DOCUMENTA MATH. 1573

DENSITIES OF THE RANEY DISTRIBUTIONS

WoJCcIECH MLOTKOWSKI', KAROL A. PENSON2, KAROL ZYCZKOWSKI®

Received: October 7, 2012
Revised: November 2, 2013

Communicated by Friedrich G&tze

ABSTRACT. We prove that if p > 1 and 0 < r < p then the se-
quence (mﬁl‘”) ﬁ is positive definite. More precisely, it is the mo-
ment sequence of a probability measure p(p, r) with compact support
contained in [0, +00). This family of measures encompasses the mul-
tiplicative free powers of the Marchenko-Pastur distribution as well
as the Wigner’s semicircle distribution centered at x = 2. We show
that if p > 1 is a rational number and 0 < r < p then pu(p,r) is abso-
lutely continuous and its density W), ,(x) can be expressed in terms
of the generalized hypergeometric functions. In some cases, includ-
ing the multiplicative free square and the multiplicative free square
root of the Marchenko-Pastur measure, W), ,(x) turns out to be an
elementary function.
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INTRODUCTION

For p,r € R we define the Raney numbers (or two-parameter Fuss-Catalan
numbers) by

o
A : — 1
p— g mp—+r—1i) (1)
Ao(p,r) :=1. We can also write
mp—+r T
Am ) = ; 2
)= (") ®

(unless mp + r = 0), where the generalized binomial is defined by

(a) a(a—l)...(a—m+1)_

m m!

Let B,(z) denote the generating function of the sequence {A,,(p,1)},-_,, the
Fuss numbers of order p:

=3 An(p 1), 3)
m=0

convergent in some neighborhood of 0. For example
Ba() = — (W
Z) = —————.
? 1+V1—42

Lambert showed that -
Z>T = Z Am(pv T)Zma (5>
m=0

see [9]. These generating functions also satisfy
By(z) = 1+ 2B,(2)", (6)
which reflects the identity A,,(p,p) = Am+1(p, 1), and

Bp(z) = Bp—r (zlS’p(z)T). (7)

Using the free probability theory (see [28, 18, 6]) it was shown in [16] that if
p > 1and 0 < r < p then the sequence {A (p,7)}o_y is positive definite,
i.e. is the moment sequence of a probability measure pu(p,r) on R. Moreover,
w(p, ) has compact support (and therefore is unique) contained in the positive
half-line [0, 00) (for example p(p,0) = do). The measures p(p,r) satisfy some
interesting relations, for example

p(pr,r) B (1 + p2, 1) = p(pr + rpa,7) (8)
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and
p(p,r) > p(p +s,8) = p(p + 5,7+ 5), 9)

see [16], where “X” and ‘“>” denotes the multiplicative free and the monotonic
convolution (see [17]). A relation analogous to (9) is also satisfied by the three-
parameter family of distributions studied by Arizmendi and Hasebe [4].

Among the measures u(p,r) perhaps the most important is the Marchenko-
Pastur (called also the free Poisson) distribution

w(2,1) = %,/4;%95 on [0,4], (10)

which plays an important role in the theory of random matrices, see [29, 10,
11, 2, 1, 5]. It was proved in [1] that the multiplicative free power (2, 1)%" =
p(n—+1,1) is the limit of the distribution of squared singular values of the power
G" of a random matrix GG, when the size of the matrix G goes to infinity. The
moments of ©(2,1), A,,(2,1) = (2m+1)/(2m + 1), are called Catalan numbers

m

and play an important role in combinatorics, see A000108 in OEIS [24].

In this paper we are going to prove positive definiteness of { A, (p,)},._, using
more classical methods. Namely, we show that if p >1,0<r <pandifpisa
rational number then u(p,r) is absolutely continuous and can be represented
as Mellin convolution of modified beta measures. Next we provide a formula
for the density W), ,(x) of u(p,r) in terms of the Meijer G-function and of the
generalized hypergeometric functions (cf. [30, 21], where p was assumed to
be an integer). This allows us to draw graphs of these densities and, in some
particular cases, to express W), ,(x) as an elementary function.

Let us mention that the measures u(2,1)® = u(1 + p, 1) were also studied by
Banica, Belinschi, Capitaine and Collins [5] as a special case of the free Bessel
laws. They showed in particular that for p > 0 this measure is absolutely
continuous and its support is [0, (p + 1)PT!p~P]. Liu, Song and Wang [14]
found a formula expressing the density of 1(2,1)®", n natural, as integral of a
certain kernel over [0, 1]”. Recently Haagerup and Moller [12] studied a two-
parameter family 11 g, @, 8 > 0, of probability measures. The measures fiq,0
coincide with our p(1 4+ «, 1), but if 8 > 0 then . g has noncompact support,
so it does not coincide with any of u(p,r). The authors found a formula for
the density function of ji4,g, which in the case of Wi, 1 reads as follows:

(11)

sin? T ((p + 1)t)> _ sin’¢sin” ! (pt)

Witpa < " wsin?((p+ 1)t)’

sin ¢ sin® (pt)

for 0 <t < m/(p+1). It can be used for drawing the graph of Wi, 1(x) by
computer.
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1 PRELIMINARIES

For probability measures pi, pe on the positive half-line [0,00) the Mellin
convolution is defined by

(o) ()= [ N / L aley)dun (@)dps () (12)

for every Borel set A C [0,00). This is the distribution of product X; - X5 of
two independent nonnegative random variables with X; ~ p;. In particular,
pod. (c>0)is the dilation of u:

(1082) (4) = Dopn(A4) = (1A> .

c
If i has density f(x) then D.(p) has density f(z/c)/c.
If both the measures p1, uo have all moments

) i= [ ™ dpila)
0
finite then so has p; o uo and

Sm (,U/I OMQ) = Sm(,u/l) . Sm(MQ)
for all m.

If p1, po are absolutely continuous, with densities f1, fo respectively, then so is
w1 o po and its density is given by the Mellin convolution:

(fi 0 f2) () = / h f1(:c/y)f2(y)d—;.

We will need the following modified beta measures:

LEMMA 1.1. Let u,v,l > 0. Then

{F(u +n/DT(u+v) }OO
F(u+v+n/Du) |, _o
is the moment sequence of the probability measure
! lu—1 G
b(u 4 v,u,l) := Bl v)x (1—2') da (13)

on [0,1], where B is the Euler beta function.

Proof. Using the substitution ¢ = ! we obtain:
C(utn/)l(utv)  Blutn/lv) 1 / L1 ety
Fu+v+n/Dl(w)  Bu,v)  Blu,v) Jg

! ! lutn—1 A
= wrn=t (1 — dx.
B(u,v)/ox ( x) o
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Note that if X is a positive random variable whose distribution has density
f(z) and if I > 0 then the distribution of X'/! has density lz!~'f(z!). In
particular, if the distribution of a random variable X is b(u 4 v, u, 1) then the
distribution of X /! is b(u 4+ v,u,l). For u,l > 0 we also define

b(u,u,l) := 4. (14)

2 APPLYING MELLIN CONVOLUTION

From now on we assume that p > 1 is a rational number, say p = k/I, with
1 <1<k, and that 0 < r < p. We will show that then A,,(p,r) is the moment
sequence of a probability measure p(p,r), which can be represented as Mellin
convolution of modified beta measures. In particular, u(p, r) is absolutely con-
tinuous and we will denote its density by W), .. The case when p is an integer
was studied in [21, 30].

First we need to express the numbers A,,(p,r) in a special form.

LEMMA 2.1. If p = k/l, where k,l are integers, 1 <1 <k and 0 < r < p then

k
"1, T(B; +m/l
Antpr) = e (25} B D 1
I2rk(p—1) \p—1/) T[;_, T(ey +m/l)
where c(p) = pP(p — 1) 77,
; f1<i<i, .
o = . 16
I i1 <j<k,
k—1
—1
j="H agish a7
Proof. First we write:
mp+r r_ rC(mp + 1) (18)
m Jmp+r Dm+1)T(mp—m+r+1)

Now we apply the Gauss’s multiplication formula:

[(nz) = (2m) ="/ 2p =220 (2)T (z + %) r (z + %) T (z + = 1)

to get:

T'(mp+r) :F(k (?Jr%))

k .
_ (1—k)/2 pmk /147 —1/2 m_ r+j—-1
= (2m) k IIr < i :

Jj=1

l .
1
T(m+1)=T < %) — (2m) (107212 HF (? n jj>
=1
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and
1
T(mp—m+r+1)=T ((k:l) <?+ th))
k .
_ _ +4—1
— (o) A=k+D/2 (. _ [ym(k=1)/I4+r+1/2 r m r '
(2m) (k=1 II o (7 + =5
Jj=Il+1
It remains to use them in (18). O

In order to apply Lemma 1.1 we need to modify enumeration of o’s.

LEMMA 2.2. For1<i<l[+1 denote

P {(il)ijLL

l
where |-| is the floor function, so that
l=j1<jp<...<u<k<k+1=j41.
For1<j <k define

)

GTY r+i—i

k=1

(19)
if Ji <J < Jit1
Then the sequence {&j}le is a rearrangement of {aj}?:y
Moreover, if 0 < r <p=Fk/l then we have B; < &; for all j <k.
Proof. Tt is easy to verify the first statement.

Assume that j = j; for some i <. We have to show that
r+ ]z —1 < E.,
k — 1
k(i —1
I+ 1 {Lz )J < ki.
The latter is a consequence of the fact that |z] < z and the assumption that

r<p=k/l
Now assume that j; < j < j;+1. We ought to show that

which is equivalent to

r+j—1 < r—l—j—i’
k - k-1
which is equivalent to

Ir+1j+k—1—ki>0.
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Using the inequality |z] + 1 > = we obtain

lj+k—1—-ki>l(ji+1)+k—1—Fki
=1ji+k—ki>k(i—1)+k—ki=0,

which completes the proof, as r > 0. O
Now we are ready to prove the main theorem of this section.

THEOREM 2.3. Suppose that p = k/l, where k,l are integers, 1 <1 < k, and
that r is a real number such that 0 < r < p. Then there ezists a unique
probability measure u(p,r) such that (1) is its moment sequence. Moreover
w(p,r) can be represented as the following Mellin convolution:

,Lt(p, T) = b(alaﬂlvl) ©...0 b(akaﬂkaw ° 50(1))7

where
PP
W=
Consequently, u(p,r) is absolutely continuous and its support is [0, c(p)].

It is easy to see that the density function is positive on (0, ¢(p)). The represen-
tation of densities in the form of Mellin convolution of modified beta measures
was used in different context in [8], see its Appendix A.

EXAMPLE. For the Marchenko-Pastur measure we get the following decompo-
sition:

1(2,1) = b(1,1/2,1) o b(2,1,1) 0 64, (20)
where b(1,1/2,1) has density 1/(7vx — 22) on [0, 1], the arcsine distribution
with the moment sequence (2;7)4_’”, and b(2,1,1) is the Lebesgue measure on
[0, 1] with the moment sequence 1/(m + 1).

Proof. In view of Lemma 2.1 and Lemma 2.2 we can write

5 L(B; +m/DD(&;)
Am(p,r) =D Hl (& +m/OT(8;)

Jj=

~e(p)™

for some constant D. Taking m = 0 we see that D = 1. (]

Note that a part of the theorem illustrates a result of Kargin [13], who proved
that if p is a compactly supported probability measure on [0, c0), with expec-
tation 1 and variance V', and if L,, denotes the supremum of the support of the
multiplicative free convolution power p®", then
L
lim — = eV, (21)
n—oo N
where e = 2.71... is the Euler’s number. The Marchenko-Pastur measure
11(2,1) has expectation and variance equal to 1 and u(2,1)®" = u(n +1,1), so
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in this case L, = (n+1)""!/n™ (this was also proved in [29] and [11]) and (21)
holds.

The density function for u(p,r) will be denoted by W, (x). Since A,,(p,p) =
Am+1(p7 1)5 we have
Wpp(@) = Wy (), (22)

for example
1
Wao(z) = Py x(4—x) on [0,4], (23)
7r

which is the semicircle Wigner distribution with radius 2, centered at x = 2.
Now we can reprove the main result of [16].
THEOREM 2.4. Suppose that p,r are real numbers satisfying p > 1, 0 <r < p.

Then there exists a unique probability measure u(p,r), with compact support
contained in [0, c(p)], such that { A, (p,r)} - _, is its moment sequence.

Proof. Tt follows from the fact that the class of positive definite sequence is
closed under pointwise limits. O

REMARK. In view of Theorem 2.1 in [5], for every p > 1 the measure u(p, 1) is
absolutely continuous and its support is equal [0, ¢(p)], see also [14, 12].

3 APPLYING MEIJER G-FUNCTION

The aim of this section is to describe the density function W ,.(z) of u(p,r)
in terms of the Meijer G-function (see [19] for example) and consequently, as
a linear combination of generalized hypergeometric functions. We will see that
in some particular cases W), can be represented as an elementary function.

For p > 1, r > 0 define an analytic function

rI'((c —1)p+7)
F(J)F((U —Dp-1)+r+ 1)7

Pp,r(0) =

which is well defined whenever (¢ — 1)p + r is not a nonpositive integer. Note
that ¢p1(0 + 1) = ¢p p(0) and if m is a natural number then

mp+nr r
m Jmp+r

Ppr(m+1) = (

Then we define W), ;- as the inverse Mellin transform:

1 d—+ioco
Wy r(x) = %/d_ioo x~%¢pr(0) do,

x > 0, if exists, see [25] for details. It turn out that if p > 1 is a rational

number then W), , can be expressed in terms of the Meijer G-function and its

Mellin transform is ¢, . For the theory of the Meijer G-functions we refer to

15, 23, 19].
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THEOREM 3.1. Suppose that p = k/l, where k,l are integers, 1 <1 < k and
r > 0. Then W, ,(x) is well defined and

T

!

rp k.0 x Ay .e.y A
2 r\T) = Gy ’ ’ s 24
(@) z(p — 1) +1/2\/2kr k’k(C(p)l B, -, B ) (24)

z € (0,c(p)), where c(p) = pP(p — 1)* =P and the parameters o, B; are given by
(16) and (17). Moreover, ¢p . is the Mellin transform of W, namely

_ c(p) ol
&p.r(0) | 7 Wy () dz, (25)

for Ro >1—r/p.

If 0 < r < pthen W, ,(x) > 0 for 0 < z < c(p) and therefore W, , is the
density function of the probability distribution u(p,r).

Proof. Putting m = o — 1 in (15) we get

p—r—3/2 TT* P — o
r(p — 1P==3/2 TI5_, T(B; — 1/1+ o /1) -~ (26)

Pp.r(0) = Ipp—/2km H;?:lr(aj—l/Ho/l)cp

Writing the right hand side as ®(o/l — 1/1)c(p)?, using the substitution o =
lu+ 1 and the definition of the Meijer G-function (see [19] for example), we
obtain

d+ioco
Wy (2) = —— /d B(o/l —1/)e(p)’z="do

T o Sy
lc(p) d+ioco . N —u

= &P ) d
sl [ ) (ol eto))

_ rp” G0 (z a1, ey Qg )
SC(pf 1)T+1/2\/2k7'(' bk ﬁla ety 5k ’

where z = 2! /c(p)!. Recall that for the Meijer function of type GZ’% there is no

restriction on the parameters and the integral converges for 0 < x < ¢(p) (see
16.17.1 in [19]).

On the other hand, substituting = = ¢(p)t'/! we can write

(p)
/ 27 W, . (x) dx
0

P

rp" c(p) 0 7!
B (p—1 r+1/2\/2kr x Gk,k c(p)!
p ) ™ Jo p
)071

1
___rpielp flo—1)/1-1 k0 <t
= Kok

I(p—1)r+1/2y/2kr Jo

a1,y ..., O
dz.
61)"')5k> v

A1y ooy O
Y dt.
ﬁla "'aﬁk )
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Since 25:1 (Bj —aj) = —3/2 < 0, so the assumptions of (2.24.2.1) in [23], the
third case, are satisfied and therefore the last integral is convergent provided
-1
—% = —min j; z T
(equivalently: ®o > 1 — r/p) and the whole expression is equal to the right
hand side of (26).

For the last statement we note that in view of Theorem 2.3, of the uniqueness
part of the Riesz representation theorem for linear functionals on C[0, ¢(p)] and
of the Weierstrass approximation theorem, for 0 < r < p the density function
of u(p,r) must coincide with W, .. |

Now applying Slater’s formula we can express W, as a linear combination of
hypergeometric functions.

THEOREM 3.2. Forp=k/l, with1 <l <k, r >0, and x € (0,c(p)) we have

: a(h, k,1,7)
s vy by (r+h—1)/k—1/1
WP, ( k,l,T ;Ch k,l,T ka 1(b(h,l€,l,7’) Z)Z )
(27)
where z = z'/c(p)’
-1 p—r—3/2
’Y(kalar) = T(p)—a (28)
pP=T 2kT
Hh IF i—h h _
e(h k. 1,r) = (%) Mo <kl) (20)

l i r4h— k r4j roh=1\"’
Hj:lr(%_ +k 1)Hg l+lr( - +k 1)

and the parameter vectors of the hypergeometric functions are

r+h-1 j-0\' r+h—1 r+j—k)\"
a(h,k,l,?")({ k - l } 7{ k/’ - k—l )
j=1 j=l+1
k h* h—1 k h,* k
b(h, k,1,7) = {g} {M} . (31)
k j=1 k j=h+1

Proof. Putting z = z'/c(p)!, and hence x = ¢(p)z'/!, we can rewrite (24) as
-1 p—r—3/2

T(p ) GZO< ALy ..oy O >7 (32)

2/ pp=r\/2kT Bis -y B

€ (0,¢(p)). Observe that for 1 <14 < j < k the difference 8; — 8; = (j — i) /k
is never an integer. Therefore we can apply formula (8.2.2.3) in [23] (see also
(16.17.2) in [19] or formula (7) on page 145 in [15]), so that

[Tz, T(B; = Bn)
TT5_) T(ay — Bn)’
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which gives (29). For the parameter vectors we have
a(h,k,l,r); =14 0) —q;

and

b(hvkalar)j::l%»ﬂh*ﬂja j#h’a

which leads to (30) and (31). Finally, the summand with index h is in addition
multiplied by z8»—1/¢, O

Theorem 3.1 and Theorem 3.2 are sufficient for drawing graphs of the functions
Wy, with help of computer programs. In some cases however it is possible to
express W, as an elementary function. The most tractable case is p = 2. We
know already that

1 4—x 1
Wao(x) = —+/2z(4 — ).

WQ,l(x) = % ZC ) o0

Now we can give a simple formula for W ,.
COROLLARY 3.3. Forp =2, r >0, the function Wy, is

sin (r - arccos x/4)

Trl-r/2

W27T($) =

, (33)

€ (0,4). If0 < r < 2 then Wa . is the density function of the measure (2, 7).
In particular for r =1/2 and r = 3/2 we have

7\/2_\/5 (34)

W2’1/2($) T T omadA
r+1)/2—-x
W2,3/2($) = e 27r)z1/4 \/_ (35)

Note that if > 2 then Wy () < 0 for some values of = € (0,4).

Proof. We take k = 2, 1 = 1 so that ¢(2) = 4, z = z/4 and 7(2,1,r) =
r2"/(8+/7). Using the Euler’s reflection formula and the identity T'(1 + r/2) =
L(r/2)r/2 we get

- r(1/2) _ 2sin(nr/2)
0(1,2,1,7")— F(l—T/Q)F(1+r/2) - Tﬁ
o2.2,1,r) = D(-1/2) _ ZZeos(mr/2),

N =020+ 1)/2) VT
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We also need formulas for two hypergeometric functions, namely

r —r 1 .
2F1<§,7; 3 z> = cos(r arcsin v/z),

14+7r 1—7 3 sin(r arcsin /z)
2 Fy ; o K2 By e
2 "2 2 "z

see 15.4.12 and 15.4.16 in [19]. Now we can write

sin(7r/2) cos (r arcsin M) — cos(mr/2) sin (r arcsin M)

W, (2) = Trl—r/2
sin (7rr/2 — rarcsin 4 /x/4) sin (r arccos \/z/4)
= Trl—r/2 - arl—r/2 ‘
For the special cases we use the identity sin (4 arccos(t)) = /(1 — t)/2, which
is valid for 0 <t < 1. O
REMARK. Note that
Wai(Vx) 1 (z)i 4—x
2/ 4W2’1/2 4)  Apad/t (36)

It means that if X,Y are random variables such that X ~ p(2,1) and
Y ~ p(2,1/2) then X2 ~ 4Y. This can be also derived from the relation
A (2,1/2)4™ = Az (2,1) = (*2F1)/(4n + 1), A048990 in OEIS [24]. Hence
A048990 is the moment sequence of the density function (36), = € (0, 16).

4 SOME PARTICULAR CASES

In this part we will see that for k¥ = 3 some densities still can be represented
as elementary functions. We need two families of formulas (cf. 15.4.17 in [19]).

LEMMA 4.1. For c#0,—1,—2,... we have
c c—1
2F1(§’T; ¢

c+1 ¢c—2
2F1( 5 T ¢

z) — 2 (1+v1=2)"" (37)

z) > (1+VI=2)"(c—14+VT=2). (38)

c

Proof. We know that oF1(a,b; ¢| z) is the unique function f which is analytic
at z =0, with f(0) =1, and satisfies the hypergeometric equation:

2(1=2)f"(z)+ [c— (a+ b+ 1)2] f'(2) —abf(z) =0

(see [3]). Now one can check that this equation is satisfied by the right hand
sides of (37) and (38) for given parameters a, b, c. O
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Now consider p = 3/2.

THEOREM 4.2. Assume that p = 3/2. Then forr =1/2,1,3/2 we have

. (1+ 174x2/27)2/3—(1—\/m)2/3

Ws/2,1/2(2) = 95/33—1/22/3 ) (39)
1/3 1/3
s (1 + /I 4302/27) - (1 /1= 4x2/27)
Wsja1(z) =3 94/3 7 51/3 (40)
2/3 2/3
- (14 VT=222/27) " = (1 /1= 227/27)
+3 %z 2573
and, finally, Wy 5 3/2(x) = - W1 (), with x € (0, 3v/3/2).
Proof. For arbitrary r we have
21=2r/3gin (27r/3) 3+2r r =2r 2 1
_ F s 1 r/3-1/2
W3/2,7‘(x) 33/2_T7T 3 2( 6 5 35 3 3 37 3 Z>Z
4—2r
267208 sin ((1 - 2r)7/3) B 5—1—27“, 1 +r 1—2r ﬁ’g ) oH0y/3-172
33/2—7r 1 6 3 3 33
r(1+ 2r)sin ((1 4 2r)7/3) T4+2r 247 2—2r 5 4 (r42)/3-1/2
- 3F2 ) ) o el ? R ’
o(1+2r)/333/2—r 6 3 3 "33

where z = 422/27. If r = 1/2 or r = 1 then one term vanishes and in the two
others the hypergeometric functions reduce to o Fj.

For r = 1/2 we apply (37) to obtain:

z71/3 1 -1 1 213 515
Waj2a/2(2) = W?Fl(é’? 3|7) - s (53 5)7)

Zﬁl/ —2/3 1 \/1— Z/ 22/3 (1+\/1T) 2/3
= 91/331/2, ( + B ) T 95/331/21
z~1/3 2/3 Z1/3 1—+v1—2 2/3
5 gz, (1HVI—2) 2-31/27r< E >
z~1/3 2/3 2~1/3 2/3
= 53 (1+v1-2) - 33 (1-v1-2)

and this yields (39).
For r =1 we use (38):

2~1/6 5 —2 2
Ws/01(x) = (

2253721\ 6° 37 3

Z1/6 7 -1 4
.
Z>+21/37r <6 3 3‘)
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VT VTR )+ 2 (1 VT VTR )
VT VTR - )+ e (- VTR VTR 1),

Now we have

A+vi—a) P BVI—2-1)=—(1+vVI—2)* (3-3/T—2-2)
=301 -vic) P r20+viza)"’

and similarly
(1-VIi—2) (Vi z+1) =328 (1+vI—2) —2(1-vi—2)"".

Therefore
~1/6

2T

z

Ws/01(x) = ((1+m)1/37 (17m)1/3)

3,::6 ((1 N m)z/g _ (1 _ m)zw) ’

which entails (40). The last statement is a consequence of (22). O

+

The dilation Dou(3/2,1/2), with the density W3/ 1/2(2/2)/2, is known as the
Bures distribution, see (4.4) in [26]. The integer sequence
3m/2+1/2\ 4™
4mAN(3/2,1/2) = EYE
o= (")
moments of the density function W5 1/2(2/4)/4 on the interval (0,6v/3), ap-
pears as A078531 in [24] and counts the number of symmetric noncrossing con-
nected graphs on 2n 4+ 1 equidistant nodes on a circle. The axis of symmetry
is a diameter of a circle passing through a given node, see [7].

The measure 11(3/2,1) is equal to u(2,1)®/2, the multiplicative free square
root of the Marchenko-Pastur distribution and the integer sequence

474, (3/2,1) = <3m/2+1) gm

n 3m/2+1’

moments of the density function Wy/s 1(x/4)/4 on (0,6v/3), appears in [24]
as A214377.

For the sake of completeness we also include the densities for the sequences
A (3,1) (A001764 in [24]) and A,,(3,2) (A006013), which have already ap-
peared in [20, 21].
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THEOREM 4.3. Assume that p=3. Then for r =1,2,3 we have

2/3
3 (1 Ty 4x/27) —92/341/3

W371(:L') = 1/3 (41)
21/331/2702/3 (1 4 /T = 427
4/3
9(1+ \/1—4x/27) — 94/342/3
Wgﬁg(l‘) = (42)

2/
95/333/27y,1/3 (1 + /1o 4x/27)
and, finally, W3 3(x) = x - Ws 1(x), with x € (0,27/4).

Proof. For arbitrary r we have

Wi (x) = 2 QT);ZST;(W/S) 3F2(— — =z z)z(r_3)/3
72(472r)/3rsin (1 +r)m/3) JF l4+r 5—r 2—-7 42
33—y 2<3’6’6’3’3
r(r—1)sin ((1 —r)7/3) 24r 7T—r 4—r 5 4
9(1+2r)/333—r 3F2< 36 ' 6 33
where z = 4x/27. For r = 1 and » = 2 we have similar reduction as in the
previous proof. Here we will be using only (37).

Z) Lr=2)/3

+

Z) Z(rfl)/3,

Taking r = 1 we get

21/3,-2/3 1 -1 2 2173 21 4
W) == an (.53 2) - o (573

272/3 /3 z71/3 — —1/3
33/2 (1+V1*) 33/2 (1+ 1*)

QA vT=R) o

33/2722/3 (1 + /1 — 2)1/3,

which implies (41).
Now we take r = 2:

z71/3 1 -1 1 Z1/3 515
Waste) = gz o6 (53| 2) - g 6 (3775

= e (VT T
(TR
= 9.31/27,1/3 (1 + m)2/3a
and this gives us (42). Finally we apply (22). O

Recall that the measure p(3,1) is equal to x(2,1)%2, the multiplicative free
square of the Marchenko-Pastur distribution.
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Figure 1: Raney distributions W35 ,-(x) with values of the parameter r labeling
each curve. For r > p solutions drawn with dashed lines are not positive.

1.4
1.2
1.0+
0.8
Wy o (x) 0.6
0.4+

0.2

5 GRAPHICAL REPRESENTATION OF SELECTED CASES

The explicit form of W), »(z) given in Theorem 3.2 permits a graphical visual-
ization for any rational p > 0 and arbitrary r > 0. We shall represent some
selected cases in Figures 1-9. These graphs which are partly negative are drawn
as dashed curves. In Fig. 1 the graphs of the functions Wy, () for values
of r ranging from 0.9 to 2.3 are given. For r < 3/2 these functions are posi-
tive, otherwise they develop a negative part. In Fig. 2 we represent W5 ()
for r ranging from 2 to 3.4. In Fig. 3 we display the densities W), ,(z) for
p = 6/5,5/4,4/3 and 3/2. All these densities are unimodal and vanish at
the extremities of their supports. They can be therefore considered as gener-
alizations of the Wigner’s semicircle distribution Ws 2(x), see equation (23).
In Fig. 4 we depict the functions Wy /3, (x), for values r ranging from 0.8 to
2.4. Here for r > 1.4 negative contributions clearly appear. In Fig. 5 and
6 we present six densities expressible through elementary functions, namely
Ws/9.r(x) for r = 1/2,1,3/2, see Theorem 4.2 and W3 ,.(x) for r = 1,2,3, see
Theorem 4.3. In Fig. 7 the set of densities W), 1(z) for five fractional values
of p is presented. The appearance of maximum near x = 1 corresponds to the
fact that u(p, 1) weakly converges to 1 as p — 17. In Fig. 8 the fine details of
densities W) 1(z) for p = 5/2,7/3,9/4,11/5, on a narrower range 2 < z < 4.5
are presented. In Fig. 9 we display the densities W), 1 (z) for p = 2,5/2,3,7/2,4,
near the upper edge of their respective supports, for 3 < x < 9.5.
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Figure 2: As in Fig. 1 for Raney distributions W55 ,.(2).

Figure 3: Diagonal Raney distributions W), ,(z) with values of the parameter
p labeling each curve.
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Figure 4: The functions Wy 3 ,.(x) for 7 ranging from 0.8 to 2.4.

r=24
7\

Figure 5: Raney distributions W35 ,(x) with values of the parameter r labeling

each curve. The case W3/ 1(x) represents M P¥1/2 the multiplicative free
square root of the Marchenko-Pastur distribution.

34

04
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Figure 6: Raney distributions W3 ,.(z) with values of the parameter r labeling
each curve. The case W3 1(z) represents M P¥2 the multiplicative free square
of the Marchenko-Pastur distribution.

Figure 7: Raney distributions W), 1 (z) with values of the parameter p labeling
each curve. The case Ws/5 1 (x) represents the multiplicative free square root

of the Marchenko—Pastur distribution, M P¥1/2,

0,84

W (x) 064

p,

0,4

0,2
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Figure 8: Tails of the Raney distributions W), 1 (x) with values of the parameter
p labeling each curve.

0,14

0,12

0,104

0,084

0,06

0,04

0,0

Figure 9: As in Fig. 8 for larger values of the parameter p.

0,0H
0,081
0,0
0,06
0,05

(x)
0,041

n/;l, 1

0,031
0,021

0,017
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Figure 10: Parameter plane (p,r) describing the Raney numbers. The shaded
set ¥ corresponds to nonnegative probability measures p(p,r). The vertical
line p = 2 and the stars represent values of parameters for which W, .(z) is
an elementary function. Here MP denotes the Marchenko—Pastur distribution,
MP™* its s-th free mutiplicative power, B-the Bures distribution while SC
denotes the semicircle law. For p > 1 the points (p, p) on the upper edge of ¥
represent the generalizations of the Wigner semicircle law, see Fig. 3.

]
3
Z
2 *
1 Mp=*
0
0 3 p

The Fig. 10 summarizes our results in the p > 0,7 > 0 quadrant of the (p,r)
plane, describing the Raney numbers (c.f. Fig. 5.1 in [16] and Fig. 7 in [21]).
The shaded region ¥ indicates the probability measures p(p,r) (i.e. where
W, -(x) is a nonegative function). The vertical line p = 2 and the stars indicate
the pairs (p,r) for which W, .(z) is an elementary function, see Corollary 3.3,
Theorem 4.2 and Theorem 4.3. The points (3/2,1) and (3,1) correspond to
the multiplicative free powers MP™/2 and MP®? of the Marchenko-Pastur
distribution MP. Symbol B at (3/2,1/2) indicates the Bures distribution and
SC at (2,2) denotes the semicircle law centered at x = 2, with radius 2.

It is our pleasure to thank M. Bozejko, Z. Burda, K. Gorska, I. Nechita and
M. A. Nowak for fruitful interactions.
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