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1 INTRODUCTION

Connected reductive groups over separably closed fields are classified by their
root data. These come in pairs: to every root datum, there is associated its dual
root datum and vice versa. Hence, to every connected reductive group G, there
is associated its dual group G. Following Drinfeld’s geometric interpretation of
Langlands’ philosophy, Mirkovi¢ and Vilonen [16] show that the representation
theory of G is encoded in the geometry of an ind-scheme canonically associated
to G as follows.

Let G be a connected reductive group over an arbitrary field F. The loop
group LG is the fpqc-sheaf associated with group functor on the category of
F-algebras

LG : R+— G(R(¢)).

The positive loop group LT G is the fpqc-sheaf associated with the group functor
LTG: R+ G(R[t]).

Then LG C LG is a subgroup functor, and the fpgc-quotient Grg = LG/L+G
is called the affine Grassmannian. It is representable by an ind-projective ind-
scheme (= inductive limit of projective schemes). Now fix a prime ¢ # char(F),
and consider the category Pr+q(Grg) of LtG-equivariant f-adic perverse
sheaves on Grg. This is a Q-linear abelian category.
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210 T. RICHARZ

First assume that F is separably closed. Then the simple objects in Pr+g(Grg)
are as follows. Fix T' C B C (G a maximal torus contained in a Borel. For every
cocharacter p, denote by

O, & LTG t»

the reduced L*G-orbit closure of t* € T(F(t)) inside Grg. Then O, is a
projective variety over F'. Let IC, be the intersection complex of 6#' The
simple objects of Pp+g(Grg) are the IC,’s where p ranges over the set of
dominant cocharacters X. Furthermore, the category Pr+s(Grg) is equipped
with an inner product: to every A;, As € Pr+g(Grg), there is associated a
perverse sheaf A; x Ay € Pr+g(Grg) called the convolution product of A; and
As (cf. §3 below). Denote by

w(-) & @RiF(Grg,-) i Prig(Grg) — Vecg,
iE€EZ

the global cohomology functor with values in the category of finite dimensional
Qg-vector spaces. Fix a pinning of G, and let G be the Langlands dual group
over Qy, i.e. the reductive group over Q, whose root datum is dual to the root
datum of G. Let T be the dual torus, i.e. the Qp-torus with X*(T) = X, (T).

THEOREM 1.1. (i) The pair (Pr+g(Grg),*) admits a unique symmetric
monoidal structure such that the functor w is symmetric monoidal.

(ii) The functor w is a faithful exact tensor functor, and induces via the Tan-
nakian formalism an equivalence of tensor categories

(Pr+c(Gra),«) — (Repg,(G), ®)
A s w(A),

which is uniquely determined up to inner automorphisms by T by the property
that w(IC,) is the irreducible representation of highest weight .

In the case F' = C, this reduces to the theorem of Mirkovi¢ and Vilonen [16]
for coefficient fields of characteristic 0. The drawback of our method is the
restriction to Qg-coefficients. Mirkovic and Vilonen are able to establish a
geometric Satake equivalence with coefficients in any Noetherian ring of finite
global dimension (in the analytic topology). I give a proof of the theorem over
any separably closed field F' using ¢-adic perverse sheaves. My proof is different
from the one of Mirkovi¢ and Vilonen. It proceeds in two main steps as follows.
In the first step I show that the pair (Pr+g(Grg),*) is a symmetric monoidal
category. This relies on the Beilinson-Drinfeld Grassmannians [2] and the
comparison of the convolution product with the fusion product via Beilinson’s
construction of the nearby cycles functor. Here the fact that the convolution
of two perverse sheaves is perverse is deduced from the fact that nearby cycles
preserve perversity. The method is based on ideas of Gaitsgory [7] which were
extended by Reich [19]. The constructions in this first step are essentially
known, my purpose was to give a coherent account of these results.
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The second step is the identification of the group of tensor automorphisms
Aut*(w) with the reductive group G. T use a theorem of Kazhdan, Larsen
and Varshavsky [10] which states that the root datum of a split reductive
group can be reconstructed from the Grothendieck semiring of its algebraic
representations. The reconstruction of the root datum relies on the PRV-
conjecture proven by Kumar [11]. T prove the following geometric analogue of
the PRV-conjecture.

THEOREM 1.2 (Geometric analogue of the PRV-Conjecture). Denote by W =
W(G,T) the Weyl group. Let p1,. .., pu, € XY be dominant coweights. Then,
for every A € X of the form X = vy + ...+ v, withv; € Wy, fori=1,....k,
the perverse sheaf ICy appears as a direct summand in the convolution product
IC,, x...xIC,,.

Using this theorem and the method in [10], I show that the Grothendieck
semirings of Pr+g(Grg) and Repg, (G‘) are isomorphic. Hence, the root data
of Aut*(w) and G are the same. This shows that Aut*(w) ~ G uniquely up to
inner automorphisms by T.

If F is not neccessarily separably closed, we are able to apply Galois descent
to reconstruct the full L-group. Fix a separable closure F' of F, and denote by
' = Gal(F/F) the absolute Galois group. Let “G = G(Q,) x T be the Galois
form of the full L-group with respect to some pinning.

THEOREM 1.3. The functor A — w(Ap) induces an equivalence of abelian
tensor categories

(PL+G(GYG)7*) = (Rep(ag (LG)5®)5

where Repél(LG) 1s the full subcategory of the category of finite dimensional

continuous (-adic representations of "G such that the restriction to G(@g) is
algebraic.

Theorem 1.3 may be seen as an extension of Theorem A.12 in my joint work
with Zhu [20]. In [loc. cit] we consider the category Repg,(*G) of alge-
braic representations of “G regarded as a pro-algebraic group over Q. Then
Repg, (*G) is a full subcategory of Repél (*G), and we identify the correspond-
ing subcategory of Pr+qo(Grg) explicitly.

My method of proof here is similiar to the method used in [20]. Besides some
general Tannakian formalism, the key ingredient is the identification of the I'-
action on G obtained via the geometric Satake equivalence over F. Tt differs
from the usual action by a twist with the cyclotomic character, cf. Proposition
6.6 below.

The structure of the paper is as follows. In §2 we introduce the Satake cate-
gory Pr+a(Grg). Appendix A supplements the definition of Pr+g(Grg) and
explains some basic facts on perverse sheaves on ind-schemes as used in the
paper. In §3-8§4 we clarify the tensor structure of the tuple (Pr+g(Grg),*),

DOCUMENTA MATHEMATICA 19 (2014) 209246



212 T. RICHARZ

and show that it is neutralized Tannakian with fiber functor w. Section 5 is
devoted to the identification of the dual group. This section is supplemented by
Appendix B on the reconstruction of root data from the Grothendieck semiring
of algebraic representations. The reader who is just interested in the case of
an algebraically closed ground field may assume F' to be algebraically closed
throughout §2-§5. The last section §6 is concerned with Galois descent and the
reconstruction of the full L-group.

ACKNOWLEDGEMENT 1. First of all I thank my advisor M. Rapoport for his
steady encouragement and advice during the process of writing. I am grateful
to the stimulating working atmosphere in Bonn and for the funding by the
Max-Planck society.

2 THE SATAKE CATEGORY

Let G a connected reductive group over any field F'. The loop group LG is the
fpqc-sheaf associated with the group functor on the category of F-algebras

LG : R— G(R(t)).
The positive loop group LT G is the fpqc-sheaf associated with the group functor
LTG: R+— G(R[t]).

Then LG C LG is a subgroup functor, and the fpgc-quotient Grg = LG/L+G
is called the affine Grassmannian (associated to G over F').

LEMMA 2.1. The affine Grassmannian Grg is representable by an ind-projective
strict ind-scheme over F. It represents the functor which assigns to every F-
algebra R the set of isomorphism classes of pairs (F, 3), where F is a G-torsor
over Spec(R[t]) and B a trivialization of F[}] over Spec(R((t)).

We postpone the proof of Lemma 2.1 to Section 3.1 below. For every i > 0, let
G, denote i-th jet group, given for any F-algebra R by G; : R — G(R[t]/t"T1).
Then G; is representable by a smooth connected affine group scheme over F'
and, as fpqc-sheaves,

K3
In particular, if G is non trivial, then LTG is not of finite type over F. The
positive loop group LTG operates on Grg and, for every orbit O, the LTG-
action factors through G; for some i. Let O denote the reduced closure of O
in Grg, a projective L™ G-stable subvariety. This presents the reduced locus as
the direct limit of L™ G-stable subvarieties

(Grg)red = 11_(19}115,

where the transition maps are closed immersions.
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Fix a prime ¢ # char(F), and denote by Q, the field of ¢-adic numbers with
algebraic closure Q;. For any separated scheme T of finite type over F, we
consider the bounded derived category D%(T, Q) of constructible f-adic com-
plexes on T, and its abelian full subcategory P(T') of ¢-adic perverse sheaves.
If H is a connected smooth affine group scheme acting on T', then let Py (T') be
the abelian subcategory of P(T') of H-equivariant objects with H-equivariant
morphisms. We refer to Appendix A for an explanation of these concepts.
The category of f-adic perverse sheaves P(Grg) on the affine Grassmannian is
the direct limit

def

P(Grg)  lig P(0),

=
%)

which is well-defined, since all transition maps are closed immersions, cf. Ap-
pendix A.

DEFINITION 2.2. The Satake category is the category of L+ G-equivariant ¢-adic
perverse sheaves on the affine Grassmannian Grg

Prig(Grg) = lim Prig(0),
o

where O ranges over the LT G-orbits.
The Satake category Pp+q(Grg) is an abelian Q-linear category, cf. Appendix
A.

3 THE CONVOLUTION PRODUCT

We are going to equip the category Pr+g(Grg) with a tensor structure. Let
-%-: P(Grg) x Pr+g(Grg) — D(Grg, Q)

be the convolution product with values in the derived category. We recall its
definition [17, §2]. Consider the following diagram of ind-schemes

Grg x Grg <2 LG x Grg -5 LG x~C Grg - Grg. (3.1)

Here p (resp. ¢) is a right L+ G-torsor with respect to the LT G-action on the
left factor (resp. the diagonal action).The LG-action on Grg factors through
q, giving rise to the morphism m.

For perverse sheaves A;, A2 on Grg, their box product A; X As is a perverse
sheaf on Grg x Grg. If A is LT G-equivariant, then there is a unique perverse
sheaf A4;X.A45 on LG w TG Grg such that there is an isomorphism equivariant
for the diagonal LT G-action!

p*(-Al X -A2) =~ q*(.AﬂgAg).

Then the convolution is defined as A; * As = m., (Algflg).

IThough LG is not of ind-finite type, we use Lemma 3.20 below to define 4; XAs.
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THEOREM 3.1. (i) For perverse sheaves A1, Ay on Grg with Az being LTG-
equivariant, their convolution A; x A is a perverse sheaf. If Ay is also L*TG-
equivariant, then A; x Ay is LT G-equivariant.

(ii) Let F be a separable closure of F. The convolution product is a bifunctor
-k- PL+G(Grg) X PL+G(GI‘0) — PL+G(Grg),

and (Pr+q(Grg),x) has a unique structure of a symmetric monoidal category
such that the cohomology functor with values in finite dimensional Qg-vector
spaces

P R'T(Gre 7. ()5): Prec(Gra) — Vecg,
i€EZ

18 symmetric monoidal.

Part (i) is due to Lusztig [12] and Gaitsgory [7]. Part (ii) is based on meth-
ods due to Reich [19]. Both parts of Theorem 3.1 are proved simultaneously
in Subsection 3.3 below using universally locally acyclic perverse sheaves (cf.
Subsection 3.2 below) and a global version of diagram (3.1) which we introduce
in the next subsection.

3.1 BEILINSON-DRINFELD GRASSMANNIANS

Let X a smooth geometrically connected curve over F'. For any F-algebra R,
let Xp = X x Spec(R). Denote by ¥ the moduli space of relative effective
Cartier divisors on X, i.e. the fppf-sheaf associated with the functor on the
category of F-algebras

R — {D C Xp relative effective Cartier divisor}.

LEMMA 3.2. The fppf-sheaf ¥ is represented by the disjoint union of fppf-
quotients [[,,~, X™ /Sy, where the symmetric group S, acts on X™ by permut-
ing its coordinates.

a

DEFINITION 3.3. The Beilinson-Drinfeld Grassmannian (associated to G and
X ) is the functor Gr = Grg, x on the category of F-algebras which assings to
every R the set of isomorphism classes of triples (D, F, 3) with

D € X(R) a relative effective Cartier divisor;
F a G-torsor on Xpg;

B Flxp\D = Fo|xp\p a trivialisation,

where Fy denotes the trivial G-torsor. The projection Gr — X, (D, F,3) — D
is a morphism of functors.
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LEMMA 3.4. The Beilinson-Drinfeld Grassmannian Gr = Grg, x associated to
a reductive group G and a smooth curve X 1is representable by an ind-proper
strict ind-scheme over X.

Proof. This is proven in [7, Appendix A.5.]. We sketch the argument. If
G = GL,, consider the functor Gr(,,) parametrizing

J C O}R(im. D)/O?(R(m .D>5

where J is a coherent Ox ,-submodule such that Ox,(—m-D)/J is flat over R.
By the theory of Hilbert schemes, the functor gr,,) is representable by a proper
scheme over X. For m; < msg, there are closed immersions gr(ml) — gr(m2).
Then as fpqc-sheaves
iy Grm) —> Gr-

For general reductive G, choose an embedding G — GL,. Then the fppf-
quotient GL,, /G is affine, and the natural morphism Gr¢ — GraL, is a closed
immersion. The ind-scheme structure of Grg does not depend on the choosen
embedding G — GL,,. This proves the lemma. O

Now we define a global version of the loop group. For every D € %(R), the
formal completion of Xp along D is a formal affine scheme. We denote by
OX p its underlying R-algebra. Let D= Spec((’) X D) be the associated affine
scheme over R. Then D is a closed subscheme of D, and we set D° = D\D.
The global loop group is the fpqc-sheaf associated with the group functor on
the category of F-algebras

LG : R~ {(s,D)| D e %(R), s € G(D°)}.

The global positive loop group is the fpqc-sheaf associated with the group func-
tor
LYG: R~ {(s,D)| D e X(R), s G(D)}.

Then LTG C LG is a subgroup functor over X.

LEMMA 3.5. (i) The global loop group LG is representable by an ind-group
scheme over X. It represents the functor on the category of F-algebras which
assigns to every R the set of isomorphism classes of quadruples (D, F,(,0),

where D € X(R), F is a G-torsor on Xg, B: F = Fo is a trivialisation over
Xr\D and o : Fo = Flp is a trivialisation over D.

(ii) The global positive loop group LYG is representable by an affine group
scheme over X with geometrically connected fibers.

(iii) The projection LG — Grg, (D, F,B,0) — (D, F, B) is a right LTG-torsor,

and induces an isomorphism of fpqc-sheaves over %

LG/LTG =5 Gre.
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Proof. We reduce to the case that X is affine. Note that fppf-locally on R
every D € X(R) is of the form V(f). Then the moduli description in (i) follows
from the descent lemma of Beauville-Laszlo [1] (cf. [14, Proposition 3.8]). The
ind-representability follows from part (ii) and (iii). This proves (i).

For any D € ©(R) denote by D its i-th infinitesimal neighbourhood in Xx.
Then D is finite over R, and the Weil restriction Res p) /r(G) is representable
by a smooth affine group scheme with geometrically connected fibers. For
i < j, there are affine transition maps Respy) r(G) — Respm,g(G) with
geometrically connected fibers. Hence, @z Respa r(G) is an affine scheme,
and the canonical map

LYG X%,D Spec(R) — @RCSD@)/R(G>

is an isomorphism of fpgc-sheaves. This proves (ii).

To prove (iii), the crucial point is that after a faithfully flat extension R — R’
a G-torsor F on D admits a global section. Indeed, F admits a R’-section
which extends to Dg by smoothness and Grothendieck’s algebraization theo-
rem. This finishes (iii). O

REMARK 3.6. The connection with the affine Grassmannian Grg is as follows.
Lemma 3.2 identifies X with a connected component of X. Choose a point
x € X(F) considered as an element D, € X(F). Then D, ~ Spec(Ft]),
where ¢ is a local parameter of X in x. Under this identification, there are
isomorphisms of fpqc-sheaves
LG, ~ LG
LTG, ~LTG
ng,x = GI‘G.

Using the theory of Hilbert schemes, the proof of Lemma 3.4 also implies that
Grer,,, and hence Grg is ind-projective. This proves Lemma 2.1 above.

By Lemma 3.5 (iii), the global positive loop groop £LTG acts on Gr from the
left. For D € ¥(R) and (D, F, 8) € Grg(R), denote the action by

((9. D), (F, B, D)) — (9F, 98, D).
COROLLARY 3.7. The LTG-orbits on Gr are of finite type and smooth over X.

Proof. Let D € ¥(R). It is enough to prove that the action of

LG x5 p Spec(R) ~ @RGSD('L)/R(G)

K2

on Gr xx p Spec(R) factors over Respu),p(G) for some i >> 0. Choose a
faithful representation p : G — GL,, and consider the corresponding closed
immersion Grg¢ — Grar, - This reduces us to the case G = GL,,. In this case,
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the Gr(my’s (cf. proof of Lemma 3.4) are LT GL,, stable, and it is easy to see
that the action on Gr(,,) factors through Respem) p(GLyn). This proves the
corollary. O

Now we globalize the convolution morphism m from diagram (3.1) above. The
moduli space ¥ of relative effective Cartier divisors has a natural monoid struc-
ture

SU-E XY —X
(Dl,Dg) — D1 U Dg.
The key definition is the following.

DEFINITION 3.8. For k > 1, the k-fold convolution Grassmannian Gry, is the
functor on the category of F-algebras which associates to every R the set of
isomorphism classes of tuples ((D;, F;, B;)i=1

.....

D; € 3(R) relative effective Cartier divisors, i =1,...,k;

F; are G-torsors on Xpg;

Bi  Filxp\Ds 5 Fi—1|xp\p, isomorphisms, i = 1,...,k,
where JFp is the trivial G-torsor. The projection Grp — Xk,
(D4, Fi, Bi)i=1,...k) = ((Di)i=1,....x) is a morphism of functors.

LEMMA 3.9. For k > 1, the k-fold convolution Grassmannian Gry, is repre-
sentable by a strict ind-scheme which is ind-proper over YF.

Proof. The lemma follows by induction on k. If k = 1, then G = Gr. For
k > 1, consider the projection

p: Gk — Gre—1 X 2
(D4, Fi, Bi)i=1,...k) —> ((Di, Fi, Bi)i=1,... k=1, Di)-
Then the fiber over a R-point ((D;, Fi, Bi)i=1,....k—1, D) is
p (D3, Fi, Bi)i=1,....k—1, D)) = Frer X (Gr xx, Di),
which is ind-proper. This proves the lemma. O

For k > 1, there is the k-fold global convolution morphism
my 1 Gri, — Gr
((Di, Fi, Bi)i=1,... k) ¥ (D, Fi, Bilxp\D © - - - © Belxp\D);
where D = Dy U...U Dj. This yields a commutative diagram of ind-schemes

g’“k%@“

||

ILIEN J
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i.e., regarding Gry, as a Y-scheme via X% — 3, (D;); — U; D;, the morphism my,
is a morphism of ¥-ind-schemes. The global positive loop group £*G acts on
Gri over ¥ as follows: let (D, Fi, Bi)i € _C';rk(R) and g € G(ﬁ) with D = U; D;.
Then the action is defined as

((gaD)a (Dl?flaﬁl)l) — (Diag]:iagﬁigil)i-

COROLLARY 3.10. The morphism my, : Gri, — Gr is a LT G-equivariant mor-
phism of ind-proper strict ind-schemes over X.

Proof. The LT G-equivariance is immediate from the definition of the action.

Note that X% = ¥ is finite, and hence Gry, is an ind-proper strict ind-scheme
over Y. This proves the corollary. O

Now we explain the global analogue of the L™ G-torsors p and ¢ from (3.1). For
k > 1, let LG}, be the functor on the category of F-algebras which associates to
every R the set of isomorphism classes of tuples ((D;, Fi, Bi)i=1,... ks (0i)i=2....k)
with

D;eX(R),i=1,...,k;

F; are G-torsors on Xg;

Bi ]:i|XR\Di = ]:O|XR\D1- trivialisations, 1 = 1,...,k;

i : ‘7:0|f)i E>]:i_1|f)i, i=2,...,k,
where Fj is the trivial G-torsor. There are two natural projections over X¥.

Let
LYGET =3P xg LTGRL

The first projection is given by
pr i LGr — G*
((Dsy Fiy Bi)i=1,...k, (04)i=2,...k) —> ((Di, Fis Bi)i=1,... k)-
Then pj is a right E"’Glg_l—torsor for the action on the o;’s. The second
projection is given by
G : LG — Gry
((Diy Fiy Bi)i=1,...k (03)i=2,...k) — ((Ds, F}, BL)i=1,...k)s
where F{ = F; and for i > 2, the G-torsor F, is defined successively by gluing
Filxp\p; to F{_1|p, along oi|po 0 Bi| po. Then gy is a right LtGE -torsor for
the action given by
(((Di, Fi, Bi)iz1, (0i)iz2),(D1, (Di, gi)ix2)) —
(D1, F1, 1), (Dis g ' Fiy g7 Bi)iz2, (05gi)iz2)-

In the following, we consider ind-schemes over ¥ as ind-schemes over ¥ via
DI
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DEFINITION 3.11. For every k > 1, the k-fold global convolution diagram is the
diagram of ind-schemes over X

gk & LG 25 Gre ™5 Gr.

REMARK 3.12. Fix z € X (F), and choose a local coordinate ¢ at x. Taking the
fiber over diag({x}) € X*(F) in the k-fold global convolution diagram, then

Gr’é +— LG x Grg — LG xITG  yLtG Grg — Grg.

k-times

For k = 2, we recover diagram (3.1).

3.2 UNIVERSAL LOCAL ACYCLICITY

The notion of universal local acyclicity (ULA) is used in Reich’s thesis [19], cf.
also the paper [3] by Braverman and Gaitsgory. We recall the definition. Let S
be a smooth geometrically connected scheme over F', and f : T — S a separated
morphism of finite type. For complexes Ar € D%(T,Qy), As € D%(S,Qy), there
is a natural morphism

Ar® f*As — (Ar @ f'Asg)2dim(S)), (3.2)

! X _
where A ® B = D(DA® DB) for A, B € DT, Q). The morphism (3.2) is
constructed as follows. Let I'y : T'— T x S be the graph of f. The projection
formula gives a map

ny!(ch(.AT X .As) X F!f@g) ~ (AT X As) ® ny!F!f(@g — Ar X As,

and by adjunction a map I'} (Ar X Ag) @ F!f@g — F!f(AT X Ags). Note that

F}(AT KAs) ~ Ar ® f*Ag and F!f(.AT KAg) ~ Arp ® f!.As,

using D(ArXAg) ~ DATXDAs. Since S is smooth, I' is a regular embedding,
and thus F!f@g ~ Q¢[—2 dim(S)]. This gives after shifting by [2 dim(S)] the map
(3.2).

DEFINITION 3.13. (i) A complex Ar € Db(T,Qy) is called locally acyclic with
respect to f (f-LA) if (3.2) is an isomorphism for all Ag € D2(S, Q).

(ii) A complex Az € D%(T,Qy) is called universally locally acyclic with respect
to f (f-ULA) if f& Ar is fo-LA for all for = f x5 S" with S” — § smooth, S’
geometrically connected.

REMARK 3.14. (i) If f is smooth, then the trivial complex Az = Qq is f-ULA.
(ii) If S = Spec(F) is a point, then every complex Ar € DY(T,Qy) is f-ULA.
(iii) The ULA property is local in the smooth topology on T
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LEMMA 3.15. Letg: T — T’ be a proper morphism of S-schemes of finite type.
For every ULA complex Ay € D%(T,Qy), the push forward g.Ar is ULA.

Proof. For any morphism of finite type g : T — T and any two complexes Ar,
A, we have the projection formulas

N(Ar 9" Ar) ~ g Ar @ A and ge(Ar ® GAr) ~ g Ar @ A

If g is proper, then g, = g1, and the lemma follows from an application of the
projection formulas and proper base change. O

THEOREM 3.16 ([19]). Let D C S be a smooth Cartier divisor, and consider a
cartesian diagram of morphisms of finite type
i J
EFE—T——U

|l

D— S «— S\D.

Let A be a f-ULA complex on T such that Al|y is perverse. Then:
(i) There is a functorial isomorphism

and both complexes i*[—1].A, i'[1]A are perverse. Furthermore, the compler A
is perverse and is the middle perverse extension A ~ ji.(Aly).
(ii) The complex i*[—1)A is f|g-ULA.

a

REMARK 3.17. The proof of Theorem 3.16 uses Beilinson’s construction of the
unipotent part of the tame nearby cycles as follows. Suppose the Cartier divisor
D is principal, this gives a morphism ¢ : S — AL such that »=*({0}) = S\D.
Let g = ¢ o f be the composition. Fix a separable closure F' of F. In SGA
VII, Deligne constructs the nearby cycles functor ¢ = ¢, : P(U) — P(ER).
Let Ytame be the tame nearby cycles, i.e. the invariants under the pro-p-part
of m1(G,, r,1). Fix a topological generator 7' of the maximal prime-p-quotient
of m(G,, r,1). Then T acts on rame, and there is an exact triangle

T—1 x - +1
wtame — wtame — Z*J* —

Under the action of 7" — 1 the nearby cycles decompose as Ytame =~ Yiame ©

6> Where T' — 1 acts nilpotently on v, . and invertibly on ¢ .. Let N :
Wtame — Ytame(—1) be the logarithm of T, i.e. the unique nilpotent operator
N such that T = exp(TN) where T is the image of T under m1(G,, z,1) —

Z¢(1). Then for any a > 0, Beilinson constructs a local system £, on G,
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together with a nilpotent operator N, such that for Ay € P(U) and a > 0
with NoT (¢ - (Ay)) = 0 there is an isomorphism

(w‘yame(‘AU%N) = (Z‘*[fl]j!*(AU®g*£a)ﬁa1®N¢z)'

def

Set Vi(Ay) = limgeo i*[~1]j1x(Av @ g*Ly). Then Wy @ P(U) — P(E) is
a functor, and we obtain that N acts trivially on ¥, .(Ay) if and only if
Up(Ay) = i*[~1]ji(Ap). In this case, ¥} is also defined for non-principal
Cartier divisors by the formula W§ = i*[—1] o ji..

In the situation of Theorem 3.16 above Reich shows that the unipotent mon-
odromy along F is trivial, and consequently

P*[-1]A ~ TYoj*(A) ~ i'[1)A

COROLLARY 3.18 ([19]). Let A be a perverse sheaf on S whose support contains
an open subset of S. Then the following are equivalent:

(i) The perverse sheaf A is ULA with respect to the identity id: S — S.

(ii) The complex A|—dim(S)] is a locally constant system, i.e. a lisse sheaf.

O
We use the universal local acyclicity to show the perversity of certain complexes
on the Beilinson-Drinfeld Grassmannian. For every finite index set I, there is
the quotient map X! — ¥ onto a connected component of . Set

g1 = Grxs X
If I = {+} has cardinality 1, we write grx = Gr;.

REMARK 3.19. Let X = AL with global coordinate t. Then G, acts on X via
translations. We construct a G4-action on Gr as follows. For every x € G,(R),
let a, be the associated automorphism of Xg. If D € X(R), then we get an
isomorphism a_4 : az D — D. Let (D, F, ) € Gra(R). Then the G,-action on
Org — X is given as

(D,F,B) — (a*,F,a* B,a;D).

Let G, act diagonally on X7, then the structure morphism Gr; — X7 is G-
equivariant. If |I| = 1, then by the transitivity of the G,-action on X, we
get Grx = Grg x X. Let p: Grx — Grg be the projection. Then for every
perverse sheaf A on Grg, the complex p*[1].A is a ULA perverse sheaf on Grx
by Remark 3.14 (ii) and the smoothness of p.

Now fix a finite index set I of cardinality & > 1. Consider the base change
along X7 — 3 of the k-fold convolution diagram from Definition 3.11,

[19rx.: <= £Gr 5 Gri ™5 Gry. (3.3)
i€l
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Now choose a total order I = {1,...,k}, and set 1° = I\{1}. Then p; (resp.
qr) is a LT G9-torsor, where LTG9 = X x y10 LYG1o.

Let LYGx = LTG xx X, and denote by Priq, (Grx)"" the category of
L+ G x-equivariant ULA perverse sheaves on Gry. For any i € I, let Ax; €
P(Grx)""A such that Ax.i are LTGx-equivariant for i > 2. We have the
[1,~2 £1Gx i-equivariant ULA perverse sheaf M;cr Ax ;i on [,c; Grx.i.

LEMMA 3.20. There is a unique ULA perverse sheaf gig.AX’i on g}, such that
there is a qr-equivariant isomorphism?

@ RierAx,;) ~ pj(ierAx,q),

where qr-equivariant means with respect to the action on the LTG9-torsor
qr : LG; — Grr. If Ax1 is also LT G x-equivariant, then W;er Ax ,; is LTG-
equivariant

REMARK 3.21. The ind-scheme £G; is not of ind-finite type. We explain how
the pullback functors p},q; should be understood. Let Yi,...,Y; be LTG-
equivariant closed subschemes of Grx containing the supports of Ay, ..., A .
Choose N >> 0 such that the action of LTGx on each Yi,...,Y} factors over
the smooth affine group scheme Hy = Respov), x (G), where DW) is the N-th
infinitesimal neighbourhoud of the universal Cartier divisor D over X. Let
Ky = ker(ﬁ"'GX — Hy), and Y = Y] x...Y). Then the left Ky-action on
each Y; is trivial, and hence the restriction of the pr-action resp. gr-action on
pr (V) to [[;50 Kn agree. Let hy : p; ' (Y) — Y be the resulting [],~, Kn-
torsor. By Lemma A.4 below, we get a factorization -

Pt (Y)

2

Y Y, Ly
PI,N NN ar(pr(Y)),

where pr v, qr, N are HZ—>2 Hpy-torsors. In particular, Yy is a separated scheme
of finite type, and we can replace p; (resp. q7) by p; y (resp. ¢j y)-

Proof of Lemma 3.20. We use the notation from Remark 3.21 above. The
sheaf pﬁ;N(gigAxﬁi) is [[;>o Hn-equivariant for the gr y-action. Using de-
scent along smooth torsors (cf. Lemma A.2 below), we get the perverse
sheaf I%ieIAX,i; which is ULA. Indeed, p}.y(MierAx,;) is ULA, and the
ULA property is local in the smooth topolc;gy. Since the diagram (3.3) is
LT Gr-equivariant, the sheaf giejAXJ- is LT Gr-equivariant, if Ax is LTG x-
equivariant. This proves the lemma. O

2See Remark 3.21 below.
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Let Ur be the open locus of pairwise distinct coordinates in X?. There is a
cartesian diagram

g 2 (G|

| |

el Ur.

PROPOSITION 3.22. The complex m[,*(giejAX,i) is a ULA perverse sheaf on
Grr, and there is a unique isomorphism of perverse sheaves

mr«(MierAxi) ~ jr(MierAx ilu, ),
which is LT Gr-equivariant, if Ax 1 is L1 Gx -equivariant.

Proof. The sheaf QZ-GIAXJ- is by Lemma 3.20 a ULA perverse sheaf on Gry.
Now the restriction of the global convolution morphism m; to the support of
N;erAx,; is a proper morphism, and hence my .(X;erAx ;) is a ULA complex
by Lemma 3.15. Then my . (MicrAx:) ~ ju((RicrAxi)|v,), as follows from
Theorem 3.16 (i) and the formula wuy, o v, =~ (u o v),. for open immersions
V & U S T, because my|y, is an isomorphism. In particular, m[,*(gieI-AX,i)
is perverse. Since my is LT Gr-equivariant, it follows from proper base change
that my . (M;erAx ;) is L1 Gr-equivariant, if Ax 1 is LT G x-equivariant. This
proves the proposition.

O

3.3 THE SYMMETRIC MONOIDAL STRUCTURE

First we equip P+ ¢, (Grx)UEA with a symmetric monoidal structure * which
allows us later to define a symmetric monoidal structure with respect to the
usual convolution (3.1) of LT G-equivariant perverse sheaves on Grg.

Fix I, and let U; be the open locus of pairwise distinct coordinates in X7.
Then the diagram

iy JI

Grx —— Grr <— (Gri)|u, 5.4)
)l( diag %I U{

is cartesian.

DEFINITION 3.23. Fix some total order on I. For every tuple (Ax ;)icr with
Ax.,i € P(Grx)MA for i € I, the I-fold fusion product *;c1Ax ; is the complex

fierAxs = i5[—k + 1jru((RicrAx.i)|v,) € D2Grx, Qo)

where k = |I|.
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Now let 7 : I — J be a surjection of finite index sets. For j € J, let I; = 7~ 1(j),
and denote by U, the open locus in X7 such that the I j-coordinates are pairwise
distinct from the Ij-coordinates for j # j’. Then the diagram

Gry — Grp L ([, Gyl

J l J (3.5)

X/ X1 Un,

is cartesian. The following theorem combined with Proposition 3.22 is the key
to the symmetric monoidal structure:

THEOREM 3.24. Let I be a finite index set, and let Ax,; € Pr+a, (Grx) LA for
iel. Letm:I— J be a surjection of finite index sets, and set k. = |I| — |J|.
(i) As complezxes

it [=kalirn(RierAx,i)lo,) = iklkelirn(RierAxi)lo,),

and both are LVG j-equivariant ULA perverse sheaves on Grj.  Hence,

*fierAx,i € Prrgy (Grx)VEA.

(ii) There is an associativity and a commutativity constraint for the fusion

product such that there is a canonical isomorphism
kierAx,i ~ ¥jeg(kier; Ax.i),

where I; = m=1(j) for j € J. In particular, (Pr+ g, (Grx)YE4, %)

monotdal.

18 symmetric

Proof. Factor 7 as a chain of surjective maps [ =11 = Io — ... = I;,_=J
with |I;11] = |I;| + 1, and consider the corresponding chain of smooth Cartier
divisors

X=Xl — L — X — X = X1

By Proposition 3.22, the complex jr1.((MierAx.:)|u,) is ULA. Then part (i)
follows inductively from Theorem 3.16 (i) and (ii). This shows (i).

Let 7 : I — I be a bijection. Then 7 acts on X! by permutation of coordinates,
and diagram (3.4) becomes equivariant for this action. Then

T (Mier Ax i)lo,) = Jrs((MierAx 1) lor)-
Since the action on diag(X) C X7 is trivial, we obtain
ii s (MierAxi)luy) = i7" j1(MierAx.i)luy)
~ i1 (Mier Ax —10))|ur )

and hence *;erAx; =~ *ierAx -13;)- It remains to give the isomorphism
defining the symmetric monoidal structure. Since j; = jr o [] i1 diagram
(3.5) gives

U (MierAxi)lu))lv. =~ Bierin = ((Mier, Axi)lus, )-
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Applying (ir|v, )*[kx] and using that U, N X7/ = Uy, we obtain
(inlkr)ir i (Micr Axi)lu v, = Wies(rier; Ax.i)-
But by (i), the perverse sheaf i%[kx]jr 1+ ((MicrAx,:)|u;) is ULA, thus
inlkrelin s (RierAxi)lu,) = dos(RierCricr, Ax,i)lu, ),

and restriction along the diagonal in X7 gives the isomorphism s;c;Ax; =~
*jes(kier, Ax,i). This proves (ii). 0

EXAMPLE 3.25. Let G = {e} be the trivial group. Then Grx = X. Let Loc(X)
be the category of ¢-adic local systems on X. Using Corollary 3.18, we obtain
an equivalence of symmetric monoidal categories

HO o [—1] : (P(X)HA %) =5 (Loce(X), ®),

where Loc(X) is endowed with the usual symmetric monoidal structure with
respect to the tensor product ®.

COROLLARY 3.26. Let D%(X,Q,)VM be the category of ULA complexes on X.
Denote by f: Grx — X the structure morphism. Then the functor

L1 (P(Grx) VA %) — (DX, Qo), ®)
is symmetric monoidal.

Proof. If Ax € P(Grx)""4, then f.Ax € D% X, Q)" by Lemma 3.15 and
the ind-properness of f. Now apply f. to the isomorphism in Theorem 3.24 (ii)
defining the symmetric monoidal structure on P(Gry )"™*. Then by proper base
change and going backwards through the arguments in the proof of Theorem
3.24 (ii), we get that f.[—1] is symmetric monoidal. O

COROLLARY 3.27. Let X = AL. Let p: Grx — Grg be the projection, cf.
Remark 3.19.
(i) The functor

p*[l] : PL*G(GI.G) — PL‘,*GX (ng)ULA

embeds Pr+c(Grg) as a full subcategory and is an equivalence of categories
with the subcategory of G, -equivariant objects in Pr+ ., (Grx)YEA.

(i) For every I and A; € Pr+q(Grg), @ € I, there is a canonical LTGx-
equivariant isomorphism

p*[1(xierAi) =~ *icr(p*[1JA),

where the product is taken with respect to some total order on I.
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Proof. Under the simply transitive action of G, on X, the isomorphism
Grx ~ Grg x X is compatible with the action of LG under the zero sec-
tion LTG — LTGx. By Lemma 3.19, the complex p*[1]A is a ULA perverse
sheaf on Gryx. It is obvious that the functor p*[1] is fully faithful. Denote
by ig : Grg — Grx the zero section. If Ax on Grx is Gg-equivariant, then
Ax ~ p*[1]i[—1]Ax. This proves (i).

By Remark 3.12, the fiber over diag({0}) € X(F) of (3.3) is the usual convo-
lution diagram (3.1). Hence, by proper base change,

io[—1Crierp™[1Ai) = xierig[—1]p*[1]Ai = *ierA;.
Since ;e p*[1)A; is G,-equivariant, this proves (ii). O
Now we are prepared for the proof of Theorem 3.1.

Proof of Theorem 3.1. Let X = AL. For every A;, As € P(Grg) with Ay be-
ing L™ G-equivariant, we have to prove that A; x Ay € P(Grg). By Theorem
3.24 (i), the *k-convolution is perverse. Then the perversity of A; x Ay follows
from Corollary 3.27 (ii). Again by Corollary 3.27 (ii), the convolution A; * A
is Lt G-equivariant, if A; is LT G-equivariant. This proves (i).

We have to equip (Pr+g(Grg),*) with a symmetric monoidal structure.
By Corollary 3.27, the tuple (Pr+g(Grg),*) is a full subcategory of
(Prray (Grx)UEA ), and the latter is symmetric monoidal by Theorem 3.24
(ii), hence so is (Pp+g(Grg), ). Since taking cohomology is only graded com-
mutative, we need to modify the commutativity constraint of (Pr+q(Grg), %)
by a sign as follows. Let F be a separable closure of F. The L*G g-orbits
in one connected component of Grg  are all either even or odd dimensional.
Because the Galois action on Grg p commutes with the L*Gp-action, the
connected components of Grg are divided into those of even or odd parity.
Consider the corresponding Z/2-grading on Pp+g(Grg) given by the parity of
the connected components of Grg. Then we equip (Pr+q(Grg), *) with the su-
per commutativity constraint with respect to this Z/2-grading, i.e. if A (resp.
B) is an Lt G-equivariant perverse sheaf supported on a connected component
X 4 (resp. Xp) of Grg, then the modified commutativity constraint differs by
the sign (—1)P(X)P(X5) " where p(X) € Z/2 denotes the parity of a connected
component X of Grg.

Now consider the global cohomology functor

w(-) = @ RiF(GI‘GJ?, (-)7): Pr+a(Grg) — Vecg, .
i€z
Let f: Grx — X be the structure morphism. Then the diagram

«l—1 _
Prigy o (Grx,p)"" u DY X5, Q)

)

p*[1]o (—)4 j@a 0if
Pr+(Grg)

Vecg,
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is commutative up to natural isomorphism. Now if A is a perverse sheaf sup-
ported on a connected component X of Grg, then by a theorem of Lusztig [12,
Theorem 11c|,

R'T(Grg p, Ap) =0, i#p(X) (mod 2),

where p(X) € Z/2 denotes the parity of X. Hence, Corollary 3.26 shows that
w is symmetric monoidal with respect to the super commutativity constraint
on Pp+q(Grg). To prove uniqueness of the symmetric monoidal structure, it is
enough to prove that w is faithful, which follows from Lemma 4.4 below. This
proves (ii). O

4 THE TANNAKIAN STRUCTURE

In this section we assume that F' = F' is separably closed. Let XY be a set of
representatives of the L*G-orbits on Grg. For p € X we denote by O, the
corresponding L+ G-orbit, and by 5# its reduced closure with open embeddding
" Oy = O, We equip XY with the partial order defined as follows: for
every A\, u € XY, we define A < p if and only if O\ C O,.

PROPOSITION 4.1. The category Pr+q(Grg) is semisimple with simple objects
the intersection complexes

IC,, = jLQe[dim(0,)], for pe Xy.

In particular, if Pj¥ (resp. Pj}') denotes the perverse push forward (resp. per-
verse extension by zero), then jf, ~Pji" ~P i

Proof. For any i € X, the étale fundamental group 7$4(0,,) is trivial. Indeed,
since @#\O# is of codimension at least 2 in 5#, Grothendieck’s purity theorem
implies that 75t(0,) = 7{t(0,). The latter group is trivial by [SGA1, XI.1
Corollaire 1.2], because Oy is normal (cf. [6]), projective and rational. This
shows the claim.

Since by [17, Lemme 2.3] the stabilizers of the LT G-action are connected, any
L*G-equivariant irreducible local system supported on O, is isomorphic to the
constant sheaf Q. Hence, the simple objects in P+ (Grg) are the intersection
complexes IC,, for p € XY.

To show semisimplicity of the Satake category, it is enough to prove

Extp(are) 10, 1C,) = Homps (e (ICA, IC,[1]) = 0.

We distinguish several cases:
Case (i): A = p.

Let O, EA 6# & 6#\0;“ and consider the exact sequence of abelian groups

Hom(IC,,,1i'IC,,[1]) — Hom(IC,,,IC,[1]) — Hom(IC,, j.j*IC,[1]) (4.1)
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associated to the distinguished triangle ’L'!’L'!IC# — IC, — j.j*IC,. We show
that the outer groups in (4.1) are trivial. Indeed, the last group is trivial, since
JIC, = Q[dim(0O,,)] gives

Hom(IC,,, j.j*IC,[1]) = Hom(5*IC,,, 7*IC,[1]) = Ext' (Qr, Q¢).

And Ext'(Q, Q) = H}(0,,Q) = 0, because O, is simply connected. To
show that the first group

Hom(IC,,,#i'IC,,[1]) = Hom(i*IC,,,i'IC,[1])

is trivial, note that ¢*IC,, lives in perverse degrees < —1 because the Oth per-
verse cohomology vanishes, since IC,, is a middle perverse extension along j.
Hence, the Verdier dual D(i*IC,)[1] = 4'IC,[1] lives in perverse degrees > 0.
This proves case (i).

Case (ii): X\ # p and either A < p or p < A

IfA<p,leti: Oy 6# be the closed embedding. Then

Hom(i,ICy,1C,[1]) = Hom(ICy, i'IC,,[1]),

and this vanishes, since i!ICH[l] lives in perverse degrees > 1 or equivalently,
the Verdier dual D(i!ICM) = ¢*IC, lives in perverse degrees < —2. Indeed,
by a theorem of Lusztig [12, Theorem 11c], *IC,, is concentrated in even per-
verse degrees, and the Oth perverse cohomology vanishes, since IC,, is a middle
perverse extension. If p < A let ¢ : 5# < O, the closed embedding. Then

Hom(IC,, i,IC,[1]) = Hom(i*ICy,IC,[1])
vanishes, since i*ICy lives in perverse degrees < —2 as before. This proves case
(ii).
Case (iii): A € p and pp £ A.

We may assume that A and p are contained in the same connected component
of Grg. Choose some v € XX with A, u < v. Consider the cartesian diagram

6>\ X@V 6# CL—1> 6#
[
6A QZ—1> 6,.
Then adjunction gives
Hom(iL*IC)\, i27*ICM[1]) = Hom(i;il,*IC)\, ICu[l]), (42)

and 431 ,JCy =~ 11,.3ICy by proper base change. Hence (4.2) equals
Hom(¢3ICy, t41C,[1]) which vanishes. This proves case (iii), hence the propo-
sition. 0
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The affine group scheme L*G,, acts on Grg as follows. For z € L1G,,(R),
denote by v, the automorphism of Spec(R[t]) induced by multiplication with
x. If F is a G-torsor over Spec(R[t]), we denote by v*F the pullback of F
along v,. Let (F, ) € Grg(R). Then the action of L*G,, on Gr¢ is given by

(]:56) — ('U;—l]:,'U;—lﬁ),

and is called the Virasoro action.

Note that every LTG-orbit in Grg is stable under L™G,,. The semidirect
product LTGxL*G,, acts on Grg, and the action on each orbit factors through
a smooth connected affine group scheme. Hence, we may consider the category
Priawr+c,, (Grg) of LYG x LT Gyy,-equivariant perverse sheaves on Grg.

COROLLARY 4.2. The forgetful functor
Pr+gur+e,, (Gre) — Pr+a(Grg)

is an equivalence of categories. In particular, the category Pr+g(Grg) does not
depend on the choice of the parameter t.

Proof. By Proposition 4.1 above, every Lt G-equivariant perverse sheaf is a
direct sum of intersection complexes, and these are L' G,,-equivariant. O

REMARK 4.3. If X = A} is the base curve, then the global affine Grassmannian
Orx splits as Grx ~ Grg x X. Corollary 4.2 shows that we can work over an
arbitrary curve X as follows. Let X be the functor on the category of F-algebras
R parametrizing tuples (z, s) with

x € X(R) is a point;
s is a continuous isomorphism of R-modules Ox,, , = R[t],

where @XR,I is the completion of the R-module Ox, , along the maximal
ideal m; at z. The affine group scheme LTG,, operates from left on X by
(g, (x,s)) — (x,gs). The projectionp : X — X,(x, s) — x gives X the structure
of a LTG,,-torsor. Then Gry ~ Grg x L Cm X, and we get a diagram of L*G,,-
torsors

» GI‘G x X q
Grg XX/ \ Orx.

For any A € Pp+¢(Grg), the perverse sheaf AKX Qq[1] on Grg x X is L1G,,-
equivariant by Corollary 4.2. Hence, p*(A K Qy[1]) descends along ¢ to a
perverse sheaf AXQ[1] on Grx.

We are going to define a fiber functor on Pr+g(Grg). Denote by

w(-) =@ R'T(Grg,-) : Pr+c(Gra) — Vecg, (4.3)
i€EZ
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the cohomology functor with values in the category of finite dimensional Q-
vector spaces.

LEMMA 4.4. The functor w : Pr+q(Grg) — Vecq, is additive, exact and faith-

ful.

Proof. Additivity is immediate. Exactness follows from Proposition 4.1, since
every exact sequence splits, and w is additive. To show faithfulness, it is enough,
again by Proposition 4.1, to show that the intersection cohomology of the Schu-
bert varieties is non-zero. Indeed, we claim that the intersection cohomology
of any projective variety T is non-zero. Embedding T into projective space
and projecting down on hyperplanes, we obtain a generically finite morphism
m : T — P". Using the decomposition theorem, we see that the intersection
complex of P™ appears as a direct summand in 7,IC7p. Hence, the intersection
cohomology of T' is non-zero. This proves the lemma. o

COROLLARY 4.5. The tuple (Pp+q(Grg),*) is a neutralized Tannakian category
with fiber functor w : Pr+q(Grg) — Vecg, .

Proof. We check the criterion in [5, Prop. 1.20]:

The category (Pp+c(Grg),*) is abelian Q-linear (cf. Appendix A below) and
by Theorem 3.1 (ii) above symmetric monoidal. To prove that w is a fiber func-
tor, we must show that w is an additive exact faithful tensor functor. Lemma
4.4 shows that w is additive exact and faithful, and Theorem 3.1 (ii) shows that
w is symmetric monoidal.

It remains to show that (Pr+g(Grg),*) has a unit object and that any one
dimensional object has an inverse. The unit object is the constant sheaf
ICo = Qy concentrated in the base point eg. We have End(ICo) = Qy, and
dim(w(ICy)) = 1. Now, let A € Pp+g(Grg) with dim(w(A)) = 1. Then A is
supported on a LTG-invariant closed point zg € Grg. There exists z in the
center of LG such that z - zg = e is the basepoint. If 2, = z - e, then the
intersection cohomology complex A" supported on z{ satisfies A x A" = IC.
This shows the corollary. O

5 THE GEOMETRIC SATAKE EQUIVALENCE

In this section we assume that F = F is separably closed. Denote by
H = Aut*(w) the affine Q-group scheme of tensor automorphisms defined
by Corollary 4.5.

THEOREM 5.1. The group scheme H is a connected reductive group over Qy
which is dual to G in the sense of Langlands, i.e. if we denote by G the
Langlands dual group with respect to some pinning of G, then there exists an
isomorphism H ~ G determined uniquely up to inner automorphisms.

We fix some notation. Let 71" be a maximal split torus of G and B a Borel
subgroup containing 7' with unipotent radical U. We denote by (-,-) the natural
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pairing between X = Hom(7,G,,) and XV = Hom(G,,,T). Let R C X
be the root system associated to (G,T), and Ry be the set of positive roots
corresponding to B. Let RV C XV the dual root system with the bijection
R — RY, ao— . Denote by RY the set of positive coroots. Let W the Weyl
group of (G, T). Consider the half sum of all positive roots

p=5 > o

aER

Let QY (resp. @QY) the subgroup (resp. submonoid) of X generated by R
(resp. RY). We denote by

XY= {ueX"| {au) >0, Vae Ry}

the cone of dominant cocharacters with the partial order on XV defined as
follows: A < i if and only if p — X € QY.

Note that (XY, <) identifies with the partially ordered set of orbit representa-
tives in Section 4 as follows: for every u € X7, let t* the corresponding element
in LT(F), and denote by ey € Grg the base point. Then p +— t# - g gives the
bijection of partial ordered sets, i.e. the orbit closures satisfy

0, = H Oa, (Cartan stratification)

A<p

where O denotes the L*G-orbit of t* - eq (cf. [17, §2]).

For every v € XV, consider the LU-orbit S, = LU - tY¢q inside Grg (cf. [17,
§3]). Then S, is a locally closed ind-subscheme of Grg, and for every p € XY,
there is a locally closed stratification

0, = H S, NO,. (Iwasawa stratification)
veXxV

For p e XY, let
Qp) < {veXY|wr<p Ywe W}

PROPOSITION 5.2. For every v € XV and pn € XY the stratum S, ﬁ@u 18
non-empty if and only if v € Q(u), and in this case it is pure of dimension
(o, +v).

Proof. The schemes G, B, T and all the associated data are already defined
over a finitely generated Z-algebra. By generic flatness, we reduce to the case
where F' = F, is a finite field. The proposition is proven in [8, Proof of Lemma
2.17.4], which relies on [17, Theorem 3.1]. O

For every sequence pe = (p1,...,ux) of dominant cocharacters, consider the
projective variety over F'
0, & p1(0,,) x2 ¢ .. xFGp 1O xLTC D

Mk—l) Mk
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inside LG xL7G . xL'G Grg, where p: LG — Grg denotes the quotient map.
The quotient exists, by the ind-properness of Grg and Lemma A.4 below.
Now let |pte| = pt1 + ...+ px. Then the restriction m,, = m|5m of the k-fold
convolution morphism factors as

My, - O;U«o O‘H-l’

and is an isomorphism over Oy, C O,

COROLLARY 5.3. For every A € X with A < |ue| and x € Ox(F), one has

dim(my (2)) < (p, |pal = X),
i.e. the convolution morphism is semismall.

Proof. The proof of [17, Lemme 9.3] carries over word by word, and we obtain
that dim(m,!(Ox)) < (p,|pe| + A). Since my, is LT G-equivariant and
dim(O,) = (2p, A}, the corollary follows. O

The convolution IC,,, ... *IC,, is a LTG-equivariant perverse sheaf, and by
Proposition 4.1, we can write

IC,, *...xIC,, ~ @5 Vi ®ICy, (5.1)

A< e
where V,f‘. are finite dimensional Q-vector spaces.

LEMMA 5.4. For every A € XY with X\ < |pe| and x € O\(F), the vector space
Vlf‘. has a canonical basis indexed by the irreducible components of m;} () of
exact dimension {p, |te| — A).

Proof. We_follow the argument in Haines [9]. We claim that IC,, =
IC,, ... XIC,, is the intersection complex on O,,. Indeed, this can be
checked locally in the smooth topology, and then easily follows from the
definitions. Hence, the left hand side of (5.1) is equal to m,, «(IC,,). If
d = — dim(0,), then taking the d-th stalk cohomology at x in (5.1) gives by
proper base change

Rdf(m;.l(:c),IC#.) ~ VM)‘..

Since my, : O, — O),,| is semismall, the cohomology RIT(m, 1 (2),1C,,)
admits by [9, Lemma 3.2] a canonical basis indexed by the top dimensional
irreducible components. This proves the lemma. o

In the following, we consider 6#- as a closed projective subvariety of
O#l X 0#14,#2 X ... X O#lJr---Jr,uka

via (g1,---,9%) — (91,9192, --,91-.-9r). The lemma below is the geometric
analogue of the PRV-conjecture.
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LEMMA 5.5. For every A € XY of the form A\ = vy + ... + v} with v; €
Wi fori=1,... k, the perverse sheaf 1Cy appears as a direct summand in
IC,, ... xI1C,,.

Proof. Let v = w(va+...4 1) be the unique dominant element in the W-orbit
of vs + ...+ 1. Then A = v + w™lv. Hence, by induction, we may assume
k = 2. By Lemma 5.4, it is enough to show that there exists @ € O5(F) such
that m, () is of exact dimension (p, [e| — ).

Let w € W such that wry is dominant, and consider wA = wv; + wry. We
denote by Sy, N 6#- the intersection inside 6#1 X 6u1+uz

Swve N Oy, = (Swrn X Swwrtwrs) N Oy..

The convolution is then given by projection on the second factor. By [17,
Lemme 9.1], we have a canonical isomorphism

Swve NOpy 2 (Swin NOpy) X (Swwy N Opy).

Let y = (y1,y2) in (Sww, N O, )(F). Since for i = 1,2 the elements wy; are
conjugate under W to p;, there exist by [17, Lemme 5.2] elements uj,us €
LTU(F) such that

y1 = urt""" - eqg

Yo = Ultwyl’U,Qtu”/Q * €0.

The dominance of wy; implies t¥" ust=%"1 € LTU(F), and hence Y = S, N
5#- maps under the convolution morphism onto an open dense subset Y’ in
SwaNOy. Denote by h = m,,, |y the restrictionto Y. BothY’, Y are irreducible
schemes (their reduced loci are isomorphic to affine space), thus by generic
flatness, there exists x € Y'(F) such that

dim(h™"(2)) = dim(Y) — dim(Y") = (p, |pa| +wX) — (0, A +wA) = (p, [11a] = X).

In particular, dim(m,!(z)) > (p, |e] — A), and hence equality by Corollary

5.3. (]

For the proof of Theorem 5.1, we introduce a weaker partial order < on X7
defined as follows: A < p if and only if 4 — A € RyQY. Then A <y if and only
if A < p and their images in XV /QV coincide (cf. Lemma B.2 below).

Proof of Theorem 5.1. We proceed in several steps:
(1) The affine group scheme H is of finite type over Q.

By [5, Proposition 2.20 (b)] this is equivalent to the existence of a tensor gen-
erator in Pp+;(Grg). Now there exist pu1, ..., pur € XY which generate X as
semigroups. Then IC,, @ ... ®IC,, is a tensor generator.

(2) The affine group scheme H is connected reductive.
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For every u € X_Y and k£ € N, the sheaf ICy, is a direct summand of IC;’C,
hence the scheme H is connected by [5, Corollary 2.22]. By [5, Proposition
2.23], the connected algebraic group H is reductive if and only if Pr+5(Grg)
is semisimple, and this is true by Proposition 4.1.

(3) The root datum of H is dual to the root datum of G.

Let (X', R/, A, X"V, RV, A"Y) the based root datum of H constructed in The-
orem B.1 below. By Lemma B.5 below it is enough to show that we have an
isomorphism of partially ordered semigroups

(XY, ) = (X4, <) (5:2)

By Proposition 4.1, the map XY — X', i+ [IC,], where [IC,] is the class of
IC,, in K Pr+g(Grg) is a bijection of sets.

For every A, pn € XY, we claim that A < 4 if and only if [IC,] =’ [IC,]. Assume
A = p, and choose a finite subset F' C X satisfying Proposition B.3 (iii). Let
A = ®,erIC,, and suppose IC, is a direct summand of IC;k for some k € N.
In particular, x < kX and so x € WF + Zle Wpu. By Lemma 5.5, the sheaf
IC, is a direct summand of IC** x A, which means [ICy] <’ [IC,,]. Conversely,
assume [IC,] =’/ [IC,]. Using Proposition B.3 (iv) below, this translates, by
looking at the support, into the following condition: there exists v € XY such
that O\ C 5ku+u holds for infinitely many k € N. Equivalently, kA < ku + v
for infinitely many k£ € N which implies A < .

For every A\, u € XY, we claim that [ICy] 4 [IC,] = [ICx4,] in X : by the
proof of Theorem B.1 below, [IC,] + [IC,,] is the class of the maximal element
appearing in ICy xIC,,. Since the partial orders <, <’ agree, this is [ICy,].
It remains to show that the partial orders <, <’ agree. The identification X\ =
X', prolongs to XV = X'. We claim that QY = @', under this identification
and hence QY = @', which is enough by Lemma B.2 below. Let oY € QY a
simple coroot, and choose some p € XY with (o, ) = 2. Then p + s4(p) =
2p1 — o is dominant, and hence ICy,_,v appears by Lemma 5.5 as a direct
summand in IC;Q. By Lemma B.4 this means oY € @Q’/_, and thus QY C Q’,.
Conversely, assume o’ € @', has the property that there exists p € X/, with
2 — o' € X/, and ICy,_o appears as a direct summand in IC:LQ. Note that

every element in @', is a sum of these elements. Then 2;t — o’ < 2u, and hence
o’ € QY. This shows @', C QY and finishes the proof of (5.2). O

6 GALOIS DESCENT

Let F' be any field, and G a connected reductive group defined over F. Fix
a separable closure F, and let ['r = Gal(F'/F) be the absolute Galois group.
Let Repg,(I'r) be the category of finite dimensional continuous ¢-adic Galois
representations. For any object defined over F, we denote by a subscript (-) 7
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its base change to F. Consider the functor

Q: Pric(Grg) — Repg,(Tr)
A +— P RT(Grg 5, Ap).

iE€EL

There are canonical isomorphisms of fpqc-sheaves (LG)p ~ LGp, (LTGQ)p ~
L*Gp and Grg 7 ~ Grg,.. Hence, Q ~wo ()5, cf. (4.3).

The absolute Galois group I'p operates on the Tannakian category
Pric.(Grg,) by tensor equivalences compatible with the fiber functor
w. Hence, we may form the semidirect product “G = Aut*(w)(Q/) x I'p
considered as a topological group as follows. The group Aut*(w)(Qy) is
equipped with the f-adic topology, the Galois I'r group with the profinite
topology and “G with the product topology. Note that I'r acts continuously
on Aut*(w)(Q¢) by Proposition 6.6 below. Let Repg, (“G) be the full subcat-
egory of the category finite dimensional continuous ¢-adic representations of
L@ such that the restriction to Aut*(w)(Qy) is algebraic.

THEOREM 6.1. The functor S is an equivalence of abelian tensor categories

Q: Prig(Grg) — Rep§,("G)
A — Q(A).

The proof of Theorem 6.1 proceeds in several steps.

LEMMA 6.2. Let H be an affine group scheme over a field k. Let Rep, (H) be the
category of algebraic representations of H, and let Rep, (H (k)) be the category

of finite dimensional representations of the abstract group H (k). Assume that
H is reduced and that H(k) C H is dense. Then the functor

U : Rep,(H) — Rep,(H(k))
p — p(k)

18 a fully faithful embedding.

O
We recall some facts on the Tannakian formalism from [20]. Let (C,®) be a
neutralized Tannakian category over a field £ with fiber functor v. We define
a monoidal category Aut®(C,v) as follows. Objects are pairs (o, a), where
o :C — C is a tensor automorphism and « : voo — v is a natural isomorphism
of tensor functors. Morphisms between (o, ) and (¢’,«’) are natural tensor
isomorphisms between o and ¢’ that are compatible with a, o’ in an obvious
way. The monoidal structure is given by compositions. Since v is faithful,
Aut®(C,v) is equivalent to a set, and in fact is a group.
Let H = Aut (v), the Tannakian group defined by (C,v). There is a canonical
action of Aut®(C,v) on H by automorphisms as follows. Let (o,a) be in
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Aut®(C,v) . Let R be a k-algebra, and let h : vg — vg be a R-point of H.
Then (o, @) - h is the following composition

a™?! hoid a
UR —>UROO —» UR OO —> UR.

Let T be an abstract group. Then an action of T on (C,v) is by definition a
group homomorphism act : I' — Aut®(C, v).

Assume that I' acts on (C,v). Then we define C', the category of I'-equivariant
objects in C as follows. Objects are (X, {cy}yer), where X is an object in
C and ¢y : acty(X) ~ X is an isomorphism, satisfying the natural cocycle
condition, i.e. ¢y, = ¢y 0acty/(cy). The morphisms between (X, {c,},cr) and
(X', {c} }5er) are morphisms between X and X', compatible with ¢, ¢/, in an
obvious way.

LEMMA 6.3. Let T be a group acting on (C,v).

(i) The category C' is an abelian tensor category.

(ii) Assume that H is reduced and that k is algebraically closed. The functor v
is an equivalence of abelian tensor categories

C" ~ Repj(H(k) «T)

where Repy, (H (k) x T') is the full subcategory of finite dimensional represen-
tations of the abstract group H(k) x T' such that the restriction to H(k) is
algebraic.

REMARK 6.4. In fact, the category C' is neutralized Tannakian with fiber
functor v. If ' is finite, then Au‘u?F (v) ~ H x T'. However, if T" is not finite,

then Au‘u?F (v) is in general not H x I', where the latter is regarded as an affine
group scheme.

Proof of Lemma 6.3. The monoidal structure on CT is defined as

(X, {ey}yer) @ (X' {d byer) = (X7 {c}er),

where X" = X ® X’ and cf : act,(X") — X" is the composition

c,y®cfY
acty (X @ X') >~ act,(X) ® act, (X') — X @ X'

This gives C' the structure of an abelian tensor category.
Now assume that H is reduced and that k is algebraically closed. It is enough
to show that as tensor categories

U : Rep,(H)T =5 Repl(H (k) x T)

compatible with the forgetful functors. Let ((V,p),{cy}yer) € Rep,(H)'.
Then we define (V, pr) € Repj (H (k) x ') by

(h,vy) — p(h)oap(V)owvo c,?l € GL(V),
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where «y, : vooy ~ v is induced by the action of I' as above. Using the cocycle
relation, one checks that this is indeed a representation. By Lemma 6.2, the
natural map

Homyp (p, p') — Homp k) (p(k), p'(k))

is bijective. Taking I'-invariants shows that the functor W is fully faithful.
Essential surjectivity is obvious. o

Now we specialize to the case (C,®) = (Pp+¢,(Grg p),*) with fiber functor
v = w. Then the absolute Galois group I' = I' 7 acts on this Tannakian category
(cf. Appendix A.1).

Proof of Theorem 6.1. The functor Q2 is fully faithful.

Let Pr+¢,(Grg )¢ be the full subcategory of Pr+¢, (Grg )" consisting of
perverse sheaves together with a continuous descent datum (cf. Appendix A.1).
By Lemma A.6, the functor A — Aj is an equivalence of abelian categories
Pr+6(Grg) ~ P, (Grg 7). Hence, we get a commutative diagram

Ppig, (Grg p)t —— Repg, (°G)
A AP{
Pr+c(Greg) Repg, (“G),

where w is an equivalence of categories by Lemma 6.3 (ii), and where the ver-
tical arrows are fully faithful. Hence, € is fully faithful.

The functor Q) is essentially surjective.

Let p be in Repg, (FG). Without loss of generality, we assume that p is in-
decomposable. Let H = Aut*(w). By Proposition 4.1, the restriction p|y is
semisimple. Denote by A the set of isotypic components of p|y. Then ' op-
erates transitively on A, and for every a € A its stabilizer in I'g is the absolute
Galois group I'g for some finite separable extension E/F. By Galois descent
along finite extensions, we may assume that £ = F', and hence that p|g has
only one isotypic component. Let pg be the simple representation occuring
in p|g. Then Homp(po, p) is a continuous I'-representation, and the natural
morphism
po @ Homp (po, p) — p

given by v ® f ~ f(v) is an isomorphism of “G-representations. Let ICx
be the simple perverse sheaf on Grg p with w(ICx) ~ po. Since p has only
one isotypic component, the support X = supp(ICx) is I'-invariant, and hence
defined over F. Denote by V the local system on Spec(F') given by the T'-
representation Homp (pg, p). Then ICx ® V is an object in Pr+g(Grg) such
that Q(ICx ® V') ~ po @ Homp (po, p). This proves the theorem. O

The proof of Theorem 6.1 also shows the following fact.
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COROLLARY 6.5. Let A € Pr+g(Grg) indecomposable. Let {X;}ier be the
set of irreducible components of supp(Ag). Denote by E the minimal finite
separable extension of F such that X; is defined over E for alli € I. Then as
perverse sheaves on Grg

Ap ~ PICx, @V,

iel
where V; are indecomposable local systems on Spec(E).

O
We briefly explain the connection to the full L-group. For more details see [20].
Let G be the reductive group over Q; dual to Gz in the sense of Langlands, i.e.
the root datum of & is dual to the root datum of G 7. There are two natural
actions of 'z on G as follows. Up to the choice of a pinning (G’, B, T, X) of G’,
we have an action act®® via

act™® : Tp — Out(Gp) ~ Out(G) ~ Aut(G, B, T, X) c Aut(G), (6.1)

where Out(-) denotes the outer automorphisms. On the other hand, we have

an action act®® : I'z — Aut(G) via the Tannakian equivalence from Theorem
5.1. The relation between act8° and act®® is as follows.

Let cycl : T'p — Z; be the cyclotomic character of I'p defined by the action
of I'r on the ¢*°-roots of unity of F. Let Gaa be the adjoint group of G. Let
p be the half sum of positive coroots of G , which gives rise to a one-parameter
group p: G, — Gaa. We define a map

cycl A —~
x:Tr T8 25 25 Gaa(Q),

which gives a map Ad, : I'r — Aut(G) to the inner automorphism of G.

PROPOSITION 6.6 ([20] Proposition A.4). For ally € T'f,
act®**(y) = act™®(y) o Ady (7).

a

REMARK 6.7. Proposition 6.6 shows that act®®° only depends on the quasi-split
form of G, since the same is true for act®®. In particular, the Satake category
Pr+c(Grg) only depends on the quasi-split form of G whereas the ind-scheme
Grg does depend on G.

Let LG?le = G(@g) X aetals L p be the full L-group. Set “G8° = é(@g) X actezeo L F.

COROLLARY 6.8 ([20] Corollary A.5). The map (g,7) — (Ad,y-1y(g),7) gives

an isomorphism L G*& = LGeeo,

O
Combining Corollary 6.8 with Theorem 6.1, we obtain the following corollary.
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COROLLARY 6.9. There is an equivalence of abelian tensor categories
Pria(Grg) =~ Repg, ("G™®),

where Repée (FG™8) denotes the full subcategory of the category of finite di-

mensional continuous £-adic representations of LGale sych that the restriction
to G(Qy) 1is algebraic.

A PERVERSE SHEAVES

For the construction of the category of f-adic perverse sheaves, we refer to
the work of Y. Laszlo and M. Olsson [13]. In this appendix we explain our
conventions on perverse sheaves on ind-schemes.

Let F be an arbitrary field. Fix a prime ¢ # char(F'), and denote by Qg the
field of /-adic numbers with algebraic closure Q;. For any separated scheme
T of finite type over F, we consider the bounded derived category D%(T, Q)
of constructible f-adic sheaves on T. Let P(T) be the abelian Q-linear full
subcategory of ¢-adic perverse sheaves, i.e. the heart of the perverse t-structure
on the triangulated category D2(T, Qy).

Now let (T');c; be an inductive system of separated schemes of finite type over
F with closed immersions as transition morphisms. A fpqc-sheaf 7 on the
category of F-algebras is called a strict ind-scheme of ind-finite type over F if
there is an isomorphism of fpqc-sheaves T ~ h_r)nz T;, for some system (T);cr
as above. The inductive system (T);¢; is called an ind-presentation of T.

For i < j, push forward gives transition morphisms D2(T;, Q,) — D2%(T};, Q)
which restrict to P(T;) — P(T}), because push forward along closed immersions
is t-exact.

DEFINITION A.1. Let 7 be a strict ind-scheme of ind-finite type over F', and
(T3)ier be an ind-presentation.

(i) The bounded derived category of constructible £-adic complezes DE(T,Qy)
on 7 is the inductive limit

DY(T,Qe) = lim DY(T;, Qo).

2

(ii) The category of ¢-adic perverse sheaves P(T) on T is the inductive limit
P(T) * tin P(T:).

The definition is independent of the chosen ind-presentation of 7. The cat-
egory D%(T,Qy) inherits a triangulation and a perverse t-structure from the
D?(T;,Qy)’s. The heart with respect to the perverse t-structure is the abelian
Q¢-linear full subcategory P(T).
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If f:7T — S is a morphism of strict ind-schemes of ind-finite type over F,
we have the Grothendieck operations f., fi, f*, f', and the usual constructions
carry over after the choice of ind-presentations.

In Section 3.3 we work with equivariant objects in the category of perverse
sheaves. The context is as follows. Let f : T — S be a morphism of separated
schemes of finite type, and let H be a smooth affine group scheme over S with
geometrically connected fibers acting on f : T — S. Then a perverse sheaf A
on T is called H -equivariant if there is an isomorphism in the derived category

0:a"A ~ p*A, (A1)

wherea : HxgT — T (vesp. p: HxgT — T) is the action (resp. projection on
the second factor). A few remarks are in order: if the isomorphism (A.1) exists,
then it can be rigidified such that e%.0 is the identity, where e : T' = H xg T
is the identity section. A rigidified isomorphism 6 automatically satisfies the
cocycle relation due to the fact that H has geometrically connected fibers.
The subcategory Py (T) of P(T) of H-equivariant objects together with H-
equivariant morphisms is called the category of H -equivariant perverse sheaves
onT.

LEMMA A.2 ([13] Remark 5.5). Consider the stack quotient H\T, an Artin
stack of finite type over S. Let p : T — H\T be the quotient map of relative
dimension d = dim(T'/S). Then the pull back functor

pld]: P(H\T) — Pu(T),
is an equivalence of categories. In particular, Py (T) is abelian and Qq-linear.

a
Now let 7 be a strict ind-scheme of ind-finite type, and f : 7 — S a morphism
to a separated scheme of finite type. Fix an ind-presentation (7;);c; of 7. Let
(H;)icr be an inverse system of smooth affine group scheme with geometrically
connected fibers. Let H = l'mi H; be the inverse limit, an affine group scheme
over S, because the transition morphism are affine. Assume that H acts on
f+ T — S such that the action restricts to the inductive system (f|r,)icr-
Assume that the H-action factors through H; on f|r, for every i € I.

DEFINITION A.3. Let f: T — S, (T3)icr and H as above. The category Py (T)
of H-equivariant perverse sheaves on T is the inductive limit

T
3
g

'_>PH1' (TZ)

%

It follows from Lemma A.2 that the category Py(7T) is an abelian Q-linear
category. The following lemma is used throughout the text.

DOCUMENTA MATHEMATICA 19 (2014) 209246



GEOMETRIC SATAKE 241

LEMMA A.4. Let T — S be a H-torsor, and let Y be a S-scheme with H-action.
Assume that the action of H on'Y factors over H; for i >> 0. Then there is a
canonical isomorphism of fpqc-sheaves

Tx"y = 70 xHiy,
where TW =T xM H;.
O
REMARK A.5. In particular, if T7() xHi Y is representable of finite type, then
is T x™ Y is representable of finite type.

A.1 GALOIS DESCENT OF PERVERSE SHEAVES

Fix a separable closure F' of F. Let I' = Gal(F/F) be the absolute Galois
group. For any complex of sheaves A on T', we denote by Az its base change
to Tp = T ® F. We define the category of perverse sheaves with continuous I'-
descent datum P(Tp)'¢ as follows. The objects are pairs (A, {c,}er), where
A € P(Ty) and {c,} er is a family of isomorphisms

eyt A = A,

satisfying the cocycle condition ¢, = ¢, o v.(cy) such that the datum is
continuous in the following sense. For every i € Z and every locally closed
subscheme S C T such that the standard cohomology sheaf H'(A)|s is a local
system, and for every U — S étale, with U separated quasi-compact, the
induced f¢-adic Galois representation on the Up-sections

I — GLH(A)(UR).

is continuous. The morphisms in P(Tz)"¢ are morphisms in P(Ts) compat-
ible with the ¢,’s. For every A € P(T), its pullback Az admits a canonical
continuous descent datum. Hence, we get a functor

®:P(T) — P(Ts)°

LEMMA A.6 (SGA 7, XIII, 1.1). The functor ® is an equivalence of categories.

d

B RECONSTRUCTION OF RooT DATA

Let G a split connected reductive group over an arbitrary field k. Denote
by Reps the Tannakian category of algebraic representations of G. If k
is algebraically closed of characteristic 0, then D. Kazhdan, M. Larsen and
Y. Varshavsky [10, Corollary 2.5] show how to reconstruct the root datum
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of G from the Grothendieck semiring K [G] = K Repg. In fact, their
construction works over arbitrary fields. This relies on the conjecture of
Parthasarathy, Ranga-Rao and Varadarajan (PRV-conjecture) proven by S.
Kumar [11] (char(k) = 0) and O. Mathieu [15] (char(k) > 0).

THEOREM B.1. The root datum of G can be reconstructed from the
Grothendieck semiring K [G).

This means, if H is another split connected reductive group over k, and if
¢ : Kf[H] — K [G] is an isomorphism of Grothendieck semirings, then there
exists an isomorphism of group schemes ¢ : H — G determined uniquely up to
inner automorphism such that ¢ = K [¢].

Let T be a maximal split torus of G and B a Borel subgroup containing 7.
We denote by (-,-) the natural pairing between X = Hom(T,G,,) and XV =
Hom(G,,,T). Let R C X be the root system associated to (G,T), and R
be the set of positive roots corresponding to B. Let RV C XV the dual root
system with the bijection R — RY, o — . Denote by RY the set of positive
coroots. Let W the Weyl group of (G,T'). Cousider the half sum of all positive

roots 1
=3 o

aER

Let @ (resp. Q) the subgroup (resp. submonoid) of X generated by R (resp.
R.). We denote by

Xy ={peX|(ua) >0 Vae R}

the cone of dominant characters.

We consider partial orders < and < on X defined as follows. For A\, u € X,
we define A < p if and only if 4 — A € @4, and we define A < p if and only if
p—A= ZaeA Too With 2, € R>g. The latter order is weaker than the former
order in the sense that A < p implies A < u, but in general not conversely.

LEMMA B.2 ([18]). For every A\, u € X4, then A < u if and only if A < u and
the images of \, p in X/Q agree.
Let

Dom<, ={v e X; | v < u}.
For a finite subset F' of the euclidean vector space F = X ® R, we denote by
Conv(F) its convex hull.
ProproOSITION B.3. For A\, u € X4, the following conditions are equivalent:
(D) A=Zp
(i) Conv(WA) C Conv(Wp)
(iii) There exists a finite subset F C X4 such that for all k € N:

k
Dom<iy C WE+Y Wy

i=1
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(iv) There exists a representation U such that for every k € N, every irreducible
subquotient of V)\®k is a subquotient of V#®]c ®U.

Proof. The equivalence of (i) and (ii) is well-known. The implication (ii)=-(iii)
follows from [10, Lemma 2.4]. Assume (iii), we show that (iv) holds: let U =
®verVy, and suppose V, is a irreducible subquotient of V/\®k , in particular
x < kA. By (iii), x has the form wv + Zle w; b with w,wq, ..., wp € W and
v € F. Using the PRV-conjecture [4, Theorem 4.3.2], we conclude that V,
is a subquotient of V¥ @ V,,, hence also of V,®* @ U. This shows (iv). The
implication (iv)=-(i) is shown in [10, Proposition 2.2]. O

For u € Xy, let v, be the corresponding element in K [G]. Let Q. C X be
the semigroup generated by the set

{foeX|3peXy: 2u—ae Xy and v, —vyu_o € KJ[G]}.
LEMMA B.4. There is an equality of semigroups Q4 = Q4.

Proof. Tt is obvious that Q4 C @4, and we show that Q contains the simple
roots. Let a be a simple root, and choose some p € X such that (u,aV) = 2.
Then 2p—a« paired with any simple root is positive, and hence p+s,(p) = 2p—a
is dominant. By the PRV-conjecture [4, Theorem 4.3.2], the representation
Vau—a appears as an irreducible subquotient in V#®2, ie. vﬁ —vou—a € KJ[G).

O

The proof of Theorem B.1 goes along the lines of [10, Corollary 2.5].

Proof of Theorem B.1. By Lemma B.5 below it is enough to construct the par-
tially ordered semigroup (X, <) of dominant weights.
The underlying set of dominant weights X is the set of irreducible objects in
K [G]. Then the partial order < on X is characterized by Proposition B.3
as follows: for A\, u € X, one has A < p if and only if there exists a u € K(J{ [G]
such that for all k € Nand v € X,

vk —wv, € Kf[G] = vﬁ~ufvl,€K5r[G].
The semigroup structure on X is given by: for A\, u € X4, one has v = A+ p if
and only if v is the unique dominant weight which is maximal (w.r.t. <) with
the property that vy - v, — v, € KJ[G].
Now X is the group completion of X, and by Lemma B.4 we can reconstruct
Q4+ C X. Then @Q is the group completion of @, and by Lemma B.2 we can
reconstruct <. This shows that the root datum of G can be reconstructed from
K [G).
Now if H is another split connected reductive group over k, and ¢ : Kar [H] —
K{[G] an isomorphism of Grothedieck semirings, then the argument above
shows that there is an isomorphism of partially ordered semigroups

(X{, <) — (x§, <) (B.1)
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inducing ¢ on Grothendieck semirings. By Lemma B.5 below, the morphism
B.1 prolongs to an isomorphism of the associated based root data. Hence, there
exists an isomorphism of group schemes ¢ : H — G inducing the isomorphism
of based root data. In particular, ¢ = K;[¢], and such an isomorphism ¢
is uniquely determined up to inner automorphism. This finishes the proof of
Theorem B.1. (]

LEMMA B.5. Let B = (X,R,A, XY, RY,AY) any based root datum. De-
note by (X4, <) the partially ordered semigroup of dominant weights. Then
the root datum B can be reconstructed from (Xi,<), ie if B =
(X', R, A XY RV AN s another based root datum with associated domi-
nant weights (X', <), then any ismorphism (X,<) — (X', <') of partially
ordered semigroups prolongs to an isomorphism B — B’ of based root data.

Proof. The weight lattice X is the group completion of X, a finite free Z-
module. The dominance order < extends uniquely to X, also denoted <. Then
XV = Homg(X,Z) is the coweight lattice, and the natural pairing X x XV — Z
identifies with (-,-). The reconstruction of the roots and coroots proceeds in
several steps:

(1) The set of simple roots A C X:

A weight o € X\{0} is in A if and only if 0 < «, and « is minimal with this
property.

(2) The set of simple coroots AV C XV:

An element of XV is uniquely determined by its value on X . Fix a € A with
corresponding simple coroot a¥. Then for any p € X, the value (u, o) is the
unique number m € N such that 2 — ma is dominant, but 2u — (m + 1)« is
not. Indeed, we have

2u—ma,a¥) >0 & (g,a’)>m,
and, for every other simple coroot 3 # o and every n € N,
(2p —mna, BY) = 2{(u, BY) — nfa, BY) = 2{u, B¥) 2 0,

since (a, BY) < 0. Hence, (2u — (m + 1)a, ") < 0 and so m = (u, V).

(3) The sets of roots R and coroots RY:

The Weyl group W C Autz(X) is the finite subgroup generated by the re-
flections sq,ov associated to the pair (a,a") € A x AY. Then R = W - A,
i.e., the roots are given by the translates of the simple roots under W. Since
Autz(XV) = Autz(X)°P, the Weyl group W acts on XV and RV = W - AV.
This proves the lemma. O

REFERENCES

[1] A. Beauville and Y. Laszlo: Un lemme de descente, C. R. Acad. Sci. Paris
Sér. I Math. 320 (1995), no. 3, 335-340.

DOCUMENTA MATHEMATICA 19 (2014) 209246



2]

[13]

[14]

[15]

[16]

GEOMETRIC SATAKE 245

A. Beilinson and V. Drinfeld: Quantization of Hitchin’s in-
tegrable system and Hecke eigensheaves, preprint available at
http://www.math.utexas.edu/users/benzvi/Langlands.html.

A. Braverman and D. Gaitsgory: Geometric Fisenstein series, Invent.
Math. 150 (2002), no. 2, 287-384.

M. Brion and S. Kumar: Frobenius Splitting Methods in Geometry and
Representation Theory, Birkhduser Boston Inc., Boston, MA (2005).

P. Deligne and J. Milne: Tannakian categories, in Hodge Cycles and Mo-
tives, Lecture Notes in Math. 900 (1982) 101C228.

G. Faltings: Algebraic loop groups and moduli spaces of bundles, J. Eur.
Math. Soc. (JEMS) 5 (2003), no. 1, 4168.

D. Gaitsgory: Construction of central elements in the affine Hecke algebra
via nearby cycles, Invent. Math. 144 (2001), no. 2, 253-280.

U. Gortz, T. Haines, R. Kottwitz and D. Reuman: Dimensions of some
affine Deligne-Lusztig varieties, Ann. Sci. ole Norm. Sup. (4) 39 (2006),
no. 3, 467511.

T. Haines: Structure constants for Hecke and representation rings, Int.
Math. Res. Not. 2003, no. 39, 21032119.

D. Kazhdan, M. Larsen and Y. Varshavsky: The Tannakian formalism
and the Langlands conjectures, preprint 2010, arXiv:1006.3864.

S. Kumar: Proof of the Parthasarathy-Ranga Rao-Varadarajan conjecture,
Invent. Math. 102 (1990), no. 2, 377-398.

G. Lusztig:  Singularities, character formulas, and a q-analogue of
weight multiplicities, Analysis and Topology on Singular Spaces, II, III,
Astérisque, Luminy, 1981, vol. 101102, Soc. Math. France, Paris (1983),
pp. 208-229.

Y. Laszlo and M. Olsson: Perverse t-structure on Artin stacks, Math. Z.
261 (2009), no. 4, 737-748.

Y. Laszlo and C. Sorger: The line bundles on the moduli of parabolic G-
bundles over curves and their sections, Ann. Sci. Ecole Norm. Sup. (4) 30

(1997), no. 4, 499-525.

O. Mathieu: Construction dun groupe de Kac-Moody et applications, Com-
positio Math. 69 (1989), 37-60.

I. Mirkovi¢ and K. Vilonen: Geometric Langlands duality and representa-
tions of algebraic groups over commutative rings, Ann. of Math. (2) 166
(2007), no. 1, 95-143.

DOCUMENTA MATHEMATICA 19 (2014) 209246



246 T. RICHARZ

[17] Ng6 B. C. and P. Polo: Résolutions de Demazure affines et formule de
Casselman-Shalika géométrique, J. Algebraic Geom. 10 (2001), no. 3, 515-
547.

[18] M. Rapoport: A guide to the reduction modulo p of Shimura varieties,
Astérisque No. 298 (2005), 271-318.

[19] R. Reich: Twisted geometric Satake equivalence via gerbes on the factor-
1zable grassmannian, preprint 2010, arXiv:1012.5782v3.

[20] T. Richarz and X. Zhu: Appendix to X. Zhu, The Geometrical Satake
Correspondence for Ramified Groups, preprint 2011, arXiv:1107.5762v1.

Timo Richarz
Mathematisches Institut
der Universitiat Bonn

Endenicher Allee 60
53115 Bonn, Germany

DOCUMENTA MATHEMATICA 19 (2014) 209246



