The correspondence v acts both on CH,(X) and CH,.(Y) in the
following way. Let px : X XY — X and py : X XY — Y be the first and
second projections, respectively. These are proper and flat and we may define,
for @ € CH,(X), 1w := (py)«(y - pk ). Here “” is the intersection product
on non-singular varieties as defined in [7] §8]. We then define, for § € CH,(Y),
v*B := (*y)«B. Given another smooth projective variety Z and a correspon-
dence 7' € CH,(Y x Z), the composite 7' o v € CH.(X X Z) is defined to be
(px2)« Py Py 27Y), where pxy : X xY x Z — X x Y is the projection and
likewise for pxz and pyz. The composition of correspondence is compatible
with the action of correspondences on Chow groups [7), §16].

Motives are defined in a covariant setting and the notations are those of [27].
Briefly, a Chow motive (or motive, for short) M is a triple (X, p,n) where X is
a variety of pure dimension dx, p € CHg(X X X) is an idempotent (p op = p)
and n is an integer. The motive of X is denoted h(X) and, by definition, is the
motive (X, Ax,0) where Ax is the class in CHg, (X x X) of the diagonal in
X x X. We write 1 for the unit motive (Speck, Agpeck,0) = h(Speck). With
our covariant setting, we have h(P') = 1 @ 1(1). A morphism between two
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motives (X, p,n) and (Y, g, m) is a correspondence in go CHyy —m (X XY)op.
If f: X =Y is amorphism, I'; denotes the graph of f in X xY. By abuse, we
also write I'y € CHy, (X x Y) for the class of the graph of f. It defines a mor-
phism I'; : H(X) — h(Y). By definition we have CH;(X,p,n) = p. CH;_,(X)
and H;(X,p,n) = p.H;_2,(X), where we write H;(X) := H2~¢(X(C), Q) for
singular homology when k C C, or H;(X) := H?>~%(X¢, Q) for ¢-adic homol-
ogy (¢ # char k) otherwise.

Given an irreducible scheme Y over k, 1y denotes the generic point of Y. If
f:X — Bandif Y is a closed irreducible subscheme of B, X,, denotes the
fibre of f over the generic point of ¥ and X7, denotes the fibre of f over a
geometric generic point of Y.

1. SURJECTIVE MORPHISMS AND MOTIVES

Let us start by recalling a few facts about intersection theory. Let f: X — Y
be a morphism of schemes defined over k and let [ be an integer. If f is
proper, then there is a well-defined proper pushforward map f, : CH;(X) —
CH,(Y); see [7, §1.4]. If f is flat, then there is a well-defined flat pullback
map f* : CH'(Y) — CH'(X); see [7, §1.7]. Pullbacks can also be defined in the
following two situations. On the one hand, if D is a Cartier divisor with support
t:|D] <= X, there is a well-defined Gysin map ¢* : CH;(X) — CH;_1(|D|) and
the composite ¢, o ¢* : CH;(X) — CH;_1(X) does not depend on the linear
equivalence class of D, that is, there is a well-defined action of the Picard
group Pic(X) on CH;(X); see [7, §2]. For instance, if X is a quasi-projective
variety given with a fixed embedding X < P, then there is a well-defined map
h: CH;(X) — CH;_1(X) given by intersecting with a hyperplane section of X.
More generally, if 7:Y < X is a locally complete intersection of codimension
r, then there is a well-defined Gysin map 7* : CH;(X) — CH;_,(Y); see [7,
§6]. For n > 0, we write h° = id : CH;(X) — CH;(X) and h" for the n-
fold composite ho...oh : CH)(X) — CH;_,(X). By functoriality of Gysin
maps [7, §6.5], if . : H™ — X denotes a linear section of codimension n,
then the composite map h o ... o h coincides with (7 o (¢™)*. When X is
smooth projective, we write Ay~ for the diagonal inside H™ x H", and the
correspondence I';n 0 'Tpn = (1™ x ™), [Agn] € CHyy _n(X x X) induces a
map CH;(X) — CH;_,(X) that coincides with the map h"™; see [7, §16]. By
abuse, we also write h™ = T',n 0 'I';n for n > 0 and h® := [Ax]. On the
other hand, if f : X — Y is a morphism to a non-singular variety Y and if
x € CH.(X) and y € CH.(Y), then there is a well-defined refined intersection
product = -y y € CH,(|z| N f~(|y|)), where “N” denotes the scheme-theoretic
intersection; see [T, §8]. The pullback f*y is then defined to be the proper
pushforward of [X] -y y in CH,(X). Let us denote 7y : X — X x Y the
morphism z — (z, f(x)). Because Y is non-singular, this morphism is a locally
complete intersection morphism and the pullback f* is by definition 'y)”; o Py,
where py : X x Y — Y is the projection and v} is the Gysin map; see [7. §8].
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Finally, if f is flat, then this pullback map coincides with flat pullback [7, Prop.
8.1.2].

We have the following basic lemma.

LEMMA 1.1. Let f : X — B be a projective surjective morphism between two
quasi-projective varieties. Let X' — X be a linear section of X of dimension
>dp. Then f|x : X' — B is surjective.

Proof. Let X — P¥ be an embedding of X in projective space and let H —
PY be a linear subspace such that X’ is obtained as the pullback of X along
H — PY. The linear subvariety H has codimension at most dx — dp in
PV while a geometric fibre of f has dimension at least dx — dg. Thus every
geometric fibre of f meets H and hence X'. It follows that f|x is surjective. O

LEMMA 1.2. Let f : X — B be a projective surjective morphism to a smooth
quasi-projective variety B. Then there exists a positive integer n such that, for
all i, f.ohdx=dB o f* . CH;(B) — CH;(B) is multiplication by n. If moreover
X is smooth and B is projective, then

FthdX_dB oth =n-Apg€ CHdB(B X B)

Proof. Let ' := 1%x~5 . ' < X be a linear section of X of dimension dp.
We first check, for lack of reference, that (f o)* = (¢/)* o f* on Chow groups.
Here, f ot and f are morphisms to the non-singular variety B and as such the
pullbacks (f o¢/)* and (//)* are the ones of [7, §8], while ¢’ is the inclusion of a
locally complete intersection and as such the pullback (¢/)* is the Gysin pullback
of [T, §6]. Let o € CH™(B), then (/)" f*o = (/)7 ([X]x0) = (yfod)*([X]x0),
where the second equality follows from the functoriality of Gysin maps [7
§6.5]. Since vy ot = (V' X idB) © Yfor, We get by using functoriality of Gysin
maps once more that (/)" f*o = v}, (" x idp)*([X] x o). Now, we have
(/' xidg)*([X] x o) = (V')*[X] x 0 = [H'] x 03 see [{, Example 6.5.2]. We
therefore obtain that (/)" f*o = v}, ([H'] x o) := (f o t/)"0, as claimed.
Thus, since in addition both f and ' are proper, we have by functoriality of
proper pushforward (f o t').(f o //)* = full (/) f* = f. o hdx—d8 o f* By
Lemma [[.T] the composite morphism g := f o/ is generically finite, of degree
n say. It follows from the projection formula [7, Prop. 8.1.1(c)] and from the
definition of proper pushforward that, for all v € CH;(B),

fuo kX798 o f*y = g ([H'] - g*7) = g([H']) - v = n[B] - v = n7.
Assume now that X and B are smooth projective. In that case, we have
Ljoh®x=d5 oy = Ty o'Ty := (p1,3)«(p}o'Ty - p330y), where p;; denotes
projection from B x H' x B to the (4, j)-th factor. By refined intersection, we
see that I’y o 'T'; is supported on (p1 3)(['T'y x B] N [B x I'y]), which itself is
supported on the diagonal of B x B. Thus I'y o héx—ds o Tt is a multiple of
Ap. We have already showed that f, o hdx =98 o f* = (Ty o hdx—ds o'T'y), acts
by multiplication by n on CH;(B). Therefore, o hdX~ 980y =n-Ap. O
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The following lemma is reminiscent of [7} Prop. 3.1.(a)].

LEMMA 1.3. Let f : X — B be a projective morphism to a smooth quasi-
projective variety B. Then, for all i, fooh'o f*: CH;(B) — CHiyay —as—1(B)
is the zero map for alll < dx—dpg. If moreover X is smooth and B is projective,
then

'y o h! Oth =0c¢c CHdX_l(B X B) for alll < dx —dp.

Proof. By refined intersection [7}, §8], the pullback f*« is represented by a well-
defined class in CH;yqy—a,(f1(|a])) for any cycle a € CH;(B). It follows
that h! o f*a is represented by a well-defined class in CH;yay—az—1(f 2 (|a])).
Since f|s-1(jap) : f'(|a]) = |a| is proper, we see by proper pushforward that
f«ohlo f*a is represented by a well-defined cycle 8 € CH; 4y —a,—1(|a|). But
then, dim || =4 so that if | < dx — dp, then CH;1q, —ap—i(la|]) = 0.

Let us now assume that X and B are smooth projective. Let i/ : H' < X be
a linear section of X of codimension I, and let h! be the class of («! x t/)(Ap)
in CHgy (X x X). By definition we have I'y o b o 'T'y = (p1.4)«(p} 5T -
pighl -p§,4Ff), where p; ; denotes projection from B x X x X x B to the (4, j)-
th factor. These projections are flat morphisms, therefore by flat pullback we
have pi ,'T'y = ['T'y x X x B], p5 3h' = [Bx A x Bl and p§ ,T'y = [Bx X xTy].
By refined intersection, the intersection of the closed subschemes 'T'y x X X B,
Bx A xBand Bx X xT'y of Bx X x X x B defines a (dx — [)-dimensional
class supported on their scheme-theoretic intersection {(f(h), h,h, f(h)) : h €
H'} ¢ Bx X x X x B. Since f is projective, this is a closed subset of
dimension dx — [. Also its image under the projection p; 4 has dimension at
most dp, which is strictly less than dx — [ by the assumption made on [. The
projection p; 4 is a proper map and hence, by proper pushforward, we get that
(p1,4)«[{(f(h),h,h, f(h)) € Bx X x X x B:h € H'}] =0. O

THEOREM 1.4. Let f : X — B be a surjective morphism of smooth projective
varieties over k. Consider the following two morphisms of motives

dxde dX dB
o= @ nix—dn— @ h(B)(i) — b(X)
=0
and
dxde dedB

P Tion : b(x)— G bB)
i=0 i=0

Then ¥ o ® is an automorphism.

Proof. The endomorphism o ® : @dx ~95 h(B)(i) — @dx 97 h(B)(i) can be
represented by the (dx —dp + 1) x (dx — dp + 1)-matrix whose (4, j)t"-entries
are the morphisms

(To®);; =Tpoh® =00 o Ty h(B)(j —1) = h(B)(i — 1).
By Lemma [[.2] there is a non-zero integer n such that the diagonal entries

satisfy (U o ®@);; = n -idypyi—1)- By Lemma [[3] (Vo ®);; = 0 as soon as
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J > i. Therefore

N = id—lwIIOCI)
n

is a nilpotent endomorphism of @jjo_dB h(B)(i) with N4x—de+l = (. Let us
define

= = (n-id—n-]\ff1
1
= —-(id+N+N2+~+NdX*dB),
n
It then follows that = is the inverse of W o ®. O

In the situation of Theorem [[L4] the morphism
O:=ZoV
then defines a left-inverse to ® and the endomorphism
p:=®oO@=P0Z0V¥ € End(h(X))
is an idempotent.
PROPOSITION 1.5. With the notations above, the idempotent p € End(h(X)) =

CHy,y (X x X) satisfies p = 'p. Moreover, the morphism ¥ op : (X,p) —
@gjo_dB h(B)(i) is an isomorphism with inverse po ® o E.
Proof. The second claim consists of the following identities: Wopopo P o= =

VopoPo=Z=ToPo=ZoVodoZ=Z =idoid =id and poPo=ZoWop = popop = p.
As for the first claim, we have

p:%~<I>o(1+N+...+NdX*dB)o\I/.

Recall that N = id — % -Wo®, so that it is enough to see that {(Po V) = Po V.
A straightforward computation gives

dx—dp
QoW = Y hP oMol ok,
i=0
We may then conclude by noting that the correspondence h € CHg,, —1(X x X)
satisfies h = th. O

Finally, let us conclude with the following counterpart of Theorem [.4] that
deals with the Chow groups of quasi-projective varieties.

ProrosiTION 1.6. Let f : X — B be a projective surjective morphism to a
smooth quasi-projective variety B. Then the map

dx—dB dX—dB
o, = @ rix o o @ CHi(B) — CHy(X)
=0 =0

is split injective and its left-inverse is a polynomial function in fi, f* and h.
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Proof. Thanks to Lemma and to Lemma [[L3] there is a non-zero integer n
such that

f* oh'o f* : CH[(B) — CHlerdeBfi(B)
is multiplication by n if i = dx — dp and is zero if 1 < dx — dp.
Let us write U, for @?’:(O_dB feohl : CH(X) — @?’:(O_dB CH;_;(B). In order
to prove the injectivity of ®,, it suffices to show that the composite

dx —dp dx —dp
U, 00, : P CH_i(B) — CH(X) — @ CH,_;(B)
i=0 §=0

is an isomorphism. But then, as in the proof of Theorem[I.4] we see that U, o®,
can be represented by a lower triangular matrix whose diagonal entries’ action
on CH;_;(B) is given by multiplication by n. O

Remark 1.7. Note that the conclusion of Proposition also holds for a flat
and projective surjective morphism f : X — B of quasi-projective varieties.

2. ON THE CHOW GROUPS OF THE FIBRES

In this section, we fix a universal domain 2. The following statement was
communicated to me by Burt Totaro.

LEMMA 2.1. Let f : X — B be a morphism of varieties over 2 and let F' be
a geometric generic fibre of f. Then there is a subset U C B(Q) which is a
countable intersection of nonempty Zariski open subsets such that for each point
b e U, there is an isomorphism from the field ) to the field Q(B) such that this
isomorphism turns the scheme Xy over Q into the scheme F over Q(B). In
other words, a very general fibre of f is isomorphic to F' as an abstract scheme.
Consequently, for each point p € U, CH;(X}) is isomorphic to CH;(F) for all
mntegers i.

Proof. There exist a countable subfield K C 2 and varieties X and By defined
over K together with a K-morphism fo : Xg = Bp such that f = fo Xgpeck
Spec (2. Let us define U C B(Q) to be (1, (Bo\Zo)a(f2), where the intersection
runs through all proper K-subschemes Zy of By. Note that there are only
countably many such subschemes of By and that U is the set of Q-points of
B = By Xspec k Spec {2 that do not lie above a proper Zariski-closed subset of
By.

Let now b : Spec 2 — B be a Q-point of B that liesin U, i.e. a point b such that
the composite map 3 : Spec {2 B By is dominant, or equivalently such
that the composite map § factors as np, o o for some morphism « : Spec {2 —
Spec K (By), where 1, : Spec K (By) — By is the generic point of By. Since X
is pulled back from Xy along B — By, we see that Xj the fibre of f at b is the
pull back of the generic fibre (Xo)y, along a. Consider then 75 : Spec Q(B) —
B a geometric generic point of B such that Xzz = F. Since the composite
map Spec Q(B) — B — By factors through np, : Spec K (By) — By, we see as
before that [ is the pull-back of the generic fibre (Xo)y,, along some morphism
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o : Spec Q(B) — Spec K (By). The fields Q(B) and Q are algebraically closed
fields of infinite transcendence degree over K(By) and there thus exists an
isomorphism Q(B) = Q fixing K(By). Hence, the fibre X, identifies with F’
after pullback by the isomorphism Spec 2 = Spec Q(B) over Spec K (By).
The last statement follows from the fact that the Chow groups of a vari-
ety X over a field only depend on X as a scheme. Precisely, if one de-
notes ¥y : Xp — F an isomorphism of schemes, then the proper push-
forward map (¢p). : CH;(Xp) — CH;(F) is an isomorphism with inverse
(1 1)s 1 CHy(F) — CH;(Xp). O

The following lemma will be useful to refer to.

LEMMA 2.2. Let f : X — B be a projective surjective morphism defined over )
onto a quasi-projective variety B. Assume that CH)(X,) = Q (resp. CH;(Xp)
is finitely generated) for all b € B(Y). Then CHy(X,,) = Q (resp. CH;(X,,)
is finitely generated) for all irreducible subvarieties D of X .

Proof. Let D be an irreducible subvariety of B and let 71, — D be a geo-
metric generic point of D. By Lemma 21l applied to Xp := X xpg D, there
is a closed point d € D such that CH;(X5,) is isomorphic to CH;(Xg). By
assumption CH;(X4) = Q (resp. CH;(Xy4) is finitely generated). Therefore
CHi(X5,) = Q (resp. CH;(X3,) is finitely generated), too. By a norm argu-
ment for Chow groups, the pullback map CH,;(X,,) — CH;(X7,) is injective.
Hence CH;(X,,) = Q (resp. CH;(X,,,,) is finitely generated). O

The following definition is taken from Laterveer [15].

DEFINITION 2.3. Let X be a variety over k. The Chow group CH;(X) is said
to have niveau < r if there exists a closed subscheme Y C X of dimension ¢ +r
such that the proper pushforward map CH,;(Yn) — CH;(Xgq) is surjective.

PROPOSITION 2.4. Let f : X — B be a generically smooth, projective and
dominant morphism onto a smooth quasi-projective variety B defined over Q.
Let n be a non-negative integer. The following statements are equivalent.

(1) If F is a general fibre, then CHo(F) has niveau < n;

(2) If F is a very general fibre, then CHo(F) has niveau < n;

(3) If F is a geometric generic fibre, then CHo(F') has niveau < n.

Proof. The implication (1) = (2) is obvious. Let us prove (2) = (3). Let X,
be a very general fibre and F' a geometric generic fibre of f, and, by Lemma
21 let ¢ : X, — F be an isomorphism of schemes. Assume that there is a
closed subscheme Z of dimension < r in X3, for some integer r, such that the
proper pushforward CHy(Z) — CHy(Xp) is surjective. Then, denoting Z’ the
image of Z in F under v, functoriality of proper pushforwards implies that
CHy(Z') — CHy(F) is surjective. We may then conclude by noting that the
subscheme Z’ has dimension < r in F.

As for (3) = (1), let Y be a subvariety of F' defined over 7z such that
CHo(Y) — CHy(F) is surjective. The technique of decomposition of the diag-
onal of Bloch—Srinivas [2] gives Ap =Ty + 'y € CHgim (F X F), where T'; is
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supported on F' x Y and I's is supported on D x F' for some divisor D in F.
Consider a Galois extension K/Q(B) over which the above decomposition and
the morphism Y — F are defined, and consider an étale morphism U — B
with Q(U) = K such that f restricted to U is smooth. Let u be a Q-point of
U and let X, be the fibre of f over u. Then the decomposition Ap =T + T’y
specialises [7, §20.3] on X,, x X, to a similar decomposition, where I'1|x, x x,
is supported on X,, x Y, and I's|x,xx, is supported on D, x X,. Letting it
act on zero-cycles, we see that CHy(X,,) is supported on Y. ]

Remark 2.5. When n = 0 or n = 1, the statements of Proposition 4] are
further equivalent to CHy(F') having niveau < n for F' the generic fibre of f.
Indeed, if X is a smooth projective variety such that CHy(X) has niveau < 1,
then CHy(X) is supported on a one-dimensional linear section [11l, Proposition
1.6]. In particular, CHy(X) is supported on a one-dimensional subvariety of X
which is defined over a field of definition of X. Note that, for general n, it is a
consequence of the Lefschetz hyperplane theorem and of the Bloch—Beilinson
conjectures that if CHp(X) has niveau < n, then CHy(X) is supported on an
n-dimensional linear section of X.

3. A GENERALISATION OF THE PROJECTIVE BUNDLE FORMULA

We establish a formula that is analogous to the projective bundle formula for
Chow groups. Our formula holds for flat morphisms, rather than Zariski locally
trivial morphisms as is the case for the projective bundle formula. However,
since a flat morphism does not have any local sections in general, it only holds
with rational coefficients.

ProrosiTION 3.1. Let f : X — B be a flat projective surjective morphism of
quasi-projective varieties. Let | > 0 be an integer. Assume that

CHl*i(XnB%) =Q
for all 0 <4 < min(l,dp) and for all closed irreducible subschemes B; of B of
dimension i, where np, is the generic point of B;.
Then the map
dx—dB dX—dB

.= P nxofr 0 P CH(B) — CHi(X)
=0 =0

18 surjective.

Proof. The case when dp = 0 is obvious. Let us proceed by induction on dp.
We have the localisation exact sequence

P CH(Xp) — CHy(X) — CH;_g, (Xy,) — 0,

DeB!
where the direct sum is taken over all irreducible divisors of B. If | > dp, let
Y be a linear section of X of dimension [. By Lemma[dl f|y : Y — B is
surjective. The restriction map CH;(X) — CH;_q4, (X,,;) is the direct limit of
the flat pullback maps CH;(X) — CH;(Xy) taken over all open subsets U of
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B; see [3| Lemma 1A.1]. Therefore CH;(X) — CH;_q,(X,,) sends the class
of Y to the class of Y;,, inside CH;_q4,(X,,;). But then this class is non-zero
because the restriction to np of a linear section of Y of dimension dp has
positive degree. Furthermore, if [B] denotes the class of B in CHy,, (B), then
the class of Y is equal to h®*~!o f*[B] in CH;(X). Thus, since by assumption
CH;_45(X,;) = Q, the composite map
RiX ~lof

CHap(B) W —" CHy(X) = CHi—ap (Xy5)
is surjective.
Consider now the fibre square

Jp
Xp—

fDl lf
D—2>pB.
Then fp : Xp — D is flat and its fibres above points of D satisfy the as-

sumptions of the theorem. Therefore, by the inductive assumption, we have a
surjective map

dx —dp ) dx—dg
@ pix—de=iq @ CH;—i(D) — CH,(Xp).
— i=0

Furthermore, since f is flat and jp is proper, we have the formula [7, Prop.
1.7 & Th. 6.2]

G © hix—ds—i, h= pix—dB=i o f* o jp, CH,;_;(D) — CH;(X).
Hence, the image of @, contains the image of

dx*dB dxde

B P ib.orofy 0 @ @ CHii(D) — CHy(X).
DeB! =0 DeB! =0
Altogether, this implies that the map ®, is surjective. O

We can now gather the statements and proofs of Propositions and [3.I] into
the following.

THEOREM 3.2. Let f : X — B be a flat and projective surjective morphism
onto a quasi-projective variety B of dimension dg. Let | > 0 be an integer.
Assume that

CH;_;(Xp) = Q for all 0 < i <min(l,dp) and for all points b in B(Q).
Then the map

dx—dB dX—dB
.= P rx o P CHi(B) — CH(X)
=0 =0
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is an isomorphism. Moreover the map
dX —dB dX _dB

V.= @ fioh' : CH(X)— P CH_i(B)
i=0 i=0

s also an isomorphism. O

Proof. Let B; be an irreducible closed subscheme of B of dimension i with
0 <4 < min(l,dg). Since CH;_;(X;) = Q for all points b € B(f?), Lemma
gives CH;—;(X;,,) = Q. Thus the theorem follows from a combination of
Proposition (and Remark [[7) and Proposition 311 O

4. ON THE MOTIVE OF QUADRIC BUNDLES
Let us first recall the following result.

PROPOSITION 4.1 (Corollary 2.2 in [27]). Let m and n be positive integers.
Let (Y,q) be a motive over k such that CH;(Ya,qq) = 0 for all i < n and
CH,(Ya,'qq) = 0 for all j < m. Then there exist a smooth projective variety
Z over k of dimension dx —m —n and an idempotent r € End(h(Z2)) such that
(Y, q) is isomorphic to (Z,r,n). O

The main result of this section is the following theorem.

THEOREM 4.2. Let f : X — B be a flat morphism of smooth projective varieties
over k. Assume that there exists a positive integer n such that CH;(X}) = Q
for all 0 < 1 < n and for all points b € B(). Then there exists a smooth
projective variety Z of dimension dx — 2n and an idempotent r € End(h(Z))
such that the motive of X admits a direct sum decomposition

dx—dp

h(X)= P n(B)i) e (Zrn).
i=0

Proof. With the notations of Theorem [[4] and its proof the endomorphism
Uo® e End (@gjo_dB h(B)(i)) admits an inverse denoted =. Proposition 5]
then states that p := ®o=Zo ¥ € End(h(X)) is a self-dual idempotent such that
(X.p) = @25 b(B)(i). By Theorem B3 (pa). : CHi(Xa) — CH(Xq) is
an isomorphism for all I < n. It follows that CH;(Xq,pa) = CH;(Xq) for all
I < n and thus that CH;(Xgq,idg — po) = 0 for all | < n. Because p = *p, we
also have CH;(Xq,idq — ‘pa) = 0 for all I < n. Proposition E] then yields
the existence of a smooth projective variety Z of dimension dx — 2n such that
(X,id — p) is isomorphic to a direct summand of h(Z)(n). O

Our original motivation was to establish Murre’s conjectures [I§] for smooth
projective varieties fibred by quadrics over a surface. The importance of
Murre’s conjectures was demonstrated by Jannsen who proved [I1] that these
hold true for all smooth projective varieties if and only if Bloch and Beilinson’s
conjecture holds true. In our covariant setting, Murre’s conjectures can be
stated as follows.
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(A) There exist mutually orthogonal idempotents o, ..., maq € CHy, (X X X)
adding to the identity such that (m;).H.(X) = H;(X) for all i. We say that X
has a Chow-Kiinneth decomposition.

(B) Toy -+« s M2i—1, Tdti41s - - - , T2q act trivially on CH;(X) for all I.

(C) F'CHy(X) := Ker (m2) N...NKer (g 4;—1) doesn’t depend on the choice
of the m;’s. Here the m;’s are acting on CH;(X).

(D) Fl CHI(X) = CHl(X)hom = Ker (CHl(X) — HQZ(X)).

DEFINITION 4.3. A variety X that satisfies conjectures (A), (B) and (D) is said
to have a Murre decomposition.

In the particular case when f is a flat morphism whose geometric fibres are
quadricsﬁ, Theorem implies the following corollary. We write |a] for the
greatest integer which is smaller than or equal to the rational number a.

COROLLARY 4.4. Let f : X — B be a flat morphism of smooth projective
varieties over k. Assume that CH)(X,) = Q for all 0 <1 < % and for
all points b € B(Y). For instance, the geometric fibres of f could either be
quadrics or complete intersection of dimension 4 and bidegree (2,2). Then

o Ifdp =1, then X is Kimura finite-dimensional [12].

o Ifdp <2, then X has a Murre decomposition.

e Ifdg =3, dx —dp is odd and B has a Murre decomposition, then X

has a Murre decomposition.

Proof. By Theorem[4.2] there is a variety Z and an idempotent r € End(h(2))
such that the motive of X admits a direct sum decomposition

dx —dp —dp +1

b= @D B © (2, | =),
i=0

where
dy — dg —1 ifdx —dp is odd;
27 dp if dx — dp is even.

Thus, we only need to note that any direct summand of the motive of a curve is
finite-dimensional [12] and that any direct summand of the motive of a surface
has a Murre decomposition [27, Theorem 3.5]. Finally, let us mention that,
when dp = 1, it is not necessary to assume f to be flat to conclude that X is
Kimura finite-dimensional; see Propositions [Z.3] and below. O

Remark 4.5. Examples of 3-folds having a Murre decomposition include prod-
ucts of a curve with a surface [19], 3-folds rationally dominated by a product
of curves [28] and uniruled 3-folds [3].

1Actually if f is flat and if its closed geometric fibres are quadrics, then all of its geometric
fibres are quadrics. Conversely if the geometric fibres of f are quadrics of dimension dx —dp,
then f is flat.
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Remark 4.6 (The case of smooth families). Suppose f : X — B is a smooth
morphism between smooth projective varieties with geometric fibres being
quadric hypersurfaces. Iyer [I0] showed that f is étale locally trivial and
deduced that f has a relative Chow—Kiinneth decomposition. By using the
technique of Gordon—Hanamura—Murre [§], it is then possible to prove that

h(X) = 7;{07% h(B)(1) if dx — dp is odd;
- DI 0(BY(1) @ h(B)(2592) if dy — dp is even.

Remark 4.7. Suppose f : X — S is a complex morphism from a smooth
projective 3-fold X to a smooth projective surface S whose fibres are conics.
In that case, Nagel and Saito [20] identify (up to direct summands isomorphic
to 1 or 1(1)) the motive (Z,r) in the proof of Corollary 4] with the h; of the
Prym variety P attached to a double-covering of the discriminant curve C of f.
If now f: X — S is a flat complex morphism from a smooth projective variety
X to a smooth projective surface S whose fibres are odd-dimensional quadrics,
then, because the motive of a curve is Kimura finite-dimensional and by the
Lefschetz (1, 1)-theorem, one would deduce an identification of the by of (Z,r)
with b1 (P) from an isomorphism of Hodge structures H'(Z, r) = H'(P). Here,
P again is the Prym variety attached to a double-covering of the discriminant
curve C' of f. Such an identification is currently being investigated by J. Bouali
[4] by generalising the methods of [20].

COROLLARY 4.8. Let f : X — B be a flat dominant morphism between smooth
projective varieties defined over a finite field F whose geometric fibres are
quadrics. If dgp < 2, then numerical and rational equivalence agree on X.

Proof. As in the proof of Corollary [.4] there is a direct sum decomposition
dx 2 dx —dp+1

(3) h(X) = ED h(B)(i) & (Zr, [————])

for some smooth projective variety Z, which is a curve if dx — dp is odd
and a surface if dx — dp is even. Now the action of correspondences pre-
serves numerical equivalence so that if « denotes the isomorphism from
h(X) to the right-hand side of @) and if 8 denotes its inverse, then we
have CH;(X)num = Bex CHy(X)pum for all I. In particular, CH;(X)num =

(B CH—i(B)num @ 7+ CHi—(Z)num ), where m = [x=da+l| " The
corollary then follows from the fact that for any smooth projective variety Y
defined over a finite field the groups CHo(Y )num, CHI(Y)num and CHO(Y)IluIIl

are zero. O

5. ON THE MOTIVE OF A SMOOTH BLOW-UP

Let X be a smooth projective variety over a field k and let j : ¥ — X be
a smooth closed subvariety of codimension r. We write 7 : )Z'y — X for the
blow-up of X along Y. Manin [I6] showed by an existence principle that the
natural map, which is denoted ® below, h(X) & @1;11 h(Y)(i) — h(Xy) is
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an isomorphism of Chow motives. Here, we make explicit the inverse to this
isomorphism. An application is given by Proposition [5.4l The results of this
section will not be used in the rest of the paper.

We have the following fibre square

i

where 3 D — )Z'y is the exceptional divisor and where 7p : D — Y is a
P"~1l-bundle over Y. Precisely D = P(Ny/,x) is the projective bundle over Y’
associated to the normal bundle Ny/ x of Y inside X. The tautological line
bundle on D = P(Ny,x) is Op(ny, ) (—=1) = Ox (D)|p. Let

Hl'c..cH'c...cHcCD

be linear sections of D corresponding to the relatively ample line bundle
Op Wy, x) (1), where H' has codimension i. Thus, if D < PM x Y is an
embedding over Y corresponding to Op(as, /%) (1), then H® denotes the smooth
intersection of D with L x Y for some linear subspace L! of codimension 4
inside PM. Let us write ' : H* — D for the inclusion maps.

As we will be using repeatedly Manin’s identity principle, let us mention that
if Z is a smooth projective variety over k, then the blow-up of X x Z along
Y X Z canonically identifies with 7 X idz : )~(y X Z — X x Z. We write H’Z
for H x Z.

Let us define the morphism of motives

r—1

¢:="T, & Pr;oh o'l : @@b ) — b(Xy).

i=1
Here, h! is the correspondence I',: o *T",i; it coincides with the [-fold composite
of h :==T,1 o'T',1 with itself.
On the one hand, we have the following blow-up formula for Chow groups; see
[16].
PROPOSITION 5.1. The induced map

r—1

o, =7 @i it CH(X) @ @ CH;—y(Y) — CHy(Xy)
i=1
s an isomorphism. O

On the other hand, we define

r—1
Ui=T, 0@ (-1)-Trpohi 1o 'T5 : h(Xy) — h(X @@h
=1
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Let (¥ o ®); ; be the (i, )™ component of ¥ o ®, where h(X) is by definition
the 0 coordinate of h(X) ® @!_; h(Y)(i). Thus, if i,j # 0, then (¥ o ®); ;
is a morphism h(Y)(j) — h(Y)(é); if ¢ # 0, then (¥ o &), is a morphism
h(X) = b(Y)(%); if j # 0, then (¥ o ®)g ; is a morphism h(Y')(j) — h(X); and
(¥ o ®@)g,0 is a morphism h(X) — h(X).

The following lemma shows that ¥ o ® is a lower triangular matrix with invert-
ible diagonal elements.

LEMMA 5.2. We have

0 ifi<j

0 ifij =0 unlessi=3j=0
Ax ifi=j=0

Ay ifi=7>0

Proof. The proposition consists of the following relations:

(1) T, o'T, = Ay.
(2) Trpoh™toy0T50h" /o', =0forall 1 <i<j<r—1.
(3) Trpoh ™t o505 0" 10T, = Ay forall 1 <i <r—1.

(4) T;o0T50 hr=1=iotl, =0foralll <i<r—1.
Let us establish them. The morphism 7 is a birational morphism so that the
identity (1) follows from the projection formula as in the proof of Lemma

The proof of (4) is a combination of the fact that 7 03 = jo7p and Lemma
31 As for (2) and (3), we claim that

t].—"j% o F; =-I,0 tFL =—-he€ Cdefl(D X D)

Indeed, the action of h on CH,(D) is given by intersecting with the class of
H. Also, by [7, Prop. 2.6], the map T CH.(D) — CH._1(D) is given by
intersecting with the class of D|p which is precisely —h. The same arguments
for the smooth blow-up of X x Z along Y x Z (whose exceptional divisor is
DX Z < )Z'y x Z), together with Manin’s identity principle, yield the claim.
In view of the above claim, (2) follows from Lemma [[3] and (3) follows from

Lemma O
Thus the endomorphism
Ax 0 0 0
0 Ay 0 0
Ne=| 0 0 "~ " = |[-Uod
: : . .0
0 0o --- 0 Ay

is a nilpotent endomorphism of h(X) ® @:;11 h(Y)(i) of index < r — 1, i.e.
N7=1 = 0. The morphism

©:=@{d+N+...+ N"2)ov

thus gives a left-inverse to ®.
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The main result of this section is then the following theorem.
THEOREM 5.3. The morphism © is the inverse of ®.

Proof. Let p:=P®o00 € End(f)()?Y))- Because O is a left-inverse to @, we see
that p is an idempotent. The motive of Xy thus splits as

h(Xy) = (Xv.p) ® (Xy,id - p).
As a consequence of Proposition .1l and Lemma [5.2] we obtain that

CH.(Xy,p) = CH.(Xy).

Actually, since (X X Z)y, , canonically identifies with Xy xZ , we get, thanks
o [7, Prop. 16.1.1], that ® x Az induces an isomorphism of Chow groups as
in Proposition b1l and that © x Ay is a left-inverse to ® x Ay. Thus, we also
have that _ _

CH*(XY X Z,p X Az) = CH*(XY X Z)
Therefore _

CH*(XY X Z, A)?y X AZ —pX Az) =0.
By Manin’s identity principle it follows that

p=A7Agz,

In other words, © is not only a left-inverse to ®, it is also the inverse of ®. [J

Let us now use Theorem [.3] to study the birational invariance of some
groups of algebraic cycles attached to smooth projective varieties. For a
smooth projective variety X over k, we write Griff;(X) for its Griffiths group
CH;(X)hom/ CH(X)alg. We also write, when k C C,

T'(X) := Ker (AJ": CH (X)hom — JH(X))

for the kernel of Griffiths’ Abel-Jacobi map to the intermediate Jacobian J!(X)
which is a quotient of H2~1(X,C).

If r: X — X is a birational map, the projection formula implies that I, o'I", =
Ax; see Lemma[[2 Thus 7. m* acts as the identity on CH;(X), Griff;(X) and
on T'(X). The following proposition shows that in some cases 7, and 7* are
actually inverse to each other.

PROPOSITION 5.4. Let m : X — X be a birational map between smooth
projective varieties. Then m*m, acts as the identity on CHo(X X), Griff; (X X),
Griff?(X), T2(X), CH (X )hom and CH®(X).

Proof. By resolution of singularities, there are morphisms f : ¥ — X and
g Y — X, which are composite of smooth blow-ups, such that g = 7o f.
The groups considered in the proposition behave functorially with respect to
the action of correspondences. Therefore it is enough to prove the proposition
when 7 is a smooth blow-up Xy — X as above. First note that ¥; := b(Xy)

h(Y)(i) acts as zero on the groups considered in the proposition when 1 <i <
r — 1, for dimension reasons. Having in mind that the first column and the
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first row of N are zero, and expanding ® o ©, we see that ® o © acts like 7*7,
on the groups of the proposition. By Theorem [5.3] the correspondence ® o ©
acts as the identity on CH; ()? ). Thus 7*m, acts as the identity on the groups
of the proposition. O

Remark 5.5. As a consequence of Theorem [5.3] we obtain an explicit Chow—
Kiinneth decomposition for a smooth blow-up Xy in terms of Chow—Kiinneth
decompositions of X and Y. Precisely, assume that X and Y are endowed
with Chow-Kiinneth decompositions {7%,0 < i < 2dim X} and {r},,0 <i <
2dim Y}, respectively. Let us define

r—1
W}Y =do (W& D @7&;2]') 00 € End(f)()?y))
j=1

Then {7T’2 ,0 <4< 2dim )}y} is a Chow—Kiinneth decomposition of Xy
Y

6. CHOW GROUPS OF VARIETIES FIBRED BY VARIETIES
WITH SMALL CHOW GROUPS

In this section, we consider a projective surjective morphism f : X — B onto a
quasi-projective variety B. We are interested in obtaining information on the
niveau of the Chow groups of X, under the assumption that the Chow groups
of the fibres of f over generic points of closed subvarieties of B are either trivial
(= Q) or finitely generated. Contrary to Section [3 we do not assume that f
is flat. Let [ be a non-negative integer and let dx and dp be the dimensions
of X and B, respectively. In §6.1, we assume that CH;—;(X,;,, ) = Q for
all 0 < i < dp and all irreducible subvarieties D; C B of dimension ¢, and
we deduce in Lemma [6.1] by a localisation sequence argument that CH;(X) is
spanned by CH;(X}) for all closed points b in B and by CH;(H ), where H < X
is a linear section of X of dimension dx + [. We then move on to study the
subspace of CH;(X) spanned by CH;(X}) for all closed points b in B in the case
when CH;(X,) = Q in §6.2, and in the case when CH;(X}) finitely generated
in §6.3. The results of §86.1 & 6.2 are combined into Proposition 6.5 while
the results of §§6.1 & 6.3 are combined into Propositions [6.8] and [6.9] in §6.4.
Finally, in §6.5, we use Lemma 2] to give statements that only involve the
Chow groups of closed fibres when f is defined over the complex numbers; see

Theorems [6.10] and [G.13]

6.1. SOME GENERAL STATEMENTS.

LEMMA 6.1. Let f: X — B be a projective surjective morphism onto a quasi-
projective variety B and let H — X be a linear section of dimension > | +
dg. Assume that CHl,i(Xan) = Q for all 0 < i < dp and all irreducible
subvarieties D; C B of dimension i. Then the natural map Dy CHI(Xp) @
CH;(H) — CHy(X) is surjective.
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Proof. We prove the proposition by induction on dg. If dg = 0 then the
statement is obvious. Let us thus consider a morphism f : X — B and a
linear section ¢ : H < X as in the statement of the proposition with dg > 0.
By Lemma [[T] f restricted to H is surjective. We have the localisation exact
sequence

P CHi(Xp) — CH(X) = CH,_a (Xy,) — 0.
DeB?

Here, B! denotes the set of codimension-one closed irreducible subschemes of
B. For any irreducible codimension-one subvariety D C B, the restriction of ¢
to D — B defines a linear section ¢p : Hp — Xp of dimension > [+ dp — 1
of Xp. The restriction of f : X — B to D — B defines a surjective morphism
Xp — D which together with the linear section ¢p satisfies the assumptions of
the proposition. Therefore, by the induction hypothesis applied to Xp — D,
the map

P CHi(Xa) ® CH,(Hp) — CH,(Xp)
deD

is surjective. This yields an exact sequence

PcH(x,) e € CH(Hp) — CH(X) — CH_q, (X,,) = 0.
beB DeB!

Since each of the proper inclusion maps Hp — X factors through ¢ : H — X,

we see that the map @, 51 CHi(Hp) ®tn)- CH;(X) factors through ¢, :

CH;(H) — CHy(X). In order to conclude, it is enough to prove that the
composite map

CH[(H) — CHI(X) — CHlde (XnB)

is surjective. If | < dp, then this is obvious. Let us then assume that [ > dp.

Let Y be an irreducible subvariety of H of dimension [ such that the composite
Y < X — B is dominant. Because CH;_4,(X;,) = Q it is enough to see that
the class of Y in CH;(X) maps to a non-zero element in CH;_4,(X,,,). But,
as in the proof of Proposition Bl [Y] maps to [Y;,] # 0 € CH;_q,(X,,). O

Here is an improvement of Lemma [6.]

LEMMA 6.2. Let f: X — B be a projective surjective morphism onto a quasi-
projective variety B and let H — X be a linear section of dimension > |+ dp.
Assume that:

o CH,—i(X,)p,) = Q for all i such that 0 <i < dp and all irreducible subvari-
eties D; C B of dimension 1.
o CH;_q,(X,;) is finitely generated.

Then there exist finitely many closed subschemes Z; of X of dimension | such
that the natural map @; CHi(Z;) © @yep CHi(Xp) & CHi(H) — CHy(X) s
surjective.
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Proof. If dg = 0 then the statement is obvious. Let us thus consider a mor-
phism f : X — B and a linear section ¢+ : H — X as in the statement of
the proposition with dg > 0. The morphism f restricted to H is surjective;
see Lemma [Tl As in the proof of Lemma [6.1] we have the localisation exact
sequence

@ CHi(Xp) — CH)(X) — CH,_a(Xy,) — 0.

DeB!
Each of the morphisms Xp — D satisfies the assumptions of Lemma [6.1] and
by the same arguments as in the proof of Lemma we get that the image of
the map @, 5 CH;(Xp) & CH;(H) — CH;(X) contains the image of the map
Dpep CHi(Xp) — CHy(X). Let now Z; be finitely many closed subschemes
of X,, whose classes [Z;] € CH;_q,(X,;) generate CH;_4,(X,,,). By sur-
jectivity of the map CH;(X) — CH;_q,(X,,) there are cycles a; € CH;(X)
that map to [Z;]. If Z; is the support in X of any representative of «;, we
then have a surjective map @; CH;(Z;) — CHi(X) — CHi—q5(Xyp). It is
then clear that the map @, CHi(Z;) & @, g CHi(Xp) & CH(H) — CH,(X)
is surjective. O

6.2. VARIETIES FIBRED BY VARIETIES WITH CHOW GROUPS GENERATED BY
A LINEAR SECTION.

LEMMA 6.3. Let f: X — B be a projective surjective morphism onto a quasi-
projective variety B. Assume that CH;(Xp) = Q for all closed points b € B.
Then, if H — X is a linear section of dimension > |+ dp, we have

Im () CHy(X,) = CHy(X)) C Im (CH(H) — CHy(X)).
beB

Proof. Let b be a closed point of B and fix H < X a linear section of dimension
> [+ dp. The morphism f restricted to H is surjective; see Lemma [Tl Let
Z; be an irreducible closed subscheme of X of dimension [ which is supported
on X,. Since f|y : H — B is a dominant projective morphism, its fibre Hj
over b is non-empty and has dimension > . By assumption CH;(X;) = Q,
so that a rational multiple of [Z;] is rationally equivalent to an irreducible
closed subscheme of H;, of dimension [. Therefore [Z;] € CH;(X,) belongs
to the image of the natural map CH;(H,) — CH;(X3). Thus the image of
CH;(X3p) — CH;(X) is contained in the image of CH;(H) — CH,;(X). O

Remark 6.4. It is interesting to decide whether or not it is possible to
parametrise such [-cycles by a variety of dimension dp; see Proposition [G.71

PROPOSITION 6.5. Let f : X — B be a projective surjective morphism onto a
quasi-projective variety B. Assume that CH;—;(X;),. ) = Q for all 0 <i < dp
and all irreducible subvarieties D; C B of dimension i. Then, if H — X is a
linear section of dimension > l+dp, the pushforward map CH;(H) — CH;(X)
is surjective. In particular, CH;(X) has niveau < dp.

Proof. This is a combination of Lemma and Lemma a
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6.3. AN ARGUMENT INVOLVING RELATIVE HILBERT SCHEMES. Let f: X — B
be a generically smooth, projective morphism defined over the field of complex
numbers C onto a smooth quasi-projective variety B. Let B° C B be the
smooth locus of f and let f°: X° — B° be the pullback of f : X — B along
the open inclusion B° < B so that we have a cartesian square

Xot—— X

el )
B°—— B.

We assume that there is a non-negative integer [ such that for all closed points
b € B°(C) the cycle class map CH;(X},) — Hoi(X}) is an isomorphism.

Let mq : Hilb{(X/B) — B be the relative Hilbert scheme whose fibres over the
points b in B parametrise the closed subschemes of X}, of dimension [ and degree
d, and let pg : C{' — Hilb{'(X/B) be the universal family over Hilb{ (X/B); see
[14] Theorem 1.4]. We have the following commutative diagram, where all the
morphisms involved are proper:

ct X.

Hilb{(X/B)
B

We then consider the disjoint unions Hilby(X/B) := [, Hilb{(X/B) and
Cr = [1;50Cf, and denote 7 : Hilb)(X/B) — B, p : C — Hilb(X/B) and
q : C; — X the corresponding maps.

Let us then denote

Irr;(X/B) := {# : H is an irreducible component of Hilb{'(X/B) for some d}.

For a subset £ C Irr;(X/B), we define the following closed subscheme of B°:

Ze:=B°n ) m(H).
HEE
We say that a finite subset € of Irr;(X/B) is spanning at a point t € Z¢(C)
if Hoy(X;) is spanned by the set {cl(g:[p~'(u)]) : u € H,H € &, m(u) = t}.
Note that, given H € Irr(X/B) and u,u’ € H such that 7(u) = 7(v') =
t, cl(ge[p~t(w)]) = cl(ge[p~(u')]) € Ho(X;) if u and «’ belong to the same
connected component in 71 (t).

CLAIM. Let £ be a finite subset of Irr;(X/B) that is spanning at a closed
point ¢t € Z¢(C). Then, for all points s € Z¢(C) belonging to an irreducible
component of Zg that contains ¢, Hy; (X) is spanned by the set { cl(g.[p~1(v)]) :
veH,He& m(v)=s}.
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Indeed, consider any finite subset £ of Irr;(X/B). The local system of Q-vector
spaces Rai(fo)«Q on B° restricts to a local system (Ro;(f0)«Q)|z, on Zg. If ¢
is a complex point on Zg, let r; be the rank of the subspace of Hy;(X}) spanned
by {cl(q.[p~ ' (w)]) :u € H,H € E,m(u) =t }. If we see this latter set as a set of
sections at ¢ of the local system Ro;(fo)«Q, then these sections extend locally
to constant sections of the local system (Ra;(f0)«Q)|z, on Zg. This shows that
the rank r; is locally constant. If £ is spanning at the point ¢t € Zg(C), then r;
is maximal, equal to dimqg Hg;(X;). The subset of Z¢(C) consisting of points
s in Zg(C) for which ry = dimg Hoi(X) is therefore both open and closed in
Zg. It contains then the irreducible components of Z¢ that contain ¢.

LEMMA 6.6. There ezists a finite subset € of Irr;(X/B) such that B® = Zg and
such that € is spanning at every point t € B°(C).

Proof. By working component-wise, we may assume that B is irreducible. By
assumption on f : X — B, Hy(X;) is spanned by algebraic cycles on X; for
all points ¢ € B°(C). Thus, for all points t € B°(C), there is a finite subset
& of Irry(X/B) that is spanning at ¢. For each point ¢, choose an irreducible
component Yg, of Zg, that contains t. According to the claim above, & is
spanning at every point s € Yg, (C). Now, we have B°(C) = [[;¢ po(c) Ye. (O).
Since there are only countably many finite subsets of Irr;(X/B) and since Zg
has only finitely many irreducible components, we see that the latter union is
in fact a countable union. This yields that B® = Yg¢ for some finite subset £
of Irr;(X/B) that is spanning at every point in Yz(C). We then conclude that
B° = Z¢ and that £ is spanning at every point ¢ € Y¢(C) = B°(C). O

PROPOSITION 6.7. Let f : X — B be a generically smooth and projective
morphism defined over C onto a smooth quasi-projective variety B. Let B° C B
be the smooth locus of f. Assume that there is an integer | < dx — dp such
that for all closed points b € B°(C) the cycle class map CH;(Xp) — Ho(Xp)
is an isomorphism. Then Im (@, o CHi(X,) — CHy(X)) is supported on a
closed subvariety of X of dimension dg + 1.

If moreover X is smooth, then there exist a smooth quasi-projective variety B
of dimension dp and a correspondence I' € CHg,11(B x X) such that T, :
CHo(B) — CH;(X) is well-defined and

Im ( €P CHy(X) — CH,(X)) € Im (I, : CHy(B) — CH,(X)).
beBe°

Proof. By Lemma [6.6] there exists a finite set £ of irreducible components of
Hilb;(X/B) such that B® = Z¢ and such that for all points ¢ € B°(C) the
set {cl(g:[p7'(w)]) : v € H,H € & m(u) = t} spans Hy(X:). Denote H;
the irreducible components of Hilb;(X/B) that belong to £ and let ’;qi — H;
be resolutions thereof. For all i, pick a smooth linear section EZ — 7-71 of
dimension dg. Lemma [[.1] shows that r; : Ez — 7—71 — H; — B is surjective
and a refinement of its proof shows that, for all points b € B(C), r; ' (b) contains

a point in every connected component of #; ;. Consider then p; : (C))|5 — Ez
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the pullback of the universal family p : C; — Hilb;(X/B) along B; = H; —
‘H; — Hilb;(X/B). For each ¢, we have the following picture

€z, e x

|

B;
and we have

I ( P CHi(Xp) — CHi(X)) € D Im ((¢:)~ : CH((C))],) = CHi(X))
beBe i

so that the group on the left-hand side is supported on the union of the scheme-
theoretic images of the morphisms g;.

If X is smooth, we define I'; € CHdBH(Ei x X) to be the class of the image
of (C)|5, inside B; x X. Because q : Cff — X is proper for all d > 0, I'; has
a represéntative which is proper over X. It is therefore possible [7, Remark
16.1] to define maps (I';), : CHo(B;) — CHy(X) for all i. In fact, we have

(T'))« = (¢:)«p;. Finally, we define B to be the disjoint union of the B;’s and

I' € CHy,,4+1(B x X) to be the class of the disjoint union of the correspondences
r;. O

6.4. COMPLEX VARIETIES FIBRED BY VARIETIES WITH SMALL CHOW GROUPS.
From now on, the base field k is assumed to be the field of complex numbers

C.

PROPOSITION 6.8. Let f : X — C be a generically smooth, projective morphism
defined over C to a smooth curve. Assume that

e CH;(X,) is finitely generated for all closed points ¢ € C,
e CH;(X,.) — Hy(X,) is an isomorphism for a general closed point ¢ € C,
e CH;_1(X,) is finitely generated, where 1 is the generic point of C.

Then CH;(X) has niveau < 1.
Proof. We have the localisation exact sequence

P CHy(X.) — CHy(X) — CH,_1(X,) — 0.
ceC

Let Zi,...,Z, be irreducible closed subschemes of X, of dimension I — 1 that
span CH;_1(X,) and let Zi,..., 2, be closed subschemes of X of dimension
[ that restrict to Z1,...,7, in X,. Then by flat pullback the class of Z; in
CH;(X) maps to the class of Z; in CH;_1(X,) so that the composite map
@;_, CHi(Z;) — CH;(X) — CH;—1(X,) is surjective.

Let U C C be a Zariski-open subset of C' such that for all closed points ¢ € U
the cycle class map CH;(X.) — Hg(X,) is an isomorphism. Up to shrinking
U, we may assume that f|y : X|y — U is smooth. We may then apply
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Proposition [6.7] to get a closed subscheme ¢ : D < X of dimension [ + 1 such
that ¢, CH;(D) 2 Im (@CeU CH)(X.) — CH;(X)).
As such, we have a surjective map

é CH(Z) & @ CHi(X.)® CH/(D) — CH(X)
j=1 ceC\U

and it is straightforward to conclude. O

The next proposition is a generalisation of Proposition to the case when
the base variety B has dimension greater than 1.

PROPOSITION 6.9. Let f : X — B be a generically smooth, projective morphism
defined over C to a smooth quasi-projective variety B. Assume that the singular
locus of f in B is finite and let U be the maximal Zariski-open subset of B over
which [ is smooth. Assume also that

e CH;(Xyp) is finitely generated for all closed points b € B,

o CH;(X,) — Hoy(Xp) is an isomorphism for all closed points b € U,

o CH,—i(Xp,) = Q for all i such that 0 <i < dp and all irreducible subvari-
eties D; C B of dimension 1.

o CH;_4,(X,;) is finitely generated.

Then CH;(X) has niveau < dp.

Proof. Let H — X be a linear section of dimension > [ 4+ dg. The restriction
of f to H is surjective. Thanks to Lemma [6.2] there are finitely many closed
subschemes Z; of X of dimension [ such that the natural map ; CH,(2;) &
Dy s CHi(Xp) & CHy(H) — CH;(X) is surjective. By Proposition [6.7, there
exists a closed subscheme ¢ : B < X of dimension dp + [ such that the image
of the map @, ., CH;(X;) — CH;(X) is contained in the image of the map
te : CHy(B) — CHy(X). Therefore the map

Pon(z)ecn(B) e P CHI(X,) e CH(H) — CHy(X)
J be B\U

is surjective. It is then straightforward to conclude. O

6.5. THE MAIN RESULTS. The field of complex numbers is a universal domain
and in view of Section [2] we restate some of the results above in a more com-
prehensive way.

First, we deduce from Proposition the following.

THEOREM 6.10. Let f : X — B be a complex projective surjective morphism
onto a quasi-projective variety B. Assume that CH;(Xp) = Q for all i <1 and
all closed point b € B . Then CH;(X) has niveau < dp for all i <.

Proof. By Lemma [22] CH;(X,,,) = Q for all ¢ <[ and all irreducible subvari-
eties D of X. Proposition 6.5 implies that CH;(X) has niveau < dp. O
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The following lemma gives a criterion for the second point in the assumptions
of Propositions and to be satisfied.

LEMMA 6.11. Let X be a smooth projective complex variety. Assume that
CH;(X) is finitely generated for all i < 1. Then the cycle class map CH;(X) —
Ho (X)) is an isomorphism.

Proof. The proof follows the same pattern as the proof of [24] Theorem 3.4] once
it is noted that if CH;(X) is finitely generated then the group of algebraically
trivial cycles CH;(X )a1g is representable in the sense of [24] Definition 2.1].
Concretely, we get that the Chow motive of X is isomorphic to 1 @ 1(1)* @
.. @ 1(D)b @ N(I + 1) where b; is the i-th Betti number of X and N is an
effective motive. This yields that the cycle class map CH;(X) — Hy;(X) is an
isomorphism for all ¢ <. O

As a consequence of Proposition [6.8] we obtain

THEOREM 6.12. Let f : X — C be a complex generically smooth projective
surjective morphism onto a smooth complex curve. Assume that CH;(X.) is
finitely generated for all closed points ¢ € C and all i <1, then CH;(X) has
nweau < 1 for all 1 < 1.

Proof. Let D be an irreducible component of C. Lemma shows that
CH,(X,,) is finitely generated for all ¢ < I. Let U C C be the smooth lo-
cus of f. It is an open dense subset of C. Then, for ¢ € U, the closed fibre
X, is smooth and the groups CH;(X,) are finitely generated for all ¢ < [. By
Lemma [6.1T] the cycle class maps CH;(X.) — Ha;(X,) are isomorphisms for all
¢ € U and all i < [. Proposition [6.8 implies that CH;(X) has niveau < 1. O

And, as a consequence of Proposition [6.9] we obtain

THEOREM 6.13. Let f : X — B be a complex projective surjective morphism
onto a smooth quasi-projective variety B. Assume that the singular locus of f
in B is finite, and assume also that

e CH,(X,) is finitely generated for all closed points b € B and all i <1,
e CH,(X,p) = Q for all but finitely many closed points b € B and all i < .

Then CH;(X) has niveau < dg for all i < 1.

Proof. Let D be an irreducible subvariety of X of positive dimension. By
Lemma[22] we have CH;(X,,,) = Q for all ¢ < I. If we denote by U the smooth
locus of f, then, by Lemma [6TT] the cycle class maps CH;(X}) — Ho;(X,) are
isomorphisms for all b € U and all # < [. Proposition [6.9] implies that CH;(X)
has niveau < dg for all 7 <. O

7. APPLICATIONS

7.1. VARIETIES WITH SMALL CHOW GROUPS. In this section, we review the
known results about varieties with Chow groups having small niveau; see Defi-
nition 23l Varieties are defined over an algebraically closed field % of character-
istic zero and 2 denotes a universal domain over k. In that case, Grothendieck’s
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standard conjectures for a smooth projective variety X over k reduce to the
Lefschetz standard conjecture for X; see Kleiman [13].

THEOREM 7.1. Let X be a smooth projective variety of dimension d. Assume
that the Chow groups CHo(Xgq),...,CH;(Xq) have niveau < n.
e [fn=3andl = L%J, then X satisfies the Hodge conjecture.
e [fn=2andl = L%J, then X satisfies the Lefschetz standard conjec-
ture.
e Ifn=1andl = |%2], then X has a Murre decomposition.
e Ifn=1andl = |%2], then X is Kimura finite-dimensional.

Proof. The fourth item is proved in [26]. It is also proved there that if X is as
in the third item, then X has a Chow-Kiinneth decomposition. That such a
decomposition satisfies Murre’s conjectures (B), (C) and (D) is proved in [25]
§4.4.2]. The first item is proved in [I5]. We couldn’t find a reference for the
proof of the second item so we include a proof here.

Since it is enough to prove the conclusion of the theorem for Xq, we may assume
that X is defined over (). Laterveer used the assumptions on the niveau of the
Chow groups to show [15] 1.7] that the diagonal Ax admits a decomposition as
follows : there exist closed and reduced subschemes V;, W7 C X with dim V; <
j+ 2 and dim W7 < n — j, there exist correspondences I'; € CH,,(X x X) for
0<j<[252] and IV € CH, (X x X) such that each I'; is in the image of the
pushforward map CH,(V; x W7), I is in the image of the pushforward map
CH, (X x Wl*z ), and

AX:F0+...+FLWT4J+F’.

Given j such that 0 < j < \_"T%J, let ‘7J and W7 denote desingularisations of V;
and W9 respectively. The action of I'; on H¥*(X) then factors through H¥(V;)
and through Ha,,_(W7). On the one hand, we have Ha,_,(W7) = HF=2 (1/9)
and hence if k& < 2j + 1 then the action of I'; on H*(X) factors through the
HO or the H' of a smooth projective variety. Since the Lefschetz standard
conjecture is true in degrees < 1, it follows that the action of I'; on H*(X)
factors through the Hy or the H; of a smooth projective variety. On the other
hand, we have H*(V;) = Hy12;_x(V;) and hence if & > 25 + 2 then I'; factors
through the Hy, the H; or the Hy of a smooth projective variety. Concerning
the action of IV on H¥(X), it factors through Hgn,k(Wt%J) which vanishes
for dimension reasons if k& < n when n is odd and if £k < n — 1 when n is
even. When n is even and k = n — 1, the action of IV on H*(X) factors
through the H; of a curve. Indeed this follows from a combination of the fact
that it factors through Hn+1(WLanlJ) = Hl(WnTJ) and of the validity of the
Lefschetz standard conjecture in degree 1.

By the Lefschetz hyperplane theorem, we get that for £ < n the cohomology
groups H*(X) are generated algebraically (that is through the action of corre-
spondences) by the Hy of points, the H; of curves and the Hy of surfaces. We
may then conclude with [28 Proposition 3.19]. |
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7.2. VARIETIES FIBRED BY LOW-DEGREE COMPLETE INTERSECTIONS. As ex-
plained by Esnault-Levine-Viehweg in the introduction of [6], it is expected
from general conjectures on algebraic cycles, that if ¥ C P} is a complete
intersection of multidegree d; > ... > d, > 2, then CH;(Y) = Q for all
I < L%{Z?CI’;J, see also Paranjape [22] and Schoen [23]. If there is no proof
of the above for the moment, the following theorem however was proved.

THEOREM 7.2 (Esnault-Levine-Viehweg [6]). Let Y C P} be a complete in-
tersection of multidegree di > ... > d, > 2.

o If either dy >3 orr > 1+ 1, assume that Y ;_, ( ll—:—cii ) <n

o Ifdi = ... =d, =2 and r < I, assume that Y ,_, ( ll—:? ) =
rl+2)<n—I+4+r—1.
Then CHy (YY) =Q for all 0 <1 <. O

Let us consider f : X — B a dominant morphism between smooth projective
complex varieties whose closed fibres are complete intersections. Theorem [6.10]
together with Theorem [T2] shows that the niveau of the first Chow groups
of X have niveau < dim B. When X is fibred by very low-degree complete
intersections, we can thus expect X to satisfy the assumptions of Theorem [Z11
In the remainder of this paragraph, we inspect various such cases.

7.2.1. Varieties fibred by quadric hypersurfaces. Let Q@ C P™ be a quadric hy-
persurface. Then CH;(Q) = Q for all I < %.

ProrosiTION 7.3. Let f : X — B be a dominant morphism between smooth
projective complex varieties whose closed fibres are quadric hypersurfaces.
e [f dimB < 1, then X is Kimura finite-dimensional and satisfies
Murre’s conjectures.
o Jfdim B < 2, then X satisfies Grothendieck’s standard conjectures.
e Jfdim B < 3, then X satisfies the Hodge conjecture.

Proof. The fibres of f have dimension > dim X — dim B, so that X satisfies

the assumptions of Theorem [6.10] with | = L%J. Thus the Chow groups

CHp(X), CHy(X), .. .,CHLdX—dB—IJ (X) have niveau < dg. We can therefore
2

conclude by Theorem [T.1] a

7.2.2. Varieties fibred by cubic hypersurfaces. Let X C P™ be a cubic hyper-
surface. Then

e CHy(X) = Q for dim X > 2.

e CH;(X)=Q for dim X > 5.

e CHy(X) = Q for dim X > 8.
Note that Theorem [22] only gives CHy(X) = Q for dim X > 9. The bound on
the dimension of X was improved to dim X = 8 by Otwinowska [21].

ProrosIiTION 7.4. Let f : X — B be a dominant morphism between smooth
projective complex varieties whose closed fibres are cubic hypersurfaces.
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e Jfdim X =6 and dim B = 1, then X satisfies Grothendieck’s standard
congectures and has a Murre decomposition.

e IfdimX =7 and if dim B < 2, then X satisfies the Hodge conjecture.

o IfdimX =9 and if dim B < 1, then X satisfies the Hodge conjecture.

Proof. We use Theorem [G.10] as in the proof of Proposition [[.3l In the first
case, we get that CHy(X) and CH;(X) have niveau < 1. In the second case
we get that CHy(X) and CH;(X) have niveau < 2 and in the third case we get
that CHo(X), CH;(X) and CH2(X) have niveau < 1. We can then conclude
in all three cases by Theorem [T.11 (]

7.2.3. Varieties fibred by complete intersections of bidegree (2,2). Let X C P
be the complete intersection of two quadrics. By Theorem [(2] CHy(X) = Q;
and if dim X > 4, then CH;(X) = Q.

ProprosITION 7.5. Let f : X — B be a dominant morphism between smooth
projective complex varieties whose closed fibres are complete intersections of
bidegree (2,2).

e /fdim B <1 and dim X <5, then X is Kimura finite-dimensional.

e /fdim B <1 and dim X < 6, then X satisfies Murre’s conjectures.

o Jfdim B <2 and dim X < 6, then X satisfies Grothendieck’s standard

conjectures.
e JfdimB <3 and dim X < 7, then X satisfies the Hodge conjecture.

Proof. The variety X satisfies the assumptions of Theorem [6.10] with [ = 1 for
dim X — dim B > 4 and with [ = 0 in any case. Thus the Chow group CH(X)
has niveau < dp and CH;(X) has niveau < dp for dim X — dim B > 4. We
can therefore conclude by Theorem [T.1] O

7.2.4. Varieties fibred by complete intersections of bidegree (2,3). Let X C P
be the complete intersection of a quadric and of a cubic. If dim X > 6, then
Hirschowitz and Iyer [9] showed CH;(X) = Q for [ < 1. (The result of Esnault—
Levine—Viehweg only says that CH;(X) = Q for I <1 when dim X > 7).

PROPOSITION 7.6. Let f : X — C be a dominant morphism from a smooth
projective complex variety X to a smooth projective complexr curve C whose
closed fibres are complete intersections of bidegree (2,3) of dimension 6. Then
X satisfies the Hodge conjecture.

Proof. By Theorem [6.10] we see that the Chow groups CHy(X) and CH;(X)
have niveau < 1. We can thus conclude by Theorem [Z.1} O

7.3. VARIETIES FIBRED BY CELLULAR VARIETIES. Let f : X — B be a com-
plex dominant morphism from a smooth projective variety X to a smooth
projective variety B whose closed fibres are cellular varieties (not necessarily
smooth). In other words, X is a smooth projective complex variety fibred by
cellular varieties over B. For example, if ¥ C B is the singular locus of f, then
X could be such that X|p\y is a rational homogeneous bundle over B\¥ (e.g.
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a Grassmann bundle) and the closed fibres of f over ¥ (the degenerate fibres)
are toric. That kind of situation is reminiscent of the setting of [g].

PROPOSITION 7.7. Let f : X — B be a dominant morphism between smooth
projective complex varieties whose closed fibres are cellular varieties.

e Assume B is a curve, then X is Kimura finite-dimensional and X
satisfies Murre’s conjectures.

o Assume dimB < 2 and dim X < 6. If f is connected and smooth
away from finitely many points in B, then X satisfies Grothendieck’s
standard conjectures.

o Assume dim B < 3 and dim X < 7. If f is connected and smooth away
from finitely many points in B, then X satisfies the Hodge conjecture.

Proof. The Chow groups of cellular varieties are finitely generated. The first
statement thus follows from Theorems and [l Let us now focus on the
cases when dim B is either 2 or 3. It is a consequence of Mumford’s theorem
[17] that a connected smooth projective complex variety with finitely generated
Chow group of zero-cycles actually has Chow group of zero-cycles generated by
a point. Thus the second and third statements follow from Theorem [6.13] with
I =1, and from Theorem [T.1l O
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