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ABSTRACT. This paper treats certain lattices in ternary quadratic
spaces, which are obtained from the data of a non-zero element and a
maximal lattice in a quaternary space. Each class in the genus of such
a lattice with respect to the special orthogonal group corresponds to
an isomorphism class in the genus of an order associated with the
lattice in a quaternion algebra. Using this result together with the
principle of Shimura, we show that the number of classes of the prim-
itive solutions of a quadratic Diophantine equation in four variables
coincides with the type number of the order under suitable conditions
on the given element. We illustrate this result by explicit examples.
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INTRODUCTION

Let (V, ¢) be a nondegenerate quadratic space of dimension 4 over a number
field F', that is, V is a four-dimensional vector space over F' and ¢ is a non-
degenerate symmetric F-bilinear form on V. For an element h of V such that

@[h](: @(hv h)) 7é 0, we put
W = (Fh)* ={z €V | p(z, h) = 0}

and consider a quadratic space (W, 1) of dimension 3 over F' with the restriction
1 of ¢ to W. In this paper the special orthogonal group SOV of 9 is regarded
as the subgroup {7y € SO¥ | hy = h} of the orthogonal group SO¥ of ¢. The
orthogonal group OY of 1 is also identified with O in a similar manner. For
a maximal lattice L in (V, ) we put

Llg, ] ={z € V | ¢[z] = q, (z, L) = b}, D(L)={a €O} |La=L},
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248 MANABU MURATA

where ¢ = ¢[h], b = ¢(h,
Liq, b] is stable under I'"(L
in an obvious way.

In the sense of Shimura [9, Introduction I, L[g, b] is the set of primitive so-
lutions of the equation @[z] = ¢q. Our interest in this paper is basically the
set

L), and the subscript A means adelization. Since
) =0¥ND(L), the set L[g, b]/T"(L) is meaningful

Llg, b]/T"(L)

consisting of the classes of such solutions. By the principle of [9, Theorem
11.6], each class of solutions of L;[q, b] modulo T"(L;) for i € J corresponds to
a class of OY relative to an open subgroup OX N D(L) in OX. Here {L;}ics
is a set of representatives for the O%¥-classes in the O¥-genus of L for which
L;[q, b] # 0 (see also (£J) below).

Now we consider the lattice L N W in (W, ¢) and the even Clifford algebra
AT (W) of 4, which is a quaternion algebra over F since the dimension of W
is 3. Let A(N) be the order generated by g and N in the Clifford algebra of 1,
and put AT(N) = AT (W) N A(N) for an integral lattice N in (W, ¢). Here g
is the ring of all integers of F' and the terms integral and mazimal are given in
§1.1. To LNW we can associate an order O in A* (W), containing AT (LNW),
whose discriminant is given by ([3.22) below. The purpose of this paper is to
define such an order O, to give a bijection of the SO¥-classes in the SO¥-genus
of L N W onto the isomorphism classes in the genus of O, and to prove

> #{Lila, b]/T°(Li)} = t(D) (0.1)

icJ

through the above principle under suitable conditions on h € L[g, b], where the
genus of O is defined by the set {a 'Oa | o € AT(W)x} and t(O) is the type
number of O.

To obtain the order 9, we proceed in a similar manner to [10, §4.6] under mild
conditions on h € Llg, b] (Proposition (3)). As for the bijection, given a
lattice N in the genus of LN W, put N = (L N W)7(«) with o € AT (W)}.
Here 7 is a surjective homomorphism of GT(W)a onto SOK and GT(W) is
the even Clifford group of 1, which is given by AT (WW)*. Then our bijection
is defined by N — a~'Oa (Theorem [3.4] (2)). This result mainly relies on a
description of LNW in AT (W) by means of AT (LNW) (cf. [4, Theorem 2.1]).
Now in Proposition B3] we shall prove that O¥eD(LNW) = O¥(0% N D(L))
for every € € OK under several assumptions on h € L[g, b]. Because W is odd-
dimensional, the class number of the genus of L W with respect to O¥ equals
that with respect to SO¥. Hence by virtue of the principle mentioned above,
the number Y-, ; # {Lilq, b]/T"(L;)} is equal to the number of SO¥-classes in
the SO¥-genus of L N W. Our main result (1)) follows from this fact and the
above bijection.

It should be noted that the genus of 9 is determined by the discriminant if O
has squarefree discriminant, for instance, if  is maximal. When the quaternion
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algebra is totally definite, there are formulas for computing the type number of
such an order; see Peters [} Satz 14] or Pizer [0, Theorem A and Theorem B],
etc.. In Section 5 we will take up totally-positive definite forms ¢ and employ
their numerical tables [5l Tabelle 2] and [6l Table 1] for type numbers. It
seems that there are few numerical examples for the type number of the genus
of an order whose discriminant is not squarefree and for the class number of
the genus of a lattice which is neither maximal nor unimodular with respect to
a definite form. Here we assume that h satisfies the conditions in Proposition
Then (@) contains the case of non-maximal (and often non-unimodular)
LN W, more clearly, the case that D has at most one higher-power prime p¢
(e > 1) in its discriminant, where p is a prime ideal of F' (see also ([@I0) below).

To see the existence of such an element h, as an application of Proposition [£.3]
let B, o be a definite quaternion algebra over Q ramified exactly at a prime
number r and take a prime number d prime to r so that d = 1 (mod 4). In
Theorem [B.1] we shall show:

For every odd prime number p prime to dr and 0 < n € Z, except when n
is odd and p remains prime in Q(\/E), there exists a mazimal lattice L in
(V, @) over Q of invariants {4, Q(v/d), By «, 4} (see (LH) for the definitions)
such that L[dp™, 271dZ] # 0. And moreover, formula (@) is valid for h €
L[dp™, 271dZ] with an order O in B, « of discriminant rp"Z.

For example, let us take (V, o) of invariants {4, Q(v/29), Ba, w0, 4}. By [9, The-
orem 12.14 (vi)] the number of O¥-classes in the O¥-genus of maximal lattices
in (V, ¢) equals the number #{A[29, Z]/T"(A)}, where A is a maximal lattice
in a five-dimensional quadratic space over Q with respect to the quadratic form
defined by the sum of five squares. In [9 §12.15], #{A[29, Z]/T"(A)} was de-
termined, and it is 3. Hence the genus of maximal lattices in (V, ¢) consists
of three O¥-classes. For details, see the last part of Section 4.1 in the text.
We can also see the representatives {L1, La, L3} of such classes by means of a
bijection in Lemma [T applied to the set A[29, Z]. Then we have the following
numerical table:

[ [ Mi(20p) | Ma(20p) | Ns(20p) [ 102, ) | e(299) |

1 2 0 0 1 1
) 0 2 0 1 1
7 0 0 2 1 1
13 0 2 2 2 2
23 0 0 6 1 1
53 0 10 6 3 3
99 24 8 6 3 3

Here we put N;(29p) = #L;[29p, 271 - 29Z], (2, p) = (D) with an order O
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in By o of discriminant 2pZ, and ¢(29p) = Z?zl #{L;[29p, 271 -29Z) /T (L;)};
we quoted the type number ¢(2, p) in [6l Table 1]. Therefore we have

#{L;[29-59, 271 - 29Z)/T"(L;)} =1 fori=1, 2, 3,

for instance. It is noted that #I'(L;) = 48, #I'(L2) = 8, and #I'(L3) = 6,
where I'(L;) = SO?ND(L;). In Section 5.3 we shall give a few numerical tables
for r =2 and d = 5, 13, 17, 29 including the above cases. As a special case of
Theorem [B.1] we have Corollary 521 which states that for any d as in Theorem
B0 only one O¥-class in the genus satisfies L[d, 271dZ] # 0 with a lattice L
in the class and then (0.I]) precisely gives #{L[d, 27'dZ]/T" (L)} = 1, provided
the type number of B,  is 1.

The existence of a maximal lattice in Theorem 5] can be shown in a similar
way to [3, Proposition 4.3] by means of two explicit formulas concerning
#L[dp™, 2=1dZ] and #L[dp", 27 'Z]. Those formulas will be given in (5.2) and
(E3) without detailed proofs because of the length of the paper. The author
hopes to prove it in a subsequent paper.

Acknowledgements. 1 sincerely wish to thank Professor Koji Doi for his
encouragement and for giving a remark on the discriminant of © in ([@1). I
am also thankful to Dr. Takashi Yoshinaga for supporting the computation
of #L;[dp"™, 27'dZ] in the numerical tables and for his much help to the
determination of A[d, Z]/T'(A) in Section 5.3 in November 2010. I would
like to express my deep gratitude to the anonymous referee, who carefully
read the manuscript and guided me to the connection of the classes of max-
imal lattices in a four-dimensional quadratic space with the sum of five squares.

Notation. We denote by Z, Q, and R the ring of rational integers, the field of
rational numbers, and the field of real numbers, respectively.

If R is an associative ring with identity element and if M is an R-module,
then we write R* for the group of all invertible elements of R and M) the
R-module of m x n-matrices with entries in M. We set R*? = {a? | a € R*}.
For a finite set X, we denote by #X the number of elements in X. We set
[a] = Max{n € Z | n <a}.

Let V be a vector space over a field F' of characteristic 0, and GL(V') the group
of all F-linear automorphisms of V. We let GL(V') act on V on the right.

Let F be an algebraic number field and g the ring of all algebraic integers in F'.
For a fractional ideal of F' we often call it a g-ideal. Let a, h, and r be the sets
of archimedean primes, nonarchimedean primes, and real archimedean primes
of F, respectively. We denote by F, the completion of F' at v € aU h, and
by Fa and F the adele ring and the idele group of F, respectively. We often
identify v with the prime ideal of F' corresponding to v € h, and write x, for
the image of x under the embedding of F' into R over Q at v € r. For v € h
we denote by g,, py, and 7, the maximal order, the prime ideal, and a prime
element of F),, respectively. If K is a quadratic extension of F', we denote by
D p the relative discriminant of K over F', and put K, = K ®p F, for v € h.
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QUADRATIC DIOPHANTINE EQUATIONS IN FOUR VARIABLES 251

By a g-lattice, or simply a lattice L in a vector space V over a number field
or nonarchimedean local field F', we mean a finitely generated g-submodule in
V' containing a basis of V. By an order in a quaternion algebra B over F' we
mean a subring of B containing g that is a g-lattice in B. For a symmetric
F-bilinear form ¢ on V and two subspaces X and Y of V', we denote by X @Y
the direct sum of X and Y if p(z, y) = 0 for every z € X and y € Y; then
we also denote by ¢|x the restriction of ¢ to X. When X is an object defined
over a number field F', we often denote by X, the localization at a prime v if
it is meaningful. For given local objects X, in the text with v € aUh, we put
Xa = [lyca Xv and Xy = [[,cp, Xo-

1 PRELIMINARIES FOR QUADRATIC FORMS

1.1 QUADRATIC SPACES AND CLIFFORD ALGEBRAS

Let F be an algebraic number field or its completion at a prime. Throughout
the paper we often call the former a global field and the latter a local field when
it is nonarchimedean. Let (V, ¢) be a quadratic space over F, that is, V is a
vector space over F' and ¢ is a symmetric F-bilinear form on V. In this paper
we consider only a nondegenerate form ¢. We put plz] = ¢(z, z) for x € V.
We define the orthogonal group and the special orthogonal group of ¢ by

O?(V) = 0% ={y e GL(V) | p(zv, y7) = »(z, y)},
SO?(V) = SO? = {y € 0?(V) | det(v) = 1}

We denote by A(¢) = A(V) the Clifford algebra of ¢ and by AT (p) = AT(V)
the even Clifford algebra of ¢. For x € A(V) we mean a* the image of  under
the canonical involution of A(V'). We define the even Clifford group G* (V) of

(V; @) by
GT(V)={ac AT(V)* |a ' Va=V}. (1.1)
We denote by 7 a homomorphism defined as follows:
7:GH(V) — SO?(V) via x7(a) =a 'za forzeV. (1.2)

This is surjective and the kernel is F'*; see [9, Theorem 3.6], for example.
For a g-lattice L in V' we put

L=L"={zeV|2p(z, L) C g} (1.3)

We call L integral with respect to ¢ if ¢[L] C g. We note that L C Lif L is
integral. By a g-maximal, or simply a maximal, lattice L with respect to p, we
understand a g-lattice L in V' which is maximal among g-lattices on which the
values ¢[z] are contained in g. For an integral lattice L in V' with respect to
v, we denote by A(L) the subring of A(V') generated by g and L. We also put

AF(L) = AT (V)N A(L). (1.4)
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Then A(L) (resp. AT (L)) is an order in A(V) (resp. AT (V) (cf. [9 §8.2]).

For a global field F and v € aUh, we put V,, = V ®p F, and denote by
¢y the F,-bilinear extension of ¢ to V,; we then put (V, ), = (V, ¢,). For
v € h and a g,-maximal lattice L, in V,, (V, ¢), has a Witt decomposition
as follows (cf. [9, Lemma 6.5)): V, = Z, ® >..*,(Fye; + F,f;) and L, =
N, + Z:;l(gyei + gofi) with some elements e; and f; ( = 1, -, r,) such
that ¢y (ei, e;) = wo(fi, fj) = 0 and 2¢,(e;, f;) = 1 or 0 according as i = j
ori#j. Here Z, = {z € V,, | (2, i) = @u(z, fi) = 0 for every i}, on which
¢y 1s anisotropic; N, = {z € Z, | vy[z] € gy}, which is a unique g,-maximal
lattice in Z,, with respect to ¢,. The dimension ¢, of Z,, is uniquely determined
by ¢, and 0 < t, <4 for v € h (cf. [9 Theorem 7.6 (ii)]). We call Z, a core
subspace of (V, ¢), and t, the core dimension of (V, ¢) at v. For convenience,
we also call a subspace U, of V,, anisotropic if ¢, is so on U,.

For g-lattices L and M in V over a global or local field F, we denote by [L/M]
a g-ideal of F' generated over g by det(«) of all F-linear automorphisms « of V'
such that La C M. If F is a global field, then [L/M] = [[,cp[Lv/M,] with the
localization [L/M], = [L,/M,] at each v. Following [I1], §6.1], in both global
and local F, we call [L/L] the discriminant ideal of (V, ) if L is a g-maximal
lattice in V with respect to ¢. This is independent of the choice of L. If F' is
a local field, the discriminant ideal of ¢ coincides with that of a core subspace
of .

By the invariants of (V, ¢) over a number field F'; we understand a set of data

{n, F(V3), Q(¢), {su(9)}ver}, (1.5)

where n is the dimension of V, F(v/§) is the discriminant field of ¢ with
§ = (=1)""=D/2 det (), Q(¢) is the characteristic quaternion algebra of ¢, and
su(¢p) is the index of ¢ at v € r. For these definitions, the reader is referred to
[11l §1.1, 3.1, and 4.1] (cf. also [4} (1.6)]). By virtue of [I1l Theorem 4.2], the
isomorphism class of (V, ¢) is determined by {n, F(v/4), Q(), {sv(©)}ver}
and vice versa.

The characteristic algebra Q(p,) is also defined for ¢, at v € aUh (cf. [I1],
§3.1]). By [11l Lemma 3.3] the isomorphism class of (V, ¢), is determined by
{n, F,(V/9), Q(py)} if v € h. As for v € a, it is determined by {n, s,(¢)} if
v € r, and by the dimension n if v € r. If v € r, then Q(yp,) is given by [I1]
(4.2a) and (4.2b)], for example. If v & r, then Q(p,) = M2(C), where C is the
field of complex numbers.

Let SO?(V)a (resp. O?(V)a) be the adelization of SO? (V') (resp. O¥(V)) in
the usual sense (cf. [9, §9.6]). For oo € SO¥(V)a and a g-lattice L in V, we
denote by Lo the g-lattice in V' whose localization at each v € h is given by
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Lya,. We put

O(L) = {ae SO¢(V)a | La =L}, C(L,)=S0%(V,)nC(L), (veh)
(L) = SO?(V)n C(L).

Then the map a — La~! gives a bijection of SO%\ SO% /C(L) onto {La | o €
SO%}/S50%. We call {La | a € SO%} the SO?-genus of L, {Lvy | v € SO¥}
the SO?-class of L, and #{SO¥?\SO% /C(L)} the class number of SO¥ relative
to C(L) or the class number of the genus of L with respect to SO¥. It is known
that all g-maximal lattices in V with respect to ¢ form a single SO¥-genus.
Let AT(V)x (resp. GT(V)a) be the adelization of AT (V)* (resp. GT(V)). We
can extend 7 of (I2) to a homomorphism of G*(V)a onto SO%. We denote
it by the same symbol 7 (cf. [9, §9.10]).

For a g-lattice L in V, g € F, and a g-ideal b of F', we put

Llgf={z € L|¢lz| =q}, Lig b]={z eV |glr]=gq, ¢(r, L)="b}.

Here ¢(x, L) = {po(x, y) | v € L}, which becomes a g-ideal of F. Suppose
F' is a nonarchimedean local field. Let V have dimension n > 2 and L be
a g-maximal lattice in V' with respect to ¢. Then [9 Theorem 10.5] due to
Shimura shows that

Llg, ¥ = hC(L), (1.6)
provided h € L[q, b] (cf. also [I2] Theorem 1.3]).

For a quaternion algebra B over F, we put 283(x, y) = ay* + ya* for x, y €
B with the main involution ¢ of B. For an order o in B it is known that
[0/0] = d(0)? with an integral ideal d(o) of F. Here 0 is defined by (3] with
B. The ideal d(o) is called the discriminant of 0. If F' is a number field and o
is a maximal order, then d(o0) is the product of all prime ideals ramified in B,
which is called the discriminant of B and denoted by Dp. We set

T(o) ={a € Bx |ao =0a}, T(o,)=B;NT(0) (veaUh),
(o) = B*NT(o),

where B is the adelization of B*, B, = B ®p F,, and 0, = 0 ®4 g,. The

number #{T(0)\ B /B*} is called the type number of 0. Let U = BX [], ¢y, 0

in BY. Then the number of U \ B /B* is called the class number of o.
A A

Here we introduce two symbols below, which will be used throughout the paper.
Let F' be a nonarchimedean local field and p the prime ideal of F'. For b € F*
we set
1 if F(Vb)=F,
(F(Vb)/p) = { =1 if F(v/b) is an unramified quadratic extension of F,
0 if F(v/b) is a ramified quadratic extension of F.
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For a quaternion algebra B over F we set

1 if B2 My(F),
x(B) = P 2-( -)-
—1 if B is a division algebra.

1.2 TERNARY QUADRATIC SPACES

We recall some basic facts on 3-dimensional quadratic spaces (W, ¢) over a
number field or its completion F'. The characteristic algebra Q(v) is given by
AT (W) by definition. The core dimension s, of (W, ) at v € h is determined
by
_ 1 lfQ(wU):MQ(Fv)7
Sy = . . N (17)
3 if Q(¢y) is a division algebra.

This can be seen from [I1], §3.2] and the proof of [I1, Lemma 3.3].

There are isomorphisms of (W, 1) onto (AT (W)°, dv°) with d € F*. Here
AT(W)e ={z € AT (W) | 2* = —a}, v[z] = xz* for x € AT (W), and v° is
the restriction of v to A*(W)°. Let us explain such isomorphisms, following
[9, §7.3].

Take an orthogonal basis {k1, ko, ks} of W with respect to v, namely, an F-
basis {k;} of W such that ¢(k;, k;) = 0 for ¢ # j. Under the identification
of W with the corresponding subspace in the Clifford algebra A(W), put & =
kikaoks € A(W)*; then F + F¢ is the center of A(W). We see that AT (W) =
F+Fkiko+ Fki1ks+ Fkoks and W€ = Fkiko+ Fkiks+ Fkoks. By [9, Theorem
2.8 (ii)], AT (W) is a quaternion algebra over F'; the main involution coincides
with the canonical involution * restricted to A*(W). Then the mapping z —
z€ gives an F-linear isomorphism of W onto AT (W)° such that (z€)(z€)* =
E€*yplx] for x € W. Putting v[y] = yy* fory € AT (W), we have an isomorphism

(W, 9) = (AT(W)°, (67)71v°) viaa — at. (1.8)

We note that £€* € det (1)) F*2, since £€* = [k1]b[ka][ks] € F*.

Let GT(W) be the even Clifford group of (W, ¢) as in (II)) and 7 the homomor-
phism defined in (C2)). By the definition of A*(W)°, a AT (W)°a = AT (W)°
for a € AT(W)*. Hence we have GT(W) = AT (W)*. Moreover, under the
isomorphism (I.8)) we can understand that

r7(a) = a tatat™?

forz € W and a € AT(W)*.

Now, the pair (A*(W), v) can be viewed as a quaternary quadratic space
over F. We note that v(z,y) = 2’1T7’A+(W)/F(:cy*) for z,y € AT(W).
For an integral lattice N in W with respect to 1, we consider the order
AT(N) in AT (W) defined by (L4). Its discriminant d(A*(N)) is given by
[AT(NY/AT(N)] = d(A*(N))?, where AT (N is defined by (L3) with v. By
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[4, Lemma 1.1], d(A*(N)) = 27[N/N]. It is noted that if the order A*(N) is
mazimal in AT (W) for an integral lattice N in (W, v), then N is g-maximal
with respect to 1p. The converse is not true; namely, in general, AT(N) is not
maximal even if N is a maximal lattice.

2 ORTHOGONAL COMPLEMENTS IN QUATERNARY SPACES

2.1 INVARIANTS AND DISCRIMINANT IDEALS

Let (V, ¢) be a 4-dimensional quadratic space over a number field F. The
characteristic algebra Q(y) is determined by A(¢) & M2(Q(p)) by definition.
Set B = Q(¢) and K = F(v/§) with § = det(yp). The core dimension t, of
(V, ¢) at v € h is determined by

0 if F,(vV6) =F, and Q(pu) = Ma(F,),
ty, =<4 if F,(v/8) = F, and Q(y,) is a division algebra, (2.1)
2 if F,(V9) # F,.

This can be seen from [I1], §3.2] and the proof of [11, Lemma 3.3].
For h € V such that ¢[h] = ¢ # 0 we put

W = (Fh)* ={z €V |z, h) = 0}. (2.2)

Then (W, v) is a nondegenerate ternary quadratic space over F' with the re-
striction ¢ of ¢ to W and (V, ¢) = (W, ¥) @ (Fh, ¢|rr). The invariants of

(W, ¢) are given by {3, F(v/—49q), Q(t¥), {sv(¥)}}ver}, which are independent
of the choice of h so that ¢[h] = q. The characteristic algebra Q (1)) = AT (W)
is determined by the local algebras Q(v,) for all primes v of F. Then by [2]
Theorem 1.1 (1)], Q(1,) = Ma(F,) holds exactly in the following cases:

§ € Fr? and v{ D,

§ € FX* vt Dpg, and q € k,[K)],
§ ¢ F)? v | Dp, and q & ko[K[],
vETr,q >0, and s,(p) =0, 2,
vET, g <0, and s,(p) =0, —2,

v € a such that v € r,

where k, is the norm form of K,. It should be noted that

M>(Q(y)) = Q) ®r { K, q}, (2.3)

where F' is a number field or its completion and { K, ¢} is the quaternion algebra
over F defined in [, (1.12)] if K # F; we set {K, q} = My(F) if K = F (see
also [9 §1.10]). This (Z3) can be seen from [II, Theorem 7.4 (i)]. The index
at v € r is given by s,(¢0) = sy(¢) — 1 if ¢, > 0 and s, (¢)) = sy(¢) + 1 if g, < 0.
The core dimension of (W, ¥) at v € h is determined by (L7).
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The Clifford algebra A(W) can be viewed as a subalgebra of A(V) with
the restriction ¢. Then AT(W) = {& € AT (V) | zh = hz} and
GT(W) = {a € G(V) | ah = ha} by [9, Lemma 3.16]. The canonical
involution of A(W) coincides with * of A(V) restricted to A(W). In particular,
such an involution * gives the main involution of the quaternion algebra

AT(W).

Let L and M be g-maximal lattices in V' and W with respect to ¢ and 1,
respectively. The discriminant ideals of ¢ and 1 are given as follows:

[L/L) = Dg/pe?, (2.4)
[M/M] = 2a7'D%, N 2a, (2.5)

where ¢ is the product of all the prime ideals which are ramified in B and which
do not ramify in K; we understand Dg,p = g if K = F; we put dqg = ab?
with a squarefree integral ideal a and a g-ideal b of F'. These (24) and (2.1)
can be obtained by applying [I1, Theorem 6.2] to (V, ) and the complement
(W, ).

The intersection L N W is an integral g-lattice in W with respect to 9. It can
be seen that [((LNWY/LNW]| = [M/LNW]?[M/M] and [M/L N W] is an
integral ideal, which is independent of the choice of M; see [2, Lemma 2.2 (6)].
Moreover there is a g-ideal b(q) of F' such that

[M/LOW] =b(a)(2¢(h, L))~ (2.6)

by [2, Theorem 4.2]. We note that 2p(h, L) must contain b(q) and that
2¢(h, L) C g if h € L. The ideal b(q) is determined by

2q[L/L] = b(q)*[M /M] (2.7)

(cf. [2 (4.1)]). Combining these, we obtain [(L N WJ/L N W] =
2q[L/L)(2¢(h, L))~2. Now to LNW we associate the order AT (LNW) defined
by ([4). Its discriminant is given by

d(AT(LAW)) =27 [(LAWI/LAW] = qL/L]2p(h, L)) % (2.8)

It is noted that the discriminant of AT (W) divides ¢[L/L](2¢(h, L))~2. We
also note that if d(A*(L N W)) is squarefree, then 2¢(h, L) must be b(q) in
(Z6), that is, LN W is maximal in W.

For our later use, let us state a weak Witt decomposition of the local space
(V, ¢), whose core dimension t, is 0 or 2. We fix a nonarchimedean prime v
of F' and drop the subscript v. Let L be a g-maximal lattice in V' with respect
to . We first note that ¢ is isotropic as ¢ is 0 or 2. Let K be the discriminant
algebra of ¢ defined by K = F x F'if t = 0 and by K = F(y/det(p)) if t = 2;
also let x be the norm form defined by 2x(z, y) = klx + y] — k[z] — k[y] and
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k[(a, b)] = ab for z, y, (a, b) € K if t = 0, and by 2k(z, y) = zy” + zPy for
z, y € K with a nontrivial automorphism p of K over F' if ¢ = 2. Because K
is embeddable in AT (V), we identify K with the image of it. Then there is a
weak Witt decomposition as follows (cf. [4] (1.19) and (1.20)]):

V=Kg&(Fe+Ff), L=rtg+(ge+af)
(Kg, v) 2 (K, ck) viazgr— x (2.9)

with some elements e and f of V' such that ¢[e] = ¢[f] = 0 and 2¢(e, f) =1,
and g € V such that g> =c € FX. Here t = g x g if t = 0 and t is the maximal
order of K if t = 2. We may assume that c=1if¢t =0, c € g* if (K/p) =-1
and x(Q(¢)) = +1, c € mg* if (K/p) = —1 and x(Q(¢)) = —1, and ¢ € g* if
(K/p) = 0. We also note that A*(Kg) = K and zg = gz* for z € K, where
(a, b)* = (b, a) for (a, b) € K if t = 0 and the involution % gives a nontrivial
automorphism of K over F if t = 2.

2.2 THE GENUS OF LNW

Let (V, ) be a quaternary quadratic space over a number field F' and (W, )
as in §2.1 with a fixed element h of V such that o[h] # 0.

LEMMA 2.1. Let L be a g-mazimal lattice in V with respect to ¢. Then AT(LN
W) = AT(L)N AT (W) for every h € V such that @[h] # 0. The discriminant
of AT(LNW) is given by [2.8).

This follows from the similar result [4, Lemma 3.2] on local orders A* (L, NW,,)
by localization. We next restate [4, Corollary 2.2] which is a conclusion from
the main result of [4]:

THEOREM 2.2. Let (V, @) be a quaternary quadratic space over a number field F
and L a g-mazimal lattice in V with respect to ¢. For h € V' such that p[h] # 0
put W = (Fh)* and let ¢ be the restriction of p to W. Put o = AT(LNW).
Then C(LNW) = 7(T(0)) and T(LNW) = 7(I'*(0)) hold. Consequently, the
map N — AY(N) gives a bijection of the SOY(W)-classes in the SO¥(W)-
genus of LNW onto the conjugacy classes in the genus of o which is the set
{a"toar | € AT(W) 1}

3 AN ORDER ASSOCIATED WITH LNW

3.1 THE LOCAL CASE

We first recall some general notation and results, following [9, §8 Part I]. For
a quadratic space (V, ¢) over a local field F, take a g-maximal lattice L in V
with respect to ¢. We define a subgroup Jy of GT (V) by

Jv ={ae G (V) |7(a) € C(L), aa* € g*}. (3.1)
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Put Ey = GY(V) N Jy, where G}(V) = {a € GT(V) | aa* = 1} is the spin
group of ¢. If the dimension of V' is even more than 2, then by virtue of [9]
Theorem 8.9] specialized to this case,

1 ift=0,0ort=2, (K/p)=-1, and Q(p) = Ma(F),
2 otherwise,

[C(L):7(Jv)] = {
(3.2)

where t is the core dimension of (V, ¢) and K = F(v/3) is the discriminant
field of ¢. If the dimension of V is odd more than 1, then by [9, Theorem 8.9]
and [I2, Theorem 1.8 (ii)],

1 ift=1andJe g*F*x2,

. (3.3)
2 otherwise.

[C(L) = m(Jv)] = {

Let (V, ¢) be a quaternary quadratic space over F. For h € V such that
¢lh] = ¢ # 0, put W = (Fh)* and let v be the restriction of ¢ to W. Let
K = F(V/9) be the discriminant field of ¢. Also let L and M be g-maximal
lattices in V and W with respect to ¢ and 1, respectively. We define Jy in
GH(V) by @) with L and Jy in G*(W) with M. Let Si; (resp. S;,) be the
order in AT(V) (resp. AT(W)) generated by Ey and AT (L) (resp. by Ew and
AT (M)) except the case where t = 2, (K/p) = —1, and x(Q(p)) = —1 (resp.
where t = 0 and ¢ € mg* F*?, or t = 2, 6q € 7g* F*2, and Q(p) = Ma(F)); in
which cases we put

Sy =AT(V)NnSy ift=2, (K/p)=-1, and x(Q(p)) = -1, (3-4)

t=0and q € 7g* F*2,

t=2,6q € mg*F*2 and Q(v) = My(F), (3:5)

Sy =ATW)nSw if {

where Sy (resp. Sw) is a unique maximal order in A(V') (resp. A(W)) contain-
ing Ey and A(L) (resp. Ew and A(M)) given by [9, Theorem 8.6 (i)]. By [dl
Theorem 8.6 (ii)] these S;7 and Sjf, are maximal orders except in cases (3.4)
and ([BA). It should be noted that we can prove this fact in a similar way to
the proof of [9 Theorem 8.6 (ii)] even for the case which does not satisfy the
assumption [9, (8.1)]. For the same reason we also see that Sy = A(M) in
case (B.0). In all cases,

Jv = GHV)N(SH)*, (3.6)
Jw = GT(W) N (Sy)* = (S)™ (3.7)

In fact, [9, Proposition 8.8 (ii)] together with G* (W) = A*(W)* implies (B3.7)
except in case (B0]). As for (31), there is an order in A(W) containing Jy and
M by [9, Lemma 8.4 (ii)]. In view of the uniqueness of Sy and Ew C Jw, Sw
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contains Jy and M, and hence [9, Proposition 8.8 (i)] is applicable to the case

(Z3). This proves B7). Similarly we have (3.0]).
Now, AT(W) = {z € AY(V) | zh = ha} and Gt (W) = {a € GT(V) | ah =
ha} as mentioned in §2.1. It can be seen that

GT(W)NnJy = (AT (W)n SH)*. (3.8)
Thus G*(W) N Jy is the unit group of an order A*(W) NS} in AT(W).
LEMMA 3.1. In the above setting the following assertions hold:
(1) [Sy,/AT(M))] is given by
p ift=4and q € g*F*2,

ort=2,0q€ g F*2, and x(Q(v)) = —1, (3.9)
g otherwise.

Here S{,”V may or may not be mazximal when t = 0 and q € wg*F*? or
when t = 2, 6q € 7g* F*2, and Q(¢) = Mo(F).

(2) Assume that ¢ € g*F*% if t = 2, K/F is unramified, and Q(y) is a
division algebra. Then [AT(W) N SE /AT (LN W)] is given by

p ift=4andqe g F*?,

ort= 2; (K/p) - 71; and X(Q(CP)) - 717 (310)
g otherwise.

Proof. Let s be the core dimension of (W, ). In view of (1), (Z3), and (1),
we observe that

t=0and q € Tg* F*2,

=1 and dq € mg* F*? <
PTomeorem {t2,5q€7rgXFX2,andQ(w)Mz(F)a

(3.11)
t=4and e
s=3and §q € g*F*? — and g €9 y
t=2,06q € g F** and x(Q(¢)) = —1.
(3.12)
Then we can verify that
st — Aty 4170
t =2 except the case (K/p) = —1 and x(Q(¢)) = —1,
(3.13)
St = AN(M) s {57 (3.14)
s =3 and §q € mg* F*2.
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In fact, if s = 1 and d¢ € wg* F*2, then the ‘if’-part of ([BI4]) follows from
BID), GH), and Sy = A(M). If s = 3 and dq € 7g* F*2, then S}, = AT (M)
because the discriminant of AT (M) is p. If s = 3 and dq € g* F*?, then since
Sy, is a maximal order in the division algebra A+ (W), it has discriminant p.
Note that the discriminant of A*(M) is p2. Hence Sjj, # AT (M). Further,
observing A* (M) C Sy}, C (S}},)”C AT(M)™ and applying [2| Lemma 2.2 (3)]
with the norm form v of A*(W), we have [S;},/A*(M)] = p. The remaining
parts follow from [9, Theorem 8.6 (vi)].

From (B.14) and (BI2) we see that
t=4and g€ g*F*?,
t=2,0q€g*F*? and x(Q(v)) = —1.

In this case [Sy}, /At (M)] = p, which proves (1).

To prove (2), it is sufficient to observe the two cases that ¢ = 4 or that t = 2,
(K/p) =—1, and x(Q(¢)) = —1 by BI3) and Lemma 211

If t =4 and ¢ € mg* F*2, then AT (LNW) C AY(W)N S C S, = AT (M),
Thus AT (W) N Sy; = AY(L N W) because L N W is maximal.

Suppose that t = 4 and q € g*F*2. Then A*(L N W) has discriminant p?
and by Lemma 21 AT (LNW) C AY(W)NS{: C Sy} in the division algebra
AT (W). We employ the setting and notation in the case where gy € g* and
(K1/p) =0 in [ §4.4]. In [4, (3.31)] observing (g2g3)(gag3)* € m2g*, we set

St £ AT(M) {

O = g+99192 + 89193 + 97 ' g2g3. (3.15)

This is an order in AT (W) which contains but does not coincide with A*(L N
W). Hence O is a unique maximal order S;}, in A*(W). Now in the present
setting, (V, ¢) = (B, B) and L is a unique maximal order 0 in B = Q(p) with
the norm form B. To see the order S} in A*(V), we here recall an F-linear
mapping p defined in [9, §7.4 (B)]:

0
p:V — My(B) via p(z)= * ,
¢ 0

where ¢ is the main involution of B. Then A* (V) and S} are given by

z 0 z 0
AT (V) = |z, ye By, Si= |z, y€o
0 y v 0 vy

Under the identification of V' with p(V') and of W with p(W), AT(LNW) and
Sy, are given by [ (3.31)] and (BI5), respectively. Then we see that

1 110 g2 0 g3 9294 0
m™ g293 = — . . = 1. )
Tlgs O g5 0 0 ™ "g293

Blrtgagy] = 772 - mac- 7?2 R (1 —¢) € g*.
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Thus both 7~ 1g2g4 and 7~ !g4gs belong to o, so that 7~ 1gags € S;7. Therefore

Sy contains Sy, which implies that A*(W) N S;; is the maximal order S;i,.

For the other cases S;‘V can be observed in a similar manner; we have then

g+glpw+glp(vw) +grtw(w)  if (Ki/p) = —1and p1t2,

St =< g+ glpw+ glp(uw) + gr'w(uw) if (Ki/p)=—-1andp|2,
0+ 0v/5w + gy/a(w) +grlw(ow) i (K fp) = 1,

Here the notation is the same as in each case of [4, §3.4]. Consequently AT (W)N
Sé} = SJ‘V in each case. This settles the case where t = 4 and ¢ € g* F*2.
Suppose that t = 2, (K/p) = —1, and x(Q(p)) = —1. In this case S}’ is defined
by (34) with the maximal order Sy in A(V). Let ¢ € 7*g* with £ € Z. Then
b(q) = p* as was seen in the case of ¢ & p[Kg] in [4, §3.2] with ¢?> € 7g* in
Z3). Since A*(W) is a division algebra, S}}, is a unique maximal order in
AT (W) of discriminant p. We have by (2.8),

AT(LAW) C AT(W)Nn Sy C S},
p22(20(h, L))" C d(AT (W) N Sy) C p. (3.16)

Now put 2¢(h, L) = p™, which satisfies m < ¢. We observe that ¢gm~™e +
7™ f € Llg, 27 'p™] = hC(L) by (L8) with the same notation as in the proof
of [, Lemma 3.1]. Then identifying W with that in [4 (3.1)] and employing
the isomorphism ¥ of A(V) in the proof of [4, Lemma 3.1], we can find the
structure of AT (W) N Sy as follows:

V(AT(W)NSy) =t +7 ", (3.17)

where v = g[{] is the maximal order of K and 7 is given by [4, (3.3)]. From
this together with [4, (3.4)] we have [AT(W) NSy /AT(LNW)] = [¢/f] = p,
where f = g + g%g¢. To see [BIT), we recall by [9, Theorem 8.6 (iii)] that
U(Sy) = M2(Q), where Q = t + tg is a maximal order in the division algebra
Q(p) = A(Kg) = K + Kg. Then (BI1) can be seen from this and [4, (3.2)].
This completes the proof. O

LEMMA 3.2. Let the notation be the same as in Lemmal3 1l with h and L. Then
the following assertions hold:

(1) Define an order O in AT (W) by

S if t =4,
O =JATW)NSy ift=2, (K/p)= -1, and x(Qp)) = -1,
AT(LNW)  otherwise.
(3.18)

Then GT(W)NJy = O%.
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(2) Assume that ¢ = p[h] € g*F*% and 2¢p(h, L) = b(q) if t = 2, K/F is
unramified, and Q(p) is a division algebra. Let O be the order defined by
BIR). Then O is a unique order in AT (W), containing A*(LNW), of
discriminant

N OT’t:2, (K/p):f]_, and X(Q((p)):fl’
q[L/L)(2¢(h, L))~% otherwise.
(3.19)

In particular, O is a unique mazimal order in the division algebra A+ (W)
when t =2, (K/p) = -1, and x(Q(v)) = —1. Moreover, if LNW C M,
then O C S;'V.

Proof. To prove (1), let O be the order given by (BI8). From Lemma B1] it
can be seen that O = AT(W)NS;:. Thus we have GH(W)NJy = O* by B.3),
which proves (1).

To prove (2), by Lemma 511 (2) we see that AT (W) NSy # AY(LNW) if and
only if t =4 and ¢ € g*F*? orif t = 2, (K/p) = —1, and x(Q(¢)) = —1. If
t=4and g € g*F*? then AT(W)NS;" = S} as seen in the proof of Lemma
B (2). It t =2, (K/p) = —1, and x(Q(yp)) = —1, then, by our assumption,
q € m'g* and 2p(h, L) = b(q) = p* with ¢ € Z. Thus applying B.106) to
m = £, we have p? C d(A*(W)NSy) C p. Because AT(W)NSy # AT(LNW),
AT (W) N Sy must be maximal in AT (W). Consequently, if O # AT(LNW),
it is a maximal order which is uniquely determined by discriminant p. As for
the case of O = AT (L N W), the discriminant is given by (Z8). Summing up
these, we have the uniqueness of . To prove the last assertion, suppose that
LNW C M. Then AY(LNW) C AY(M) C S}, which shows O C S;}, when
O =ANLNW). If O # AT (LNW), then O is maximal in AT(W). Since Sj},
is also maximal, we have £ = S;{,. Hence O C S‘J{V holds if LNW C M. This
proves (2). O

3.2 THE GLOBAL CASE

Let (V, ¢) and (W, ¢) be the quadratic spaces over a number field F' in the
setting of §2.2 with an element h of V' such that ¢[h] = ¢ € F*. Let L and M
be g-maximal lattices in V' and W with respect to ¢ and v, respectively. Put

Jv=G"V)a[[ v,  Jw=G"Wa]] Iw., (3.20)

vEh vEh

where Jy, and Jy, are given in §3.1. We have an order Si}, in A* (W) deter-
mined by S;{,v for all v € h, where S‘J{VU is the order in AT (W,) given in §3.1;

notice that S‘J{VU = AT (M,) for almost all v.
Let us here insert a remark on the order in A" (W) given in [12, Lemma 5.3
(ii)]. By applying that lemma to M, we have an order O containing A+ (M).
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Then [(D0)y/AT(M,)] is the same ideal as in (33) for each v € h. This can be
seen in the proof of [I2] Lemma 5.3 (ii)]. Hence the order Og coincides with
S;{, in the present situation.

PROPOSITION 3.3. Let the notation be the same as above with h € V and
L. Also let K = F(\9) be the discriminant field of ¢. Then the following
assertions hold:

(1) Let O be the order in AT (W) whose localization at v € h is the local order
defined by BIR). Then

GT(W)anJy = AT(W)ZO). (3.21)
(2) T(AH(M)) = T(S}y) and Jw = ATY(W)X(Sy)y. Moreover Jw C
T(AY(M)) and Gt(W)a NJy C T(AT(LNW)).

(3) Assume that ¢ = ¢[h] € g Fx? and 2p(h, L), = b(q), for every v € h

such that t, = 2, K, /F, is unramified, and Q(¢), is a division algebra.

Let O be the order given in (1). Then O is a unique order in AT (W),
containing AT(LNW), of discriminant

alL/LI(2p(h, L)%, (322)

Here | is the product of all the prime ideals p of F' such that t, = 4 and
q € 95 F°%, or that t, = 2, K,/ F, is unramified, and Q(y), is a division
algebra.

(4)  Under the assumptions of (3) suppose LONW C M. Then O C Sy, and
G+(W)A NJy C Jw.

Proof. To prove (1), we see that

GrW)anJy =
=GN (@ (V)a [[(v)e) = GTW)a [T(@CH W) 0 (Iv)0).

vEh veh

Since GT (W), N (Jv)» = O by Lemma 3.2 (1), we have B3.21)).
From @.I4), (S;}), is generated by G*(W), and A+ (M), if § € g*F? and
X(Q(¥)y) = —1, and (S}), = AT (M), otherwise v € h. Since

a 'GT W)y = GH (W), for every a € AT (W)X,
we have T'(A*(M)) C T(S,},). Conversely, for o € AT (W)X
a lSha= 8, = Mr(a)= M = o 'AT(M)a = AT (M).

This is because C(M) = 7(T(S;};)) by [12, Lemma 5.4]. Thus T(A*(M)) =
T(S). Let « be an element of Jy . Since 7(x) € 7(Jw) C C(M), together
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with C(M) = 7(T(A*(M))), there is an element y of T(AT(M)) such that
7(z) = 7(y). Hence z = ay with some a € F{. As F{ C T(AT(M)), we
have Jy C T(At(M)). Similarly let 2 € GT(W)a N Jy. Since 7(z) € SO N
7(Jv) C C(LNW), together with C(LNW) = 7(T(AT(LNW))) by Theorem
[Z2 there is an element y of T (AT (L N W)) such that 7(x) = 7(y). From this,
noticing F\ C T(AY(LNW)), we have Gt (W)a NJy C T(AT(LNW)). This
proves (2).

To prove (3), we take the order © of (1). Since Lemma (2) is applicable
to 9, for each v € h under the assumption of (3), 9, contains AT(L NW),
and has the discriminant given by 3I9). Also when O, # AT(L N W),,
[O,/AT(LNW),] = p, by Lemma Bl (2). Thus by applying [2, Lemma 2.2
(3)] to O and AT (L N W) with the norm form v of AT (W), we have

[O/9] [AT(LN W)~/A+(L N[O /AT (LN W) 2

(a[L/L)2¢(h, L)) [ [ »~2
plf

where § is the ideal in the statement of (3). This gives (322). Now, let O’
be an order in A (W), containing AT (L NW), whose discriminant is given by
(322). Then the localization O/ at v € h contains A*(L N W), and has the
discriminant of (319). By Lemma (2), O = O, for every v. Hence we
have O’ = O, which shows the uniqueness of O.

Keeping the assumptions of (3), let LN W C M. Then applying Lemma
(2) with localization, we have O C Si},. Thus GT(W)a N Jy C Jw by BX)
and ([B7). This proves (4). O

THEOREM 3.4. Let the notation and assumption be the same as in Proposition
[Z3 (3) and O the order in AT (W) given in that proposition. Then the following
assertions hold:

(1) CLNW)=7(T(D)) and (L N W) = 7(I*(D)).

(2) The map (L N W)7(a) — a~'Oa gives a bijection of the SOY(W)-
classes in the SOY(W)-genus of LONW onto the conjugacy classes in the
genus of O which is the set {a Oa | a € AT(W))}.

(3) The type number of O equals the type number of AT (L NW) and conse-
quently is equal to the class number of the genus of LNW with respect to
SO¥Y(W).

Proof. In view of Lemma B, O, # AT(L N W), if and only if £, = 4 and
q € gXF) % orift, =2, (K/v) = —1, and x(Q(p),) = —1 for v € h. Since
Lemmal32](2) is apphcable in our assumption, 9, is a unique maximal order in
the division algebra A (W), in both cases. Furthermore, (LNW), is a unique
maximal lattice in the anisotropic space (W, ), becuase 2p(h, L), = b(q),.
Thus it can be found that

a'Da=90 = a AN (LNW)a=AT(LNW)
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for o € AT(W),. This combined with Theorem 22 proves (1).

To prove (2), let N be an arbitrary g-lattice in the genus of L N W. Since N
is integral we have the order AT (N) in A*T(W). Taking o € AT (W)} so that
N = (LNW)7(a), we can put O(N) = a~*Oa in AT (W). In fact, if N = (LN
W)T(a') with some o' € AT (W), then (LNW)7(a(a/)™!) = LNW, whence
a(a’)™t belongs to T(AT(L NW)) = T(O) by (1). This shows (a/)"1Oa/ =
a~1Oaq, namely, O(N) is independent of the choice of a. Moreover this is a
unique order of discriminant ¢[L/L](2¢(h, L))~2f~! containing A™(N), where
f is the ideal in ([3:22). Indeed, since O contains A*(L N W) and has the
discriminant given by (322), the order O(N) contains AT (N) and has the
same discriminant. The uniqueness of D(N) can be reduced to that of O.
Our assertion (2) can be verified by using this fact and (1). Assertion (3) is a
consequence from (2). This completes the proof. O

4 QUADRATIC DIOPHANTINE EQUATIONS IN FOUR VARIABLES

4.1 QUADRATIC DIOPHANTINE EQUATIONS

Let (V, ) be a quadratic space of dimension n over a number field F' and L a
g-lattice in V. We recall that

L[Qa b] = {LL‘ ev | QD[JJ] =4q, 90(937 L) - b}v

and this set is stable under I'(L).
For h € V such that ¢[h] = g # 0 we set (W, v) as in ([Z2]). Assume that L is
g-maximal with respect to ¢ and n > 2. Then

> #{Lile. 0)/T(Li)} =# {s0"\ SO} /(SO ncw)}, (@)

icl

where b = @(h, L), {L;}icr is a set of representatives for the SO¥-classes in the
SO%¥-genus of L for which L;[q, b] # (), and SOY is regarded as the subgroup
{y € SO? | hy = h} of SO¥. This is a consequence from the main theorem
of quadratic Diophantine equations due to Shimura [9, Theorem 11.6] (cf. also
[12] Theorem 2.2 and (2.7)]). For a g-lattice N in V we put

D(N)={a € 0?(V)a | Na =N}, T (N)=0%?(V)nD(N)

as denoted in the Introduction. Then formula (@J)) is valid for
(O?, 0%, D(L), T"(L;), J) in place of (SO¥, SO¥, C(L), T'(L;), I) by [0,
Theorem 11.6 (iii) and (v)], where {L;};cs is a set of representatives for the
O¥%-classes in the O¥-genus of L for which L;[q, b] # () and OY is regarded
as the subgroup {y € O¥ | hy = h} of O®. We note that the O¥-genus of L
coincides with the SO%-genus of L and that the class number of O¥ relative
to D(L) equals the class number of SO¥ relative to C(L) when n is odd; see
[0 Lemma 9.23 (i)], for example.
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Now we pay attention to the following; if the number of the right-hand side of
(@) coincides with #{SO¥\ SOY /C(LNW)}, then the left-hand side of @I)
is given by the class number of the genus of LN W. Concerning this, there is a
result [9, Proposition 11.13] for odd-dimensional spaces and also its analogue
[2L Proposition 4.4] for even-dimensional spaces whose discriminant fields are
the base fields. In Proposition 3] below we shall prove another analogue of [9]
Proposition 11.13] to quaternary case.

As for the representatives of classes in the genus of L N W, by virtue of the
principle in [9, Theorem 11.6 (i)], we have the following:

LEMMA 4.1. Let the notation be as above. Fiz an element h of L|q, b] (¢ # 0)
and set (W, ¢) as in (22). Then the map

kT(L;) — (L; 0 (FE)Y)y~1sov

defines a well-defined surjection of the union of the sets L;[q, b]/T(L;) fori e I
onto the SOY-classes in the SOY-genus of LN W with v € SO¥ such that
k = hy for k € Lilg, b] and i € 1. In particular, if SO¥(SO% N C(L)) =
SO¥YeC(L N W) for every € € SOX, then the map s bijective. More-
over the assertions are true for (0¥, J, T"(L;), D(L), D(L N W)) in place of
(SOY, I, T(L;), C(L), C(LNW)).

Proof. For k € L;[q, b] with ¢ € I there is v € SO¥ such that k = hy as
olk] = ¢[h] by [9 Lemma 1.5 (ii)]. We set L = L;cv; with o; € SO%. We may
assume that (a;), = 1 for v € a. Since h, k(a;)y € Lylg, by] for v € h, by
@A), h = k(a;)pa, with some a, € C(L,) for each v. Putting o, = 7, *
for v € a, we have @ € C(L) whose component is «, for every prime v.
Then by [9, Theorem 11.6 (i)] the map k¥ — ~a;a induces a well-defined
bijection of (J;c; Lilq, b]/T(L;) onto SO¥ \ S0Y /(SOY N C(L)). Obviously
vy — (LN W)(yoya) ™! gives a surjection of SO¥ \ SOY /(SOY N C(L))
onto the SOY-classes in the genus of L N W. On the other hand, we can
consider a g-lattice L; N (Fk)*L in the complement (Fk)*, which is isomorphic
to (L;N(Fk)*)y~! in W under y~!. Then by localization (LNW), (ya;a); ' =
{Ly(a)7t N (Fyh) (i) Py~ = (L; 0 (Fk)*),y~! for every v € h. This
determines (L N W)(ya;a)~t = (L; N (Fk)*)y~1. We have thus the desired
surjection. Clearly this map is bijective under the assumption in the statement.
The assertions for O¥ can be handled in a similar way. O

Here we apply Lemma 1] to the quadratic form defined by the sum of five
squares; the result will be used in Section 5.3.

Let X = Q! and define ® by ®[z] = x-'x for x € X. The pair (X, ®) defines a
quadratic space over Q whose invariants are {5, Q, B2 ~, 5}. These invariants
can be determined by [I1} (Q.5)] because of (X, ®) = (B2, «, ) ® (Qe, P|qe)
with some e € X so that ®[e] = 1, where § is the norm form of Bs . Let A
be a Z-maximal lattice in (X, ®). It is known that #{O% \ 0% /D(A)} = 1;
see [9, §12.12], for example. By [9, Lemma 12.13 (i)], A[d, Z] # 0 for every
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squarefree positive integer d. Fixing ko € Ald, Z], we put V = (Qko)* and
L = AnV. Then by [9 Theorem 12.14 (ii)], L is a Z-maximal lattice in
V with respect to the restriction ¢ of ® to V. By virtue of {@I) for O,
#{Ald, Z]/T"(A)} = #{0*\ 0% /(OXND(A))} holds. Suppose that d is an odd
prime number. Then [9, Proposition 11.13 (iii)] is applicable to ko € Ald, Z].
We have thus

0%£(0% N D(A)) = 0¥=D(L) (4.2)

for every ¢ € O%. Therefore #{A[d, Z]/T"(A)} equals the number of O¥-
classes in the O%-genus of Z-maximal lattices in (V] ¢). This result can be
found in [9 Theorem 12.14 (vi)]; the class number of SO¥ relative to C(L)
equals #{A[d, Z]/T(A)} by the same theorem. Moreover (V, ¢) has invariants
{4, Q(Vd), Bs, 0, 4}, which can be seen by applying [2, Theorem 1.1 (2)] to
(X, ®) and d.

In view of ([£2), by Lemma [£J] we have a bijection

ET"(A) — (AN (Qk)T)yto? (4.3)

of A[d, Z]/T"(A) onto the O?-classes in the genus of L with some v € O% so
that k = ko7 for every odd prime number d. A method of determining the
set A[d, Z]/T"(A) is explained in [0, §12.15]. In that explanation the case of
d = 29 is treated and the result #{A[29, Z]/T"(A)} = 3 is obtained with explicit
representatives for A[29, Z]/I""(A). Hence the class number of O¥ relative to
D(L) is equal to 3, as mentioned in the Introduction. In Section 5.3 we shall
list the representatives for A[d, Z]/T"(A) and the corresponding lattices under
the map [{@3) for d =5, 13, 17, and 29.

4.2 RESULTS FOR QUATERNARY SPACES

To apply our results in the previous section to quadratic Diophantine equations,
let us assume n = 4 in the setting of §4.1 and take an element h of L[g, b].
Under suitable conditions on ¢ and b, we have an order £ defined in Proposition
3.3l (3). The order satisfies inequalities

(D) < #{S0¥ \ SOR /(SOX N C(L))} < e(D). (4.4)

Here t(9) (resp. ¢(9)) is the type number (resp. the class number) of 9. To
show (£4)), we observe that

SOY N7(Jy) c SOLNC(L) c C(LNW).

Since the kernel of 7 is F, the class number of O is more than #{SOY \
SOX/(SOK N7(Jy))} by B2I). Further by Theorem B4 the type number of
O equals #{SOY \ SOX/C(L NW)}. This proves ([@4).
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COROLLARY 4.2. Let the notation and assumption be as in Proposition[3:3 (3)
and O the order in AT (W) defined in that proposition with an element h of
Llq, b]. Also let I (resp. J) be a set of representatives o for SO¥\ SO% /C(L)
(resp 0?\O% /D(L)) for which La~'[q, b] # 0. Then the following inequalities
hold:

<> #{La"'[g, b)/T"(La ")} <
acJ

< Z#{La‘l q, b)/T(La™ ")} < (O

acl

Moreover, assume that 2¢(h, L), contains pLV/Q] with qg, = pl, for everyv € h
such that t, = 2 and K,/F, is ramified. Then the formula in [10, (1.9)] is
applicable to h and it can be given as follows:

Z# {L7(y) bl/T(GH (V) nyJvy™')} = (D). (4.5)

Here y runs over a set of all representatives for GT(V)\GT(V)a/Jy such that
GT(W)aNGT(V)ydy # 0.

Proof. To prove the first assertion, we recall that #{SO¥ \ SOK/C(L nNwW)} =
#{O¥ \ OK/D(L N W)}, because W is odd-dimensional. Since OK N D(L)
is contained in D(L N W), by formula (@I) for O¥, we have the first in-
equality Here we may assume that {Loc 1}a€J C {La '}aer. Clearly
#{La g, b]/T"(La~t)} < # {La"!q, b]/T(La™")} for every o € J. Then
the desired inequalities follow from these and (@4) combined with (@I]).

To prove ([@5), put ¢ = gom2* and 2¢(h, L), = p with qo € gX U m,g) and
£, m € Z for v € h. In order to apply [10, (1.9)], we have to verify that
hC(L) = hr(Jy) in Vo =V @F Fa. In view of [B2) it is sufficient to observe
the local cases where (i) t, = 4, (ii) t, = 2 and (K/v) = 0, (iii) ¢, = 2,
(K/v) = —1, and x(Q(¥)y) = —1. Our argument is basically the same as in
[10, §4.3], and so we give only an outline of the proof to avoid a repetition of
the same argument. Put C, = C(L,) and J, = Jy,.

(i) Through an isomomorphism of Q(y), onto AT (W), we have hC, = hr(J,)
in the same way as in §4.3 (i) of [I0]. We note that C, = SO¢ and C(L,NW,,) =
SOY.

(ii) Assume that 2p(h, L), D p’. In a Witt decomposition of ¢ in (23] with
g% € g¥, take the same element w, € K = GT(K,g) as in §4.3 (ii) of [10].
We take k, = gn,™e + 7" f; then ky7(wy) = ky. In a similar manner to [10,
84.3 (ii)] we have 7(w,) € C, and w, & J,, from which it follows that k,C, =
k,7(J,). Since, by our assumption, k, € L,[q, 27 1p™], we have k, € hC, by
(TE). Thus the criterion [I0, (1.10)] is applicable to k,; we have hC,, = h7(J,).
(iii) In a Witt decomposition of ¢ in Z9) with ¢?> € 7,9, we take w, =
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glqgmy™e—7m"f) € AT (V,)* and k, = gm, ™e+m f. Then it can be seen that

V(w'u) = va* = _qg2 S qug;;(a k T(w'u) =k,
Ly7(wy) = tog + 8uq 'm0 f + gugm,

Because m = { by the assumption on (iii), we have v(w,) € 72‘T!1gX and

L,7(wy) = Ly. Hence k,C, = ky7(J,) by the same way as in §4.3 (iii) of [10].
Since k, € Ly[g, 27'p%] = hC,, by [10, (1.10)], we have hC, = h7(J,).
Accordingly hC(L) = hr(Jy) holds. Therefore [10} (1.9)] is applicable and the
formula is given by

Z#{LT b /(G (V) nyJvy™)}

= #{G+ J\NGTW)a/(GT(W)anJy)}, (4.6)

where y runs over all representatives for Gt(V) \ GT(V)a/Jy for which
GT(W)aNGT(V)yJy # 0. Since GT(W)aNJy = AT (W)ZO[ by Proposition
B33 (3), (£8) equals the class number of O. Thus we obtain (£I]). O

Let v be a prime of F in case (i), (ii), or (iii) of the proof of Corollary L2l As
can be seen in the proof, there is an element w, of G*(V,) such that hr(w,) = h,
L,7(wy) = Ly, and w, & Jy,. This together with [B.2]) shows that

[SOY N C(L,): SOY Nn7(Jy,)] = [C(Ly) : 7(Jv,)] (4.7)

for every v € h under the two assumptions that 2¢(h, L), D pl/? i (K/v)=0
and that v € 2Z and 2¢(h, L), = b(q), if (K/v) = —1 and x(Q(¢),) = —1.
Here K is the discriminant field of ¢ and ¢g, = p},. In the same assumptions
we also see that

SOY N7(Jy,) =7(9X). (4.8)

These facts (A7) and (L8] are often useful in the application to quadratic
Diophantine equations with four variables.

As for formula (&) for O%, we can state the following proposition:

PROPOSITION 4.3. Let (V, @) be a quadratic space of dimension 4 over a number
field F and K = F(\9) the discriminant field of ¢. For an element h of V
such that p[h] = q # 0 put W = (Fh)L and let 1 be the restriction of ¢ to W.
Identify O¥ (W) with { € O?(V) | hy = h}. Let L be a g-maximal lattice in
V' with respect to ¢. Also let f1 be the product of all primes v € h such that
2¢0(h, L), # b(q)y. Suppose that for v € h,

(1) v{2 and p(h, L)} = qgo if (K/v) =0 and x(Q(s).) = —1.
(2) qgy is a square ideal of F, if (K/v) = =1 and x(Q(¢)y) = —1.
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(3) f1 consists of the primes v such that t, = 0 or that vt 2, (K/v) = —1,
X(Q(p)y) = +1, and qg, is a square ideal of F,.

Here t, is the core dimension of ¢ at v. Let \ be the number of prime factors
of f1f2, where fo is the product of all primes v € h such that v 1 f1, t, # 4,
(K/v) # 0, and qg, is not a square ideal of F,,. Then [D(LNW) : OKHD(L)] =
[C(LNW) : SOY NC(L)] = 2*. Moreover, if X < 1, then OYeD(LNW) =
0Ye(0% N D(L)) for every e € OY.

Before stating the proof, we note a simple fact. Let G(V') be the Clifford group
of ¢. Then the homomorphism 7 of (L2) gives a surjection of G(V) onto
0% (V), because V is even-dimensional.

Proof. In view of assumptions (2) and (3), we can take the order O in Propo-
sition B3 (3). Put gg, = pl» with v, € Z for v € h. We note that v | f2 if and
only if t, =0, v {1, and v, is odd, or if (K/v) = —1, v {f1, and v, is odd.

Suppose v 1 fifz. Then (L N W), is maximal in (W, ¢),. If t, = 0, then 1, is
isotropic and dqg, is square, which is because v, must be even by vt f2. Since
C(Ly) = 7(Jy,) by B2), we have SO¥ N C(L,) = 7(OX) by @&J). Clearly
9, = AT (LN W), by calculating the discriminant. Note that C(L, N W,) =
(AT (L, N W,)*) by [12, Lemma 5.4]. Hence we have C(L, N W,) = SO¥ N
C(Ly). Ift, = 4, then D(L,) = Of and C(L,) = SO?. Also D(L,NW,) = OY
and C(L, N W,) = SOY as 1, is anisotropic. Hence we have D(L, N W,) =
0¥YND(L,) and C(L,NW,)) = SOY NC(L,). Assume t, = 2 and (K /v) = —1.
Then dqg, must be square. If Q(p), = Ma(F,), then v, is isotropic. In the
same way as in the case t,, = 0 we see that C(L,NW,) = SOYNC(L,). If Q(p).
is a division algebra, then v, is anisotropic and AT (W), is a division algebra.
Notice that C(L, N W,) = 7(AT(W)X) as L, N W, is maximal. Our order O,
has discriminant p, by (322), whence it is maximal in AT (W),. Observe that
AT(W)X = FX(9F U OXw) with some w € AT (W)X so that w? is a prime
element of F,. Since SOY N7(Jy,) = 7(OX) by @S)), we have [C(L, N W,) :
SOY N1(Jy,)] = 2. In view of [@T) together with [C(L,) : 7(Jyv,)] = 2 by
B2), SO¥ N C(L,) must coincide with C(L, N W,). Assume (K/v) = 0. If
Q) = Ma(F,), we take a Witt decomposition of ¢, in (Z9) with g € V,, so
that g2 € gX. Then t,g is a maximal lattice in the core subspace (K,g, ).
Our assumption Q(¢), = Ms(F,) implies that there is an element k of K,g
such that ¢,[k] = ¢ = ¢[h]. Since the lattice v,g N (F k)’ is maximal in the
complement (F,k)* in K,g as (K,g, ©,) is anisotropic, we have 2, (k, t,g) =
b(¢)v = 2¢(h, L),. Thus [9, Proposition 11.12 (iv) and (v)] are applicable to
h. We have C(L, N W,) = SO¥ N C(L,) and D(L, N W,) = OY N D(L,).
Similarly for the case where Q(v), is a division algebra, under the assumption
(1), we have C(L, NW,) = SO¥ N C(L,) and D(L, NW,)) = O¥ N D(L,).

Suppose v | f1. By assumption (3) such a prime satisfies either (i) ¢, = 0 or (ii)
vt12, (K/v)=-1, Q(¢)y = M2(F,), and v, is even. In both cases (i) and (ii),
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9, =AY LNW), and SOY N C(L,) = 7(D). Moreover, we can prove that
T(D,) = FX (9 uDXn) (4.9)

with some element n of AT(W)X such that nOX = OXn and nm*g, = go
or nm*g, = P, according as v, is even or odd. This can be handled in a
similar way to the proof of [3, Theorem 3.1] for Case (i) and to [3 §3.4] for
Case (ii). (We will determine the index [AT(M,)* : AT(L, N W,)*] in a
subsequent paper, which may be used in the proof of [@3]).) We have therefore
[C(LyNW,) : (D)) =2

Suppose v | f2. Then (LNW), is maximal and O, = AT (LNW),. If ¢, = 0, we
have SOYNC(L,) = 7(D). Since qg, is not square, by 3.5 and @1), Jw, =
AT (L, N W,)*. Hence [C(L, N W,) : 7(9X)] = 2 by B3). If (K/v) = —1,
then Q(¢), must be My (F,) under the assumption (2) as v, is odd. Applying
(B2) and [@E3), we have SOY N C(L,) = 7(9)). Hence by the same way as in
the case t, =0, [C(L, NW,) : 7(D))] = 2.

To prove [D(L, N W,) : O¥Y N D(L,)] = [C(L, N W,) : SO¥ N C(L,)], we
shall show that [OY N D(L,) : SO¥ N C(L,)] = 2 because [D(L, N W,) :
C(LyNW,)] =2 by [9, Lemma 6.8]. It is sufficient to investigate the following
cases; (a) t, = 0, (b) (K/v) = —1 and x(Q(¢)») = +1, (¢) (K/v) = —1 and
X(Q(¢)y) = —1. In cases (a) and (b) we can verify the desired fact by the same
technique as in the proof of [9, Proposition 11.12 (v)]; see the case L =1L and
t # 1 in that proof. As for case (c), we first note v, € 2Z by our assumption
(2); put £ = v,/2. Since (L N W), must be maximal under assumption (3),
2p(h, L), = b(q), = p! by @B) and 7). Now we take our setting and
notation to be those in Case (iii) of the proof of Corollary By (L6),
ha =k, with some a € C(L,). Under such an « we may identify h, (W, 9),,
and (L NW), with k,, K,g @ F,(qm; % — 7 f), and v,g + p; “(qm; ‘e — 7' f),
respectively. Looking at the lattice v, g in the subspace (K,g, ¢,) of (V, ©),,
we can find 79 € O(K,g) such that det(yo) = —1 and (v,g)v = twg by [9,
Lemma 6.8]. Extend 7y to an element v of GL(V,) by setting v to be the
identity map on (K,g)*. Then v € Of, hy = h, det(y) = —1, and L,y = L.
This shows [O¥ N D(L,) : SOY N C(L,)] = 2. Summing up all these results,
we obtain the first assertion.

To prove the second assertion, we borrow the idea of the proof of [, Proposition
11.13 (ii)]. When there is no prime v dividing fif2, we have D(L N W) =
Ojﬁ N D(L), and so our assertion is obvious. Hereafter we assume A = 1. For
e € OY put A = Le~!, which is a g-maximal lattice in (V, ). We consider
7(h) of OY. Put a = p[h](2¢(h, L))"2. Let ¢ € F{ so that 2cp(h, L) = g;
then 2, (c,h, Ay) = g, and @, [c,h]gy = Vulcoh]oy(2¢,h, Ay)~2 = a, for every
v e h.

Suppose a, = g,. Then p,lc,h] € g and 2¢,(cyh, Ay) = g,. Hence c,h
belongs to A, and also it is invertible in the order A(A),. Since this order
contains A, by definition, A(A), NV, = A, by [9, Lemma 8.4 (iii)]. Thus we
have A,7(h) = h"1A(A),h NV, = A,.
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Let v t fifa. If t, = 0 or (K/v) = —1, then gg, = b(q)? as v, is even.
We have a, = g,, whence A,7(h) = A,. If t, = 4, then A, is a unique
maximal lattice in the anisotropic space (V, ¢),. Hence A,7(h) = A,. If

(K/v) =0 and Q(¢), = Ma(Fy), we take a Witt decomposition of ¢, as in the
same case of the proof of the first assertion with A, in place of L,. Because
20,(h, Ay) =2p(h, L), = b(q),, by the same manner as in that proof, we can
find o € C(A,) so that ha = k with some k € K,g. Then 7(h) = ar(k)a™! by
[0, Lemma 3.8 (ii)]. We see that

Ay (h) = {(vog)7(k) + goer (k) + go fT(k) o™ = A,

If (K/v) =0 and Q(¢), is a division algebra, then a, = g, by assumption (1),
which leads A,7(h) = A,.

Let v | fif2. We take a weak Witt decomposition of ¢, as in ([29]) with A, in
place of L,. Put ¢, = ¢,[c,h] and k = g,e + f. We see that a, = [M/LNW]?
if v|f and v, € 2Z, a, = [M/LNW]2p, if t, = 0 and v, & 2Z, and a, = p,
if v | f2 and (K/v) = —1, where M is a maximal lattice in (W, +). Since
¢» € ay, it belongs to g,. Hence we have k € Ay[q,, 27 'g,]. By (L8) there
is @ € C(A,) so that (c,h)a = k. Moreover 7(k) = a~!7(h)a by [J, Lemma
3.8 (ii)]. Then a gives an isomorphism of W, onto W' = (F,k)* such that
(AyNWy)a = A, NW'. Observe that A, "W’ = t,g + g,(gue — f). Employing
[9 Lemma 3.10], we can find that

(A NW)T(k) ={—z —alque — f) |z €Etyg, a € g} = A, NW',
AoT(k) = {2+ quae + ¢, 'bf [ & € vg, a, b€ gu} # Ao,
because ¢, € a, C p, as seen above. Thus we have (A,NW,,)7(h) = A,NW, but
A,7(h) # A,. To sum up, 7(h) is an element of O¥ such that (A N W)7(h) =
ANW and A7(h) # A.
Now, observe D(ANW) = eD(LNW)e~! and OX ND(A) = E(OX ND(L))e™ L.

Since [D(LNW) : 0% ND(L)] = 2 by A = 1, we have [D(ANW) : OX ND(A)] =
2. By our result on 7(h) we obtain

D(ANW) = (0% N D(A)) Ur(h)(O4 N D(A)).
Then our assertion follows from this and 7(h) € O¥. O

As a consequence, assuming that h € L[q, b] satisfies all the assumptions with
A < 1 in Proposition B3] by formula (1)) for O¥ together with Proposition
and Theorem B4 (3), we obtain

> #{La g, b)/T'(La™)} = D), (4.10)

acJ

where .J is a set of representatives o for O\ O% /D(L) for which La~*[g, b] # 0
and ©O is the order in AT (W) defined in Proposition (3) with h. It should
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be remarked that the discriminant of O has at most one higher-power prime
pe (e > 1) if h satisfies A < 1. Note that formula ([@H) permits several such
primes in the discriminant of O if h satisfies the assumptions of Corollary
For example, the reader is referred to our notes after the proof of [3] Proposition
4.3], in which O has discriminant 2-52¢2Z for a squarefree odd positive integer
g prime to 5.

5 APPLICATIONS AND NUMERICAL EXAMPLES

5.1 APPLICATIONS TO {4, Q(Vd), B, «, 4}

THEOREM 5.1. Let B, o be a definite quaternion algebra over Q ramified only
at a prime number r. Take a quadratic space (V, p) over Q whose invariants
are {4, Q(\d), By, oo, 4} with a prime number d prime to r such that d = 1
(mod 4). Then for every odd prime number p prime to dr and 0 < n € Z there
exist Z-mazimal lattices L and L' in (V, @) such that

Lldp", 27dZ) £, Lldp", 272) £ 0, (5.1)
except when n & 27 and (%) = —1. Moreover the following formulas are valid:
#La—l [dp", 27'dZ) r—1 |1 if n=0,

D I R TRl P (p+(¢)) i#n=1 (5:2)
el p p ? =z 4

#L’ Y/ r—1)(d* -1 1 if n=0,
5 | (r=1)( ),{

Z L’ ] - 48 el (p+ (g)) ifn>1,
(5.3)
> #{La " dp", 271dZ)/T"(La™ ")} = 1(D). (5.4)

acJ

Here (%) is the quadratic residue symbol, I (resp. J) is a complete set of

representatives for SO¥ \ SO% /C(L) (resp. 0%\ O4/D(L)), O is an order
in the algebra At (W), which is isomorphic to By o, of discriminant rp™Z
containing AT(LNW), and W = (Qh)* with h € L[dp™, 271dZ)].

It is noted that La~1[dp™, 27 1dZ] or L'a~t[dp™, 27 'Z] may be empty for some
a € I or some o € J.

Proof. First of all, under the assumption that L[dp", 27'dZ] # ( and
L'[dp™, 27'Z] # () with some maximal L and L’ in V, we can derive for-
mulas (52) and (53]). We should mention that the proof will be given in a
subsequent paper and that these formulas will be used in the present proof to

show (&.1)).

By [8, Proposition 1.8], for any positive integer ¢ there is a Z-maximal lattice
L in (V, ¢) such that L[g] # 0. Let h € L[dp™] with 0 < n € Z and take
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the complement (W, ¢) as in (Z2]). Since d = 1 (mod 4) and (g) =1lifn

is odd, the quaternion algebra {Q(Vd), dp"} is M5(Q). Hence Q(¢)) = By, s
by 23) and so the invariants of ¢ are {3, Q(v/—p"), Br, o0, 3}. We have then
b(dp™) = dp® with ¢ = [n/2]. Noticing b(dp™) C 2p(h, L) C Z as noted in §2.1,
we see that

l
Lldp"] = | J{Lldp", 27 dp'Z] U L{dp", 27*p'Z]}. (5.5)
1=0

Applying the explicit formula of [§, Theorem 1.5 (II)] to L[dp™], we can derive
that

> #Lo Vdpr)  (r—1) (d2 + (g)n) i (d)wpi, (5.6)

~ (Lot 1] 48 —\p

We here recall our assumption that (g) = 1if n is odd. We put

#La " #La q, b
Z #F La—l R[q, b] = ;W(E]_l)] (5.7)

for ¢ € Z and a Z-ideal b of Q.

Suppose n = 2¢ with 0 < ¢ € Z. We shall prove (&) by induction on ¢. If £ = 0,
then b(d) = dZ and L[d] = L[d, 2~ 'dZ|UL[d, 271Z] by (55)). Because L[d] # 0,
either L[d, 271dZ] or L[d, 2~'Z] must be nonempty. If L[d, 2~ 'dZ] # (), then
formula (52) is valid as mentioned above. Combining this with (56), we have
R[d, 271Z] = R[d]— R[d, 27'dZ] = 487 1(r —1)(d? —1). This implies that there
is some a € SO so that La~'[d, 27Z] # 0. Conversely, if L[d, 27'Z] # 0, we
have R[d, 27'dZ] = 247(r — 1) in the same way, whence La~![d, 27 1dZ] # ()
with some a € SO%. As a consequence we can find maximal lattices L and L’
in (V, o) such that L[d, 27*dZ] # 0 and L'[d, 27'Z] # (. This settles the case
£ =10. Suppose £ > 0. In view of (0] we have

14

Rldp™ = {Rldp", 2~ 'dp’Z] + R[dp", 27 'p'Z]} . (5.8)
=0

Observe that the mapping x — xp’ gives a bijection of La~![dp?“~), 27 1dZ]
onto La~ldp™, 27'dp'Z] for i@ # 0 and a € SO% for which
La~'[dp™, 27 'dp'Z] # (. Similarly La~'[dp*“~?, 271Z] is mapped onto
La~[dp™, 271p*Z] under the above bijection if i # 0 and Lo~ [dp™, 27 p'Z] #
0. By our induction, (5.2) and (53] for 2(¢ — ¢) in place of n are valid for
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i # 0. Thus we see that

R[dp™, 27 dZ] + R[dp", 27'Z]
14
= Rldp" fZ{R[de*i), 2-14Z] + R[dp*‘—, 2*121}
=0

UL ().

This shows that either Li[dp™, 271dZ] or L;[dp", 27'Z] is not empty with
some maximal lattice L; in V. Now, if Li[dp"™, 27'dZ] # 0, then formula
(5.2) is valid. Combining these results with (5.9), we have R[dp™, 271Z] # 0,
which implies that Lya~![dp™, 271Z] # 0 with some o € SO%. Conversely,
if Ly[dp™, 271Z]) # 0, we have Lya~![dp™, 271dZ] # 0 with o € SO¥ by the
same way. Consequently we have maximal lattices L1 and L] in (V, ¢) such
that Lq[dp", 27 1dZ] # 0 and L) [dp™, 27Z] # (). This completes our induction
ont=mn/2.

The case of odd n can be proved similarly, which together with the case of even
n shows (&) for every integer n > 0. At the same time we obtain formulas
E2) and 63).

As for (54]), observe first that the conditions of (1) and (2) in Proposition[Z3 are
satisfied for h € L[dp™, 27*dZ] because r, d, and p are distinct prime numbers.
Further (L NW), is not maximal if and only if v = p as b(dp™) = dp*Z, except
when ¢ = [n/2] = 0, that is, when n = 0 or 1. Then we easily see that condition
(3) of that proposition is satisfied; for instance, if p remains prime in Q(v/d),
then n must be even by our assumption, and so p satisfies (3). The ideal f of
Proposition in the present situation is Z, except when n = 1. If n = 0 or
1, then LNW is maximal. Also fo = Z or pZ according as n = 0 or 1. To sum
up, Proposition @3] is applicable to h € L[dp", 27 1dZ] for every 0 < n € Z.

Hence (5.4) follows from (ZI0). O

We note that when n & 2Z and (%) = —1 in Theorem 5.1}, L{dp", 2~ 1dZ] = 0

for any maximal lattice L and L'[dp™, 271Z] # () with some maximal lattice L’
in (V, ).

Formulas (5.2)) and (53) can be derived by means of the mass formula due to
Shimura [9, (13.18)], combined with a result in a subsequent paper as mentioned
in the proof of Theorem [E.11

It should be remarked about (54) that the type number of O is not determined
by discriminant, but by the genus of ©. (In other words, by Theorem B4
(2), the ideal [(L N WY)/L N W] does not determine the genus of L N W.)
However, if LN is maximal, that is, if O has squarefree discriminant, ¢(9) is
determined by the discriminant. In fact, O is maximal or an order of squarefree
discriminant rpZ according as n = 0 or 1. By a result due to Eichler [I, Satz
3], any order O’ of discriminant rpZ belongs to the genus of O in the sense that
O’ =y~ 1Oy with some y € AT(W)x. The similar fact is true for maximal
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orders, which have discriminant rZ. Accordingly in either case n = 0 or 1
the discriminant rp™Z certainly determines the genus of . Moreover the
discriminant does not depend on d. In view of these together with (54, we
can conclude

COROLLARY 5.2. Let the notation be as in Theorem [5.1l. Then for n = 0 or
1 the number of the left-hand side of ([&4) is independent of the choice of d.
Especially, if the type number of orders in B, » of discriminant rp"Z is 1,

or any prime number d prime to rp"™ such that d =1 (mod 4) and ( & ! =1
for any p p P 5

there exists only one O%-class in the genus of maximal lattices in (V, ¢) of
{4, Q(Vd), B, 0, 4} such that Ly[dp", 2-'dZ) # 0 and

Ly[dp™, 271dZ] = hI"(Ly)
with a lattice Ly in the class and h € Lq[dp™, 271dZ)].

In Table 1 of Section 5.3 below we shall see a few numerical examples for r = 2
and n = 0 supporting this fact.

5.2 EXAMPLES FOR REAL QUADRATIC FIELDS

Let V be a totally definite quaternion algebra over F' of discriminant g and ¢
its norm form, where F' is a totally real field of even degree. Taking a nonzero
element h of V' and a g-maximal lattice L in (V, ¢), we have the complement
(W, 9) of Fh and the lattice LN W. We see that AT (W) is isomorphic to the
present V' as quaternion algebras. Our order O is then AT(L N W) and has
discriminant gb~2 with ¢ = p[h] and b = 2¢(h, L). Let ¢(9) denote the class
number of O as before.

PROPOSITION 5.3. In the above setting with h € L|q, 271b] assume that F has
class number 1. Then there exists an order O of discriminant gb=2 in V such
that 3, p # {Lilg, 270]/T(Li) } = (D), where {Li}ics is a set of representa-
tives for the SO¥-classes in the SO?-genus of L for which L;[q, 271b] # 0.

We first note by [8, Proposition 1.8] that, for every totally positive integer
q of F, there is a g-maximal lattice L in (V, ¢) such that L[q] = {x € L |
olz] = q} # 0. Moreover if qg is squarefree, then L[q] = L[g, 27 'g] because of

b(q) =g

Proof. Clearly formula (&) is applicable to h € L[g, 27'b]. Since C(L) =
7(Jy) and F has class number 1, 7 of (L2) gives a bijection of G*(V) \
GT(V)a/Jy onto SO? \ SO%/C(L). Furthermore we have 7(GT(V) N
yJyy~t) = T(L7(y)~!) for every y € GT(V)a. The assertion follows from
these combined with (£3]). O

For example, take (V, ¢) as in Proposition 5.3 over F' = Q(v/d) with d = 5, 13,
or 101. It is known that #{SO¥ \ SO% /C(L)} =1 when d =5, 13. As noted
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above, there is a maximal lattice L in (V, o) such that L[] = L[g, 27 'g] # 0
for a given totally-positive squarefree integer ¢ of F'. Applying Proposition
to h € Llg], we have an order O in V of discriminant gg. Now suppose
g € g*. Then O is maximal as d(D) = g. Its class number is 1 if d = 5, 13
and is 5 if d = 101. These results can be found in [5 Tabelle 2] due to
Peters. Therefore by the same proposition, #{L[q, 27 'g]/T(L)} = 1if d =
5,13 and Y, #{Lilg, 27 'g]/T(Ls)} = 5 if d = 101, where {L;}ics is a set of
representatives of the SO¥-classes in the genus of L for which L;[q, 27 1g] # 0.
We mention that there is a previous result [10, Theorem 1.11] concerning the
application of [I0, Theorem 1.6] to the norm forms of definite quaternion alge-
bras over Q.

5.3 NUMERICAL TABLES FOR {4, Q(Vd), B2 o, 4}

Let d be a prime number such that d = 1 (mod 4). We take a quadratic
space (V, ¢) over Q of invariants {4, Q(v/d), B3, o, 4} and a complete set
{Li}icy of representatives for the O¥-classes in the O%¥-genus of maximal
lattices in (V, ¢). By (GA) the number Y, ; # {Li[dp™, 27 dZ]/T"(L;)} is
given by the type number ¢(9) of some order © in B o of discriminant

2p"Z for an odd prime number p prime to d and 0 < n € Z, where we

assume (%) = 1 if n is odd and remark that L;[dp™, 27 'dZ] may be empty

for some i € J. We put ¢(dp”) = > ,o; # {Lildp", 27'dZ]/T"(L;)} for
convenience. We restrict ourselves to the case n = 0 or 1. In this section

we shall not only give the numbers ¢(dp™) by quoting ¢(9), but also present
#L;[dp", 27dZ] for i € J by taking {L;}ic; in the case of d = 5, 13, 17, or 29.

To obtain {L;};ecs for these primes d, we proceed according to the viewpoint
explained at the last part of §4.1. Let (X, ®) be as in that section. We set

N="Ze1+ Zes + Zes + Zg + Zes,

where {e;} is the standard basis of Q} and g = 27%(e1 + e3 + e3 + e4). Then
A is a Z-maximal lattice in (X, ®). By (@3] we have a bijection

kD (A) — (AN (Qk:) )y tO?

of Ald, Z]/T"(A) onto the O%¥-classes in the O¥-genus of maximal lattices in
(V, ¢) with some 7; € O% so that k; = koy for i € J, where {k;}ics is a
complete set of representatives for Ald, Z]/T"(A) and kg is an arbitrarily fixed
element of A[d, Z]; we put V = (Qko)* and ¢ = ®|y,. Hence the desired
representatives {L;};c; can be obtained from explicit elements k; for i € J
by taking (A N (Qk;))y; * as L. A method of determining A[d, Z]/T"(A) is
explained in [0, §12.15]; in which {k;};c; was found for the case of d = 29.
We employ that method for our purpose. Once such a set {k;};c; is obtained,
using the lattice AN (Qk;)*, we can compute the number #L;[dp™, 27 1dZ] for
every ¢ € J.
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Here is a list of the representatives k; for Ald, Z]/T"(A) and the corresponding
lattices A N (Qk;)* for i € J and d = 5, 13, 17, 29:

(1) d=5.
k1 = 2e1 + es5.
AN (Qky)*t = Zeg + Zez + Zey + Z(g — e5).
(2) d=13.
k1 =2e1 + 3es, ko = 2(62 +e3+ 64) + es.
AN (le)J‘ =Z(ea+e3+ e4) + Zes + Zes + Z(3g — e5),
AN (Qko)t = Zey + Z(ea — 2e5) + Z(ez — 2e5) + Z(g — 3es).
(3) d=11.
k1 =4des +e5, ko =2(es+eq)+ 3es.
AN (le)J‘ = Zey + Zey + Zes + Z(g — 2es5),
AN (Qk‘g)l =Zey + Zes + Z(363 — 265) + Z(g — 63).
(4) d=29.

k1 = 2e4 + bes, ko = 2(e3 + 2e4) + 3es,
k3 = 2(e1 + ez + e3 + 2e4) + es.
AN (Qk)t = Zey + Zey + Zes + Z(5g — e5),
AN (ng)l‘ =Zey + Zes + Z(3es — 2¢e5) + Z(g — e5),
AN (Qks)t = Z(ey — 2e5) + Z(ea — 2e5) +
+Z(es — 2es5) + Z(g — bes).

Here we note that the case d = 5 can be seen from [10, §4.4, (4.12¢)]. It can
also be verified that these k; for i € J form a complete set of representatives
for Ald, Z]/T(A) for d = 5, 13, 17, 29. Since [9 Proposition 11.13 (ii)] is
also applicable to kg € A[d, Z], by Lemma Tl {L;};cs gives a complete set
of representatives for the SO¥-classes in the SO¥-genus of maximal lattices in
(V. ).

We can further determine [I'(L;) : 1] for ¢ € J. In fact, by Theorem 51l we have
an explicit formula (52) for R[dp™, 27'dZ] with the notation of (5.1)); then
#I'(L;) is computable in an elementary way by using this formula combined
with the numerical data of #L;[dp™, 271dZ] in our tables. For example,
if d = 29, then we have three maximal lattices {Li, Lo, L3} given above.
Looking at Table 1 for d = 29 and at Table 3 for d =29, p =5 and 7, we have
2. #T(Ly) "1 = 2471, 2 #T(Ly)~' = 471, and 2- #1(Ls)~! = 371 by B2).
From these we get #I'(L1) = 48, #T'(L2) = 8, and #I'(L3) = 6. Moreover the
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mass of the genus with respect to SO? is 5/16, which indeed coincides with
the mass derived from the exact formula of [7, Theorem 5.8]. Similarly for
d =5, 13, 17, we have #I'(L;) = 48 if d = 5; #I'(L1) = 48 and #I'(Lg) = 12
if d=13; #I'(L1) = #T'(L2) = 48 if d = 17.

In the numerical tables below, we put N;(dp™) = #L;[dp", 27 'dZ] and de-
note by t(2, p™) (resp. ¢(2, p")) the type number (resp. the class number)
of O in By o of discriminant 2p"Z. We quote ¢(2, p™) and ¢(2, p") from
[6, Table 1] due to Pizer. It is noted by Corollary that the number
ey # {Lildp™, 271dZ)/T'(L;)} coincides with ¢(2, p™) if ¢(2, p™) = ¢(2, p").

| d [ V@) | M@ | Na@) [ 12, 1) | e@ 1) || @) ]

5 2 * * 1 1 1
13 2 0 * 1 1 1
17 2 0 * 1 1 1
29 2 0 0 1 1 1

Table 1: ¢(d) for d =5, 13, 17, 29

Let us verify our numerical results for ¢(dp) in a straightforward way by using
the lattices listed above. As an example, we take up the case of d = 13 and
p = 23. We begin with the 5-dimensional space (X, ®) and A as above. Put
k1 = 2e; + 3es and ko = 2(ex + e3 + e4) + e5. In our list with d = 13, &
and kg form a complete set of representatives for A[13, Z]/T"(A) (and it is true
for T'(A) in place of T"(A)). Set V = (Qk2)* and let ¢ be the restriction of
® to V. Then (V, p) has invariants {4, Q(v/13), B2 oo, 4} and Ly = ANV is
Z-maximal in (V, ¢). Since {e1, e2 — 2e5, e3 — 2e5, g — 3es} is a Z-basis of Lo,
representing ¢ by this basis, we may put V = QJ,

1 0 0 1/2
0 5 4 13/2
0 4 5 13/2
1/2 13/2 13/2 10

(‘0:

and Ly = Zj}. Under this identification, I'"(Ly) is the subgroup {y € GL4(Z) |
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Ld | » [ Midp) | Notap) [ 12, p) | e(2.p) || cap) |
50 11 || 24 * 1 1 1
5 19 | 40 * 2 3 2
5129 || 60 * 2 3 2
5 31| 64 x 2 4 2
5 41 || 84 . 3 4 3
5 59 || 120 * 3 5 3
5 61 || 124 % 4 7 4
5 71| 144 * 2 6 2
5| 79| 160 * 3 8 3
5| 89 || 180 * 5 8 5
5 (/101 204 * 5 9 5
13 3 0 2 1 1 1
13|17 || 12 6 2 2 2
13 || 23 0 12 1 2 1
13 29 || 12 12 2 3 2
13| 43 || 16 18 3 5 3
13 53 || 12 24 3 5 3
13 61 | 12 28 4 7 4
13 79 || 48 28 3 8 3
13 [ 101 | 60 36 5 9 5

Table 2: ¢(dp) for d =5, 13
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d [ » [ Muidp) | Natdp) [ Natdp) [ 12, p) [ (2. p) [ cld) |

17 13 16 12 * 2 3 2
17 19 16 24 * 2 3 2
17| 43 40 48 * 3 5 3
17| 47 48 48 * 2 4 2
17 53 60 48 * 3 5 3
17| 59 72 48 * 3 ) 3
17| 67 64 72 * 4 7 4
17 83 72 96 * 4 7 4
17 ]| 89 96 84 * 5 3 )
17 || 101 96 108 * ) 9 5
29 5 0 2 0 1 1 1
29| 7 0 0 2 1 2 1
29 || 13 0 2 2 2 3 2
29 || 23 0 0 6 1 2 1
29 || 93 0 10 6 3 5 3
29 || 59 24 8 6 3 ) 3
29 || 67 24 8 8 4 7 4
29 || 71 0 8 12 2 6 2
29 || 83 24 16 6 4 7 4
29 || 103 16 16 12 5 10 5

Table 3: ¢(dp) for d = 17, 29
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vo -ty = ¢} of GL4(Z). Then Lo[13p™, 271 - 13Z] is given by
Lg[lgpn, 2 1. 13Z] = {[Il To T3 I4] S Z}l |
ac% + 5:5% + 5x§ + 1030?1 + x124 + 8vow3 + 132914 + 132324 = 13",
(21’1 + 1’4)2 + (101’2 + 8x3 + 131’4)2 + (81‘2 + 10xz3 + 131‘4)2
+(x1 + 1322 + 1323 + 2024)Z = 13Z}.

Now for p = 23 and n = 1 we have all solutions in Lo[13-23, 27! - 13Z]:

[£5 F13 F13 +£16], [£80 F13 £10], [+8 F130 +10],
[£18 0 +£13 F10], [£18 £130 F10], [£21 +13 +13 F16].

We put
1 0 0 0 1 0 0 O 1 0 0 0
o 0 -1 0 0 -1 0 O -1 0 0
" = y V2 = y V3=
0 -1 0 0 1 1 1 =2 o 0 -1 0
1 0 0o -1 1 0 0 -1 1 0 0o -1

These matrices belong to I (Lg). Consider the subgroup U of I''(L2) generated
by v1, 72, 73, and —14, where 14 is the identity matrix of size 4. Put x =
[6> — 13 — 13 16]. Then it can be seen that zU contains all elements of
Ly[13-23, 271 - 13Z]. Thus we have Ly[13-23, 271 - 13Z] = 21" (L2).
Similarly for ki, we can consider a Z-lattice A N (Qk1)+. Denoting by ¢; the
restriction of ® to (Qk;)*, we may put (Qk;)* = QJ,

31 1 9/2
1 1 0 3/2
1 0 1 3/2
9/2 3/2 3/2 10

Y1 =

AN (Qk)E = Z}, and T (AN (Qk)) = {y € GL(Z) | 1 -y = 1} under
the identification with respect to a Z-basis {ea +e3+e4, €2, €3, 3g—e5} of AN
(Qk1)*. Let Ly be the lattice in (V, ) corresponding to AN(Qk1 )+ under some
isomorphism of (V, ) onto ((Qk1)*, v1). Then the number #L;[13p™, 271 -
13Z] is equal to

H{[x1 To x3 4] € Z} |
393% + x% + x% + 1093421 + 2x129 + 22123 + 9124 + 304 + 3T374 = 13",
(le + 229 + 223 + 9I4)Z + (2$1 + 225 + 3I4)Z + (2$1 + 2x3 + 3I4)Z
+(9I1 + 329 + 323 + 20$4)Z = 13Z}.

For p = 23 and n = 1 there is no elements of (A N (Qk;)1)[13-23, 271 - 13Z)].

Hence #L1[13-23, 271 .13Z] = 0. Because L; and Ly are not in the same O%¥-
class as k11" (A) # koI (A), we have therefore ¢(13 - 23) = #{L»[13-23, 27 1.
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13Z]/T"(L2)} = 1. This coincides with our result in the case of d = 13 and
p = 23 in Table 2.

We note that #U = 24, I'(L2) = U, and I'(Ls) is generated by 1, 2, —14;
furthermore we have 2I'(Lg) = Lo[13-23, 271 - 13Z], that is, #{L2[13-23, 271
13Z])/T(L2)} = 1. As for AN(Qk;)=, four elements dy, - - - , 4 and —14 generate
(AN (Qky)t) and then T'(A N (Qk;)t) is generated by 8102, 203, 04, —14,
where

100 0 1 0 0 0
010 0 01 0 0

61: ) 62: 3
001 0 1 -1 -1 0
300 -1 0 0 0 1
(1 0 0 o0 (1 —2 0 0]
1 -1 -1 0 1 -1 -1 0

53: a54:
0 0 1 0 00 1 0
0 0 0 1 0 -3 0 1

We shall show one more example for d = 13 and p = 79 obtained in the same
manner:

#{L1[13-79, 271 - 13Z)/T"(L1)} =1, # {L2[13-79, 271 - 13Z]/T"(L2)} = 2,
#{L.1[13-79, 27" - 13Z]/T(L1)} =1, #{Lo[13-79, 27! - 13Z]/T(Ls)} = 3.

Here L}[13-79, 271 - 13Z], with L} = AN(Qk;)* = Ly, consists of 48 solutions
[+£10 F39 F26 +£2], ---, [£29 F13 F13 F2|
and Lo[13-79, 271 . 13Z] of 28 solutions

[+3 +13 +£39 F32], -+, [£36 +39 +26 T 46].

Accordingly 2?21 #{L;[13-79, 271-13Z]/T(L;)} is a quantity that differs from
both the type number and the class number of .
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