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ABSTRACT. A degenerate Keller-Segel system with diffusion exponent
m with n2—f2 <m<2-— % in multi dimension is studied. An exact
criterion for global existence and blow up of solution is obtained. The
estimates on L732 norm of the solution play important roles in our
analysis. These estimates are closely related to the optimal constant
in the Hardy- Littlewood- Sobolev inequality. In the case of initial free
energy less than a universal constant which depends on the inverse of
total mass, there exists a constant such that if the L##2 norm of initial
data is less than this constant, then the weak solution exists globally;
if the L7+ norm of initial data is larger than the same constant,
then the solution must blow-up in finite time. Our result shows that
the total mass, which plays the deterministic role in two dimension
case, might not be an appropriate criterion for existence and blow up
discussion in multi-dimension, while the L2 norm of the initial data
and the relation between initial free energy and initial mass are more
important.
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104 L1 CHEN, JINHUAN WANG

1. INTRODUCTION

In this article, we will study a degenerate Keller-Segel system for n > 3
dimension:

pr = Ap™ — div(pVe), zeR™ t>0,

(1.1) —Ac = p, reR", t>0,

p(IaO):po(x)7 xERna
where diffusion exponent m € (nQ—fQ, 2 — %), p(x,t) represents the density of
bacteria and c(z,t) represents the chemical substance concentration. Mass
conservation of the system implies ||p(-,t)||z: = |lpo(-)||z1 = Mo.

Keller-Segel system with linear diffusion was proposed by Patlak [16] and
Keller-Segel [13] [14]. It is used to describe the collective motion of cells or the
evolution of the density of bacteria. This model plays important roles in the
study of chemotaxis in mathematical biology. Since 1980, Keller-Segel system
was widely studied in the literature. From the work by Childress [7], we known
that the behavior of this model strongly depends on the space dimension, the
readers can refer to two surveys given by Horstmann [IT], [12].

Recently, many mathematicians are interested in finding the criterion for
global existence and blow up of solution to Keller-Segel type systems. In par-
ticular, the 2-dimensional case has been well studied. It is well known that
8 is the critical mass of 2-dimensional Keller-Segel system [5] 10, [I7]. More
precisely, if the initial mass My < 8w, then there exists global weak solution;
if My > 8m, then the solution blows up in finite time; The more delicate case
My = 8n was studied in [2, [4].

In dimension n > 3, one has to use nonlinear diffusion to balance the
non-local aggregation effect. A natural question is to find a criterion for initial
data to separate the global existence and finite time blow up to degenerate
Keller-Segel system (L)) with diffusion exponent m > 1.

There were two critical diffusion exponents of (ILT]) which have been stud-
ied recently. One is that m* =2 — %, which came from the scaling invariance
of the total mass. The following results were obtained in [I8, [19]. If m > m*,
the solution exists globally for any initial data; if 1 < m < m™*, both global
existence and blow-up can happen for some initial data. Later on, Blanchet-
Carrillo-Laurencot in [3] studied the degenerate system with diffusion exponent
m = m*, a critical mass was given there. Another critical exponent of (T,
me = n2—_f2 was given in [6], which came from the conformal invariance of the
free energy. The authors in [6] showed that L™< norm of a family of positive
stationary solution can be viewed as the criterion for the global existence and
blow up of solutions.

In this paper we are interested in finding a criterion to classify the initial
data to get either global existence or blow up of the solution. Our analysis will
work for all the diffusion exponents m such that nQ—fQ =m.<m<m-t=2— %
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There are two very important quantities of system (LI)). One is the total
mass which is time independent,

/ p(x,t)dz =/ po(x)dz = Mo,

the other is the free energy

1 N 1
Fp) = el (z,t)dz — 3 / p(z, t)c(x, t)dz,

which decays in time due to the following entropy-entropy production relation

d m—l 2 _
GFeC+ [ vt ol de—o.
The main result of this paper is

THEOREM 1.1. Assume that the initial density po € LL(R™) N L™(R") and
F(po) < F*, the following holds,

(1) If |lpoll - - < (s*)Wfﬂ, then (LI) has a global weak solution,
i.e. for all T > 0 and some 1 < r,s < 2, there is a function p(x,t) with
p € L(0,+o0; LY (R™) N L™(R™)),
Vp € L*(0,T; L"(R™)), dip € L*(0,T; W, *(R™)),

such that it satisfies (L)) in the sense of distribution.

If || po > (s* Tl ) and pg has finite second moment, p(x,t
poll, ;2u; (®R") P P

is a solution of (L)), then there exists a T* > 0 such that
1.2 li S| pmrey = .
(1.2) R o t)l| Lm@ny = +00
Here F* and s* are universal constants given by

2—2_—m  2n2a(n)\ s | Znomni)

13 f* — n ( ) M 2n—2—mn > 0,
) - DI-2)\ o) 0

9 ( 27L77IL(72L+2) ( 1
2n2a(n)M, " g
1.4 * = ( 9 ) >0,
where My is the initial mass | pollL1(mn), a(n) = %fl) is the volume of the
2
unit ball of R™ and C(n) is the best constant of the Hardy-Littlewood-Sobolev
inequality, see (I.9).

Remark 1.1. We remark here that under the condition F(pg) < F*, L7 norm

n—2
of the initial data can not be (s*)2=m-1 | which can be easily checked by using
the decomposition of the free energy. Thus the classification of the initial data
in Theorem [Tl is complete.

Remark 1.2. The result does not hold for m = m* = 2 — %, thus there is no
contradiction with the result by Blanchet et al. in [3], where a critical mass
was obtained.
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106 L1 CHEN, JINHUAN WANG

Remark 1.3. The conditions py € LY (R") N L™(R") and HPOHLﬁ R

(s )2n<m*1> for the existence result imply that the initial free energy is positive,

i.e. F(po) > 0, which can be easily checked by direct computations. Conversely,
if the initial free energy is negative, i.e. F(po) < 0 and pg € L} (R™)NL™(R"),

then Hp0|| 2n_ > (s*)%?’;il). Therefore, our result on the blow-up of so-

n+2 (Rn
lutions allows r(nore initial data than those in the work by Sugiyama. Thus the
blow up result improves her work with v = 0. (In [I8], Y. Sugiyama proved
that if the initial free energy is negative and py € L1 (R™) N L™(R™), then the
solution to the degenerate Keller-Segel with Bessel potential blows up in finite
time.) In fact, Theorem [[] gives an exact classification of the initial data so
that the solution either exists globally or blow-up in finite time. More precisely,

n—2
it is the constant (s*)2"(m=D  where s* is stated in (L4]), which classifies the
initial data in L72 norm.

Remark 1.4. The exponents of My in (L3) and ([IA4) are both negative due to

the fact that =% < m < 2 — 2. The assumption F(po) < F* in Theorem [LT]

gives a relatlon between the 1n1t1al mass and the initial free energy, i.e.
m(n+2)-2n 2—2—m  2n2a(n)\ =5

(15) ]:(PO)M 2n—2—mn < n ( ) .
’ (m-1)(1-3\ Cn)

As a conclusion, Theorem [ Ilimplies that the initial mass itself might not be an
important quantity in the existence and blow up analysis in multi-dimension.
More precisely, no matter how small the initial mass is, the solution can still

n—2
blow up in case that ||P0|\Ln2_f2 > (s*)22n-1 . No matter how large the initial

mass is, there still exists a global weak solution if Hp0||an_+n2 < (s*)%
The similar fact that the initial mass is not a relevant quantity for blow-up
in the multi-dimensional Keller-Segel model is known in the literature, such
as in [9] where (I) with m = 1 was considered. Moreover, we can find
a consistent phenomenon with this result in parabolic-parabolic model, such
as in [20, §]. In [8], the norm of [[po||, 3 was used to discuss existence and
blow-up. The author in [20] studied the case with smooth bounded domain
with homogeneous Neumann boundary conditions, they obtained the existence
result for small initial data in L9, ¢ > § and if the domain is ball, there is
always an unbounded solution developed from initial data with arbitrary small
mass.

Ezample 1. For given €y > 0 arbitrarily small, let the initial data be

€0 - ) |$| S %a
mia) = { 50 ;
0, |I| > 2
where K to be determined later. Then
K\ 2
2n
lollr =20, Ilpoll, 25 = go(m) and / |2 podz < oo.
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Now we can choose K large such that

n—2
(16) lpoll, 2, > (5700
and
m(nt2)—2n 2_2_m 271204(77,) Q;L(:gi;)w
(17) f(pO)MO2n—2—mn < n ( )
(m- )1~ 2)\ Ol
Therefore according to our result in theorem [, the solution must blow up in
finite time.

We will give a detailed calculation of this example in the Appendix.
Similarly, we can find some initial data with large initial mass such that
the solution exist globally.

It should also be mentioned that the constants appeared in the main result
have close relation to the critical Hardy-Littlewood-Sobolev inequality. For
completeness, we cite this result from [I5].

ProrosITION 1.1 (H.-L.-S. mequahty) Let p € Lt (R™), then

(1.8) //ann p—T )2d dy < C(n)

where

n —71'("* )/2 1 F(n/2) o

(1.9) C(n) =n'""? r(n/2+1){ I'(n) } '
)

Moreover, the equality holds if and only if p(z) = AUx 4,, for some constant A
and parameters A > 0, g € R™, where

nt2  n42 A
1.10 U =2+ nz2 (—m
(1.10) Ao " ()\2+|5U930|2)

n+42
2

This family of radially symmetric functions (II0) is also a class of stationary

solution of the degenerate system (L.J]) with diffusion exponent m = m,. = nQ—fQ

The readers are referred to [6] for the relations among stationary solution,

the Hardy-Littlewood-Sobolev inequality and conformal invariance of the free
2n

energy. A direct scaling analysis tells us that L»+2 norm of U} ,, is a universal
constant independent of the parameters A and zg.

We can separate the free energy into two parts by using the Hardy-

Littlewood-Sobolev inequality (LJ), namely,

1 C(n)

F = — (2, t)de — ——————||p||?

0 = oy [ e = ol

oy 1712
C(n) 2 / / )oY, t)
e e eyl i) M e
= Fi(p) + Fa(p).
Proposition [T says that Fa(p) > 0.

+
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Since the first part of the free energy is concave in L+ norm of the
solution, it is not difficult to get a priori estimates, which shows that in the
cases of supercritical and subcritical initial data, the quantity [|p[| _2a  can be
bounded from below or from above separately. More precisely, if the initial free
energy F(pg) < F*, then the following estimates hold

(1) 1t ||p0||% < (s%) Tt D , then there exists a constant pq < 1 such that

llp(- 1)l < (u18*)2”%31>, for all ¢ > 0.

|A
n+2
(2) If ||p0||% > (s%) Znlm D , then there exists a constant ps > 1 such that

Hp(,t)”% > (MQS*)%L?’;El)’ for all t > 0.

We will give the proof of the first fact for the regularized solution in the Lemma
2T in section 2, and show that the second is true in Lemma [B] in section 3.

This paper is arranged as follows. In section 2, we will give the proof of the
global existence of weak solution. After introducing the regularized problem,
a uniform estimate for the L##2 norm of the regularized solution by using
decomposition of the free energy is obtained. Based on this estimate, further
estimates, including the spacial and time derivatives, are derived. Then the
global existence follows from standard compactness arguments with the help
of Aubin’s lemma. In section 3, with supercritical initial data, it is shown
that any solution will blow-up in finite time by studying the time derivative of
second moment.

2. EXISTENCE OF WEAK SOLUTION

We follow the same way on the construction of the regularized problem as
in [3, 18] [19], namely,

(2.1)
Ope = Al(pe +e)™ — ™) — div((pe + €)Vee), x€R™ t>0,
—Ace = Je % pe, reR™ t>0,
p(z,0) = poc (), z €R"

for e > 0, Jo(z) = &J(%), J(x) = ﬁ(l + |z]?)~(»+2/2 satistying

/ Jo(x)dx = 1. A simple computation derives

1 1
“ = wln—2)aln) . (o g+ o2 W

The initial data pg. is the regularization of the function pg, it satisfies that
there exists a positive constant § such that for all 0 < e < 4,

poe >0, poe €'®Y), 121, poclli = lpollr = Mo,
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Moreover, as € — 0,

if po € L? for some p > 1, then ||poc — poller — 0, as € — 0,
[ laPpneds > [ laftpmde, Felons) > Fn),
RWr Rn

where F.(poe) is the initial regularized entropy, see (2.2)).

The classical parabolic theory implies that the above regularized problem
has a global smooth non-negative solution p. for ¢ > 0 if the initial data is
non-negative. Notice that the solution of the regularized problem (ZI) still
conserves the mass.

We will mainly focus on the estimates of the regularized solutions in this
section. After getting L#+2 estimate with the help of the free energy, we
obtain the uniform LP estimates by using standard method. Furthermore, the
uniform estimates for space and time derivatives will be derived carefully. With
all these uniform estimates, a standard compactness argument as in [6, 1] by
using Aubin’s lemma will give the global existence.

From now on, we will present the uniform estimates in five steps and will
skip the compactness arguments.

STEP 1. Free energy of the regularized problem
The free energy on the regularized solution p. is

1

(2.2) Felpe) = p—

1
/ ((pe +)™ —™)dx — = / peCed.
R 2 n

Or, the free energy has an equivalent form in the following

Felpe) = . /n((Pe-i-E)m—Em)dx

m—1

B 1 pe(z, t)pe(y, )
(23) 2(n — 2)na(n) //}waan (|xfy|2+52)an2d a-

It is easy to check that F.(p.) is non-increasing in time. In fact, the system
(1) has the gradient flow structure

(2.0 pr = div (oo + 99 (27042 =) ).

Now by taking - ((pc +¢)™ ! — ™ 1) — ¢ as a test function, we have the

following entropy-entropy production relation

%}}(Pe(-,t)) +/ (= + s)‘v (%(pa peyml ca) ‘de —0.

n

The monotone decreasing property of the free energy follows immediately by
the non-negativity of the entropy production.
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Next, we separate the free energy into two parts by using the Hardy-
Littlewood-Sobolev inequality (LJ), i.e.,

E) = = [ et - >M—y£%%1%ﬁ%
e LR e M v
> E%;/?@%xﬂgggﬁxjm42z
e e L el I e =

= Fi(pe) + Falpe).

Proposition [[LT shows that the second part of the free energy is non-negative,
i.e. ]:2(p5) > 0.

n
Due to m > ——, interpolation shows that
n+ 2

m(n —2)
2.5 Al zn < lpellBillpel|Cm, 6=
(25) el 2 < ot ol i)
Thus the first part of the free energy is
1 C(n)
F = — "z, t)dr — ————t—— 2
1(p€) m—1 ]Ran (I ) €L 2(,”172)”04( )H E”L 2
C(n) 2
2.6 > ——||pe B [P B n
@6) 2 ol el By, e el
1 2n—m(n+2) 2n(m—1) C(n)
> M n—2 n—2 2 .
= m-1 0 HpEHLwﬂ]é 2(77,72)710[(71)”p6”L”2_+2
According to the previous analysis, let
1 2n— m(n+2) C e
f(s) — —MO n—2 s — #Sn(mfl)'

m—1 2(n — 2)na(n)

We now have a lower bound of the first part of free energy, i.e.

2n(m-1)
P(le-ll 57 ) < Filee).
Ln+2

STEP 2. Uniform L2 norm estimate of the regularized solution.
The following lemma shows that for subcritical initial data, the quantity
||p5|| 2z can be bounded.

LEMMA 2.1. If the initial free energy F-(pos) < F* := f(s*), ||p05|\% <

(s*)%?’;il) , let pe(x,t) be a solution of problem (Z1), then there exists a con-
stant uy < 1 such that

llpe(-5t H 20 < (ps" )2"7’;31)7 for allt >0,
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where s* is the mazimum point of f(s):

2n—m(n+2) (m—1)
n(m—

2n’a(n)M, "° )W
C(n) '

(2.7) st = (

Proof. Notice that 1 <m < 2 — % implies 71(7;;1—7—21) > 1, we know that f(s) is a

strictly concave function in 0 < s < co. Directly calculation shows that

2n—m(n+2) — n—2—mn
o) = ——py e Gl _no2 e
2(n — 2)na(n) n(m —1)

As a consequence, s* is a unique maximum point of f(s). Therefore the im-
portant property of f is that f(s) is monotone increasing for 0 < s < s*, while
f(s) is monotone decreasing for s > s*.

In the case that initial free energy F.(po:) < f(s*), we can make it even
smaller, i.e. there is a 6 < 1 such that F.(pos) < 0f(s*).

Combining all the facts we know, including the interpolation, the Hardy-
Littlewood-Sobolev inequality and the monotonicity of free energy, we have

2n(m—1)
@8 f(leell 57 ) < Filee) < Felpe) < Fulpoe) < 8£(5).

2n
n+2

2n(m—1)
If initially [|poe]l 5.° < s, due to the fact that f(s) is increasing in 0 < s <
Ln+2
2n(m—1)
s*, there exists a py < 1 such that ||p:|| 5.° < p1s*. O
L7n+2

STEP 3. Uniform L? (1 < p < n) estimates of the regularized solution.
Under the assumption of pp. € LP(R™) with 1 < p < n, we will give the

estimate on ||pc|L», and as a byproduct, also the uniform estimates on space
m+p—1
derivatives Vp. 2> and Vec..

LEMMA 2.2. Assume po. € L'(R™) N LP(R"), HPOEHL% < (s*)%?@ﬁl) and
Fe(poe) < F* := f(s%), pe is a smooth solution of the regularized problem

@10, then

m+p—1
(2.9) llpell Lo 0,7; 0 Rr)ALP+1 0,75+ R7Y)) < O, (Ve * |lz20,1322®n)) < C,

moreover, for 1 < p <mn, it holds

n np
].

2.10 Vel pooo rane@eny < O, s (—— P
(2.10) [Veell Lo (0,510 )y < s (n—l n—p
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Proof. Multiplying the first equation of ([ZI]) by pp?~! with p > 1, we have
% - pldx
= pmlp=1) [ (et Ve
+(p— 1)/ W Vcsd:chsp/R Vo~ Veodz
—pmlp=1) [ N+ (p=1) [ ortidospe [ g

Rn
4 —1 m4p—1
= —M/ IVpe 2 I2d$+(p—1)/ p§+1+p€/ pLdz.
R?L n n

IN

n

(m+p—1)
Now we will focus on the estimate on / PPt
2(p+1)
p+1 ‘ map—l T
= 2(p+1)
" Pe Pe Lmrp—1
2(p+1) mip-1 O‘i(f:i)l mip-l (1-a) ,i(f:i)l
< GmT||Vpe ‘ Pe )
L? Lr

where G is the constant from Gagliardo-Nirenberg-Sobolev ineqality,

m+p—1 2n m+p—1 a(n72)+1704

T = =
2 n+2’ 2(p+1) 2n ro’

and
mip-lnt2 _ 1)
o= 2 2n p+1
T (n+2)(m4p—1)—2(n—2)
4n

In the next, we will use notation

o 2p+1) 2(n+2)(p+1) —4n
TYmAp—1 (+2)mip—1)—2(n-2)

<2

2n
in the case of m > gt Thus by Young’s inequality, we get
n
2(p+1) m+p—1 ||V _
/ Pt < GEEer (Ve 2 || e U @Y
n L2 Ln+2
2(p+1) m+4p—1 12 2(1—a)(p+1)
(2.11) < Gt (Ve | @l i)
L2 Ln+2
Now we can choose € such that
2(p+1) 2pm(p — 1
(0 - )erEtie = 22me 1)
(m+p—1)
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By using the boundedness of HpEHL

d 2pm(p —1) / mip—1
ad P it ALV Y Vp. ?
dt Rnpe v (m+p—1)2 ]Rn| p

(2.12) < ps/ pPdx + C (Mo, p,n).

Gronwall’s inequality implies that p. € L*°(0,T; LP(R™)). Therefore we have
the uniform estimate by integrating (Z12)) in ¢, for any fixed T' > 0,

25 from Lemma 2], we have
D

|dx

2
sp [ e+ pm(p / / Voo 27 Pdedt < C(Mo, p,n, T).
0<t<T JRn m—+p— ]. n

Moreover combining this estimate with (ZII), it is easy to see that p. €
LPT1(0,T; LPT (R™)). The estimate for Ve, in (ZI0) can be directly obtained
from the weak Young inequality. |

Remark 2.1. The above lemma gives a general LP estimate. In particu-
lar, we can take p = m and get the estimate p. € L°(0,7;L™(R")) N
L™TH0,T; L™T1(R™)) which will be used later.

Remark 2.2. The fact that m > 2—" is very important in the above proof. It
makes the use of Young’s mequahty successful (see (Z.I1))), which is impossible
in the case m = n2—]:2, v=2.
STEP 4. Uniform estimates for the space derivatives

The estimate on space derivative of p. is important in order to use Aubin’s

lemma for compactness arguments. We will use the LP estimate when p = m.

LEMMA 2.3. Assume p = m and the assumptions of Lemma 21l hold, then

(2.13) HVPEHH(O,T;LSQ—MM ) <C, in the case of m < g,
(2.14) IVpellp20m;r2@®ny) < C,  in the case of m > ;
Proof. In the case of m < %, using (Z9), it holds for p = m that
(2.15) ozl o (0,1:m (mny) < C, ||Vp;n7%||L2(O,T;L2(]R”)) <C.
We can use the expression

Vo = 5———pd VP,

2m —

then the Holder inequality and (ZI3) imply (ZI3)).
In the case of m > %, taking p2~™ as test function in (L)), we have

1 d —m 2
- - 9 _
3 p / P2 dx 4+ m( /Rn [Vpe|” dx

9 _
< mn pimdx + 5/ P2 d.

—3-m Rn
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Next we only need to estimate [, p2 ™dx by |[|p]

Lm and

||vp;n_§||L2(07T;L2(Rn)). By the Gagliardo-Nirenberg-Sobolev inequality,
we have

d=m g || m—1/2 o173 < C|vym-1/2 0=tz m—1/2) 1= m=172
pe xr = ||p€ 4—m — || ps |L2 ||ps H 1"1
n Lm—1/2 Lm—1/2
_ 0 2=m 1-6)(4—
(2.16) = CIVe Y2 T |00,
where 0 < § = —22=m@—1/2) _ | Thys it remains to show if m > 3 and

m(47m)( m-1/2 _ "’2)

m 2n

2n <m<2f%, it holds that

n+2
4— 2(2 —
(2.17) ptzm __ 22-m)
m-—1/2 ,,_1_mn=2)
2 2n
Actually, (ZI7) is equivalent to m > 32%, which can be obtained from the

following two facts.

: 2n 5n 5n .
e When n > 6, since 2 25 S We have m >5 ETGR
: 3 n n
e When n < 6, since 5 > 33 We have m > TR

Now by integrating (ZI0) in time, we have

T
/ / pi"dadt < C (HPEHL‘”(O,T;L’"(R"))a ||VP?L71/2”L?(O,T;L?(R"))aT) -
O n

Therefore,

1 5 r 9
e Emdx—l—mZ—m/ / Vpe|” dzdt
T e @-m [ [ 19

1 3—
< 7o N ISy an C<C e ™y £ C’
< Gy Il O < O el looel) +

where we have used the fact that 3 —m < m. So, [ZI4) holds. O

STEP 5. Uniform estimate for the time derivative.
This subsection will give another important fact in order to use Aubins
lemma, i.e. the estimate of the time derivative of p..

LEMMA 2.4. Assume p = m and the assumptions of Lemma 21 hold, then

2m nm(m + 1)
m+1"nm+ (n—m)(m+1)

||0tp5HLQ(O’T;WA,S(R,T)) <C, s=min{ P> 1.

loc

Proof. By using the weak formulation of the equation, we know the estimate for
time derivative O;p. can be obtained directly from the estimates on V(p. +¢)™
and (p: +¢) - Ve.. We will prove the following facts,

m
m <
1900+ )™ 7. 220 gy < C

||(p5 + E) : VCEH nm(m+1) < C.
L""+1(O,T;L nm+(n—m)(m+1) (Rn))
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In fact,

V(p:+2)" = ml(p +2)" ]
(2.18) < m|(pf ™Y [Vpe] < Vo2 me™ T Ve
By writing

m 2m m—
| = ‘mpipvpe 2

the Holder inequality and lemma 221 we have

/|Vps|sc(/np;")*”'l“(/ V1)

Therefore,

T
LIV < [ loelan 9z <
ie.,

m
(2.19) N

By Lemma 23] since m+1 < min{2, 722} and (ZI9), we know that

V(pe +¢)™ € L*(0,T; L (R™)).

loc

As a direct consequence of Lemma [2.2] we have

(2.20) lps - Veel| nm(m 1) <C,
Lm+1(0 T; ., nm+(n—m)(m+1) (Rn))
where % > 1 due to % < m < 2— 2. By Lemma 22 with
.. +1
(Z20)) and noticing % € (2, ] we get
[l(pe +€) - Veel| nm(m+1) < C.

Lm+1(0 T; Lm (R"))

3. BLOW UP OF THE SOLUTION

In this section, we will discuss the blow-up of the solution when
HPOHL% > (s*)WiiU and F(po) < F* := f(s*). Before we prove the result
of blow-up, we need to give a key lemma that shows in the cases of subcritical
initial data, the quantity || p||L 2e can be bounded from below.

DOCUMENTA MATHEMATICA 19 (2014) 103-120



116 L1 CHEN, JINHUAN WANG

3.1. LOWER BOUND OF ||pH 2

Similar to the decomposMon of free energy of the regularized problem, we can
separate the free energy into two parts by using the Hardy-Littlewood-Sobolev
inequality (L8]

1 C(n)

Flp) = —— o’ (2, t)dx

2(” ) ( ) "+2
C(n)

2 )oY, t)
__cwn) _ PG 4y
2(n — 2)na(n )” Al Ltz Jna(n //Rnxw |x— |2
= Fi(p) + F2(p).
Proposition [Tl says that that Fa(p) > 0.

+

2n
Due to m > ——, interpolation tells us
n 4+ 2

01 110 _ m(n—2)
loll, 220 < Mol ol 0= Fi=t
Thus the first part of the free energy is
1 2n—m(n+2) 2n(m—1) C( )
F > M, n—2 n—2 2
N R R o
According to the previous analysis, let
1 2n—m(n+2) C —
f(s)=——M, "* s-— ¢sn<mfl>.

m—1 2(n — 2)na(n)

271.(7n 1)
We now have a lower bound of the first part of free energy, i.e. f (|| Il Q,L ) <
Fi(p)-
LEMMA 3.1. If the initial free energy F(po) < F* := f(s*) and ||p0||L% >

n—2
(s*)z=n=1 | let p(x,t) be a solution of problem (L)), then there exists a con-
stant o > 1 such that

(s 8)| 20, > (es™) =00, for all ¢ >0,

where s* is the mazimum point of f(s):
2n—m(n+2) 1)
n(m—
y (2n2a(n)M0 n? )2n7277,m
S = .
C(n)

Proof. Notice that 1 < m < 2 — 2 implies n(fn_fl) > 1, we know that f(s) is a

strictly concave function in 0 < s < co. Directly calculation shows that

1 2n—m(n+2) C(n n—2 2n—2—mn
fl(S) — —MO n—2 _ ( ) g n(m—1) |
m—1 2(n — 2)na(n) n(m —1)
As a consequence, s* is a unique maximum point of f(s). Therefore the im-
portant property of f is that f(s) is monotone increasing for 0 < s < s*, while

f(s) is monotone decreasing for s > s*.
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In the case that initial free energy F(po) < f(s*), we can make it even
smaller, i.e. there is a 6 < 1 such that F(po) < df(s*).

Combining all the facts we know, including the interpolation, the Hardy-
Littlewood-Sobolev inequality and the monotonicity of free energy, we have

F(lol 57 ) < Filo) < Flp) < Floo) < 5505,

n+2
2n(m—1)
If initially ||po]| 5.7 > s*, due to the fact that f(s) is increasing in s > s*,
Ln+2
2n(m—1)
there exists a ug > 1 such that ||p|| %.° > pas®. O
Ln+2

3.2. TIME DERIVATIVE OF SECOND MOMENT.
In this subsection, we will focus on studying the time evolution of the second
moment. The following lemma is obtained from Lemma 311

LEMMA 3.2. If F(po) < F* := f(s*) and ||p0|\% > (s*)%tmil) , p is a solution

of ), then

de (t)

(3.1) =

<0.

Proof. By direct calculation, we have

dma(t) ( 2(n—2)
_:277> ™+ 2(n — 2)F(p).

o n= = pMdr +2(n - 2)F(p)
The restriction on m < 2 — % gives that 2n — % < 0. Then by using the
interpolation inequality, the decreasing properties of free energy and Lemma
B with ps > 1, we have

dma(t) 2(n —2) O=1m  m
2V < (on— 7)M o o 2n — 2
o< (2= S )M T el s, + 20 - 2)F(p0)
2n — 2 (0-D)m
< (Zn— %)MO T ugs™ 4+ 2(n—2)f(s%)
2(n —2)\, =1m . 2(n —2)\ ,  =bm
= (=T ) Mo T e s (20 S )My s
1 ©-1m C(n) 20
2 72<—M N L - m)
+2(n-2) m—17° ° 2(n — 2)na(n) (%)
20— 2)y , o o e O
= (271 — ﬁ)MO 0 (/-//2 — 1)5 + 2TLMO o S — na(n) (5 )””
2(n—2) (0=1m .
where the last second equation follows from the definition of s*. O
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3.3. THE PROOF ON THE BLOW-UP RESULT IN THEOREM [Tl
From Lemma [3.2] we know that there exists a finite time 7" such that

lim m2(t) = 0.
t=T

The relation between the second moment and L™ norm of p can be ob-
tained by using Holder’s inequality, VR > 0, we have

1
| oo < [ pwrtos [ pade < CRUOD ]+ ggmae)

c
R

Now by choosing R = ( Cﬁr;”(?m yG=naFzm | we have
ol < Clipll m(t) e

Consequently, there exists T* < T such that lim; -

pllLm = oo.

APPENDIX

In Example [Tl we gave an initial data of the system with small mass and
showed that the solution must blow up in finite time according to the main
result of this paper. Here in this appendix, we will give a detailed calculation
for the quantities appeared in Example [Tl to make sure that the assumptions
in theorem [Tl satisfied.

For given g9 > 0 small, let the initial data be

K" 1

€0y Tl < %,

3.2 x) = a(n) K
(3-2) polz) { 0, lz| > %,

where a(n) is the volume of n dimensional unit ball, and K will be determined
later.

n—2
First of all, since [|po|| | 2z, = Eo(ﬁ—:) ™ to prove (), i.e. ol 22, >
(s*)%?&ﬁl) , it is necessary to show
I pnt=2n w2 r2n%a(n)\ zEtrmm
83) g UK > (a(n) T (T )
33 < (ol (22

Notice that n > 2, there exists a constant K; > 0 such that for all K > Kj,
the formula [B3) is true.

DOCUMENTA MATHEMATICA 19 (2014) 103-120



EXACT CRITERION FOR DEGENERATE KELLER-SEGEL SYSTEM 119

The corresponding initial free energy is

Fow) = i [ - <7><> [ e % i

= — € de — ——— dxdy
m—1 /< 0 (a(n)) n72no¢ <L |xfy|" 2

%
K™ \2
/ (60 a(n) ) dmdy
\

€0 n(m—1) (Oé(n))lim _ 1 /
S - 2= 2l Jyuje g hores ToT+ 19D
K™ \2
Sgl n(m—1) 1—m 1 / / (an(n))
< ——K - dzd
- m-1 (a(n) 2(n — 2)na(n) i<t Jiyi< (%) 5 aray
E()n n(m—1) 1-m 227” 2 7-n—2
K (a(n)) - oK

m—1
To show that ([[7) is true, it is necessary to show that

mt 7721.(7L+22) 2n n(m—1) . (m _ 1)227n 242 m(n+2) 2n _—
n mn K —mn K
€o ( ( )) 2(7172)7104(71)60
2— 2 —m 2n2a(n)\ = s
3.4 n ( ) .
(3:4) Tz om

Notice that m < 2 — % implies n(m — 1) < n — 2. Thus there exists a constant
K5 > 0 such that when K > Ko, ([34]) holds.

Hence taking Ky = max{K;, K2}, we know that when K > K, the initial
data satisfies blow-up condition in Theorem [1]
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