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Abstract. For a complete valuation fieldk and a topological spaceX, we
prove the universality of the underlying topological spaceof the Berkovich
spectrum of the Banachk-algebra Cbd(X, k) of bounded continuousk-valued
functions onX. This result yields three applications: a partial solutionto
an analogue of Kaplansky conjecture for the automatic continuity problem
over a local field, comparison of two ground field extensions of Cbd(X, k),
and non-Archimedean Gel’fand theory.

2010 Mathematics Subject Classification: 11S80, 18B30, 46S10
Keywords and Phrases: Berkovich spectrum, Stone space, Banaschewski
compactification, non-Archimedean Gel’fand–Naimark theorem, non-
Archimedean Gel’fand theory, non-Archimedean Kaplansky conjecture

Contents

0 Introduction 770

1 Preliminaries 772

1.1 Berkovich Spectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . 772
1.2 Stone Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 772
1.3 Universality of the Stone Space . . . . . . . . . . . . . . . . . . . . .773

2 Main Result 777

2.1 Statement of the Main Theorem . . . . . . . . . . . . . . . . . . . . 777
2.2 Maximality of a Closed Prime Ideal . . . . . . . . . . . . . . . . . . 779
2.3 Proof of the Main Theorem . . . . . . . . . . . . . . . . . . . . . . . 779

3 Related Results 785

3.1 Another Construction . . . . . . . . . . . . . . . . . . . . . . . . . . 785
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0 Introduction

A non-Archimedean analytic space plays an important role invarious studies in mod-
ern number theory. There are several ways to formulate a non-Archimedean analytic
space, and one of them is given by Berkovich in [Ber1] and [Ber2]. Berkovich intro-
duced the spectrumMk(A ) of a Banach algebraA over a complete valuation field
k. The spaceMk(A ) is to a Banach algebraA what Spec(A) is to a ringA. We note
thatMk(A ) is called the Berkovich spectrum in modern number theory, but the same
notion is originally defined by Bernard Guennebaud in [Gue].The class of Banach
algebras topologically of finite type over a complete valuation field is significant in
analytic geometry, just as the class of algebras of finite type over a field is significant
in algebraic geometry. A Banach algebra topologically of finite type is called an affi-
noid algebra, and the Berkovich spectrum of an affinoid algebra is called an affinoid
space. The spaceMk(A ) is a compact HausdorffG-topological space. For the notion
of G-topology, see [BGR]. Berkovich formulated an analyticspace by gluing affinoid
spaces with respect to a certain G-topology, just as Grothendieck did a scheme by
gluing affine schemes with respect to the Zariski topology. We remark that an affinoid
space is studied well, while few properties are known for theBerkovich spectrum of a
general Banach algebra.
Throughout this paper,X andk denote a topological space and a complete valuation
field respectively. Here avaluation fieldmeans a field endowed with a valuation of
height at most 1, and we allow the case where the valuation is trivial. We study the un-
derlying topological space of the Berkovich spectrum BSCk(X) of the Banach algebra
Cbd(X, k) of bounded continuousk-valued functions onX. In Theorem 2.1, we prove
that BSCk(X) is naturally homeomorphic to the Stone space UF(X) associated toX,
where UF(X) is a topological space underX (Definition 1.1) constructed using the set
of ultrafilters of a Boolean algebra associated toX. This homeomorphism is signifi-
cant because UF(X) is an initial object in the category of totally disconnected compact
Hausdorff spaces underX (Definition 1.2). As a consequence, BSCk(X) satisfies the
same universality, and hence is independent ofk. We note that Banaschewski proved
the existence of such an initial object only for zero-dimensional spaces in [Ban] Satz
2, while we deal with a general topological space in this paper. We also remark that
many of our results are verified by Alain Escassut and NicolasMaı̈netti in [EM1] and
[EM2] under the assumption thatX is metrisable by an ultrametric. Therefore our
results are generalisations of some of their results.
We have three applications of Theorem 2.1, which connects non-Archimedean analy-
sis and general topology.
First, Cbd(X, k) satisfies the weak version of the automatic continuity theorem if k
is a local field (Theorem 4.6). Namely, for a Banachk-algebraA , every injective
k-algebra homomorphismϕ : Cbd(X, k) →֒ A with closed image is continuous. In
particular, it gives a criterion for the continuity of a faithful linear representation of
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Cbd(X, k) on a Banach space.
Second, for an extensionK/k of complete valuation fields, the ground field ex-
tension BSCK(X) → BSCk(X) induced by the inclusion Cbd(X, k) →֒ Cbd(X,K)
is a homeomorphism (Proposition 4.9). There is another ground field extension
K⊗̂kCbd(X, k) → Cbd(X,K) given by the universality of the complete tensor prod-
uct ⊗̂k in the category of Banachk-algebras. We will see the difference of those two
in Theorem 4.12.
Finally, we show that the natural continuous mapX → UF(X) is a homeomor-
phism onto the image if and only ifX is zero-dimensional and Hausdorff (Lemma
4.13). We establish Gel’fand theory for totally disconnected compact Hausdorff
spaces in this case (Theorem 4.19) using a non-Archimedean generalisation of Stone–
Weierstrass theorem ([Ber1] 9.2.5. Theorem). Here, Gel’fand theory means a natural
contravariant-functorial one-to-one correspondence between the collectionC (X) of
equivalence classes of totally disconnected compact Hausdorff spaces which contain
X as a dense subspace and the setC ′(X) of closedk-subalgebras of Cbd(X, k) separat-
ing points ofX.
We remark that the Berkovich spectrum of a Banach algebra is analogous to the
Gel’fand transform of a commutativeC∗-algebra. We study Berkovich spectra in
this paper expecting that many facts for Gel’fand transforms also hold for Berkovich
spectra. For example, it is well-known that an initial object in the category of com-
pact Hausdorff spaces underX exists and is constructed as the Gel’fand transform
MC(Cbd(X,C)) of the commutativeC∗-algebra Cbd(X,C) of bounded continuousC-
valued functions onX. Therefore our result for the universality of BSCk(X) is a direct
analogue of this fact. We recall another construction of an initial object in the cat-
egory of compact Hausdorff spaces underX. The Stone–̌Cech compactificationβX
of X is constructed as a closed subspace of a direct product of copies of the closed
unit discC◦ ⊂ C, and it admits a canonical continuous mapX → βX such that every
bounded continuousC-valued function onX uniquely extends to a continuous func-
tion on βX. This extension property guarantees thatβX is also an initial object in
the category of compact Hausdorff spaces underX. One sometimes assumes thatX
is a completely regular Hausdorff space in the definition ofβX so thatX → βX is a
homeomorphism onto the image, but we do not because we allow compactifications
of X whose structure morphism is not injective. Imitating the construction ofβX, we
construct a compactification SCk(X) of X as a closed subspace of a direct product of
copies of the closed unit disck◦ ⊂ k. We also compare BSCk(X) and SCk(X), and
prove that they are naturally homeomorphic to each other under X whenk is a local
field or a finite field.
In §1.1, we recall the definition of Berkovich spectra. In§1.2, we recall the Stone
space UF(X) associated toX. In §1.3, we show the universality of UF(X).
In §2.1, we state the main theorem (Theorem 2.1). In order to verify it,
we construct two set-theoretical maps supp: BSCk(X) → Spec(Cbd(X, k)) and
Ch• : Spec(Cbd(X, k)) → UF(X). We show that the composite Chsupp ≔ Ch• ◦
supp: BSCk(X) → UF(X) is a homeomorphism. Its proof is not straightforward,
and is completed in the following two subsections. In§2.2, we show that every closed
prime ideal of Cbd(X, k) is maximal. In§2.3, we verify that the image of supp coin-
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cides with the subset of closed prime ideals, and we prove that the restriction of Ch• on
the image of supp is bijective. After that, we verify that Chsupp is a homeomorphism,
and this completes the proof of Theorem 2.1.
In §3.1, we compare BSCk(X) and SCk(X) in the case wherek is a local field or a
finite field. In §3.2, we observe a connection between BSCQp(X) andβX. We show
that BSCQp(X) is homeomorphic toβX for specialX’s.
In §4, we deal with the three applications of Theorem 2.1 mentioned above.

1 Preliminaries

In this section, we recall the definition of the Berkovich spectrumMk(A ) of a Banach
algebraA , and the Stone space UF(X) associated toX. For more details, see [Ber1]
and [Ber2] for Berkovich spectra, and see [Ban], [Joh], [Sto2], and [Sto3] for Stone
spaces.

1.1 Berkovich Spectra

A Banach k-algebrameans a pair (A , ‖ · ‖) of a unital associative commutativek-
algebraA and a complete submultiplicative non-Archimedean norm‖ · ‖ : A →

[0,∞). We often writeA instead of (A , ‖ · ‖) for short. Let (A , ‖ · ‖) be a Banach
k-algebra. SinceA is unital, it admits a canonical ring homomorphismk → A , and
we also denote bya ∈ A the image ofa ∈ k. A mapx: A → [0,∞) is said to be a
bounded multiplicative seminormof (A , ‖ · ‖) if the following conditions hold:

(i) x( f − g) ≤ max{x( f ), x(g)} for any f , g ∈ A .

(ii) x( f g) = x( f )x(g) for any f , g ∈ A .

(iii) x( f ) ≤ ‖ f ‖ for any f ∈ A .

(iv) x(a) = |a| for anya ∈ k.

We denote byMk(A ) =Mk(A , ‖ · ‖) the set of bounded multiplicative seminorms of
(A , ‖ · ‖) endowed with the weakest topology for which for anyf ∈ A , the map

f ∗ : Mk(A ) → [0,∞)

x 7→ x( f )

is continuous. We callMk(A ) the Berkovich spectrum of (A , ‖ · ‖). By [Ber1] 1.2.1.
Theorem,Mk(A ) is a compact Hausdorff space, and is non-empty if and only ifA ,

0.

1.2 Stone Spaces

A U ⊂ X is said to beclopenif it is closed and open. We denote by CO(X) ⊂ 2X

the set of clopen subsets ofX. A topological spaceX is said to bezero-dimensional
if CO(X) forms an open basis ofX. The space CO(X) possesses much information
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about the topology ofX whenX is zero-dimensional. The most elementary example
of a zero-dimensional space is the underlying topological space ofk. For eachc ∈ k
andǫ > 0, the subsets ofk of the forms{c′ ∈ k | |c′ − c| < ǫ}, {c′ ∈ k | |c′ − c| ≤ ǫ},
{c′ ∈ k | |c′ − c| > ǫ}, and{c′ ∈ k | |c′ − c| ≥ ǫ} are clopen.
The set CO(X) is a Boolean algebra with respect to∨, ∧, ¬, and⊥ given by setting
U∨V ≔ U∪V, U∧V ≔ U∩V,¬U ≔ X\U, and⊥≔ ∅ respectively forU,V ∈ CO(X).
We recall the notion of an ultrafilter of a Boolean algebra. For readers who are not
familiar with Boolean algebras and filters, [Joh] and [Sto3]might be helpful. For a
Boolean algebra (A,∨,∧,¬), anF ⊂ A is said to be afilter of (A,∨,∧,¬) if it satisfies
the following:

(i) ¬ ⊥∈ F .

(ii) a∧ b ∈ F for anya, b ∈ F .

(iii) a∨ b ∈ F for anya ∈ A andb ∈ F .

A filter F of (A,∨,∧,¬) is said to be anultrafilter if F ( A and if for any filterF ′

of (A,∨,∧,¬), F ⊂ F ′ ( A impliesF = F ′. It is equivalent to the condition that
⊥< F and eithera ∈ F or ⊥ a ∈ F holds for anya ∈ A. For eachS ⊂ A, the
smallest filterF of (A,∨,∧,¬) containingS exists. ThenF is a proper subset ofA if
and only ifa1 ∧ · · · ∧ an ,⊥ for anyn ∈ N\{0} and (a1, . . . , an) ∈ An. For any filterF
of (A,∨,∧,¬) with F ( A, there exists an ultrafilterF ′ of (A,∨,∧,¬) containingF
by Boolean prime ideal theorem. The set of ultrafilters of (A,∨,∧,¬) is endowed with
the topology described in the following way: Its subsetU is open if and only if for
anyF ∈ U , there is ana ∈ F such thatG ∈ U for any ultrafilterG of (A,∨,∧,¬)
containinga. Applying this construction to CO(X), we denote by UF(X) the resulting
topological space, and we call it theStone spaceassociated toX. For example, the
subset

F (x) ≔ {U ∈ CO(X) | x ∈ U} ⊂ CO(X)

is an ultrafilter of (CO(X),∨,∧,¬) for any x ∈ X, and we call such an ultrafilter a
principal ultrafilter.

1.3 Universality of the Stone Space

We denote by C(X,Y) the set of continuous mapsf : X → Y for topological spaces
X andY, and by Top the category of topological spaces and continuous maps. We
also deal with the full subcategory TDCHTop⊂ Top of totally disconnected compact
Hausdorff spaces.

Definition 1.1. For a categoryC , a full subcategoryC ′ ⊂ C , and anA ∈ ob(C ),
a C ′-object under Ais a pair (B, f ) of a B ∈ ob(C ′) and anf ∈ HomC (A, B). Here
we regardB as an object ofC through the inclusionC ′ →֒ C . We call f the structure
morphism of (B, f ) or simply of B. We denote byA/C ′ the category ofC ′-objects
underA and morphisms compatible with the structure morphisms.
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In the caseC = ob(Top), for anX ∈ ob(Top) and a (Y, f ) ∈ ob(X/C ′), we call f the
structure map ofY. We often abbreviate (Y, f ) to Y.

Definition 1.2. For a categoryC , an objectI of C is said to beinitial if HomC (I ,A)
consists of one morphism for anyA ∈ ob(C ).

An initial object is unique up to a unique isomorphism if it exists. For example, for
a categoryC , a full subcategoryC ′ ⊂ C , and anA ∈ ob(C ), a (B, ι) ∈ ob(A/C ′) is
initial if and only if the map

HomC (A,C) → HomC ′ (B,C)

f 7→ f ◦ ι

is bijective for anyC ∈ ob(C ′). In other words,B is an initialC ′-object underA with
respect toι if and only if for anyC ∈ ob(C ′) and anyg: A→ C, there exists a unique
g̃: B→ C such thatg = g̃ ◦ ι.

Theorem 1.3. The correspondence X UF(X) gives a functorUF: Top →
TDCHTopwhich is the left adjoint functor of the inclusionTDCHTop →֒ Top.

We remark that [BJ] Proposition 5.7.12 and the universalityof the Stone–̌Cech com-
pactification imply Theorem 1.3. We will prove Theorem 1.3 inan explicit way at the
end of this subsection. For the proof, we prepare several lemmas and a proposition.
We note that for a categoryC and a full subcategoryC ′ ⊂ C , a functorJ : C → C ′

is a left adjoint functor of the inclusionI : C ′ →֒ C if and only if there is a natural
transformι : idC → I ◦ J such that the induced map

HomC ′ (J(A), B) → HomC (A, I (B))

f 7→ f ◦ ιA

is bijective for anyA ∈ ob(C ) andB ∈ ob(C ′). This is equivalent to the condition
thatJ(A) is initial in A/C ′ with respect to the adjunctionιA : A→ I (J(A)) = J(A) for
anyA ∈ ob(C ). In order to give a proof of Theorem 1.3, we show several fundamen-
tal properties of the Stone Space. We remark that this gives an alternative proof of
Theorem 3.13 in [Tar].
An x ∈ X is said to be acluster pointof an F ∈ UF(X) if F contains all clopen
neighbourhood ofx. Eachx ∈ X is a cluster point of the principal ultrafilterF (x) ∈
UF(X). Unlike a set-theoretical ultrafilter, the existence of a cluster point gives a strict
restriction to an ultrafilter as is shown in the following lemma. An ultrafilter consists
of open subsets, and hence carries more information on the topology ofX than a set-
theoretical ultrafilter does.

Lemma 1.4. If an F ∈ UF(X) has a cluster point, thenF is a principal ultrafilter.

Proof. Let x ∈ X be a cluster point ofF . ThenF contains the principal ultrafilter
F (x), and hence coincides withF (x) by the maximality of an ultrafilter. �

For a non-empty familyF of sets, we set
⋂

F ≔
⋂

U∈F U. We give an explicit
description of the set of cluster points of a filter.
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Lemma 1.5. The set of cluster points of anF ∈ UF(X) coincides with
⋂

F .

Proof. For a cluster pointx ∈ X of F , one hasx ∈
⋂

F (x) =
⋂

F by Lemma 1.4.
For anx ∈

⋂

F , assume that there is aU ∈ CO(X) such thatx ∈ U < F . Then one
obtainsX\U ∈ F , and it contradicts the conditionx ∈

⋂

F . Thusx is a cluster point
of F . �

Lemma 1.6. If X is a discrete infinite set, thenUF(X) contains a non-principal ul-
trafilter.

Proof. The cardinality of the set of principal ultrafilters is at most #X, while #UF(X)
coincides with 22

#X
in the case whereX is a discrete infinite set by [Eng] 3.6.11. The-

orem. �

Proposition 1.7. Suppose that X is zero-dimensional.

(i) X is compact if and only if every ultrafilter has at least one cluster point.

(ii) X is Hausdorff if and only if every ultrafilter has at most one cluster point.

(iii) X is a totally disconnected compact Hausdorff space if and only if every ultra-
filter has precisely one cluster point.

The assertion is an analogue of the classical result for set-theoretic ultrafilters, and
the following proof imitates the proof of it. For the classical result, see [Eng] 1.6.11.
Proposition and 3.1.24. Theorem.

Proof. WhenX is zero-dimensional,X is Hausdorff if and only if X is totally discon-
nected, and therefore the criteria (i) and (ii) immediatelyimply the criterion (iii).
If X is compact, an ultrafilter has a cluster point because the intersection

⋂

F is
non-empty by the finite-intersection property of a compact space. On the other hand,
suppose that every ultrafilter has at least one cluster point. Assume thatX is not
compact. SinceX is zero-dimensional, there is a clopen coveringU of X which has no
finite subcovering. The setV ≔ {U ∈ CO(X) | X\U ∈ U } of complements satisfies
⋂

V = ∅ and any finite intersection of clopen subsets inV is non-empty. Therefore
there is anF ∈ UF(X) containingV . One has

⋂

F ⊂
⋂

V = ∅, which contradicts
the assumption that every ultrafilter has at least one cluster point by Lemma 1.5. Thus
X is compact.
If X is Hausdorff, then the continuous mapF (·) : X → UF(X) is injective because
X is zero-dimensional. Suppose that every ultrafilter has at most one cluster point.
Assume thatX is not Hausdorff. There are two distinct pointsx, y ∈ X such that any
clopen neighbourhoods ofx andy have non-empty intersection. In other words, one
hasU∩V , ∅ for any (U,V) ∈ F (x)×F (y). Take a clopen neighbourhoodU ∈ F (x)
of x. By the argument above, one hasX\U < F (y), and henceU ∈ F (y). It implies
F (x) ⊂ F (y), and thereforeF (x) = F (y) by the maximality of an ultrafilter. Bothx
andy are two distinct cluster points ofF (x) = F (y), and it contradicts the assumption
that every ultrafilter has at most one cluster point. ThusX is Hausdorff. �

As a consequence, for a zero-dimensional spaceX, one obtains the following criteria.
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(i)′ The spaceX is compact if and only ifF (·) is surjective.

(ii) ′ The spaceX is Hausdorff if and only if F (·) is injective.

(iii) ′ The spaceX is a totally disconnected compact Hausdorff space if and only if
F (·) is bijective.

We remark that the bijectivity ofF (·) in (iii) ′ can be replaced by the condition that
F (·) is a homeomorphism by the following three lemmas.

Lemma 1.8. TheF (·) : X→ UF(X) is continuous and its image is dense.

Proof. For aU ∈ CO(X), the pre-image of the open subset{F ∈ UF(X) | U ∈ F }

is U ⊂ X itself. ThereforeF (·) is continuous. LetF ⊂ CO(X) be an ultrafilter, and
U ⊂ UF(X) an open neighbourhoodofF . By the definition of the topology of UF(X),
there is aU ∈ CO(X) such thatU ∈ F andV ≔ {F ′ ∈ UF(X) | U ∈ F ′} ⊂ U .
ThenU , ∅ because∅ < F , and henceF (U) , ∅. SinceF (U) ⊂ F (X) ∩ V ap ⊂
F (X) ∩U , one concludesF (X) ∩U , ∅. �

Lemma 1.9. The spaceUF(X) is a totally disconnected compact Hausdorff space.

This assertion is contained in the general fact of the Stone space in [Sto2] Theorem
IV2, but we give a proof for reader’s convenience.

Proof. For aU ∈ CO(X), one has

UF(X) = {F ∈ UF(X) | U ∈ F } ⊔ {F ∈ UF(X) | X\U ∈ F } ,

and hence CO(UF(X)) forms an open basis of UF(X). Therefore by Proposition 1.7
and Lemma 1.8, it suffices to show that UF(X) is compact and Hausdorff, because a
continuous map from a compact space to a Hausdorff space is a closed map.
For F ,G ∈ UF(X) with F , G , take aU ∈ CO(X) contained in precisely one
of them. Then the complementX\U is contained in the other one. Therefore the
partition

UF(X) = {F ∈ UF(X) | U ∈ F } ⊔ {F ∈ UF(X) | X\U ∈ F }

by clopen subsets of UF(X) separatesF andG . Thus UF(X) is Hausdorff.
Assume that UF(X) is not compact. There is a clopen coveringU of UF(X) which
has no finite subcovering. In particular, the subset

V ≔ {U ∈ CO(UF(X)) | UF(X)\U ∈ U }

satisfies
⋂

V = ∅ and any finite intersection of clopen subsets belonging toV is
non-empty. Since the mapF (·) is continuous, the inverse image

F (·)∗V ≔
{

F (·)−1(V)
∣

∣

∣ V ∈ V
}

is a non-empty subset of CO(X) satisfying that
⋂

F (·)∗V = ∅ and any finite inter-
section of clopen subsets belonging toF (·)∗V is non-empty. Therefore there is an
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F ∈ UF(X) containingF (·)∗V by the facts recalled in§1.2. SinceU covers UF(X),
there is aU ∈ U containingF . The pre-imageV ∈ F (·)∗V of the complement
UF(X)\U ∈ V is contained inF becauseF (·)∗V ⊂ F . By the definition of the
topology of UF(X), there is aW ∈ F such thatW ∈ G implies G ∈ U for any
G ∈ UF(X). In particular, for anyx ∈ W, W ⊂ F (x) and henceF (x) ∈ U. There-
fore one obtainsW ⊂ F (·)−1(U). SinceV,W ∈ F , one hasV ∩W ∈ F and hence
V∩W , ∅. Take anx ∈ V∩W ⊂ X. SinceV = F (·)−1(UF(X)\U), one hasF (x) < U,
which contradicts the conditionx ∈W ⊂ F (·)−1(U). Thus UF(X) is compact. �

Lemma 1.10. If X is a totally disconnect compact Hausdorff space, thenF (·) : X→
UF(X) is a homeomorphism.

In particular,F (·) : UF(X) → UF(UF(X)) is a homeomorphism without the assump-
tion onX by Lemma 1.9.

Proof. The assertion immediately follows from Proposition 1.7 (iii), Lemma 1.8, and
Lemma 1.9, because every continuous map between compact Hausdorff spaces is
closed. �

Proof of Theorem 1.3.By Lemma 1.8 and Lemma 1.9, (UF(X),F (·)) is an object of
X/TDCHTop. LetY,Z ∈ Top andf ∈ C(Y,Z). For anF ∈ UF(Y), the subset

UF( f )∗F ≔
{

U ∈ CO(Y)
∣

∣

∣ ϕ−1(U) ∈ F
}

.

is an ultrafilter of CO(Z). The map UF(f )∗ : UF(Y) → UF(Z) is continuous by the
definition of the topologies of UF(Y) and UF(Z). The correspondencesY  UF(Y)
and f  UF( f )∗ gives a functor UF: Top→ TDCHTop. Therefore it suffices to show
that (UF(X),F (·)) is an initial object ofX/TDCHTop.
Let (Y, ϕ) be an object ofX/TDCHTop. Since the image ofX is dense in UF(X) by
Lemma 1.8 andY is Hausdorff, a continuous extension UF(ϕ) : UF(X)→ Y is unique
if it exists. The diagram

X
ϕ

−−−−−−→ Y

F (·)











y











y

F (·)

UF(X)
UF(ϕ)∗
−−−−−−→ UF(Y)

commutes by the definitions ofF (·) and UF(ϕ)∗, and the right vertical map is a
homeomorphism by Lemma 1.10. Therefore one obtains a continuous extension
F (·)−1 ◦UF(ϕ)∗ : UF(X)→ Y of ϕ. �

2 Main Result

2.1 Statement of the Main Theorem

We denote by Cbd(X, k) the Banachk-algebra of bounded continuousk-valued func-
tions onX endowed with the supremum norm. We put BSCk(X) ≔ Mk(Cbd(X, k)).
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Let ιk denote the evaluation map

ιk : X → BSCk(X)

x 7→ (ιk(x) : f 7→ | f (x)|) ,

which is continuous by the definition of the topology of BSCk(X).

Theorem 2.1. There is a natural homeomorphismBSCk(X) � UF(X) compatible
with ιk andF (·).

In other words, there is a natural transformΦ : BSCk → UF such thatΦ(Y) lies in
HomY/TDCHTop((BSC(Y), ιk), (UF(Y),F (·))) for any topological spaceY. In particular,
it gives an isomorphism (BSC(X), ιk) � (UF(X),F (·)) in X/TDCHTop, and hence
(BSC(X), ιk) satisfies the same universality as (UF(X),F (·)) does.

Corollary 2.2. The spaceBSCk(X) is initial in X/TDCHTopwith respect toιk.

Corollary 2.3. The functor

BSCk : Top → TDCHTop

X  BSCk(X)

is a left adjoint functor of the inclusion of the full subcategory.

Corollary 2.4. The image ofιk : X→ BSCk(X) is dense.

In order to prove Theorem 2.1, we introduce two set-theoretical maps supp and Ch•.
For anx ∈ BSCk(X), its support supp(x) ≔ { f ∈ Cbd(X, k) | x( f ) = 0} is a closed
prime ideal. We call the map

supp: BSCk(X) → Spec(Cbd(X, k))

x 7→ supp(x)

the support map. For anm ∈ Spec(Cbd(X, k)), the family Chm ≔ {U ∈ CO(X) |
1U < m} is an ultrafilter, where 1U : X → k denotes the characteristic function of
U ∈ CO(X). Indeed, Chm is stable under∪ becausem is an ideal, and is stable under
∩ becausem is a prime ideal. The maximality of Chm follows from the property that
either 1U ∈ m or 1X\U = 1− 1U ∈ m holds for anyU ∈ CO(X) becausem is a prime
ideal. We call the map

Ch• : Spec(Cbd(X, k)) → UF(X)

m 7→ Chm

the characteristic map. We put Chsupp≔ Ch• ◦ supp: BSCk(X)→ UF(X).

Example 2.5. For anx ∈ X, supp(ιk(x)) ⊂ Cbd(X, k) is the maximal ideal consist-
ing of functions vanishing atx, and one has Chsupp(ιk(x)) = F (x). Thus Chsupp is an
extension of the continuous mapF (·) : X→ UF(X) via ιk.

We prove that Chsupp is a homeomorphism underX in three steps in§2.2 and§2.3.
First, we show that every closed prime ideal of Cbd(X, k) is a maximal ideal. Second,
we verify that the image of supp coincides with the subset of closed prime ideals, and
study the restriction of Ch• on the image of supp. Finally, we prove that Chsupp is a
homeomorphism.
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2.2 Maximality of a Closed Prime Ideal

We prove that every closed prime ideal of Cbd(X, k) is a maximal ideal. We remark
that this is proved by Alain Escassut and Nicolas Maı̈netti in [EM1] Theorem 12 in
the case whereX is an ultrametric space. Here we assume nothing onX, and henceX
is not necessarily metrisable.

Proposition 2.6. For any m1,m2 ∈ Spec(Cbd(X, k)) with m1 ⊂ m2, Chm1 = Chm2.

Proof. The conditionm1 ⊂ m2 implies Chm2 ⊂ Chm1 by definition. Since Chm2 is an
ultrafilter, the inclusion guarantees Chm1 = Chm2. �

Proposition 2.7. For closed prime ideals m1,m2 ⊂ Cbd(X, k), the equalityChm1 =

Chm2 implies m1 = m2.

Proof. Suppose Chm1 = Chm2 for closed prime idealsm1,m2 ⊂ Cbd(X, k). It suffices
to showm1 ⊂ m2. Take an elementf ∈ m1. For a positive real numberǫ, we set
Uǫ ≔ {x ∈ X | | f (x)| < ǫ}, and thenUǫ ⊂ X is a clopen subset, because it is preimage
of the clopen subset{c ∈ k | | f (x) − c| < ǫ} by the continuous functionf . Set
fǫ ≔ (1 − 1Uǫ

) f ∈ Cbd(X, k). Since f ∈ m1, one hasfǫ ∈ m1. The absolute value
of fǫ + 1Uǫ

∈ Cbd(X, k) at each point inX has a lower bound min{ǫ, 1}, and hence its
inverse is bounded and continuous. It implies thatfǫ + 1Uǫ

is invertible in Cbd(X, k),
and therefore 1Uǫ

< m1. One hasUǫ ∈ Chm1 = Chm2, and hence 1− 1Uǫ
= 1X\Uǫ

∈ m2.
Thus fǫ = (1−1Uǫ

) f ∈ m2, and the inequality‖ f − fǫ‖ = ‖1Uǫ
f ‖ ≤ ǫ guaranteesf ∈ m2

by the closedness ofm2. �

Proposition 2.8. Every closed prime ideal ofCbd(X, k) is a maximal ideal.

We note that for a Banachk-algebraA , every maximal ideal ofA is a closed prime
ideal by [BGR] 1.2.4. Corollary 5, but the converse does not hold in general. For
example, the Tate algebrak{T} has a non-maximal closed ideal{0} ⊂ k{T}.

Proof. For a closed prime idealm1 ⊂ Cbd(X, k), take a maximal idealm2 ⊂ Cbd(X, k)
containingm1. Thenm2 is also a closed prime ideal by [BGR] 1.2.4. Corollary 5. The
assertion immediately follows from Proposition 2.6 and Proposition 2.7. �

2.3 Proof of the Main Theorem

Proposition 2.9. The image ofsuppis the subset of closed prime ideals.

Proof. Every closed prime idealm⊂ Cbd(X, k) is a maximal ideal by Proposition 2.8,
and hence there is anx ∈ BSCk(X) such that supp(x) = mby the argument in the proof
of [Ber1] 1.2.1. Theorem. �

Proposition 2.10. The restriction ofCh• on the image ofsuppis bijective.
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Proof. If X = ∅, then Spec(Cbd(X, k)) = UF(X) = ∅, and hence we may assumeX , ∅.
By Proposition 2.7 and Proposition 2.9, it suffices to verify the surjectivity. Take an
F ∈ UF(X). Set

m≔

{

f ∈ Cbd(X, k)

∣

∣

∣

∣

∣

∣

inf
U∈F

sup
x∈U
| f (x)| = 0

}

⊂ Cbd(X, k).

Thenm ⊂ Cbd(X, k) is an ideal, and 1< m because|1(x)| = 1 for anyx ∈ X , ∅. We
verify that the map

‖ · ‖F : Cbd(X, k) → [0,∞)

f 7→ inf
U∈F

sup
x∈U
| f (x)| < ‖ f ‖

is continuous. The map‖ · ‖F is continuous at anyf ∈ Cbd(X, k) with ‖ f ‖F = 0
because for anyg ∈ Cbd(X, k)\{ f }, there is aU0 ∈ F with supx∈U | f (x)| < ‖ f − g‖ and
hence

‖g‖F ≤ inf
U∈F

sup
x∈U
| f (x) − ( f − g)(x)|

≤ inf
U∈F

sup
x∈U

max{| f (x)|, |( f − g)(x)|} ≤ ‖ f − g‖.

The map‖ · ‖F is locally constant at anyf ∈ Cbd(X, k) with ‖ f ‖F , 0 because for any
g ∈ Cbd(X, k) with ‖ f − g‖ < ‖ f ‖F , we have

‖g‖F ≤ inf
U∈F

sup
x∈U
| f (x) − ( f − g)(x)| ≤ inf

U∈F
sup
x∈U

max{| f (x)|, |( f − g)(x)|}

≤ inf
U∈F

max

{

sup
x∈U
| f (x)|, ‖ f − g‖

}

= ‖ f ‖F .

Therefore‖ · ‖F is continuous. Since{0} ⊂ [0,∞) is closed,m is a closed ideal. For
f , g ∈ Cbd(X, k) with f g ∈ m, supposef < m. We proveg ∈ m. If g = 0, theng ∈ m.
Therefore we may assumeg , 0. Since f < m, there is someǫ0 > 0 such that the
clopen subsetV ≔ {x ∈ X | | f (x)| < ǫ} does not belong toF for any 0< ǫ < ǫ0.
Let 0 < ǫ < ǫ0. The conditionf g ∈ m implies that there is someU ∈ F such
that supx∈U |( f g)(x)| < ǫ2. SinceF is an ultrafilter, one hasX\V ∈ F and hence
U\V = U ∩ (X\V) ∈ F . For anx ∈ U\V, the inequality|g(x)| = | f (x)|−1| f (x)g(x)| < ǫ
implies supx∈U\V |g(x)| < ǫ. One obtains‖g‖F = 0, and henceg ∈ m. Thereforem
is a closed prime ideal. LetU ∈ F . One gets‖1U‖F = 1 by definition, and hence
U ∈ Chm. It impliesF ⊂ Chm. SinceF is an ultrafilter, one concludesF = Chm.
ThusF is contained in the image of Chsuppby Proposition 2.9. �

Proof of Theorem 2.1.The map Chsupp is compatible withιk andF (·) as is shown in
Example 2.5. We prove that Chsuppis a homeomorphism. We first prove the bijectivity.
Since the restriction of Ch• on the image of supp is bijective by Proposition 2.10,
we have only to show that supp is injective. For that purpose,for a maximal ideal
m ⊂ Cbd(X, k), we consider the relation between the quotient seminorm‖ · +m‖ at m
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and the map‖ · ‖Chm defined in the proof of Proposition 2.10. For anf ∈ Cbd(X, k), one
has

‖ f +m‖ = inf
g∈m
‖ f − g‖ ≥ inf

g∈m
‖ f − g‖Chm = inf

g∈m
‖ f ‖Chm = ‖ f ‖Chm.

Take anr ∈ R with ‖ f ‖Chm < r. Set

U ≔ {x ∈ X | | f (x)| > r} .

ThenU ⊂ X is clopen by an argument similar to the one in the proof of Proposition
2.7. If U ∈ Chm, then one has

‖ f ‖Chm = inf
V∈Chm

sup
x∈V
| f (x)| ≥ inf

V∈Chm

sup
x∈U∩V

| f (x)| ≥ inf
V∈Chm

r = r

and hence it contradicts the condition‖ f ‖Chm < r. It impliesU < Chm, and therefore
1U ∈ m. One obtains

‖ f +m‖ ≤ ‖ f − 1U f ‖ = ‖1X\U f ‖ ≤ r.

One gets‖ f +m‖ = ‖ f ‖Chm.
Next, we prove that the map‖·‖Chm is a bounded multiplicative seminorm on Cbd(X, k).
It is a bounded power-multiplicative seminorm by definition, and it suffices to show the
multiplicativity. Let f , g ∈ Cbd(X, k) such that‖ f g‖Chm < ‖ f ‖Chm‖g‖Chm. In particular,
‖ f ‖Chm‖g‖Chm , 0 and f , g < m. Take anǫ > 0 such thatǫ < ‖ f ‖Chm, ǫ < ‖g‖Chm, and
‖ f g‖Chm < (‖ f ‖Chm − ǫ)(‖g‖Chm − ǫ). Set

V1 ≔
{

x ∈ X
∣

∣

∣ | f (x)| > ‖ f ‖Chm − ǫ
}

V2 ≔
{

x ∈ X
∣

∣

∣ |g(x)| > ‖g‖Chm − ǫ
}

.

ThenV1,V2 ⊂ X are clopen. IfV1 < Chm, thenX\V1 ∈ Chm, but the inequality

‖ f ‖Chm ≤ sup
x∈X\V1

| f (x)| ≤ ‖ f ‖Chm − ǫ

contradicts the conditionǫ > 0. ThereforeV1 ∈ Chm. Similarly, one obtainsV2 ∈ Chm,
and henceV1 ∩ V2 ∈ Chm. Then the inequality

‖ f g‖Chm < (‖ f ‖Chm − ǫ)(‖g‖Chm − ǫ) ≤ inf
W∈Chm

sup
x∈V1∩V2∩W

| f (x)| |g(x)|

≤ inf
W∈Chm

sup
x∈W
| f (x)g(x)| = ‖ f g‖Chm

holds, and it is a contradiction. Thus‖ f g‖Chm = ‖ f ‖Chm‖g‖Chm. We conclude that the
map‖ · ‖Chm is a bounded multiplicative seminorm, and hence corresponds to a point
in BSCk(X).
Now take anx ∈ BSCk(X). Sincey ≔ ‖ · ‖Chsupp(x) ∈ BSCk(X) coincides with the
quotient seminorm‖ ·+supp(x)‖, one hasx( f ) ≤ y( f ) for any f ∈ Cbd(X, k). It implies
that x gives a bounded multiplicative norm of the complete residuefield k(y) at y,
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because supp(y) is a maximal ideal. It impliesx = y becausey( f ) = y( f −1)−1 ≤

x( f −1)−1
= x( f ) for any f ∈ k(y)×. Thusx is reconstructed from its imagey by Chsupp,

and hence Chsupp is injective.
Finally, we verify the continuity of Chsupp. Take aU ∈ CO(X), and setU ≔ {F ∈

UF(X) | U ∈ F }. The pre-image ofU by Chsupp is the subset

{

x ∈ BSCk(X)
∣

∣

∣ U ∈ Chsupp(x)
}

=
{

x ∈ BSCk(X)
∣

∣

∣ 1U < supp(x)
}

= {x ∈ BSCk(X) | x(1U) > 0} ⊂ BSCk(X),

and it is open by the definition of the topology of BSCk(X). Therefore Chsupp is a con-
tinuous bijective map between compact Hausdorff spaces, and is a homeomorphism.
This completes the proof. �

We give several corollaries. These are generalisations of some of results in [EM1] and
[EM2]. In those papers, Alain Escassut and Nicolas Maı̈netti deal with ultrametric
spaces, while we deal with general topological spaces. We remark that they deal
with not only the class of bounded continuous functions, butalso that of bounded
uniformly continuous functions with respect to the uniformstructure associated to the
ultrametric.

Corollary 2.11. The mapsuppgives a bijective map fromBSCk(X) to the set of
maximal ideals ofCbd(X, k), and every maximal ideal ofCbd(X, k) is the support of a
unique bounded multiplicative seminorm onCbd(X, k).

This is a generalisation of [EM1] Theorem 16 for the class of bounded continuous
functions.

Proof. We proved that the injectivity of supp in the proof of Theorem2.1, and the
image of supp coincides with the subset of maximal ideals by Proposition 2.8 and
Proposition 2.9. Thus the assertion holds. �

Corollary 2.12. Every bounded multiplicative seminorm onCbd(X, k) is of the
form

‖ · ‖F : Cbd(X, k) → [0,∞)

f 7→ inf
U∈F

sup
x∈U
| f (x)|

for a uniqueF ∈ CO(X).

Proof. Let x ∈ BSCk(X). We proved the equalityx = ‖ · ‖Chsupp(x) in the proof of
Theorem 2.1. The uniqueness of anF ∈ CO(X) follows from the surjectivity of
Chsupp. �

We denote by UF(|X|) the set of set-theoretical ultrafilters ofX. We compare UF(|X|)
with UF(X) through the bijection Chsupp in Theorem 2.1.

Documenta Mathematica 19 (2014) 769–799



Characterisation of the Berkovich Spectrum of . . . 783

Corollary 2.13. The inclusionCO(X) →֒ 2X is a Boolean algebra homomor-
phism, and induces a surjective map

(· ∩ CO(X)) : UF(|X|) → UF(X)

U 7→ U ∩ CO(X).

For U ,U ′ ∈ UF(|X|), the equalitylimU | f (x)| = limU ′ | f (x)| holds for any f ∈
Cbd(X, k) if and only ifU ∩ CO(X) = U ′ ∩ CO(X).

Proof. Let F ∈ UF(X). SinceF is a family of subsets ofX which is closed under
intersections and satisfies∅ < F , there is anU ∈ UF(|X|) containingF . It implies
the surjectivity of the given correspondence. LetU ∈ UF(|X|) and f ∈ Cbd(X, k).
The limit limU | f (x)| exists because the boundedness off guarantees thatf (X) is
relatively compact inR. Moreover, sinceU ∩ CO(X) ⊂ U , we have‖ f ‖U ∩CO(X) =

limU | f (x)|. Thus the second assertion follows from the injectivity of the inverse map
of Chsupp: BSCk(X)→ UF(X). �

Corollary 2.14. Every bounded multiplicative seminorm onCbd(X, k) is of the
form

Cbd(X, k) → [0,∞)

f 7→ lim
U

| f (x)|

for a U ∈ UF(|X|), wherelimU | f (x)| denotes the limit of theR-valued continuous
function| f | : X→ R : x 7→ | f (x)| alongU for each f∈ Cbd(X, k).

This together with Corollary 2.13 is a generalisation of [EM1] Corollary 16.3.

Proof. Every x ∈ BSCk(X) is presented as‖ · ‖F by F ≔ Chsupp(x). By Corollary
2.13, there is aU ∈ UF(|X|) containingF , and satisfiesx( f ) = ‖ f ‖F = limU | f (x)|
for any f ∈ Cbd(X, k). �

A topological spaceX is said to bestrongly zero-dimensionalif for any disjoint closed
subsetsF, F′ ⊂ X there is aU ∈ CO(X) such thatF ⊂ U ⊂ X\F′. We note that
every strongly zero-dimensional Hausdorff space is zero-dimensional. For example,
every topological space metrisable by an ultrametric is a first countable strongly zero-
dimensional Hausdorff space.

Corollary 2.15. Suppose that X is strongly zero-dimensional. ForU ,U ′ ∈

UF(|X|), the equalitylimU | f (x)| = limU ′ | f (x)| holds for any f ∈ Cbd(X, k) if and
only if F ∩ F′ , ∅ for any closed subsets F, F′ ⊂ X with F ∈ U and F′ ∈ U ′.

This is a generalisation of [EM1] Theorem 4 for the class of bounded continuous
functions, and together with Corollary 2.13 implies [EM1] Theorem 1. We remark if
we removed the assumption of the strong zero-dimensionality, then there are obvious
counter-examples. For example, a connected space is never strongly zero-dimensional
unless it has at most one point, and everyk-valued continuous function on a connected
space is a constant function. In particular, every set-theoretical ultrafilter gives the
same limit.
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Proof. To begin with, suppose that the equality limU | f (x)| = limU ′ | f (x)| holds for
any f ∈ Cbd(X, k). Then we haveU ∩ CO(X) = U ′ ∩ CO(X) by Corollary 2.13. Let
F, F′ ⊂ X be closed subsets withF ∈ U andF′ ∈ U ′. AssumeF∩F′ = ∅. Then there
is aU ∈ CO(X) such thatF ⊂ U ⊂ X\F′ becauseX is strongly zero-dimensional. We
obtainU ∈ U ∩ CO(X) andX\U ∈ U ′ ∩ CO(X), and hence

lim
U

|1U(x)| = ‖1U‖U ∩CO(X) = 1 , 0 = ‖1U‖U ′∩CO(X) = lim
U ′
|1U(x)|,

where 1U : X→ k denotes the characteristic function ofU. It contradicts the assump-
tion. ThusF ∩ F′ , ∅.
Next, suppose thatF ∩ F′ , ∅ for any closed subsetsF, F′ ⊂ X with F ∈ U and
F′ ∈ U ′. In order to verifyU ∩ CO(X) = U ′ ∩ CO(X), it suffices to showU ∩

CO(X) ⊂ U ′ ∩ CO(X) by symmetry. LetU ∈ U ∩ CO(X). SinceU ∩ (X\U) =
∅, we haveX\U < U ′ ∩ CO(X) by the assumption. ThereforeU ∈ U ′ ∩ CO(X)
by the maximality of an ultrafilter. ThusU ∩ CO(X) ⊂ U ′ ∩ CO(X), and hence
U ∩ CO(X) = U ′ ∩ CO(X). It implies that the equality limU | f (x)| = limU ′ | f (x)|
holds for anyf ∈ Cbd(X, k) by Corollary 2.13. �

Corollary 2.16. The residue field of a maximal ideal ofCbd(X, k) is k if and only
if it is a finite extension of k.

This is a generalisation of [EM2] Theorem 3.7 for the class ofbounded continuous
functions.

Proof. Let m ⊂ Cbd(X, k) be a maximal ideal whose residue field is a finite extension
K of k. Take an arbitraryf ∈ K. SinceK is a finite extension ofk, f is algebraic
over k. We prove f ∈ k. Assume f < k. Let P(T) ∈ k[T] denote the minimal
polynomial of f overk. Let L denote a decomposition fieldP, and fix an embedding
K →֒ L. We endowL with a unique extension of the valuation ofk. Since f < k,
P(T) is an irreducible polynomial overk with zeros f1, . . . , fd in L\k. SinceL is a
finite extension ofk, k is closed inL. Therefore for anyi ∈ N ∩ [1, d], the map
ξi : k 7→ [0,∞) : a 7→ |a − fi | is a continuous map withξi(a) ≥ r i for any a ∈ k for
somer i ∈ (0,∞). In particular, we have|P(a)| =

∏d
i=1 ξi(a) ≥

∏d
i=1 r i > 0. On

the other hand, sinceK is the residue field ofm, there is anF ∈ Cbd(X, k) whose
image inK is f . Then F satisfiesP(F) ∈ m. By the proof of Proposition 2.10,
m coincides with the support of the bounded multiplicative seminorm ‖ · ‖Chm, and
hence there is aU ∈ Chm such that supx∈U |P(F)(x)| <

∏d
i=1 r i by the definition of

‖ · ‖Chm. SinceU , ∅, there exists anx ∈ U. However, we haveF(x) ∈ k, and hence
|P(F)(x)| = |P(F(x))| ≥

∏d
i=1 r i . It is a contradiction. Thusf ∈ k. We conclude that

K = k. �

Corollary 2.17. An ideal I ⊂ Cbd(X, k) coincides withCbd(X, k) if and only if I
satisfies

inf
x∈X

sup
f∈S
| f (x)| > 0

for some non-empty finite subset S⊂ I.
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This is a generalisation of [EM1] Theorem 5 for the class of bounded continuous
functions.

Proof. The sufficient implication is obvious because 1∈ Cbd(X, k). Suppose thatI
does not coincides with Cbd(X, k). Take a maximal idealm ⊂ Cbd(X, k) containingI .
Let S ⊂ m be a finite subset. Since‖ · ‖Chm satisfies‖ f ‖Chm = 0 for any f ∈ m, we
have that for anyǫ ∈ (0,∞), there is aU ∈ Chm such that supx∈U | f (x)| < ǫ for any
f ∈ S. In particular, we obtain infx∈X supf∈S | f (x)| = 0 for any non-empty finite subset
S ⊂ I . �

We remark that Corollary 2.17 is also verified in a direct way with no use of our results.
Indeed, letI ⊂ Cbd(X, k) be an ideal such that there is a non-empty finite subsetS ⊂ I
with r ≔ inf x∈X supf∈S | f (x)| > 0. We putU f ≔ {x ∈ X | | f (x)| ≥ r} ∈ CO(X) for each
f ∈ S. Then by the assumption, the familyU ≔ {U f | f ∈ S} coversX. Taking a
total order onS, we putS = { f0, . . . , fd}. Then settingUi ≔ U fi\

⋃i−1
j=0 U f j for each

i ∈ N∩[0, d], we obtain a refinement{U0, . . . ,Ud} of U consisting of pairwise disjoint
clopen subsets. For eachi ∈ N ∩ [0, d], we have| f (x)| ≥ r for any x ∈ Ui , and hence
gi ≔ (1− 1Ui ) + 1Ui f is an invertible element of Cbd(X, k) with ‖g−1

i ‖ ≤ max{r−1, 1},
where 1Ui : X→ k denotes the characteristic function ofUi . We obtain

1 =
d
∑

i=0

1Ui =

d
∑

i=0

1Ui g
−1
i fi ∈ I ,

and thusI = Cbd(X, k).

3 Related Results

3.1 Another Construction

In the case wherek is a local field or a finite field, we show that BSCk(X) coincides
with a space SCk(X) defined in this section. Here alocal field means a complete
valuation field with non-trivial discrete valuation and finite residue field.

Definition 3.1. Denote by Cbd(X, k)(1) ⊂ Cbd(X, k) the subset C(X, k◦) of bounded
continuousk-valued functions onX which take values in the subringk◦ ⊂ k of integral
elements, and consider the evaluation map

ι′k : X → (k◦)Cbd(X,k)(1)

x 7→ ( f (x)) f∈Cbd(X,k)(1).

By the definition of the direct product topology,ι′k is continuous. Denote by SCk(X) ⊂
(k◦)Cbd(X,k)(1) the closure of the image ofι′k. We also denote byι′k the continuous map
X→ SCk(X) induced byι′k.

If k is a local field or a finite field, then SCk(X) is a totally disconnected compact
Hausdorff space because so isk◦.
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Proposition 3.2. The spaceSCk(X) satisfies the following extension property: For
any f ∈ Cbd(X, k), there is a uniqueSCk( f ) ∈ Cbd(SCk(X), k) such that f= SCk( f )◦ι′k.
Moreover, the equality‖ f ‖ = ‖SCk( f )‖ holds.

Proof. The uniqueness of SCk( f ) and the norm-preserving property is obvious be-
causeι′k(X) ⊂ SCk(X) is dense andk is Hausdorff. We construct the extension SCk( f ).
Note that|k| ⊂ [0,∞) is bounded if and only if|k| = {0, 1}. Therefore|k| ⊂ [0,∞)
is unbounded or closed. It implies that that there is ana ∈ k× such that‖ f ‖ ≤ |a|.
For an x = (xg)g∈Cbd(X,k)(1) ∈ SCk(X), the valueaxa−1 f ∈ k is independent of the
choice of ana ∈ k×, and we set SCk( f )(x) ≔ axa−1 f . Indeed, leta1, a2 ∈ k×

and suppose‖ f ‖ ≤ min{|a1|, |a2|}. For anyy ∈ X, one hasι′k(y)a−1
1 f = a−1

1 f (y)

and ι′k(y)a−1
2 f = a−1

2 f (y). It implies a1ι
′
k(y)a−1

1 f = a2ι
′
k(y)a−1

2 f ∈ k. Since the image
ι′k(X) ⊂ SCk(X) is dense, one obtainsa1xa−1

1 f = a2xa−1
2 f ∈ k. By the discussion

above, one gets SCk( f ) ◦ ι′k = f . The map SCk( f ) is continuous by the definition
of SCk(X). �

Corollary 3.3. For a (Y, ϕ) ∈ X/Top, there is a unique continuous map

SCk(ϕ) : SCk(X)→ SCk(Y)

such thatSCk(ϕ) ◦ ι′k = ι
′
k ◦ ϕ.

Proof. The uniqueness of SCk(ϕ) follows from the facts thatX is dense in SCk(ϕ) and
that SCk(Y) is Hausdorff. By Proposition 3.2, one has a unique continuous map

SCk(ϕ) : SCk(X)→ (k◦)Cbd(Y,k)(1)

extending the composite

X
ϕ
−→ Y

ι′k
−→ SCk(Y) →֒ (k◦)Cbd(Y,k)(1).

Its image lies in the closed subspace SCk(Y) becauseX is dense in SCk(X). One
obtains a continuous map SCk(ϕ) : SCk(X)→ SCk(Y) such that SCk(ϕ)◦ι′k = ι

′
k◦ϕ. �

Thus one obtains a functor

SCk : Top → TDCHTop
Y  SCk(Y)

(ϕ : Y→ Z)  (SCk(ϕ) : SCk(Y)→ SCk(Z))

with an obvious natural transformιk : idTop → SCk. We compare BSCk with SCk in
the case wherek is a local field or a finite field.

Lemma 3.4. Suppose that k is a local field or a finite field endowed with the triv-
ial valuation, and that X is a totally disconnected compact Hausdorff space. Then
ι′k : X→ SCk(X) is a homeomorphism.
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Proof. By the assumption ofk, SCk(X) is a totally disconnected compact Hausdorff

space. Therefore it suffices to verify the injectivity ofι′k, because a continuous map
from a compact space to a Hausdorff space is a closed map. Letx, y ∈ X with x , y.
SinceX is zero-dimensional and Hausdorff, there is aU ∈ CO(X) such thatx ∈ U
andy < U. Then one hasι′k(x)1U = 1 , 0 = ι′k(y)1U , and henceι′k(x) , ι′k(y). Thus
ι′k : X→ SCk(X) is injective. �

Proposition 3.5. Suppose that k is a local field or a finite field endowed with the
trivial valuation. ThenSCk(X) is initial in X/TDCHTopwith respect toι′k.

We remark that the assumption on the base fieldk is not necessary whenX is compact.
Analysis of continuous functions on a compact space is quiteclassical.

Proof. For a (Y, ϕ) ∈ ob(X/TDCHTop), we construct a continuous extension

ψ : SCk(X)→ Y

of ϕ in an explicit way. An extensionψ is unique if it exists, because the image ofX
is dense in SCk(X) andY is Hausdorff. Consider the commutative diagram

X
ϕ

−−−−−−→ Y

ι′k











y











y

ι′k

SCk(X) −−−−−−→
SCk(ϕ)

SCk(Y)

.

By Lemma 3.4, the right vertical map is a homeomorphism, and one obtains a contin-
uous mapψ ≔ ι′k

−1 ◦ SCk(ϕ) : SCk(X)→ Y. �

Corollary 3.6. Suppose that k is a local field or a finite field endowed with the
trivial valuation.

(i) The spaceSCk(X) is homeomorphic toBSCk(X) under X.

(ii) The spaceBSCk(X) satisfies the extension property for a bounded continuous
k-valued function on X in Proposition 3.2.

(iii) The natural homomorphismC(BSCk(X), k)→ Cbd(X, k) is an isometric isomor-
phism.

(iv) The spaceBSCk(X) consists of k-rational points, and the residue field of any
maximal ideal ofCbd(X, k) is k.

Proof. We deal only with (iv). Since every maximal ideal of Cbd(X, k) is the support
of an x ∈ BSCk(X) as is referred in the proof of Proposition 2.9, it suffices to verify
the first assertion. We recall that for a Banachk-algebraA , an x ∈ Mk(A ) is said
to be ak-rational point if its support{ f ∈ A | x( f ) = 0} is a maximal ideal ofA
whose residue field isk. The isomorphism C(BSCk(X), k) → Cbd(X, k) in (iii) gives
an identification BSCk(X) =Mk(C(BSCk(X), k)). The assertion immediately follows
from a non-Archimedean generalisation of Stone–Weierstrass theorem ([Ber1] 9.2.5.
Theorem (i)) for C(BSCk(X), k). �
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In particular, concerning Corollary 3.6 (iv), any point of BSCk(X) is peaked in the
sense that the complete residue field is a peaked Banachk-algebra ([Ber1] 5.2.1,
Definition). A Banachk-algebraA is said to bepeakedif for any extensionK/k
of complete valuation fields, the norm onA ⊗̂kK is multiplicative. The notion of a
peaked point is useful when we consider the topology-theoretical multiplication of
points of analytic group. Corollary 3.6 (iv) does not hold when k = Cp. Indeed,
consider the rigid analytic disc D1(Cp) ≔ MCp(Cp{z}). It admits a natural embed-
ding C◦p →֒ D1(Cp) into a dense subset. The boundedCp-algebra homomorphism
ϕ : Cp{z} → Cbd(C◦p,Cp) sending the variablez to the coordinate functionz: C◦p →֒ Cp

induces a continuous mapϕ∗ : BSCCp(C
◦
p) → D1(Cp) underC◦p. Since BSCCp(C

◦
p)

and D1(Cp) are compact Hausdorff spaces, the image ofϕ∗ contains the closure of the
dense subsetC◦p ⊂ D1(Cp). Thereforeϕ∗ is surjective. SinceCp is not spherically com-
plete, there is ay ∈ D1(Cp) of type 4. Take anx ∈ BSCCp(C

◦
p) in ϕ−1(y). The induced

boundedCp-algebra homomorphismϕx : Cp{z}/supp(y)→ Cbd(C◦p,Cp)/supp(x) gives
an extension of fields transcendental overCp becausey is of type 4. Thus the point
x ∈ BSCCp(C

◦
p) is notCp-rational.

3.2 Relation to the Stone–Čech compactification

A compact Hausdorff space is totally disconnected if and only if it is zero-dimensional,
and hence underX, the notion of an initial totally disconnected compact Hausdorff
space is equivalent to that of an initial zero-dimensional compact Hausdorff space.
Banaschewski constructed a zero-dimensional compact Hausdorff spaceζX underX
in the case whereX is zero-dimensional in [Ban], and proved thatζX is initial. In
the case whereX is a zero-dimensional Hausdorff space, the structure mapX → ζX
is a homeomorphism onto the image andζX is sometimes called the Banaschewski
compactification.
Let p be a prime number. By the argument above, BSCQp(X) is one of the general-
isation ofζX. The Stone–̌Cech compactificationβX has a universality as an initial
object in the category of compact topological spaces underX, and hence there is a
unique continuous mapβX → BSCQp(X) underX. Then a natural question arises:
“When is the mapβX → BSCQp(X) is a homeomorphism?” In other words, “When
is βX totally disconnected?” In such a case, BSCQp(X) satisfies the extension prop-
erty for an Archimedean bounded continuous function onX. This connection between
the Archimedean analysis and the non-Archimedean analysislooks interesting. It is
well-known that ifX is an infinite discrete space, thenβX is totally disconnected. In
particular, one hasβN � BSCQp(N). Furthermore, Banaschewski provedβX is home-
omorphic toζX if X is a second countable zero-dimensional Hausdorff space ([Ban]
Satz 6. Korollar 2). In this case,βX is totally disconnected and hence is homeomor-
phic to BSCQp(X). For example, the closed unit discC◦

ℓ
⊂ Cℓ for a prime number

ℓ ∈ N is a second countable zero-dimensional Hausdorff space, and hence one has
βC◦

ℓ
� BSCQp(C

◦
ℓ
).

We do not know whether there is an example of a totally disconnected or zero-
dimensional spaceX such that the mapβX → BSCQp(X) is not a homeomor-
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phism. Banaschewski gave the following necessary condition for the bijectivity of
βX→ BSCQp(X) in [Ban] Satz 2. For a normal zero-dimensional spaceX, if the con-
tinuous mapβX → BSCQp(X) is a homeomorphism, thenX is of Čech-dimension 0,
i.e. any finite open covering ofX admits a finite clopen refinement. Therefore if there
is a normal zero-dimensional space of positiveČech-dimension, then it is an example.

4 Applications

4.1 Automatic Continuity Theorem

One of important classical problems for a commutativeC∗-algebra is Kaplansky
Conjecture on automatic continuity problem, which claims that every injectiveC-
algebra homomorphismϕ : Cbd(X,C) →֒ A is continuous for any BanachC-algebra
A . Consider the following weak version: every injectiveC-algebra homomorphism
ϕ : Cbd(X,C) →֒ A with closed image is continuous for any BanachC-algebraA .
It was proved by Kaplansky, and Solovay showed that the conjecture is independent
of the axiom of ZFC. For more details about the automatic continuity problem, see
[Dal]. [Sol], and [Woo]. Now it is natural to consider an analogous question in the
non-Archimedean case, and we prove its weak version in this subsection.

Definition 4.1. Let A be a Banachk-algebra, andm⊂ A a maximal ideal whose
residue fieldK is a finite extension ofk. For eachf ∈ A , we denote byf (m) the
image of f in K, and by| f (m)| the norm off (m) with respect to a unique extension of
the norm ofk.

Lemma 4.2. Let A be a Banach k-algebra. For a maximal ideal m⊂ A whose
residue field is k, the canonical projectionA ։ A /m �k k gives a decomposition
A = k⊕m as the orthogonal direct sum, i.e. the equality

‖a+ g‖ = max{|a|, ‖g‖}

holds for any a∈ k and g∈ m.

Proof. Since the compositek →֒ A ։ A /m is a bijectivek-linear homomorphism,
one obtains a decompositionA = k ⊕ m as the direct sum ofk-vector spaces. Take
an elementf ∈ A , and denote byf (m) ∈ k the image off in the quotientA /m �k

k. In order to prove the orthogonality of the direct sum, it suffices to show‖ f ‖ =
max{| f (m)|, ‖ f − f (m)‖}. The inequality≤ is obvious. If | f (m)| , ‖ f − f (m)‖, the
equality follows from the general property of a non-Archimedean norm, and hence
we may assume| f (m)| = ‖ f − f (m)‖. If f (m) = 0, then one has‖ f − f (m)‖ = 0 and
thereforef = f (m) + ( f − f (m)) = 0. Supposef (m) , 0. Assume‖ f ‖ < | f (m)|. Then
one has‖ f (m)−1 f ‖ < 1, and hence

f − f (m) = − f (m)(1− f (m)−1 f ) ∈ k×A ×
= A

×

by [BGR] 1.2.4. Proposition 4. It contradicts the factf − f (m) ∈ m, and thus‖ f ‖ =
| f (m)| = max{| f (m)|, ‖ f − f (m)‖}. �
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We may apply Lemma 4.2 to any maximal ideal of Cbd(X, k) by Corollary 3.6 (iv).

Corollary 4.3. Suppose that k is a local field or a finite field endowed with
the trivial norm. For any maximal ideal m⊂ Cbd(X, k), the canonical projection
Cbd(X, k) ։ Cbd(X, k)/m gives a decompositionCbd(X, k) = k ⊕m as the orthogonal
direct sum of k-Banach spaces.

This is a partial generalisation of [EM1] Theorem 7, which states that ifX is an ultra-
metric space andk is locally compact, then the same holds.

Proposition 4.4. Suppose that k is a local field or a finite field endowed with the
trivial norm. Let Max(Cbd(X, k)) ⊂ Spec(Cbd(X, k)) denote the subset of maximal
ideals. Then the equality

‖ f ‖ = sup
m∈Max(Cbd(X,k))

| f (m)|

holds for any f∈ Cbd(X, k). In particular, the norm ofCbd(X, k) is determined by the
algebraic structure of it.

Proof. Since the norm of Cbd(X, k) is power-multiplicative, the equality

‖ f ‖ = sup
x∈BSC(X)

x( f )

holds for anyf ∈ Cbd(X, k) by [Ber1] 1.3.1. Theorem. This gives the assertion because
supp: BSCk(X) → Spec(Cbd(X, k)) is bijective onto Max(Cbd(X, k)) by the proof of
Theorem 2.1, and because the condition (iv) in the definitionof a bounded multiplica-
tive seminorm in§1.1 guaranteesx( f ) = | f (supp(x))| by Corollary 3.6 (iv). �

Proposition 4.5. Suppose that k is a local field. Then every complete norm on the
underlying k-algebra ofCbd(X, k) is equivalent to each other.

Proof. Sincek is a local field, the norm ofk is not trivial, and hence the boundedness
of a k-linear homomorphism between normedk-vector spaces is equivalent to the
continuity. Therefore it suffices to show that the identity id : Cbd(X, k)→ Cbd(X, k) is a
homeomorphism with respect to the metric topologies given by an arbitrary complete
norm ‖ · ‖′ of the source and the supremum norm‖ · ‖ of the target. By Lemma 4.2
applied to (Cbd(X, k), ‖ · ‖′) and Corollary 4.4, id is ak-linear contraction map, and
hence is continuous. Moreover, since the norm ofk is not trivial, the open mapping
theorem holds by [BGR] 2.8.1. Theorem, and therefore id is anopen map. Thus id is
a homeomorphism. �

Theorem 4.6. Suppose that k is a local field, and letA be a Banach k-algebra. Then
any injective k-algebra homomorphismϕ : Cbd(X, k) →֒ A whose image is closed is
continuous.

Proof. Since the underlying metric spaces of Cbd(X, k) andA are complete, it suffices
to show thatϕ sends a Cauchy sequence in Cbd(X, k) to a Cauchy sequence inA .
Let ‖ · ‖′ : Cbd(X, k) → [0,∞) denote the composite ofϕ and the norm ofA . Then
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sinceϕ is a bijective homomorphism ofk-algebras,‖ · ‖′ is a norm of thek-algebra
Cbd(X, k). Since the image ofϕ is closed,‖ · ‖′ is complete, and hence is equivalent to
the supremum norm by Proposition 4.5. We conclude thatϕ is continuous. �

The automatic continuity theorem immediately yields a criterion for the continuity of
a faithful representation over a local field.

Corollary 4.7. Suppose that k is a local field. Let V be a Banach k-vector space
andρ : Cbd(X, k)×V→ V a k-linear representation of a k-algebraCbd(X, k) satisfying
the following conditions:

(i) The k-linear operatorρ̃ f : V → V : v 7→ ρ( f , v) is bounded for any f∈
Cbd(X, k).

(ii) The k-linear representationρ is faithful, i.e. the equalityρ f = 0 implies f = 0
for any f ∈ Cbd(X, k).

(iii) The image of the induced k-algebra homomorphismρ̃· : Cbd(X, k) → Bk(V) is
closed, whereBk(V) is the Banach k-algebra of bounded operators on V.

Thenρ̃· is bounded, and in particular,ρ : Cbd(X, k) × V → V is continuous.

4.2 Ground Field Extensions

We study the ground field extensions of Cbd(X, k). We note that there are two dis-
tinct notions of the ground field extensions. One is given by extending the scalar of
functions, and the other is given by tensoring the scalar.

Proposition 4.8. Let K and L be complete valuation fields. Then there exists a
unique homeomorphismBSCK(X) � BSCL(X) compatible with the evaluation maps.

We remark that we do not assume thatK andL contains the same base fieldk, and
hence, for example, it is possible to chooseQp andFℓ((T)) for K andL respectively.

Proof. The assertion holds because BSCK(X) and BSCL(X) are initial objects with
respect to the evaluation maps inX/TDCHTop by Corollary 2.2. �

Proposition 4.9. Let K/k be an extension of complete valuation fields. Then the
ground field extensionBSCK(X) → BSCk(X) associated with the natural embedding
Cbd(X, k) →֒ Cbd(X,K) is a homeomorphism.

Proof. The ground field extension above is compatible with the evaluation maps, and
coincides with the unique homeomorphism in Proposition 4.8. �

Now we consider the other ground field extension, namely, thecanonicalK-algebra
homomorphismK⊗̂kCbd(X, k) → Cbd(X,K) induced by the universal property of the
complete tensor product in the category of Banachk-algebras. In fact, the ground field
extension is not an isomorphism in general, and it yields a criterion for a topological
property ofX and the valuation ofk.
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Lemma 4.10. The k-subalgebra ofCbd(X, k) consisting of locally constant bounded
functions is dense.

Proof. Take anf ∈ Cbd(X, k). If f = 0, thenf is locally constant. Supposef , 0. For
anǫ > 0, the pre-image of every open disc of radiusǫ in k by f is clopen. Therefore
one obtains a pairwise disjoint clopen coveringU of X such that the imagef (U) is
contained in an open disc of radiusǫ in k for any U ∈ U . Fix an aU ∈ f (U) for
eachU ∈ U . The infinite sumg ≔

∑

U∈U aU1U : X → k convergences pointwise
to a locally constant continuous function. The obvious inequality |g(x)| ≤ ‖ f ‖ holds
for any x ∈ X, and henceg is bounded. One has‖ f − g‖ ≤ ǫ by the definition of the
disjoint clopen coveringU , and hence thek-subalgebra of locally constant functions
is dense in Cbd(X, k). �

Lemma 4.11. Suppose that k is spherically complete ([BGR] 2.4.4. Definition 1). Let
K/k be an extension of complete valuation fields. Then the natural bounded K-algebra
homomorphismιK/k : K⊗̂kCbd(X, k)→ Cbd(X,K) is an isometry.

For example, a local field and every field endowed with the trivial norm are spherically
complete. We will use this lemma forFp endowed with the trivial norm,Q endowed
with the trivial norm, andQp.

Proof. Take anf ∈ K⊗̂kCbd(X, k). If f = 0, then‖ιK/k( f )‖ = 0 = ‖ f ‖, and hence
we assumef , 0. In particular,X , ∅ and both ofK⊗̂kCbd(X, k) and Cbd(X,K) are
non-zero BanachK-algebras. Therefore the norm of the boundedK-algebra homo-
morphismιK/k is 1 becauseιK/k(1) = 1 and the power-multiplicativity of the norm
of Cbd(X,K) guaranties thatιK/k is submetric. Setǫ ≔ ‖ f ‖/2, and take an element
g =
∑n

i=1 ai ⊗ gi ∈ K ⊗k Cbd(X, k) with ‖ f − g‖ < ǫ in K⊗̂kCbd(X, k). We may assume
ai , 0 for any i = 1, . . . , n without loss of generality. By Lemma 4.10, there is a
locally constant boundedk-valued functiong′i ∈ Cbd(X, k) such that‖gi − g′i ‖ < |ai |

−1ǫ

for eachi = 1, . . . , n. In particular, settingg′ ≔
∑n

i=1 ai ⊗ g′i ∈ K ⊗k Cbd(X, k), one has

‖ f − g′‖ = ‖( f − g) + (g− g′)‖ ≤ max















‖ f − g‖,

∥

∥

∥

∥

∥

∥

∥

n
∑

i=1

ai(gi − g′i )

∥

∥

∥

∥

∥

∥

∥















≤ max{‖ f − g‖,maxn
i=1|ai |‖gi − g′i ‖} < ǫ < ‖ f ‖,

and hence‖g′‖ = ‖ f ‖. Sincek is spherically complete, the finite dimensional normed
k-vector subspaceka1 + · · · + kan ⊂ K is k-Cartesian by [BGR] 2.4.4. Proposition
2, and hence there is an orthogonal basisb1, . . . , bm ∈ K of ka1 + · · · + kan. Ex-
pressinga1, . . . , an as ak-linear combination ofb1, . . . , bm, one obtains an expression
g′ =
∑m

i=1 big′′i by a unique systemg′′1 , . . . , g
′′
m ∈ Cbd(X, k) of k-valued locally constant

functions. For anyx ∈ X, one has

|ιK/k(g′)(x)| =

∣

∣

∣

∣

∣

∣

∣

m
∑

i=1

big
′′
i (x)

∣

∣

∣

∣

∣

∣

∣

= maxm
i=1|g

′′
i (x)||bi |

by the orthogonality ofb1, . . . , bm, and hence

‖ιK/k(g′)‖ = sup
x∈X
|ιK/k(g′)(x)| = sup

x∈X
maxm

i=1|bi ||g
′′
i (x)| = maxm

i=1|bi | sup
x∈X
|g′′i (x)|
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= maxm
i=1|bi |‖g

′′
i ‖ ≥ ‖g

′‖.

SinceιK/k is aK-linear contraction map, one gets‖ιK/k(g′)‖ = ‖g′‖. We conclude

‖ιK/k( f − g′)‖ ≤ ‖ f − g′‖ < ǫ < ‖ f ‖ = ‖g′‖ = ‖ιK/k(g′)‖

and thus

‖ιK/k( f )‖ = ‖ιK/k( f − g′) + ιK/k(g′)‖ = ‖ιK/k(g′)‖ = ‖g′‖ = ‖ f ‖.

�

We denote byF ⊂ k the topological closure of the fieldF of fractions of the image
of the canonical ring homomorphismZ → k. We remark thatF is Fp if and only if
k is of characteristicp > 0, and isQ otherwise. In the former case,F is Fp endowed
with the trivial valuation. In the latter case,F is Q endowed with the trivial norm if
and only if k is of equal characteristic (0, 0), and isQp if and only if k is of mixed
characteristic (0, p). In particular,F is spherically complete. We determine when
ιk/F : k⊗̂FCbd(X, F)→ Cbd(X, k) is an isomorphism. The following shows that Cbd(X, k)
is “naive” enough if and only ifX is compact ork is sufficiently small in some sense.

Theorem 4.12. Suppose that X is zero-dimensional and Hausdorff. Then the fol-
lowing are equivalent:

(i) The space X is compact, or k is a local field or a finite field endowed with the
trivial norm.

(ii) The k-subalgebra ofCbd(X, k) generated by idempotents is dense.

In addition ifF , Q, then (i) and (ii) are equivalent to the following:

(iii) The homomorphismιk/F : k⊗̂FCbd(X, F) → Cbd(X, k) is an isometric isomor-
phism.

(iv) The spaceBSCk(X) consists of k-rational points.

(v) The map ιk : X →֒ BSCk(X) induces an isometric isomorphism
C(BSCk(X), k)→ Cbd(X, k).

(vi) The spaceBSCk(X) satisfies the extension property for a bounded continuous
k-valued functions in Proposition 3.2.

We remark that a similar relation between (i) and (iv) is alsoverified by Alain Escas-
sut and Nicolas Maı̈netti in [EM1] in the case whereX is an ultrametric space. For
example, they proved in Theorem 7 that ifX is an ultrametric space andk is locally
compact, then (iv) holds.

Proof. Assume (i). We verify (ii). Take anf ∈ Cbd(X, k). If k is a local field or a finite
field, the closed disc{a ∈ k | |a| ≤ ‖ f ‖} ⊂ k is compact. OtherwiseX is compact.
Therefore for anǫ > 0, there is a finite pairwise disjoint clopen coveringU of X
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such that the imagef (U) ⊂ k is contained in an open disc of radiusǫ in k for any
U ∈ U . Fixing anaU ∈ f (U) for eachU ∈ U , one has‖ f −

∑

U∈U aU1U‖ < ǫ. Thus
k-subalgebra of Cbd(X, k) generated by idempotents is dense.
Assume (ii). We verify (iii). Sinceιk/F is an isometry by Lemma 4.11, it suffices to
show that the image ofιk/F is dense. An idempotent of Cbd(X, k), which is a character-
istic function on a clopen subset ofX, is contained in the subset Cbd(X, F) ⊂ Cbd(X, k).
Therefore the image of the natural homomorphismk⊗FCbd(X, F)→ Cbd(X, k) is dense
by (ii), and hence the image ofιk/F is dense.
Assume (iii). We verify (iv) in the caseF , Q. For anx ∈ BSCk(X), consider
the compositex′ : Cbd(X, F) → k(x) of x and the natural embedding Cbd(X, F) →֒
Cbd(X, k), wherek(x) is the completed residue field atx. SinceF is contained ink,
the characterx′ defines an elementx′ ∈ BSCF(X). Recall thatF = Fp or Qp now.
Since BSCF(X) consists ofF-rational points by Corollary 3.6 (iv), the image ofx′ is
contained inF ⊂ k. Therefore (iii) guarantees that the image ofx is contained in the
closure of thek-vector subspace ofk(x) generated byF ⊂ k, namely, the 1-dimensional
vector subspacek ⊂ k(x). It impliesk(x) = k.
Assume (iv). We verify (v) in the caseF , Q, and hence suppose that BSCk(X)
consists ofk-rational points. Then the Gel’fand transform Cbd(X, k)→ C(BSCk(X), k)
is an isometric isomorphism by [Ber1] 9.2.7. Corollary (ii), and coincides with the
boundedk-algebra homomorphism induced byιk.
Assume (v). We verify (vi) in the caseF , Q, and hence suppose thatιk induces
an isometric isomorphism C(BSCk(X), k) → Cbd(X, k). Take anf ∈ Cbd(X, k). The
extension off on BSCk(X) is unique because the image ofιk is dense by Corollary
2.4 andk is Hausdorff. Sinceιk induces an isomorphism C(BSCk(X), k) → Cbd(X, k),
there is anf ′ ∈ C(BSCk(X), k) whose image isf , or in other words,f ′ is the extension
of f on BSCk(X).
Assume that (vi) andF , Q hold, or that (ii) andF = Q hold. We verify (i). Suppose
that X is non-compact andk is neither a local field nor a finite field. SinceX is a
zero-dimensional and non-compact, there is anF ∈ UF(X) without a cluster point by
Proposition 1.7. In particular,F contains an infinite descending chainX = U0 ) U1 )

· · · . Indeed, for anyU ∈ F andx ∈ U , ∅, there is aV ∈ CO(X) such thatV ∈ F ,
V ⊂ U, andx < V becausex is not a cluster point ofF . One obtains an infinite set
U = {Ui\Ui+1 | i ∈ N} of pairwise disjoint clopen subsets ofX. If the residue field
k̃ of k is an infinite field, setY ≔ k̃ and take a set-theoretical liftϕ : Y →֒ k◦ of the
canonical projectionk◦ ։ Y. Otherwise, the image|k×| ⊂ (0,∞) is dense becausek
is neither a local field nor a finite field. SetY ≔ |k×| ∩ (1/2, 1) ⊂ (0,∞), and take
a set-theoretical liftϕ : Y →֒ k◦ of the norm| · | : k → [0,∞). SinceY is dense in
(1/2, 1), it is an infinite set. In both cases, endowY with the discrete topology. Since
Y is an infinite set, there is an injective mapψ : N →֒ Y. The compositeϕ◦ψ : N →֒ k◦

is an injective continuous map, and the image is a closed discrete subspace because
|ϕ(y) − ϕ(y′)| > 1/2 for anyy, y′ ∈ Y. SinceU ⊂ CO(X) is an infinite covering ofX,
there is an injective mapΨ : N →֒ U . Then the pointwise convergent infinite sum

f ≔
∑

n∈N

ϕ(ψ(n))1Ψ(n) : X→ k
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determines a locally constant bounded function onX. There is a non-principal ul-
trafilter F ∈ CO(N) by Lemma 1.6. Now assumeF , Q. By the conditions
(vi), there is a continuous extension BSCk( f ) : BSCk(X) → k of f . Moreover, tak-
ing a representativexn ∈ Ψ(n) for eachn ∈ N, one obtains a continuous map
x: N → X →֒ BSCk(X). Since BSCk(X) is an object ofX/TDCHTop, a unique
continuous extension BSCk(x) : UF(N) � BSCk(N)→ BSCk(X) of x exists. The com-
posite BSCk( f ) ◦ BSCk(x) : UF(N) → BSCk(X) → k is a continuous extension of the
compositef ◦ x = ϕ ◦ ψ : N → k. In particular, BSCk( f ) ◦ BSCk(x) is continuous at
F ∈ UF(N), but it contradicts the fact thatϕ ◦ ψ is an injective map whose image is
a closed discrete subspace. An injective net whose image is discrete and closed never
has a limit. It is a contradiction. Therefore one obtainsF = Q, and (ii) holds by the
assumption. Take ak-linear combinationg =

∑n
i=1 ai1Ui ∈ Cbd(X, k) of idempotents

with ‖ f − g‖ < 1. Now the image ofg contains at mostn points, and hence there
is an integerm ∈ N such thatg(x) < ψ(m) for any x ∈ X identifying the cosets̃k
as a family of disjoint clopen subsets ofk◦ in the tautological sense. Then one has
| f (xm) − g(xm)| = 1, and it contradicts the condition‖ f − g‖ < 1. ThusX is compact,
or k is a local field or a finite field. �

Since we did not use the assumption thatF , Q in the proof that (ii) withF , Q
implies (iii), the condition thatιk/F is an isometric isomorphism is weaker than (ii).

4.3 Non-Archimedean Gel’fand Theory

We establish non-Archimedean Gel’fand theory for a zero-dimensional Hausdorff
space. We recall that a completely regular Hausdorff space is a topological space
which can be embedded in a direct product of copies of the closed unit discC◦ ⊂ C
as a subspace. On the other hand, a non-Archimedean counterpart of a completely
regular Hausdorff space overk is a topological space which can be embedded in a
direct product of copies of the closed unit disck◦ ⊂ k as a subspace. We call such a
topological space anon-Archimedean completely regular Hausdorff spaceoverk. A
direct product of copies ofk◦ is a zero-dimensional Hausdorff space. A subset of a
zero-dimensional Hausdorff space is again a zero-dimensional Hausdorff space, and
so is a non-Archimedean completely regular Hausdorff space overk. Now we verify
that the converse also holds in the case wherek is a local field or a finite field.

Lemma 4.13. Suppose that k is a local field or a finite field endowed with the trivial
norm. The following are equivalent:

(i) The space X is zero-dimensional and Hausdorff.

(ii) The space X is Hausdorff, and bounded continuous k-valued functions separates
a point and a disjoint closed subset of X, i.e. for any x∈ X and any closed subset
F ⊂ X with x< F, there is an f∈ Cbd(X, k) such that f(x) = 0 and f(y) = 1 for
any y∈ F.

(iii) The continuous mapι′k : X→ SCk(X) is a homeomorphism onto the image.

(iv) The space X is embedded in a direct product of copies of k◦ as a subspace.
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We note that the description of (ii)-(iv) seem to depend on the base fieldk while (i)
does not. Therefore the notion of “a non-Archimedean completely regular Hausdorff
space” is independent of the base field.

Proof. Recall that SCk(X) is a closed subspace of a direct product of copies ofk◦, and
hence (iii) implies (iv). Moreover, (iii) implies (i) as we mentioned in the beginning
of this section.
Assume (i). We verify (ii). Letx ∈ X andF ⊂ X be a closed subset withx < F. Since
X is zero-dimensional, there is a clopen neighbourhoodU ⊂ X of x contained in the
open subsetX\F ⊂ X, and the characteristic function 1X\U separatesx andF.
Assume (ii). We verify (iii). SinceX is Hausdorff, a point ofX is closed. Forx, y ∈ X
with x , y, take anf ∈ Cbd(X, k) which separatesx andy. Then f , 0. Since the
valuation ofk is discrete or trivial, the image|k| ⊂ [0,∞) is closed. By the definition
of the supremum norm,‖Cbd(X, k)‖ ⊂ [0,∞) is contained in the closure of|k| ⊂ [0,∞),
and hence‖Cbd(X, k)‖ ⊂ |k|. Therefore there is ana ∈ k× such that 0, ‖ f ‖ = |a|. Then
one has‖a−1 f ‖ = 1 anda−1 f ∈ Cbd(X, k)(1) separatesx andy. Therefore one has
ι′k(x) , ι′k(y) comparing their (a−1 f )-th entry, andι′k is injective. In order to prove that
ι′k is an open map onto the image, take an open subsetU ⊂ X. For anx ∈ U, take an
f ∈ Cbd(X, k) such thatf (x) = 0 and f (y) = 1 for anyy ∈ X\U. By the same argument
as above, there is ana ∈ k× such that‖ f ‖ = |a|. Then the pre-image byι′k of the open
subsetV ⊂ SCk(X) given by the condition that the (a−1 f )-th entry is contained in the
open neighbourhoodk\{a−1} ⊂ k of 0 ∈ k is an open neighbourhood ofx contained in
U. Therefore the imageι′k(U) contains the open neighbourhoodV ∩ ι′k(X) of ι′k(x) in
ι′k(X), and thusι′k(U) ⊂ ι′k(X) is open. We conclude thatι′k is a homeomorphism onto
the image. �

Proposition 4.14. The mapιk : X→ BSCk(X) is a homeomorphism onto the image
if and only if X is zero-dimensional and Hausdorff.

Proof. By Proposition 4.8, it is reduced to the case wherek = Qp for a prime number
p ∈ N. The assertion immediately follows from Corollary 3.6 (i) and Lemma 4.13. �

Definition 4.15. Let A ⊂ Cbd(X, k) be a closedk-subalgebra. Forx, x′ ∈ X,
we write x ∼A x′ if f (x) = f (x′) for any f ∈ A . The binary relation∼A is an
equivalence relation, and we denote byX/A the quotient spaceX/ ∼A . We sayA
separates points ofX if the conditionx ∼A x′ impliesx = x′ for anyx, x′ ∈ X.

Lemma 4.16. The mapι′k : X→ SCk(X) uniquely factors through the canonical pro-
jection X։ X/Cbd(X, k), and the induced map X/Cbd(X, k) → SCk(X) is an injective
continuous map.

Proof. It immediately follows from the definitions of∼Cbd(X,k) and SCk(X). �

Lemma 4.17. Suppose that X is zero-dimensional and Hausdorff. ThenCbd(X, k)
separates points of X.

Proof. By Lemma 4.13 and Lemma 4.16, the projectionX։ X/Cbd(X, k) is injective.
�
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Definition 4.18. A topological space (Y, f ) underX is said to befaithful if f : X→
Y is a homeomorphism onto the image, to befull if f (X) is dense inY, and to befully
faithful if it is full and faithful. We denote byX/TDCHTop

ff
⊂ X/TDCHTop the full

subcategory of fully faithful totally disconnected compact Hausdorff spaces underX.

By Lemma 4.13,X/TDCHTop
ff

is a non-empty category if and only ifX is zero-
dimensional and Hausdorff. Suppose thatX is zero-dimensional and Hausdorff. The
isomorphism relation inX/TDCHTop

ff
is an equivalence relation in a class. We denote

by C (X) the class (X/TDCHTop
ff
)/ � of equivalence classes. The classC (X) is not a

proper class. Indeed, for any (Y, f ) ∈ ob(X/TDCHTop
ff
), f extends tof̃ : UF(X)→ Y

by Theorem 1.3. Since UF(X) is compact andY is Hausdorff, f̃ (UF(X)) ⊂ Y is a
closed subspace containing the dense subspacef (X) ⊂ Y, and hencẽf is a surjective
closed map. Therefore (Y, f ) is obtained as a quotient of UF(X), andC (X) admits a
set-theoretical representative.

Theorem 4.19. Suppose that k is a local field or a finite field endowed with
the trivial norm, and that X is zero-dimensional and Hausdorff. Then there is a
contravariant-functorial one-to-one correspondence betweenC (X) and the set of
closed k-subalgebras ofCbd(X, k) separating points of X.

Proof. Denote byC ′(X) the set of closedk-subalgebras of Cbd(X, k) separating points
of X. The correspondences are given in the following way:

C (X) ←→ C ′(X)
[

f : X →֒ Y
]

 Im( f a: C(Y, k) →֒ Cbd(X, k))
[X →֒ BSCk(X)։Mk(A )] f (A ⊂ Cbd(X, k)).

They are the inverses of each other by the generalised Stone–Weierstrass theorem
([Ber1] 9.2.5. Theorem). We remark that for any fully faithful totally disconnected
compact Hausdorff space (Y, f ) under X, the associated bounded homomorphism
f a : C(Y, k) →֒ Cbd(X, k) is an isometry becauseX is a dense subspace ofY, and hence
its image is closed. On the other hand for any closedk-subalgebraA of Cbd(X, k)
separating points ofX, the associated continuous mapX →֒ BSCk(X) ։ Mk(A ) is
a homeomorphism onto the image which is a dense subspace, becauseX is a dense
subspace of BSCk(X), the condition thatA separates points ofX guarantees the in-
jectivity, and every continuous map between compact Hausdorff spaces BSCk(X) and
Mk(A ) is a closed map. �
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mathématique, Volume V, Hermann, 1953.

[Dal] H. Garth DalesBanach Algebra and Automatic Continuity, London Mathemat-
ical Society Monographs New Series, Volume 24, Oxford Science Publications,
2000.
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