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ABSTRACT. We determine the composition factors of a Jordan-Holder
series including multiplicities of the locally analytic Steinberg repre-
sentation. For this purpose, we prove the acyclicity of the evaluated
locally analytic Tits complex giving rise to the Steinberg represen-
tation. Further we describe some analogue of the Jacquet functor
applied to the irreducible principal series representation constructed
in [OS2].
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1. INTRODUCTION

In this paper we study the locally analytic Steinberg representation Vg for a
given split reductive p-adic Lie group G. This type of object arises in various
fields of Representation Theory, cf. [Humll [DOR]. In the smooth representa-
tion theory of p-adic Lie groups as well as in the case of finite groups of Lie
type, it is related to the (Bruhat-)Tits building and has therefore interesting
applications [Carl [DM| [Cal]. In the locally analytic setting it comes up so far
in the p-adic Langlands program with respect to semi-stable, non-crystalline
Galois representation [Br]. More precisely, Vg coincides with the set of lo-
cally analytic vectors in the continuous Steinberg representation which should
arise in a possible local p-adic Langlands correspondence on the automorphic
side. Our main result gives the composition factors including multiplicities of
a Jordan-Holder series for Vg . This answers a question raised by Teitelbaum
in [T].

Let G be a split reductive p-adic Lie group over a finite extension L of Q, and
let B C G be a Borel subgroup. The definition of V' is completely analogous
to the above mentioned classical cases. It is given by the quotient
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where I§ = C%(G/P,K) is the G-representation consisting of locally L-
analytic functions on the partial flag manifold G/P with coefficients in some
fixed finite extension K of L. In contrast to the smooth situation or that
of a finite group of Lie type, the locally analytic Steinberg representation
is not irreducible. Indeed, it contains the smooth Steinberg representation
v§ = iG> po 18, where i§ = C®(G/P,K), as a closed subspace. On the
other hand, it isa consequence of the construction in [OS2] that V,§ has a com-
position series of finite length and therefore the natural question of determining
its Jordan-Holder series comes up. Morita [Mo] proved that for G = GLg, the
topological dual of Vg is isomorphic to the space of K-valued sections of the
canonical sheaf w on the Drinfeld half space X = P!\ P}(L). In higher di-
mensions Schneider and Teitelbaum [ST1] construct an injective map from the
space of K-valued sections of w to the topological dual of VBG . However, the
natural hope that this map is an isomorphism in general turns out not to be
correct. In fact, this follows by gluing some results of [Schr] and [O] considering
the Jordan-Holder series of both representations in the case of GLg.

In order to determine the composition factors of VBG in the general case, we
apply the machinery constructing locally analytic G-representations fg(M V)
developed in [OS2]. Here M is an object of type P in the category O of Lie
algebra representations of Lie G and V' is a smooth admissible representation of
a Levi factor Lp C P (we refer to Section 2 for a more detailed recapitulation).
It is proved in loc.cit. that fg(M , V) is topologically irreducible if M and
V' are simple objects and if furthermore P is maximal for M. On the other
hand, it is shown that F§ is bi-exact which allows us to speak of a locally
analytic BGG-resolution. This latter aspect is one main ingredient for proving
the acyclicity of the evaluated locally analytic Tits complex

G G G G G G
0—=1Ig— @ Iy, — @ IPK%~~~%@IPK%IB%VB%O.
KcCA KcA KCA
|A\K |=1 |A\K|=2 |K|=1

Here A is the set of simple roots with respect to B and a choice of a maximal
torus T C B. Hence the determination of the composition factors of V' is
reduced to the situation of an induced representation I$ which lies in the
image of the functor }"g. This leads to the question when two irreducible
representations of the shape F§ (M, V) with V a composition factor of i§ are
isomorphic. It turns out that this holds true if and only if all ingredients are
the same. Thus we arrive at the stage where Kazhdan-Lusztig theory enters
the game.

Now we formulate our main result. For two reflections w, w’ in the Weyl group
W, let m(w',w) € Z>o be the multiplicity of the simple highest weight module
L(w - 0) of weight w -0 € Homp (LieT, K) in the Verma module M (w’ - 0) of
weight w'-0. Let supp(w) C W be the subset of simple reflections which appear
in w. In the following theorem we identify the set of simple reflections with the
set A.
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THEOREM: Forw € W, let I C A be a subset such that the standard parabolic
subgroup Py attached to I is mazimal for L(w - 0). Let vg be the smooth
generalized Steinberg representation of Lp, with respect to a subset J C I.
Then the multiplicity of the irreducible representation ]-'gl (L(w-0), vg) in VS

s given by
> (D mw w),

w! eW
supp(w’)=J

and we obtain in this way all the Jordan-Hélder factors of V§. In particu-
lar, the smooth Steinberg representation vg is the only smooth subquotient of
V§. Moreover, the representation }"gl (L(w - 0),v§§) appears with a non-zero
multiplicity if and only if J C supp(w).

We close this introduction by mentioning that we discuss in our paper more
generally generalized locally analytic Steinberg representation VPG , as well as

their twisted versions V() involving a dominant weight A € X*(T).

Acknowledgments: The second author would like to thank the Bergische Uni-
versitdt Wuppertal for an invitation where some part of this work was done
and to mention that a part of this work was done when he was a member of
the DMA at the Ecole normale supérieure.

Notation: We denote by p a prime number and by K O L D Q, finite extensions
of the field of p-adic integers Q,. Let O, be the ring of integers in L and fix
an uniformizer m of Or. We let k = Op/(7) be the corresponding residue
field. For a locally convex K-vector space V, we denote by V' its strong dual,
i.e., the K-vector space of continuous linear forms equipped with the strong
topology of bounded convergence, cf. [S].

For an algebraic group G over L we denote by G = G(L) the p-adic Lie group
of L-valued points. We use a Gothic letter g to indicate its Lie algebra. We
denote by U(g) := U(g ®1, K) the universal enveloping algebra of g after base
change to K. We let O be the category O of Bernstein-Gelfand-Gelfand in the
sense of [OS2].

2. THE FUNCTORS F§

In this first section we recall the definition of the functors F$ constructed in
[0OS2]. As explained in the introduction they are crucial for the determination
of a Jordan-Hoélder series of the locally analytic Steinberg representation.

Let G be a split reductive algebraic group over L. Let T C G be a maximal
torus and fix a Borel subgroup B C G containing T. Let A be the set of simple
roots, ® the set of roots and ®T the set of positive roots of G with respect
to T C B. In what follows we assume that our prime number p is odd, if the
root system ® has irreducible components of type B,C or F4, and if ® has
irreducible components of type G2 we assume that p > 3

IThis restriction is here to use results of [0S2].
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We identify the group X*(T) of algebraic characters of T via the derivative
as a lattice in Homp,(t, K). Let P be standard parabolic subgroup (std psgp).
Consider the Levi decomposition P = Lp - Up where Lp is the Levi subgroup
containing T and Up is its unipotent radical. Let Up be the unipotent rad-
ical of the opposite parabolic subgroup. Let O be the full subcategory of O
consisting of U(g)-modules of type p = Lie P. Its objects are U(g)-modules M
over the coefficient field K satisfying the following properties:

(1) The action of up on M is locally finite.
(2) The action of [p on M is semi-simple and locally finite.
(3) M is finitely generated as U(g)-module.

In particular, we have @ = O°. Moreover, if Q is another parabolic subgroup
of G with P C Q, then O% C O”.

Let Irr(Ip)f be the set of finite-dimensional irreducible [p-modules. Any object
in OF has by property (2) a direct sum decomposition into [p-modules

(2.1) M = @ M,

aclrr(lp)fd

where M, C M is the a-isotypic part of the finite-dimensional irreducible rep-
resentation a. We let O:lg be the full subcategory of O given by objects such
that all [p-representations appearing in (21]) are induced by finite-dimensional
algebraic Lp-representations. The above inclusion O% C OF is compatible with

these new subcategories, i.e. we also have Oglg C (’)zlg. In particular, the cate-
P

alg contains all finite-dimensional g-modules which come from algebraic

G-modules. Every object in Oglg has a Jordan-Holder series which coincides
with the Jordan-Holder series in O.
Let Rep}?’adm(L p) be the category of smooth admissible L p-representations

with coefficients over K. In [OS2] there is constructed a bi-functor

gory O

F§ (’)glg X Rep?’adm([/p) — Rep"(@Q),

where Repﬁ?(G) denotes the category of locally analytic G-representations with
coefficients in K. It is contravariant in the first and covariant in the second
variable. Furthermore, }"g factorizes through the full subcategory of admissible
representations in the sense of Schneider and Teitelbaum [ST2]. Let us recall
the definition of F§.

Let M be an object of Oglg. By the defining axioms (1) - (3) above there is a
surjective map

(2.2) ¢:U(g) Qupy W — M

for some finite-dimensional algebraic P-representation W C M. Let V be
additionally a smooth admissible Lp-representation. We consider V' via the
trivial action of Up as a P-representation. Further by equipping V' with the
finest locally convex topology it becomes a locally analytic P-representation, cf.
[ST4l §2]. Hence we may consider the tensor product representation W' @ V
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as a locally analytic P-representation. Let Ind% : Repi(P) — Rep(G) be
the locally analytic induction functor [Fe|]. Then

FS(M,V) =IndG(W' @k V)?

denotes the subset of functions f € Ind% (W’ ®f V) which are killed by the
U(g)-submodule d = ker(¢) C U(g) ®y(py W for the action obtained by joining
left translation for elements of U(g) and evaluation in W’ for elements of W.
Then F§(M, V) is a well-defined G-stable closed subspace of IndG (W' @ V)
and has therefore a natural structure of a locally analytic G-representation.
Further the above construction is even functorial. If V = 1 is the trivial Lp-
representation, we simply write 7§ (M) instead of F§ (M, 1). The functors F§
satisfy the following properties, cf. [OS2, Prop. 4.9, Thm. 5.8]:

e (exactness) The bi-functor F§ is exact in both arguments.

e (PQ-formula) Let @ D P be another parabolic subgroup. We suppose
that Lp C Lg. If V is a smooth admissible L p-representation, then we
denote by

ip(V) = Indz (V)

the smooth induced Q-representation. Note that as Lg-representation

. . . Q L
one has the identification i3 (V) = ng_(UPmLQ)(V). Let M € O}, C
(’)ilg. Then there is the following identity:

FE(M, V) = F§(M,iE(V)).

e (irreducibility) A std psgp P C G is called maximal for an object
Me Oif M € O and it M ¢ O% for all ¢ D p. Let P be a std
psgp, maximal for a simple object M € O,e. Further let V be an
irreducible smooth admissible Lp-representation, then }"g(M ,V) is
(topologically) irreducible.

In [OS2] it is explained how one can deduce from the previous properties of the
bi-functors F§ the Jordan-Holder series of a representation FS(M, V). Let
us recall this procedure in the case V' = 1. The smooth generalized Steinberg
representation to P is the quotient

G _ .G G
vp =1ip/ g i
PCQCG

This is an irreducible G-representation and all irreducible subquotients of i
occur in the shape vg with @ D P and with multiplicity one, cf. [BoWal Ch.
X,84], [Ca2].

Let M be an object of the category Oglg. Then it has a Jordan-Hé6lder series

M=M">M'D>M?>...oM" >M™*=(0)
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in the same category. By applying the functor .7-"19 to it we get a sequence of
surjections

FSM) B FEMY B FE(M?) B S FS(MT) 5 (0).
For any integer ¢ with 0 < i < r, we put

qi ~=PiOPi—1°---90P1°Po

and set

F'i=ker(q;)
which is a closed subrepresentation of fg(M ). We obtain a filtration
(2.3) Fl=0)cFc...cFltcrF =F5WM)

by closed subspaces with
FHF e FE(M /M)
Let Q; = L; - U; D P a std psgp maximal for M*¢/M***. Then by the PQ-
formula, we get
FEOMMTY) = FG (M M)

where i%’ = zim p- We conclude that the representations

ALY

where R is a std psgp of G with @; D R D P and vy’ = vanR are the
topologically irreducible constituents of F§ (M*/M 41 j9). By refining the
filtration (Z3) we get thus a Jordan-Holder series of F§ (M).
Finally we recall the parabolic BGG resolution of a finite-dimensional algebraic
G-representation [Le|. We let (, ) be the natural pairing X*(T) x X,.(T) = Z
defined by x(u(t)) = t*. For each a € ®, we denote by aV € X,(T) the
cocharacter associated to « as in [Spl §2.2]. Let W be the Weyl group of G
and consider the dot action - of W on X*(T) given by

w-x=w(x+p)=p
where p = $ 3 g+ o For a character A € X*(T), let

M(A) = U(g) ®@u(e) K

be the corresponding Verma module. Clearly M()) is an object of Q. We
denote its irreducible quotient by L()). Let

Xy ={\e X*(T) | (\,a¥) > 0Va € A}

be the set of dominant weights in X*(T). If A € X, then L()) is finite-
dimensional and comes from an irreducible algebraic G-representation. In this
situation, we also write V() for L(\).

For a subset I C A, let P = Py C G be the attached std psgp and denote by

XF={\e X (T)|(\a')>0Vael}
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be the set of L;-dominant weights. Every A € XI+ gives rise to a finite-
dimensional algebraic Lj-representation

(2.4) V[()\) = Vp()\)

We consider V7 () as a Pr-module by letting act Uy trivially on it. The gener-
alized (parabolic) Verma module attached to the weight X is given by

Mi(X) = U(g) @u(pr) Vi(A).
We have a surjective map
qr M()\) — M]()\),

where the kernel is given by the image of @ocrM (so - A) — M(N), cf. [Le,
Prop. 2.1]. If J C I, then we obtain a transition map ¢ : Mj(A\) — Mp(\)
such that gr =¢gsr04qy7.

Let W C W be the parabolic subgroup induced by I C A. Consider the set
'W = Wi \W of left cosets which we identify with their representatives of
shortest length in W. Let Tw be the element of maximal length in W. If A
is in X; and w € TW then w- A € X, cf. [Le, p. 502]. The I-parabolic
BGG-resolution of V(\), A € X, is given by the exact sequence

I I
de(lw) e(Tw)—1

d
0= M("w-2) = P Mi(w-r)
welw
t(w)=e(Tw)—1
d3 i
= @ Mp(w-X) — M;(\) = V() = 0.
welw
o(w)=1
We shall specify the differentials in this complex. For each w € W, fix once
and for all an embedding i, : M(w - A) — M(\). If w' > w (for the Bruhat
order < on W), i, factors through the image of i,, and we can define thus
a unique map iy € Homg(M(w' - ), M(w - X)) such that iy = iy © ty -
These maps satisfy the relations iy w = tw w © twr o for all w” > w' > w. If
I C Ais a subset and w’ > w are elements of /W, then the previous relations
and the identification of My(w - A) with the cokernel of ©qeris, ww show that
iw w factors through a map Mj(w’ - A) — My(w - A) which we will denote by
the same symbol i, ,. Now recall that to each pair (w',w) € W? such that
w' > w and £(w') = ¢(w) + 1, we can associate an element e(w’,w) € {£1},
with e(ws, wq)e(wy, wy) = —e(ws, wy)e(wr, ws) once we have wy < we < wy,
wy < wy < wy, wy # ws and £(wy) = L(ws) + 2 (cf. [BGG, Lemma 10.4]).

Finally we define
di = @ Z e(w', w)iy -

welw wel W, w<w’
L(w)=k £(w!)=£L(w)+1

The exactness of the above sequence is a consequence of [Lel, Thm. 4.3].
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By applying our exact functor .7-"19 to this exact sequence, we get another exact
sequence

0 FEM("w-N)« P FEMi(w-N) + ...

welw
(w)y=e({w)—1

e P FEMi(w-N) + FEM(N) + FEV(N) 0

welw
o(w)=1

which coincides by the very definition of F§ and the PQ-formula with

(25) 0« mdZ(Vi('w-N))+ @B mdE(Vi(w-\))+ ...

wel w
(w)y=e({w)—1

o @ mdE(Vi(w - A)) + IndE(VI(N)) « V(A @k i « 0.
welw
2(w)=1

3. ISOMORPHISM BETWEEN SIMPLE OBJECTS

In this section we analyse when two simple modules of the shape fgl (M, v?’} ),
with P; maximal for M and a subset J C I, are isomorphic. This will be used
in the next section for determining the multiplicities of composition factors of
the locally analytic Steinberg representation.

Let’s begin by recalling some additional notation of [OS2]. Let G¢ be a split
reductive group model of G over Op. Let Tg C By C Gy be Op-models
of T and B. Fix a std psgp Py and denote by Upy its unipotent radical.
Let U;,O be its opposite unipotent radical and denote by Lp o the Levi factor
containing Ty. Let Gy = Go(OL) C G, Py = Po(Or) = GoN P C P etc.
be the corresponding compact open subgroups consisting of Op-valued points.
We denote by Z = p~}(Bg(kr)) C Go the standard Iwahori subgroup where
p: Go — Go(kr) is the reduction map.

Consider now for an open subgroup H of Gy the distribution algebra D(H) :=
D(H,K) = C{(H,K)" which is defined by the dual of the locally convex
K-vector space C¢"(H, K) of locally L-analytic functions [ST2]. It has the
structure of a Fréchet-Stein algebra. More precisely, for each % < r <1, there
is a multiplicative norm ¢, on the Fréchet algebra D(H) such that if D(H),
denotes the Banach algebra given by the completion of D(H) with respect to
qr, we have a topological isomorphism of algebras D(H) ~ @T D(H),. For
the precise definition of a Fréchet-Stein algebra we refer to loc.cit. We set
Py = PoN H and let U(g, Prr) be the subalgebra of D(H) generated by U(g)
and D(Pp). Let U(g, P ). be the topological closure of U(g, Py) in D(H),.
The notion of a coadmissible module on a Fréchet-Stein algebra is defined in
[ST2| §3]. If M is such a coadmissible D(H )-module, it comes along with a
family (¢ am)r of seminorms such that if M, denotes the completion of M with
respect to ¢, o4, we have M ~ ]'&nr M, and each M, is a finitely-generated
D(H),-module.
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Let M be a simple object of Oglg As such an object it has naturally the struc-
ture of a U(g, Pp)-module. By [OS2l Section 4] there is a continuous D(Gy)-
isomorphism

D(GO) ®U(97p0) M ~ fg(M)/

Let M = D(H) ®u(q,p;) M. Then M is a coadmissible D(H )-module in the
above sense, cf. [OS2, Prop. 4.4] and M, is given by M, = D(H ), ®y (qg,py) M.
We denote by g, as the restriction of the seminorm g, o4 to M via the inclusion
M — M and by M, the completion of M for g, s, which we may identify with
U(g, PH)r®u(g,py) M. Thus we obtain a U (g, Py )-equivariant map M, — M,
giving rise to a D(H),-equivariant isomorphism

D(H), QuU(g,Pr)r M, = M,.
Hence we get a topological isomorphism
(31) M ~ @r D(H)T ®U(Q7PH)7‘ M,.

Let D be the category of topological U (t)-modules M whose topology is metriz-
able, which are semi-simple with finite-dimensional eigenspaces and such that
the topology can be defined by a family of norms (g, ), such that

(3'2) QT(Z I;t) = Sljp %“(-%L)v

m

for z, € M, in a decomposition M = @HeHomL(t7K) M,. In this case, the
completion M,. of M with respect to the norm g, is given by

M, = {Z 2y | gr(x,) — 0 cofinite}.
n

A simple consequence of this description is the uniqueness of the expansion
>, oy and the fact that (M), = M, for all p € Homp(t, K). In particular,
the U (t)-eigenspaces of M, are all finite-dimensional.

LEMMA 3.1. If M is an object of D, each U(t)-submodule (resp. quotient) of
M with the induced (resp. quotient) topology is an object of D. Moreover, each
U (t)-module coming from Oqq is the image of an object of D under the functor
forgetting the topology.

Proof. A U(t)-submodule S of an object M in D is clearly contained in D. In
particular, we have S = ®u Sy with §,, = SN M,. Since the eigenspaces M,
are finite-dimensional, each subspace S, is closed in M. It follows that S is
closed in M. As a consequence the quotient topology on M /S is metrizable. It
is given by the induced family of quotient norms (g, ). We have to check that
condition ([B.2)) is satisfied for each such norm g,.. For every e > 0, there is an
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element y =3 v, € S such that
ar(zxu +5) = qT(qu +y)—e
n n

= sup qT(I;L + yu) —€
m

>supq,(z, +5) —e
m

Hence ,(3_, zu + 5) > sup, ,(z, + S5). The other inequality is immediate
since ¢, is non-archimedian.

As explained above, if M is an object of Oy, then it has the structure of a
topological metrizable U (t)-module. Tt is a consequence of [Kl Theorem 1.4.2]
that each module of the form U(g) @y ) W ~ U(u™) ®x W, with W a finite-
dimensional representation of B, is an object of D. But each object of O, is
a quotient of some module of the shape U(g) ®ue) W, so that we deduce the
last assertion. O

The following statement generalizes [OS1, Prop. 3.4.8] in the split case and is
again a consequence of [Fe, 1.3.12] and the finiteness of U (t)-eigenspaces in M,
when M is an object of D.

PROPOSITION 3.2. Let M be an object of D. We have an inclusion preserving

bijection

{closed U (t)-invariant subspaces of Mr} — {U(t)—invam’ant subspaces of M}
S — SNM

The inverse map is induced by taking the closure. In particular, any weight
vector for the action of t lies already in M.

Let U = Up be the unipotent radical of our fixed Borel subgroup B C G and
let u = LieU be its Lie algebra. Recall that if N is a Lie algebra representation
of g, then H(u,N) = {n € N | r-n = 0V r € u} denotes the subspace of
vectors killed by u. This is a U(t)-module which is an object of D if N € Oyjg.

COROLLARY 3.3. Let M be an object of Oug. Then H°(u,M,) = HO(u, M).
In particular, H°(u, M,.) is finite-dimensional.

Proof. We clearly have HO(u, M,.) N M = H%(u, M). As H’(u, M,.) is closed in
M, by the continuity of the action of g and as H(u, M) is finite-dimensional
and therefore complete the statement follows by Proposition U

Let V' be additionally a smooth admissible representation of Lp. Below we
compute the first U-homology resp. U-cohomology group of the various rep-
resentations FS (M, V). More precisely, we denote by Ho(U, FS(M,V)) the
quotient of fg(M , V) by the topological closure of the K-subspace generated
by the elements ux — z for x € FS(M,V) and u € U. It is the largest Haus-
dorff quotient of F§(M,V) on which U acts trivially. On the other hand,
HO(u, FS (M, V) is a Fréchet space since it is a closed subspace of F§ (M, V)’
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LEMMA 3.4. As Fréchet spaces we have H°(u,FS(M,V)) =
HO(u, F§(M))®xV'. (Note that the tensor product topology on the right
hand side is unambiguous, since both factors are Fréchet spaces).

Proof. Since the action of u is trivial on V, there is an identification
FS(M,V) = FS(M) ®x V as u-modules. Now we write V = lim 'V,
as the union of finite-dimensional K-vector spaces. Then .7-'163"(1\47 V) =
li_n}n }"g(M ) ®k Vi, as locally convex K-vector spaces. By passing to the dual
we get

FE(M, VY

lim(FE(M) ©x V,)’

lim FE (M) @k Vy, = FH (M) @k V',

For the first identity confer [Eml Prop. 1.1.22] resp. [S, Prop. 16.10], the
second one follows as V,, is finite-dimensional, the third one is [Eml Prop.
1.1.29]. Now, the space HO(u, FS(M)’) is the kernel of the map

d: FE(M) — (F5(M))

given by v +— (rjv) where (r;) is a basis of u. By the exactness of the
tensor product — @k V,! and the left exactness of the projective limit, the
space HO(u, F§ (M) )& V' is the kernel of the map d®1 : F§(M) @V’ —
(FS(M)' @ V')4mu The result follows. O

Now we can prove the main result of this section.

THEOREM 3.5. Let M be a simple object of Ozlg such that P is maximal for
M, and let V' be a smooth admissible representation of Lp. Let A € X*(T)
be the highest weight of M, so that M ~ L(\). Then there are T-equivariant
isomorphisms

(3.3) HO(U,FS(M,V)) =A@k Junr, V),
and
(3.4) Ho(U, FS(M,V)) =N @k Juaw,(V),

where Juynr, s the usual Jacquet functor for the unipotent subgroup U N Lp C
Lp.

Proof. The underlying topological space of }"g(M ,V) is of compact type.
As the category of locally convex vector spaces of compact type is stable
by forming Hausdorff quotients, the underlying topological vector space of
Ho(U,FS(M,V)) is reflexive. As H(U, FS(M,V)’) is the topological dual
of Ho(U, FS(M,V)), it is sufficient to prove the first isomorphism (@3.3).

Let’s begin by determining H(u, FS(M,V)"). The Iwahori decomposition
Go = HweWI ZwPy induces a decomposition

D(Go) ®u(g.py M~ @ D(Z) @u(gzrwpw-1) M.
weWwl
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Here M™ denotes the module M with the twisted action given by conjugation
with w. For each w € W/, we have

Ho(ua D(I) ®U(g,[ﬁwP0w_1) Mw) =
~ HY(Ad(w™")u, D(w ™" Tw) @ (g.w-1 rwnpy) ©M).

Now we apply the precedent discussion with H = w™1Zw. Set n = Ad(w™!)u.
First we consider the case w # 1. By [OSI] Lemma 3.3.2], there is an Iwahori
decomposition w™'Zw = (Up, Nw ™' Zw)(FPy N w™'Zw), hence there is by [K}
1.4.2] a finite number of elements u in Uy, ; such that D(H), = @ 6u-U(g, Pr)r,
so that

M, ~ P, @ M,
and the action of r € n is given by

Y Sy @my =Y 0y ® (Ad(u)r)ma.

Now we can find a non-trivial element ¢ € up N Ad(w™!)u = up Nn. Indeed,
the set @~ Nw™!(®T) contains an element of ®~\®;. For that, choose 3 €
<I>+\(I)}r such that w™!8 € ®~. This is possible since w ¢ W;. Then we have
w™ B ¢ @, since W is exactly the set of w such that w(®}) C ®+. Now
Ad(u™')r € up since u € Up. By [0S2, Corollary 8.6], elements of up act
injectively on M, and arguing as in Step 1 of the proof of [OS2, Theorem 5.7],
they act injectively on M,., as well. We conclude that H°(Ad(u=1)n, M,) =0
and therefore H%(n, M,.) = 0. By identity (3.1, we get H°(n, M) = 0.

Now consider the case w = 1. Again we may write D(Z), = @ 0, U(g, Po)-
for a finite number of u € Up,: so that D(I), ®@u(g,py), Mr = D, 6u @ M,.
We will show that if u ¢ UpoN U(g, Py),, then H°(Ad(u~1')u, M,) = 0. Here
we will use Step 2 in the proof of [OS2, Theorem 5.7]. Let M be the formal
completion of M, i.e. M = HM M,, which is a g-module. The action of u, can
be extended to an action of U, as explained in loc.cit. If r € g and v € Up,
the action of ad(u)r on M, is the restriction of the composite uorou~! on M.
As a consequence, we get

HO(ad(u™Y)u, M,) = M, nu~" - HO(u, M).
But
H(u, M) = H(u, M) = Kvt = K,

where v is a highest weight vector of M. So if H?(ad(u~1)u, M,.) # 0, we have
u~ vt € M,. By the proof of [OS2, Theorem 5.7], this gives a contradiction
if u¢ Up NUr(g,P). Hence by using identity (BI]), we obtain finally an
isomorphism of Fréchet spaces

H°(u, D(T) ®u(g,p) M) ~ H(u, M).
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By combining the result above together with Lemma [B4] we get thus an iso-
morphism
HOw, FS(M, V")) ~ H'(u, M) @, V' ~ K\ @ V'
Now HO(U, F§(M,V)') is a subspace of H(u, F§(M,V)’) and this latter one
is stable by the action of U. Thus we deduce that
HO(U7 ]:Ig(Mv V),) = HO(U7 Ho(ua ]:ICj(Ma V)I))
= HO(U,K,\ QK VI)
= K)Q®g JUOLP(V)I-
O

Next we can formulate our result about intertwining between subquotients of
the principal series. For this recall that by Lemma X .4.6 of [BoWal the smooth
induction i§ has Jordan-Holder factors vgl indexed by subsets I C A which
appear all with multiplicity one. Moreover, by X.3.2, (1) to (5), of [BoWa], if
Z is an irreducible subquotient of ig, then there is a smooth character ¢ of T
such that Z is the unique non-zero irreducible subrepresentation of i% () and
0 contributes to Jy(Z).

COROLLARY 3.6. Let L(A1) and L(\2) be two simple objects in the category
Oalg. Fori=1,2, let P; be a std psgp mazimal for L(\;) and let V; be a simple
subquotient of the smooth parabolic induction ig". Then the two irreducible
representations F (L(A1), Vi) and F§, (L(X2),Vz) are isomorphic if and only
ifPl = PQ, V1 = ‘/2 and )\1 = )\2.
Proof. Suppose that there is a non-trivial isomorphism between the irreducible
representations Fg (L(A1), V1) and Fg (L(A2),V2). Let 82 be a smooth char-
acter of T such that V5 — i? (62). By the sequence of embeddings
FE,(L(X2), Vo) C FR(L(A2), i (82)) = F5 (L(A2), 62) C Ind(Ny ® ¢ 82),

we obtain a non-trivial map Fg (L(A1), V1) — Ind$ (N, ® d2) and by Frobenius
reciprocity a non-trivial T-equivariant map

Ho(U, F§ (L(M), V1)) = M @k Junwe, (Vi) = Ay ® 6.
It follows that A\; = A2 and P, = P,. By [BoWal X.3.2.(1)], we know that
JunL P (V1) is a direct sum of smooth characters of T'. By Frobenius reciprocity,
these are exactly the smooth characters é such that V; is an irreducible subob-

ject of i52(8). As 8y is one of them, we can conclude by [BoWal, X.3.2.(4)] that
Vi =Va. O

4. THE LOCALLY ANALYTIC STEINBERG REPRESENTATION

The section deals with the proof of our main theorem. Here we start with the
proof of the acyclicity of the evaluated locally analytic Tits complex.
As before let P = P; be a std psgp attached to a subset I C A. Let

1§ = 1£(1) = Ind§(1)
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be the locally analytic G-representation induced from the trivial representations
1. If @ D P is another parabolic subgroup, we get an injection Ig — Ig. We

denote by
v =18/ Y 1
Q2P

the generalized locally analytic Steinberg representation associated to P. For
P =G, we have V§ = I§ = 1.
The next result is the locally analytic analogue of the classical situations, cf.
[BoWal Ch. X 4], [Leh], [DOR].

THEOREM 4.1. Let I C A. Then the following complex is an acyclic resolution
of VPGI by locally analytic G-representations,

01— P I~ @ B~ - @ I — I8 = Vi —o.
ICKCA ICKCA ICKCA
[A\K]=1 [A\K]=2 [K\I|=1

Here the differentials dg/ i : I GK, — IgK are defined as follows. We fix a total
ordering on A. For two subsets K C K’ of A, we let

PK'K : IgK/ — IgK
be the natural homomorphism induced by the surjection G/Px — G/Pk. For

arbitrary subsets K, K’ C A, with |K'| — |[K| =1and K' = {k; < ... < k.},
we put

d , o (_1)ipK’,K K’ = KU {k’z}
KK = 0 K¢K

It is easy to check that pk/ i is nothing else but the composite

]:SK, (QK,K'ainCL)

P
I, = F8 ,(Mg:(1),1) Fe (Mg (1),ipy) =

~ FE (Mg(1),1) ~ If .
More generally, we will prove a variant of the above theorem. For this, let
A € X4 be a dominant weight. For a std psgp P = P; C G, we consider

the finite-dimensional algebraic P-representation V7(A\) = Vp(A) with highest
weight A. We set

IE(V) = Ind(Vp(A)).

In particular, we get IS (A\) = V(). If @ C G is another parabolic subgroup
with P C @, then there is a map

IS(A) = IE ()

similarly as above for V/(\) = 1. More precisely, by the transitivity of parabolic
induction we deduce that I§(\) ~ Indg (Indg(Vp()\)’)). As V() is the space

of algebraic vectors in Indg(Vp()\)' ), we see that the above map is injective
and has closed image.
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We define analogously as above the twisted generalized locally analytic Stein-
berg representation by

VS (N N/ IS
QDP

THEOREM 4.2. Let A € X and let I C A. Then the following complex is an
acyclic resolution of VPGI (N\) by locally analytic G-representations,

41) 01§ - P I - P I — ...

ICKCA ICKCA
[A\K|=1 |A\K|=2
o @B IE N = IE (N = VE(A) = 0.
fviE=
K\I|=1

Proof. The proof is by induction on the semi-simple rank rky(G) = |A] of G.
We start with the case |A| = 1. Then the complex above coincides with

0—=IS\) = IS(\) = VE(\) =0

and the claim is trivial.
Now, let |A| > 1. We consider for any subset K C A, the resolution (23] :

0 IndG (Vk(w-A))+ P  Indf (Vk(w-N))«

weEKw
(w)=e(wkK)—1

= P WdF, (Vie(w - N))  IE (A) « i, (A) 0.

weKw
2(w)=1

Here we set i§_(\) :=i%_®x V()\). We abbreviate for any w € KW and any
integer 7 > 0,
I§ (w) == IndB, (Vie(w - A)"),

15 [i:= @ If, (w

weKw
£(w)=i

and

Vg(( 7IPK / Z IPK/
K’DK

weK'w

The complexes above induce hence a double complex
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0— iG(\) — P % () —.— @ g (N — i8N
ICKCA ICKCA
|A\K[=1 |K\I|=1
| - 3 ¢
0= IEN) —» @B I8.(\) —.— @ I5. (N - I8 (N
ICKCA ICKCA
|A\K|=1 |K\I|=1
1 1 \ 1
0—- 0 — @ I8 [1] —.— @ I5.01] — I [1]
ICKCA ICKCA
[A\K|=1 |K\I|=1
1 1 4 4
0—- 0 — @ IE.[2] —.— @ I5.[2 — IS [2]
ICKCA ICKCA
[A\K|=1 |K\I|=1
1 1 \ \
1 1 4 4
0— 0 — 0 .= D If [('w)—1] — IE[('w) —1]
ICKCA
|[K\I|=1
1 1 \ \
0— 0 — 0 —.— 0 - I ("w).

To prove the commutativity of this diagram, it suffices to prove the following
fact. Let K’ ¢ K C A with |K’| = |K| — 1. If C(K) and C(K’) are the BGG
resolutions (2.1 obtained with P = Px and P = Pk, then the maps px i’
induce a morphism of complexes C(K) — C(K").

Let w € KW. Choose w' > w with £(w') = f(w) + 1 such that v’ € K'W.
Clearly, we have w € & /W, so that we have to consider two cases, depending
on whether w’ € KT or not. If w’ € KW, it is tautological from the definitions
of iy w and gi k that the following diagram is commutative

IdK/ K

MK/(w/~>\) —>MK(w’~)\)

\L'Lw/,w lzw/,w

Mo (w - A) 25 M (w - \).

If w' ¢ KW, we claim that w' = s,w with K = K’ U {a}. Namely, we must
have £(sqw’) < £(w’) and by the exchange condition a reduced expression of
w’ is of the form w' = s4892 - -+ 8. By [Hum3l Thm. 5.10], w is obtained as a a
subexpression of this reduced expression. We have w € KW so that a reduced
expression of w cannot begin by s, so that w’ = s,w. We conclude from this
fact that M(w’ - A) is included in the kernel of M (w - \) = Mg (w - \) and
finally that the composite

MK’ (wl . )\) ’Lw/,w MK/ (w . )\) quy’,ur MK(w X )\)
is zero.
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Applying the functor }"gK/ , we obtain the commutativity of the following square
18, (- N—=IE, (w-N)

l]:(iw/’W) l]:(iwl’W)
16, (uf - N I, (0 )

where we have replaced IgK (w' - A) by 0 if w’ ¢ KW. This is enough to prove
our assertion on BGG resolutions.
For proving our theorem, it suffices now to show that each row of the big double
complex, except from the second one, is exact apart from the very right hand
side. Indeed, let

i @ Il

ICKCA
[K\I|==p

(with convention that IS [~1] = i§_(A)). The double complex above is a
second quadrant double complex. There are two spectral sequences converging
towards the cohomology of the total complex associated to C~". The first is
EYl = HyHI(C') = 0. Thesecond is Fy’{; = HYH}/(C™'). By our hypothesis,
we have Eg,’?] = 0 except in the cases p = 0 or ¢ = 1. Moreover, the term Eg:IOI
is the kernel of the natural map v (A) — V& (\) which is 0, this last fact can
be shown using description of Jordan-Hoélder factors of the IgK()\) together
with Corollary Finally this second spectral sequence degenerates in F»
and we deduce that Ef,’}[ = 0 for p < —1, this shows that all the lines are
exact apart form the very right hand side.

Now let’s prove that each row, except from the second one, is exact apart
from the very right hand side. The upper line satisfies this property, since it
is tensor product of the (generalized) smooth Tits complex by the algebraic
representation V(A)'. For w € {W, let I(w) = {a € A | {(sqw) > (w)} C A
be the unique maximal subset such that w € /()W and set P, = Pr(w)- Hence
it suffices to show the exactness of the evaluated sequence

0= I8 (w) == P I (w) = If (w) > VE(w) >0

ICKCI(w)
[K\I|=1

for each w € {W. This complex can be rewritten as follows. We have I g}( (w) =
Indgl (I g;ﬁ (w)). Since the induction functor Indgw is exact, it suffices to show

v

the exactness of the sequence

0= Ifr(w) == @ Ihe(w) = If (w) = Vi (w) -0

ICKCI(w)
[K\I|=1

where Vg‘” (w) = IE;“ (W)/ Do k>1 werw Iﬁ; (w). But we have Iﬁ; (w) =

1 f:jm P (W) and rkes(Ly) < rkes(G). Thus the complex above is by induction

hypothesis exact. Hence the claim of our theorem follows. g
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As a byproduct of the proof we get the following result (Note that VPGI (Tw) =
IS (fw).):

COROLLARY 4.3. For any dominant weight A € Ay and any subset I C A,
there is an acyclic complex

0= 03\ = VEN) = @ VEw) == P VE (w) = Vi ("w) — 0.

welw welw
£(w)=1 (wy=e(Tw)—1

O

EXAMPLE 4.4. Let G = GLg and A = 0. Then W = {1, s} and the above
complex is given by
008 = VE = I5(s) — 0.

This complex was already considered by Morita [Mo] resp. Schneider and
Teitelbaum [ST5] and coincides with the dual of the K-valued “de Rham”
complex

0— OX)/K — Q' (X) = Hig(X) =0
of the Drinfeld half space X = P!\ P1(L).

LEMMA 4.5. The representation Vlg()\) has a Jordan-Holder series of finite
length.

Proof. The representation V5 ()\) is a quotient of I§()\) which coincides by
definition of the functor F§ with FS(Mp(N)). As explained in Section 1, the
latter object has a finite Jordan-Holder series, hence the same holds true for
VE (). O

;From the previous lemma we see that a Jordan-Holder series of V,§()\) is
induced by such a series of the induced representation IS (\). Now we are able
to give a recipe for the determination of the composition factors with respect to
V& (N). For two reflections w, w’ in W, let m(w’, w) € Z>o be the multiplicity
of the simple U(g)-module L(w - 0) in the Verma module M (w’ - 0). It is
known that m(w’,w) > 1 if and only if w’ < w for the Bruhat order < on W.
These multiplicities can be computed using Kazhdan-Lusztig polynomials, as
it was conjectured by Kazhdan and Lusztig in [KaLu, Conj. 1.5] and proved
independently by Beilinson-Bernstein [BeBe| and Brylinski-Kashiwara [BrKal.
Let’s recall that if w € W is an element of the Weyl group, the support supp(w)
of w is the set of simple reflections appearing in one (and so in any) reduced
expression of w. In the following we identify the set of simple reflections with
A. Then w € Wy if and only if supp(w) C I.

Recall from the proof of Theorem [£2] that we defined for every w € W a
subset I(w) C A with w € ™) TW and that the subset I(w) is maximal with
this property. On the other hand, by [Hum2l p. 186 — 187], the simple module
L(w - A) lies in OP7 if and only if w € TW. It follows that for w € W, the
parabolic Lie Algebra p;(,, is maximal for L(w - \).
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THEOREM 4.6. Fiz w € W and let I = I(w) C A be as above. For a subset
J C A withJ C 1, let vg be the generalized smooth Steinberg representation of

Lp,. Then the multiplicity of the irreducible G-representation Fg (L(w-)), Ug)
in V§(N) is
(1.2 S D mut,w),

w/ €W
supp(w’)=J

and we obtain in this way all the Jordan-Hélder factors of V§(N). Moreover,

this multiplicity is non-zero if and only if J C supp(w). In particular, the

locally algebraic representation vg()\) is the only locally algebraic subquotient

of VE (M.

Proof. By Theorem 2] we get the following formula for the multiplicity of the
simple object F§ (L(w - ), vg) in V§(\):
VS ) : FE(L(w-A),vp)] = Y (~D)FIIE (A : FF (L(w - A),vp)]-
KcA
By definition we have I§_(A) = F5_(Mg(X)). Since the Jordan-Holder series
of M () lies in OFE | as well, we deduce by by Corollary[3.6land the discussion

alg?
in Section 2 that K C [ is a necessary condition for the non-vanishing of

the expression [I§_(\) : Fg (L(w - )\),vgj)]. On the other hand, v?’} is a
subquotient of ig( if and only if K C J. Again by Corollary B.6] and Section
2, the term Fg (L(w - A), vg) appears in I§_(A) only if K C J.
So, let K C J and consider the JH-component @ = L(w - A) of Mg()) in
Oalg- Then F§ (Q,1) = F§ (Q,i ) by the PQ-formula. In a Jordan-Hélder
series of }"gl (Q, igﬁ( ) the term }"gl (Q, v?’} ) appears with multiplicity one by
Corollary 3.6 so that

[IE (A) s FB, (L(w - A),vp))] = [Mr(A) : L(w - V).
As a consequence, we have

VE ) : FE (L(w- Ay opt)] = Y (=D [Mre(V) : L(w - V).
KcJ
Now we make use of the character formula
chMr(\) = > (-1 ehM(w’ - N),
w' €Wk
cf. [Hum?2l, Proposition 9.6]. We obtain
VS (N) : F (L(w - A),vp))] =

= > (=DEE ST (D) IM (A Lw - A)]

KCJ w' eWg
= Y (=) M (w - A): L(w- \)] > (=piEL
w' eW supp(w’)CKCJ
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But the sum
Z (—1)/ET = (1 — 1)1/ \supp(w)]
supp(w’)CKCJ
is non-zero if and only if supp(w’) = J, so we deduce the formula. The non-
vanishing criterion follows from Corollary in the appendix. g

EXAMPLE 4.7. a) Let G = GL3, A = {a1,a2}. Let s; be the element of W
corresponding to a; and abbreviate P; = Pfq,}. In this case, m(w’,w) = 1 if
and only if w’ < w for the Bruhat order (cf. [Hum2| 8.3.(c)]). As a consequence,
we obtain the following Jordan-Holder factors all with multiplicity one :

vg

F§ (L(s2-0),v5'), FE,(L(s1-0),v5)
fgl (L(s2s1-0),1), ]-'gl (L(s251 -0),vp")
.7-'1% (L(s182-0),1), ]-'1% (L(s159 - 0),v5?)
fg(L(slsgsl . 0), ].)

This particular result was already shown in [Schr].
b) Let G = GL4. Here there are exactly two subquotients of Vi§ with multi-
plicity greater than one. We fix notation as follows. Let A = {aq, as, a3} such
that s; and s3 commute. We use the more compact notation P; = P43y, Pij =
Pa, a3, W = Wies2it ete. The two subquotients with multiplicity greater
than one are then fgw3(L(52533132 - 0), v?"') and .7-'192 (L(s153528351 - 0),1)52)
and they have both multiplicity 2. The length of VBG is 50 and it contains 48
non-isomorphic Jordan-Holder components. Let us remark that this example
also shows that Kazhdan-Lusztig multiplicities are the reason for unexpected
components in Vi§. For instance, the component .7-'1(5; (L(s183828183-0,1)) ap-
pears in Ig, but passing to VBG kills only one of its two occurrences in Ig.

Here is the idea to carry out this computation. The number of components
of the form F§ (L(w - A, V) for a fixed w € W' with I = I(w) maximal and

V' a smooth irreducible subquotient of sz Ap» is exactly the number of subsets

of I Nsupp(w), that is 2117swPP(W)l Tet Wpl be the subset of W consisting of
elements for which I is maximal, an easy computation shows that

(4.3) Wil= > (0w = " (=)W /Wiyl
JCANI JCA\T

If I =@ or I =A, then |[W/| =1 and |I Nsupp(w)| = 0. Furthermore, we
compute easily that

W2 = (W2 = W] = (W] =3
(W, | = [Wg| = 5.
We see for example that W,* = {s3, 5352, 35251} so that [{s1, s2} N supp(w)]

takes the values 0, 1 and 2 when w is varying in me' This procedure gives
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us the cardinality of the composition factors appearing in VBQ . As for the
multiplicities, we can use a software package like CHEVIE (JGHLMP]) to see
that the only simple modules L(w - 0) having multiplicities greater than one in
M(0) are given by w = s2818352 and w = $153828183.

5. APPENDIX

In this appendix, we prove the last assertion of Theorem .6 by interpreting the
alternate sum (&2)) as the multiplicity of L(w- A) in the Hy of a subcomplex of
the BGG complex. Then we show that the submodule of M ()\) generated by
the M (w - \) with w a Coxeter element in W is a quotient of this Hy. We fix
the same notation as before.

Let A € X and recall from Section 1 that the BGG resolution of L(\) = V(})
takes the form

- = Ci(g) = Cima(g) = -+ 5 Cola) = L) =0
with
Ci(g) = B M(w-\).
L(w)=1
Let I be a subset of A. For i >0, let C;(g,I) C C;(g) be defined by
Ci(g, )= @  Mw-N).
weWr L(w)=1
As €,(Ci(g,I)) C Ci—1(g,I), we obtain a subcomplex Cq(g,I) of Ce(g). Now
we abbreviate Wl(z) for the subset of W7 consisting of elements of length 3.
LEMMA 5.1. The complex Co(g,I) is isomorphic to the complexr U(g) ®u(p,)
Co(I7), hence it is exact in positive degrees.
w1 ,W2 a;L-U17'lU2

wy € Wl(i) and wy € Wj(i_l) such that wy < wy. By [Rol Lemma 10.2 | we have
aly, , 7 0 for each such pair (wy, wz). We fix injections U (I7) @u(pniy) Kw.x —
U(lr) ®uoniy) Kx, w € Wi, giving rise to well defined maps

Proof. We can write €;|¢,(g,1) = >_ iwy,w, Where the sum is over all

ity 2 UID) ®uonty) Kwr = U(l1) @u(oniy) Kuwa

such that after applying U(g) ®u(,) — we have the equality id ® iij’w, =

i Now consider the complex Cy(I7) where Co(I;) = Co(I;) and where the
differential maps are given by €& = ", <. cw, Gioy 1,0, 1y 50 that Ca(g, ) =
U(g) ®upy) C4(I7). As the Bruhat order on W is induced by the Bruhat order
of W, the squares (see [Rol, Definition 10.3]) of W with elements in W are
exactly the squares of Wy, so that 6’.([1) is a complex. By Corollary 10.7 or
Lemma 10.5 of [Ro] the complex C,4(I;) is exact in positive degrees and even
isomorphic to the BGG complex C4(I7). O
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For every integer ¢ > 0, let C’.Si(g, I) be the subcomplex of Ce(g, I) defined by
CE@ = @ Mw-)

3JCI,|J|<i
wer(]J)

and set Ca(g, 1) = Cu(g,1)/C5 " (g, 1),

PRrROPOSITION 5.2. The complex C’.Si(g,I) is exact in degrees > i+ 1 and the
complex Co(g,I) in degree > |I| + 1.

Proof. We will prove this proposition by induction on . For ¢ = 0, this is clear.
Now we can apply induction hypothesis to the long exact sequence coming from
the exact sequence of complexes

(5.1) 0—Cs g, 1) = C5 (g, 1) » P Tulg,J) =0
JCL|J|=i

(Here we use the identity Wy, "W, = Wy, ., for the appearance of the direct
sum.). In the special case, where |I| = i, we can deduce from Lemma [5.1] that
Ce(g,I) is acyclic in strictly positive degrees, hence by induction on ¢ that
H;(Cu(g,I)) = 0 for j > i. In general, when |I| # i, either |I| < i and there
is nothing to prove, or |I| > i¢. But for J C I with |J| = 4, we already know

that H;(Ce(g,J)) = 0 for j > i by what precedes. Hence, using (5.1) and our

induction hypothesis on ¢, we can conclude that C’.Si(g, I) is acyclic in degree
> ¢. The claim follows. O

COROLLARY 5.3. For I C A, let My be the submodule of M(X) generated by

the Verma modules M (w-\) where w is a Coxeter element in Wy. For w € W,

we have

(5.2) (M L(w-N] < Y (=)D N Lw - M)
supp(w’)=I

Hence this sum is non-zero if and only if I C supp(w).

Proof. As the complex C.(g,I) is exact in degree > |I| and C;(g,I) = 0 for

J < |1, it is sufficient to prove that M7 is a quotient of H;|(Ce(g,I)). Remark
that M" = €1/ (Bupp(w)=1,0(w)=1) M (w)) is a quotient of H|7/(Ca(g,)). Then
the image of M’ by Zsupp(w):],l(w):|[|fl w1 is exactly My, and we deduce
the result. It is not difficult to see that there exists a Coxeter element w’ of
W7 such that w’ < w if and only if I C supp(w). O
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