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ABsTRACT. We study derived intersections of smooth analytic cycled, a
provide in some cases necessary antigant conditions for this intersec-
tion be formal. In particular, i is a complex submanifold of a complex
manifold Y, we prove thatX can be quantized if and only if the derived
intersection ofX? andAy is formal in DP(X?).
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1004 JULIEN GRIVAUX

1. INTRODUCTION

The theory of non-transverse intersections is now a clalsgipic in algebraic geom-
etry, which is exposed in the classical bobk [4]. The mairaidees as follows: if
two (smooth) subschem&sandY of a smooth complex algebraic schedhtersect
along an irreducible scheme then the refined intersection BfandY consists of the
two following data: the set-theoretic intersectibri= X N'Y, and an elemeri of the
Chow group CH(T) wherer is the diference between the expected codimension of
XNY (that is the sum of the codimensionsXfandY) and the true codimension of
XNY. If Nis the restriction of N toT, the conormal excess bundiés an algebraic
vector bundle of rank defined by the exact sequence

O—>8—>N—>N-’}/Y—>O.

Then the excess intersection clgss given by¢ = ¢, (€*). This formulais a particular
case of the excess intersection formula for refined Gysinphisms, we refer the
reader tol[4§6.2 and§6.3] for more details.

Recall now that

ch: K@) ®;,Q — CHZ)®zQ
is an isomorphism, so that dealing with Chow rings is the samdealing withK-
theory (modulo torsion). Intersection theorydntheory is much easier and goes back
to [3]: the product oDx andOy is just the alternate sum of the classes of the sheaves
Tory, (Ox,Ov), which is the element

A& = Z(—l)i [A'g].
i=0
Then ch (A-1 &) is exactly the excess clasintroduced above. For a geometric inter-
pretation of intersection in K-theory, we refer the readethte classical Tor formula
[7, §5.C.1].

For applications, it is essential to lift K-theoretic retsuht the level of derived cate-
gories. The intersection product of two algebraic cydemndY in this framework is

simply the derived tensor produgt= Ox oLz>OZ Oy in DP(Z), which is much more com-
plicated to study. First of all, the elemefhtadmits canonical lifts in B(X) or D°(Y),
but does not always comes from an object #(T). Thus® doesn't live on the set-
theoretic intersection of andY. Next, for any nonnegative integprthere is a canon-
ical isomorphism betweet{~P() and AP &. There is therefore a natural candidate
for ¢, namely the formal object(&) := EBid:O AIE[i]. Itis a rather delicate question
to decide if the objeat is formal in DP(X), DP(Y) or in DP(Z). The first important re-
sult in this direction was given by Arinkin and Caldaraaun $elf-intersections. Their
result is a far-reaching generalisation of the HochscKiddtant-Rosenberg isomor-
phism corresponding to the self-intersection of the diajanX x X. Let us state it
in the analytic categolﬂy

1Since we are concerned with applications in complex gegmetr will state throughout the paper the
results in the analytic category; they are also valid in fgelaraic category as well.
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FORMALITY OF DERIVED INTERSECTIONS 1005

THeEOREM ([1]). Let X, Y be smooth complex manifolds such that X is a closed
complex submanifold of Y. Thep,j jx/v. Ox is formal in DP(X) if and only Ny

can be lifted to a holomorphic vector bundle on the first formeighbourhood of X
inY.

In particular, if the injection ofX into its first formal neighbourhood i¥ admits a
retractiono, which means in the terminology dfl[5] thaX,(o) is a quantized ana-
Iytic cycle, thenj;‘(/Y ix/v= Ox is formal. This fact was discovered by Kashiwara in
the beginning of the ninetiesl|[6], and his proof has been&vridown in[5]. In this
paper, we are interested in more general intersectionssei&intersections. We will
deal with cycles intersecting linearly, which means thatititersection is locally bi-
holomorphic to an intersection of linear subspaces. Wealslb make the additional
assum%tion that one of the cycles, s&ycan be quantized. Our main result runs as
followsli:

THEOREM 1.1 Let Z be a complex manifold, I€X, o) be a quantized analytic cycle
in X, and Y be a smooth complex submanifold of Z such that X am@réect linearly.
Put T = XN 'Y, and letN be the restriction oNx/z to T, and let be the associated
conormal excess bundle on T. Then the objégt jxz. Ox is formal in the derived
categoryD®(Y) if and only if and only if the excess conormal exact sequence

0—&—N— N

Ty —0

is holomorphically split.

Two extreme cases of this theorem are already known: theafassdf-intersections
and the case of transverse intersections. For self-irtgoses, the formality fol-
lows directly from Arinkin-Caldararu’s result, sincé is assumed to be quantized.
For transverse intersections, there are no higher Tor elsesn/thatjf(/z ix/z« Ox =
jT/v« O71. An important point must be noticed: althougjipZ ix/z« Ox is locally for-
mal, and hence comes locally fron?@), this property is no longer true globally in
general if the excess exact sequence is not split; we proadeter-examples.

One of the principal applications of Theoréml1.1 is the exise of a formality crite-
rion in order that an analytic cycle be quantized:

THEOREM 1.2. Let X be a smooth complex submanifold of a complex manifold Y.
Then X can be quantized if and only if the oqugi/:\j2 Oy, is formal inDP(X?).

This result follows directly from Theorem 1.1 by applyingettrick of the reduction
to the diagonal. Thus, the existence of an extension to thercsal bundle at the
first order or the existence of an infinitesimal retractiondaomplex analytic cycle
are both equivalent to the formality of a derived intersactithe first one involves
the pair &, X) in Y and the second one involves the p@ik, X?) in Y2. However,

L
it would be very interesting to know Dy ®, Ox is always formal in B(Y), since

2The author was informed that a similar result has been argsalindependently by Arinkin, Caldararu
and Hablicsek [2].
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1006 JULIEN GRIVAUX

no obstruction to the formality of this complex is known upe tine author’s knowl-
edge. We conjecture that it is indeed the case, and provide swidence towards this
conjecture.

ACKNOWLEDGMENTS. This paper grew up from conversations with Daniel Huy-
brechts and Richard Thomas, | would like to thank them bothrany interesting
discussions on this topic.

2. NOTATIONS AND CONVENTIONS

All complex manifolds considered are smooth and connecBydsubmanifold, we
always meartlosedsubmanifold. IfX andY are complex analytic spaces such tKat
is a complex subspace ¥f we denote byjx,y the corresponding inclusion morphism,
and we denote by the first formal neighbourhood € in Y. For any holomorphic
vector bundleS on a complex manifolX, we denote by () the formal complex

EBkzO AKE[K].

For any ringed complex spack,Ox), we denote by B(X) the bounded derived cat-
egory of the abelian category of coherent sheavé&emodules ornX. For any holo-
morphic mapf: X — Y between complex manifolds, we denote tiy D°(Y) —
DP(X) the associated derived pullback. The non-derived pukifacctor is denoted
by HO (f*).

3. QUANTIZED ANALYTIC CYCLES AND AK COMPLEXES

We recall terminology and basics constructions from [51t Z&e complex manifold.
A quantized analytic cyclén Z is a pair X, o) such thatX is a closed connected
complex submanifold oZ ando is a retraction of the injection oX into its first
formal neighbourhood iZ. If we denote the latter bz, theno is a morphism of
sheaves ofx-algebras fronOx to Og,. Equivalently,c is a splitting of the Atiyah
sequence

Q) 0— Ny, — 0z, > O0x—0

in the category of sheaves Gk-algebras, that is an isomorphism of sheaveg€,of

algebras betwee@y, and the trivial extension afx by N§ 2 The set of possible

quantizationg- of X is either empty or anfiine space over Ho(m)l(, N;‘(/Z). For any
quantized analytic cycle o) in Z, there is a canonical compléx, of Oy -modules,
called theAtiyah-Kashiwara complexiefined as follows: for any nonnegative integer
kl
k k * K *
(Po)k = AS1Ox, = ANy , @ AN, ;.
Besides, )k is acted on byOg, via o as follows: Ox acts in the natural way by

multiplication, and N , acts onA***N; , by 0 and omA*N; , by the formula
(g A AR =TAILA L Ak
The diferential;d_ is given by the composition

0,id . (d.0 i e
AING L @ ARNG , 20 AN, 99 AN, @ ARING .
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The complexP,, is a left resolution 0Dy overOyz which neither projective nor flat.
However, the morphism
iz ix12e Ox = I3 Pr — P @0, Ox = 5(Ny7)

is an isomorphism, called tlepiantized Hochschild-Kostant-Rosenberg isomorphism
(see [5, Proposition 4.3]). I is fixed, so that the isomorphism betwe@g and
N, ® Ox is fixed, and ifp is in Hom(Q%, Nj ), then®,., = AIN; , & AN,
whereOy acts onA**!N; , by multiplication, onA*Ny , by

folizAn... Al =(@edf)Aig AL Ak, TiT AL ATK),
and N, acts by wedge product. |If N admits a holomorphic connection

Vi N, — Q) ® Ny, we denote by £V)i.1 the associated connections of the
exterior powers of Ij ,. Then there is an associated natural isomorphism betfigen

and®.., given in any degreek by
2) (. J) = @ + o A AVI()). ).
4. LINEAR INTERSECTIONS AND EXCESS CONTRIBUTIONS

Let us consider three complex manifol¥s Y andZ such thatX andY are closed
complex submanifolds oZ. LetT = X NY. We will say thatX andY intersect
linearly if for any pointt in T, there exist local holomorphic coordinatesdheart
such thatX andY are given by linear equations in these coordinates. If #tisé case,
T is smooth, and there exists a holomorphic vector budda T fitting in the exact
sequence

3) O—>8(—I>NL>N§./Y—>0

whereN = j.*r/x N3z The bundle€ is called theexcess intersection bundle

If two cycles X andY in Z intersect linearly then for any nonnegative integer
Tor‘(‘)z(()x,Oy) =~ JT/vs AXE. The two extreme cases of linear intersections are trans-
verse intersectiong(= {0}) and self-intersections{(= Y and& = N;, /z)-

We give computations in local coordinates which will be uséfi the sequel. By
definition of linear intersections, we can find local holoptuc coordinates

{(Xi)lgisp’ (¥i)1<j<a> (B 1<kers (Zl)lslss}
onZ in a neighbourhoot of any pointinT such that locally
X=x1=0n...n{X=0n{t1 =0 N...N{t =0}
Y={y1=0lNn...0{yg=0 n{ts=0}n...N{t = 0}

The excess bundl€ is the bundle spanned Byt;,...,dt. Let K be the Koszul
complex onUJ associated with the regular sequence

Xl,...,Xp,tl,...,tr
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defining X, and letr be the local infinitesimal retraction &€, in X induced by the
projection & y.t,2) — (0,y,0,2), and there is a quasi-isomorphism
(4) v: 5(E)rnu — Kvnu

We have also a natural morphism of complexesom K to jx,z. (P-),u given as
follows (see the proof of |5, Proposition 3.2]):liic {1...,p}andJ c {1...,r}, then
p

of - of
y[f(x.y.t.2) dx Adu] =[Z 2-(0.y.0.2dxa+ > =-(0.y.0.2)dto | A dx A dlty
Xa =1 b

a=1

(5) & f(0,y,0,2) Adx Adt;.
5. RestricTION OF THE AK COMPLEX

We keep the notation ¢l. The cartesian diagram of analytic spaces

Ty—>iz

|

yields a canonical morphism fro(rd)yz)‘Y to Oz, which is in fact an isomorphism

(this can be checked using local holomorphic coordinates e end of§3). If we
restrict the sequenté 1 ¥ we get the exact sequence

Tor,(Ox.Oy) — N — (0%,) , — Or — 0
which is exactly the sequence
O—>8—>N\—>OTY—>OT—>O
obtained by merging the sequendés (1) and (3) correspotualthg pair T, Y).
We turn now to the quantized situation, where we can deserpkcitly the restriction

to Y functor from Mod(Ox, ) to Mod(Os, ). Assume thatX, o) is a quantized analytic

cycle inZ. Let us define a sheaf of ring@r onT by the formulaOy = (O'*OXZ)
Then we have an exact sequence

T

0—&— 01 — 07, — 0.

The inclusion morphism fromy to Xz can be described as followt;)yZ is anOx-
module viao. Since l\j(/Z acts or()yz, N acts onOt andOfY = O7/&.O7 so that for
any sheaff” of Oz -modules,

_ @

& (o F )7

Let us now consider the Leray filtration @N. The p-th piece Fof this filtration is
the image ofAPE ® A*PN in AKN. Since G (A*N) = AN; , it follows from (€)

(6) Fiv
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that the restriction of the AK compleR,. to Y is given for any honnegative integler
by the formula

7 (Po)-kjy = AINT,y @ AFN.
If §: AN — ANz, is thek™ wedge product of, the diferential of the complex
(P)v is given (up to the factdk) via (4) by the composition

— (0,4 id, 0 —
AING @ AN 22 Al B0 Ak @ AR

so that the local conomology sheaveg®f ),y are

(8) ﬂ_k{(P(r)\Y} =~ Kerdy = j1/v« {Fl (AKN)}-

Remark that for ank the natural inclusion f(AkN) — (Po)xvis Os, -linear, hence
alsoOy-linear. Thanks td{8), we have a quasi-isomorphismiGvp

) Py = P - {Fa (AN)} K.

k>0
6. FORMALITY IN THE SPLIT CASE
Let us define a morphism
W 1 g ixize Ox = iz ixize Po — @Po)iy = €D irpve (Fr(AN)} K
k=0
in D°(Y) using [9). If [3) splits, then for any positive integerany splitting of this
sequence yields an isomorphism betwee(v\EK N) and @';:1 AE® ANy

ProrosiTiON 6.1 Let(X,0), Y, Z be as above; and assume that the excess exact
sequencdd) splits. Then the composite morphism

O 1 iz iz Ox ~> €D v {FL (AN)} K — jrve 5(8)
k>0

is an isomorphism iDP(Y).

Proof. Let us describ&,, locally. For this we use the computations in local coordi-
nates performed at the end $f. Taking the same notations, the Koszul coméx
is a free resolution ok of jx,,u:Ox,. Let us denotXNU, YN U, andT nU by
Xu, Yu, andTy respectively. Ifr is the local quantization ok adapted to our choice
of local holomorphic coordinates ands defined by[(b), we claim that the diagram

V|YU

= jTU/YU* S(S)WU

(](\Yu

Yivy

Py = Bioo o/ {Fl (Akﬁ)}[k]
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commutes. Indeed, f c {1...,r}, then a local sectiofi(z) dt; of A"E is mapped by
v ov to the section (0f (z) dt;) of P (the derivatives in formuld{5) don't appear since
f doesn’t depend on the variabbeandt). Hence we get a commutative diagram

~ ~ "IYu
(J"{(/z ix/z+ Ox)lu = oo X Kivy - iy s@ry = Ityy=s@my

bk |

e . - . K .
)IU <~ iy e Pr T @iy < Bieo ity v+ (RN} — iny vy 5@y

Or

(K{/z ix/z« Ox

in DP(Yy). This proves tha®. is an isomorphism. Then we can prove easily that the
same results holds if we replaceby 7. Indeed, ifU is small enough, we can pick a
holomorphic connection on Q}&)w; and we have a commutative diagram

Prco ITo/ve [FL(AN) [ —— (Po)v,

idl L~
Proo iT/v- {FL(AN)} [ —— (P2,
where the left vertical isomorphism is given by (2). Thislgethe result. O
Remark that even if the excess sequefée (3) if not split, waya have an Atiyah
morphism
ate 1 j§z ixize Ox — j1/v« E[1]
which is obtained by the composition
e ¥, . — . — .
(10) vz ix/z« Ox — @ jrve {Fa(ANI K — o {FL(N)} 2] = jrjve E11]
k>0
where the last arrow is the projection on the factor corradpw tok = —1. This

morphism induces an isomorphism on the local conomologgnatein degree 1 of
both sides.

7. THE REVERSE IMPLICATION

Let us now assume thgt,;, jx/z. Ox is formal in D’(Y). Remark that we have a
canonical morphism
(11) 1Nz Ixz« Ox — Jr/v« (O ® E[1])
which is an isomorphism on the local cohomology sheaves gifeds 0 and-1. The
first component is given by the composition

P iz ixize Ox — HO(i%2) {ixjze (Ox)} = jr/va Or
and the second one is the Atiyah morphistp defined by [[ID). Therefore, f =
PieoBx is an isomorphism betweefy, jxz.0x and jr/v. (.o AE[K]), we can

DOCUMENTA MATHEMATICA 19 (2014) 1003-1016



FORMALITY OF DERIVED INTERSECTIONS 1011
replace3y by p andg; by at.. At usual, we denote b, the AK complex associated
with (X, o). Let us consider the morphism

plept
. L. ~ e Lo/, .
mjrves(8) 8 jryves(8) — (Jy/z JX/Z*OX) ®y, (JY/Z ]X/Z*Ox)
~ 1k H L H 3 H L ~ 1k H *
— iz (ix/2:0x 8y, ixize Ox) = 52 (ix/2:0x 8y, Por) — 15z ixize {5 (Ny2)}
— 2 ixize {Ox @ Ny 7} — jrva (Or @ E[1] @ N[1]),

where the last morphism is built using{11) on the first factdote that all arrows
occurring in the expression af are isomorphisms, except the two last ones which in-
duce isomorphisms on local cohomology sheaves of degrees-0la HenceH ~1(m)

is an isomorphism. Now we can write

. L.
[ (JT/Y* s(8) &, J1/ves (5))

> jrv. (6[1] ®0, O1)® jrv. (Or 0, E[11)& = (jrv. Or 8, f1/v. Or)
= jrv. E[1] @ jrjv. E[1] & v (Or @ N y[1]).
so thatH ~}(m) = jr/v. (8 ®ESD Ni‘r/Y). Hence we have an isomorphism
HYm): E@8ON;y — EON

in Mod (Y), hence in ModT). We denote iti. Using the natural morphis@; —
ix/z« Ox, we get a commutative diagram

HE L HES H -~ HES L H
JY/Z OZ ®OY Jy/z JX/Z* OX —— JY/Z (OZ ®Oz JX/Z* OX)

| |

L Lo -~ L.
iz Ix/2e Ox 8y, 7 Ixjze Ox ——= Tz (/2 Ox 8y, iz Ox)
Applying the functor~! we have another commutative diagram, namely

& d &

(O,id,O)l l(id,a)

EoEoN;,y ——=EaN

The proof that the second vertical arrows is {Jlis purely local, let us briefly explain
how to do it. The morphisn®z — jx;z. Ox can be lifted locally on any small
open setJ to a morphism of complexe3;, — K whereX is the Koszul complex
introduced in§dl. Hence we must compute the action of the morphism

(Ou o, Ky, — (K @0, Ky,
on the local cohomology sheaves of degrde which is an elementary calculation.
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We can do the same argument after switching the two factotiseofensor product,
and consider the diagram

. L - . . L
Kz 0x®, 15702 ———— I (JX/Z* Ox ®,, OZ)

| |

. . L. . ~ . . L.
J*Y/Z JX/Z* OX ®OY J*Y/Z JX/Z* OX —_— J?/Z (JX/Z* OX ®OZ JX/Z* OX)
which gives
& &

(id,0,0)l/ l(—id,a)

1 —

gocoN; —" =N

Therefore wee see that the composite map

= a+id —

EoN;y = (0j0EDON;,y > EBEBN;,y — EON — N
is an isomorphism whose first component is 2This proves that i, is a direct
factor of&in N, so that[[B) is holomorphically split.

8. AN ALTERNATIVE PROOF

In this section, we sketch an alternative proof of the spiitbf the excess exact se-
quencel(B) wheljf;/z jx/z« Ox is formal in DP(Y). For the formalism of Grothendieck’s
six operations in our context, we refer the reader tg82].

Recall that there areanonicalisomorphismsH ™ (j:‘(/Z ix/zs Ox) o~ jT/Y*(AiS).
Therefore, if the derived intersectiq't)/Z jx/z+ Ox is formal, we can pick an isomor-
phismy betweenjr,y. s (£) andjj ; jx/z- Ox and we can assume without loss of gen-
erality that the induced isomorphisms in local cohomologythe canonical ones. If
d denotes the codimension ®fin Y, we have

DOCUMENTA MATHEMATICA 19 (2014) 1003-1016
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HomMpoyy (/v 5(E) 5 1§z Ix/zs OX)

= HomDb(T) 5(8), JT/Y JY/zJX/Z*OX})

~ Home(T)(S(S) Ity JY/ZJX/Z*OX} or JT/YOY)
= Home(T)(S(S) JT/x Jx/z ]X/Z*Ox}@’o JT/YOY)

= Homoem(s (©). 7 {5 (N2} ‘X’oT A“Nrv[-d])
=~ Home(T)(S(S),S( )®0T AdNT/Y[_d])
—p—d -
= (P ExthPY(APE, AN @0, A'Nr)y)
g-p=d
—p-d LINE N
= (P ExthPY(APE o, ANy, AN).
g-p=d
Using this decomposition, we write= 3., ; ¢pq. Then for any nonnegative integer
the morphismH~P(y) is determined by, ,.q4. Besides, it is possible to check using
local holomorphic coordinates that for amy the mape,, p.q is a retraction of the
natural projection
APIN = Fp (APN) - Gry (AP*N) = APE® AN7 .

The reason for this is that we have normalised the actioneoistiimorphisng on the
local cohomology sheaves.rlflenotes the rank of the excess bur&lléhen transpose
of the map

@r-1r-1+4d ®1id
—_—

& ~ Ar—18®Ar8* ~ (Ar—18®Adel<_/Y)®Ar+d N* Ar+d—1 N®Ar+d N* ~ N*

is a retraction ofr ged.

This method allows to provide pathological examples:

PROPOSITION 8.1 Assume that the natural surjectio! N® A9 N1,y — Or does
not split. Then §,, jx;z. Ox does not live in the image &°(T) in D(Y).

Proof. Assume that there exist an elemeim D°(T) such thalj:‘(/Z ix/ze Ox = j1/vs 0.
There is a canonical morphis@y =~ j:‘(/z 07 — j:‘(/z ix/z« Ox inducing the natural
morphismQOy — Oy on the local cohomology sheaves of degree 0. Then using the
chain

Home(Y)(OY, J/ve 9) = Homob(r)(i-*r/y Oy, 9) — Home(Y)(jT/y* O, Yz Ix/zs OX)

we get a morphism frondr to j;/z ix/z« Ox inducing the canonical isomorphism in
local cohomology of degree 0. Thanks to the previous caticula

Home(Y)(jT/Y* O, j;ﬁ(/z jx/z* Ox) ~ @ Hq_d(AqN ® AdNT/Y).
od
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The componentin HAYN & A%Nt/y) must map to 1 via the mag'N ® ANy y —>
Or, which contradicts our assumption. m]

9. THE FORMALITY CRITERION FOR QUANTIZATION

In this section, we prove Theordm1L.2. This is in fact a shi@gward consequence
of TheoreniLIL. Indeed, X is a closed submanifold of, the cyclesAy andX? are
smooth submanifolds of? intersecting linearly alongx. Observe thaty can be
obviously quantized (for instance by one of the two profats), and that the excess
exact sequencg](3) axy is the conormal exact sequence

0 — Niy _’Q\qu — Q} — 0.

Thanks to Theorefi 1.3, ., Oa, is formal in O (X2) if and only if the conormal
exact sequence of the paiX,(Y) is holomorphically split, that is if and only X can
be quantized.

To give a clearer picture of this result, we can draw the feitmg diagram:

j;(/v Ox
is formal if and only
if the conormal bundle
N3, extends to<z

D°(X)

No necessary and
sufficient condition is
known for the formality

D%(Y)
L

of Ox ®0v Ox.

jY/Y2 *

Db ()

ij/YZ*

j;Z/YZ Oa,
is formal if and only
if the conormal exact
sequence ofX,Y)
splits.

Db (X?)
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10. R:RrSPECTIVES

In view of the preceding discussion, we propose a very nhtigajecture, which
predicts the formality o#ll derived self-intersections in the bounded derived categor
of the ambient complex manifold.

L
CoONJECTURE 10.1 For any pair (X, Y), the objetOx ®p, Ox is always formal in
D°(Y).

As an evidence for this conjecture, we provide the followfimgnality result for trun-
cated objects of length two (which corresponds in classérahs to the degeneracy at
the page Eof a spectral sequence):

L
PROPOSITION 10.2 For any nonnegative integer p;~* <P (Ox ®,, Ox)is for-
mal in DP(Y).
Proof. Letj = jx,y andd = j* j. Ox. The Atiyah morphismt : j.Ox — j*N;‘(/Y[l]
in the derived category'Y) yields by adjunction a morphisth — N;‘(/Y[l], which

induces an isomorphism in local cohomology of degrée Thereforer==19 ~ Ox ®
N3,[1]in DP(X). We can go a step further in°Dr): let us consider the morphism

at®at

o~ Ox By, Ox 2% Ny y[11 8, NigyIL] —— ANy [2].
It induces an isomorphism in local cohomology of degr@e Therefore
2.9 = Ox @ Ny y[1] @ AN} y[2]
in D°(Y). Recall now thaij, 9 is a ring object in (Y), the ring structure being given
by the composition of morphisms
08, J. 8 — L (08, | i) — . (@8, 9) > |. |’ (Ox&,, Ox) — . 0.

Let us consider the morphisa=-1j,9)*® — (j.9)*® — j. ® where the last arrow
is the ring multiplication. Since the left-hand side is centrated in degrees at most
—p, this morphism can be factored throughi?j, ¢. Applying the truncation functor
=7P*1 we get a morphism

7P (=L 9)®P — PP g,

Remark now that the natural morphisftP*1(7="1j,9)*P — 727P+1(72-275-1j 9)®P
is an isomorphism, so that we obtain a morphism

9: TZ—p+l(T2—2 Ts—l ]* 0)®P N TZ—p+lTS—pj* 9.
We have seen that27="1 j, ¢ is formal; this yields
- _ -1 - « QP « ®p-1 N
P (2 )P (NX/Y[]-]) @ {(NX/Y[]-]) ® A NX/Y[Z]}~

Besides, in local cohomology, is simply the wedge-product. Using the antisym-
metrization morphisms (se€ [§2.1]), we obtain a quasi-isomorphism

APN3 y[p] @ APENg y[p+ 1] — 7 P2 2751 9)%0 D r2PHlsp) g
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REMARK 10.3 The crucial point in this proofis that—27="1 j, ¢ is formal in D°(Y).
However,7>27="1¢ is not always formal in B(X). In fact, this object is formal if
and only if N ., extends at the first order (see [1]). This reflects the fadtjthes not
faithful.

REFERENCES

[1] Dima Arinkin and Andrei Caldararu. When is the selfarsection of a subvariety
a fibration?Adv. Math, 231(2):815-842, 2012.

[2] Dima Arinkin, Andrei Caldararu, and Marton HablidseéOn the formality of de-
rived intersectionsPreprint, 2013.

[3] Armand Borel and Jean-Pierre Serre. Le théoreme dm&i@-RochBull. Soc.
Math. France 86:97-136, 1958.

[4] William Fulton. Intersection theorySpringer-Verlag, Berlin, 1998.

[5] J. Grivaux. The Hochschild-Kostant-Rosenberg isorhasqm for quantized ana-
lytic cycles.Int. Mat. Res. Notice012.

[6] M. Kashiwara. Unpublished letter to Pierre Schapire91.9

[7] Jean-Pierre Serr&ocal algebra Springer-Verlag, Berlin, 2000.

Julien Grivaux

CNRS I2M UMR 7373 CMI
Université de Provence

39 rue Frédéric Joliot-Curie
13453 Marseille Cedex 13
France
jgrivaux@math.cnrs.fr

DOCUMENTA MATHEMATICA 19 (2014) 1003-1016



	1. Introduction
	2. Notations and conventions
	3. Quantized analytic cycles and AK complexes
	4. Linear intersections and excess contributions
	5. Restriction of the AK complex
	6. Formality in the split case
	7. The reverse implication
	8. An alternative proof
	9. The formality criterion for quantization
	10. Perspectives
	References

