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1. INTRODUCTION

K-theory was originally discovered by Grothendieck in the late 50-s. Thanks to
works by Atiyah, Hirzebruch, Adams K-theory was firmly entrenched in topol-
ogy in the 60-s. Along with topological K-theory mathematicians developed
algebraic K-theory. After Atiyah-Singer’s index theorem for elliptic operators
K-theory penetrated into analysis and gave rise to operator K-theory.

The development of operator K-theory in the 70-s took place in a close contact
with the theory of extensions of C'*-algebras and prompted the creation of a
new technical apparatus, the Kasparov K-theory [24]. The Kasparov bifunctor
K K. (A, B) combines Grothendieck’s K-theory K, (B) and its dual (contravari-
ant) theory K*(A). The existence of the product KK.(A4,D)® KK.(D,B) —
KK, (A, B) makes the bifunctor into a very strong and flexible tool.

One way of constructing an algebraic counterpart of the bifunctor K K, (A, B)
with a similar biproduct and similar universal properties is to define a trian-
gulated category whose objects are algebras. In [8] the author constructed
various bivariant K-theories of algebras, but he did not study their universal
properties. Motivated by ideas and work of J. Cuntz on bivariant K-theory of
locally convex algebras [4, 5, 6], universal algebraic bivariant K-theories were
constructed by Cortinas—Thom in [3].

Developing ideas of [8] further, the author introduces and studies in [9] universal
bivariant homology theories of algebras associated with various classes § of
fibrations on an “admissible category of k-algebras” ®. The methods used by
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the author to construct D(R, §) are very different from those used by Cortifias—
Thom [3] to construct kk. However they coincide in the appropriate stable
case. In a certain sense [9] uses the same approach as in constructing E-
theory of C*-algebras [18]. We start with a datum of an admissible category
of algebras R and a class § of fibrations on it and then construct a universal
algebraic bivariant K-theory j : ® — D(R,§) out of the datum (R,F) by
inverting certain arrows which we call weak equivalences. The category D(R, §)
is naturally triangulated. The most important cases in practice are the class
of k-linear split surjections § = Fsp1 or the class § = Fsurj of all surjective
homomorphisms.

If § = Fsp1 (respectively § = Fsurj) then j: R — D(R, F) is called the unstable
algebraic Kasparov K-theory (respectively unstable algebraic E-theory) of R.
It should be emphasized that [9] does not consider any matrix-invariance in
general. This is caused by the fact that many interesting admissible categories
of algebras deserving to be considered separately like that of all commutative
ones are not closed under matrices.

If we want to have matrix invariance, then [9] introduces matrices into the
game and gets universal algebraic, excisive, homotopy invariant and “Morita
invariant” (respectively “Mo-invariant”) K-theories j : ® = Dypor(R,§) (ve-
spectively j : ® = Ds:(R,F)). The triangulated category Dor(R,F) (respec-
tively Dg:(R,§)) is constructed out of D(R,F) just by “inverting matrices”
M,A, n >0, A€ R (respectively by inverting the natural arrows A — M. A
with MooA = U, MpA). We call Dyyor(R, Fsp1) and Door (R, Fsurj) (respec-
tively D (R, Fsp1) and Dgs;(R, Fsurj)) the Morita stable algebraic K K- and
E-theories (respectively the stable algebraic K K- and E-theories). A version
of the Cortinas—Thom theorem [3] says that there is a natural isomorphism of
Z-graded abelian groups (see [9])

Dst(%a S)*(k’ A) = KH*(A)a

where K H,(A) is the Z-graded abelian group consisting of the homotopy K-
theory groups in the sense of Weibel [31].

One of the aims of this paper is to represent unstable, Morita stable and stable
algebraic Kasparov K-theories. Here we deal only with the class of k-linear
split surjections § = Fsp1. We introduce the “unstable, Morita stable and stable
algebraic Kasparov K-theory spectra” K*(A, B) of k-algebras A, B € ® where
* € {unst, mor, st} and R is an appropriate admissible category of algebras. It
should be emphasized that the spectra do not use any realizations of categories
and are defined by means of algebra homomorphisms only. This makes our
constructions rather combinatorial.

THEOREM (Excision Theorem A for spectra). Let x € {unst,mor,st}. The
assignment B — K*(A, B) determines a functor

K*(A,?): R — (Spectra)
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which is homotopy invariant and excisive in the sense that for every §-extension
F — B — C the sequence
K*(A, F) - K*(A,B) - K*(4,C)

is a homotopy fibration of spectra. In particular, there is a long exact sequence
of abelian groups

= Ki L (A,C0) 2 Ki(AF) = K (A,B) - K (A,C) — ---
for any i € Z.
We also have the following

THEOREM (Excision Theorem B for spectra). Let x € {unst,mor,st}. The
assignment B — K*(B, D) determines a functor

K*(?,D) : R°? — (Spectra),

which is excisive in the sense that for every §-extension F — B — C' the
sequence

K*(C,D) - K*(B,D) —» K*(F, D)
is a homotopy fibration of spectra. In particular, there is a long exact sequence
of abelian groups

= Kj | (F,D) - Kj(C,D) = Kj(B,D) = Kj(F,D) = - -
for any i € Z.
The following result gives the desired representability.

THEOREM (Comparison). Let x € {unst,mor,st}. Then for any algebras
A, B € R there is an isomorphism of Z-graded abelian groups

K:(A, B) 2 D,(R,5)+(4, B) = @) D.(R, §)(4,9"B),
nez
functorial both in A and in B.

The Cortinas—Thom theorem [3, 8.2.1] and the Comparison Theorem above
imply that the spectrum K*!(k, —) represents K H. Namely, we have the fol-
lowing

THEOREM. For any A € R there is a natural isomorphism of Z-graded abelian
groups

Ket(k, A) = K H,(A).

The preceding theorem is an analog of the same result of K K-theory saying
that there is a natural isomorphism KK, (C, A) & K,(A) for any C*-algebra
A.

It is important to mention that another aim of the present paper together
with [10] is to develop the theory of “K-motives of algebras”, for which Excision
Theorems A-B as well as the Comparison Theorem are of great utility. This
theory shares lots of common properties with K-motives and bivariant K-
theory of algebraic varieties, introduced and studied by the author and Panin
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in [11, 12] in order to solve some problems in [13] for motivic spectral sequence.
In fact, K-motives of algebras are a kind of a connecting language between
Kasparov K-theory of C*-algebras and K-motives of algebraic varieties (hence
the choice of the title of this paper and that of [10]).

Throughout the paper k is a fixed commutative ring with unit and Alg, is the
category of non-unital k-algebras and non-unital k-homomorphisms.

Organization of the paper. In Section 2 we fix some notation and terminology.
We study simplicial algebras and simplicial sets of algebra homomorphisms
associated with simplicial algebras there. In Section 3 we discuss extensions
of algebras and classifying maps. It is thanks to simplicial algebras and some
elementary facts of their extensions that Excision Theorem A is possible to
prove. Then comes Section 4 in which Excision Theorem A is proved. We
also formulate Excision Theorem B in this section but its proof requires an
additional material. The spectrum K**$*(A, B) is introduced and studied in
Section 5. In Section 6 we present necessary facts about model categories and
Bousfield localization. This material is needed to prove Excision Theorem B.
In Section 7 we study relations between simplicial and polynomial homotopies.
As an application Comparison Theorem A is proved in the section. Compari-
son Theorem B is proved in Section 8. It says that the Hom-sets of D(R, §) are
represented by stable homotopy groups of spectra K4“*$'( A, B)-s. The spectra
K5t K™°" are introduced and studied in Section 9. We also prove there Com-
parison Theorems for D%'(R,F), D™°"(R,F) and construct an isomorphism
between stable groups K&'(k, A) of an algebra A and its homotopy K-theory
groups.

Acknowledgement. The author was supported by EPSRC grant
EP/H021566/1. He would like to thank an anonymous referee for helpful
suggestions concerning the material of the paper.

2. PRELIMINARIES
2.1. ALGEBRAIC HOMOTOPY. Following Gersten [14] a category of k-algebras
without unit R is admissible if it is a full subcategory of Alg, and

(1) Rin R, I a (two-sided) ideal of R then I and R/I are in R;
(2) if R is in R, then so is R[z], the polynomial algebra in one variable;
(3) given a cartesian square

D—"=4
|,k
B——~C
in Alg, with A, B,C in R, then D is in R.
One may abbreviate 1, 2, and 3 by saying that R is closed under operations of

taking ideals, homomorphic images, polynomial extensions in a finite number
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of variables, and fibre products. For instance, the category of commutative
k-algebras CAlg, is admissible.
Observe that every k-module M can be regarded as a non-unital k-algebra
with trivial multiplication: my - mo = 0 for all my, mo € M. Then Mod k is an
admissible category of commutative k-algebras.
If R is an algebra then the polynomial algebra R[z] admits two homomorphisms
onto R

0;

Rz —ZR

0,
where 0! |gp = 1g, 0.(z) =i, i = 0,1. Of course, d(z) = 1 has to be
understood in the sense that Yr,z™ — Xr,.

DEFINITION. Two homomorphisms fo, f1 : S — R are elementary homotopic,
written fy ~ fi, if there exists a homomorphism

f:8— R[z]

such that 00f = fo and 91 f = fi. A map f: S — R is called an elementary
homotopy equivalence if there is a map g : R — S such that fg and gf are
elementary homotopic to idr and idg respectively.

For example, let A be a N-graded algebra, then the inclusion Ay — A is
an elementary homotopy equivalence. The homotopy inverse is given by the
projection A — Ay. Indeed, the map A — A[z] sending a homogeneous element
an € An to a,t™ is a homotopy between the composite A — Ay — A and the
identity id 4.

The relation “elementary homotopic” is reflexive and symmetric [14, p. 62].
One may take the transitive closure of this relation to get an equivalence rela-
tion (denoted by the symbol “~”). The set of equivalence classes of morphisms
R — S is written [R, S]. This equivalence relation will also be called polynomial
or algebraic homotopy.

LEMMA 2.1 (Gersten [15]). Given morphisms in Alg,

such that g ~ ¢', then gf ~ ¢'f and hg ~ hg'.

Thus homotopy behaves well with respect to composition and we have category
Hotalg, the homotopy category of k-algebras, whose objects are k-algebras and
such that Hotalg(R,S) = [R,S]. The homotopy category of an admissible
category of algebras R will be denoted by H(®). Call a homomorphism s : A —
B an I-weak equivalence if its image in H(R) is an isomorphism. Observe that
I-weak equivalences are those homomorphisms which have homotopy inverses.
The diagram in Alg;
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is a short exact sequence if f is injective (= Ker f = 0), ¢ is surjective, and
the image of f is equal to the kernel of g. Thus f is a monomorphism and
f=kerg.

DEFINITION. An algebra R is contractible if 0 ~ 1; that is, if there is a homo-
morphism f : R — R[z] such that %f = 0 and 91 f = 1x.

For example, every square zero algebra A € Alg,, is contractible by means of
the homotopy A — Alx], a € A — ax € Alz]. In other words, every k-module,
regarded as a k-algebra with trivial multiplication, is contractible.

Following Karoubi and Villamayor [23] we define ER, the path algebra on R,

0
as the kernel of 8% : R[z] — R, so ER — R[z] % R is a short exact sequence
in Alg,. Also 8! : R[z] — R induces a surjection

O} ER— R

and we define the loop algebra Q2R of R to be its kernel, so we have a short
exact sequence in Alg;,

1
QR — ER 5 R.

We call it the loop extension of R. Clearly, Q2R is the intersection of the kernels
of 8% and d!. By [14, 3.3] ER is contractible for any algebra R.

2.2. SIMPLICIAL ALGEBRAS. Let Ord denote the category of finite nonempty
ordered sets and order-preserving maps, and for each n > 0 we introduce the
object [n] = {0 < 1 < --- < n} of Ord. We let A™ = Homoprq(—,[n]), so
that |A™| is the standard n-simplex. In what follows the category of non-unital
simplicial k-algebras will be denoted by SimAlg;,.

Given a simplicial set X and a simplicial algebra A,, we denote by A4(X) the
simplicial algebra Map(X, A,) : [n] — Homg(X x A", A,). We note that all
simplicial algebras are fibrant simplicial sets. If A, is contractible as a simplicial
set, then the fact that S is a simplicial category and thus satisfies axiom M7
for simplicial model categories (see [19, section 9.1.5]) implies that Ae(X) is
contractible.

In what follows a unital simplicial k-algebra Ao is an object of SimAlg, such
that all structure maps are unital algebra homomorphisms.

PROPOSITION 2.2. Suppose Ao is a unital simplicial k-algebra. Then the fol-
lowing statements are equivalent:

(1) A, is contractible as a simplicial set;

(2) Ao is connected;

(3) there is an element t € Ay such that 9y(t) = 0 and 01(t) = 1.
Furthermore, if one of the equivalent assumptions is satisfied then every sim-
plicial ideal I4 C Ae is contractible.

Proof. (1) = (2),(2) = (3) are obvious.

(3) = (1). Ome can construct a homotopy f : Al x A, — A, from 0 to
1 by defining, for n > 0, the map f, : AL x A, — A, with the formula
fnla,a) = (a*(t)) - a. The same contraction applies to I,. O
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The main example of a simplicial algebra we shall work with is defined as

A® i n) e AR = Altg, . ] /(1 — Zm (2 Alty,. .., ta)),

where A € Alg,. Given a map « : [m] — [n] in Ord, the map a* : A2" — A”™
is defined by a”(t;) = >_ ;)= ti- Observe that AR =2 AR KA.

Note that the face maps .1 : AA" 5 AAY are isomorphic to oVt Al » A
in the sense that the diagram

Oe
1 AAO

is commutative and the vertical maps are isomorpisms. Let AT := A @ k as a
group and

(a,n)(b,m) = (ab+ ma + nb,nm).
Then AT is a unital k-algebra containing A as an ideal. The simplicial algebra
(AT)A has the element t = #, in dimension 1, which satisfies dy(¢t) = 0 and
01(t) = 1. Thus, t is an edge which connects 1 to 0, making (A*)? a unital
connected simplicial algebra. By Proposition 2.2 (A1) is contractible as a

simplicial set. It follows that the same is true for A®.
There is a mapping space functor Homj, : (Alg;)°P x Alg, — S, given by

(A, B) = ([n] = Homayg, (4, BA")).

For every A € Algy,, the functor Hom}, (7, A) : (Alg,)°" — S has a left adjoint
AT S — (Alg,)°P. If X €,

Observe that
AX = Homg(X, A®).
We have
Homayg, (4, BX) = Homs (X, Hom},, (4, B)).
As above, for any simplicial algebra A, the functor Homaig, (?, As)
(Alg,)°P — S has a left adjoint A4(?) = Homg(?, 4s) : S — (Alg,)°?. We
have
Homayg, (B, Ae(X)) = Homg (X, Homag, (B, As)).
Note that if Ay = A® then A% (X) = AX.
Let So be the category of pointed simplicial sets. For (K, %) € S, put
A (K, *) := Homsg, ((K,*), As) = ker(Homg (K, As) — Homg(*, A,))
= ker(A.(K) — A,).
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PRrROPOSITION 2.3 (Cortinas—Thom [3]). Let K be a finite simplicial set, * a
vertex of K, and A a k-algebra. Then k¥ and k%) are free k-modules, and
there are natural isomorphisms

ALK 3 4K Ag, kED 5 A

Proof. This is a consequence of [3, 3.1.3]: A ®x kX = A @y (k @y ZK) =
A®g 7K = AK. O

2.3. SuBDIVISION. To give an explicit fibrant replacement of the simplicial
set Homag, (A, B,) with B, a simplicial algebra, we should first define ind-
algebras. In this paragraph we shall adhere to [3].

If C is a category, we write ind —C for the category of ind-objects of C. It has
as objects the directed diagrams in C. An object in ind —C is described by
a filtering partially ordered set (I,<) and a functor X : I — C. The set of
homomorphisms from (X, I) to (Y, J) is

lim;e g colimje y Home (X5, Y5).

We shall identify objects of C with constant ind-objects, so that we shall view C
as a subcategory of ind —C. The category of ind-algebras over k will be denoted
by Algi™d,

If A= (A,I),B=(B,J) e Algi™ we put

[A, B] = 11H11 COhHlj HOmH(A]gk) (A“ B])

Note that there is a natural map Homj,ima (A, B) — [A, B]. Two homomor-
phisms f,g: A — Bin Algij‘d are called homotopic if they have the same image
in [4, B].

Write sd : S — S for the simplicial subdivision functor (see [16, Ch. II1.84]). It
comes with a natural transformation h : sd — idg, which is usually called the

last vertex map. We have an inverse system

hsa K hyq2 K

. 0 hx 1 2
sd*K :sd" K = sd K sd“K
We may regard sd® K as a pro-simplicial set, that is, as an ind-object in S°P.
The ind-extension of the functor A4(?) : S°® — Alg, with A, a simplicial
algebra maps sd® K to

Au(sd® K) = {Au(sd" K) | n € Zso}.

If we fix K, we obtain a functor (?)(sd® K) : SimAlg,, — Algi®®, which extends
to (?)(sd® K : SimAlgi"® — Algi™ in the usual manner explained above. In the
special case when A, = A%, A € Alg,, the ind-algebra A% (sd® K) is denoted
by Asd* K

Let A € Alg,,, Be € SimAlgik“d. The space of the preceding paragraph extends
to ind-algebras by

Hom y gina (A, Be) := ([n] — Hom ygina (A, Bp)).
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Let K be a finite simplicial set and B, € SimAlgik“d. Denote by Be(K) the
simplicial ind-algebra ([n,£] — Be(sd™ (K x A))) = {(Ex"B)¥ | n > 0}. If
K = x we write B, for B (*).

Similar to [3, 3.2.2] one can prove that there is a natural isomorphism

Homg (K, Homygina (A, B,)) = Hom ygima (A, Be (sd® K)),

where A € Alg,,, Bs € SimAlgi"® and K is a finite simplicial set. Notice that
the formula holds even at the ind-level, before taking colimit.

THEOREM 2.4 (Cortiias-Thom). Let A € Alg,, B, € SimAlgi™. Then
Hom pgma (4,Bs) = Ex™ Hom ygina (A, B,).
In particular, HomAlgi;d (A,B,) is fibrant.
Proof. The proof is like that of [3, 3.2.3]. O

PROPOSITION 2.5. Let K be a finite simplicial set, A € Alg, and (B.,J) €
SimAlgi™®. Then

Hom yjgina (A, Bo (K)) = (Ez™ Homygma (4, Bs)) ™.
In particular, the left hand side is fibrant.
Proof. The proof is like that of 3, 3.2.3].
Homg (A", Hom ygina (A, B.(K)))

= colim(; e sx2, Homalg, (A, Ba j(sd" (K x A")))
= colimyez., colimje s Homg (sd" (K x Aé), Homag, (A, B, j))
= colimpez., Homg(sd" (K x AZ), colimje s Homayg, (A, B.,;))
= colimpez., Homg(K X A, Ex™ colimje s Homag, (A, B.,;))
= Homg(K x AY, Ex™ Homyima (4, Ba)).

COROLLARY 2.6. Let A € Alg,. and let K, L be finite simplicial sets, then
Hom g ygina (4, B (K))" = Homygina (A, Be (K x L)).
Denote by Be(I) and Be(Q2) the simplicial ind-algebras Be(A') and
ker(Bo (1) m B.) respectively. We define inductively Bo(I") :=
(Bo (1" 1)), Bo(Q7) := (Bo (2" 1))(Q). Clearly, Bo(I") = Bo(Alx -7 xAl)
and Be (") is a simplicial ideal of Be(I™) that consists in each degree ¢ of
simplicial maps F : Alx -". x Al x A - B, such that F|8(A1X_T_L_XA1)XN =0.
COROLLARY 2.7. Let A € Alg,,, then
Homygina (4, B (27)) = Q" (Hom p ma (4, Ba)),

where Hom yyina (A, B, ) is based at zero.
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Proof. This is a consequence of Theorem 2.4, Proposition 2.5 and Corollary 2.6.
O

3. EXTENSIONS AND CLASSIFYING MAPS

Throughout, we assume fixed an underlying category U, which is a full subcat-
egory of Mod k. In what follows we denote by § the class of k-split surjective
algebra homomorphisms. We shall also refer to § as fibrations.

DEFINITION. An admissible category of algebras R is said to be T'-closed if we
have a faithful forgetful functor F': ® — U (i.e. F' is the restriction to R of the
forgetful functor from Alg;, to k-modules) and a left adjoint functor T:U— R
Notice that the counit map 14 : T(A) := TF(A) — A, A € R, is a fibration.
We denote by R"! the category of ind-objects for an admissible category of
algebras R. If § is T-closed then T A, A € R4 is defined in a natural way.

Throughout this section R is supposed to be T-closed.

LEMMA 3.1. For every A € R the algebra T A is contractible, i.e. there is a
polynomial contraction T : TA — T A[x] such that 991 = 0,017 = 1. Moreover,
the contraction is functorial in A.

Proof. Consider a map u : FT A — FT A[z] sending an element b € FT A to
br € FT Alz]. If X € ObU then we denote the unit map X — FTX by ix.
The desired contraction 7 is uniquely determined by the map woipa : FA —

FT Alz]. By using elementary properties of adjoint functors, one can show that
A7 =0,0lr = 1. O

EXAMPLES. (1) Let 8 = Alg,. Given an algebra A, consider the algebraic
tensor algebra

TA=A0 AR A A® @ ..

with the usual product given by concatenation of tensors. In Cuntz’s treatment
of bivariant K-theory [4, 5, 6], tensor algebras play a prominent role.

There is a canonical k-linear map A — T'A mapping A into the first direct
summand. Every k-linear map s : A — B into an algebra B induces a homo-
morphism v, : TA — B defined by

Ys(21 @ - @ xp) = s(x1)s(x2) - - s(zp).

R is plainly T-closed.
(2) If ® = CAlg,, then

T(A) = Sym(A) = Bnx15"A4, S"A=A®"/(a1®  ®an—ay(1) @ ®y(n)), 0O E In,
the symmetric algebra of A, and R is T-closed.
We shall say that a sequence in R

0-C—-B—>A-=0
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is an F'-split extension or just an (§-)extension if it is split exact in the category
of k-modules. We have the natural extension of algebras

0— JA S TA A —0.

Here JA is defined as Kerna. Clearly, JA is functorial in A. This extension is
universal in the sense that given any extension

0>C—>B3A4A-50

with « in §, there exists a commutative diagram of extensions as follows.

[e3

C

J(A) —2-T(A) s 4

Furthermore, ¢ is unique up to elementary homotopy [3, 4.4.1] in the sense
that if 8,7 : A — B are two splittings to a then &g corresponding to f is
elementary homotopic to &, corresponding to . Because of this, we shall
abuse notation and refer to any such morphism ¢ as the classifying map of
the extension whenever we work with maps up to homotopy. The elementary
homotopy H(B,7) : J(A) — Cl[z] is explicitly constructed as follows. Let
a: Blx] = Alz], Y] b’ — a(b;)z?, be the natural lift of . Consider a k-linear
map

u:A— Blz], aw— B(a)(l—1z)+v(a)z.

It is extended to an algebra homomorphism @ : T(A) — Blz]. One has a
commutative diagram of algebras

Cla] Blz] —— Ala] ,

H(B,v) u LT

where ¢ is the natural inclusion. It follows that H(3,~) is an elementary ho-
motopy between g and &,.

If we want to specify a particular choice of £ corresponding to a splitting 8
then we sometimes denote { by £z indicating the splitting.

Also, if

C——=B——=A4A
P
c’ > B O‘/E A
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is a commutative diagram of extensions, then there is a diagram

J(A) 2L

J(g)l lf
€40
J(A") B—>C’

of classifying maps, which is commutative up to elementary homotopy (see [3,
4.4.2]).

The elementary homotopy can be constructed as follows. Let o' : B'[z] —
A'lz], Y biat — o/ (b))x?, be the natural lift of o/. Consider a k-linear map

v:A— Blz], a— hB(a)1—2z)+ 8g(a)z.

It is extended to a ring homomorphism o : T(A) — B[z]. One has a commuta-
tive diagram of algebras

C'a] — B'la] > A'fu],

G(ﬁﬁ’)T UT L’gT

J(A) —=T(A) 2> 4

where ¢/ : A’ — A’[z] is the natural inclusion. It follows that G(3,8’) is an
elementary homotopy between f&g and £z J(g).

Let C be a small category and let R (respectively U€) denote the category of C-
diagrams in R (respectively in &). Then we can lift the functors F' : ® — U and
T:U— Rto C-diagrams. We shall denote the functors by the same letters. So
we have a faithful forgetful functor F : R¢ — ¢ and a functor T : U — RE,
which is left adjoint to F. The counit map 74 : T(A) := TF(A) — A, A € RC,
is a levelwise fibration.

DEFINITION. We shall say that a sequence of C-diagrams in 1

0=C—=>B3A->0

is a F-split extension or just an (§-)extension if it is split exact in the abelian
category (Mod k)¢ of C-diagrams of k-modules.

We have a natural extension of C-diagrams in R

0— JASTA A — 0.
Here JA is defined as Kerna. Clearly, JA is functorial in A.
LEMMA 3.2. Given any extension 0 — C — B — A — 0 of C-diagrams in R,

there exists a commutative diagram of extensions as follows.

[e3

i

nA

J(A) 2> T(A) 2> 4
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Furthermore, & is unique up to a natural elementary homotopy H(B,v) : JA —
Clz], where B,~ are two splittings of «.

Proof. The proof is like that for algebras (see above). O

LEMMA 3.3. Let
C—=B——=A
Pl
oy Y

be a commutative diagram of F-split extensions of C-diagrams with splittings
B:A— B,3 : A — B'. Then there is a diagram of classifying maps

13
J(4) L=

J(Q)\L lf
Egr
J(A/) B_> C/

which is commutative up to a natural elementary homotopy G(B8,0') : JA —

C'x].

Proof. The proof is like that for algebras (see above). O

LEMMA 3.4. Let

A——>B——=C

vl

A/ _— B/ uﬁ C/
be a commutative diagram of F-split extensions of C-diagrams with splittings
(v,v") : (C,C") — (B, B’) being such that (v,v') is a splitting to (u,u’) in the
category of arrows Ar(UC), i.e. hv = v'g. Then the diagram of classifying

maps

J(C) 2 4

J(Q)\L lf
Jc Lo A
is commutative.

Proof. If we regard h and g as {0 — 1} x C-diagrams and (u,u’) as a map
from h to g, then the commutative diagram of lemma is the classifying map
corresponding to the splitting (v,v") of {0 — 1} x C-diagrams. O
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4. THE EXCISION THEOREMS

Throughout this section R is assumed to be T-closed. Recall that k2 is a
contractible unital simplicial object in R and ¢t := ¢y € kA s a 1-simplex with
do(t) = 0,01(t) = 1. Given an algebra B, the ind-algebra B2 is defined as

[m, ] — Homg(sd™ Af, BA) = psd™ A",

If B = k then B» will be denoted by k®. B? can be regarded as a k“-module,
i.e. there is a simplicial map, induced by multiplication,

B2 x k& = B,
Similarly, B2 can be regarded as a k®-ind-module.
Given two algebras A, B € R and n > 0, consider the simplicial set

Hom g gina (J" A, B2 (")) 2 Homy pyina (J" A, B @5, k2 (Q")).

It follows from Proposition 2.5 and Corollary 2.7 that it is fibrant. B2 (Q") is
a simplicial ideal of the simplicial ind-algebra

n

BA(I") = ([m, €] — Homs(sd™(Alx "~ xAl x AY) — BA)).

There is a commutative diagram of simplicial ind-algebras

PBA Q)= (BA (") —2= BA(Q)

| L

PIBA(IH)>—> BA(InJrl) ﬂ» BA(In)

with vertical arrows inclusions and the right lower map dy applies to the last
coordinate.

We claim that the natural simplicial map d; : PB2(Q") — BA(Q") has a
natural k-linear splitting. In fact, the splitting is induced by a natural k-linear
splitting v for dy : PB2(I") — B2(I"). Let t € Pk®(I")o stand for the
composite map

sd™(Alx "TE X ALY P sqm AL 5 AL G gA,
where pr is the projection onto the (n + 1)th direct factor A'. The element
t can be regarded as a l-simplex of the unital ind-algebra k®(I™) such that
do(t) = 0and 8y (t) = 1. Let 2 : BA(I™) — (BA(I™))2" be the natural inclusion.
Multiplication with t determines a k-linear map B2 (I"+1) N PBA(I™). Now
the desired k-linear splitting is defined as

vi=t-1.

Consider a sequence of simplicial sets
(1)
Hom g gina (4, B2) = Hom g gina (JA, B2 () = Hom g gima (J2A, B2 (Q7)) = ---
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Each map ¢ is defined by means of the classifying map &, corresponding to the k-
linear splitting v. More precisely, if we consider B2 (") as a (Zso x A)-diagram
in R, then there is a commutative diagram of extensions for (Zx¢ x A)-diagrams

JBA(Q") —— TBA(Q") — B2 (Q")
< l |

BA(QrHl) — PBA(Q") > BA(Q")

For every element f € HomAlgiknd(J”A,IB%A (Q™)) one sets:
S(f) = & 0 J(f) € Hompjgpa (J"F1 A, B2 (Q"H)).
Now consider an §-extension in J
r-5B-Lc

For any n > 0 one constructs a cartesian square of simplicial ind-algebras

Py(Q") —== P(CA(Q"))

BA (") —L~ A (an).

We observe that the path space P(P;(Q")) of Py(Q™) is the fibre product of
the diagram

pBA Q") 2 peaary LU ppcA ).
Denote by (Pf(Q”)) the fibre product of the diagram
P(f) apes @
pBA () 29 pesdany L p(pcA ().

Given a simplicial set X, let
sw: XAXAT L, xatxal

be the automorphism swapping the two coordinates of A! x Al. If X = C2(Q")
then sw induces an automorphism

sw: P(PC2(Q")) — P(PCA(Q")),
denoted by the same letter. Notice that
Pd1 = d1 O SW.

Moreover, the commutative diagram

pBA () ZYL peaany) L4 pipeaan))

dy

PBA Q") —YL pea(any <2 p(pcA(n))
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yields an isomorphism of simplicial sets
P(Py(Q2")) = P(Py(Q2")).

The natural simplicial map

9 := (di, Pdy) : P(Pr(Q")) — Pp(Q™)

has a natural k-linear splitting 7 : Py(Q") — P(P;(Q")) defined as 7 = (v, Pv).
So one can define a sequence of simplicial sets

HOmAlgLnd (A, Pf) i> HOmAlgLnd (JA, Pf(Q)) i> te

with each map 9 defined by means of the classifying map &, corresponding to
the k-linear splitting 7.
There is a natural map of simplicial ind-algebras for any n > 0

L TR Q") — Pr(QM).
PROPOSITION 4.1. For any n > 0 there is a homomorphism of simplicial ind-

algebras o : J(Pp(Q")) — FA(QFY) such that in the diagram

JFA Q1)) s FA QN1

.]ml / l

J(Py(Qn)) == Py 1)

adJ(t) =&, & J (1) = &, and wa is elementary homotopic to &, .

Proof. We want to construct a commutative diagram of extensions as follows.

F

(2) FA(QnH) — P(FA(Q")) 2 F4(Q")

L

FA(Q*) — P(BA(Q")) = Pr(Q")

L

Pp(Q ) —— Ppy(ar) —2— P (")

Here 7 is a natural map induced by (d; : P(B2(Q")) — B2(Q"), P(f)). A
splitting v to 7 is constructed as follows.

Let g: C — B,j: B — F be k-linear splittingsto f: B—-C and i: FF — B
respectively. So fg = 1¢, ji = 1p and ij + gf = 1p. Then the simplicial map

ij : B2 (Q") — BA(QM)
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is k-linear. We define v as the composite map

Pr(27)

(vij,P(g))

BA(Q") x P(CA(Q™)) P(BA(Q")) x P(B2(Q"))

l+
P(B2(Q)).

We have to define the map 6. For this we construct a map of simplicial sets

A AL x AL 5 AL
We regard the simplicial set Al as the nerve of the category {0 — 1}. Then A
is obtained from the functor between categories

{0—>1}x{0—>1} = {0—1}, (0,1),(1,0),(1,1)— 1,(0,0) — O.

The induced map A* : BA(QM)A" — BA(Q")A A" induces a map of path
spaces \* : PB2(Q") — P(PB2(Q")). The desired map 6 is defined by the

map (1ppa(gny), fA*). Our commutative diagram is constructed.
Consider the following diagrams of classifying maps

&

J(FA(Qr)) —2s FAQ 1) J(P5(Q")) =2 FA(Qn 1)
lJ(L) lid lid lb
J(Pr(Q")) == FA Q) J(P;(Q")) == Py (@)

Since yv = vt then the left square is commutative by Lemma 3.4, because
(df', m) yield a map of {0 — 1} x C-diagrams split by (v,v). Also &-J(1) = &,
because (df’, d) yield a map of {0 — 1} x C-diagrams split by (v, 7). The right
square is commutative up to elementary homotopy by Lemma 3.3. g

DEFINITION. Given two k-algebras A, B € R, the unstable algebraic Kasparov
K -theory space of (A, B) is the space K(R)(A, B) defined as the (fibrant) space

colimy, Hom g gina (J"A, B2 (QM)).

Its homotopy groups will be denoted by K,,(R)(A4, B), n > 0. In what follows we
shall often write K(A4, B) to denote the same space omitting R from notation.

REMARK. The space IC(R)(A, B) only depends on the endofunctor T': & — R.
If A, B belong to another admissible category of algebras R’ with the same
endofunctor T, then K(R)(A4, B) equals K(R')(A4, B).

We call a functor F from R to simplicial sets or spectra homotopy invariant
if for every B € R the natural map B — B[z] induces a weak equivalence
F(B) ~ F(Blx]).
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LEmMMA 4.2. (1) For any n > 0 the simplicial functor B
Hom yjgina (A, B2(Q™)) is homotopy invariant. In particular, the simplicial
functor K(A,?) is homotopy invariant.

(2) Given a F-fibration f : B — C, let f[z] : Blx] — C|x] be the fibration
S bzt = Y f(bi)a'. Then Py,(Q") = Pp(Q")[z] and the natural map of
simplicial sets

(3) HOInAlgiknd (Av Pf (Qn>> - HOInAlgikr‘d (Av Pf[m] (Qn>>
is a homotopy equivalence for any n > 0 and A € R.

Proof. (1). By Theorem 2.4 Homy i (4, B%) = Bz (Homag, (4, B2)). It is
homotopy invariant by [8, 3.1]. For any n > 0 and A € R there is a commutative
diagram of fibre sequences

(AaBAiQ"“)) — (4, PIT(Q”)) — (A’BTQ”))
(A, Bl2]2(Q"H)) — (4, PB[2]2(Q")) — (4, B[z]2(Q")).

By induction, if the right arrow is a weak equivalence, then so is the left one
because the spaces in the middle are contractible.

(2). The fact that Py,(Q2") = Py(Q")[z] is straightforward. The map (3) is
the fibre product map corresponding to the commutative diagram

(4, B2(Q")) — (4,C2(Q")) <—— (4, PCH(Q"))
(4,B[z]2(Q")) — (4, C[a]>(2")) = (4, PC2]* ().

The left and the middle vertical arrows are weak equivalences by the first
assertion. The right vertical arrow is a weak equivalence, because it is a map
between contractible spaces. Since the right horizontal maps are fibrations, we
conclude that the desired map is a weak equivalence. O

We are now in a position to prove the following result.
ExcisioN THEOREM A. For any algebra A € R and any §-extension in R
r-5p-Lc
the induced sequence of spaces
K(A,F) — K(A,B) — K(4,0)
is a homotopy fibre sequence.

Proof. We have constructed above a sequence of simplicial sets

Hom y ina (A, Pr) 2> Homygma (JA, Pp()) 5 -
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with each map ¥ defined by means of the classifying map & corresponding
to the k-linear splitting 7. Let X denote its colimit. One has a homotopy
cartesian square

X —— PK(A,C) ~ %

K(A,B) — = K(4,0).

By Proposition 4.1 for any n > 0 there is a diagram
HOmAlgiknd (JnA, FA (Qn)) —§> HOmAlgiknd (J"JrlA, FA (QnJrl))

Homyjgina (J" A, Py (")) —2> Hom g g (J" 1A, Pr(Q"F1))
with ¢(u) = &, o J(u), ¥(v) = & o J(v), a(v) = a o J(v). Proposition 4.1 also
implies that at = ¢, 1t = ¥+ and that there exists a map
H : Hompgina (J"A, Py (")) — Homygina (J" 1A, Pp (") [2])
such that 9H = ta and 91 H = 9.
One has a commutative diagram

diag

(JP A, Pr(Q ) (JPTLA, Pr(Q ) x (JMHLA, Py (7))

(JELA, Pr(Q ) [a]).

By Lemma 4.2(2) i is a weak equivalence. So Homygma (J" 1A, Pr(Q"1)[2]) is
a path object of Homgina (J" LA, Pr(Q™11)) in S. Since all spaces in question
are fibrant, we conclude that ta is simplicially homotopic to 1, and hence
7s(ta) = ws(¥), s = 0. Therefore the induced homomorphisms

ws(1)  Ks(A, F) — ms(X), s2=0,

are isomorphisms, and hence ¢ : (A, F') — X is a weak equivalence.
Since the vertical arrows in the commutative diagram

PK(A,F) — = K(A,0)

~.
T

* K(A,C)
K(A, F) Z_ K(A, B)

are weak equivalences and the upper square is homotopy cartesian, then so is
the lower one (see [19, 13.3.13]). Thus,

K(A,F) — K(A, B) — K(A,C)
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is a homotopy fibre sequence. The theorem is proved. O

COROLLARY 4.3. For any algebras A, B € R the space QK (A, B) is naturally
homotopy equivalent to K(A, QB).

Proof. Consider the extension

61
OB — EB—= B
which gives rise to a homotopy fibre sequence
K(A,QB) — K(A,EB) — K(A, B)

by Excision Theorem A. Our assertion will follow once we prove that (A, EB)
is contractible.
Since EB is contractible, then there is an algebraic homotopy h : EB — EB|z]
contracting EB. There is also a commutative diagram

HOmAlgiknd (JPA,EB(Q")) _diag HOmAlg}cnd (JPA,EB(Q™)) X HomAlgik"d (J"A,EB(Q"))

HomAlg};‘d (J™A,EB[z](Q™)).

By Lemma 4.2(1) 4 is a weak equivalence. We see that
Homyina (J" A, EB[z](Q2")) is a path object of Homygma(J"A,EB(Q"))
in S, and hence the induced map

By HomAlgiknd(J"A,EB(Q")) — Homgina (J"A,EB[x](Q"))

is such that 9lh., = 1id is homotopic to 9%h. = const. Thus
Hom ygima (J" A, EB(Q2")) is contractible, and hence so is K(A, EB). O

We have proved that the simplicial functor (A, B) is excisive in the second
argument. It turns out that it is also excisive in the first argument.

ExcisioN THEOREM B. For any algebra D € R and any §-extension in R
r-p-Lc
the induced sequence of spaces
K(C,D) — K(B,D) — K(F, D)
is a homotopy fibre sequence.

The proof of this theorem requires some machinery. We shall use recent tech-
niques and results from homotopical algebra (both stable and unstable). The
proof is on page 1242.
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5. THE SPECTRUM K“"5'(A, B)

Throughout this section R is assumed to be T-closed.

THEOREM 5.1. Let A, B € R; then there is a natural isomorphism of simplicial
sets

K(A, B) = QK(JA, B).

In particular, K(A, B) is an infinite loop space with K(A, B) simplicially iso-
morphic to Q"KC(J" A, B).

Proof. For any n € N there is a commutative diagram

PBA Q) PPBA(Qn—1) 28 pBA(Qn1)
dl,JBA(Q")l \Ldl,PBA(in) ldl,BA(in)

BA(QH)>—> PIBA (anl) T» BA(anl).

The definition of the natural splitting v to the lower right arrow is naturally
lifted to a natural splitting v := Puv for the upper right arrow in such a way
that dyov =wvod;. It follows from Lemma 3.4 that the corresponding diagram
of the classifying maps

JPBA(Q"~ 1) —— PBA(Q")
J(dy1) \L ldl
JIBA (Qn 1) & BA (Qn)

is commutative. There is also a commutative diagram with exact rows for every
n>1

(Qn+1)>_> PBA Qn L»-BA Qn

“| | |

1

~ % pRA(Qr) — 2 BA ()

) |

Aon Aron—1 A/ron—1
PBA(Q")>——> PPBA(Q"~1) - PBA(Q" 1),
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with ¢, 7 natural inclusions and sw permuting the last two coordinates. One
has a commutative diagram of classifying maps

JBA () — > BA ()

| |-

sw oy,

JBA Qn BA(QnJrl)
o I
JPBA Q1) 2o pBA(Q)

Observe that each simplicial map
Homyjgina (J™ A, PB2(Q"71)) 25 Homygma (J" 71 A, PBA(Q))

agrees with the map defined like ¢ but using &,. To see this, it is enough
to consider the following commutative diagram with exact rows and obvious
splittings:

J(PBA)—— T(PBA) PBA

| AH

P(JBA)>— P(TIB%A s

| ]

P(B(Q))— PPB~ — > PBA

Therefore all squares of the diagram

QK(JA,B) : %’(JnA,]BA(Q")) SW O¢ (Jn+1A7BA(Qn+1)) sw o

PRUIAB): L g, pBA (@Y s (g, PBA () — TS
N i

K(JA, B) : oS >(JnA,]BA(Qn71))%(]n*klA’BA(Qn))%_“

are commutative. The desired isomorphism (A, B) = QK(JA, B) is encoded
by the following commutative diagram:

(4,B%) ——= (JA,BA(Q)) — = (J24,B4(0?)) —> -

| | |

(JA,BA(Q)) — (J2A,BA(02)) —— (J3A,BA(Q3)) —> -

H (21)l (321)l

(JA,BA(Q)) 25 (J24,BA(92)) 255 (J34,BA(03))

SwW 0¢
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The colimit of the upper sequence is K(A, B) and the colimit of the lower one
is QKC(JA, B). The cycle (n---21) € ¥, permutes coordinates of BA(Q"). O

COROLLARY 5.2. For any algebras A, B € R the space K(A, B) is naturally
homotopy equivalent to K(JA,QB).

Proof. This follows from the preceding theorem and Corollary 4.3. |

DEFINITION. Given two k-algebras A, B € R, the unstable algebraic Kasparov
K K -theory spectrum of (A, B) consists of the sequence of spaces

K(A,B),K(JA,B),K(J?A, B), ...

together with isomorphisms K(J"A, B) = QK(J" T A, B) constructed in The-
orem 5.1. Tt forms an -spectrum which we also denote by K“*$t(A, B). TIts
homotopy groups will be denoted by K“"$*(A, B), n € Z. We sometimes write
K(A, B) instead of K“"'(A, B), dropping “unst” from notation.

Observe that K,(4,B) = K,(A,B) for any n > 0 and K,(4,B)
Ko(J ™A, B) for any n < 0.

THEOREM 5.3. The assignment B — K(A, B) determines a functor
K(A,?) : R — (Spectra)

which is homotopy invariant and excisive in the sense that for every §-extension
F — B — C the sequence

K(A, F) — K(A, B) — K(A, C)

18 a homotopy fibration of spectra. In particular, there is a long exact sequence
of abelian groups

o= Kt (A,0) 2 Ki(A F) - Ki(A,B) - Ki(A4,C) — - -+
for any i € Z.
Proof. This follows from Excision Theorem A. ]
We also have the following
THEOREM 5.4. The assignment B — K(B, D) determines a functor
K(?,D) : R°P? — (Spectra),

which is excisive in the sense that for every F-extension F — B — C' the
sequence

K(C,D) —» K(B,D) — K(F, D)
18 a homotopy fibration of spectra. In particular, there is a long exact sequence
of abelian groups

for any i € Z.

Proof. We postpone the proof till subsection 6.6. |
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The reader may have observed that we do not involve any matrices in the
definition of K(A, B) as any sort of algebraic K-theory does. This is one of
important differences with usual views on algebraic K-theory. The author is
motivated by the fact that many interesting admissible categories of algebras
deserving to be considered like that of all commutative ones are not closed
under matrices.

6. HOMOTOPY THEORY OF ALGEBRAS

Let R be a small admissible category of rings. In order to prove Excision
Theorem B, we have to use results from homotopy theory of rings. First, we
introduce a model category URL of pointed simplicial functors from R to
Se. This model category is a reminiscence of Morel-Voevodsky [25] motivic
model category of pointed motivic spaces. Second, we define a model category
of Sl-spectra Sp(R) associated with URLY. A typical fibrant spectrum of
Sp(R) is K¥"st(A, —), A € R. The strategy of proving Excision Theorem B is
first to prove a kind of Excision Theorem B for the spectra K“"s¢(A, —) (see
Theorem 6.6) and then use standard facts from homotopical algebra to show
the original Excision Theorem B on the level of spaces. We mostly adhere
to [8].

6.1. THE CATEGORY OF SIMPLICIAL FUNCTORS U¥. We shall use the model
category UR of covariant functors from % to simplicial sets (and not contravari-
ant functors as usual). We do not worry about set theoretic issues here, because
we assume R to be small. We shall consider both the injective and projective
model structures on UR and refer to Dugger [7] for further details. Both model
structures are Quillen equivalent. These are proper, simplicial, cellular model
category structures with weak equivalences and cofibrations (respectively fi-
brations) being defined objectwise, and fibrations (respectively cofibrations)
being those maps having the right (respectively left) lifting property with re-
spect to trivial cofibrations (respectively trivial fibrations). The fully faithful
contravariant functor

r:R—>UR, Ar— Homgp(4,-),

where rA(B) = Homg (A, B) is to be thought of as the constant simplicial set
for any B € R.
In the injective model structure on UR, cofibrations are the injective maps.
This model structure enjoys the following properties (see Dugger [7, p. 21]):
¢ every object is cofibrant;
¢ being fibrant implies being objectwise fibrant, but is stronger (there
are additional diagramatic conditions involving maps being fibrations,
etc.);
¢ any object which is constant in the simplicial direction is fibrant.
If F € UR then UR(rA x A", F) = F,,(A) (isomorphism of sets). Hence, if we
look at simplicial mapping spaces we find

Map(rA, F) = F(A)
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(isomorphism of simplicial sets). This is a kind of “simplicial Yoneda Lemma”.
In the projective model structure on UR, fibrations are defined sectionwise.
The class of projective cofibrations is generated by the set

Iyg = {rA x (9A™ C A™)}>0

indexed by A € R. Likewise, the class of acyclic projective cofibrations is
generated by

Jum = {rA x (Ak c A™)}Z0.,..
The projective model structure on UR enjoys the following properties:

© every projective cofibration is an injective map (but not vice versa);

o if A € R and K is a simplicial set, then rA x K is a projective cofibrant
simplicial functor. In particular, rA is projective cofibrant for every
algebra A € R;

o 1A is projective fibrant for every algebra A € R.

6.2. BOUSFIELD LOCALIZATION. Recall from [19] that if M is a model category
and S a set of maps between cofibrant objects, one can produce a new model
structure on M in which the maps S are weak equivalences. The new model
structure is called the Bousfield localization or just localization of the old one.
Since all model categories we shall consider are simplicial one can use the
simplicial mapping object instead of the homotopy function complex for the
localization theory of M.

DEFINITION. Let M be a simplicial model category and let S be a set of maps
between cofibrant objects.

(1) An S-local object of M is a fibrant object X such that for every map
A — B in S, the induced map of Map(B, X) — Map(A4, X) is a weak
equivalence of simplicial sets.

(2) An S-local equivalence is a map A — B such that Map(B,X) —
Map(A, X) is a weak equivalence for every S-local object X.

In words, the S-local objects are the ones which see every map in S as if it
were a weak equivalence. The S-local equivalences are those maps which are
seen as weak equivalences by every S-local object.

THEOREM 6.1 (Hirschhorn [19]). Let M be a cellular, simplicial model category
and let S be a set of maps between cofibrant objects. Then there exists a model
category M /S whose underlying category is that of M in which

(1) the weak equivalences are the S-local equivalences;

(2) the cofibrations in M /S are the same as those in M;

(3) the fibrations are the maps having the right-lifting-property with respect

to cofibrations which are also S-local equivalences.

Left Quillen functors from M/S to D are in one to one correspondence with
left Quillen functors @ : M — D such that &(f) is a weak equivalence for all
f € S. In addition, the fibrant objects of M are precisely the S-local objects,
and this new model structure is again cellular and simplicial.
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The model category M /S whose existence is guaranteed by the above theorem
is called the S-localization of M. The underlying category is the same as that
of M, but there are more trivial cofibrations (and hence fewer fibrations).
Note that the identity maps yield a Quillen pair M = M /S, where the left
Quillen functor is the map id : M — M/S.

6.3. THE MODEL CATEGORY UR;. Let I = {i=1i4:7(Aft]) = r(A) | A € R},
where each i4 is induced by the natural homomorphism i : A — A[t]. Consider
the injective model structure on UR. We shall refer to the I-local equivalences
as (injective) I-weak equivalences. The resulting model category UR/I will
be denoted by UR; and its homotopy category is denoted by Ho;(R). Notice
that any homotopy invariant functor F' : 8 — Sets is an [-local object in U
(hence fibrant in URy).

Let F be a functor from R to simplicial sets. There is a singular functor
Sing.(F) which is defined at each algebra R as the diagonal of the bisimplicial
set F(R®). Thus Sing.(F) is also a functor from R to simplicial sets. If we
consider R as a constant simplicial algebra, then the natural map R — R*
yields a natural transformation F — Sing.(F). It is an I-trivial cofibration
by [8, 3.8].

If we consider the projective model structure on UR, then we shall refer to the
I-local equivalences (respectively fibrations in the I-localized model structure)
as projective I-weak equivalences (respectively I-projective fibrations). The
resulting model category UR/I will be denoted by UR!. It is shown similar
to [26, 3.49] that the classes of injective and projective I-weak equivalences
coincide. Hence the identity functor on UR is a Quillen equivalence between
U?RI and U§R[

The model category UR! satisfies some finiteness conditions.

DEFINITION ([21]). An object A of a model category M is finitely presentable
if the set-valued Hom-functor Hom (A, —) commutes with all colimits of se-
quences Xg — X7 — Xo — ---. A cofibrantly generated model category with
generating sets of cofibrations Z and trivial cofibrations J is called finitely
generated if the domains and codomains of Z and J are finitely presentable,
and almost finitely generated if the domains and codomains of Z are finitely
presentable and there exists a set of trivial cofibrations J' with finitely pre-
sentable domains and codomains such that a map with fibrant codomain is a
fibration if and only if it has the right lifting property with respect to J’.

Using the simplicial mapping cylinder in UR (it is the usual one from simplicial
sets applied objectwise), we may factor the morphism

r(Aft]) —rA

into a projective cofibration composed with a simplicial homotopy equivalence
in UR

4) r(Alt]) — cyl(T(A[t]) — TA) ——rA.
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Observe that the maps in (4) are I-weak equivalences.
Let Jygr denote the set of maps

r(Af]) <A™ || eyl(r(A[t]) = rA) x OA™ — cyl(r(Aft]) — rA) x A"
r(A[t]) xdA™

indexed by n > 0 and A € R.

Let A be a set of generating trivial cofibrations for the injective model structure

on UR. Using [19, 4.2.4] a simplicial functor X is I-local in the injective

(respectively projective) model structure if and only if it has the right lifting

property with respect to AUJynr (respectively JyrUJygr). It follows from [21,

4.2] that UR! is almost finitely generated, because domains and codomains of

Juw U Jygr are finitely presentable.

6.4. THE MODEL CATEGORY UR;. Let us introduce the class of excisive func-
tors on . They look like flasque presheaves on a site defined by a cd-structure
in the sense of Voevodsky [30, section 3].

DEFINITION. Let R be an admissible category of algebras. A simplicial functor
X € UR is called ezcisive with respect to § if X'(0) is contractible and for any
cartesian square in R

D——A

L,

B——C

with f a fibration (call such squares distinguished) the square of simplicial sets
X(D)——= X(A)
X(B) — X(C)

is a homotopy pullback square. It immediately follows from the definition
that every pointed excisive object takes F-extensions in & to homotopy fibre
sequences of simplicial sets.

Consider the injective model structure on UR. Let « denote a distinguished

square in R
D A
C

B——
rC ——rA

rB

[

and denote the pushout of the diagram
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by P(«). Notice that the diagram obtained is homotopy pushout. There is a
natural map P(a) — rD, and both objects are cofibrant. In the case of the
degenerate square this map has to be understood as the map from the initial
object @ to 70.

We can localize UR at the family of maps

J={P(a) - rD| «ais a distinguished square}.

The corresponding J-localization will be denoted by UR;. The weak equiv-
alences (trivial cofibrations) of UR; will be referred to as (injective) J-weak
equivalences ((injective) J-trivial cofibrations).

It follows that the square “r(«)”

rC —=1rA

|

rB——=1rD

with « a distinguished square is a homotopy pushout square in UR;. A sim-
plicial functor X in UR is J-local if and only if it is fibrant and excisive [8,
4.3].

We are also interested in constructing sets of generating acyclic cofibrations for
model structures. Let us apply the simplicial mapping cylinder construction
cyl to distinguished squares and form the pushouts:

rC cyl(rC = rd) ——rA

| | |

rB ——=cyl(rC = rA) ||, B —=rD

Note that rC — cyl(rC — rA) is both an injective and a projective cofibration
between (projective) cofibrant simplicial functors. Thus s(a) = cyl(rC —
rA) |, B is (projective) cofibrant [20, 1.11.1]. For the same reasons, applying
the simplicial mapping cylinder to s(a) — rD and setting (o) = cyl(s(o) —
rD) we get a projective cofibration

cyl(a): s(a) — t(a).
Let J[C}%(a) consists of maps
s(a) x A" I—'S(a)xaA" t(ar) x OA" —— t(a) x A"

It is directly verified that a simplicial functor X is J-local if and only if it
has the right lifting property with respect to A U J[C};E(a), where A is a set of
generating trivial cofibrations for the injective model structure on UR.

If one localizes the projective model structure on UR with respect to the set of
projective cofibrations {cyl(«)}4, the resulting model category shall be denoted
by UR”. The weak equivalences (trivial cofibrations) of UR” will be referred to

as projective J-weak equivalences (projective J-trivial cofibrations). As above,
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X is fibrant in UR” if and only if it has the right lifting property with respect
to JU%UJ,CJ}%(O‘). Since both domains and codomains in Jyy UJ[C}%(O‘) are finitely
presentable then UR” is almost finitely generated by [21, 4.2].

It can be shown similar to [26, 3.49] that the classes of injective and projective
J-weak equivalences coincide. Hence the identity functor on UR is a Quillen
equivalence between UR; and UR”.

6.5. THE MODEL CATEGORY URy ;.

DEFINITION. A simplicial functor X € UR is called quasi-fibrant with respect
to § if it is homotopy invariant and excisive. For instance, if R is T-closed and
A € R then the simplicial functor (A4, ?) is quasi-fibrant by Lemma 4.2 and
Excision Theorem A.

Consider the injective model structure on U. The model category UR; s is,
by definition, the Bousfield localization of UR with respect to I U J. Equiva-
lently, UR; s is the Bousfield localization of UR with respect to {cyl(r(A[t]) —
rA)}U{cyl(a)}, where A runs over the objects from R and « runs over the dis-
tinguished squares. The weak equivalences (trivial cofibrations) of UR; ; will
be referred to as (injective) (I, J)-weak equivalences ((injective) (I,.J)-trivial
cofibrations). By [8, 4.5] a simplicial functor X € UR is (I, J)-local if and only
if it is fibrant, homotopy invariant and excisive.

DEFINITION. Following [8] a homomorphism A — B in R is said to be an
F-quasi-isomorphism or just a quasi-isomorphism if the map rB — rA is an
(I, J)-weak equivalence.

Consider now the projective model structure on UR. The model category UR!/
is, by definition, the Bousfield localization of U with respect to {cyl(r(A[t]) —
rA)} U {cyl(e)}, where A runs over the objects from £ and « runs over the
distinguished squares. The weak equivalences (trivial cofibrations) of UR!’
will be referred to as projective (I, J)-weak equivalences (projective (I,J)-
trivial cofibrations). Similar to [8, 4.5] a simplicial functor X € UR is fibrant
in URL7 if and only if it is projective fibrant, homotopy invariant and excisive
or, equivalently, it has the right lifting property with respect to Jyn U Jyx, U
J(%le(a). Since both domains and codomains in Jyg U Jyg, U J[C}%(a) are finitely
presentable then UR!”/ is almost finitely generated by [21, 4.2].

It can be shown similar to [26, 3.49] that the classes of injective and projective
(I, J)-weak equivalences coincide. Hence the identity functor on UR is a Quillen
equivalence between UR; ; and U R

It is straightforward to show that the results for the model structures on UR
have analogs for the category UR, of pointed simplicial functors (see [8]). In
order to prove Excision Theorem B, we have to consider a model category of
spectra for URLY.

6.6. THE CATEGORY OF SPECTRA. In this section we assume R to be small
and T-closed. We use here ideas and work of Hovey [21], Jardine [22] and
Schwede [28].
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DEFINITION. The category Sp(R) of spectra consists of sequences £ = (€,)n>0
of pointed simplicial functors equipped with structure maps of : &, — &,11
where ¥ = S' A — is the suspension functor. A map f : & — F of spectra
consists of compatible maps f, : £, — F,, of pointed simplicial functors in the
sense that the diagrams

e
E(c/’n — EnJrl

anl \Lfn+1
F

Z.Fn L ]:n-i-l
commute for all n > 0.

EXAMPLE. The main spectrum we shall work with is as follows. Let A € R
and let R(A) be the spectrum which is defined at every B € R as the sequence
of spaces pointed at zero

Hom g gina (A, B%), Homy pgina (JA, B2), Hom g gima (J2 A, B), ...
By Theorem 2.4 each R(A),,(B) is a fibrant simplicial set and by Corollary 2.7
Q*R(A),(B) = Hom gy (J" A, B2(QF)).
Each structure map o, : ¥R(A),, = R(A)n+1 is defined at B as adjoint to the
map ¢ : Homyj,ina (JnA,BA) — Hom y jgina (JnTL A, BA(Q)) constructed in (1).

A map f: & — Fis alevel weak equivalence (respectively fibration) if f,,: £, —
Fn is a (I, J)-weak equivalence (respectively projective (I,.J)-fibration). And
f is a projective cofibration if fy and the maps

5n+1 l_lzgn YFn — ]:n—i-l

are cofibrations in URL” for all n > 0. By [21, 22, 28] we have:

PROPOSITION 6.2. The level weak equivalences, projective cofibrations and level
fibrations furnish a simplicial and left proper model structure on Sp(R). We
call this the projective model structure.

The Bousfield-Friedlander category of spectra [1] will be denoted by Sp. There
is a functor

Sp — Sp(RN)

that takes a spectrum of pointed simplicial sets £ to the constant spectrum
AeR— E(A) =&. For any algebra D € R there is also a functor

Up : Sp(R) —» Sp, X — X(D).

Given a spectrum &£ € Sp and a pointed simplicial functor K, there is a spec-
trum & A K with (€ A K),, = €, A K and having structure maps of the form
S(ENK) 2 (SE)ANK 20 g AK.
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Given D € R, the functor Fp : Sp — Sp(R), £ — £ ArDy, is left adjoint to
Up : Sp(R) — Sp. So there is an isomorphism

(5) Homsp(%) (5 /\TD+,X) = Homsp(S,X(D)).
Our next objective is to define the stable model structure. We define the fake
suspension functor ¥ : Sp(R) — Sp(RN) by (X2),, = X2, and structure maps

N(EZ,) 22 D201,

where o, is a structure map of Z. Note that the fake suspension functor is left
adjoint to the fake loops functor Qf : Sp(R) — Sp(R) defined by (2°Z),, = QZ,
and structure maps adjoint to

QZ, 7% QQZ,41),
where o, is adjoint to the structure map o, of Z.

DEFINITION. A spectrum Z is stably fibrant if it is level fibrant and all the
adjoints 62 : Z,, — QZ,41 of its structure maps are (I, J)-weak equivalences.

EXAMPLE. Given A € R, the spectrum K(A, —) consists of the sequence of
simplicial functors

K(A, =), K(JA, =), K(J?A,—),...

together with isomorphisms KC(J" A, —) & QK (J" 1 A, —) constructed in Theo-
rem 5.1. Lemma 4.2 and Excision Theorem A imply K(A4, —) is a stably fibrant
spectrum. Note that K(A, B) is stably fibrant in Sp for every B € R.

The stably fibrant spectra determine the stable weak equivalences of spectra.
Stable fibrations are maps having the right lifting property with respect to all
maps which are projective cofibrations and stable weak equivalences.

DEFINITION. A map f: & — F of spectra is a stable weak equivalence if for
every stably fibrant Z taking a cofibrant replacement Qf: Q€ — QF of f
in the level projective model structure on Sp(R) yields a weak equivalence of
pointed simplicial sets

Mapsp(%) (Qf, Z) : Mapsp(éﬁ) (Q]:, Z) —_— Mapsp(%) (Qg, Z)
By specializing the collection of results in [21, 28] to our setting we have:

THEOREM 6.3. The classes of stable weak equivalences and projective cofibra-
tions define a simplicial and left proper model structure on Sp(R).

If we define the stable model category structure on ordinary spectra Sp similar
to Sp(R), then by [21, 3.5] it coincides with the stable model structure of
Bousfield-Friedlander [1].

Define the shift functors ¢t : Sp(R) — Sp(R) and s : Sp(R) — Sp(R) by
(sX)n, = Xpt1 and (tX), = Xu—1, (tX)o = pt, with the evident structure
maps. Note that t is left adjoint to s.
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DEFINITION. Define © : Sp(R) — Sp(R) to be the functor s o Qf, where s is
the shift functor. Then we have a natural map ty : XY — ©X, and we define

OLx (")QLX @n71LX

02X

O X = colim(X “%> OX orx S, Ly,

Let jx : X — ©>X denote the obvious natural transformation. It is a stable
equivalence by [21, 4.11]. We call ©>*°X the stabilization of X.

EXAMPLE. Given A € R, there is a natural map of spectra
x:R(A) = K(A, —).

One has a commutative diagram

R(A) —L = O®R(A)

%l l@x%

K(A, —) —> OK(A, - ).

The upper horizontal map is a stable equivalence, the lower and right arrows
are isomorphisms. Therefore the natural map of spectra s : R(4) — K(4, —)
is a stable equivalence. In fact for any algebra B € R the map

»p: R(A)(B) — K(A, B)
is a stable equivalence of ordinary spectra.

By [21, 4.6] we get the following result because 2(—) preserves sequential col-
imits and the model category U R is almost finitely generated.

LEMMA 6.4. The stabilization of every level fibrant spectrum is stably fibrant.

LEMMA 6.5. For any D € R the adjoint functors Fp : Sp = Sp(R) : Up form a
Quillen adjunction between the stable model category of Bousfield—Friedlander
spectra Sp and the stable model category Sp(R).

Proof. Clearly, Fp preserves stable cofibrations. To show that Fp preserves
stable trivial cofibrations, it is enough to observe that Up preserves stable
fibrant spectra (see the proof of [21, 3.5]) and use (5). O

We are now in a position to prove the main result of this section.

THEOREM 6.6. Suppose F' — B — C is an §-extension in R. Then the
commutative square of spectra

K(C,-) —K(B,-)

L

pt ———K(F,—)

DOCUMENTA MATHEMATICA 19 (2014) 1207-1269



ALGEBRAIC KASPAROV K-THEORY. I 1239

is homotopy pushout and homotopy pullback in Sp(R). Moreover, if D € R
then the square of ordinary spectra

K(C, D) —=K(B, D)

L

pt ———=K(F, D)
is homotopy pushout and homotopy pullback.

Proof. Given a distinguished square «
D—=A
B——C

in R, the square ra,

TC+ E— TA+

L

TBJ,_ E—— T'D+

is homotopy pushout in URL’.
We claim that there is a J-weak equivalence of pointed simplicial functors
rAy — rA for any algebra A € . The object A is a cofibre product of the
diagram

pt <10 — rA;,
in which the right arrow is an injective cofibration. It follows that for every
pointed fibrant object X in UJt ;. the sequence of simplicial sets

Mappg, (14, X) = X(A) — X(0)

is a homotopy fibre sequence with X'(0) contractible. Hence the left arrow
is a weak equivalence of simplicial sets, and so the map of pointed simplicial
functors rA; — rA is a J-weak equivalence. Using [19, 13.5.9] the square r«
with « as above

rC ——1rA
rB——1rD

is homotopy pushout in URL”.
Given an algebra A € R and n > 0, there is an I-weak equivalence of simplicial
functors pointed at zero i : 7(J"A) — Sing(r(J"A)). By Theorem 2.4

R(A),, = Ez™ o Sing(r(J™A)).
Since the map

€0 JA = QA,
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which is functorial in A, is a quasi-isomorphism, then the square
(6) r(J"C) ——r(J"B)
pt ———r(J"F)
is weakly equivalent to the homotopy pushout square in URL’
r(Q"C) ——r(Q"B)
pt ——— r(Q"F)

By [19, 13.5.9] square (6) is then homotopy pushout in UR{”. Also, [19, 13.5.9]
implies that

Sing(r(J"C)) — Sing(r(J"B))
pt ———— Sing(r(J"F))
is homotopy pushout in URL, and hence so is
R(C)n —=R(B)n
pt ———= R(F)p.
We see that the square of spectra
(7) R(C) —— R(B)
pt ——= R(F)

is level pushout. We can find a projective cofibration of spectra ¢ : R(C) — X
and a level weak equivalence s : X — R(B) such that u = st. Consider a
pushout square

R(C) ——> x
| |
pt V.

It is homotopy pushout in the projective model structure of spectra, and
hence it is levelwise homotopy pushout in U R.7. Therefore the induced map
Y — R(F) is a level weak equivalence, and so (7) is homotopy pushout in the
projective model structure of spectra by [19, 13.5.9].
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Since the vertical arrows in the commutative diagram

A b~
] K(Ca _) | K(Ba _)
™~ T AN
R(C) R(B)

are stable weak equivalences and the lower square is homotopy pushout in the
stable model structure of spectra, then so is the upper square by [19, 13.5.9].
By [21, 3.9; 10.3] Sp(R) is a stable model category with respect to the stable
model structure, and therefore the square of the theorem is also homotopy
pullback by [20, 7.1.12].

It follows from Lemma 6.5 that the square of simplicial spectra

K(C, D) —=K(B, D)
! |
pt — > K(F, D)

is homotopy pullback for all D € R. It is also homotopy pushout in the stable
model category of Bousfield-Friedlander spectra by [20, 7.1.12], because this
model structure is stable. 0

It is also useful to have the following

THEOREM 6.7. Suppose u : A — B is a quasi-isomorphism in R. Then the
induced map of spectra

u* K(B,—) = K(4,-)

is a stable equivalence in Sp(R). In particular, the map of spaces
u": K(B,C) = K(4,0)

is a weak equivalence for all C' € R.

Proof. Consider the square in UR,

rB———>rA

|
R(B)o —<> R(A)o.

The upper arrow is an (I, J)-weak equivalence, the vertical maps are I-weak
equivalences. Therefore the lower arrow is an (I, J)-weak equivalence.
Since the endofunctor J : ® — R respects quasi-isomorphisms, then

u*: R(B) = R(A)
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is a level weak equivalence of spectra. Consider the square in Sp(R)

R(B) —“—~ R(A)
|k
K(B, —) > K(4, —).

The upper arrow is a level weak equivalence, the vertical maps are stable weak
equivalences. Therefore the lower arrow is a stable weak equivalence.

The map K(B, —) N K(A4, —) is a weak equivalence in the projective model
structure on Sp(R), because both spectra are stably fibrant and levelwise fi-
brant in URL”. It follows that the map of spaces

u* : K(B,C) = K(A,C)
is a weak equivalence for all C € R. O

We can now prove Excision Theorem B.

Proof of Excision Theorem B. Let R be an arbitrary admissible T-closed cat-
egory of k-algebras. We have to prove that the square of spaces

K(C, D) — K(B, D)

L

pt K(F, D)

is homotopy pullback for any extension ' — B — C in R and any algebra
DeR.
A subtle difference with what we have defined for spectra is that we do not as-
sume R to be small. So to apply Theorem 6.6 one has to find a small admissible
T-closed category of k-algebras R’ containing F, B, C, D.
We can inductively construct such a category as follows. Let R be the full
subcategory of R such that ObR{ = {F, B,C, D}. If the full subcategory %/,
of R, n > 0, is constructed we define R;, ; by adding the following algebras to
R

> all ideals and quotient algebras of algebras from R/ ;

> all algebras which are pullbacks for diagrams

A—-FE<+ L

with A, E,L € R/ ;
> all polynomial algebras in one variable A[x] with A € R/ ;
> all algebras TA with A € R,.

Then we set R = J,, R),. Clearly R is a small admissible T-closed category of
algebras containing F, B, C, D. It remains to apply Theorem 6.6. U

We can now also prove Theorem 5.4.
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Proof of Theorem 5.4. Let R be an arbitrary admissible T-closed category of
k-algebras. We have to prove that the square of spectra

K(C,D) —=K(B, D)

L

pt K(F, D)

is homotopy pullback for any extension F' — B — C in R and any algebra
D e

To apply Theorem 6.6 one has to find a small admissible T-closed category
of k-algebras R’ containing F, B,C, D. Such a category is constructed in the
proof of Excision Theorem B. O

COROLLARY 6.8. Let R be an admissible T'-closed category of k-algebras. Then
for every A, B € R the spectrum K(JA, B) has homotopy type of YK(A, B).

Proof. We have an extension JA ~— T'A — A in which T'A is contractible by
Lemma 3.1. Hence K(T'A, B) ~ * by Theorem 6.7 (as above one can choose a
small admissible T-closed category of algebras such that all considered algebras
belong to it). Now our assertion follows from Excision Theorem B. U

7. COMPARISON THEOREM A

In this section we prove a couple of technical (but important!) results giving
a relation between simplicial and polynomial homotopy for algebra homomor-
phisms. As an application, we prove Comparison Theorem A. Throughout %
is supposed to be T-closed.

7.1. CATEGORIES OF FIBRANT OBJECTS.

DEFINITION. Let A be a category with finite products and a final object e.
Assume that A has two distinguished classes of maps, called weak equivalences
and fibrations. A map is called a trivial fibration if it is both a weak equivalence
and a fibration. We define a path space for an object B to be an object B!
together with maps

B B! Y pyop,

where s is a weak equivalence, (dy,d;) is a fibration, and the composite is the
diagonal map.
Following Brown [2], we call A a category of fibrant objects or a Brown category
if the following axioms are satisfied.
(A) Let f and g be maps such that gf is defined. If two of f, g, gf are weak
equivalences then so is the third. Any isomorphism is a weak equivalence.
(B) The composite of two fibrations is a fibration. Any isomorphism is a
fibration.
(C) Given a diagram

AL <& B,
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with v a fibration (respectively a trivial fibration), the pullback A X B exists
and the map A x¢ B — A is a fibration (respectively a trivial fibration).

(D) For any object B in A there exists at least one path space B! (not neces-
sarily functorial in B).

(E) For any object B the map B — e is a fibration.

7.2. THE HAUPTLEMMA. Every map u in R can be factored u = pi, where
p € § is a fibration and 4 is an I-weak equivalence. Indeed, let A’ be the the
fibre product of the diagram

u o
A — B += Blz].

Then the map i: A — A’ a — (a,u(a)), is split and obviously an elementary
homotopy equivalence. Hence it is an I-weak equivalence. We definep : A’ — B
as composition of the projection A’ — Blx] and 9. We call a homomorphism
an I-trivial fibration if it is both a fibration and an I-weak equivalence. We
denote by I, n > 0, the simplicial set Alx -+ x Al and by §°, 8" : [ — !
the maps 17» x d°, 1/~ X d' whose images are I"™ x {1}, I™ x {0} respectively.
Let Wnin be the minimal class of weak equivalences containing the homomor-
phisms A — A[t], A € R, such that the triple (R, F, Wmnin) is a Brown category.
We should mention that every excisive, homotopy invariant simplicial functor
X R — YSets gives rise to a class of weak equivalences 20 containing the
homomorphisms A — A[t], A € R, such that the triple (R, §,20) is a Brown
category (see [8]). Precisely, 20 consists of those homomorphisms f for which
X (f) is a weak equivalence of simplicial sets.

We shall denote by B®", n > 0, the ind-algebra

BS" — BY" - BS" — ..
consisting of the 0-simplices of the simplicial ind-algebra B(Q™). So we have
for any k£ > 0:
BY" = Ker(B*d" 1" — g (01",
One also sets
E}(?“ _ Ker(Bsd’c It N Bsdk(é)["x[))'

HAUPTLEMMA. Let A, B € R then for any m,n > 0 we have:

(1) If f: A — B" A™ s a homomorphism, then the homomorphism
0if is algebraically homotopic to 0; f with i,j < n+ 1.

(2) If f: A — B9 " (respectively f: A — BS" ) is a homomorphism,
then dof,dif : A — B 1" (respectively dof,d1f : A — BS") are al-
gebraically homotopic, where do,dy : B3 1" — B4™ I" gre induced
by 69, 5%,

(3) If fo, f1 : A — B I" (respectively fo,f1 : A — BS") are two al-
gebraically homotopic homomorphisms by means of a map h : A —
(Bsd™ In)Sdk A (respectively h i A — (BSLH)Sdk AY) then there are a
homomorphism g : A’ — A, which is obtained by pulling back an I-
trivial fibration along h, and hence g € Win, and a homomorphism
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H:A — psam 1™ (respectively H : A’ — E,(Zn) such that doH = fog
and diH = f1g.

The Hauptlemma essentially says that the condition for homomorphisms of
being simplicially homotopic implies that of being polynomially homotopic.
The converse is true up to multiplication with some maps from 2 ,ip.

Proof. (1). Giveni < j define a homomorphism ¢; ; : Blto, ..., tn1] — B2 [z]
as
tr, k<1
.Tti, k=1
(8) (Pi,j(tk) = Tty + (1 — :L')tkfl, 1< k<j
(1—1‘)%—,1, k=j
th-1, k>j

It takes 1 — Z?Iol t; to zero, and hence one obtains a homomorphism ¢; ; :
BA™ 5 BA"[z]. We define @;:(f)(tos- - - tn, ) = @i (f)(tos- . - tn, 1 — ) if

j > i. It follows that for any h € BA™!

aih, SCZO,
sttt = { 51 0
7% -

We see that ;o is elementary homotopic to J;« for any a : A — BA™
If there is no likelihood of confusion we shall denote this homotopy by ¢;_;
omitting a.

Now consider the algebra Bsd* An“, k > 1. By definition, it is the fiber prod-
uct over BA" of ((n + 2)1)* copies of BA"". Let o : A — Bsd" A" e a
homomorphism of algebras. A polynomial homotopy from 9;a to d;c can be
arranged as follows. We pick up the barycenter of 0;a and pull it towards the
barycenter of a. This operation consists of finitely many polynomial homo-
topies. Next we pull the vertex i towards the vertex j. Again we have finitely
many elementary polynomial homotopies. Finally, we pull the barycenter of
« towards the barycenter of 9;a, resulting the desired polynomial homotopy.
Each step of the polynomial homotopy is determined by homotopies of the form
Pii+1 OF Qi1 4.

In order to give a formal description of the algorithm, it is enough to do this for
the identity homomorphism of B34 A" without loss of generality. Recall that
sd® A"*1 is the nerve |[s0* A" of a poset s0¥A™*1. We shall also regard the
poset as a category. By the length of a path in s0* A™*! between two vertices
we mean the maximal number of (non-identity) arrows connecting them. Note
that the largest (respectively smallest) possible length equals n+1 (respectively

0). We can think about Bsd" A" i the following terms:

o the poset s0F AL
o to every path 7 of length & > 0 in 0¥ A1 a polynomial in f, € BA*
is attached;
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o if fr, fx are two polynomials attached to paths 7, 7" in 0¥ A™*+! having
a non-trivial common subpath 7, then restriction of f, fr- to @ by
means of face operators of B® equals fr.

The desired algorithm of an algebraic homotopy from 9;a to 8;c consists of
the following steps (we shall sometimes regard 0;a, 0;cv as posets uniquely
associated to them):

Step 0: The poset Ay := 9;a, the vertex wg := i, and the poset (s0FA"1)q :=
soFAnTL

Step 1: Suppose we have found a subposet Ay, £ > 0, such that the vertices
of the subposet d;a N G;ax are in Ay, A, is isomorphic to Ag by an
isomorphism of posets leaving the vertices of Jja N ;& unchanged,
and Ay has a unique vertex wy on the edge between vertices i and
j. If Ay = (s0*A"t1), = 9;a, in which case wy = j, we stop the
process. Otherwise, we can find a vertex v € Ay \ (0;a N Jir), a
subposet Ag41 having the same vertices as Ay except a unique vertex
v € Agy1\ (0;aN0;a), and a path v — v or a path v — v of length 1.
Having chosen A1, we set (s0FA™ 1), = (s0FA"F1),\ {v}. Notice
that we1q € Apyq is either v/ or wy.

Step 2: If we have a path v — v from Step 1, then there are a unique ¢ €
{0,1,...,n} and a polynomial homotopy Hy : ped"A™h _y psdtar [x]
such that:

— 9%H, equals the homomorphism pedtartt BlAd | induced by
the inclusion Ay < 50*A"*! and 9! H, equals the homomorphism
pedtartt B\AHl\;

— Hy factors as

An+1

k h kAn
B — BIFel 2ty psdi AT [y

3

where Ey is the subposet of (50 A"+1), whose vertices are those of
Ay U Apy and the left homomorphism is induced by the inclusion
Ey — 50’“A"+1;
— hy is a fibre product of homomorphisms of the form i : BA" <
BA"[x] or @41 : BA" s BA™[a).
If we have a path v — v’ of Step 1, then H, has the same properties as
above except that hy is a fibre product of homomorphisms of the form
i:BA" — BA"[2] or Vit1,i: BA™T AT [x].
Step 3: Apply Step 1 to the pair (Azyq1, (50FA™ 1)1 1).
The algorithm stops in finitely many steps. The desired polynomial homotopy
is given by the collection {H},. The homotopy pulls the barycenter of 0,

towards the barycenter of «. Also it pulls the vertex i towards j by means of
{wpe}e. Let us illustrate the algorithm by considering for simplicity the algebra
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Bsd' AZ, which is glued out of six polynomials in BA®,
1
/b \
{01} {12} = 1 =

us \{012;/ \
K /{12}

07— {02}~ 2 0]
0/{02}\2
(12} = {012} N

{012}/ \ 0/ {Ot} \ )
/ T \2

0 {02}

0 {02} 2
The picture depicts each poset (s01A2),. It also says that
Baa = (0 25 {01} <2 1) %0 (0 -% {012} <& 1,wy = 1,0/ = {012})
(0 —% {012} & {12}, wy =o' = {12})
0% {012} ¢ 2, w3 =0/ =2)
(0% {02} ¢ 2,wy = 2,0 = {02}) = Dra

and {ho = (p21,021), B0 = (0,{01},1,{012})}, {h1 = (i,¢10), E1 =
<0’ {012}5 1, {12}>}a {h2 = (ia @1,2)a E, = <Oa {012}7 {12}5 2>}7 {h3 =
(p1,2,91.2), B2 = (0,{012}, {02}, 2)}.

Another example is for the algebra Bsd' AS, which is glued out of 24 polynomials
in BA”. Consider a tetrahedron labeled with 0,1,2,3
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The polynomial homotopy from 0sa to Oz« is encoded by the following data
of the algorithm:

o v ={013} and v' = {0123};

o v = {13} and v' = {123};

o v = {03} and v’ = {023};

ov =3 and v = {23};

ov={23} and v' = 2;

o v = {123} and v’ = {12};

o v = {023} and v’ = {02}

o finally, v = {0123} and v' = {012}.

(2). Note that this assertion follows from the particular case when f is the
identity map of its codomain. Nevertheless we shall prove the original state-
ment. The cube I"*! is glued out of (n + 1)! simplices of dimension n + 1. Its
vertices can be labeled with (n + 1)-tuples of numbers which equal either zero
or one. The number of vertices equals 2"*!. A homomorphism a : A — B m
is glued out of (n 4+ 1)! homomorphisms «; : A — BA"™ . The set of vertices
Viaga of the face dpa consists of those (n+1)-tuples whose last coordinate equals
1, and the set of vertices Vg, o of the face dja consists of those (n + 1)-tuples
whose last coordinate equals 0. The desired algebraic homotopy from dypa to
dia is constructed in the following way. We first construct an algebraic ho-
motopy Hy from fy := dpor to a homomorphism f; : A — B!". The set of
vertices Vi for f1 equals (Voo \ {00...01}) U {00...0}. In other words, we
pull {00...01} towards {00...0}. The number of (n+ 1)-simplices having ver-
tices from Vo U {00...0} equals n!. Let S be the set of such simplices. If
a;c A— BA"isin S , then the result is an algebraic homotopy g 1 defined
in (1) from Gpa; to d1c;. The homotopy Hy at each «;, @ < nl, is ¢g,1. Next
one constructs an algebraic homotopy H; from f; to fo : A — B!". The set
of vertices V4 of f2 equals (V4 \ {10...01})U{10...0}. In other word, we pull
{10...01} towards {10...0}. The homotopy H; at each simplex is either @1 2
or id. One repeats this procedure 2" times. The last step is to pull (11...11)
towards (11...10) resulting a polynomial homotopy Han_1 which is ¢p nt1
at each simplex. Clearly, if there are boundary conditions as in (2) then the
algebraic homotopy behaves on the boundary in a consistent way.

In the case a : A — B%1" Inﬂ, m > 0, the desired polynomial homotopy is
constructed in a similar way (we should also use the algorithm of (1)).
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Let us illustrate the algorithm by considering for simplicity the case a : A —
BT, Sucha map is glued out of six homomorphisms a; : A — BAS, i=1,...,6.

The desired algebraic homotopy from dpa to dia is arranged as follows.
We first pull (001) towards (000) resulting a polynomial homotopy Hy from
dpa, which is labeled by {(001),(101),(011),(111)}, to the square labeled
by {(000), (101), (011),(111)}. This step is a result of the algebraic homo-
topy ¢o,1 described in (1) corresponding to two glued tetrahedra having ver-
tices {(000), (001), (011), (111)} and {(000), (001), (101), (111)} respectively. So
Hy = (p0,1,901). Next we pull (101) towards (100) resulting a polyno-
mial homotopy H; from the square labeled by {(000),(101),(011), (111)} to
the square labeled by {(000),(100), (011),(111)}. So Hy = (p1,2,id). The
next step is to pull (011) towards (010) resulting a polynomial homotopy Ho
from the square labeled by {(000), (100), (011), (111)} to the square labeled by
{(000), (100), (010), (111)}. So Hs = (id,¢12). And finally one pulls (111)
towards (110) resulting a polynomial homotopy Hjs from the square labeled by
{(000), (100), (010), (111)} to the square labeled by {(000), (100), (010), (110)}.
In this case Hg = (@213, @273).

(3) We first want to prove the following statement.

HAUPTSUBLEMMA. Bsd™ 1"} (respectively Eg") is a path space for B4 1"
(respectively BS" ) in the Brown category (R, &, Wnin)-

Proof. By (2) the maps

do,dy - B> 1T gt I
are algebraically homotopic, hence equal in the category H(R).
The map

In+1

(do,dy) : B4 1" — " 1" 5 ped” 1"
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is a k-linear split homomorphism, hence a fibration. A splitting is defined as

In+1

(b1, by) € B3 1" 5 B3 " (b)) - (1 —t) +u(by) - t € B3 1"

where t € k54" """ is defined on page 1220 and ¢ : BA(I™) — (IB%A(I”))Al is
the natural inclusion. There is a commutative diagram

Bsdm m diag Bsdm m % Bsdm m
\ (do,dx)
+1
BSd’ﬂL I’Vl

3

where s is induced by projection of I"*! onto I"™ which forgets the last coor-
dinate. To show that Bs¢" """ is a path space, we shall check that s is an
I-weak equivalence. We have that dps = id. We want to check that sdy is
algebraically homotopic to id.

In the proof of Proposition 4.1 we have constructed a simplicial map

A:I?2 > T

It induces a simplicial homotopy between sdy and id

ntt 2

AF Bsdm N Bsdm

By (2) these are algebraically homotopic. We conclude that s,dy are I-weak

equivalences, and hence so is d;. The statement for Bgn is verified in a similar
way. O

The algebra B’ := (B%" In)Sdk A" is another path object of B*" 1" and so
there is a commutative diagram

psd™ 1" i) Bsd™ I gsd™ I"

B/

where s is an I-weak equivalence and (df),d}) is a fibration. Let X be the fibre
product for

(do,d1) (dg,d})

[t Bsdm’ Im™ X Bsdm " B’

Bsdm

Then (s, s') induces a unique map ¢ : B5¥" 1" — X such that pr; o ¢ = s and
prooq = s'. We can factor ¢ as

Bsd'"’[" s B 4 X,

where s” is an [-weak equivalence and p is a fibration. It follows that u := proop
and v := pry o p are I-trivial fibrations, because vs” = s,us” = s'. It follows
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that there is a commutative diagram

Bsdm m & Bsdm I % Bsdm m

(dy i)
B//

with (df,d}) = (do,d1) ov = (df,d}) o u, and so the algebra B” is a path
object of Bsd™ 1",
Now let us consider a commutative diagram

’
A/ h B// v BSdWL In+1

gl/ ul l(do,dl)

. pl— s psd™I" sd™ I™
A= BB x B

with the left square cartesian. The desired homomorphism H : A’ — Bsd™ ! .

is then defined as vh’. The homomorphism H : A" — Eg" is constructed in a
similar way. O

The proof of the Hauptlemma also applies to showing that for any homomor-
phism h : A — Bs1" A'XA™ the induced maps doh,dih : A — B A" are
algebraically homotopic. If m = 0 then the homotopy is constructed in n steps
similar to that described above for cubes I" (each step is obtained by applying
the polynomial homotopy ¢ ;).

We can use the homotopy to describe explicitly a polynomial contraction of an
algebra B2" to B. Precisely, consider the maps s : B — B2, § : BA" - B
induced by the unique map [n] — [0] and the map [0] — [r] taking 0 to n.
Then 05 = 1p and s§ is polynomially homotopic to the identity map of BA".
The homotopy is constructed by lifting the simplicial homotopy that contracts
A" to its last vertex. This simplicial homotopy is given by a simplicial map

Al x A" An
that takes (v : [m] — [1],u : [m] — [n]) to @ : [m] — [n], where @ is defined as
the composite
—= [n] x [1] = [n]

and where w(j,0) = j and w(j, 1) = n.
We have a homomorphism

h*: BA" BAle"

which is induced by h. Then dyh* = 1 is polynomially homotopic to dih* = sd.
If a homomorphism f : A’ — A is homotopic to g : A’ — A by means of a
homomorphism h : A" — A[z] then J(f) is homotopic to J(g). Indeed, consider
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a commutative diagram of algebras

JA' TA A’

J(h) T(h) h

JA TA A.

Then ~ o J(h) yields the required homotopy between J(f) and J(g).
Let A,B € ® and n > 0. Part (i) of the Hauptlemma implies that there is a
map
mo(Hom pjgima ("4, B(Q"))) — [J" 4, BS"]
which is consistent with the colimit maps

¢ : Hompjgma (J" A, B(Q")) — Homy g (J"H A, B(Q"H))

defined by (1) and o : [J"A, BS"] — [J"T1A, BS"""] which is defined like .
So we get a map
T : Ko(A, B) — colim,[J"A, BS"].

COMPARISON THEOREM A. The map T : Ko(A, B) — colim,[J*A, B®"] is an
isomorphism.

Proof. Tt is obvious that
mo(Hom g giea (J" A, B(Q™))) = [J"A, BS"]

is surjective for each n > 0, and hence so is I'. Suppose fo, f1 : J*A — B®"
are polynomially homotopic by means of h. By the Hauptlemma there are a
homomorphism g : A" — J™A, which is a fibre product of an I-trivial fibration
along h, and hence g € Wi, and a homomorphism H : A" — BS" such that
doH = fog and d1 H = f1g. Similar to the proof of Excision Theorem B one
can construct a small admissible category of algebras R’ such that it contains
all algebras {A’, J"A, B*4" 1"}, . we work with and such that g is a quasi-
isomorphism of R'.

By Theorem 6.7 the induced map of graded abelian groups

g Ko (R)(J"A, B) — K. (W) (A, B)

is an isomorphism. We have that g* takes fo, f1 € K, (R')(J" A, B) to the same
element in K, (R')(A’, B), and so fo = f1. We see that T is also injective, hence
it is an isomorphism. O
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COROLLARY 7.1. The homotopy groups of K(A, B) are computed as follows:

colim, [J"A, (Q"B)®"], m >0

Km(A,B) = { Colimn[J7m+nAvBen]v m <0

Proof. This follows from Corollary 4.3 and the preceding theorem. |

8. COMPARISON THEOREM B

In this section R is supposed to be T-closed. Let 20 be a class of weak equiv-
alences containing homomorphisms A — A[t], A € R, such that the triple
(R, §,20) is a Brown category.

DEFINITION. The left derived category D~ (R, §,20) of R with respect to (F, 20)
is the category obtained from R by inverting the weak equivalences.

By [9] the family of weak equivalences in the category H® admits a calculus
of right fractions. The left derived category D~ (R,F,20) (possibly “large”)
is obtained from HR by inverting the weak equivalences. The left derived
category D~ (R, §,20) is left triangulated (see [8, 9] for details) with £ a loop
functor on it.

There is a general method of stabilizing Q (see Heller [17]) and producing a
triangulated (possibly “large”) category D(R,§,20) from the left triangulated
structure on D~ (R, §,20).

An object of D(R,F,20) is a pair (A,m) with A € D~ (R,F,20) and m € Z.
If m,n € Z then we consider the directed set I, ,, = {k € Z | m,n < k}. The
morphisms between (A, m) and (B,n) € D(R, §,20) are defined by

D(R, 3, )[(A,m), (B, n)] := colimer,, , D~ (R, F,20) (2"~ (A), 2" "(B)).

Morphisms of D(R,F, ) are composed in the obvious fashion. We define the
loop automorphism on D(R, F, W) by Q(A, m) := (A,m—1). There is a natural
functor S: D~ (R, F, W) — D(R, T, W) defined by A +— (A,0).
D(R,§,20) is an additive category [8, 9]. We define a triangulation 77 (R, §, 20)
of the pair (D(R, F, ), Q) as follows. A sequence

QA1) — (Cyn) — (B,m) — (A4,1)
belongs to Tr(R,§,20) if there is an even integer k and a left triangle
of representatives Q(QF~!(4)) — QF(C) — QF™(B) — QFI(A) in
D~ (R,F,20). Then the functor S takes left triangles in D~ (R, §,20) to trian-
gles in D(R, F,2W). By [8, 9] Tr(R,F,2W) is a triangulation of D(R,F, W) in
the classical sense of Verdier [29].
Let & be the class of all §-extensions of k-algebras

9) (E):A— B — C.
DEFINITION. Following Cortinas-Thom [3] a (§-)ezcisive homology theory on
R with values in a triangulated category (7, ) consists of a functor X : § — T,

together with a collection {0 : E € £} of maps 05 = dr € T(QX(C), X(A)).
The maps Jp are to satisfy the following requirements.
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(1) For all E € £ as above,

or X(f) X(9)
—_— E——

QX (C) —= X(A) X (B) X(C)
is a distinguished triangle in 7.
(2) If
(E): A A B—=C
bl
, f g
(E'): A ——= B ——= ("

is a map of extensions, then the following diagram commutes

QxX(C) -2~ x(4)

QX(W)l lX(a)

QX(C) - X(A).
E/
We say that the functor X : ® — T is homotopy invariant if it maps homotopic
homomomorphisms to equal maps, or equivalently, if for every A € Alg,, X
maps the inclusion A C A[t] to an isomorphism.

Denote by 20 A the class of homomorphisms f such that X (f) is an isomorphism
for any excisive, homotopy invariant homology theory X : ® — 7. We shall
refer to the maps from QA as stable weak equivalences. The triple (R, §,204)
is a Brown category. In what follows we shall write D~ (R,§) and D(R,F)
to denote D~ (R, F,Wa) and D(R,F,2WA) respectively, dropping WA from
notation.

In this section we prove the following theorem.

COMPARISON THEOREM B. For any algebras A, B € R there is an isomorphism
of Z-graded abelian groups

K.(A, B) = D(R,3).(A, B) = @) D(R,3)(4,9"B),
nez
functorial both in A and in B.

The graded isomorphism consists of a zig-zag of isomorphisms each of which is
constructed below.

COROLLARY 8.1. D(R,F) is a category with small Hom-sets.

DEFINITION. Let R be a small T-closed admissible category of algebras. A
homomorphism A — B in R is said to be a stable §-quasi-isomorphism or just
a stable quasi-isomorphism if the map Q" A — Q"B is a quasi-isomorphism for
some n > 0. The class of quasi-isomorphisms will be denoted by 20,:s. By [8]
the triple (R, §,20,:5) is a Brown category.
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Consider the ind-algebra (B®",Zs() with each Bgn, k € Zso, being
ker(BSdk " _, poGdt ), that is B®" is the underlying ind-algebra of 0-
simplices of B(Q"). We shall denote by BS" the algebra B". Notice that
BS' = QB. There is a sequence of maps

Homalg, (B, B) < Homag, (JB, BY') 5 Homayg, (J2B, B ) = -

One sets 15" == ¢"(1).
Recall that 2., is the least collection of weak equivalences containing A —
Alz], A € R, such that the triple (R, §, Wmin) is a Brown category.

LEMMA 8.2. Let R be a T-closed admissible category of algebras and B € R.
Then for any n = 0 all morphisms of the sequence

BS" — BY" - BS" — ...
belong to Winin-

Proof. Recall that the simplicial ind-algebra PB®(Q") is indexed over Zs

and defined as ker((B2(Q"))! o, A (Q™)). The proof of the Hauptsublemma
shows that on the level of O-simplices dy is an I-trivial fibration. Its kernel
consists of O-simplices of PB(02") and whose underlying sequence of algebras
is denoted by

PBS" — PBY" — PBY" — - ..
For each algebra of the sequence PB,?n one has (0 — PB,?H) € Wnin, because
it is the kernel of an I-trivial fibration.
The assertion is obvious for n = 0. We have a commutative diagram of exten-
sions foralln > 1,k >0

n —1 -1
BY" ——PBY" —— BY"

R .

S™ anl anl
B’y >~ PB’, > B’y

with the right and the middle arrows belonging to i, by induction, hence
so is the left one. O

LEMMA 8.3. Let R be a T-closed admissible category of algebras and B € R.
Then each 1%’k, n,k >0, belongs to Whin -

Proof. We fix k. The identity mapllB = 1%’k belongs to Wyin. The map lgk is
the classifying map &, : JB — BS , which is in 20 ,;,. Suppose 17}3_1’k, n>1,
belongs to Wyin. Then 1%’k = §UJ(17E’;1”C), where &, : J(B,(?nfl) — BS” is in
Winin- Since J respects maps from Wiy, then 1%’k is in Wiin- O
LEMMA 8.4. The following conditions are equivalent for a homomorphism f :
A — B in R:

(1) f is a stable quasi-isomorphism;
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(2) J*(f): J"A — J"B is a quasi-isomorphism for some n > 0;
(3) for any k > 0 there is a n > 0 such that f&" : Aken — Bgn s a
quasi-isomorphism.

Proof. (1) < (2). Consider a commutative diagram of extensions

JA—TA——A

SN

OA —> FA —> A,

where T'A, EA are contractible. It follows that pa is a quasi-isomorphism. It
is plainly functorial in A. Since J respects quasi-isomorphisms, it follows that
there is a commutative diagram for any n > 1

JPA——= Q" A
J"(f)l lﬂ”(f)
J"B —— Q" B,

in which the horizontal maps are quasi-isomorphisms. We see that Q"(f) is a
quasi-isomorphism if and only if J"(f) is.
(2) & (3). There is a commutative diagram of extensions for alln > 1,k > 0

JAS" ) ——=T(AS" ) ——= AP

l |

n ,—1 -1
A" s pAST s 48"

in which the right and the middle arrows are quasi-isomorphisms, hence so is
the left one. The middle arrow is actually quasi-isomorphic to zero. Since J
respects quasi-isomorphisms, we get a chain of quasi-isomorphisms

JPA = JVHASY) S J(ASTT) 5 AT
functorial in A. It follows that there is a commutative diagram for any n > 1

J”’(f)t lf‘%"

J'B—= B&",
in which the horizontal maps are quasi-isomorphisms. We see that kan is a
quasi-isomorphism if and only if J™(f) is. O

We call a homomorphism f: A — B in a T-closed category R a K-equivalence
if the induced map K(C, A) — K(C, B) is a weak equivalence of spaces.

PrOPOSITION 8.5. Let R be a small T-closed admissible category of algebras.
A homomorphism t : A — B in R is a stable quasi-isomorphism if and only if
it is a K-equivalence.

DOCUMENTA MATHEMATICA 19 (2014) 1207-1269



ALGEBRAIC KASPAROV K-THEORY. I 1257

Proof. Suppose t : A — B is a stable quasi-isomorphism. Then Q"(¢) is a
quasi-isomorphism for some n > 0, and hence a K-equivalence. For any algebra
C € R the induced map

KJ"C,Q"A) — K(J"C,Q"B)
is a weak equivalence of spaces. By Corollaries 4.3 and 5.2 the map

QU E(JC,A) = Q"K(J"C, B)
is a weak equivalence, hence so is the map

t. : K(C,A) —» K(C, B).
Thus ¢ is a K-equivalence.
Suppose now t : A — B is a K-equivalence. Then the induced map
K(B,A) —» K(B, B)

is a homotopy equivalence of spaces. There are k,n > 0,amape: J"B — Aan,
and a sequence of maps

-l n
J'B % AS" L B
such that t©"e is simplicially homotopic to 1%’k. By the Hauptlemma t®" ¢ is
polynomially homotopic to 1%’k. By Lemma 8.3 1%’k is a quasi-isomorphism. It
follows that e is a right unit in the category D™ (R, §,204:5). For every m > 0
one has
(10) (S e) =po J(tS") o J(e) ~ 1%+m’k,

where p is a quasi-isomorphism. By Lemma 8.3 1 is a quasi-isomorphism.
It follows that J™(e) is a right unit in D~ (R, §, Wes).

We claim that t©" is a K-equivalence. By assumption tS° = tis a K-

n+m,k
B

. nel . . .
equivalence. Suppose t is a K-equivalence for n > 1. There is a com-
mutative diagram of extensions

Aken PAkgnfl AkGTL 1

tenl l lte,nl

Bken PBkGH71 Bkgn—l

)

in which the right and the middle arrows are K-equivalences by induction,
hence so is the left one. The middle arrow is actually quasi-isomorphic to zero.
We see that t®" e is a K-equivalence. The two out of three property implies e
is a K-equivalence. Therefore the induced map

en 1 K(JVA, J"B) — K(J"A, AS")

is a homotopy equivalence of spaces. Let g = e;l(lz’k) LA (JPB)PT

S S

then e "qis

polynomially homotopic to gm(lz’k). It follows from Lemma 8.3 that gm(lz’k)

is a quasi-isomorphism. We see that e®™ is a left unit in D~ (R,§,W,is). The

"¢ is simplicially homotopic to gm(lz’k). By the Hauptlemma e
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proof of Lemma 8.4 shows that J™(e) is quasi-isomorphic to e®”. Thus J™(e)
is a left unit in D~ (R, §, Weis ).

By above J™(e) is also a right unit in D~ (R, §, W,is), and so is an isomorphism
in D~(R,§,Wgis). Since the canonical functor R — D~ (R, F,Wy;s) has the
property that a homomorphism of algebras is a quasi-isomorphism if and only
if its image in D~ (R, §, Wis) is an isomorphism, we see that J™(e) is a quasi-
isomorphism.

By (10) J™(t") is a quasi-isomorphism, because so are p, 1% ™" and J™(e).
Since J preserves quasi-isomorphisms, the proof of Lemma 8.4 shows that there
is a commutative diagram

Jrtm g —— Jm(AS")
J"*m(t)l \LJ’"(th)
Jrmp —=J"(BP"),
in which the horizontal maps are quasi-isomorphisms. We see that J*"T™(t) is a

quasi-isomorphism, because so is Jm(tgn). So t is a stable quasi-isomorphism
by Lemma 8.4 as required. O

The next result is an improvement of Theorem 6.7. It will also be useful when
proving Comparison Theorem B.

THEOREM 8.6. Suppose R is an admissible T-closed category of algebras and
u: A — B is a K-equivalence in R. Then the induced map

u* : K(B,D) - K(A, D)
s a weak equivalence of spectra for any D € R.

Proof. Similar to the proof of Excision Theorem B one can construct a small ad-
missible T-closed full subcategory of algebras &’ such that it contains A, B, D.
By assumption u is a K-equivalence in $/, hence J"(u) is a quasi-isomorphism
of R’ for some n > 0 by the preceding proposition and Lemma 8.4.

By Theorem 6.7 the induced map of spectra

(J™"(w)* : K(R)(J"B,D) - K(R)(J"A, D)
is a weak equivalence. Corollary 6.8 now implies the claim. O

LEMMA 8.7. Suppose R is an admissible T-closed category of algebras. Then
every stable weak equivalence in R is a K-equivalence.

Proof. Using Theorem 5.3 for every A € R the map
K(A,—) : ® — Ho(Sp)

with Ho(Sp) the homotopy category of spectra yields an excisive, homotopy
invariant homology theory. Therefore it takes stable weak equivalence to iso-
morphisms in Ho(Sp). O
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Given an ind-algebra (B, J) € R and A € R, we set
D™ (R,3)(A, B) = colimje ;s D™ (R, §)(A, B)).

Using the fact that J respects polynomial homotopy and stable weak equiva-
lences, we can extend the map ¢ : Hom yjgma (A, B®") — Homygina (JA, BS™)
to a functor

o:D™(R,3)(A,BS") = D~ (R,3)(JA,BS" ).

The functor ¢ takes a map
A/
SN
A BS"

in D~ (R,§)(A4, B®"), where s € 204, to the map

JA'
A
JA

B6n+1

Since J respects weak equivalences and homotopy, it follows that o is well-
defined.

The map I' : Ko(A, B) — colim,[J"A, BS"] is an isomorphism by Comparison
Theorem A. There is a natural map

Ty : colim,[J"A, B®"] — colim,, D™ (R,§)(J"4, BS").
LEMMA 8.8. T’y is an isomorphism, functorial in A and B.

Proof. Suppose maps fo, fi : J*A — B®" are such that T'1(fy) = I'i(f1).
Using the Hauptlemma, we may choose n big enough to find a stable weak
equivalence t : A’ — J™A such that fot is simplicially homotopic to fit. By
Lemma 8.7 t is a K-equivalence of ®. By Theorem 8.6 the induced map of
graded abelian groups

t*: Ku(J"A,B) = K.(A",B)

is an isomorphism. We have that t* takes fo, f1 € K,(J"A, B) to the same
element in K,,(A’, B), and so fy = f1. We see that T'y is injective.

Consider a map
A/
SN
J"A BS"

with s € Wa. By Lemma 8.7 s is a K-equivalence of . By Theorem 8.6 the
induced map of abelian groups

s*: Kn(J"A, B) — Ko (A, B)
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. . . . n+m
is an isomorphism. Then there are a m > 0, a morphism g : J**™A — B®

such that ¢™(f) is simplicially homotopic to goJ™(s) : J™A" — BS""™" . By the
Hauptlemma these are polynomially homotopic. It follows that I'1(g) = fs~1,
and so I'; is also surjective. O

LEMMA 8.9. The natural map
Ty : colim, D™ (R, §)(J"A, BS") — colim,, D™ (R, §)(J"A, BS")
is an isomorphism, functorial in A and B.
Proof. Tt follows from Lemma 8.2 that
D™ (R,3)(J"A,BS") = D~ (R,3)(J"A, B®")
is bijective for all n > 0. Therefore I's is an isomorphism. O
Consider a commutative diagram of algebras

Bsn PBSTL*I BSTL71

A

JBS")y—=T1(B5" ) —=ps""

o

QBSnfl E(Bgnfl) Bsnil

The middle arrows are stably weak equivalent to zero and p" !, £"~! are stable

weak equivalences, functorial in B. Since () respects stable weak equivalences,
one obtains a functorial zig-zag of stable weak equivalences of length 2n

—1 Qg2 qn-1

B £ BT £ oS < ortyp 2 g,

The zig-zag yields an isomorphism 6" : BS" — Q"B in D~ (R, J).
Let us define a map

I3 : colim, D™ (R, §)(J"A, BS") — colim,, D™ (R, §)(J"A, Q" B)

7N
JTA BS"
to 8" fs~!. We have to verify that I's is consistent with colimit maps,

where a colimit map on the right hand side u, : D™ (R, §)(J"4,Q"B) —
D= (R, 3)(J"TLA Q"1 B) takes

N

JrA Q"B

by taking
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t0 pypJ(F)(J(s)) ™" Let
vn : D™(R,F)(J"A, BS") = D™ (R, §)(J"1 A, BS)

be a colimit map on the left. So we have to check that I's(v,(fs™!)) =

un(T3(fs71)).
The map uy, (T3 (fs’l)) is a zig—zag

J JQen—2
£ ALY

JrA S g 2L gpst JET g gty I jopstT

AU gan-1yp TN qanp Pars, guiip

The map 'z (v,(fs™1)) is a zig-zag

JA L gar 2 gpst & psttt &L gt 2t gpst 28T

2 grpst EE gryp 2 g,

We can cancel two §"—s. One has therefore to check that the zig-zag

n n—1 ne1 n—2
JBS" JEL sty 2L gopst Tt SO

JQTL715 n—1 n Q"B n+1
JQ"JB ——%JQ B—= Q"B

equals the zig-zag

Sn Qen—1 Qr-lpt

n n &0 n 0
JBS" 2 0B 0"BSt EE qrgp L, grtipg,

For this one should use the property that if g : A — B is a homomorphism
then there is a commutative diagram

(11) J(A) =04 EA A
J(g)l lﬂ(g) l lg
J(B) L2~ 0B EB B.

So the desired compatibility with colimit maps determines a map of colimits.
LEMMA 8.10. The map I's is an isomorphism, functorial in A and B.

Proof. This follows from the fact that all §"-s are isomorphisms in D~ (R, §).
U

Consider a sequence of stable weak equivalences
JrA Ly Qnla 20 g2 gn-2 g 2 —> —> Q" A,

which is functorial in A. Denote its composition by ~;,.
Let us define a map

Ty : colim, D~ (R, F)(J"A, Q" B) — colim,, D~ (R, F)(Q"A4,Q"B)

DOCUMENTA MATHEMATICA 19 (2014) 1207-1269



1262 GRIGORY GARKUSHA

by taking
JTA Q"B
to fs~ly, 1. We have to verify that I'y is consistent with colimit maps,

where a colimit map on the right hand side w, : D™ (R,§)(Q"A4,Q"B) —
D=(R,3)(Q"1 A, Q"1 B) takes

A/
N
QA Q"B

to Q(f)(2(s))~t. So we have to check that Ty(u,(fs™!)) = w,(Ca(fs™1h)).
The map y(u,(fs™1)) equals the zig-zag from Q"1 A to Q"1 B

OURRY: JA (o 1 ; LR I LREANGY (s DRNY e LUILLLN

Q2Jn=ig Loy 2 gy,

In turn, the map w, (U4(fs™1)) equals the zig-zag from Q"1 A to Q"B

Qi A 25 qgna 2o g2 gntg 2

Q3 gn2a Loy 2 guy
The desired compatibility would be checked if we showed that the zig-zag
(12) QA L A a2 gorB & artip
equals the zig-zag
QA o 25 gniip,
For this we use commutative diagram (11) to show that pjn4 0 Js = Qs o pas

and ponp o Jf = Qf o par. We see that (12) equals Qf o par o py} o (Qs)™ =
Qf o (2s)~!in D=(RN,F) and the desired compatibility follows.

LEMMA 8.11. The map Ty is an isomorphism, functorial in A and B.

Proof. This follows from the fact that all 7,,-s are isomorphisms in D~ (R, §).
O

Proof of Comparison Theorem B. Using Comparison Theorem A, Lemmas 8.8,
8.9, 8.10, 8.11, the isomorphism of abelian groups

is defined as F4F3FQ_1F1. Using Corollary 7.1, we get that
K,>0(A, B) 2 D(R,3)(A,Q2"”°B)

and
Kn<o(4,B) 2 D(R,F)(J ™A, B).
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It remains to observe that D(R,§)(J " A, B) = D(R,§)(A, Q"B) for all nega-
tive n. g

COROLLARY 8.12. Let R be T-closed. Then the classes of stable weak equiva-
lences and K-equivalences coincide.

COROLLARY 8.13. Let R be a full admissible T-closed subcategory of an ad-
missible T'-closed category of algebras R. Then the natural functor

D(R',F) — D(R,3)
18 full and faithful.

Proof. This follows from Comparison Theorem B. |

We want to introduce the class of unstable weak equivalences on . Recall that
Win is the minimal class of weak equivalences containing the homomorphisms
A — Aft], A € R, such that the triple (R, §, Wmin) is a Brown category. We do
not know whether the canonical functor ® — D~ (R, §, Wmmin) has the property
that f € Wiy if and only if its image in D™ (R, §, Winin) is an isomorphism.
For this reason we give the following

DEFINITION. Let R be T-closed. A homomorphism of algebras f : A — B,
A, B € R, is called an unstable weak equivalence if its image in D™ (R, §F, Winin)
is an isomorphism. The class of unstable weak equivalences will be denoted by
Qnunst-

By construction, D™ (R, §, Winin) = R[W_! | and Winin € Wepse. Using uni-

versal properties of localization, one obtains that D~ (R, §, Winin) = R[W;,1,].
We can now apply results of the section to prove the following

THEOREM 8.14. Let R be T-closed. Then
(13) Wa ={f € Mor(R) | Q"(f) € Wynst for some n > 0}.
Proof. By minimality of 2,,;, the functor

K(A,—) : ® — Spectra

takes the maps from Wy, (hence the maps from W,,,s:) to weak equivalences
for all A € R. Corollary 8.12 implies the right hand side of (13) is contained
in Wh.

The proof of Proposition 8.5 can literally be repeated for 20,5 to show that for
every stable weak equivalence f there is n > 0 such that Q"(f) is in Wypst. O

We can now make a table showing similarity of spaces and non-unital algebras.
It is a sort of a dictionary for both categories. Precisely, one has:
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SPACES Top | ALGEBRAS R
Fibrations | Fibrations §
Loop spaces QX | Algebras QA = (2% — 2)A[x]
Homotopies X — Y | Polynomial homotopies A — Bl[z]
Unstable weak equivalences | Unstable weak equivalences 20,5
Unstable homotopy category | The category D~ (R, §, Wunst)
Stable weak equivalences | Stable weak equivalences 20
Stable homotopy category of spectra | The category D(R,F)

To conclude the section, we should mention that Comparison Theorem B im-
plies representability of the Hom-set D(R,§)(A, B), A, B € R, by the spectrum
K(A, B). By [9] the natural functor j : ® — D(R,§) is the universal excisive,
homotopy invariant homology theory in the sense that any other such a theory
X : R — T uniquely factors through j.

9. MORITA STABLE AND STABLE BIVARIANT K-THEORIES

In this section we introduce matrices into the game. We start with preparations.
If A is an algebra and n < m are positive integers, then there is a natural
inclusion ¢y, : My A — M, A of rings, sending M, A into the upper left corner
of M,, A. We write MooA = U, M,A. Let I'A, A € Alg,, be the algebra of
N x N-matrices which satisfy the following two properties.

(i) The set {a;; | 7,7 € N} is finite.

(ii) There exists a natural number N € N such that each row and each

column has at most /N nonzero entries.

Mo A CTA is an ideal. We put
YA=TA/MA.

We note that I'A, ¥ A are the cone and suspension rings of A considered by
Karoubi and Villamayor in [23, p. 269], where a different but equivalent defi-
nition is given. By [3] there are natural ring isomorphisms

FTAZTEkR A, YAXYER® A.
We call the short exact sequence
M A—TA—-» XA

the cone extension. By [3] TA — A € Fgpi.

Throughout this section we assume that 3 is a T-closed admissible category of
k-algebras with k, M, A, TA€ R, n>1,forall A€ R. Then M A,¥XA € R for
any A € R and M (f) € § for any f € §F. Note that Mo A =2 AQ M (k) € R
for any A € R. It follows from Proposition 2.3 that for any finite simplicial set
L, there are natural isomorphisms

Mo A® kY 2 (MoA)R =2 A® (Myk)E.
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~

Given an algebra A, one has a natural homomorphism ¢ : A — M (k) ® A =
Mo (A) and an infinite sequence of maps

A Mo(k)® A - Moo(k) @ Moo (k) @ A — - — M2 (k)@ A — - -
DEFINITION. (1) The stable algebraic Kasparov K -theory space of two algebras
A, B € R is the space

K5 (A, B) = colim,, K(A, Moo k®" @ B).
Its homotopy groups will be denoted by K:t(A, B), n > 0.

(2) The Morita stable algebraic Kasparov K -theory space of two algebras A, B €
R is the space

IcmoT(A,B) = cohm(lC(A,B) — K:(A,Mgkj 34 B) — K:(A,Mgk/’ ® B) — ... )

Its homotopy groups will be denoted by K" (A, B), n > 0.

(3) A functor X : R — S/(Spectra) is Mqo-invariant (respectively Morita
invariant) if X(A) — X (M A) (respectively each X (A4) = X(M,A),n > 0)
is a weak equivalence.

(4) An excisive, homotopy invariant homology theory X : R — T is M-
invariant (respectively Morita invariant) if X(A) — X(MxA) (respectively
each X(A4) - X (M,A), n > 0) is an isomorphism.

LEMMA 9.1. The functor Ks'(A, —) (respectively K™°" (A, —)) is Moo -invariant
(respectively Morita invariant) for all A € R.

Proof. Straightforward. O
THEOREM 9.2 (Excision). For any algebra A € R and any F-extension in R
r-5p-Lc
the induced sequences of spaces
K*(A,F) — K*(A,B) — K*(A4,C)
and
K*(C,A) — K*(B,A) — K*(F, A)
are homotopy fibre sequences, where x € {st,mor}.

Proof. This follows from Excision Theorems A, B and some elementary prop-
erties of simplicial sets. O

DEFINITION. (1) Given two k-algebras A, B € R and x € {st,mor}, the se-
quence of spaces
K*(A, B),K*(JA, B),K*(J*A, B), ...

together with isomorphisms K*(J"A, B) = QK*(J"™A, B) constructed in
Theorem 5.1 forms an Q-spectrum which we also denote by K*(A, B). Its ho-
motopy groups will be denoted by K7 (A, B), n € Z. Observe that K7 (A, B) =
Kr (A, B) for any n > 0 and K% (A, B) =2 K§(J " A, B) for any n < 0.
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(2) The stable algebraic Kasparov K-theory spectrum of (A, B) (respec-
tively Morita stable algebraic Kasparov K-theory spectrum) is the Q-spectrum
Kst(A, B) (respectively K" (A, B)).

THEOREM 9.3. Let x € {st,mor}. The assignment B — K*(A, B) determines
a functor

K*(A,?): R — (Spectra)

which is homotopy invariant and excisive in the sense that for every §-extension
F — B — C the sequence

K*(A,F) = K*(4,B) - K*(A,C)

18 a homotopy fibration of spectra. In particular, there is a long exact sequence
of abelian groups

= Ki (A C) - Ki(AF) = K (A,B) - K{(A,C) — ---
for any i € Z.
Proof. This follows from Theorem 9.2. 0

We also have the following

THEOREM 9.4. Let x € {st,mor}. The assignment B — K*(B, D) determines
a functor

K*(?,D) : R°? — (Spectra),

which is excisive in the sense that for every F-extension F — B — C' the
sequence

K*(C, D) — K*(B, D) — K*(F, D)

is a homotopy fibration of spectra. In particular, there is a long exact sequence
of abelian groups

= Ki (F,D) = Kj(C,D) = K (B,D) = K;(F,D) — ---
for any i € Z.
Proof. This follows from Theorem 9.2. O
THEOREM 9.5 (Comparison). There are natural isomorphisms
K5H(A, B) — colimy, o[J"A, Moo (k)™ @ BS"]
and
Kor (A, B) — colimy, o[J"A, M, (k) @ BS"],
functorial in A and B.

Proof. This follows from Comparison Theorem A. O
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COROLLARY 9.6. (1) The homotopy groups of K¥*(A, B) are computed as fol-

lows:
st o | colimp, ,[J"A, (M (k)®™ @ B)®"], i >0
Ki'(4,B) = { colim,, ,[J =" A, Moo (k)®™ @ BS"], i <0

(2) The homotopy groups of K™°"(A, B) are computed as follows:

colimy, ,[J" A, (¥ M,,(B))®"], i >0

K™ (4,B) :{ colim,, ,[J """ A, M,,(B)®"], i <0

Proof. This follows from Corollary 4.3 and the preceding theorem. |

We denote by D, (R, ) the category whose objects are those of ® and whose
maps between A, B € R are defined as
colim,, D™ (R, F) (4, Moo (k)*™(B)).

Similarly, denote by D, .(R,§) the category whose objects are those of & and
whose maps between A, B € R are defined as

colim,, D™ (R, §)(A, Mo (B)).

It follows from [9] that D (R, §) and D, ,.(R, ) are naturally left triangulated.

Similar to the definition of D(R, §) we can stabilize the loop endofunctor 2 to
get new categories D,or (R, ) and D4 (R, §F) which are in fact triangulated.

THEOREM 9.7 ([9]). The functor R — D (R,§) (respectively R — Dpor(R,§))
is the universal F-excisive, homotopy invariant, Ms-invariant (respectively
Morita invariant) homology theory on R.

The next result says that the Hom-sets D (R, §)(A4, B) (Dmor(R, F)(4, B)),
A, B € R, can be represented as homotopy groups of spectra K (R, F)(A, B)
(K™"(A, B)).

THEOREM 9.8 (Comparison). Let x € {st,mor}. Then for any algebras A, B €
R there is an isomorphism of Z-graded abelian groups

K:(A, B) 2 D,(R,5).(A, B) = @) D.(R, §)(4,9"B),
nez

functorial both in A and in B.
Proof. This follows from Comparison Theorem B. O

THEOREM 9.9 (Cortiias—Thom). There is a natural isomorphism of Z-graded
abelian groups

Dy(R,F)u(k, A) = K H,(A),

where KH,(A) is the Z-graded abelian group consisting of the homotopy K-
theory groups in the sense of Weibel [31].

Proof. See [9)]. O

We end up the paper by proving the following
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THEOREM 9.10. For any A € R there is a natural isomorphism of Z-graded
abelian groups

K (k, A) = K H,(A).
Proof. This follows from Theorems 9.8 and 9.9. O

The preceding theorem is an analog of the same result of K K-theory saying
that there is a natural isomorphism KK, (C, A) = K (A) for any C*-algebra A.
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