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ABSTRACT. Let E/Q be an elliptic curve. We investigate the de-
nominator of the modular symbols attached to £. We show that one
can change the curve in its isogeny class to make these denominators
coprime to any given odd prime of semi-stable reduction. This has
applications to the integrality of Kato’s Euler system and the main
conjecture in Iwasawa theory for elliptic curves.
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1 INTRODUCTION

Let E/Q be an elliptic curve. Integrating a Néron differential wg against all
elements in H; (E((C), Z), we obtain the Néron lattice £ of E in C. For any
r € Q, define A(r) = 2mi [__ f(7)dr where f is the newform associated to the
isogeny class of E. A theorem by Manin [12] and Drinfeld [7] shows that the
values A(r) are commensurable with Zp. In other words, if Qf and Qj are
the minimal absolute values of non-zero elements in % on the real and the
imaginary axis respectively, then

A = 2ri [ " fr)dr = [rE Qb+ - Q5 i

oo

for two rational numbers [r]5, which we will call the modular symbols of E.
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The first aim of this paper is to improve on the bound for the denominator
of [r]5 given by the Theorem of Manin and Drinfeld. Tt is not true in general
that [r]% is an integer for all r. The only odd primes that can divide these
denominators are those which divide the degree of an isogeny E — E’ defined
over Q. Even by allowing to change the curve in the isogeny class, we can not
always achieve that the modular symbols are integers; for instance 3 will be a
denominator of [r]5 for some 7 € Q for all E of conductor 27. However the
following theorem says that we may get rid of all odd primes p such that p?
does not divides the conductor NV of E.

THEOREM 1. Let E/Q be an elliptic curve. Then there exists an elliptic curve
FE,, which is isogenous to E over Q, such that [T]E. is a p-integer for all T € Q
and for all odd primes p for which E has semi-stable reduction.

As stated here one could take Fq to be one of the curves in the isogeny class
with maximal Néron lattice. However it is a consequence of Theorem 4, which is
more precise and says that there is a curve E, whose Néron lattice is contained
in the lattice of all values of A(r) with index not divisible by any odd prime of
semi-stable reduction.

As a direct consequence of this Theorem 1, one deduces that the algebraic part
of the special values of the twisted L-series L(F,,X,s) at s = 1 are p-adic
integers for all Dirichlet characters xy and all odd semi-stable primes p. See
Corollary 7.

The second part of this paper is devoted to another application of this theorem.
Let p be an odd prime of semi-stable reduction. Kato has constructed in [10]
an Fuler system for the isogeny class of E. See Section 3 for details of the
definitions. There are two sets of p-adic “zeta-elements”: First, a set of integral
zeta elements denoted by . 4zm(a) in the Galois cohomology of a lattice T'f
canonically associated to f which provides upper bounds for Selmer groups.
Secondly, a set of zeta elements denoted by z, which are linked to the p-adic
L-functions. The latter are not known to be integral with respect to T;. We
will show in Proposition 8 that T is equal to the Tate module T}, F, of the
curve Fq in Theorem 1.

Let K, be the n-th layer in the cyclotomic Z,-extension of Q. Let z €
l'gln HY(K,,T,E,) ® Q, be the zeta element that is sent to the p-adic L-
unction for F, via the Coleman map.

THEOREM 2. If the reduction is good at p, then z belongs to the integral ITwasawa
cohomology Jim | HY(K,,T,E,).

This is Theorem 13 in the text. Actually, the proof gives a more precise result.
The global Iwasawa cohomology group H'(T,E) with restricted ramification
turns out to be very often, but not always, a free module of rank 1 over the
Iwasawa algebra of the Zy-extension. If it is free for E' = E, then the integrality
of z is easily deduced; otherwise one can show that H' (7, E,) is at worst equal
to the maximal ideal in the Iwasawa algebra and the integrality above follows
then from the interpolation property of the p-adic L-function L, (E).
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Another consequence of Theorem 1 concerns the main conjecture in Iwasawa
theory for elliptic curves. We formulate it here for the full cyclotomic Z; -
extension.

THEOREM 3. Let E be an elliptic curve and p an odd prime of semi-stable
reduction. Assume that E[p] is reducible as a Galois module over Q. Then
the characteristic series of the dual of the Selmer group over the cyclotomic
extension @(gpw) divides the ideal generated by the p-adic L-function L,(E)
in the Twasawa algebra A = Z, [[Gal(Q((p)/Q)]]-

Note that our assumptions in the theorem imply that the reduction of E at
p is ordinary in the sense that F has either good ordinary or multiplicative
reduction, because F[p] is irreducible when E has supersingular reduction, see
Proposition 12 in [22]. In the case when E has split multiplicative reduction,
we can strengthen our theorem, see Theorem 16.

This theorem was proven by Kato in [10] in the case that the reduction is ordi-
nary and the representation on the Tate module was surjective. The method of
proof follows and generalises the incomplete proof in [30], where unfortunately
the integrality issue had been overlooked.

For most good ordinary primes p for which E[p] is irreducible the full main
conjecture, asserting the equality rather than the divisibility in the above the-
orem, is now known thanks to the work of Skinner and Urban [25]. However
their proof of the converse divisibility does not seem to extend easily to the
reducible case.

Nonetheless, the above theorem has applications to the conjecture of Birch and
Swinnerton-Dyer and to the explicit computations of Tate-Shafarevich groups
as in [26]. The theorem also implies that all p-adic L-functions for elliptic
curves at odd primes p of semi-stable ordinary reductions are integral elements
in the Iwasawa algebra. See Corollary 18.
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2 THE LATTICE OF ALL MODULAR SYMBOLS

Let E be an elliptic curve defined over Q. In what follows p will always stand
be an odd prime and we suppose that E does not have additive reduction at p.
The only case for which the integrality of Kato’s Euler system may not hold
is when F admits an isogeny of degree p defined over QQ; so we may just as
well assume that we are in this “reducible” case. All conclusions in this section
and in the rest of the paper are still valid without this assumption, however
they are not our original work but rather well-known results. Denote by N the
conductor of E.

In the isogeny class of E there are two interesting elliptic curves. The first
is the optimal curve Ey with respect to the modular parametrisation from
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the modular curve Xo(N), which is also often called the strong Weil curve.
The second is the optimal curve F; with respect to the parametrisation from
X1(N). The definition of optimality is given in [28], for instance the map
Hi(Xo(N)(C),Z) — H1(Eo(C),Z) is surjective. Another interesting curve is
the so-called minimal curve (see [28]), which is conjecturally equal to Ey, but
we will not make use of it in this article. Recall that a cyclic isogeny A — A’
defined over Q is étale (this is a slight abuse of notation, we should say more
precisely that it extends to an étale isogeny on the Néron models over Z) if the
pull-back of a Néron differential of A’ yields a Néron differential of A.

Let f be the newform of level N corresponding to the isogeny class of E. We
write wy = 2mif(T)dr = f(q)dq/q for the corresponding differential form on
the modular curve X;(N). For any curve A in the isogeny class of E, we define
the Néron lattice .Z4 to be the image of

/wA: Hl(A((C),Z) —C

where w4 is a choice of a Néron differential. We denote by %, and £ the
lattices Zg, and Zg, respectively. Then £ is defined to be the lattice of all
fv wy where 7 varies in Hy (X1(N),Z). Finally, we define

2= {wa e 0 (X (N)(©). fowsps). 2) .

obtained by integrating wy along all paths between cusps in X; (V). This is
the lattice of all modular symbols attached to f. By the Theorem of Manin—
Drinfeld jf is a lattice with jf C £y Q. In fact, we know that all the
lattices above are commensurable and we view them now as Z-modules inside
V=2 Q.

THEOREM 4. Let E/Q be an elliptic curve. Then there exists an elliptic curve
E./Q in the isogeny class of E whose lattice Ly = Lp, satisfies Lo @ L, =
jf ®Zy, inside VRQ, for all odd primes p at which E has semi-stable reduction.
Moreover the cyclic isogeny from Ep to E, is étale.

Alternatively, we could also say that the index of %, C jf is coprime to
any odd prime of semi-stable reduction. We should also emphasise that the
statement does not hold in general for primes p of additive reduction or for
p = 2. Counter-examples for these will be provided later. The proof will
require some intermediate lemmas.

LEMMA 5. Let A/Q be an elliptic curve and let p be an odd prime. Suppose P
s a point of exact order p in A, defined over an abelian extension of Q which
is unramified at p. Then the isogeny with kernel generated by P is defined over

Q.

Proof. Let G be the Galois group of Q(A[p]) over Q. Let H be the subgroup
corresponding to the field of definition Q(P) of P. Then H is a normal subgroup
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Q(A[p))
/ \
Q(P) Q(up)
N

Q

of G with abelian quotient. In any basis of A[p] with P as the first element,
the group H is contained in (§ *) when we view G as a subgroup of GLo(F)).
Let S = GNSLz(F,) be the kernel of the determinant G' — F,. Hence HNS is
contained in the subgroup of matrices of the form (§ 7). So we have two cases to
distinguish. Either HN.S is equal to the cyclic group of order p of all matrices of
this form or it is trivial. But note first that the Weil pairing implies that Q(s,)
is contained in Q(A[p]). So G/S is isomorphic to F) via the determinant.
Since Q(P) is unramified at p, it must be linearly disjoint from Q(y,). For our
groups, this means that HS = G. Hence H/(H N S) = G/S =TF.

Case 1: H NS is equal to the cyclic group of order p generated by ({1).
The above then implies that H is equal to the subgroup of all matrices ({ *).
Now G is contained in the normaliser of this group H inside GLa(F)), which is
easily seen to be equal to the Borel subgroup of matrices of the form (§ ). In
particular, the subgroup generated by P is fixed by G.

Case 2: H intersects S trivially. Then Q(A[P]) is the composition of Q(fp)
and Q(P). Hence G is the abelian group H x S. Note that H is now a cyclic
group of order p — 1. Let h be a non-trivial element of H C {(3%)} . It
has two eigenvalues, one equal to 1 and the other A must be different than
1 as otherwise h would belong to S. Let @ € Alp] be an eigenvector for h
with eigenvalue A and use the basis {P,Q} for A[p]. For H to be an abelian
subgroup of {({ %)} containing the element h = (} ), it is necessary that H
is contained in the diagonal matrices. Therefore H is the group of all matrices
of the form (}2).

We know that S has to commute with H. It is easy to see that this implies
that S is contained in the group of matrices of the form (§ 19,1 ). It follows that
G is contained in the diagonal matrices. Once again the isogeny defined by P
is fixed by G. O

If A is an elliptic curve defined over Q, we know by [2] that there is a non-
constant morphism of curves ¢,: Xo(N) — A defined over Q. We normalise
it by requiring that it is of minimal degree and that the cusp oo maps to
O € A(Q). Tt is well-defined up to composition with an automorphism of A.
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LEMMA 6. Let A/Q be an elliptic curve and let p be an odd prime such that A
has semi-stable reduction at p. Let r € Q represent a cusp on Xo(N) such that
the image @ (r) in A(Q) has order divisible by p. Let P € A(Q) be a multiple
of w4 (r) which has exact order p. Then the isogeny with kernel generated by P

1s €tale and defined over Q.

Proof. Let D be the greatest common divisor of the denominator of r and N.
Next, let d be the greatest common divisor of D and %. So by definition d is
only divisible by primes of additive reduction and hence it is coprime to p. By
the description of the Galois-action on cusps of X¢(N) given in Theorem 1.3.1.
in [27],we see that the cusp 7 on Xo(N), and hence its image in A(Q), are
defined over the cyclotomic field K = Q(¢z). The previous Lemma 5 proves
that the isogeny generated by P is defined over Q. Since the kernel acquires a

point over an extension which is unramified at p, it has to be étale. o

Proof of Theorem 4. The lattice ,,?Zf is the set of all values of integrating wy =
2mif(r)dr as T runs along a geodesic from one cusp 1 € Q to another ro € Q
inside the upper half plane. So it is also the set of all fv wy as 7 varies in

H;(Xo(N),{cusps},Z). We are allowed to switch here from X1 (N) to Xo(NV)
and to identify w; on both of them as the pullback of wy under X1 (N) — Xo(V)
is again wy because it is determined by the g-expansion of f.

The Manin constant cg for the optimal curve Ejy is an integer such that ¢f(wo) =
co - wf, where @o: Xo(N) — Ep is the modular parametrisation of minimal
degree and wy is a Néron differential on Fy. One can choose ¢g and wq in such
a way as to make ¢ > 0. It is known that ¢ is coprime to any odd prime for
which E has semi-stable reduction. For this and more on the Manin constant
we refer to [1]. From the description of optimality above, we can deduce that
co - L5 = £ and hence that ¢ -Q?f 2 %.

To start, we set A to be the optimal curve Fy. We shall successively re-
place A by one of its quotients by an étale kernel until we reach FE,. Pick
an odd semi-stable prime that divides the index 74 of £ in ¢ - jf. The
modular parametrisation ¢,: Xo(N) — A factors through Ey. The quotient
(cojf)/fA is generated by the images ¢, (r) € A(C) = C/.Z4 of all cusps r in
Xo(N). So we find a cusp r whose image in A(Q) has order divisible by p. We
can now apply Lemma 6, which gives us an étale isogeny A — A’ such that the
index of Z4/ in cojf is now ig =i /p. We replace now A by A’ and repeat
the procedure until the index i4 is coprime to all odd semi-stable primes. By
the above mentioned property of co, we now have £4 ® Z, = jf ® Zy, for all
odd semi-stable primes

By construction, A is now an étale quotient of Ey. We consider the isogeny
E; — Ey — A. The cyclic isogeny E; — Ej has a constant kernel and hence
it is étale over Z[3], as explained in Remark 1.8 in [29]. If it is étale over Z,
we can set Eo = A and we are done. Otherwise, there is an isogeny Foy — E|
whose degree is a power of 2 such that the cyclic isogeny from E; to EY) is étale.
Since the degree of Ey — A is odd by construction, there is an isogeny A — E,
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of the same degree as Ey — E|) such that E; — F, is étale. O

For any A in the isogeny class of E, we write Q7 for the smallest positive real
element of .Z4 and Q) for the smallest absolute value of a purely imaginary
element in .Z4. For any r € Q, the modular symbols [r]* € Q attached to A
are defined by

) = ém(/ﬂf) and ] = ém(/rwwf).

Then our theorem tells us that [r]* will have denominator coprime to any
odd semi-stable prime for the curve E,. In particular, it is obvious from the
construction (see [14]) of the p-adic L-function by modular symbols that it will
be an integral power series in Z,[1] for ordinary primes p. However this also
follows from Proposition 3.7 in [9] and the fact that Ey — E, is étale.
A reformulation of the theorem is the following integrality statement.

COROLLARY 7. Let E be an elliptic curve over Q and p an odd prime for which
FE has semi-stable reduction. Then there is a curve Eo which is isogenous to
over Q such that for all Dirichlet characters x we have

G(X) - L(Ee, x,1)

QE € Zp[x] if x(=1) =1 or
G(X)'.L(,E"X’l) € Zyp[x] if x(=1) = -1
zQE.

where Zy[x] is the ring of integers in the extension of Q, generated by the values
of x and G(x) stands for the Gauss sum.

Proof. This follows from the formula of Birch, see formula (8.6) in [14]:

L(E,X,l):@ > x(a)(/:o Wf)

a mod m /m

where m is the conductor of . o

2.1 THE SEMI-STABLE CASE

Let E/Q be an elliptic curve with semi-stable reduction at all primes. Hence
N is square-free. So d in the proof of Lemma 6 is equal to 1 for all cusps and
hence they are all defined over Q. By Mazur’s Theorem [13], we may obtain
E, satisfying ,,?f ® Z[] = Z ® Z[1] by taking the quotient of Ey only by at
most a p-torsion point defined over QQ for some p = 3, 5 or 7. In particular,
if Eo(Q)[3-5-7] = {0}, then E, = Ey. If instead, there is a rational torsion
point of odd order, then we might have to take the isogeny with kernel Fo(Q)][p].
Nonetheless the curve labelled 66¢1 in [5] shows that in some examples we can
have E, = Ey even when Ejy has a rational 5-torsion point.
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2.2 EXAMPLES

We can present here a few examples; in all of them we know that ¢y = 1.
Throughout, we use the notations from Cremona’s tables [5]. First, for the
class 11a and p = 5, we find that F; =11a3, Fy =11al, and E, =11a2 and the
étale isogenies 1 — Ey — E, are all of degree 5. To justify this, one has to
note that L(f,1) = $Qf and so [0]" = % for E;. Hence the lattice Zf has
index at least 5 in .%.

For the class 17a, the curve Ey =17al has Mordell-Weil group E(Q) = Z/42.
The optimal curve E; corresponds to a sublattice of index 4 in % and it is the
minimal curve 17a4. It is easy to compute the modular symbols for f. Since
L(f,1) = %Qar, we find that jf has index at least 4 in %. In fact, jf is the
lattice %02”17&3. This shows that the above lemma is not valid for p = 2.

In the class 91b, we find that Ey and E; are equal to 91b1, which has 3-torsion
points over Q. It turns out that E,, which is equal to 91b2, has a 3-torsion
point as well. So it is not true in general that Fo(Q) has no p-torsion even
when it is different from FEj.

Now to elliptic curves, which are not semi-stable. The class 98a is the twist of
14a by —7. This time the lattice .Zs is equal to the lattice of 98a5, which has
the same real period as Ey, but the imaginary period is divided by 9. Both Ej
and F, have only a 2-torsion point defined over Q. The two cyclic isogenies of
degree 3 acquire a rational point in the kernel only over Q(v/—7).

For the curves 27a, which admit complex multiplication, we find that jf =
%fo. The same happens for 54a. However in both cases F does not have
semi-stable reduction at p = 3. This shows that the lemma and theorem can
not be extended to primes p with additive reduction.

3 KAT0’S EULER SYSTEM

Let E/Q be an elliptic curve and p an odd prime. Suppose E has semi-stable
reduction at p. Since we are mainly interested in the case when E[p)] is reducible,
we may assume that the reduction at E is ordinary.

We now follow the notations and definitions in [10]. As before f is the newform
of weight 2 and level N associated to the isogeny class of E. Define the Q-
vector space Vg, (f) as the largest quotient of H} (Y1(N),Qp) on which the
Hecke operators act by multiplication with the coefficients of f. Further the

image of H} (Y1(N),Zy) in Vg, (f) is a Gal(Q/Q)-stable lattice, denoted by
Vz, (f).

PROPOSITION 8. We have an equality of Gal(Q/Q)-stable lattices Vz, (f)(1) =
Ty E, inside Vg, (f)(1).

Proof. We consider first the version with coefficients in Z rather than in Z, as
in 6.3 of [10]. We define Vg(f) as the maximal quotient of H'(Y1(N)(C),Q)
and Vz(f) as the image of H'(Y1(N)(C), Z) inside V(f). By Poincaré duality,
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we have
H'(Y1(N)(C),Z) = Hy(X1(N)(C), {cusps},Z)

as in 4.7 in [10]. Now let ¢1: X3(N) — E; be the optimal modular
parametrisation. The optimality implies that ¢, induces a surjective map from
H; (Xl((C),Z) to Hy (E1 ((C),Z). Hence we may identify Vp(f) via ¢1 with
H, (E1 ((C),Q). Under this identification, the lattice Vz(f) is mapped to the
image of the relative homology Hi (X1(N)(C),{cusps},Z). It contains the lat-
tice Hy (E1(C),Z). Through the map integrating against the Néron differential
wy of Eq, the lattice Vz(f) is brought to clﬁf containing £; where ¢; is the
Manin constant of ¢, i.e. the integer such that ¢} (w1) = ciwy. Since ¢; is a
p-adic unit by Proposition 3.3 in [9], our Theorem 4 shows that

Vo(f)®Z, = Hi(Eu(C),Z)®Z, inside Vu(f)®@Q,= Hi(E1(C),Q)®Q,.

Following 8.3 in [10], we can identify V7 (f) with Vz(f) ® Z, through the
comparison of Betti and étale cohomology. We identify again Vg, (f) with
H}, (E, Qp) through ¢; and we obtain that

€
Vi, (f) = Hi (Ee,Z,) 2 TyEs(—1) containing HY (E1,Z,) = T,E(—1)

at least as Z,-lattices inside Vg, (f). But the Galois action is the same on both
Vz, (f) and T, (Ee)(=1). O

From now on we will denote this lattice in our Galois representation simply
by T' = Vz,(f)(1) = TpE,. Kato constructs in 8.1 in [10] two sets of p-adic
zeta-elements in the Galois cohomology of T'. First, let @ and A > 1 be two
integers. Then there is an element

edzm(%) = ch (f,l 1,a(A), primes(pA)) € HE (Z[l,gm],T)

for all integers m > 1 and integers ¢, d coprime to 6pA. They are linked to the
modular symbol obtained from the path from % to oo in the upper half plane.
Also, (,, is a primitive m-th root of unity.

Secondly, for any « € SLy(Z), there are elements

c,dzm(a) = c,dzrgg) (fa 1a 1; a, prlmes(pN)) € Hélt (Z[%a gm]a T)

for any integer m > 1 and integers c = d =1 (mod N) coprime to 6pN. They
are linked to the image under « of the path from 0 to co in the upper half
plane.

The advantage of these integral elements (with respect to our lattice T') is that
they form an Euler system (13.3 in [10]). Namely by fixing «, ¢ and d as above,
the elements (dem(a))m form an Euler system.

Out of the above elements for m being a power of p, Kato builds the zeta-
elements that are linked to the p-adic L-functions. We denote by

A =7, [[Gal(@(¢~)/Q)]] = lm7Z, [Gal(Q(¢)/Q)]
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the Iwasawa algebra of the cyclotomic Z-extension of Q. Then we have the
following finitely generated A-module

HY(T) = lim Hg, (Z{Gpn, 31, T) = Jim H' (Gx(Q(Gpr)), T),

where ¥ is any set of primes containing the infinite places and those dividing
pN and Gx(K) is the Galois group of the maximal extension of K which is
unramified outside ¥. See Section 3.4.1 in [17] for the independence on ¥. For
each v € T, there is a

2 = 2P € H(T) ® Qp = lim H (Z[3, (0], T) © Q.

In fact, they are defined in 13.9 in [10] as elements in the larger H*(T) ®x
Frac(A) as they are quotients of elements of the form . 4z, (a) by certain ele-
ments p(c,d) in A. However Kato shows in 13.12 that they belong to the much
smaller H'(T') ® Q,, by comparing them with elements of the form ¢ gzpn (%).
See also appendix A in [6] for more information about the division by u(c, d).

3.1 CRITERIA FOR THE IWASAWA COHOMOLOGY TO BE FREE OVER THE
IWASAWA ALGEBRA

The A-module H(T) is torsion-free of rank 1 as shown in Theorem 12.4 in [10].
If E[p] is irreducible, then Theorem 12.4.(3) shows that H*(T) is free. In this
section we gather further cases in which we can prove that H'(T) is free or
otherwise determine how far we are off from being free. When it is free one
deduces that z, integral for all v € T'. We will later turn back to this question
in Section 3.3

LEMMA 9. Let p be an odd prime of semi-stable reduction. If the Xy-optimal
curve FEy has no rational p-torsion point, but the degree of the cyclic isogeny
from Eq to E, is divisible by p, then HY(T') is free of rank 1 over A.

This lemma is essentially about curves that are not semi-stable. It applies to
all twists of a semi-stable curve by a square-free D # +p. This follows from the
fact that for semi-stable curves a result by Serre [24, Proposition 1] and [22,
Proposition 21] shows that E[p] is an extension of Z/pZ by u[p] or an extension
of pulp] by Z/pZ.

Conversely, if Ey has a point of order p > 2 defined over Q, then it has semi-
stable reduction at all places, except for p = 3 when we could have fibres of
type IV or IV*.

Proof. We claim that under our hypothesis, the Mordell-Weil group F, (@(Cp))
contains no p-torsion points. Let ¢: A — A’ be a cyclic isogeny of degree p
in the isogeny Fy — F, and assume by induction that A has no torsion point
defined over Q. From the proof of Theorem 4, we know that A[¢] acquires
rational points over Q(¢;) with d | N as in the proof of Lemma 6. In particular
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p does not divide d and so A[¢] will not contain a rational point defined over
Q(¢p); neither will A’[¢] as it is its Cartier dual. This means that the semi-
simplification of A[p| is the sum of two distinct characters with conductor
divisible by a prime different from p. Hence A and A’ both have no p-torsion
point defined over Q(¢p).
One way to prove the lemma is by adapting Kato’s argument at the end of
13.8. The argument works as long as the twisted F,, () does not appear in E[p]
as a Galois sub-module. Instead we give a second proof here.
Let I' = Gal(Q((p~=)/Q(¢p)). Using the Tate spectral sequence [15, Theorem
2.1.11] we see that H*(T)r injects into H'(Gx(Q((p)),T) via the corestriction
map. Now the torsion subgroup of the latter is equal to the torsion subgroup of
@E(@(Cp))/p", which is trivial if £(Q(p)) has no p-torsion. Hence H*(T')p
is a free Z,-module.
Choose an injection ¢: H'(T') — A with finite cokernel F. We deduce an exact
sequence

0——F'——HY(T)r Ar Fr 0

Since H*(T)r is torsion-free, we obtain that F'* = 0. Since F is finite, [ is of
the same size. But by Nakayama’s Lemma Fr = 0 implies that F' = 0. Hence
HY(T) is A-free. O

We refine our analysis of H!(T') now a bit for the remaining cases. Any A-
module M comes equipped with an action by the group A = Gal((@(gp) / Q)
and we split M up into the eigenspaces M = @f:_OQ M; where A acts on M; =
M (—4)® by the i-th power of the Teichmiiller character. Now M; is a A(T) =
Zyp[T']-module.

LEMMA 10. Let ¢: E — E’ be an isogeny whose kernel has a point of order p
defined over Q. Then HY(T,E); and HY(T,E'); are free of rank 1 over A(T')
for all 1 < i < p—2. Furthermore HY(T,E)1 and HY(T,E")o are also free of
rank 1. The remaining H (T,E)o and H'(T,E’), are either free of rank 1 or
there is an injection into A(T") with image equal to the maximal ideal.

Proof. We have two short exact sequence

0 T,E 2~ T,5 2 0
0 Hp T,E 3 T,E 0
which induces two exact sequences
0 —= HY([,E) —2 HY([, ') — H'(,z) (*)

H! (1) <— HI (T, E) ~— H\(T,E') ~——0.
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Here the last terms are the projective limits as n tends to infinity of the
groups H' (G (Q((pn)), Z/pZ) and of H' (G (Q((pn)), plp]) respectively. Since
p = 3, 5 or 7, the class group of Q((y») has no p-torsion and hence
HY(Gx(Q(¢pn)), u[p]) is the quotient of the global ¥-units by its p-th powers.
Lemma 4.3.4 and Proposition 4.5.3 in [4] show that H(u[p]) = F,(1) ® AT /p
as a A = Zy[A][I']-module, where AT the part of A fixed by complex conju-
gation. Also we have HY(Z/pZ) = H'(u[p])(—1) = F, & A~ /p. Because the
composition of ¢ and qg is the multiplication by p, the cokernels of the end
maps of the two exact sequences (*) above have to be finite because H! (T, F)
and H'(T,E') are known to be torsion-free A-modules of rank 1.

If 7 is not 0 or 1, then the argument in the proof of Lemma 9 applies to show
that H'(T,E); and H'(T,E’); are both free since the p-torsion subgroup of
E(Q(¢p)) and E'(Q(¢p)) have trivial i-th eigenspace under the action of A.
Let now i = 0 and set A = HY(T,E)o and B = H(T,E')o. In the case i = 1,
we would just swap the roles of A and B. The exact sequences (*) show that
¢: A — B has finite cokernel of size at most p and that qAﬁ: B — A has cokernel
in A(T)/p = F,[I']. Choose an injection ¢: B — A(T') with finite cokernel F.
We now view B via ¢ and A via ¢ o as ideals in A(T") of finite index. The map
qAﬁz B — A becomes the multiplication by p.

Let I be the kernel of the map A(I') — Z, sending all elements of I" to 1. Then
we obtain the exact sequence

0 Fr AJIA AT F/IF 0.

Again if A/TA = Ar is Z,-free, then A is A(T")-free and since A — B has finite
cokernel, then B has to be free, too. Assume therefore that A/TA is not free.
We know that A/IA injects into H'(Gx(Q),T,E) whose torsion part is the
p-primary part of F(Q). Hence it is at most of order p. We conclude that F©
and Fr are both of order p under our assumption. Hence A/TA = %)y @ Z,
and we can take p+ I A to be the generator of the free part. Let a € A be such
that a + I A is a generator of the torsion part. It must lie in I but not in I A.
By Nakayama’s Lemma p and a generate the ideal A. Consider now the exact

sequence
0—>pA(F)/pB—>A/pB—>A/pA(F)—>O

where the middle term is a finite index sub-A(T")-module of A(T")/p. But a such
does not have any finite non-zero sub-modules. Hence pA(T") = pB shows that
B is A(T')-free of rank 1. Since the smaller ideal A has index p it has no choice
but to be the maximal ideal of A(T"). O

Here is an example for which H*(T,E) is not free. The semi-stable isogeny
class 11a contains three curves

By = 11a3—2>Fy = 1lal—2>E, — 11a2

where the direction of the arrow is the isogeny with kernel Z/pz with p = 5.
While F; and Ey have rational 5-torsion points, the Mordell-Weil group of E,
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over Q is trivial. Hence by the proof of Lemma 9, we see that H'(T,E,)o is
A(T)-free. This lemma does not apply to Ey, however Lemma 10 does and
shows that H' (T}, Ep)o is also A(T)-free. We will now show that H!(T,E1 ) is
not free.

For this we continue the first exact sequence in (*) as follows

H' (T, B1)o—>H" (T, Ey)o—F, —H(T, By )o—2>H2(T, Ey)o

where H?(+) stands for the projective limit of H?(Gx(Q((pn)), ). Our aim is to
show that ¢ is injective. Let Z, ; be the projective limit of H? (QU (&pm)s TpEi)O
as n — oo and consider the localisation maps

0—=Y1 ——=H*T,E )0 —> Dex Zog —

.

00— YO E— H2(TpE0)0 —_— @vGE Z’U,O —_—

By global duality the kernels Y; and Y, are fine Selmer groups which we will
properly define in Section 4; for our purpose here it is sufficient to say that
they are both trivial in our example. To show that ¢ is injective it is sufficient
to show that ¢: Z, 1 — Z, 0 is injective for all v € ¥ = {5,11}. Local duality
shows that Z, ; is dual to the p-primary part of the group of points of Ej; over
Qu(¢p=)?. Hence we want to show that for all v € {5,11} the map

‘ii Ey (QU(CP“’)A)[I’OO] — By (QU(CP“’)A)[]?OO]

is surjective. First for v = 11 where both curves have split multiplicative
reduction; however the Tamagawa number for Ey is 5 while it is 1 for E;. We
conclude that the p-primary part of E(Qll(cg,oo )) is isomorphic to Q,/Z, for
E = Ey and it is equal to Q,/Z, ®Z/pZ for E = E;. The map  is easily seen
to be surjective by looking at the 5-torsion points over Q7.

Next for v = 5, where the reduction is good ordinary. Here the p-primary parts
of both groups of local points are equal to #/5z. This follows from the fact that
the formal group of these curves have torsion group isomorphic to pp~ which
has no A-fixed points and from the existence of the rational 5-torsion points
over Qs.

This ends the proof that H'(T,E})o is not free but equal to the maximal ideal
as shown in Lemma 10. Note that the same argument won’t work for ¢, because
’L/AJ is not surjective locally on the p-primary part neither at v = 5 nor at v = 11.

3.2 LINK TO THE p-ADIC L-FUNCTION

For any extension K/Q,, we write H}(K, T) for the Bloch-Kato group of local
conditions. The quotient group H!(K,T) = H'(K, T)/H} (K, T) is in fact dual
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to Fe(K) ® Q,/Z, by local Tate duality. We set H(T") to be the projective
limit of H}(Q,((pn),T), which is a A-module of rank 1.

Perrin-Riou has constructed a Coleman map Col: H!(T) — A. Proposition
17.11 in [10] shows that the Coleman map Col: H(T) — A is injective and
has finite cokernel if the reduction of E at p is good. The same proof also
applies when the reduction is non-split multiplicative. Instead in the case when
E has split multiplicative reduction, then Theorem 4.1 in [11] proves that the
Coleman map Col: HL(T) — A is injective and has image with finite index
inside I = ker(]l: A— Zp) where the map 1 sends all elements of the Galois
group Gal(Q(¢p=)/Q) to 1. Extend Col to an injective map Col: H!(T)®Q, —
A®Q,.

Choose v € T such that v = y© + v~ with v* being Z,-generators of the
subspaces T* on which the complex conjugation acts by +1. We now apply
Theorem 16.6 in [10] with this “good choice” of v and with the “good choice”
of the Néron differential w = wg, in the terminology of 17.5. Consider the zeta
element z = 2, € HY(T') ® Q,. The theorem yields

Col(loc(z)) = Ly(E,) € A,

where loc: HY(T) ® Q, — HY(T) ® Q, is the localisation followed by the
quotient map.

Let Zr = Z(f,T) be the A-module generated by z, in H'(T) ® Q, and let Z
be the A-submodule of H'(T') generated by all (¢,azpn (a))n and (Cydzpn(%))n
where ¢, d, a, A and « run over all permitted choices in the construction of
these integral elements. Then Theorem 12.6 in [10] states that Z is contained
in Z7 with finite index. Here it is crucial that we work with exactly the lattice
T =Vz,(f)(1). Kato allows himself the flexibility of twists by the cyclotomic
character and works with Vz, (f)(r); we only need r = 1 here.

Since HY(T) is A-torsion-free, there is an injective A-morphism ¢: HY(T') — A
with finite cokernel. The linear extension ty: H'(T) ® Q, — A ® Q, sends Zr
to a sub-A-module J. This J contains the integral ideal +(Z) C A with finite
index. Hence J itself is an integral ideal in A. Write A = 14(2z) € J.

LEMMA 11. For any k > 0 such that p*Zr C Z, the index of p*z in HY(T),
defined as

I = ind, (p*z) = {w(pkz) ‘ b e HomA(Hl(T),A)},

satisfies Iy = Ay for all height one prime ideals p of A that do not contain p.

Proof. Let p & p be prime ideal of A of height 1. Because ¢ has finite cokernel,
we have H'(T'), = A, via ¢. Hence

I, = {w pkz ‘ ¥ € Homy, (HI(T)WAP)}
{ ‘ 1/) € Homy, (Ap, Ay )}

(p Z)Ap P )\Ap = AA,.
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because p does not belong to p. O

3.3 INTEGRALITY OF 2z,

Recall first how Kato deduces the integrality of his second set of zeta-elements
in the case E[p] is irreducible.

LEMMA 12. If HY(T) is free over A then z., € HY(T) for all v € T.

Proof. This is 13.14 in [10]: For every prime ideal p of height 1 in A, we have
(Zr)p € HY(T), since Z has finite index in Zr. Hence Zy C HY(T). O

We will concentrate here on one case that interests us most. Let zg be the core-
striction of z from H(T) to H'(T)o, which is the limit lim H'(Gx(K,),T)
as K, increases in the cyclotomic Z,-extension of Q.

THEOREM 13. Let E/Q be an elliptic curve and p an odd prime at which E
has good reduction. Then zqo belongs to H(T)o.

In other words z is integral with respect to the Tate module of E,.

Proof. First, we may apply the idea of the proof in Lemma 9, to conclude
that H = HY(T)y is free over A(T") if Fo(Q) has no p-torsion point. If so the
previous lemma shows that zg lies in H.

Assume now that F, admits a rational p-torsion point. Let ¢: Eq — E’ be
the isogeny whose kernel contains the rational p-torsion points. We apply
Lemma 10 to see that either H is free or it injects into A(I") with index p. As
the former case is done with the previous lemma, we assume that we are in the
latter. We know already that the Coleman map Colp: H — A(T') is injective
with finite cokernel. Now, since H is isomorphic to the maximal ideal, the
image of Colg has to be equal to the maximal ideal of A(T"). Therefore if zg is
not integral, the image Coly(loc(zo)) = Lp(Es)o € Ag = A(T') must be a unit.
However the interpolation property of the p-adic L-function tells us that

1(Ly(Ea)o) = (1—a™)* - 0],

where « is the unit root of the characteristic polynomial of Frobenius and the
map 1: A(T') — Z, sends all elements of I" to 1. Since we have a p-torsion point
on the reduction of F, to IF},, the valuation of 1—a~lis 1. By construction of E,
the modular symbol [O]JLC. is a p-adic integer. Therefore the p-adic L-function
cannot be a unit. Hence z( is integral. O

4 THE FINE SELMER GROUP

Let E be an elliptic curve with a p-isogeny for an odd prime p. In this section,
we do not need any condition on the type of reduction at p. We define the fine?

2This group is sometimes called the “strict” or “restricted” Selmer group.
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Selmer group R(E/Q((pn)) as the kernel of the localisation map

(G5 (QGn), Bp]) —= @ ' (Q(Gr). Flp™])

ve
where the sum runs over all places v in Q({p~) above those in 3. It is indepen-
dent of the choice of the finite set X as long as it contains p and all the places
of bad reduction. By global duality it is dual to the kernel

H? (GE (@(Cp")) ) TpE) - @vez H? (@v(gp" )s TPE)'

The Pontryagin dual of the direct limit of the groups R(E/Q(({p»)) will be
denoted by Y (E); it is a finitely generated A-module. Theorem 13.4.1 in [10]
proves that Y(F) is A-torsion.

LEMMA 14. Let E be an elliptic curve and p an odd prime such that E admits
an isogeny of degree p defined over Q. Then the fine Selmer group Y(E) is a
finitely generated Z,-module.

Proof. Let ¢: E — E’ be an isogeny with cyclic kernel E[¢] of order p defined
over Q. The extension F' of Q fixed by the kernel of py: Gy (Q) — Aut (E[gb])
is a cyclic extension of degree dividing p — 1. Let G be the Galois group
of K = F((p) over Q((,). Over the abelian field K, the curve admits a p-
torsion point. We can therefore apply Corollary 3.6 in [3] (a consequence
of the Theorem of Ferrero-Washington) to the dual Y(E/K) of the Selmer
group over the cyclotomic Z,-extension Ko, = K((p) of K. This proves
that Y(E/Ko) is a finitely generated Z,-module. Then we have the following
diagram

0 —y(B/RKa) — H'(Gu(Kx), Ep))"

T !

0 Y(E) H' (Gs(Q(¢=)), Ep™])

T

H (G, E(Kso)[p™])

and since the group G is of order prime to p, the kernel on the right is trivial.
We deduce that the left hand side is injective, too, and hence that the dual
map Y(E/K) — Y (E) is surjective. Therefore Y (E) is a finitely generated
Zp-module. o

For any torsion A-module M, we define the characteristic series chara (M) as
the product of the ideals p'» where I, = length, (M;) as p runs through all
primes of height 1 in A.

Recall that we have defined A = 14(z) as an element in J C A just before
Lemma 11.
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PROPOSITION 15. Suppose E does not have additive reduction at p. Then the
characteristic series chary (Y (E)) divides A A.

Proof. We will first prove this proposition in the case E is the curve E, in
Theorem 4. With a sufficiently large choice of k, the element p*-z € ZNH(T)
extends to an Euler system for T as in [21]. Since the representation p, is not
surjective, the Euler system argument gives us only a divisibility of the form

chary (Y(E))  divides  J-inda(p"z)

for some ideal J of A which is a product of primes containing p, see Theorem
2.3.4 in [21] or Theorem 13.4 in [10]. By Lemma 11, we know that ind (p¥z) =
J'A A for some ideal J’ which is a product of primes containing p. The previous
lemma shows that chars (Y (E)) is not divisible by any prime ideal containing
p, so the proposition follows for F,.

Now an isogeny E — F, can only change the p-invariants of the dual of the
fine Selmer groups, i.e. only by ideals containing p, but the previous lemma
shows that they are zero for all curves in the isogeny class. O

5 THE FIRST DIVISIBILITY IN THE MAIN CONJECTURE

Let E be an elliptic curve defined Q such that E[p] is reducible for some odd
prime of semi-stable reduction. Recall that this implies that the reduction of
E at p can not be good supersingular. The Selmer group E over Q({pn) is
defined as usual as the elements in H*(Gx(Q((pn)), E[p™]) that are locally in
the image of the points. It fits into the exact sequence

0——=R(E/Q(Cpr)) — Sel(E/Q(Gpr)) —=H (Qp(Cpn), E[p™]).

We denote the dual of the limit of the Selmer group by X (FE); it is a finitely
generated A-module. If the reduction is good ordinary, Theorem 17.4 in [10]
shows that X (F) is A-torsion. The same conclusion holds in general in our
situation; see [11] for the split multiplicative case.

THEOREM 16. Let E/Q be an elliptic curve and let p > 2 be a prime. Suppose
that E has semi-stable reduction at p and that Elp| is reducible as a Gg-module.
Then chara (X (E)) divides the ideal generated by Ly,(E). If the reduction of
FE is split multiplicative at p, then I - chary (X(E)) divides the ideal generated
by Ly(E), where I is the kernel of the homomorphism A — Z, that sends all

elements of Gal(Q({p=)/Q) to 1.

The main conjecture asserts that the element L, (E) generates the characteristic
ideal chary (X (E)).

LEMMA 17. To prove Theorem 16 for E, it is sufficient to prove it for any one
curve in the isogeny class of E.
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Proof. The fact that Theorem 16 is invariant under isogenies follows from the
formula for the change of the p-invariant under isogenies for the characteristic
series by Perrin-Riou [16, Appendice] when compared to the change of the
p-adic L-function. See in particular her Lemme on page 455. O

Proof of Theorem 16. By the previous Lemma 17, we may choose E to be the
curve F, in the isogeny class. Recall from Section 3.2 that the Coleman map
Col: HY(T) — A is injective and has image with finite index inside I in the
multiplicative case and it has a finite cokernel in the other cases. In what
follows we treat only the case when the reduction is not split multiplicative;
otherwise one has to multiply with I where appropriate.

Rohrlich [20] has shown that L,(E) is non-zero and hence loc(z) is not torsion.
Choose a k such that p* Zr C Z. Then the A-torsion module H.(T') /p* loc(z)A,
which is equal to Col(H(T))/p*L,(E) A, has characteristic series p*L,(E)A.
The characteristic series of H!(T)/p*zA is equal to the characteristic series
of A/u(p*z)A and therefore equal to p*AA, where (H'(T) — A is an injective
A-morphism with finite cokernel.

By global duality (see Proposition 1.3.2 in [18]), we have the following exact
sequence

0——HY(T) HY(T) X(E) Y(E) 0.
It induces an exact sequence of torsion A-modules

1 1
0—= T S —= X(B) —=Y(E) —=0.

Using Proposition 15, we conclude that

chary (X (E)) = chara (Y(E)) - (P*Ly(E)A) - (pFAA) ™"
divides A - p*L,(E) - p~"A\71A = L,(E)A. O

6 CONSEQUENCES

COROLLARY 18. The analytic p-adic L-function L,(E) belongs to A for all
elliptic curves E/Q with semi-stable ordinary reduction at p > 2.

The conclusion can certainly not be extended to the supersingular case since
the p-adic L-functions in this case will never be integral. The supersingular
case is well explained in [19] where it is shown how one can extract integral
power series.

COROLLARY 19. If E/Q is a semi-stable elliptic curve and p an odd prime
where E has ordinary reduction, then chary (X (E)), or I chary (X(E)) in the
split multiplicative case, divides the ideal generated by L,(E).
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Proof. By a Theorem of Serre ([24, Proposition 1] and [22, Proposition 21]),
we know that the image of the representation p,: Gg — Aut(E[p]) is either
the whole of GLy(F,) or it is contained in a Borel subgroup. In the latter
case the representation p, is reducible and in the first case the representation
pp: Go — Aut(T,E) is surjective by another result of Serre [23, Lemme 15]
unless p = 3. Finally for p = 3 we use the following lemma to exclude that p,
is not surjective. O

Unfortunately, the hypothesis in Corollary 19 that E is semi-stable can not be
dropped. For instance, there are curves E/Q such that g, has its image in the
normaliser of a non-split Cartan subgroup.

LEMMA 20. Let p =3 and suppose p? does not divide the conductor N. If the
residual representation p: Gal(Q/Q) — GLa(Fy) is surjective then the p-adic
representation p: Gal(Q/Q) — GL2(Z,) is surjective, too.

Proof. We make use of the explicit parametrisation of all these exotic cases by
Elkies in [8]. Let E/Q be an elliptic curve such that p is not surjective, but p
is. Then its j-invariant satisfies

27 A(n:m)? B(n :m)?C(n :m)
D(n:m)°
:m) =n% + 6n°m + 4n*m? + 12n%m* — 18nm® — 23m6,

)

:m) = ™% + 24n°m + 18n*m? — 26n3m?> — 33n*m? 4 18nm’ + 28mS,
)
)

with

j(E) = 1728 —

N

3

Sy
3

Q

3

:m) = 2n® — 3n’m + 4m?,

=n— 3nm3 — m3.

(
(
(
(

)

3

tm

for two coprime integers n and m. Note first that the denominator D(n : m)
in j(E) is never divisible by 9, so j(F) is a 3-adic integer.

With a bit more work one can see that j(E) = 2-3% (mod 3%): If n # m
(mod 3), then A(n : m) = (n—m)® = B(n:m) (mod 3), C(n:m)=2(n—m)3
and D(n : m) = (n —m)3 (mod 3) gives the result. For n = m + 3k, we can
use A(n : m) = B(n : m) = 3% (mod 3%), C(n : m) = 3 (mod 3?), and
D(n:m)=2-3 (mod 3?) to conclude.

Now suppose E is given by a Weierstrass equation minimal at 3. We may
assume that it is of the form y? = 2% 4+ a2 + aux + ag with as € {-1,0,+1}
and ayq, ag € Z. If ag = %1, then

—27a3 + 27a3 — 9ay + 1

J(E) =16 A

where A is the discriminant. However this is a contradiction with j(E) € 33Zs.
Hence as = 0 and so
3
a
i(F)=233.96. "4
i(E) ai +27a2/4
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and we see that it is impossible that j(E) = 2- 3% (mod 3*) unless 3 divides
as and the discriminant A = 4a3 + 27a3. Therefore E has bad reduction at 3.
The fact that j(F) is a 3-adic integer shows that the reduction is additive. O

Finally, here is the usual application to the Birch and Swinnerton-Dyer conjec-
ture.

PROPOSITION 21. Let E be an elliptic curve over Q such that L(E,1) # 0.
Let ¢, be the Tamagawa number of E at each finite place v and the number of
components in E(R) for v =o0c. Then

#II(E/Q) divides C. L(E,1) . (#E(@))2

OF IL, o

where C' is a rational number only divisible by 2, primes of additive reduction
or primes for which the Galois representation on E[p] is neither surjective nor
contained in a Borel subgroup.

In particular, for semi-stable curve C' is a power of 2. The methods in [26] can
now be extended to the reducible case, too.
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