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ABSTRACT. In this article, we construct a class of anticyclotomic
p-adic Rankin-Selberg L-functions for Hilbert modular forms, general-
izing the construction of Brakocevié¢, Bertolini, Darmon and Prasanna
in the elliptic case. Moreover, building on works of Hida, we give a
necessary and sufficient criterion for the vanishing of the Iwasawa u-
invariant of this p-adic L-function vanishes and prove a result on the
non-vanishing modulo p of central Rankin-Selberg L-values with anti-
cyclotomic twists. These results have future applications to Iwasawa
main conjecture for Rankin-Selberg convolution and Iwasawa theory
for Heegner cycles.
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INTRODUCTION

The purpose of this article is to (i) construct a class of anticyclotomic
Rankin-Selberg p-adic L-functions for Hilbert modular forms and study the
vanishing/non-vanishing of the associated Iwasawa p-invariant, (ii) prove a re-
sult on the non-vanishing modulo p of central Rakin-Selberg L-values with
anticyclotomic twists. Let F be a totally real algebraic number field of degree
d over Q and K be a totally imaginary quadratic extension of F. Denote by
z + Z the non-trivial element in Gal(X/F). Let m be an irreducible cuspidal
automorphic representation of GLa(A ) with unitary central character w. Let
mx be a lifting of 7 to K constructed in [Jac72, Thm. 20.6]. Then 7 is an irre-
ducible automorphic representation of GLa(A), which is cuspidal if 7 is not
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710 M.-L. HSIEH

obtained from the automorphic induction from K/F. Let A : AZ /KX — C*
be a unitary Hecke character of I* such that

(0.1) Maz = w k.

The automorphic representation mx ® A is therefore conjugate self-dual. For
each place v of F, we can associate a local L-function L(s, 7, ® A\y) and a
local epsilon factor (s, 7, ® Ay, 1¥,) (Which depends on a choice of non-trivial
character v, : F, = C*) to the local constituent 7, ® A, of mc ® A ([JL70,
Thm. 2.18 (iv)]). Denote by L(s,mx ® A) the global L-function obtained by
the meromorphic continuation of the Euler product of local L-functions at all
finite places. In this paper, we study the p-adic variation of the central value
L(%, T ® A) with anticyclotomic twists under certain hypotheses.

To introduce our hypotheses precisely, we need some notation. Fix a CM-type
XY of K. Namely, X' is a subset of Hom (K, C) such that

YUY =Hom(K,C); ZnX =0.

Then Y induces an identification £ ®q R ~ C¥. We shall identify X with the
set of archimedean places of F via the restriction. For each k =) k.0 €
Z[Y), we write I's(k) = [[,cx T(ks) (T is the usual Gamma function), and
if z = (z,) € (A*)* for an algebra A, we let 2% := [, .y, 2% . For a Hecke
character x : AZ/K* — C*, we denote by x« : (K ®q R)* — C* its
archimedean component, and we say x is of infinity type (ki, k2) for ki, ko €
2717[5)] such that ky — ko € Z[X] if

Xoo(2) = 2"7F2(22)%2 for all 2z € (K ®q R)* ~ (C*)*.

For each ideal a of F (resp. ideal 2 of K), we have a unique factorization
a=ava" (resp. A =ATA™), where a™ (resp. 2AT) is only divisible by primes
split in IC and a~ (resp. 27) is divisible by primes inert or ramified in K. Let
n =n"n~ be the conductor of 7. We define the normalized local root number
attached to mx, and A, for each place v by

1
e (e, , \p) i= 5(5, Tic, @ Ays Pp) - wy(—1).

We remark that the value 5(%, K, ® Ay, Py) does not depend on the choice of

Y.

We assume that 7 has infinity type k = Y k,0 € Zo[X] and A has infinity
type (%, fg) In other words, 7, is a discrete series or limit of discrete series
of weight k, with unitary central character at every archimedean place o. In
particular, this implies that {ks} .y have the same parity and the local root
number e*(mi,, A\y) = +1 at every archimedean place. We further assume the

following local root number hypothesis for (m, A):
HYPOTHESIS A. The local root number e*(mic,, \y) = +1 for each v |n~.

In particular, the above hypothesis holds if n= = (1).
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We prepare some notation in Iwasawa theory. Let p be an odd rational prime.
Fix an embedding ¢ : Q — C and isomorphism ¢ : C = C, once and for all.
Throughout this article, we make the following assumption

(ord) Y is p-ordinary.

Let X, be the set of p-adic places of K induced by Y. Then the ordinary
assumption (ord) means that ¥, and its complex conjugation X, gives a full
partition of the set of p-adic places of L. If L is a number field, we write
G = Gal(Q/L) for the absolute Galois group. Denote by recx : A — G
the geometrically normalized reciprocity law. Recall that we say a continuous
character q@ : G%’ — C, is locally algebraic of weight (k1, ko) with ky, ko € Z[X]
if y(reck(a)) = a®a@*? for every a € (K ® Q,)* close to 1 (See also [Ser68,
Chapter III, §2]). Let K, be the maximal anticyclotomic Z,[f:Q}—extension
of K. Let I'™ = Gal(K,~/K) and let A = Z,[I'"] be the Iwasawa algebra
of [F : Q]-variables. To each locally algebraic p-adic character q? ™ = Gy
of weight (m, —m), we can associate a Hecke character ¢ : Ag/K* — C* of
infinity type (m,—m) defined dy
¢(a) == 1" (p(reck(a))a, ™" Jaa",

where a, € (K ®q Qp)* and as € (K ®q R)* are the p-component and the
archimedean component of a respectively. We say q? is the p-adic avatar of
¢. We shall call %gm the set of critical specializations, consisting of locally
algebraic p-adic characters on I'™ of weight (m,—m) with m € Z>o[X] (See
§5.4).
Our first result is the construction of the anticyclotomic p-adic L-function at-
tached to mx ® A. We need more notation. Let D be the different of F and
Dy 7 be the relative different of X/F. Let 91 be the prime-to-p conductor of
T ® A. We have a unique decomposition 91 = M~ and fix a decomposition
Nt = FF with (F,F) = 1 such that DN~ is only divisible by prime inert or
ramified in K£/F and § is only divisible by primes split in X/F. We choose
& € K such that

e =0,

e Imo(d) >0forall o€ X,

e The polarization ideal ¢(Ox) := D;1(26D,C/}-) is prime to pMN.
Let (Q0,€2p) be the complex and p-adic periods attached to (K, X) defined
in [HT93, (4.4a), (4.4b)]. For each Hecke character x of K*, we define the
p-adic multiplier ex, (7, x) by

1 1 _9 _
(0.2) ex,(mx) = H 5(57% Q X 1/’;:)L(§77Tp ® Xg) 2X§2(*25)-
PeX,, p=PP

The shape of this modified p-Euler factor es, (7, x) has been suggested by J.
Coates [Coa89).
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THEOREM A. In addition to (ord) and Hypothesis A, we further assume that
(sf) n” is square-free.
Then there exists an element Ls, (m,\) € A such that for every ¢ € %gﬂt of
weight (m, —m), we have

ALy, (1, N)?2)  Ts(k+m)s(m+1) L(3, 7 ® \9)

QZQ)(kJer) = (Tm 0)F+2m (47r)k+2m+1-3 cex, (7, AP) - W
x [0 - OF7 - 63,

where Q. = (2m1) " Qoo, (Im) = (Imo(8))sex and (47) means the diagonal
element (47)yex in (C*)*.

If 7 is attached to a Hilbert new form f and x is a Hecke character of A,
then the L-function L(s, 7 ® x) can be identified with the Rankin-Selberg
L-function L(f, x,s) of f and the theta series associated to x by

kme — 1

L(s,mx ® x) = L(f, x,s + m2

Therefore, L5 (7, \) is the p-adic L-function that interpolates the square root
of Rankin-Selberg central L-values. We shall call Ly (m,)) := Ly (m,\)?
the anticyclotomic p-adic L-function for mx ® A with respect to the p-ordinary
CM type X. If 7 is obtained from the automorphic induction of a Hecke
character of *, one can see, by comparing the interpolation formulas on both
sides, that Ly, (7, A) is a product of two p-adic Hecke L-functions for CM fields
constructed by Katz [Kat78| and Hida-Tilouine [HT93| up to an explicit unit
in A.

Remark. When F = Q, 7 arises from an elliptic new form f of weight £ and
level n, the construction of Ly, (7, A) can be recovered from [BDP13, Theorem
5.4] under some extra assumptions p { n and n~ is only divisible by ramified

primes. In their notation, L(f,x™%,0) = L(}%, mc @ x71) for x € Z,(;,Q;)(‘ﬁ)

defined in the page 1094 [oc.cit.,and our set %;f“ corresponds to 2 (M) by
~ _k

¢ = Ao -[42, where |-|,  is the adelic absolute value of Ag ?. Note that
Hypothesis A on local root numbers is also imposed in the bottom of page 1903

loc.cit.. This kind of p-adic L-function with some extra Euler factors removed
is also considered in [Bralla| under different hypotheses.

) (ke = max ko).

Our second theorem is to prove the vanishing of the Iwasawa p-invariant p_ ,

of &y, (m, ) under certain hypothesis. Recall that the p-invariant P a5 18
defined by

u;’/\72 = inf {T € Q>0 pir‘iﬂsz (m, A) Z 0 (mod mpA)} ,

where m,, is the maximal ideal of Zp. To explain our hypothesis, we recall
that thanks to the works of Deligne, Carayol, Blasius-Rogawski and Taylor

20ur conventions for the infinity type are opposite to each other
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et.al ([BR93|, [Tay89], [Jar97]), there exists a finite extension L/Q, and the
p-adic Galois representation pp,(7) : Gz — GL2(Op) such that p,(7) is unram-
ified outside pn; for each finite place v { pn,
— 1- kmx
LS, pp(m)lw, ) = Lis + ———=m)),
where Wx, is the Weil group of F,,. Let ¢y be the conductor of A\. For each
v | ¢y, let Ay, be the finite group A(Og ).
THEOREM B. With the assumptions in Theorem A, suppose further that
(1) p is unramified in F,
(2) the residual Galois representation

Pp(mic) == pp(m)|Gy (mod my,) is absolutely irreducible,

(3) p1 Hv(c;)zl 8(Ax)-
Then p 5 =0.

Let ¢ # p be a rational prime. We next consider the problem of the non-
vanishing modulo p of L-values twisted by anticyclotomic characters of ¢-power
conductor. This problem has been studied in the literature in various settings
(cf. [Vat03], [Hid04a], [Fin06], [Hsil2]). To state our result along this direction,
we introduce some notation. Let [ be a prime of F above £ and let K., be the
anticyclotomic pro-¢ extension in the ray class field over K of conductor [*°. Let
I == Gal(K/K) and let X{ be the set consisting of finite order characters
¢ : T — pg~. Let x be a Hecke character of infinity type (% + m, fg —m)
and of conductor ¢, with m € Z>o[X] as before.

THEOREM C. In addition to (ord), (sf) and Hypothesis A, we further assume
that

(1) (plneyDieyF) =1,
(2) the residual Galois representation p, (i) is absolutely irreducible,

(3) pt Hv(c;):1 1Ay v)-
Then for almost all characters ¢ € X9, we have

Ts(k+m)Ts(m+1)  L(, 7% ® x¢)
(T 6) 2 (47 ) b F2m 15 7 2(kt2m)
K

[0F : OF]* - # 0 (mod m,).
Here almost all means "except for finitely many ¢ € X " if dimq, F1 =1 and
"for ¢ in a Zariski dense subset of X? " if dimq, Fy > 1 (|[Hid04a, p.737]).

Note that Theorem C in particular implies a simultaneous non-vanishing
of central L-values with anticyclotomic twists. This has application to the
non-vanishing of Bessel models of theta lifts of GSp(4) in view of [PTBI11,
Thm. 3] and the existence of some explicit theta lifts [Nar13]. In addition, we
would like to mention several future applications of these results in Iwasawa
theory.

I. IWASAWA MAIN CONJECTURE FOR RANKIN-SELBERG CONVOLUTION. The
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congruences between Eisenstein series and cusp forms on unitary groups
provide a general strategy to construct elements in Selmer groups in terms
of L-values and has been used to prove one-sided divisibility in Greenberg-
Iwasawa main conjectures for GLy and CM fields ([SU14| [Hsil4a]). Usually
the most difficult part in the method of Eisenstein congruence is to prove the
non-vanishing modulo p of certain Eisenstein series, where the non-vanishing
modulo p of L-values always play an important role. For example, Skinner
and Urban use results of Finis and Vatsal to show the non-vanishing modulo
p of certain Klingen-Eisenstein series on U(2,2). In a recent work [Wan13b],
Xin Wan applies the method of Eisenstein congruence on the unitary group
U(3,1) to obtain a one-sided divisibility result towards Greenberg-Iwasawa
main conjecture for certain Rankin-Selberg convolution, and Theorem C is
used to prove the non-vanishing modulo p of Fourier-Jacobi coefficients of
certain Siegel-Eisenstein series on U(3,1). His results along this direction lead
to C. Skinner’s work on the converse of Gross-Zagier and Kolyvagin. Moreover,
combining our Theorem B, he is able to deduce Perrin-Riou’s main conjecture
for Heegner points [Wan13a| in some cases.

IT. IWASAWA THEORY FOR HEEGNER CYCLES. An immediate consequence of
Theorem C is the non-vanishing of the p-adic L-function .Zs; (7, A). Combined
with the work [BDP13] relating the p-adic logarithm of Heegner points and the
values of Zx (m, A) outside the range of interpolation, this gives a new proof
of Cornut-Vatsal theorem on Mazur conjecture for higher Heegner points when
p is split in the imaginary quadratic field. In our forthcoming work [CH14]
on the Perrin-Riou’s explicit reciprocity law for Heegner cycle Euler system
with connection to Ly, (7, A) when 7 is associated with an elliptic new form
f € Sk(To(N)) with Deligne’s p-adic Galois representation Vy, we also use this
result to obtain the rank-zero case of Bloch-Kato conjecture for the Galois
representation Vf(%) ® A as well as the analogue of Mazur conjecture for the
image of higher Heegner cycles under the p-adic Abel-Jacobi map (the ¢-adic
case with ¢ # p is proved by Howard [How06]).

The key ingredients in this article are the use of normalized toric cusp forms
and the explicit calculations of their period integral formula. In representation
theory, toric cusp forms are Gross-Prasad test vectors [GP91] in the space of
cuspidal automorphic forms on GLa(A £). It seems they often serve the optimal
choice in the application of toric period integrals to arithmetic. For example,
Afalo and Nekovar [AN10] used Gross-Prasad test vectors in the setting of
definite quaternion algebras to give an extension of the work of Cornut-Vatsal
on Mazur conjecture. For the reader’s convenience, we recall the definition
here. Let x be a Hecke character of K* such that x|ax =w™" and let T C Af
be the subgroup consisting of ideles 2z = (2,) € [[, ) with z,/Z; € O for
all primes v split in K. Fixing an embedding ¢ : K* — GLy(F), we say an
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automorphic form ¢ : GLy(F)\ GL2(A ) — C is a toric form of character x if
p(gu(t)) = x"H(D)plg) for all t € T.

In addition, to obtain the optimal p-integrality, we will need to normalize toric
forms so that their Fourier coefficients are not all congruent to zero modulo
p. This is equivalent to choosing a normalized Gross-Prasad test vector in the
local Whittaker model of m, at each place v. The reader will find later that
the normalization of toric forms is the most subtle and important part of this
paper.
We give a rough sketch of the proofs. We begin with an outline the construction
of L5, (m, A) as follows.
(1) Construct a toric Hilbert modular form ¢4 of character A¢ for each
5 € %Icfit as above by a careful choice of toric local Whittaker functions
in local Whittaker models of m (See Definition 3.1, Lemma 3.13).
(2) Make an explicit calculation of the Fourier expansion of ¢y4.
(3) Via the p-adic interpolation of the Fourier expansion, construct a
p-adic distribution ¥ on I'” valued in the space of p-adic modular
forms, which interpolates toric forms ¢y4 for (E € %gm. The p-adic L-
function L5 (m, \) is obtained by a weighted sum of the evaluation of
this distribution F at a finite set of CM points.

The evaluation of ¢, with x = A¢ at CM points in the step (3) is essentially
the toric period integral P, (¢, ) given by

Py (px) = / oy (L(8)) X (t)dt.
AXKX\AL

To prove the formula in Theorem A, we have to express the square P (i, )? in
terms of the central L-value L(%, 7 ® x). This is usually referred to as an ex-
plicit Waldspurger formula. Such a formula has been exploited widely in the lit-
erature based on either explicit theta lifts ([Mur10], [Mur08], [Xue07], [Hid10a]
and [BDP13]) or the technique of relative trace formula ([MWO09]). In this paper
we adopt a different approach, making use of a formula of Waldspurger which
is indeed proved but not stated explicitly in [Wal85]. This formula decomposes
the square P, () of the global period toric integral into a product of local pe-
riod integrals involving local Whittaker functions of ¢. Explicit computation of
these local integrals shows that P, (¢)? is essentially equal to the central value
of the L-function L(s, mx®\). We emphasize that this explicit formula does not
depend on the choices of special Bruhat-Schwartz functions in the classical ap-
proach of theta lifting but on choices of local Whittaker functions which reflect
the arithmetic of modular forms directly via the Fourier expansion. Now with
the above construction of toric forms and explicit period integral formulas, the
proofs of Theorem B and Theorem C when combined with fundamental works
of Hida ([Hid10b] and [Hid04a]) are reduced to a study the vanishing/non-
vanishing modulo p properties of the Fourier expansions of the toric cusp form
@ at cusps (a, b) such that ab~—! is the polarization of an abelian variety with
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CM by Ox. We give an explicit computation of Fourier coefficients of toric
forms ¢y, with which we can study the non-vanishing modulo p property of
these Fourier coefficients. These calculations are elementary but quite tedious
and lengthy. Finally, the connection between the Fourier coefficients of Hilbert
modular forms and the trace of Frobenius of the associated Galois representa-
tions enables us to relate the non-vanishing modulo p of Fourier coefficients of
@ at these cusps and the irreducibility of the residual Galois representation
Py (MG -

We end this introduction by making a few remarks on our assumptions. The
restriction (sf) is merely due to the computational difficulty on the local period
integrals and the local Fourier coefficients, and it is expected to be unnecessary.
The global assumption on the irreducibility of residual Galois representation
assures that the new form associated to 7 is not congruent to theta series aris-
ing from K. This assumption prevents the vanishing modulo p of Zx (7, \)
from the possibility that £y, (7, \) is congruent to a product of two anticy-
clotomic Katz p-adic L-functions attached to self-dual Heck characters of the
root number —1. The local assumption (3) is equivalent to saying that the
local residual character \, (mod m,) is ramified for all v|c} . This hypothesis is
used to avoid the vanishing of L-values due to sign change phenomenon. For
example, if A\, = 1 (mod m,) is unramified at some prime q|c, with m; spe-
cial, then one can construct A’ = A (mod my) such that X has the conductor
qflc; and the same infinity type with A\. This implies that mx ® A\’ has global
root number —1, and hence the algebraic part of L(%,ﬂ';(; ® A) is congruent
to L(%,mc ® X') = 0. The above assumptions might be weaken with excep-
tional effort on the compuation of Fourier coefficients of toric forms. However,
Hypothesis A is fundamental, the failure of which makes the period integral
P, (¢y) vanish for all x (and hence make the results null) by a well-known
theorem of Saito-Tunnell ([Sai93|, [Tun83]).

This paper is organized as follows. After fixing notation and definitions in §1,
we derive a key formula of Waldspurger on the decomposition of global toric
period integrals into local toric period integrals (Proposition 2.1) in §2. The
bulk of this article is §3, where we give the choices of local toric Whittaker
functions W, , and calculate explicitly these local period integrals attached
to Wy.». The explicit Waldspurger formula is proved in Theorem 3.14, and a
non-vanishing modulo p of these toric Whittaker functions is proved in Propo-
sition 3.19. After reviewing briefly theory of complex and geometric Hilbert
modular forms in §4, we prove Theorem A in §5. The key ingredient is Propo-
sition 5.5, the construction of a p-adic measure J . on I'” with values in the
space of p-adic modular forms, and the p-adic L-function Zs; (7, A) is thus ob-
tained by evaluating I . at suitable CM points. The precise evaluation formula
of L5, (m,\)? is established in Theorem 5.7. In §6, we study the p-invariant
of Zs, (m,\) and prove Theorem B in Theorem 6.2. Finally, the non-vanishing
of central L-values modulo p is considered in §7 and Theorem C is proved in
Theorem 7.1.
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1. NOTATION AND DEFINITIONS

1.1. MEASURES ON LOCAL FIELDS. We fix some general notation and conven-
tions on local fields through this article. Let ¢q : Aq/Q — C* be the additive
character such that ¥q(zs) = exp(27izs) with 2o € R. Let ¢ be a place of
Q and let I be a finite extension of Q. Let 14 be the local component of ¢ at
q and let Yp :=1,0TFp/q,, where Tp,q, is the trace from F to Q. Let dz be
the Haar measure on F' self-dual with respect to the pairing (z,z’) — Y r(zz’).
Let |-z be the absolute value of F normalized by d(az) = |a| dz for a € F*.
We often simply write || = || if it is clear from the context without possible
confusion. We recall the definition of the local zeta function (p(s). If F is
non-archimedean, let wpr be a uniformizer of F' and let
1
§) = —F3.
rle) 1—|@plp
If F' is archimedean, then
(r(s) = 72T (s/2); Cels) = 2(2m) °T(s).

The Haar measures d*z on F'* is normalized by

A%z = (Cp(1) |25 da.

In particular, if F' = R, then dz is the Lebesgue measure and d*x = |x|1_11 dz,
and if F' = C, then dx is twice the Lebesgue measure on C and d*z =
2~ lr=tdrd (z = re'?).

Suppose that F' is non-archimedean. Let O be the ring of integers of F' and
let Dr be the absolute different of F'. Then D;l is the Pontryagin dual of Of
with respect to ¢¥p, and vol(Op,dz) = |DF|§. If 4 : F* — C* is a character
of F*, define the local conductor a(u) by

a(p) =inf {n € Zzo | p(z) =1 for all z € (1 + wpOp) N OF}.

1.2. If L is a number field, the ring of integers of L is denoted by O, Ay is
the adele of L and Ay s is the finite part of Ar. For a € A}, we put

il,(a) == a(OL, ®Z)N L.

Denote by Gy, the absolute Galois group and by recr, : AF — G4 the ge-
ometrically normalized reciprocity law. We define ¢, : A7 /L — C* by
Yr(x) = 1hq o Trp q(x).

Let v, be the p-adic valuation on C,, normalized so that v,(p) = 1. We regard
L as a subfield in C (resp. C,) via tog : Q = C (resp. 1, =t 1 oloe : Q = C,)
and Hom(L, Q) = Hom(L, C,).
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Let Z be the ring of algebraic integers of Q and let Zp be the p-adic completion
of Z in Cp. Let Z be the ring of algebraic integers of Q and let Zp be the
p-adic completion of Z in C, with the maximal ideal m,,.

1.3. LocAL L-FUNCTIONS. Let F' be a non-archimedean local filed. Let p, v :
F* — C* be two characters of F'*. Denote by I(u,v) the space consisting of
smooth and GLg(Op)-finite functions f : GLy(F) — C such that

15 5) 0 = wtawta 3] sio)

Then I(u,v) is an admissible representation of GLy(F'). Denote by 7(u, V) the
unique infinite dimensional subquotient of I(u,v). We call 7(u,v) a principal
series if puv~! # |-|* and a special representation if pr~! = |-|*.

Let E be a quadratic extension of F' and let y : EX — C* be a character.
We recall the definition of local L-functions L(s,mx ® x) ([Jac72, §20]) when
7w = 7(p,v) is a subrepresentation of I(u,v). If E = F @& F, then we write
X = (x1,x2) : F* & F* — C* and put

L(s,m@x1)L(s,m @ x2)  if pr~t # |-

L(s,mx ® x) =
(5o 9] {L(s,uxﬁ/l(s,um) if =t = |

|
‘|
If F is a field, then

L(S E ®X> _ L(S’:LL/X>L(S’V/X) if My—l ?é |.|i,
’ L(SMU‘/X> lf Myfl — ||

Here pf/ = poNpg,p, V' = voNg,p are characters of E*.

1.4. WHITTAKER AND KIRILLOV MODELS. Let F' be a local field. Let 7 be
an irreducible admissible representation of GLa(F') and let ¢ : ' — C* be a
non-trivial additive character. We let W(m, 1) be the Whittaker model of .
Recall that W(m, ) is a subspace of smooth functions W : GLy(F) — C such
that

(1) W((é 316) g) = Y(x)W(g) for all z € F.

(2) If v is archimedean, W ( (a 1)) = O(la|") for some positive number
N.

(cf. [JL70, Thm.6.3]). Let KC(m, ) be the Kirillov model of . If F' is non-
archimedean, then IC(m, ) is a subspace of smooth C-valued functions on F*,
containing all Bruhat-Schwartz functions on F'*. A function in K(m,) shall
be called a local Fourier coefficient of w. In addition, it is well known that we
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have the following GLy(F')-equivariant isomorphism

Wi(m, ) = K(r, )

(1) W s wla) = W<(“ 1)>-

2. WALDSPURGER FORMULA

Let F be a number field and IC be a quadratic field extension of 7. Let A = A x.
Let G = GLz /. Let 7 be an irreducible cuspidal automorphic representation
of G(A) with unitary central character w. Denote by A(w) the realization
of 7 in the space Ay(G) of cusp forms on G(A). Let x be a unitary Hecke
character of K* such that y|ax = w™!. Let mx be the quadratic base change
of 7 to the quadratic extension K/F. The existence of m is established in
[Jac72]. The goal of this section is to deduce from results in [Wal85] a formula
(Proposition 2.1) which expresses the central value L(%, 7 ® x) in terms of a
product of local toric period integrals of Whittaker functions.

Let ¢ := ¢z : A/F — C* be the standard non-trivial additive character. For
a place v of F, we let G, = G(F,) and let x,, : KX — C* (resp. 1, : F, = CX)
denote the local constituent of x (resp. ¥).

2.1. For x € K, let T(z) := 2+ T and N(z) = 2Z. Let {1,9} be a basis of K
over F. We let ¢ : K — M3 (F) be the embedding attached to ¢ given by

(2.1) t(ad +b) = (aT(zi) +b alz(ﬁ)) (a,be F).

Put
. (01 T(lﬂ)) |

Then My (F) = «(K) @ 1(K)J. Tt is clear that J? = 1 and «(t)J = Ju(%) for all
tek.

2.2. THE LOCAL BILINEAR FORM AND TORIC INTEGRAL. For each place v of
F, denote by m, (resp. 1, ) the local constituent of 7 (resp. 1) at v. Define a
C-bilinear form by, : W(m,, 1) x W (7, ¢,) — C by

SUREED ] o (Tt

n=—oo

:/ﬁx Wl((“ 1))%((“ 1))w_1(a)dxa.

It is known that this series converges absolutely as 7, is a local constituent of a
unitary cuspidal automorphic representation. Moreover, the pairing b,, enjoys
the property:

(2.2) by (7(g)W1, (g)W2) = w(det g)b, (W1, Wa).

DOCUMENTA MATHEMATICA 19 (2014) 709-767



720 M.-L. HSIEH

The pairing b,, thus gives rise to an isomorphism between the contragredient
representation 7V and 7 ® wL.

The local toric period integral for Wy, Wa € W(m,, 1,) is given by

B » _ L7y 7)
POV W o)1= [ bW, m() W (- =

The above integral converges as X, is unitary ([Wal85, LEMME 7]).

2.3. A FORMULA OF WALDSPURGER. Let A(s,mx ® x) be the completed L-
function of mx ® x given by

As,me @) =[] L(s.me, @ x0) = Lis,me @) - [] Ls,me, © x0)-

v|oco

It is well known that A(s, 7 ® x) converges absolutely for Res > 0 and has
meromorphic continuation to all s € C. Moreover, it satisfies the functional
equation

As,mc @ x) = e(s,mc @ )AL — 5, m¢ @ x ).
The global toric period integral for ¢ € A(m) is defined by

o= [ el

The following proposition connects the global toric periods and central L-values
of e ® x.

PROPOSITION 2.1 (Waldspurger). Let @1, 92 € A(m) and let W, , W, be the
associated global Whittaker functions. We suppose that W, = [, Wi, where
Wiw € W(my,¥y) such that W; (1) = 1 for almost v (i = 1,2). Then there
exists a finite set Sy of places of F including all archimedean places such that
for every finite set S D Sy, we have

1 1
Py (1) Py (p2) = A(§,7T;c ® x) - H m - P(Wi 0, Wa 0, Xo)-
veES ? v v

ProOF. The proof is the combination of various formulae established in
[Wal85]. We first recall some important local integrals. Let D = GxG. For
each place v of F, let S, = S(Mz(F,)) @ S(F)) and let D, = G, xG,. Let
r=r'xr":G,xD, — EndS, be the Weil representation of G, x D,, defined in
[Wal85, §1.3 p.178]

Let ¢ € A(m) be an automorphic form in the automorphic realization of .
Recall that the global Whittaker function of ¢ is defined by

1 =z

Wo(9) /f\AF <,0(<0 1> ) (—x)dz.

Write W, = W(my,¢,). We further assume that W, has the factorization
W, =1, We,o € @,W, such that W, (1) = 1 for almost v. For each v, let
U:S, =W, ®W,, f, = Uy, be the G, xG\-equivaraint surjective morphism
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associated to W, introduced in [Wal85, COROLLAIRE, p.187|. Define the
following local integrals:

ctr) = [ (" 1)( 1)>>w-1<a>dxa,

Blstyi= [ ] Warlo )l a e
Ploxog)i= [ BO"6ODL D

The convergence and analytic properties of these local integrals are studied in
[Walg85, LEMME 2, LEMME 3, LEMME 5|. Moreover, we have

1
B(f,,1)=C(f,) ———.
o) = CU0 0
For each v, we take a special test function f, € S, such that
(2.3) Us, = Wi @m(J)Wa .

Note that f, can be chosen to be the spherical test function f0 := Iy (05,) ®
I,x for all but finitely many v. With this particular choice of f,, we have
fU

1 /! . 1
Ploxog)= [ 0660 DI
1
(2.4) - /fx\,cx b (r (D)W, m ()W) (£)dt - s

1
L(l’T’CU/-Fv).

Let S = ®S, be the restricted product with respect to spherical test functions
{f3},- Define the theta kernel for f:= ®f, € S by

05(0,9) = > r(0,9)f(z,u) (0 € G(A), g € G(A)xG(A)),

(z,u)E Mo (F)xFX*
and define the automorphic form 0(f, ¢, g) on G(A)xG(A) by

0(f,¢,9) = / (0)0¢ (0, g)do.
G(FI\G(A)

Note that according to (2.3), we have

- P(Wl,’va WQ,’U;X’IJ) '

0(f:¢:91,92) = ¢1(91)p2(92J ).
We define the toric period integral P(f,x) by

P(f,x) = / 0(F o 1(t), (t2))x (b2 x (2 ) Aty .
x AX\AZJ?

By the relation Ju(t2)J = i(t2) and the automorphy of 2, we find that
P(f,x) = Py(p1) Py(2)-
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Let Sy be a finite set of places of F such that W, ,, W, , and f, are spherical
for all v € Sp. From [Wal85, Prop. 4, p.196 and LEMME 7, p.219], we deduce
the following formula for every finite set S O Sp:

1 1 L(l,T}C /]: )
P P = A(= . I I P(fy, Yo, =)« —met el
X((pl) X(SDQ) (237TIC®X) e (f X 2) L(%,ﬂ-}(jv(gx)
We thus establish the desired formula in virtue of (2.4). O

3. TORIC PERIOD INTEGRALS

3.1. NOTATION. Throughout we suppose that F is a totally real number field
and C is a totally imaginary quadratic extension of . We retain the notation
in the introduction and §2.1. Let X be a fixed CM type of K. Let 7 be
an irreducible automorphic cuspidal representation of GLa(A). Let n be the
conductor of 7. Suppose that 7 has infinity type k = > . koo € Z>1[Y].
Let m = ) my0 € Z>o[X] and let x be a Hecke character of infinity type
(k/2 +m,—k/2 —m) such that x|ax = w™!. Let h be the set of finite places
of F. Recall that the set of infinite places of F is identified with the CM-type
X.

In this section, we will choose a special local Whittaker function at each place
v of F in §3.6 and calculate their associated local toric period integrals in §3.7
and §3.8. Finally, we prove in §3.10 a non-vanishing modulo p result of these
local Whittaker functions. This result plays an important role in the later
application to the calculation of the u-invariant.

Let €, (resp. c,) be the conductor of x (resp. w). Let ¢, = €, NF. We further
decompose n~ = ngn., where ny is prime to ¢, and n, is only divisible by

prime factors of ¢,. Put
co(x) =inf{n € Z>og | x=1on (1+="0p)*},

B o) =0 — o).

It is clear that ¢, (x) = v(cy). We put
A(x) ={v e h| K, is a field, m, is special and ¢,(x) = 0} .

Let p > 2 be a rational prime satisfying (ord). The assumption (ord) in par-
ticular implies that every prime factor of p in F splits in K. Let X, be the
p-adic places induced by X via ¢,. Thus X, and its complex conjugation fp
give a partition of the places of K above p. Let 91 be the prime-to-p conductor
of T @ x. We fix a decomposition M+ = FF such that (3, 3) =1

3.2. GALOIS REPRESENTATION ATTACHED TO 7. Let p,(m) : Gp — GL2(Op,)
be the p-adic Galois representation associated to 7 as in the introduction. Let
vt pand let Wz, be the local Weil group at v. Suppose that 7, = 7(py, 1) is
a subquotient of the induced representations. By the local-global compatibility
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([Car86], [Tay89] and [Jar97]), we have

1—kmg
2 *

-1y,
32 pp(m)lwy, = <“v Il m) (ks = max k).

0 vt

In particular, this implies that j,(w,) and v,(wz,) are p-adic units in OF .
3.3. OPEN COMPACT SUBGROUPS. For each finite place v, we put
KO=lg=(* ") eq, ad be Dy d X
v —3V9 = c d S ’U|a7 60.7:1;7 GDFuchDfu’ ethO}-v ’

and for an integral ideal a of F, we put

Kg(a)z{gz (Z Z) 6KS|c€aD}-U,a—1€a},
Uy(a) ={g9 € GL2(Ox,) | g =1(mod a)}.

Let K° = ], K7 and U(a) = [],cpn Us(a) be open compact subgroups of
GLa(A ).

3.4. THE CHOICES OF 9 AND ¢,. We fix a finite idele dx = (dx,) € A;yf such
that dr, is a generator of the absolute different D, at each finite place v and
dr, =1 for v{ Dr. Fixing an integral ideal v C ¢,nDz. of F, we choose ¥ € K
such that

(d1l) Imo(d¥) >0 forall o € X,
(d2) {1, d}jﬁ} is an O, -basis of Ok, for all v | pr,
(d3) d}}ﬁ is a uniformizer of I, for every v ramified in K.
The existence of such ¥ is guaranteed by strong approximation theorem. Then

9 is a generator of K over F and determines an embedding K — My (F) in
(2.1). Let

§=2"1-0) e K.

The condition (d2) allows us to choose dz, = 24 at split v | pr. For each finite
place v, we also fix an Oz, -basis {1,0,} of Ok, such that 8, = ¥ except for
finitely many v and

0, = d;_-ulﬂ for vlpr.

Write 0, = a,¥ + b, with a,, b, € F,.

For every v split in K, we shall fix a place w of K above v throughout, and de-
compose K, := K®x F, = Fyew® Fypew, Where e,, and ez are the idempotents
attached to w and W respectively. If v[pDN™, we further require that w|FX,, i.e.
w|F or w € X,. We identify 6 € K,, = F, and write ¥, = Jgeg + Ve, for
split v.
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For each place v, we define ¢, € GLy(F,) as follows:

o= <Ima(19) Re 0(19)) forv =o€,
0 1
— (09— __ —1 d}—vﬂﬁ ﬂw . [
(3.3) S =0z — V) ( dr. 1 for split v = ww,

R 0 for non-split finite v.
by dr,

For t € K, we put
b, (1) = 6 u(t)so

It is straightforward to verify that if v = o € X is archimedean and t = z+1iy €
C*, then

(3.4) kxo=C’Q,

y x

and if v = ww is split and ¢t = tiem + tae,,, then

(3.5) =" ).

Moreover, for all finite places v
1, (0,) = 16, (KY) N K.

3.5. RUNNING ASSUMPTIONS. In this section, we will assume Hypothesis A for
(m, x) and

(sf) n~ is square-free.

The assumption (sf) implies that 7, is an unramified special representation
if v|n; and m, is a ramified principal series if v|n;_. In particular, for every
place v inert or ramified in K, 7, is a sub-quotient of induced representations
and the local L-function L(s,m,) # 1. We shall write m, = 7(uy, ) such
that L(s,m,) = L(s, py) for vjn~. By the local root number formulas [JL70,
Prop. 3.5,Thm. 2.18|, under the assumption (sf) Hypothesis A on the sign of
local root numbers is equivalent to the following condition:
(R1) Each v € A(y) is ramified in K and p x,(wi,) = — |w|%

(ky = b o N,/ 7,)-

In what follows, we fix a place v of F. Let F' = F, and F = K,. If v is
finite, let O = Op and let w = wr, and wg be uniformizers of O and Of
respectively. We shall suppress the subscript v and write 7 = 7,, X = Xo,
¢ =¢, and ¥ = 1,. For a € F*, we put

d(a) = <“ 1) € GLy(F).
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3.6. THE CHOICE OF LOCAL TORIC WHITTAKER FUNCTIONS. If v is finite, we
let W2 denote the new Whittaker function in W(m, ). In other words, W2
is the unique Whittaker function which is invariant by KJ(n) and W2(1) = 1.
The existence and uniqueness of W are a consequence of the theory of new
vectors [Cas73]. Now we introduce some special local Whittaker functions.

3.6.1. The archimedean case. Suppose that v = ¢ € X is an archimedean

ko —1 1—ky
place and F' = R. Then 7, = m (|| .|| 2 sgn”s) is the discrete series of
minimal SO(2, R)-type k,. Let Wi € W(m,,1,) be the Whittaker function
given by

(3.6) Wi, (zd(a)kg) = a’t e IR, (a) - €% sgn(z)k7,

cosf sinf
—sinf cos@
and lowering differential operators in [JL70, p.165] given by

where z € R* and kg = ( ) Let Vi and V_ be the weight raising

Vi = ((1) 01) @1+ ((1) (1)) %1 € Lie(GLy(R)) ®r C.

Define the normalized weight raising differential operator ‘7+ by
~ 1

3.7 V= -V

( ) + (—871') +

Then we have

(3.8) V" Wi, (grg) = Vi Wi, (g)e’ ko t2ma)e.

3.6.2. The split case. Suppose that v = ww is split with w|X,F if v|p?t. We
introduce some smooth functions a, , on F* in the Kirillov model K(m, ).
Write x = (Xw, X@) : F*®F* — C*. If the local L-function L(s,7® xw) = 1,
we simply put

ay ., (a) =Ipx (a)xw(a™).
Suppose that L(s,m ® xw) # 1. Then m = w(u,v) is a principal series or
7 = m(u,v) is special with ur=! = || and pxw is unramified. If T ® x,, is
unramified, we set

ayo(a) =To(a) - xz' 12 (a) Y mxw(@ vxw(@’).
i+j=v(a), 4,520
If pixw is unramified and p;x,, is ramified for {1, o} = {u, v}, we set
1

ayo(a) = pil-|* (a)lo(a).
If 7 is special, we set

ay.v(a) = pl-? (a)lo(a).

These functions a, ,, indeed belong to the Kirillov model K(, %) in virtue of the
description of the Kirillov models [Jac72, Lemma 14.3]. For each & € K(m, 1),
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by the isomorphism (1.1) we denote by W € W(m,¢) the unique Whittaker
function such that We(d(a)) = £(a). We put

Wyw = Wa
It follows from the choice of W, , that
Wyoo = Wy if ¢ : EX — C* is unramified.
Recall that the zeta integral (s, W, xz) for W € W(mr, ) is defined by

x,v "

U(s,W,xw) = [ W(d(a))xw(a)la]*"? d%a.

FX
Then the zeta integral for W, , satisfies the following equation:
(39) W5, Wy xw) = L(s,m @ xa) [Dr|*  (vol(Of,d*a) = [Drl?).

Suppose that v = ww with w € X,. We define some p-modified Whittaker
functions as follows. For each u € O, we put

au,v(a) = Hu(l—i—wo)(a)XE(a_l) and Wy 40 = Ay
Let aiﬁv(a) = Tpx(a)xw(a™?!) and let W;v be the p-modified Whittaker func-
tion given by
(3.10) WY, =Wa = > Wy,
, UEU,
where U, is the torsion subgroup of O*. It is easy to verify that
a b _ _
B W) = Lia(( )W = @ @
for a,d € O*, b € D;l.

3.6.3. The inert and ramified case. Suppose that v is an inert or ramified finite
place. Then FE is a non-archimedean local field. Define the operators R, and
Py,c on W e W(m, ) by

R =i (1))

Note that
1 if v is inert,

1 1
Vip = ()IE'>< Fx,dt = U'D 2D 75, v =
g = vol(E™/ ) = ¢v - |Dplg |Dr ¢ {2 if v is ramified.

We define the Whittaker function W, , by
(3.12) Wy 1= Py RO,
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3.6.4. Define the subgroup 7, of E* by

T OfF*  if v is split,
Y EX if v is non-split.

Then 7, = {z € E | 2/T € OF} if v is finite.

DEFINITION 3.1 (Toric Whittaker functions). We say that W € W(w, ) is a
toric Whittaker function of character x if

(e ()W = x () - W for all t € T,,.
LEMMA 3.2. The Whittaker functions W, , chosen as above are toric. To be
precise, we have
(1) Vf"WkU is a toric Whittaker function of the character x, : C* —
C*, 2+ Zhetmoz—mes |zE|7k"/2.
(2) If v is finite, then W, ,, are toric Whittaker functions of character x..
(3) If vlp, then W is toric, and for u € OF
W(LC (t))Wx,u,v - Xﬁl(t)Wx,u.tlfc,vv
where u.t'=¢ = utwt%I, t = twem + tweyw € OF with w € Xy,
Proor. It follows immediately from the definitions of these Whittaker func-
tions together with (3.8), (3.4) and (3.5). O

3.7. LOCAL TORIC PERIOD INTEGRALS (I).

3.7.1. Define the local toric period integral for W € W(w, ) by
P(W, x) :=P(W,W,X)
L(1
:/ by (m(u(8))W, m(J)W)x (t)dt - LQ.78/r)
EX /Fx Cr(1)

The main task of this section is to evaluate P(mw(¢)Wy ,, x). We first treat the
archimedean and split cases.

3.7.2. The archimedean case. Suppose v = o € X = Hom(F,R) is an
archimedean place.

ProprosITION 3.3. We have

L(my + 1)T(ky + mo)
(dm)hoti42ms

P(r()VI" Wy, ,x) = 2°-
ProoF. Introduce the Hermitian inner product on W(m, ) defined by

(W1, W) := b, (W1, c(W2)), where ¢(W3)(g) := VV(<1 1) g)w(det g).

Write k = k, and m = m,. It is clear that
(Wi, Wi) = (4m)"*T (k).
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Since ¢(V*W}) and 7( (1 1) )V."W}, are both nonzero Whittaker functions

of weight —k — 2m, there exists some constant v such that
1 -
A((TH )= VW) = VW A@) = TR EW)

for all @ € Ry. Let hp(x) := V]"Wi(d(x)). Then ho(z) = Wi(d(z)) is a
real-valued function in view of the definition (3.6). A simple calculation shows
that

dhp,
hma1 = 2$d— + (k4 2m — 47wx) by,
x

so by induction h,,(x) takes value in R (¢f. [JL70, p.189]). This implies that
v = 1. We thus have

b (R(VI Wi sV W) = (VW VW) (o= (7))

To evaluate (V"Wy, VI"W}), note that by [JL70, p.166] we have

mL(E+m)(m+1)

(3.13) VIV = (—4) T

'Wka

and hence we find that

(VI Wi, VW) =(—=1)"(Wy,, V"V W)
I'(k+m)
I'(k)
=4™(47) 7% . T(k + m)T'(m + 1).

=4™ F(er 1)<Wk,Wk>

Recall that dt = 27~ 'df witht = €, so vol(C*/RX,dt) = 277! .1 = 2.
Combining these with Lemma 3.2 (1), we find that

P(r() V" Wi, X) = 2+ (=87) 2™ - by (n() VI Wi, m(J) VI W) - Eiﬁfi
_ 23(47T)—2m—14—m . <VJ:”W]€’ VJ:an>
=23 (4m)"F 2D (K + m)D(m + 1). -

3.7.3. The split case. Suppose that v = ww is a finite place split in E. Recall
that we have assumed w|X,§ if v[pD+.

LEMMA 3.4. We have
P(m()W,x)

L(3, w) 1
U mBxw) (L 2 xs) -~ 1 (—dr o(det).

= 2; 7X’LU L(%’,ﬂ@xw) 2
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0 1
-1 0
we have the local functional equation:

PROOF. Let W(g) =Wi(g ( ))w‘l(det g). By [JL70, Thm. 2.18 (iv)],

\I](l - Sa/WaX:l) \I](SaWa Xﬁ)
Y — =e(s, 7 xw, V) - —————=.
L1 —s,7®x5") ( xw V) L(s, 7 ® xw)
We note that
N A =
Sy Jsy = (dp 0 )
A straightforward computation shows that
P(r ()W, x)
0 d;'1 —1 X
=w(det ) W(d(at1))W(d(—a) Yxw(t)w™ (a)d™ adty
Fx JFx dF 0
1 1 =
:CU(— det g)w_l)(%Q(dF) : \11(53 Wa Xﬁ)\y(§’ Wa X%l)
1 1 L7 ox2h)
=w(det Q)w =2 (—dp) U (=, W, xw)? - e(=, 7 @ Y, ) - —2——— 20 L
(et ™y (=), W) -0 @ X ) e
The lemma thus follows. g
ProrosIiTION 3.5. We have
1
—  P(m(s)Wy 0, X
_pp| L@ T @ X O (dr) i
w(det¢) if vt

If v = ww with w € X, then

1
L(%aﬂ-E ®X)

_5(%77T®XE71/))

'P(F(C)W;,U,X) Ll o) Xa2(dr) | Dp| .
2, w

PROOF. The proposition follows immediately from Lemma 3.4. (3.9) and
(3.11) combined with the equations dets = dp if v[p91" and

1
e(5:m @ X ¥) - w ™ Xy (—dp) = Lif v f N O

3.8. LOCAL TORIC PERIOD INTEGRALS (II). In this subsection, we treat the
case v is inert or ramified. A large part of the computation in this subsection
is inspired by [Mur08]. Put

_ (0 —dR,
=l V)
K%w):{g(i Z)€K8|a1€w(9,c€wDF}.
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Let 8 = 0, € Og be the element chosen in §3.4 and write W9 for the new local
Whittaker function W) at v. Recall that {1,8} is an O-basis of O and 0 is a
uniformizer if E/F is ramified.

3.8.1. We prepare some elementary lemmas.

LEMMA 3.6. Suppose that v|t. Let m be a non-negative integer and let
1 Iz -1 X
B(0) = |z €eDr,de O ¢,
0 d
_ 1 =z _
N(DRY) {<0 1> |z € DFl}.
If y € @™ O, then we have
A"+ 0= € Ko=) ()= (1))

Ify € @"O* and 0 <1 < m, then

d(@™)1s(1+y8)d(@ ™) € N(DF") (wm_r yw_m) wBL(0).
If y € wO, then

d(@™)ic(y + 0)d(w™™) € N(D3Y) (wm+evl wm) wB(0),

PROOF. Recall that if v|t, then 8 = d;lﬁ, ¢ = (dF dl)’ and hence
F

-1
(x + y8) = ("”” TyT(6) ydp N(")) (x,y € F).
ydp T
Then the proof is a straightforward calculation, so we omit the details. O

LEMMA 3.7. Suppose that x|px is trivial on 1 + wO. For each non-negative
integer r, we set

X, ;:/ x(1+y8)d'y,
w™O
where d'y is the Haar measure on O such that vol(O,d'y) =
L(1,7g/r) [Del3 |Dp| 2. Then X, = 0 if cy(x) > 1 and 0 < r < ¢,(x)

1

l — .
and X, = |@"| - L(1,75/r) |DE|} | Dr| 2 if 1 > cu(X).

Proor. Let Q, := 14+ w" O/l +@"O0. If 0 < r < ¢(x), then x is a
non-trivial character on the group @Q,. Note that we have a bijection @"O =
@,y — 1+ y0 and the pull-back of the quotient measure dt on @, is d'y.
Therefore, we have

v (Bt = 0 if0<r<eyx)
" o, vol(w"O,d'y) if r > cy(x).
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This finishes the proof. O

Define the matrix coefficient m° : GLy(F) — C by
-1
() =, (r() W, n(( )

= WO(d(a)g)W°(d(a))w *(a)d*a.

FX
Since WY is invariant by K°(w), m°(g) only depends on the double coset
K%w)gK°(w) by (2.2). Put

m=my,(x,T) = c(x) —v(n~) > —1.

We set
(3.14)
P*(1(o)R™W°, x) := P(n(s)RTWO, x) - %w(wm dets™1)

- [, Rz s (T o
= [ = Ga )
EX/Fx

Here we have used the fact that m 4+ v(T(0)) > 0 in the second equality. It
follows immediately from the definition of the projector P, . that
P((<)W,u, X) =P (m(¢) Py, RT' WY, X)
w(w™dets)L(1,7g/F)
Cr(1) '

(3.15) =P*(x()R"WO, x) -

Using the decomposition
EX=F*1+00)uF*(wO+0)

and Lemma 3.6, we find that
(3.16)

P (n(s)RTW?, x)

= [ X1+ O 1+ y)d (=)
(@
" / o X(@ +0)m°(d(@™ ) (y + 0)d(w ™)) [y + 6" d'y

_Xm+1 m° —|—Z/ 1 +y0 ( my)d/y.mO(d(WQ(mfr))w)
TOX

+Y w(w m)mo(d(w2m+e”_1)w),
where
Yozz/ox(y+0) Y|l
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In what follows, we use Lemma 3.7 and (3.16) to calculate P (m(s)Wy v, X)-

3.8.2. The case v 1 n . Suppose that v 1 n, i.e. the central character w is
unramified. Then (sf) implies that 7 is either an unramified principal series or
an unramified special representation.

PROPOSITION 3.8. Suppose that 7 is an unramified principal series. Then

1

m “P(m(S)Wy,0s X)

—w (wm) ‘wcv (x)

Dyt fedet) et =0,
P L, 1pp)?  if colx) > 0.

PROOF. Since 7 is unramified, w is unramified and m = ¢,(x). Write 7 =
7(u,v) and let @ = u(w) and B = v(w). The matrix coefficient m® is a
spherical function on GLy(F') in the sense of [Car79, Definition 4.1, p.150], and
mY(g) only depends on the double coset K)gKY. By a standard computation
(cf. [Wal85, LEMME 14, p.226)]), we obtain

(3.17)
oy G (DLAdT) (14 |=)cr (1) I
V=" PP == —aipm) 27
318) ) g (a5 i),
(3.19) mo(d(w2)) =7 —||—w||w| . (a2 + 52 + (1 —|w|)ab) .mo(l).

If v is inert and m = 0, then

L(LTE/F)

¢r(1)

1 1
= |DEelE

(1—af ! |@)(1-a 8=
:L(%JTE@X) |Dgl}

1 _1
w(det <THP(m(QW?, x) =m"(1) - -|Pel |Dr[ 2

Suppose that either v is ramified or m > 0 (so v|t and det< = 1). Then we
deduce from (3.16) that

P (r(ORy W, x)
(3.20) =X -m’(1) + > (X, = X p)w(@ ™) - m*(d(w*"77))
r=0
+ Yo - w(w ™)m(d(?™ e ).
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1 1
If v is ramified and m = 0, then Xy = |Dgl3|Dp| %2 and Yy, =
1 1
X(wEg)|Delk|Dr|” 2. By (3.20), we find that

P(n(c)W°,x)

L(LTE/F)

=(m"(1) + x(wp)m"(d(w))) D}, |Dr| 2

Cr(1)
1+ 2 Dl [Dr|
7(1+1+|w|.|w| x(wg)) - m°(1) - CEF(l) (by (3.18))
_ O x@pelw )1+ x@e)blwl) oy [PelplPrl

1+ | Cr(1)

1 1
=|Delg - L(§a7TE ® X)-
Suppose that m > 0. Note that since x|px = 1, Yo = —Xj if v is inert and
Yy = Xo = 0 if v is ramified. Combining with Lemma 3.7, (3.19) and (3.20),
we find that

L(1,
P(r(ORWx) =Xon - (m(1) —w(@™)m"(d(=?) -w(mﬂ%
F
1—af o)1 —a 1Blw])
pr— m m . . 1
w(@™) ™| Zi mO(1)
L(1,7g,p)? 1 1
X ————— - |Del|%|D 2
CF(l) | E|E| F|
1
=w(w@™) |@™||Delf - L(1,75/r)*.
The proposition follows immediately. 0

ProproSITION 3.9. Suppose that 7 is an unramified special representation.
Then

1

Loy - P(m()Wy 05 X)

L(LTE'/F)2 Zf CU(X) >0,

(™ cu<x>‘ Dol .
w(w™) |w
") ‘ Prl 2 if v is ramified and c,(x) = 0.

PROOF.  Suppose that vjn;. Then m = m,(x,7) = ¢, (x) — 1. Recall that
m = w(w,v) is a special representation with a unramified character p and
pr~! =||. We have

W(d(a)) =p(a) |al® To(a),
Wo(d(a)w) = — p(a) |al? |@|Io-10(a)
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(cf. [Sch02, Eq.(54)]). With the above formulas, we obtain by a direct compu-
tation that

1
_ 1D o

m(1) 7im (w) = (= |w]) - m"(1);

1—|w
1 1
w((1 )W) =Cu@ el wl),
If ¢, (x) > 0, then it follows from (3.16) and Lemma 3.7 that

P(r(ORYW,X) =X - (m(1) = m’ (w) -w(wm)L(%(%F)

=w(w™) |@™ | |Dp|} L(1, 75/r)°.

If co(x) = 0 (m = —1), then v is ramified, Xo = |[Dg|3|Dp| 2, Yo =
1 _1
x(@wg) |Del; |Dr| %, and

P(r(s)R W, X)
L(l, TE/F)

= ~mO ~mO 1 w ww_1~
(Xo (1) + Y (( w) >> (1) 2
=(1 - w(@)x(wr) @~ ?) 1PplE [Dp| 2 - m°(1)(1 - | (@)

_2[Dplfw( )

by (R1
T (v (RD)
1 1
:2|DE|3Ew(w*1)-L(§,wE®X). O

3.8.3. The case v|n,.. We consider the case 7 is a ramified principal series.
Recall that (sf) suggests that @ = m(u,v), where p is unramified and v is
ramified, and the conductor a(v) = a(w) = 1. Since x|px = w™!, we must

have m = ¢,(x) —1 > 0. Let §, := 6 — 6. Let Dg,p be the discriminant of
E/F. We begin with a lemma.

LEMMA 3.10. Suppose that x|ox # 1 and X|1+wo = 1. Then

1og(0,x7 1, ;
/f OX(y+9)d’y=x(5u)|5v|é-M-L(LTE/F)\DE/F\ :

e(—1,w,v)
Proor. By [HKS96, Prop. 8.2|, we have
/ X(y +2716,)dy ::/ X(y+27"6,) [y+2716, |, P dyl__s
F F

5(07 X717 ’l/)E)
5(_15 w, 1/1) .

By the assumption, for all » > m + 1 we have

/ Xy +0)dy =x(w™") - / x(y)dy = 0.
w—TOX X

:X(‘sv) |5v|?3 :

DOCUMENTA MATHEMATICA 19 (2014) 709-767



SPECIAL VALUES OF ANTICYCLOTOMIC L-FUNCTIONS 735
Thus
[ o=t [ o)y = [ 2 e
w-m0 r w0 F
The lemma follows from the fact that

ProPOSITION 3.11. We have
1

1 1
- Dr|z x(8,d71) 6,]2 - (0, x,
L(%,WE@)X) |Delg x(8udp") [60]5 - €(0, X, ¥E)

 P(r(s) Wy, ) = [

v

X L(I,TE/F>2 . TL2
where n, is given by
p(@) [ |Dp|*
e(0,w, )

PrROOF.  We first recall that if £ : F* — C* is a character of conductor a(§),
then

=X

£(5,6,0) = £(0) e - > /]| (e=drw"©).
a€O0* /(1+wa(8)0)
By the equation &(s,&,9)e(1 — 5,671, 9) = £(—1) (cf. [Sch02, Eq.(7)]), we see
that £(0, &, ¢) belongs to Z(Xp) whenever v does not divide p and £ takes values

in Z(p). This shows that n, is a p-adic unit by the discussion in §3.2.
We proceed to prove the toric integral. We have

WO(d(a)) =v|-|? (a)lo(a),

WO(d(a)w) =u|-|* (@) Lo-10(a) - %
(cf. [Sch02, Eq.(50) and (51)]). A simple calculation shows that
w(dp)(@?)

m’(1) = 0, m’(w) = | Dg|?

It is not difficult to show that if v is ramified, then
o= / x(y +6)d'y =0,
wO
and that if m = ¢,(x) — 1 > 0, then

/ x(y~ ' +6)d'y =0 for 0 <r < m and
wrOX

/ x(y +60)dy =0.
o
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From the above equations, we find that
P (n()Ry' WY, X)
+Y w(w™ )rr:g(d(w%”e“*l)w)
= [ oyl [ mw).
By Lemma 3.10, we obtain
P(r(s)R}'W?,x)

P (n( RO, ) - () ELTELE)
Cr(1)
_ 2m % % *% E(Oa 7"/)E) . M(WQ)w(dF)
=|@*™| x(8,) 64| |DE|Z |Dr e(—1,w,¥)  e(0,w,¥)(1 - |wl|)
L@ 7er)
Cr(1)
I 1’ 2 2 D % 2m+1 1 _ 1
Lo VBT o) 80 (05 )

The last equality follows from
e(—1,w,1) = |wDp| " (0, w, ).

From the above computation and that L(s, 7g®x) = 1, the proposition follows.
O

3.9. THE GLOBAL TORIC PERIOD INTEGRAL. We return to the global situa-
tion. Let W( ) be the prime-to-p Whittaker function given by

= 11 Wawe & Wim,w).
vEh, vtp veh,vip
DEFINITION 3.12. Let Wy oo := [[,cx Wk, Define the p-modified toric Whit-
taker function W, by
_ (p)
(3.22) Wy =Wy W7 [ W7 ™).
vlp

Let u = (u,) € (OF ®z Zy)* = [[, 0%, . The u-component Wy, of W, is
defined by

(323) Wx,u = Wx,oo . W)Ezf} : H W. y Uy, U

vlp
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Recall that the automorphic form pw € A(m) associated to W € W(m,v) is
defined by

(3.24) ow(g) = W((ﬂ 1) 9).
BEF

Let ¢, (resp. ¢y,u) be the automorphic form associated to W, (resp. W, .).
Let U, = ][, |, Uy be the torsion subgroup of (OF ®z Z,)*. It follows immedi-
ately from the definition (3.10) that

(3.25) Py = Z Oy u
ueUp

Choose a sufficiently small prime-to-p integral ideal n; such that W, , is invari-
ant by U,(ny) for all vt p. Let K =[], K, C GL2(Ay) be an open compact
subgroup such that

(3.26) K,=K’ifv|p; K, C U,(ny) if v | p.

For each positive integer n, put

K = {g eK|gy= ((1) i) (mod p") for all ’U|p}.

One can verify that W, and W, , (and hence ¢, and ¢, ,) are invariant by
K7 for sufficiently large n. The following lemma immediately follows from
Lemma 3.2,

LEMMA 3.13. Let T = H; Ty C AZ. Then ¢y is a toric automorphic form in
the sense that for all t € T, we have

T )V =X OV gy

In addition, for allt € Ty =],y To, we have

/
veh

(1 (t) Py =X () Pyuti—e,

where u - t1—¢ 1= utgpr%l € (Or®zZ,)".
P

Decompose ¢, = ¢ ;¢ 5 such that (¢ ;,n,7) = 1 and ¢, has the same support

with n_. Define a constant C’.(x) by

C;(X) .—9f(A(X))+3[7:Q] -1

Nrq(e)  wley Jw(ng)
x [Jw(dets,)- ] (5 m0 © X )X (—d5)

(327) vipt w|F, v=ww 2
< [T xo(=60d%") 18017, €0, x5 ", vk,
vln,
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Note that C.(x) is actually a p-adic unit as p > 2 and (p,gn~) = 1. We
introduce the normalization factor N(m, x) given by

(328) N(ﬂ.aX) = H L(laTKlv/}'u)nv
vEB(x)
We have the following central value formula of the toric integral P, (w(g)f/frn ©y)-

THEOREM 3.14. We have

~m I‘gk—f—m)l"gm—i—l 1
PX(T‘-(C)V-F (JDX)2 = ((47T)k+2m+(1'2 ) : eZ'p(Tra X) ’ L(?; T & X)

x |Dxlg” - Cr(0)N (m,x)?,
where ex, (m,X) is the p-adic multiplier given by

1 1 _9 _
ezp(ﬂ-5 X) = H 5(§a7rv & Xw> Q/JU)L(§; Ty & Xﬁ) 2XE2(d]:u)'

we Xy, v=ww

Proor. Note that \N/_;”gox is the automorphic form associated to the Whit-
taker function
VmWX _ Vm W(P) H Wb7
vlp
Hence, by Proposition 2.1 we find that

Py(m()V{"px)?
1
=[] Pr(co) V" Wi, xo) [ 77— P(a() W}, X0)
aeHz HL(%JKU@MJ X
1
X —~P(7r(€u)W s Xo) - L(2, 7 ® X).
'UEll:['u)(p 2 1 T ® XU) X 2

Combining the local calculations of toric integrals of our Whittaker functions
(Proposition 3.3, Proposition 3.5, Proposition 3.8, Proposition 3.9 and Propo-
sition 3.11) yields the central value formula. O

REMARK 3.15. Let <p>0< be the automorphic form associated to the toric Whit-
taker function WQ i= Wy o0 “ [ [yen Wx,o- Then we obtain the following central
value formula:

1 Tek+mTs(m+1) 1

P (m()Vi"e))* = | Dklg? ety LG @) CL 0N (mx)™

3.10. NON-VANISHING OF THE LOCAL FOURIER COEFFICIENTS. In order to
prove the non-vanishing of our toric form ¢, later, we calculate its local Fourier
coefficients in this subsection. Define a,, : F* — C the local Fourier coeffi-
cient associated to W, , by

ay(a) = Wyo(d(a)).

To obtain the optimal p-integrality of ¢,, we need the following normalization
of the a, .
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DEFINITION 3.16 (Normalized local Fourier coefficients). Let
B(x) = {v € h | v is non-split with ¢,(x) > 0}.
For v € B(x), let n, be defined as in (3.21) if v|n;” and n, = 1 if v { n; . Define
the normalized local Fourier coefficient af , by
n L(L e, r)"t o€ B,
al, i=ay, {1 if v e A(x),
€y otherwise.

Recall that e, = 1 if v is unramified and e, = 2 if v is ramified.

Let v 1 p be a finite place. We shall show the normalized local Fourier coeffi-
cients a} , indeed take value in a finite extension of Z, and is not identically

zero modulo the maximal m,, of Z induced by lp : Q — C,. This is clear if v
is split in view of the definition of a} , = a, , in §3.6. The most difficult case
is when v is inert and = is ramified at v. We begin with some formulae of a,,.

LEMMA 3.17. Suppose that ¢,(x) = 0. Then
‘ la) = wi(d(a)) if vin is unramified,
XUE Tl wO(d(a)) + WO(d(aw))x(wr,)  if vin is ramified.

If v | n, then v is ramified and

1
ay ,(a) = pl-|* (a)l5-10(a).
Proor. It is well-known that if 7 = w(u,v) is a unramified principal series,
then
W)d(a) =lo(a)|al> - > p(@ (=)
i+j=v(a), i,7>0

(¢f. |[Bum97, Thm.4.6.5]). It follows from the definition of W, , that W, , =
WY if v { n is unramified and

1 1
Wy o(g) == - W2(g) + 5 W2(gd(w))x(wg) if v {n is ramified .

T2
If v|n, then v € A(x). By (R1) v is ramified, and we find that
1 1
Wyo(g) = 5 - W (gd(®)) + 5 - W) (gw)w (@)X (wE).
The assertion follows from the formulas of W) in Proposition 3.9. O

To treat the case v is non-split with ¢,(x) > 0, i.e. v € B(x), we need to
introduce certain partial Gauss sums. For a non-split place v, write 7 = 7(u, v)
with unramified ;o and pr—!(w) # |w| " if 7 is unramified or special. Define
a character ¥y , , : EX — C* by

(3.29) o) = p(N(1)) - x| |E(8).

DOCUMENTA MATHEMATICA 19 (2014) 709-767



740 M.-L. HSIEH
Recall that the partial Gauss sum Ag (Ur x,v) in [Hsil2, (4.17)] is defined by

Ap(Wr ) = lim UL (x+ 0)p(~dp fr)dx - [Dp| "2 (B e FX),

X,
n—oo | o _np

LEMMA 3.18. Let v € B(x) be a non-split place with ¢,(x) > 0. Then we have
€y ~ 1 1
——— v (a) =Aa(Trn0) - V]2 (@)V]- ]2 (@™
Fis - analo) =Aallr ) o (@ 1 (")

1 fofn”,
x ¢ —1 ifv|n

m 1 0, 717 _% .
| x(80) 180|322 [Dp| 2 if v |n

s
-
PrROOF. It seems very difficult to deduce the above formula of a, ,(a) by
a straightforward computation, so we shall prove the formula by identifying
the toric Whittaker function W, , with the image of an explicit element in the
induced representation corresponding to 7, via the Whittaker linear functional.

Recall the Whittaker linear functional A : I(u,v) — C ([Bum97, (6.9), p.498])
is defined by

s = [ () S peeote= im [ (] e

Let ¢ =g, = <dF d_1> and m = m,(x, ). Define Py R™ € Endc (1, )
F
by

PRy St = vl ™ [ ()t

By [Sch02, Lemma 2.2.1], there exists a local new vector section f° €
I(p,v)5"®) such that

W, (9) = A (9)f°)-
Put fg = Py RT Y. Then
ay(a) = Wyo(d(a)) = A(n(d(a)) fy)-

X

We thus have
awl =@ [ (] et-a

d - 1 _
(" o IPel v ) [ ekt O aas
F F
1~ _ N
=F(S)" V12 (0)Aa(Wr x0) - €5 [DEI? VI 72 (@™),
where f(¢)* is the normalized value

fg(c)* = y—1|.|%(wm)vE . fg(g) (v = ey IDEI%J |DF|_%)-
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To evaluate the value f(¢)*, we use the computation in (3.16) and obtain
o) = /o X(1+y0)f°(c- Ry ™ (1+y0)Ry)d'y
" / o X(y +0)f(s- Ry ™y + O)RY) [P d'y

X PO+ Y [ 1+ )l )y (s )
T—O w’ X
+ Yo w(@ ™) fOled(@® ).
To proceed, we need to use explicit formulas for f© (|Sch02, Prop. 2.1.2]). Sup-

pose that 7 is a unramified principal series (v 1 n™) or special representation
(v |n;). Then

m—1

S =X £26) + D2 (X0 = Xpn) - w(@” ™) - s (w 7))
r=0

Yo w(@ ™) sd (@),

Let f*"" be the unique K0-invariant function in I(p,v) with fh(¢) =

L(1, uv=1) |D].-|%. If 7 is an unramified principal series, then we can take
O = f*P" (|Bum97, Prop.4.6.8]), and following the computation of the case
¢v(x) > 0 in Proposition 3.8 we find that

F26)* =X - (£2(5) — w(w™ 1) 2(d(@2)s)) = X - (1 — v |-|(@)) - £(s)
— @™ D |2 L(L, 7))

If 7 is special, then
S - 1 — 1 S
T A IR G Ve

and following the computation of the case ¢,(x) > 0 in Proposition 3.9 we find
that

F26) =Xomsr - (F26) — s - w))
X1 - (= @] |2 PR (e)
—(=1) - |@™| |DglZ - L, 75y r)-

Finally, suppose that 7 is a ramified principal series with ramified v (v | n;).
Let B(F) be the group of upper triangular matrices in GLa(F). Let f° € I(u,v)
be the function supported in B(F)wN(Dz") such that

fPswn) = |DF|% for every n € N(Dy').
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Then one checks easily that f° does the job. Following the computation in
Proposition 3.11, we find that

RE)

=w(w™™) ‘w2m’ - x(dy) |6v|% E((()’X_ VE)

1
——I(1 Dpl2 |[Dp| ™ 2
T L) Dl D s w)

- e(0,x !, ¢p) 1 1
=|ww™| - L(1 cwT (@™ - x(8,) 2 DRl 2 DRl 2.
=7 L 7)o (@) x(00) TP Dl D
This completes the proof in all cases. (]
To investigate the p-integrality of a ,, we define the local invariant tp (P xw)
by
(3.30) tp (P x0) = infX Up (U y0(x) — 1).

By [Hsil2, (4.17)], Ag(¥x.y.0) is indeed an algebraic integer. Moreover, it is
proved in [Hsil2, Lemma 6.4] that

tp (P y0) >0 <= /Tg(wﬂﬁxyv) = 0 (mod m,,) for all § € F*.

Therefore, it follows from Lemma 3.18 that if v € B(x), then aj , takes values
in Z, and

aj , =0(mod m,) <= pp(¥r yv) > 0.

We summarize our discussion in the following proposition.

PrOPOSITION 3.19. Let O be the finite extension of Op. generated by
{a;v(l)}veB(X) and the values of . Then we have

(1) the normalized local Fourier coefficient ay , takes values in O for every
finite place v 1 p,

(2) if either v & B(x) is unramified or v € A(x), then a3 (1) =1,

(8) if vt n is ramified with c,(x) =0, then a% (w™') =1,

(4) if v € B(x), then pp(Wx,0) = 0 if and only if there exists n, € F*
such that

ay (1) # 0 (mod my).
4. REVIEW OF HILBERT MODULAR FORMS

In this section, we review some standard facts about Hilbert modular Shimura
varieties and Hilbert modular forms.

4.1. Let V = Fey @ Fes be a two dimensional F-vector space and (, ) :
VxV — F be the F-bilinear alternating pairing defined by (e1,e2) = 1. Let
L=0re; ® ’D;leg be the standard Oz-lattice in V', which is self-dual with

respect to (, ). For g = <Z Z) € Ma(F), we define an involution g — ¢’ :=

d -b
<c a > We identify vectors in V' with row vectors according to the basis
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e1, ez, 80 G(F) = GLy(F) has a natural right action on V. If g € G(F), then
g’ = g 'detg. Define a left action of GonV by gxx:=x2-¢g',z € V.
Hereafter, we let K be an open compact subgroup of G(A ) satisfying (3.26)
and the following conditions:

(neat)

K is contained in U(N’) for some N' > 3 and det(K)NOx , C (KN O%)2.

We also fix a prime-to-p positive integer N such that U(N) C K.

4.2. KorTtwITZ MODELS. We recall Kottwitz models of Hilbert modular
Shimura varieties following the exposition in [Hid04b].

DEFINITION 4.1 (S-quadruples). Let OJ be a finite set of rational primes not
dividing N and let U be an open compact subgroup of K such that U(N) C U.
Let Wy = Z)[Cw] with {y = exp(2%). Define the fibered category Ag:l) over
the category SCH )y, of schemes over Wy as follows. Let S be a locally
noetherian connected Wy-scheme and let 5 be a geometric point of S. The
objects are abelian varieties with real multiplication (AVRM) over S of level
U,ie. a S-quadruple (A, ), L,ﬁ(D))S consisting of the following data:

(1) A is an abelian scheme of dimension d over S.

(2) t:Or — Endg A ®z Z(D) .

(3) X is a prime-to-( polarization of A over S and X is the Or,(O),+-orbit

of A\. Namely

A=0z )42 :={N € Hom(4, A") @z Z) | N =Xoa,a € OF oy +}-
(4) 7 = U@ is a (S, 5)-invariant U-orbit of the isomorphisms
of Oz-modules D) : L&z A(fD) S VO (Ay) := Hy (A5, 2 ) 24 A;D).
Here we define (™ g for g € G(A;D)) by nPg(z) = ™ (g * z).
Furthermore, (4, ), L,ﬁ(D))S satisfies the following conditions:

e Let * denote the Rosati involution induced by A on Ends A ® Z .
Then «(b)! = 1(b), Vb € Op.

e Let e* be the Weil pairing induced by A. Lifting the isomorphism
Z/NZ ~ Z/NZ(1) induced by (y to an isomorphism ¢ : Z ~ Z(1),
we can regard e* as an F-alternating form e* : V() (A4) x V(B (4)
D}1®ZA§¢D). Let e denote the F-alternating form on V(™) (A) induced
by e"(z,2’) = (xn,a'n). Then

e* = u - e" for some u € A;D).

e As Or ®z Og-modules, we have an isomorphism Lie A ~ Or ®z Og
locally under the Zariski topology of S.

For two S-quadruples A = (A4, X, 1, 7)) g and A’ = (A", N,/ , ) g, we define
morphisms by

HomA(KD)(A,A) = {¢ € Homp, (A4, A") | DN = N, qboW(D) = ﬁ(D)}.
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We say A ~ A’ (resp. A ~ A’) if there exists a prime-to-[J isogeny (resp.
isomorphism) in Hom ,o) (4, A').
K

We consider the cases when [0 = () and {p}. When O = {) is the empty set and

U is an open compact subgroup in G(A(fD)) = G(Ay), we define the functor
Eu: SCH/WU — SETS by

EU(S> = {(Avj‘vaﬁ)S € AK(S)}/N .

By the theory of Shimura-Deligne, &y is represented by Shy which is a quasi-
projective scheme over Wy. We define the functor &y : SCH,, — SETS
by

eu(8) = {(A X 0m € AP(S) | 1O(L 0z 2) = Hi(45,2) )/ =

By the discussion in [Hid04b, p.136], we have €x — £x under the hypothesis
(neat).
When O = {p} and U = K, we let W = Wx = Z,)[(n] and define functor

£P . SCHy — SETS by
v (s) = {(A %0775 € AL, (S)}/ ~.

In [Kot92], Kottwitz shows 51(?) is representable by a quasi-projective scheme

Sh(ﬁ) over W if K is neat. Similarly we define the functor Q‘Sg) : SCH )y —
SETS by

e (5) = {(4,,0,77) € AP () | 4P (£ 07 ZP) = Hy(45,2P) } | = .

It is shown in [Hid04b, §4.2.1] that ¢ 5 g{),

Let ¢ be a prime-to-pN ideal of Ox and let ¢ € (AgcpN))X such that ¢ = ilz(c).
We say (A, A, 1,7P)) is c-polarized if A € X such that e* = ue”, u € cdet(K).
The isomorphism class [(A, ), ¢, 7))] is independent of a choice of X in A under
the assumption (neat) (c¢f. [Hid04b, p.136]). We consider the functor

QEEZ)((S) = {c—polarized S-quadruple [(4,\,,7P)g] € 6(;()) (S)}

Then QEE? I)< is represented by a geometrically irreducible scheme Sh(lz())(c) JWs
and we have

(4.1) S = || ShP)w,
[]eCIL(K)

where CIJ}C(K ) is the narrow ray class group of F with level det(K).
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4.3. TcusA SCHEMES. Let n be a positive integer. Define the functor Ig)n :
SCH py — SETS by

S = I2,(8) = { (A X un® ) / ~,

where (A,X,L,n(p))s is a S-quadruple, j is a level p"-structure, i.e. an Oz-
group scheme morphism:

j:DE ®z ppn — Alp"],
and ~ means modulo prime-to-p isogeny. It is known that I}f}n is relatively
representable over Ej(f) (¢f. [HLS06, Lemma (2.1.6.4)]) and thus is represented
by a scheme Ik ,,.
Now we consider S-quintuples (A4, X\, ¢, n®), j)s such that [(A,\,¢,n®)] €
¢?).(S). Define the functor Z{) (c) : SCH )y — SETS by

S TP (0)(S) = {(A, A e,n®,5)s as above} o~

Then Iﬁf’)n(c) is represented by a scheme Ik ,(c) over Sh(;())(c), and I ,(c)
can be identified with a geometrically irreducible subscheme of I, (JDRSO0,
Thm. (4.5)]). For n > n’ > 0, the natural morphism 7, »/ : I n(c) = Ik n(c)
induced by the inclusion D;-l @ Ppynr D;-l @ py,n s finite étale. The forgetful
morphism 7 : I () — Sh(f;)(c) defined by 7 : (A,j) — A is étale for all
n > 0. Hence I (c) is smooth over Spec W. We write Ik (c) for lim I n(c).

4.4. COMPLEX UNIFORMIZATION. We describe the complex points Shy; (C) for
UcC G(Af) Put

Xt ={r=(rs)pex € C¥ |Tm7, >0 forall o € ¥}

¢ dg
on X7 is given by 7 = (1,) = g7 = (%). Let F, be the set of totally

positive elements in F and let G(F)T = {g € G(F) | det g € F}. Define the
complex Hilbert modular Shimura variety by

M(X+,U) = G(F)N\XtxG(A)/U.

It is well known that M(X*, K) = Shy(C) by the theory of abelian varieties
over C (¢f. [Hid04b, §4.2]). Now we define this isomorphism explicitly.
For 7 = (75)oex € X, we let p; be the isomorphism V ®q R = C* defined
by p-(ae1 + bez) = ar + b with a,b € F ®q R = R¥. We can associate a
AVRM to (7,9) € XTxG(Ay) as follows.

e The complex abelian variety A, (1) = C* /p.(g * £).

e The F,-orbit of polarization (, )

form (, Yean = (, ) op; L.

The action of g = (9o )sex € G(F ®q R) with g, = (ag bd) and det g, > 0

on Ay(7) is given by the Riemann

can
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e The i1c : O — EndAy(7) ®z Q is induced from the pull back of the
natural F-action on V via p,.

e The level structure 7, : LRz Ay = (g% L) ®z Ay = Hi(Ag(1), Ay) is
defined by ny(v) = g *v.

Let A,(7) denote the C-quadruple (Ay(7), (, ) unstcs Kng). Then the map
[(1,9)] = [A4(T)] gives rise to an isomorphism M (X+,U) = Shy(C).

For a positive integer n, the exponential map gives the isomorphism exp(2mi—) :
p~"Z/Z =~ p,, and thus induces a level p™-structure j(g):

g*

J(gp): D;_-l Rz Ppn 5 D}leg Rzp "Z/Z — LRzp "L/LZ > Ag(T)[p"].

Put
Kl:{g€K|gp<0 1)(m0dp)}.

We have a non-canonical isomorphism:
M(XT, K 5 Ixn(C)
(1, 9)] = [(Ag(T), (D eans tes TP, 5 ()]
Let z = {25},cx be the standard complex coordinates of C¥ and dz =
{dz5},cx- Then Oz-action on dz is given by tc(a)*dz, = o(a)dz,, 0 € X ~

Hom(F, C). Let z = z;q be the coordinate corresponding to (o : F < Q < C.
Then

(4.2) (OF ®z C)dz = H"(Ay(7), 2, (r)/)-
4.5. HILBERT MODULAR FORMS. Let k =) _k,0 € Z>1[X] such that
koy =koy =+ = ko, (mod 2) for all o,...,04 € X.

For 7 = (75 )oes € Xt and g = ((ia Za>)0€2 €EG\F ®q R), we put
l(g,T)k = H (coTo + dg)k".

ceX

DEFINITION 4.2. Let ky,, = max,ecx k,. Denote by My(K},C) the space
of holomorphic Hilbert modular forms of weight k£ and level K. Each f €
My, (K7, C) is a C-valued function f : Xt xG(Af) — C such that the function
f(—,gf) : XT — C is holomorphic for each g; € G(Ay), and for u € K{* and
a€GF)T,

kmgz X+k

fla(r,gf)u) = (det o)™ J(a,7)* - £(1,97).
Here det « is considered to be the element (o(det @)),ex in (C*)*.

For every f € My (K7, C),we have the Fourier expansion

f(r.gr)= Y, Wa(f,gp)e*™ Mr/alfm),
BeFU{0}
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For a semi-group L in F,let Ly = Fy NL and L>o = Ly U{0}. If B is a ring,
we denote by B[L] the set of all formal series

Z anﬁ, ag € B.
BEL

Let a,b € (AECPN))X and let a = ilr(a) and b = ilx(b). The g-expansion of f at
the cusp (a, b) is given by

a”t 0 _
43 flan@= X W (%) )i e Ol an)o]

ﬂE(Nflllb)Zo

If B is a Wh-algebra in C, let My(c, K, B) be the space consisting of functions
f € M (K7, C) such that

fl(a,6)(q) € B[(N""ab)xo] for all (a,b) such that ab™' = c.

4.5.1. Tate objects. Let . be a set of d linearly Q-independent elements
in Hom(F,Q) such that I{(F1) > 0 for I € . If L is a lattice in F
and n a positive integer, let Ly, = {x € L|l(x) > —n for alll € .} and
put B((L;.¥)) = nh_>n010 B[L».]. To a pair (a,b) of two prime-to-pN frac-
tional ideals, we can attach the Tate AVRM Tateq p(q) = a* ®z G /q°® over
Z((ab; ) with O-action tcq, acting on a*, where a* := a~'Dz'. As de-
scribed in [Kat78|, Tateq p(g) has a canonical ab™!-polarization A..y, and also
carries a canonical O ® Z((ab;.))-generator wean of Qrate, , induced by the
isomorphism Lie(T'ateq5(q)/z((ab;.5))) = 0* @z Lie(Gp) ~ a* @ Z((ab;.7)).
Since a is prime to p, the natural inclusion a* ®z Hpn a* ®z G,, induces
a canonical level p™-structure 7y can D;—l Rz Ppn = 0" QZ fyn > Tateq p(q).

Let Lo = L - <b a_l) = bey @ a*es. Then we have a level N-structure

0B N"'Lay/Lap = Tateqs(q)[N] over Z[Cy]((N~1ab;.#)) induced by
the fixed primitive N-th root of unity (y. We write Tate,, for the Tate

Z((ab;.”))-quadruple (T'ateq s(q), Acan,bcan,ﬁﬁﬁi,,n@wn) at (a,b).

4.5.2. Geometric modular forms. We collect here definitions and basic facts
of geometric modular forms. The whole theory can be found in [Kat78] and
[Hid04b]. Let T" be the algebraic torus over W defined by T(R) = (O ®z R)*
for every W-algebra R. Let k € Hom(T', Gy, ). Let B be a W-algebra. For
a B-algebra C, we consider a triple (A4, j,w) over C, consisting of [(A4,7)] =
(AN 60, 7)) € In(©)(C) (esp. (A7) = [(4, 36,1, )] € Licn(C))
AVRM with level structures and an 1-form w generating H°(A, Q4 /c) over
Or®zC. A geometric modular form f of weight k on I ,,(c) (resp. Ik ) over
B is a rule of assigning to every triple (A4, j,w) over C a value f(4,j,w) € C
satisfying the following axioms.

(Gl) f(A)j’ w) = f(AI’j/)wl) e C if (A’j)w) = (A/)jlﬂw/) over C7
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(G2) For a B-algebra homomorphism ¢ : C' — C’, we have

(4, w) @c C') = o(f(4,),w)),
(G3) f((4,j,aw) =k(a™")f(4,],w) for all a € T(C) = (OF @z C)*,
(G4) f(Tate p,wean) € B[(N~tab)>o] at all cusps (a,b) in Ix n(c) (resp.
Ik p).

For each k € Z[X], we regard k € Hom(T', G,,, yy) as the character x — F e
(Or @z W)*. We denote by My(c, K, B) (resp. My(K7,B)) the space of
geometric modular forms over B of weight k on Ik ,(c) (resp. Ik.,). For
[ € My(KT, B), we write f|. € My(c, KT, B) for the restriction fl7, (-
For each f € M (K7, C), we regard f as a holomorphic Hilbert modular form
of weight k and level KT by

f(T’ gf) = f(‘Ag(T)’mcan’ [’C’ﬁg’ 27”dz)’
where dz is the differential form in (4.2). By GAGA this gives rise to an
isomorphism My, (K7, C) = My(KP,C) and My (c, KI',C) = My(c, KT, C).
Moreover, as discussed in [Kat78, §1.7], we have the following important iden-
tity which bridges holomorphic modular forms and geometric modular forms

f|(a,b) (q) = f(M(ayb);wcan) € C[[(N_lab)ZOH-

By the g-expansion principle, if B is W-algebra in C and f € My (¢, K7', B) =
M (¢, K7, C), then f|. € My(c, K7, B).

4.5.3. p-adic modular forms. Let B be a p-adic W-algebra in C,. Let
V (¢, K, B) be the space of Katz p-adic modular forms over B defined by

V(e, K, B) := limlim H(Ix,n(¢) /B jpm B Olic . )-
In other words, Katz p-adic modular forms consist of formal functions on the
Igusa tower.
Let C be a B/p™B-algebra. For each C-point [(4, )] = [(A,\,¢,n®), 4] €
Ik (e)(C) = Hm I n(¢)(C), the p>-level structure j induces an isomorphism
jx : D' ®zC ~ Lie A which in turn gives rise to a generator w(j) of H°(A,Q4)
as a Or ®z C-module. Then we have a natural injection
Mi(c, K, B) = V (¢, K, B)
(4.4) S o
[ f4,5) = (4, 5,w(5))
which preserves the g-expansions in the sense that ﬂ(aﬁb)(q) = f(Tateayb) =
flia,0)(q). We call f the p-adic avatar of f.

4.6. CM POINTS. Recall that we have fixed ¢ € K in §3.4 satisfying (d1-3) and
the associated embedding ¢ : K < M3(F) in (2.1). The map py : V ®q R ~
C¥, ae; + beg — ad + b yields an isomorphism py : V ~ K satisfying

po(z)a = py(ze(a)) for z € V,a € K.
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Let ¢ =[], sv € G(A), where ¢, € G, for each place v is defined in (3.3). Let
5§ € G(Ay) be the finite part of ¢. According to our choices of ¢,, we have

(L @z Z)= (L @z Z) < =y (Ok @z Z).
Define z : A — XTxG(Ay) by
a = (aco,ay) = x(a) := (Vz, as)ss)-
Let a € (A,(pr];[))X and let

(A(a)a j(a))/C = (‘Ab(a)q (192% < ) >cana Leans 77(p) (a)a J(a))

be the C-quintuple associated to x(a) as in §4.4. The alternating pairing (, ) :
KxK :— F defined by (z,y) = (Ty — 27)/(¥ — 9) induces an isomorphism
Ox Ao Ox = ¢(Ox)'DZ! for the fractional ideal ¢(Ox) = D7 ((1975)@,;};).
The hypothesis (d2) on ¥ implies that

¢(Ox) is prime to pe,nDj,r.

Note that ¢(Ox) descends to a fractional ideal of Or and that ¢(Ox) is the
polarization of (1) = (A(1),7(1)). In addition, z(a) = (A(a),j(a)),c is an
abelian variety with CM by O with the polarization ideal of z(a) given by

¢(a) := c(Ox)N(a)™  (a =ilc(a)).

It thus gives rise to a complex point [z(a)] in Ix(c(a))(C). Let W, be the
p-adic completion of the maximal unramified extension of Z, in C,. The
general theory of CM abelian varieties ([Shi98]) combined with the criterion
of Serre and Tate ([ST68]) imply that [x(a)] indeed descends to a point in
Ik (c(a))Wp) — Ix(W,), which is still denoted by z(a). The collection
{[m(a)]}ae(A%ﬂzj))x C Ix(W,) are called CM points in the Hilbert modular

Shimura varieties.

5. ANTICYCLOTOMIC RANKIN-SELBERG p-ADIC L-FUNCTIONS

5.1. TORIC FORMS.
DEFINITION 5.1 (Toric forms). We define the complex Hilbert modular form
f, : XTxG(Af) — C associated to ¢, by

kmaz Z+k Ema/2

£(7,95) =x(9) - L(goo, D) (det goc) ™7 [det g|4™"",
(i = (V _1)<T€Z'a g= (gooagf)a gooi =T, detgoo > 0)
Here det goo = (det go)oex € (R*)* and det goo > 0 means det g, > 0 for all

ocX.
Let £§ be the normalization of f, given by

(5.1)

* — —Kkma /2
£y = N(mx) " |det s, 2g,
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Let 6} be the Maass-Shimura differential operator (c¢f. [HT93, (1.21)]). Then
the normalized differential operator V™ defined in (3.7) is the representation
theoretic avatar of §;* in the following sense:

S (T, 95) = (VI03) (Goos 97) (9005 )27 (det goo) |det g[ly=/?

(cf. [Hsil2, §4.5]). We call 6'f; the normalized toric form of character x
associated with the Hilbert modular form f.

Ema Z+k+2m

Similarly, for each u € (Or ®z Z,)*, we let £ ., be the normalized modular
form associated to the u-component ¢, ., (¢f. Wy, in (3.23)). It is clear from
(3.25) that

(5.2) fr="> fi,
u€Up
Let Ki' be the open compact subgroup defined in (3.26). Then f; and
{f;u}ueup belong to My (K7, C) for sufficiently large n.
For a € (A,(<1:)7)f)X x(Ok @ Zp)*, we consider the Hecke action |[a] given by
lla] : M (c(a), K7, ©) = My(e, o K7, C)  (uKT = 1 (@) Kt (a™)),
f — f|[a](1,97) :=£(7, gt (a)).

The Hecke action |[a] can be extended to the spaces of p-integral modular forms
(cf. [Hsildb, §2.6]). It follows from Lemma 3.13 immediately that

(5.3) £ ,lla] = X ’”’”/Q(a). val—c for all a € Tp (u.a'~¢ = uagpagi).

5.2. THE TORIC PERIOD INTEGRAL. Next we consider the toric period integral
of f5. Let Ux = (K ®q R)*x(Ox ®z Z)* be a subgroup of Ag and let
Cl_ = K*A*\AZ/Uk. Let R be the subgroup of A generated by K¢ for all

ramified places v and let Cl1™& be the subgroup of Cl_ generated by the image
of R By Lemma 3.13 and the fact that 7 = A*UxR, we have

(5:4)  Py(n(§)VI"py) = vol(U, dF(CIZE) - >~ Vi, (u(t)e)x(®).
ltleci_/C1™s

Let D; be a set of representatives of CI_/CI™® in (A%J}[))X. We define the
x-isotypic toric period by

/2
= > ot (@)Xl [a " a).
a€D,
PROPOSITION 5.2. Let Di;7 be the discriminant of K/F. We have
Fz(k/’ + m)l"z(m + 1)
(Im 9)FF2m (47r)2m+k+1
X [O;é : O;‘]Q : CTI'(X))

1

P (7 F)? = >

% 7TK:®X) 'eZ'p(ﬂ.aX)
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where

2
! — : 1 le h —X
Cn) = Cr(0) - 471V N7 oD/ 7) (W) € Zw)

and CL(x) is defined in (3.27).

PROOF.  We first note that the ratio % is a power of 2, so the constant
— K

Cr(x) is a p-adic unit. By definition, we have
£ (2(a) = @y (t(ay)e) (Im 9) /2 - |N(a) det o[/

By (5.4), we find that

1 ~
N(r,x) - (Img)k/2m Py (m(Vi"ox)-

vol(Ug, d*t)(C12) - P (57£7) =

From the well-known formula

hic/hF
1 _1
|Dkl& |DFlR* - [Of : OF]

2L(1, 7/ 5) = (2m)F Q.

we see that
vol(Ux, dt) :vol(ICXAX\A,é, dt) - Ij(C’L)*1

27ql |DJ-‘|[%1 hic
Dl [0F : 0] F7HC

=21 AL(1, e/ 7) - 4(C1) 7! =

The proposition follows form Theorem 3.14 immediately. ]

5.3. THE FOURIER EXPANSION OF fy . Let u = (u,) € U,. We give an
expression of the Fourier expansion of f7 . Let W, , ¢ be the finite part of
W . By the definition of £, ,,, we have

(5.5)
bou(T.95) = [;W .t ( (ﬂ 1) 95 )Wy 0o ( (ﬂ 1) (ygo xloo)) . ygok/2
— ’u’f((ﬂ 1) gy) B2 Trr/QPT),
BeFy

(T = Too + Woo = (xa + iya)aeE S XJr)

The second equality follows from the choice of Whittaker functions at the
archimedean places (3.6).
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We define the global prime-to-p Fourier coefficient a§f ). (A(fp ))X — C by
(5.6)

A @) =N WY )@= (@) e af)

L ()T ()

1
vEB(X) " TR/ Fo v@B(x),vtp
= JI ag.(a.
veh,vtp

Here a} , are the normalized local Fourier coefficients defined in Definition 3.16.

PROPOSITION 5.3. Let ¢ be a prime-to-p ideal of F and let ¢ € (A,(g)f)X such
that ilz(c) = c. Then the Fourier expansion of £y )
by

at the cusp (Ox,¢) is given

u

f;,u'(O}‘yC) (q) = Z aB(fX*,u’ c)qB’
BE(N~1e)4
where

as(fy . 0) = 8%al (™) [ w8, asmu0x,) ().
weEX,,v|w

In particular, f;ﬁu € My (K7, 0) by Proposition 3.19, and the Fourier expansion

of £5 at the cusp (OF,¢) is given by
filora@= > as(f0)d’,
BEN~1o)4

where

ag(fy, o) = 2l (Be™) T xa(87) - Tox ().

weX)y
Proor. It follows from the definition of W, , that

L Gl S GOl I | L (e

vlp
Bt _
Wif’%(( D I @) asm00,)(8).
we Xy, v|w
The proposition follows from (5.5) immediately. The Fourier expansion of f}

follows from (5.2). O

5.4. p-ADIC L-FUNCTIONS. Now we resume the setting in the introduction.
Let K o be the maximal anticyclotomic ZL}-:Q]-extension of K and let I'™ =
Gal(K,= /K). Let C(I'") = C(I'",Z,) be the space of continuous functions
¢ : I'T = Z,. The reciprocity law recg at X, induces a morphism

recy,: (F®q Qp)~ ~ H KX =5 e,

weX)
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Let %;f“ be the set of critical specializations, consisting of p-adic characters
6: T~ = C,; such that for some m € Zx>o[X],

o~

p(recy, (x)) = 2™ for all z € (OF ® Z,)™ sufficiently close to 1.

Let ¢ be an anticyclotomic Hecke character of p-power conductor and of infinity
type (m, —m) with m € Z>([X]. Then ¢ is unramified outside p and ¢[ox = 1.
The p-adic avatar q? of ¢ belongs to %Icfit. To be precise, let ¢5, := Hwezp Duw-
Then we have

~

(5.7) p(recx, (x)) = ¢z, (x)z™ for every x € (F ®q Qp)”~.

Hereafter, we let A be a Hecke character of K* and assume that Hypothesis A
and (sf) hold for (m, A). Note that Hypothesis A and (sf) also hold for (7, Ag).
We will apply our calculations in §3 to the pair (m, x) = (7, A@).

LEMMA 5.4. Let ¢ be as above. Then
(1) a) =l
(2) Cr(A¢) = CL(N)P(3).

Proor. If v f p is split, we have remarked that Wiorte = Wy Ifvis
inert or ramified, then ¢, = 1 as ¢, is unramified and p > 2. Therefore, we have
W)EZ) ;= W)Ep } Part (1) follows from the definition of a(;;z (5.6) immediately.
Next, recall that we have defined C/(x) for a Hecke character x in (3.27).
Since ¢ is anticyclotomic and unramified outside p, part (2) follows from the

fact [Sch02, Eq.(11)]

5(%7% ® Aww, o) = 5(%,7% @ A, V) 0w (DES) (v =ww, w|§). O

Let Op := O ®z Z, and let I" := recy, (1 + pO,) be an open subgroup of
I'~. Let {0(0)},cx be the Dwork-Katz p-adic differential operators ([Kat78,
Cor. (2.6.25)]) and let 0™ :=J] .5, 0(c)™-.

PROPOSITION 5.5. There exists a unique p-adic distribution Fy . : CT~) —
V(c,K,Zyp) such that
(1) Fx,c is supported in I,
(ii) for every ¢ € %gﬁt of weight (m,—m), we have
Faelp) =015, -

PrROOF.  We denote by Fx ((¢) the p-adic measure with values in the space
of formal g-expansions such that for every ¢ € C(I'™),

Frcl@)p) = > as(fl p(recs, (8)d”.
BE(N—Le)+

Note that ag(f},c) = 0 unless § € O (o)’ and thus F)  has support in I'" by
definition.
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Let (E be the p-adic avatar of a Hecke character ¢ of infinity type (m, —m). By
[Kat78, (2.6.27)] (cf. [HT93, §1.7 p.205]), the g-expansion of £y is given by

0" Eylor0(@) = > as(fl, 0)es, (88",

BE(N—1e)y

Therefore, by Lemma 5.4 and (5.7) we find that

(5.8) Incl@)(@) = 013, ().
By the g-expansion principle, this measure descends to the p-adic measure J) .
with values in the space of p-adic modular forms V (¢, K, Z,). O

We are ready to define the p-adic L-function.

DEFINITION 5.6. For a € Ag, define |[a] € End(C(I'")) by ¢ — ¢|la](0) =
p(oreck(a)|p-). Fix a square root \/Cr(X) € Z; of the constant C(\) and
let A = \- |.|;ka,$/2' We define the p-adic integral distribution L, (7, A) :
C(I'~) — Z, by

(5.9) Ly, (1, ) () =

J— 37 Xa) - (Fay(ella)) (z(a)).

a€Dy
We will still denote by Zs, (m,A) € Z,[I'"] the corresponding power series.

We give the evaluation formula of .Zs (m,\) at critical specializations. Let
(oo, 82p) € (CX)Zx(z;)Z be the complex and p-adic CM periods of (K, X))
introduced in [HT93, (4.4 a,b) p.211] (cf. (2, ¢) in [Kat78, (5.1.46), (5.1.48)))
and let Qx = (27i) " 'Qs. For each Hecke character x of infinity type (m, —m),
we define the algebraic L-value by

Tu(mIs(k+m)  L(57mc©x)
(Im 9)k+2m (47 )k+2m+ 1.5 ' Q2(k+2m) €Q.
K

1
(5.10) Lalg(§,7r,c ®x) =

The algebraicity of this L-value is due to Shimura [Shi78].

THEOREM 5.7. Suppose that Hypothesis A and (sf) hold. Then for each
p-adic character ¢ € %Icfit of weight (m, —m), we have the evaluation formula

~ 2
A s A _
(%) (07 £ O3 e, (. ALY mc @ 00) - 671 3)

Proor. It follows from [Kat78, (2.4.6), (2.6.8), (2.6.33)] that
1 MY 4 1 m
QEm By(e(a) = Q’]?_Qm(sk fXs(x(a)).
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We thus have
1 ~ - ~ 1 ~
gz Lo, @) =0 Y 0@ gt Bo(a(@)
P P

a€D,q
1

Q™ - /Cr(N)

Combined with Proposition 5.2 and Lemma 5.4 (2), the above equation yields
the proposition. O

 Prg (05" £35)-

6. THE p-INVARIANT OF p-ADIC L-FUNCTIONS

In this section, we use the explicit computation of Fourier coefficients of
{f;\‘ u} to study the p-invariant of the p-adic L-function Zx (7, \) by the
) ueld,

approach of Hida [Hid10b].

6.1. THE ¢-EXPANSION OF p-ADIC MODULAR FORMS. We begin with a brief
review of the t-expansion of p-adic modular forms. A functorial point in Ik (c)
can be written as [(4,7)] = [(4,\,, 7", )]. Enlarging W, if necessary, we
let W, be the p-adic ring generated by the values of A on finite ideles over the
Witt ring W (F,). Let myy, be the maximal ideal of W, and fix an isomorphism
Wy /myy, = Fp. Let T := O% @z pt and let T = 0% ®z @m/wp be the formal
completion. Let {&1,...,&:} be a basis of O over Z and let t be the character
1€ O = X*(O% @z G) = Hom(O% ®z Gy, Gy,). Then

Oz S W,[S1,...,84] (Si=t% —1).
Let x := z(1),w, € Ix(c)(W,) be the CM point introduced in §4.6and let

zo = x ®w, Fp = (4y, jo) € Ik (c)(F,) be the reduction. The theory of Serre-
Tate coordinates ([Kat81]) tells us the deformation space S, of zg is isomorphic

to the formal torus 7', and the p*°-level structure jy of Ay induces a canonical
isomorphism ., : Ty = Sy = Spf Ol (e),20 (cf- [Hid10b, (3.15)]). We will

~

regard the character t on T as a function on Sz, Via ¢gz,. Then x is the canonical
lifting of zo, i.e. t(x) = 1. For f € V(¢, K,W,), we define
F(t) = @5, (f) € O = W[ 51, ..., Sl

The formal power series f(t) is called the t-ezpansion around zg of f.

6.2. THE VANISHING OF THE p-INVARIANT. Let 7_ : (A,(é’f]\f))X — I'~ be the
natural map induced by the reciprocity law. Let Z’ = 7~*(I) be a subgroup
of (A,(pr];f))X and let CI”. D CI™® be the image of Z’ in Cl_. Let D} (resp.
DY) be a set of representative of CI_/CI™® (resp. CI_/CI') in (A,(g]}]))x.
Let Dy := DD} be a set of representative of Cl_/CI™%. Recall that U, is
the torsion subgroup of O). Let U be the torsion subgroup of £* and let
Ue = (K*)1=¢NOg be a subgroup of U. We regard U*!# as a subgroup of O,
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by the imbedding induced by X,. Let Dy be a set of representatives of U, /U alg
in U,.

Let ¢ := ¢(Ok) be the polarization ideal of the chosen CM point z(1). The
following theorem reduces the calculation of the p-invariant p_, 5 to the de-
termination of p-adic valuation of the g-expansion of £ , o

THEOREM 6.1. Suppose that p is unramified in F. Then

- = inf vy (ag(fy ,, cla))).
MW,A,Z‘ (a,u)€D1x Do P( ﬂ( A ( )))
BEF+
PROOF. For every pair (u,a) € UpyxDi, we let f;, = f{ | €

Mp(c(a), K,0). Let Fy o be the p-adic avatar of f; ,. Fix a sufficient large
finite extension L over Q, so that x and f; ,|[a] are defined over Of, for all
(u,a), and hence Fy q|[a] € V(¢,Or). For each z € Z’, let (z) be the unique
element in 1 4 pO,, such that recy, ((z)) = 7_(z) € I'". For (a,b) € Dy xDY,

we define
=Y Fualtv ),
u€U)

Ft) = Y Mab~HFullal(tl™ ).
a€ebDy

Let Z%(m, ) be the p-adic measure on 1+pO,, ~ I obtained by the restriction
of Ly, (m,A) to m_(b)I". In other words, for each continuous function ¢ : I —
Zp, we have

LE(n N (p) =L, (N I - 9l[b])
= Y N@)Fx e (@llab™ ) (z(a)).

acbD]

Here the second equality follows from the fact that Fy .,) has support in
IV (Proposition 5.5 (i)). The argument of [Hsil4b, Prop.5.2] shows that
Fb(t) is the power series expansion of the measure £%(w, \) regarded as a
p-adic measure on O, and that

Horao = infuu(.’f"b), where
w(F) :=1inf {r € Qso | p~"F" £ 0 (mod m,) } .
By (5.3) we find that
T ( - ﬁ ualg Z :}'u a a
u€Dg

and hence

) =tU™) - S Nab ) F a0,

(u,a)€Do xbD]
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Proceeding along the same lines in [Hsildb, Thm.5.5|, we deduce the theo-
rem from the above equation by the linear independence of p-adic modular
forms modulo p acted by the automorphisms in DyxDj ([Hid10b, Thm. 3.20,
Cor. 3.21]) and the g-expansion principle for p-adic modular forms. O

THEOREM 6.2. In addition to Hypothesis A and (sf), we suppose that p is
unramified in F and

(aiK)  the residual Galois representation p,(mx) is absolutely irreducible.
Then Prars =0 if and only if

Z Mp(wﬂ",A,’U) =0,

vley
where py(Pr ) are the local invariants defined as in (3.30).

ProoOF. It is not difficult to deduce from the formula of ag(f} ,,c(a)) in
Proposition 5.3 and Proposition 3.19 that

tip (T x,w) > 0 for some vlcy = ag(fy ,, c(a)) = 0 (mod m,) for all a € AT,

and hence i, 5, > 0 by Theorem 6.1.

Conversely, we suppose that p,(¥r ) = 0 for all v|c} . We are going to show
t. 55, = 0 by contradiction. Assume that u_, ;, > 0. By Proposition 5.3

Theorem 6.1, for each a € A%’]}[) we find that
ag(f5 ,,c(a)) = 0(mod my,) for all u € U, and € Fy

— ag\p) (Bc™'N(a™!)) = 0 (mod m,,) for all 8 € O;,(p).
Therefore, as a function on (Agcp ))X7 we have
6.1) a&p) (a) =0 (mod m,) for all
6.1
_ N _
a € 0% e det(UN)N((AEY)) = FXe IN(AL))).

By Proposition 3.19, there exists n = (,) € Hv‘c; F) such that aj ,(n,) #
0 (mod m;,) for each v|cy . We extend 7 to be the idele in AF such that n, = 1

at v { ¢y. Therefore, (6.1) together with the factorization formula of ag\p) (5.6)
imply that for each uniformizer w, at v { pr, we have
(6.2)

a(f) (nwy) =0 (mod m,,) <~ w2( (w” )) = 0 (mod m,,) whenever

1
@, € 17t = Py e IN((A ) %),
On the other hand, by (3.2), we find that

Tr pp () (Froby) = w(w,) " |w,| /2 WS((“” 1>) for all v pn.
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Let recic, 7 : A¢ — Gal(K/F) be the surjection induced by the reciprocity law.
Combined with (6.2), the above equation yields that

Tr pp(7)(Frob,) = 0 (mod m,,) whenever
Frob, |x = recx/r(wy) = rec;c/;(n_lc_l).

This in particular implies that recg,z(n~'c™') must be the complex conju-
gation ¢, and hence we arrive at a contradiction to (aiK) by the following
Lemma 6.3. ]

LEMMA 6.3. Letp > 2 be a prime. Let G be a finite group and H C G be a index
two subgroup. Let p : G < GLo (Fp) be a faithful irreducible representation of
G. Let T="Trp: G — F, be the trace function. Assume that

(1) There exists an order two element c € G — H,
(2) T(he) =0 for all h € H.

Then p|g is reducible.
PRrROOF.  The assumption (2) implies that T(c) = 0, and hence det p(c) = —1.
We may assume that p(c) = <(1) (1)> Suppose that p 1 #(G). By the usual

representation theory of finite groups, we have

1= (T = s 3T - Sy > T = (T, Tl

Since (T|m, T|x) = 2, we conclude that p|g is not irreducible.
Now we assume that p | §(H). For each b € M(F,) with b*> = 0, define the
p-subgroup P, of p(H) by

Py={h € p(H)|h=1+ab for some z € F}.

)? =

Let h € H be an element of p-power order. It is well known that (p(h)—1
= 0, hese

and hence T(h) = 2 and det p(h) = 1. Combined with T(hc)
equations imply that

. 1 1 1 -1
p(h) € Py, or Py, with by = (_1 _1) , by = (1 _1) .

Note that either Py, or Py, is trivial. Indeed, if hy # 1 € P, and ho # 1 € P,.
Then hihe € H and Tr(hihac) # 0, which is a contradiction. In particular,
we conclude that elements of p-power order in H are commutative with each
other and that there is only one p-Sylow subgroup of H, which we denote by
P. 1t is clear that H normalizes P. Since P # {1}, there is a unique line fixed
by p(P), which is an invariant subspace of p(H). We find that p|g is reducible

if p | 4(H). O

REMARK 6.4. The assumption (3) in Theorem B in the introduction implies
the vanishing of p,(¥x x,.) for all v|c) .
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7. NON-VANISHING OF CENTRAL L-VALUES WITH ANTICYCLOTOMIC TWISTS

In this section, we consider the problem of non-vanishing of L-values modulo p
with anticyclotomic twists. Let £ # p be a rational prime and let [ be a prime
of F above £. Let I'| := Gal(K./K) be the Galois group of the maximal
anticyclotomic pro-¢ extension K. in the ray class field of K of conductor [*°.
Let XY be the set consisting of finite order characters ¢ : 'l — pee. Fix a
Hecke character x of infinity type (k/2 + m,—k/2 —m). We assume

(pL,nDy,F) =1.
When p { D, we know the algebraic L-value L*8(1, mc ® x¢) € Z, in (5.10) in

view of Theorem 5.7. Recall that m, is the maximal ideal of Zp. This section
is devoted to proving the following result:

THEOREM 7.1. With the same assumptions in Theorem 6.2, we further assume
that

(1) (plyneyDicyr) = 1.
(2) pp(Un x0) = 0 for all v|cs .
Then for almost all ¢ € %,0 we have

L3 i © x0) 2 0 (mod m,).

Here almost all means "except for finitely many ¢ € X%" if dimq, Fy = 1 and
"for ¢ in a Zariski dense subset of X" if dimq, Fy > 1 (See |Hid04a, p.737]).

When F = Q, an imprimitive version of the above result under different as-
sumptions is treated in [Brallb].

7.1. After introducing some notation, we outline the approach of Hida [Hid04a)]
to study this problem. We shall take v = ¢,nDy /7l to be the fixed ideal in
§3.4. For every n € Z>g, let Rin := Ox 4+ ["Ox be the order in K of conductor
[". Let Upn = (K ©q R)* (R, ©z Z)* and let Cly, := KX A*\AX /U be the
anticyclotomic ideal class group of conductor [". Denote by [], : Ag — Clp,
the quotient map. Let Cl., = mn Cl,.. Let I; be the [-adic Iwahori subgroup

b
{gz(z d)EK‘O|CEw;D}‘,}.

Let Ko(I) := K'Ic = {g€ K |gi € I;} be an open compact subgroup of
GL2(Ay). Recall that the Ui-operator on My (Ky([), C) is given by

wr udzt
Flutan = 3 o (5T

’IJ,EO]:/(O]:

of K! given by

Iy

We briefly outline the approach of Hida to prove Theorem 7.1 as follows:

(1) Construct a suitable p-adic modular form ?;; which is an eigenfunction
of Ur-operator with p-adic unit eigenvalue.
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(2) Consider Hida’s measure <p;f< on Cl . attached to ?;2 (7.1) and show
the evaluation formula of this measure is related to central values
Lalg(%, 7k ® x$) (Proposition 7.3).

(3) The Zariski density of CM points in Hilbert modular varieties modulo p
reduces the proof of Theorem 7.1 to the non-vanishing of certain Fourier
coefficients of ?;; at some cusp ([Hid04a, Thm. 3.2 and Thm. 3.3]).

We remind, as the reader will note, that the proof is very close to Theorem 5.7
and Theorem 6.2. The essential new inputs in this section are the choice of
Ui-eigenforms and the computation of local period integral at [.

7.2. CM POINTS OF CONDUCTOR [". Let n € Zso. We choose ") € Gy as
follows. If [ = £& splits in I, writing ¢ = Ygeg +Vgee (so dr, =0 — Vg isa
generator of Dr, ), we put

) de -1\ (@]
t 1 0 1/

If [ is inert, then we put

n (0 1 @
=00 ()

Let ¢(™) := gl(") [ 1,1 Sv- According to this choice of g,("), we have

W x (ZL ®z2) = qo(Rin).
Define z,, : Ag — XTxG(Ay) by
xn(a) == (ﬂg,df(}n)).

This collection {xn(a)}aeAé of points is called CM points of conductor [". As

discussed in §4.6, {xn(a))}ae(A(p) )% descend to CM points in Ix(W,).
K.f

7.3. THE MEASURES ASSOCIATED TO U-EIGENFORMS. We construct the Uj-
eigenform f;; as follows. Write m; = 7(ur,vr). Define the local Whittaker

function VV;f € W(m, 1) by
. —1
Wi (g) = WP(g) — il (OWP(g <w‘ 1))'

It is not difficult to verify that
° I/V;f is invariant by Iy,

() = vl Palton, )

_1
. W[T is an U-eigenfunction with the eigenvalue vi(cwoy) || 2.
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Define the normalized global Whittaker function W; by

Wi = N et o [0 T Wi, - TT Wae - W,
occy vEh,v#l
where N (7, x) is the normalization factor in (3.28). Let ¢! be the automorphic
form associated to W; asin (3.24) and let f; be the associated Hilbert modular
form as in Definition 5.1.
The following lemma follows from the choice of our Whittaker function W; and
the construction of f;.

LEMMA 7.2. Recall that R is the group generated by K5 for all ramified places
vin Ag. We have

(1) £ is toric of character x outside [, and
£l (1)) = £ (on ()52 @) Jor all o € R~ (R @2 2).
(2) fl¢ = f; for every ¢ € XY.

PROOF.  Part (1) follows immediately from the fact that W} is a toric Whit-
taker function outside [ in view of Lemma 3.2. In addition, for every ¢ € X?,

¢ is anticyclotomic and unramified outside [. We thus have W; = W; > which
verifies part (2) (c¢f. Lemma 5.4).

Following [Hid04a, (3.9)], we define a p-adic Z,-valued measure ol on Clp
attached to the p-adic avatar ?;; of f;g as follows. For a locally constant function
¢:Clies — Zp factoring through CIi,, we define

@y [ el —arm Y o E )Rl
Clioe _
laln€Cl
—kme _
where oy = vi(w() ||~ 2 and X is the p-adic avatar of X|-|Ak)€’”/2. One
checks that the right hand side does not depend on the choice of n since f;& is
an Ur-eigenform with the eigenvalue «.
Let ¢ € X? be a character of conductor [". We view ¢ as a character on
Cl,,. by the reciprocity law. Following the arguments in Proposition 5.2 and

Theorem 5.7, we can write the measure as a toric period integral of \N/_;”go;f( &

Qk+2m
i S / ¢d¢;r<
-

Q];+2m
(5=
—n — 1 n)\{,m
(72) = VOI(U[n,dt) 1W . PX¢(7T(§( ))V+ QOI()
1 1 a " () rm t
=vol(Ug, dt) Py (m(S)VI0L 4)-

(Imﬁ)k/Qer . L(laTle/]"t) |w‘|n
Here we used the fact that
vol(Upn, dt) = vol(Uk, dt) - L(1, 7,/ 7,) |w|™ .
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We have the following evaluation formula.

PROPOSITION 7.3. Suppose that (I,cynDx,r) = 1. For ¢ € XV of conductor I"
with n > 1, we have

2
! =" o L o g
<Q§+2m~ L qsdsaL) = o 0% O3 L8(5, me ©39)- Ca (09(8).

[

PrOOF. In view of (7.2), it remains to compute P, (ﬂ(g(”))vfgol¢)2, which
can be written as a product of local toric period integrals as in the proof of
Theorem 3.14. We have computed these local period integrals in §3.7 and §3.8
except for the local integral at [, which will be carried out in the following

Lemma 7.4. The desired formula is obtained by combining these calculations.
O

LEMMA 7.4. Suppose that x| is unramified and ¢ € %[0 has conductor ", n > 1.
Then

1
P(a("" YW/, x0) = Dk |, - wilwi) [wi| LA, 7k /7).
PrROOF. Write F' = Fi (resp. F =K;) and @w = w,. For t € E, we put
L) = () ()™,

First we suppose [ is split. A direct computation shows that

L(n)(t): 1 wind;ﬂl te 1 7w7nd;ﬂ1 :
¢ 0 1 0 t5)\0 1

n)y— n 1 0
rag = (L 0).

wdp
By the definition of W[T, we find that
w(det §[(n)>P(7T(§[(n)>W[T, X®)
:/ Y(—dptw ") pe(z)d*x - / Y(dp'w "a)pg ' (a)d a
ox Or

=£(1,¢5 ", ¥)pe(—1)e(1, de, ¥) - Cp(1)?
= |w"DF| L(l, TE/F)2'

This proves the formula in the split case. Now we suppose that [ is inert. We
shall retain the notation in §3.8. Define m' : G| — C by

m' (9) = b[(ﬂ(g)WrTa WKT)-

Then mT(g) only depends on the double coset I;gI;. Put

Y= mf () )
pro= [ i et
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It is clear that
L(1,7p/p)w(det g[(n))
Cr(1)
For y € @"OF, it is easy to verify that Lgn)(l +y0) € I, if r > n and

(7.3) P(n(" YW/, x¢) = P*-

n—r -1
Lgn)(l—l—y@)elrw (w wT_n) Lifo<r<n (w= (do CéF ))
F

If x € wOF, then
Lgn) (x +0) € II'w <wn w") Ir.
Note that n = ¢((¢) = c((x¢) asin (3.1). Combined with the above observations
and Lemma 3.7, a direct computation shows that
P Xl ()4 ()l (L)
—bp - a((T_pwewh-x,

= ( p(w) v(w) -] ()
1—|w| 11— (@) @) — ()

1
==

The formula in the inert case follows from (7.3) immediately. O

: |DF|§ Xn

1
L(1,7g/r) =" |DE|E -

7.4. PROOF OF THEOREM 7.1. We prove Theorem 7.1 in this subsection. By
the evaluation formula Proposition 7.3, it boils down to proving that

(7.4) /Cr qﬁd(p;f( # 0 (mod m,,) for almost all ¢ € X{.

By [Hid04a, Thm. 3.2, 3.3] together with the toric property of f;& Lemma 7.2
(cf. [Hsil2, Lemma 6.1 and Remark 6.2]), the validity of (7.4) is reduced to
verifying the following condition:

(H')  For every u € O, and a positive integer r, there exist 3 € O ) and
a € (A,(gfj\c[))X such that 8 = u (mod [") and
aB(f;, ¢(a)) # 0 (mod my,).

The verification of (H') under the assumptions (aiK) and pp(¥r y,0) = 0 for
all v[c; follows from the same argument in Theorem 6.2. Note that for a

polarization ideal ¢(a) (¢ = ¢(Ok), a € (Ag[})X) and a totally positive 8 €
O% (»y NOF,, we have (¢(a), pl) = 1 and

ag(fl, c(a)) = 6 [] a},, (B, 'N(a, ™)) - Vrl'li, (8)  (ilr(c) = ¢).

vipl
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Let u € Oz, and let n* = (n;) be the idele in A* such that aj ,(n;) #
0 (mod m;,) for all v[c, i = uw and 5 = 1 for all v { lc}. To verify (H'),
we simply proceed the Galois argument in Theorem 6.2, replacing n in by n*
therein. This completes the proof of Theorem 7.1.
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