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1. INTRODUCTION

Let K(n) be the n-th Morava K-theory at a fixed prime p. The Adams-Novikov
Spectral Sequence for computing the homotopy groups of the K (n)-local sphere
L K(n)SO can be identified by [2] with a descent spectral sequence

(1) E3' = H*(Gy, (Bn)i) = T—s(Lrm)S°) -

Here G,, denotes the automorphism group of the pair (Fpn,I';), where I, is
the Honda formal group law; the group G,, is a profinite group and cohomology
is continuous cohomology. The spectrum F,, is the 2-periodic Landweber exact
ring spectrum so that the complete local ring (E,,)o classifies deformations of
r,.

In this paper we focus on the case p = 3 and n = 2. In [4], we constructed a
resolution of the K(2)-local sphere at the prime 3 using homotopy fixed point
spectra of the form EM" where F' C Gy is a finite subgroup. These fixed point
spectra are well-understood. In particular, their homotopy groups have all been
calculated (see [4]) and they are closely related to the Hopkins-Miller spectrum
of topological modular forms. The resolution was used in [6] to redo and refine
the earlier calculation of the homotopy of the K (2)-localization of the mod-3
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Moore spectrum [I4]. In this paper we show how the results of [6] imply the
calculation of the rational homotopy of the K(2)-local sphere. Let Q, be the
field of fractions of the p-adic integers and A the exterior algebra functor.

THEOREM 1.1. There are classes ( € 7T_1(LK(2)SO) and e € 7r_3(LK(2)SO) ®Q
that induce an isomorphism of algebras

Ag,(¢,e) = m(LkS") ®Q .

Our result is in agreement with the result predicted by Hopkins’ chromatic
splitting conjecture [§], and in fact, we will establish this splitting conjecture
for n =2 and p = 3.

We will prove a more general result which will be useful for calculations with
the Picard group of Hopkins [I7]. Before stating that, let us give some notation.
If X is a spectrum, then we define

(En)o X € 1Ly (Bn A X)

Despite the notation, (E,)«(—) is not quite a homology theory, because it
doesn’t take wedges to sums; however, it is a sensitive and tested algebraic
invariant for the K (n)-local category. The (E,).-module (E,).X is equipped
with the m-adic topology where m is the maximal ideal in (E,, ). With respect
to this topology, the group G,, acts through continuous maps and the action is
twisted because it is compatible with the action of G,, on the coefficient ring
(E,)«. This topology is always topologically complete but need not be sepa-
rated. See [4] §2 for some precise assumptions which guarantee that (E,).X is
complete and separated. All modules which will be used in this paper will in
fact satisfy these assumptions.

Let E(n) denote the nth Johnson-Wilson spectrum and L, localization with
respect to E(n). Note that E(0), is rational homology and E(1) is the Adams
summand of p-local complex K-theory. Let S denote the p-adic completion
of the sphere.

THEOREM 1.2. Let p = 3 and let X be any K(2)-local spectrum so that
(B2)e X = (E2)x = (E2).S° as a twisted Ga-module. Then there is a weak
equivalence of E(1)-local spectra

LiX =2 Ly(S§V S5 v Lo(S5° v S5 .

We will use Theorem [I.1] to prove Theorem [I.2], but we note that Theorem [I.1]
is subsumed into Theorem [[L21 Indeed, 7, X ® Q 2 7, L1 X ® Q and

1. L1159 ® Q = 1, LoSY = Qs

all concentrated in degree zero. The generality of the statement of Theorem [T.2]
is not vacuous; there are such X which are not weakly equivalent to L K(Q)SO
— “exotic” elements in the K (2)-local Picard group. See [5] and [I0].

We remark that Theorem [[I] disagrees with the calculation by Shimomura and
Wang in [15]. In particular, Shimomura and Wang find the exterior algebra on

¢ only.
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An interesting feature of our proof of Theorem [[LT]is that it does not require a
preliminary calculation of all of (L K(Q)SO). In fact, we get away with much
less, namely with only a (partial) understanding of the Eo-term of the Adams-
Novikov Spectral Sequence converging to 7. Lk (2)(S/3) where S/3 denotes the
mod-3 Moore spectrum (see Corollary B4]). Our method of proof can also be
used to recover the rational homotopy of LK(Q)SO as well as the chromatic
splitting conjecture at primes p > 3 [16]; we only need to use the analog of
Corollary 3.4 for the Fs-term of the Adams-Novikov spectral sequence of the
K (2)-localization of the mod-p Moore spectrum for p > 3.

In section 2 we give some general background on the automorphism group Go
and we review the main results of [4]. In section 3 we recall those results of [6]
which are relevant for the purpose of this paper. Section 4 gives the calculation
of the rational homotopy groups of L K(Q)SO and in the final section 5 we prove
Theorem and the chromatic splitting conjecture for n = 2 and p = 3. See
Corollary B.1T1

2. BACKGROUND

Let I'; be the Honda formal group law of height 2; this is the unique 3-typical
formal group law over Fg with 3-series [3](z) = 2%. We begin with a short
analysis of the Morava stabilizer group Gz, the group of automorphisms of
the pair (Fg,T'3). Let W = W(Fy) denote the Witt vectors of Fg and let

(=) : W — W be the lift of the Frobenius. Define
Oy = W(S)/(S? = 3,wS = Suw’) .

Then O- is isomorphic to the ring of endomorphisms of I's over Fy; hence
O is isomorphic to the group Sy of automorphisms of I's over Fo. This is a
subgroup of the group G2 of automorphisms of the pair (Fg,T's), which is the
group of pairs (f, ¢) with ¢ : Fg — Fy a field isomorphism and f : ¢.I's — 'y
an isomorphism of formal group laws over Fg. Since I'; is defined over F3, there
is a splitting

Go = Sy x Gal(Fg/Fg)

with Galois action given by ¢(x + yS) = 27 + y?S.
The 3-adic analytic group So C G2 contains elements of order 3; indeed, an
explicit such element is given by

1
a= —5(1 +wS)

where w is a fixed primitive 8-th root of unity in W. If C5 is the cyclic group of
order 3, the map H*(S2,F3) — H*(Cs5,F3) defined by a is surjective and, hence,
Se and Gy cannot have finite cohomological dimension. As a consequence,
the trivial module Zs cannot admit a projective resolution of finite length.
Nonetheless, G2 has virtual finite cohomological dimension, and admits a finite
length resolution by permutation modules obtained from finite subgroups. Such
a resolution was constructed in [4] using the following two finite subgroups of
Gz. The notation (—) indicates the subgroup generated by the listed elements.
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(1) Let Gag = (a,w?,we) = C3 x Qg. Here Qg is the quaternion group of
order 8. Note w? acts non-trivially and w¢ acts trivially on Cs.

(2) SD1is = (w, ¢). This subgroup is isomorphic to the semidihedral group
of order 16.

REMARK 2.1. The group Gy splits as a product Go = G x Z3. To be specific,
the center of Gs is isomorphic to Z; and there is an isomorphism from the
additive group Zs onto the multiplicative subgroup 1 + 3Z3 C Z3 sending 1
to 4. There is also a reduced determinant map Go — Zs. (See [].) The
composition Zs — Go — Zg is multiplication by 2, giving the splitting. All
finite subgroups of Gy are automatically finite subgroups of G1.

Because of this splitting, any resolution of the trivial Gi-module Z3 can be
promoted to a resolution of the trivial Gs-module. See Remark [2.4] below.
Thus we begin with GJ.

If X =1limX, is a profinite set, define Z3[[X]] = lim Z/3"[X,]. The following
is the main algebraic result of [4].

THEOREM 2.2. There is an exact complex of Z3[|G3]]-modules of the form
0—>C3—>Cy—Cy —Cy—7Zs
with
Co = C3 = Z3[[G3/ G|
and
C1 = Cy = Z3[[G3]] ®z,(5D16] Z3(X)

where Z3(x) is the SD1g module which is free of rank 1 over Zs and with w
and ¢ both acting by multiplication by —1.

We recall that a continuous Z3[[Gz]]-module M is profinite if there is an iso-
morphism M 2 lim, M, where each M, is a finite Z3[[G2]] module.

COROLLARY 2.3. Let M be a profinite Z3[|G}]]-module. Then there is a first
quadrant cohomology spectral sequence
Ef7q(M) = EXt%ﬂ[Gé” (Cpa M) = Hp+q(G%a M)
with
EY(M) = EY(M) = H(Go, M)

and
Homg,[sp,(Z3(x), M) q=0

EPY(M) = ByY(M) =
(M) = Ey(M) {0 0>0.

REMARK 2.4. These ideas and techniques can easily be extended to the full

group G using the splitting G, = G x Z3. Let 1 € Z3 be a topological
generator; then there is a resolution

0 —— Zs][Zs]] > Z[[Zs)) —> Zs —>0 .
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Write C¢ — Zs for the resolution of Theorem Then the total complex of
the double complex
R P—1
Ce{ Zs[[Zs]] — Z[[Z3]] }

defines an exact complex Dy — Zsz of Z3[[G2]]-modules. The symbol @ in-
dicates the completion of the tensor product. From this we get a spectral
sequence analogous to that of Corollary 2.3

REMARK 2.5. In our arguments below, we will use the functors on profinite
Z3[[Gi]]-modules to profinite abelian groups given by

M s BP°(M) = HP (Homg, oy (Co, M) |

Here C, is the resolution of Theorem 2.2} thus, we are using the ¢ = 0 line
of the Es-page of the spectral sequence of Corollary We would like some
information on the exactness of these functors; for this we need a hypothesis.
If M is a profinite Z3[[Gz]]-module then

HOIHZ3[[G%]] (C., M) = limaHomZB[[G%H (C., Ma)

is also necessarily profinite as a Zs-module. Since profinite Zs-modules are
closed under kernels and cokernels, the groups Ef ’O(M ) are also profinite. We
will use later that if M is a finitely generated profinite Zs-module and M/3M =
0, then M = 0.

LEMMA 2.6. Suppose 0 — My — Ms — M3z — 0 is an exact sequence of
profinite Z3[[Gi]]-modules such that H'(Ga4, M1) = 0. Then there is a long
exact sequence of profinite Zs-modules

0 — Ey°(My) — EY°(Ms) — Ey°(Ms) — Ey° (M) — ...
= BYY (M) — E3°(M3) = 0.
Proof. In general the sequence of complexes
0 — Homg, g1 (Ce, M1) — Homg, 17 (Ce, M2) — Homyg, g17(Ce, M3) — 0

of profinite Zs-modules need not be exact; however, by Corollary[2.3] the failure
of exactness is exactly measured by H'(Ga4, M;). Therefore, if that group is
zero, then we do get an exact sequence of complexes, and the result follows. [
REMARK 2.7. By [], the resolution Cy — Zg of Theorem 22 can be promoted

to a resolution of (Eg)*Eg Gz by twisted Go-modules

1
(E2),Ey 2 = (B2) B} = (Ep),SPELSP

— (By), X8EMSP10 _y (Ey), ERC2 5 0.

We have R8ENSP10 because € is twisted by a character. From §5 of 4] we
get the following topological refinement: there is a sequence of maps between
spectra

hG1E
(3) Ey7? — EhC2 w8 phSDis _ 540 phSDis _, 5748 phGa
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realizing the resolution (2]) and with the property that any two successive maps
are null-homotopic and all possible Toda brackets are zero modulo indeter-
minacy. Note that there is an equivalence Y8E}9P10 ~ $40 phSDis o that
suspension is for symmetry only; however,

248E5G24 % ESGM
even though
(B2) BBy = (By), By,

This suspension is needed to make the Toda brackets vanish. Because these
Toda brackets vanish, the sequence of maps in the topological complex (3)
further refines to a tower of fibrations

(4) E;G% Xo X1 EhGaa
E4SE§G24 E38E§LSD16 E7E§LSD16

There is a similar tower for the sphere itself, using the resolution of Remark

24

REMARK 2.8. Let ¥7PF), denote the successive fibers in the tower (@); thus,
for example, F3 = 248E£LG24. Then combining the descent spectral sequences
for the groups Gas4, SD16 and G with Corollary 2.3 and the spectral sequence
of the tower, we get a square of spectral sequences

®)

(5) EY((B2), X) =——= H""(G}, (E2),X)

0| lo

7thqLK(Q) (F;D A X) :QETI't,(erq)LK(Q) (E;G; AN X) .

We will use information about spectral sequences (1) and (2) to deduce infor-
mation about spectral sequences (3) and (4). See Lemmas 4] and 53]

There is a similar square of spectral sequences where the lower right corner
becomes 7, L K(Q)SO. This uses the resolution of Remark[2.4land the subsequent
tower for the sphere.

3. THE ALGEBRAIC SPECTRAL SEQUENCES IN THE CASE OF (F2)./3

Let S/3 denote the mod-3 Moore spectrum. Then, in the case of (E2)./3 =
(E2).(S/3) the spectral sequence of Corollary was completely worked out
in [6]. We begin with some of the details.

First note that this is a spectral sequence of modules over H*(Gs; (E2)./3).
We will describe the Fi-term as a module over the subalgebra

Fs[5,v1] C H*(Gz; (F2)«/3)
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where 3 € H?(Gy, (E2)12/3) detects the image of the homotopy element 3; €
1059 in m10(Lk(2)(S/3)) and vy := uiu~? detects the image of the homotopy
element in m4(S/3)

§t ——>T4(5/3) —> 5/3
of the inclusion of the bottom cell composed with the vi-periodic map con-
structed by Adams.
In the next result, the element « of bidegree (1,4) detects the image of the
homotopy element o € 735° and the element & of bidegree (1,12) detects an
element in 11 (L (2)(S/3)) which maps to the image of 81 in m10(Lk2)S”)
under the pinch map S/3 — S! to the top cell. For more details on these
elements, as well as for the proof of the following theorem we refer to [6]. We
write

Bt = BP(Ex)i/3)

for the E,-term of the spectral sequence of Corollary 2.3l For example, if p =0
or p = 3, then

EV*t = H*(Gag, (Ba)i/3) .
By the calculations of [4] §3, there is an invertible class A € H(Ga4, (E2)24).
We also write A for its image in H°(Gay4, (E2)24/3).

THEOREM 3.1. There are isomorphisms of Fs[3,v1]-modules, with 8 acting
trivially on EY™" if p=1,2:
Fg[[v?A_l]][Ail,vl,ﬁ, a,d)/(a?, &%, v, vid, ad +viB)e, p=0,3
Epr

W2utFa[[uf]][v1, u™8)e, p=12.

REMARK 3.2. The module generators e, are of tridegree (p,0,0). If p =0 or
p = 3, then EY 0 g isomorphic to a completion of the ring of mod-3 modular
forms for smooth elliptic curves. Indeed, by Deligne’s calculations [I] §6, the
ring of modular forms is F3[bo, Ail] where by is the Hasse invariant and A is
the discriminant. The Hasse invariant of an elliptic curve can be computed as
vy of the associated formal group, so we can write by = vy.

If p = 1orp = 2, we have written E?®* as a submodule of (E»),/3 =
Fo[[u1]][u®!]. Recall that there is a 3-typical choice for the universal defor-
mation of the Honda formal group I's with v; = wput? and vy = u8.

All differentials in the spectral sequence of Corollary 23 with M = (Es)./3
are vy-linear. This follows from the fact that v; is an element in the homotopy
groups of the spectrum S/3. In particular, d; is determined by continuity and
the following formulae established in [6].

THEOREM 3.3. There are elements
0,0,24k 1,0,16k+8 T 2,0,16k+8 A 3,0,24k
Ay € El s bgk_;,_l S El + s b2k+1 S El + , A€ El
for each k € Z satisfying

_ _ 2, —4(2k+1 7 — 2, —4(2k+1 N —
Ay = AFegy, bopyr = W2u 4@ ey oy = wu @ ey Ay = AFes
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(where the congruences are modulo the ideal (vSA™Y) resp. (viu®) and in the
case of Ay we even have equality Ay = Ay = eg) such that

(=1)" by (3m41)41 k=2m+1,meZ
di(A) = (_1)m+1m7/11'3 _2b2‘3"(3m71)+1 k=2m.3",m e Z,
m Z 0mod (3),n >0
0 k=0
(_1)nvf.3”+253n+1(6m+1) k=3"t1(3m+ 1),
méeZ,n>0
di(baks1) = (*1)nvi0'3"+21_73w(18m+11) k=3"(9m + 8),
m e Z,n>0
0 else
(1) Ay, 2k+1=6m+1,meZ
(—1)™ 0t 3" Rgn(gmes) 2k +1=3"(18m + 17),
T meZ,n>0
di(bor1) = mAnt1, 4.3" X n
(1) vE Dgn(eminy 2k +1=3"(18m + 5),
meZ,n>0
0 else .

We will actually only need the following consequence of these results, which
follows after a little bookkeeping.

COROLLARY 3.4. There is an isomorphism

Fs p=20,3
0 p=1,2.

EY°((Ea)o/3) = {

REMARK 3.5. We also record here the integral calculation H*(Gaa, (E2).) from
[4]; we will use this in Proposition There are elements ¢4, cg and A in
H°(Ga4, (E2).) of internal degrees 8, 12 and 24 respectively. The element A is
invertible and there is a relation

- ck=(12)3A .
Define j = ¢}/A and let M, be the graded ring
M, = Z3[[j]][04, & Ail]/(ci - C?i - (12)3Aa Aj= Ci)

There are also elements o € H'(Gay, (E2)4) and B € H?(Ga4, (E2)12) which
reduce to the restriction (from Gg to Ga4) of the elements of the same name in
Theorem [3.1l There are relations

3a=38=0a> =0
(6) ca=cyff =0
cgax =cgfB = 0.
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Finally

H*(G24, (E2)+) = Mo, ]/ R
where R is the ideal of relations given by (B). The element A has already
appeared in Theorem Il Modulo 3, ¢4 = v? and ¢g = v} up to a unit in
H°(Ga4, (E2)o/3) = F3[[j]]. Compare [3], Proposition 7.

4. THE RATIONAL CALCULATION

The purpose of this section is to give enough qualitative information about the
integral calculation of H*(Gg, (E2).) in order to prove Theorem [Tl Much of
this is more refined than we actually need, but of interest in its own right.

The following result implies that the rational homotopy will all arise from
H*(Gs, (E2)o).

PROPOSITION 4.1. a) Suppose t = 4.3*m with m # 0 mod (3). Then
3FHLH*(Gy, (E2)¢) = 0.
b) Suppose t is not divisible by 4. Then H*(Ga, (E2)t) = 0.

Proof. Part (b) is the usual sparseness for the Adams-Novikov Spectral Se-
quence. We can prove this here by considering the spectral sequence

HP(Go/{+1}, HI({£1}, (E2):) = H"" (G, (E2)¢)

given by the inclusion of the central subgroup {1} C Z; C Ga. The central
subgroup Z; acts trivially on (F2)o and by multiplication on wu; that is, if
g € Z5 then g.(u) = gu. In particular we find

HI({£1}, (E2)) = 0

unless ¢ is a non-zero multiple of 4 and ¢ = 0. From this (b) follows.
For (a) we use the spectral sequence

HP(Gy, HY(Zs, (E»)r)) = H"" (G, (E2):)
If v € Z3 is a topological generator, then 1) = 4 modulo 9. In particular,
Yt’?) = 1+ 2.3 m)ut’? mod (3¥2)
and we have that H%(Zs, (E2):) = 0 unless ¢ = 1 and
32 (Ea)) =0
Then (a) follows. O

It’s not possible to be quite so precise in the case of Gi. However, we do have
the following result.

PROPOSITION 4.2. Suppose s > 3 or t is not divisible by 4. Then
H*(Gy, (E2)t) ®Q =0

Proof. This follows from tensoring the spectral sequence of Corollary with
@ and noting that

H*(Ga4, (E2)t) ® Q = H*(SD1g, (E2)t) ®Q =0
if s > 0 or t is not divisible by 4. O
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To isolate the torsion-free part of the cohomology of either Gy or G we use
the spectral sequences of Corollary 2.3l From Remark [3.5] we have an inclusion
which is an isomorphism in positive cohomological degrees

Z3[B* A1/ (38A7Y) € H* (Goa, (E2)o)-

In the notation of the spectral sequences of Corollary 23] and Remark 24 we
then have inclusions

Zs[3* A7/ (362 A7 ey € EY(Gy, (B2)o),  p=0,3.
Here is the main algebraic result.

THEOREM 4.3. a) There is an element e € H3(G3, (Es)o) of infinite order so
that
H*(G3, (E2)0) = Ale) ® Zs[B°A™']/(33°A7") .
b) There is an element ¢ € H' (G2, (E2)o) of infinite order so that
H* (G2, (E2)o) = A(Q) @ H*(Gy, (En)o) -

Proof. For the proof of part (a) we consider the functors from the category of
profinite Z3[[G1]]-modules to 3-profinite abelian groups introduced in Remark
and given by

M — ES°(M) = HP(Homg, gy (Ce, M)) .

Here C, is the resolution of Theorem
From Remark we know that the hypothesis of Lemma is satisfied for
the short exact sequence

0= (E2)o =5 (Ba)o — (E2)0/3 = 0.
Then Corollary B4] the long exact sequence of Lemma 2.6] and the fact that
the groups E2°(G), (E3)o) are profinite Zs- modules give
Zs, p=0,3;
Ep,O Gl, E o 9 s 9y
32 (Gy, (E2)o) 0. p=12.

See Remark This implies that the FEs-term of the spectral sequence of
Corollary 23] is isomorphic to

Ales) ® Z3[B2A71/ (362471 .
Since there can be no further differentials, part (a) follows.

Since the central Zs acts trivially on (Fs)o, we have a Kiinneth isomorphism
H*(Z3,Z3) @ H*(G3, (E2)o) = H*(Gz2, (F2)o) -
Part (b) follows. O

We are now ready to state and prove the main result on rational homotopy.
Note that Theorem [[I] of the introduction is an immediate consequence of
Proposition [£1] of Theorem 3] of the spectral sequence

H*(Ga, (E2)t) ®Q = m_sLg2S° ® Q.
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and part (b) of the following Lemma.

Let ko be the set of isomorphism classes of K(2)-local spectra X so that
(F2)X = (Ea). = (F2).SY as twisted Ga-modules. This is a subgroup of
the K (2)-local Picard group; the group operation is given by smash product.
In [5] we show that ko = (Z/3)2.

For the next result, the spectra Fj, were defined in Remark

LEMMA 4.4. (a) Let X € ky. Then for p=0,1,2,3, the edge homomorphism
of the localized descent spectral sequence

EY®t = Ext] 01 (Cp, (B2)eX) © Q = me—g L) (Fp A X) © Q
induces an isomorphism
’/T*LK(Q) (Fp N X) ® Q = HOIHZS[[G%]](CP, (EQ)*X) ® Q .

(b) Let F = G} or Ga. Then the localized spectral sequence
H*(F,(B2):X) ® Q = m—s L) (B3 AN X)®@Q
converges and collapses.

Proof. For (a), the spectral sequence
H*(F, (B2):X) = m—sLic(2) (B3 A X)

has a horizontal vanishing line at E, by the calculations of §3 of [4]. Thus the
rationalized spectral sequence

H*(F,(B2):X) ® Q = m_s L) (B AN X)®@Q

converges. The result follows in this case.
For (b) we first do the case of G3. We localize the square of spectral sequences
of (IH) to get a new square of spectral sequences

(7) EPI((Ea)iX) ®Q:@>H”q(<@%, (E2): X)®Q

0| lo

1
Ti—qLK(2)(Fp A X)®Q :>7Tt—(p+q)LK(2)(E;G2 ANX)®Q.

@

We will show that spectral sequence (3) converges and the result will follow.
First note that spectral sequences (2) and (4) are the localizations of finite and
convergent spectral sequences, so must converge. We have noted in the proof of
part (a) that the spectral sequences of (1) converge. Now we note that spectral
sequence (2) with ¢ = 0 and the spectral sequence of (4) have the same dy, by
the construction of the tower.

From this we conclude that the Ea-term of the spectral sequence (4) is

EP'~ HP(GL (Ey) X)®Q .
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Proposition implies that the spectral sequence (4) collapses and that, in
fact, if

hG}
’/TnLK(Q)(EQ 2 /\X) ®Q 7£ 0
there are unique integers p and ¢ with ¢ — p = n and
TnLi()(Ey 2 A X)® Q= HP(G}, (B2)iX) @ Q.

It follows immediately that spectral sequence (3) converges and collapses.

There is an analogous argument for Gs, using the expanded square of spec-
tral sequences for this group. See Remark 2.8 The needed properties of
HP(Gg, (E2):X) ® Q are obtained by combining Proposition 1] with Theo-
rem 31 b. O

Theorem and Lemma [£.4] immediately imply the following results. Let S}
denote the p-complete sphere.

THEOREM 4.5. Let X € ko. Then the rational Hurewicz homomorphism
moLo X —> 7T0L0LK(2) (E2 A X) = (EQ)()X ®Q

is injective. Given a choice of isomorphism f : (E3). — (F2).X of twisted
Go-modules the image of the multiplicative unit 1 under the isomorphism

Qs 2 Q® HGa, (E2)0) = moLoX
extends to a weak equivalence of LOLK(Q)SO-modules

LoLpc(2)S® ~ Lo X .

THEOREM 4.6. The localized spectral sequence of Lemma [
Q® H*(Ga, (E2)¢) = m—sLoLg(2)S"
determines an isomorphism
Ag, (¢ e) 2 mLoLp(a)S°.
Furthermore, there is a weak equivalence

Lo(S9V S5t v S53 v Si*) ~ LoLge(a)S°.

5. THE CHROMATIC SPLITTING CONJECTURE

In this section we prove a refinement of Theorem of the introduction.
Our main result, Theorem [5.10, analyzes L1 X for X € xo. For this we will use
the chromatic fracture square

(8) LiX ——LrknX

L

LoX — LoLg)X .
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We made an analysis of LoX in Theorem B35l The calculation of Ly ;)X has a
number of interesting features, so we dwell on it. In particular, we will produce
weak equivalences

Gl
LK(l)SO — LK(l)LK(Q)(E;L 2 A X)

which will be the key to the entire calculation.
We begin with the following general result. Let S/p™ denote the Moore spec-
trum.

LEMMA 5.1. Let X be a spectrum. Then
Ly 1yX = holim,, v; 'S/p" A X
where v} : £ P S /pn — S/p™ is any choice of vi-self map.
Proof. By Proposition 7.10(e) of [9] we know that
9) Lk 1)X = holim,, S/p" AN L1X .
Since L; is smashing, we may rewrite (@) as
Lg1yX = holim,, Ly (S/p") AN X .

Thus it is sufficient to know L;(S/p") = vy 'S/p™. This follows from the
Telescope Conjecture for n = 1; see [11] and [12]. O

If R is a discrete ring, then the Laurent series over R is the ring R((z)) =

Rl[z]][z"].

PROPOSITION 5.2. (a) There are isomorphisms

(10) F3((vf A1) ] = vy ' Hi(Goa, (B2)./3)
and

(11) Fa((vivy ))i'] = vy " H* (SDig, (E2)./3) .
(b) There are isomorphisms

(12) F3[oi] @ A(vy '01) 2 vy HY (G, (B»)./3)
and

(13) Fafoi] © (v '1,Q) = vy H (Ga, (Ba). /3)

The element by has bidegree (1,8) and the element v='by detects the image of
the homotopy class a; € w3S8°/3. The element ¢ has bidegree (1,0) and is the
image of the class of the same name in H'(Gz, (E2)o) from Theorem [[.3b.

Proof. The results in (a) are immediate consequences of Theorem Bl See also
[4] §3. For (b), the two isomorphisms both follow from Theorem B3 and the
algebraic spectral sequences of Corollary [Z3] That vy b, detects the image of
aq is proved in Proposition 1.5 of [6]. O

Here is our key lemma. Compare Lemma [£4] in the rational case.
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LEMMA 5.3. Let X € kg and let X/3=S5/3 AN X.
(a) Suppose that F' = Gag or SD1g. Then the edge homomorphism induces an
isomorphism

moLic() Loy (EYF A X/3) —— v "HO(F, (E3). X/3) .
(b) Let F = G} or Ga. Then the localized spectral sequence
(o7 H*(F, (B.X)/3)) = moLicry (B4 A X/3)
converges and collapses.

Proof. The proof of Lemma [£4] goes through mutatis mutandis. We need only
replace the localization H*(F, M) — H*(F, M) ® Q with the localization

H*(F,M) — v; "H*(F, M/3)

throughout, and use Theorem in place of Proposition 1] and Theorem
4.9 O

We now have the following remarkable calculation.

PROPOSITION 5.4. Let X € ky. Then the K(1)-localized Hurewicz homomor-
phism
’/T()LK(l)X/?)—) 7TOLK(1)LK(2)(E2 AN X/?))

is injective. Any choice of isomorphism (E2), = (E2),X of twisted Go-modules
uniquely defines a generator of

hG} ~ — ~
mo(Li)Li2)(By * A X/3)) & (v ' HY(Gy, (B2)«/3)0 = Fs .
This generator extends uniquely to a weak equivalence
hG}
Proof. We use the localized spectral sequence
_ ; hG3
(v] 1H5(G%, (B2)«/3))t = mi—sLgyLi@)(Ey > N X/3).

This converges by Lemma[5.3lb. The choice of isomorphism (Es), = (E2),X is
used to identify the Ea-term. By the isomorphism of (2] this spectral sequence
collapses. By [I1], we know that there is an isomorphism

F3[vf!'] ® Ala) = m.Lg1)S/3

where « is the image of a; € m35°/3. The result now follows from Proposition
. 2) O

This result will be extended to an integral calculation in Proposition [B.7
For a complete local ring A with maximal ideal m define

A((@)) = Timy, {A/m* (@)} -
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This a completion of the ring of Laurent series. Recall that v; = u;u™2 and

vy = u 8 for the standard p-typical deformation of the Honda formal group
over (E2),. As a first example, Lemma [5.]] immediately gives

(14) F*LK(DEQ = W((ul))[uﬂ] .

We now give a calculation of m,L K(l)ESF for our two important finite sub-
groups. The elements cy4, cg, A were all introduced in Remark [3.5

PROPOSITION 5.5. Let X € ko and fiz an isomorphism (E2).X = (E3). of
twisted Go-modules.

(a) The edge homomorphism of the homotopy fized point spectral sequence in-
duces an isomorphism

’/T*LK(l)LK(Q)(EgGu A X) = lim Ul_lHO(G24, (EQ)*/?)n) .
Define by = cg/cq and j = c3/A. Then these choices define an isomorphism
Z3((5))[b5 "] 2= lim vy " H®(Gag, (B2)./3") -
(b) The edge homomorphism of the homotopy fixzed point spectral sequence in-
duces an isomorphism
mo L) Lic(2)(B5 5P A X) = lim vy ' HO(S D1, (E2)./3") -
Define w = v} /vy. Then this determines an isomorphism
Zs((w)[vi"'] = lim o7 HO(SDig, (E2)./3") -

Proof. For (a), the first isomorphism follows from Proposition 5.2, Lemma [5.1]
and a five lemma argument. For the second isomorphism, we know by Remark
that ¢4 = v% and cg = v% modulo 3 and up to a unit. It follows that ¢4 is
invertible in the inverse limit and that we have a map

Z3((5))b3 ] — lim v 'H(Gaa, (E2)./3") .

By Proposition [5.2] this map induces an isomorphism modulo 3 and the result
follows.
Part (b) follows directly from [4] §3. O

LEMMA 5.6. Let X € ko and let F = Ga4 or SDyg. Given a choice of isomor-
phism (Es), = (E2),X of twisted Gy-modules the image of the multiplicative
unit 1 under the isomorphisms

lim(v; "HO(F, B, /3"))o 2 lim(v; "HO(F, E. X/3™))o = moLx (1) Lc(2)(ESF AX)
extends to a weak equivalence of LK(l)EQF—modules

LBy ~ L)L) (EYF AN X) .
Proof. Let Z = LK(2)(E£LF A X). By Proposition 5] the given isomorphism
of Morava modules determines a map ¢ : S° — L Kk(1)Z. By induction and a

five lemma argument, the induced map S° — Ly1)Z NS/3" extends to a weak
equivalence of L K(l)ESF -modules

LxyBYF /3" ~ LgyZ A S/3™
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and the result follows from Proposition .11 a

THEOREM 5.7. Let X € ko. Then the localized Hurewicz homomorphism
FQLK(l)X—) WOLK(I)LK(Q) (EQ AN X)

is injective. Given a choice of isomorphism (E3), = (E2),X of twisted G-
modules the image of the multiplicative unit 1 under the isomorphisms

1
Zy = lim(v; ' H(GY, (E2)./3"))o = mo(Lx(yLc(2)(E3 A X))

extends to a weak equivalence of LK(l)SO—modules
hG}
Lr)S® ~ Ly Lk (By ? AX) .

Proof. Let Y = L s (E;(Gé A X). Take the tower of 277 and apply the local-
ization functor Ly (1)L g (2)(— A X) to produce a tower with homotopy inverse
limit Lg1)Y. By Lemma[5.6] the fibers are all of the form E8kLK(1)E£LF with
F = Gy or F = SD1g. Using Proposition [5.5] we then see that the map

S = LicyLi(o)(Ey9* A X) =~ L) E5©*

induced by the given isomorphism of Morava modules lifts uniquely to a map

L Lg)yS® = L)Y .
By Proposition [5.4] this induces a weak equivalence

Lk1)S/3 ~ Lg1)Y NS/3.
Then, using the natural fiber sequence
Lrg1)S/3NY = Lg1)S/3" ANY — Lg1)S/3" ' A Y,

induction, and Lemma [5.1] we obtain the desired weak equivalence. O

We record the following result for later use. It is an immediate consequence of
Theorem .7

COROLLARY 5.8. Let X € ka. Given a choice of isomorphism (E3), = (E2), X
of twisted Go-modules the image of the multiplicative unit 1 under the isomor-
phisms

. _ G}
Z = lim(vy ' HO(GS, (F2). /3™))o = mo(Licy Lic(zy (B2 A X))
extends to a weak equivalence of LK(l)EQG% -modules
hG} hG}
L@yl ™ =~ LgayLi@)(By A X) .

We now want to extend Theorem [5.7] to the sphere itself. Recall that there is
a fiber sequence
Li(2)S° — ph® Ry e
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where 9 is a topological generator of the central Zs C Go. For any K (2)-local
X, we may apply the functor Ly 2)((—) A X) to get a fiber sequence

1 P—1 1
(15) X — L) (By™ N X) —> L) (B3> A X) .

THEOREM 5.9. a) Let X € ko. Given a choice of isomorphism (E2), = (E2), X
of twisted Go-modules the image of the multiplicative unit 1 under the isomor-
phisms
Zs = lim(v; "H?(G2, (E2)+/3")+)o = moL k(1) X
extends to a weak equivalence of LK(l)LK(Q)SO—mOdUZGS
LK(l)LK(g)SO >~ LK(l)X .

b) The weak equivalence LK(1)50 ~ LK(l)LK(g)EQGé of Proposition[5.7 factors
uniquely though LK(I)LK(Q)SO and extends to a weak equivalence
LK(l)SO vV LK(1)571 ~ LK(l)LK(g)SO
where Lg1)S™1 — LK(I)LK(Q)SO 1s induced by ¢ € w,lLK(Q)SO.
Proof. Let f : LK(I)E;LG%’ — LK(l)LK(Q)(EgGé A X) be the equivalence of
1 1
Corollary 5.8 Since ) : E;LG? — E;L ©2 g a morphism of ring spectra, we get a

1
diagram of L K(l)Eg ®2_module maps

ey hG}
LgwyEy ™ — = LgyLr@)(Ey ? A X)

w1l l(wl)AX

ney _f hG}
LK(l)EQ 2 —>LK(1)LK(2)(E2 2 /\X) .

1
By Theorem [B.7] there is an equivalence LK(l)SO ~ LK(I)E§G2. Hence, to
check that the diagram commutes, we need only verify that it commutes after
applying mp, and this is obvious. Part (a) follows.

We now prove part (b). Let fj : LK(1)50—> LK(l)EQGé be the equivalence, as
in Theorem 5771 The composition (¢p — 1) fo is zero, as 9 induces a ring map
on (E3)o. Because 7T1LK(1)SO = 0, fo lifts uniquely to a map f : LK(1)50 —
LK(I)LK(Q)SO and we get a weak equivalence

fVvg: LK(l)SO \% LK(l)S_IH LK(l)LK(2)SO

where g is the desuspension of the composition

j
Li1yS® —2> Lycr)EE® — SLicyLi)S°

As ( is defined to be the image of unit in ’/T()EgGé in ﬂ,lLK@)SO, the result
follows. g

‘We now come to our main theorems.

DOCUMENTA MATHEMATICA 19 (2014) 1271-1290



1288 PauL G. GOERSS, HANS-WERNER HENN, MARK MAHOWALD

THEOREM 5.10. Let X € ky. Then the localized Hurewicz homomorphism
ol X —> 7T0L1LK(2)(E2 A X)

is injective. A choice of isomorphism [ : (E2). — (E2)«X determines a gen-
erator of mol1 X = Zs. This generator extends uniquely to a weak equivalence
of LlLK(Q)SO—mOdUICS

LiLyg2S° ~ LiX .
Proof. From Theorem we have that 7 Lg )X = 0 for all X € xp. The

result then follows by the chromatic fracture square (), Theorem and
Theorem (.9 |

THEOREM 5.11 (CHROMATIC SPLITTING). Ifn =2 and p =3, then
LiLy(2)S® ~ L1 (S5 v S51) V Lo(S5% v S57%)
where S} denotes the p-complete sphere.

Proof. We use the chromatic square of [8). Let X = LK(Q)SO. Theorem
implies

LoLg(1)X ~ LoLg1y(S° v S™) .
From Theorem we have that

LoX ~ Lo(SY Vv Syt v S;3v sty .
Thus we need only show that the map

LoX — LoLgyX
is equivalent to the composition
Lo(S§V S5t v S33 v Syt — Lo(S5 Vv S ') — LoLgy(S°Vv S

where the first map is projection and the second map is the Ly localization of

the canonical map S§ V S3 ' — L 1y(58° v §71). This follows from Theorem
and Theorem [(.9lb. O

REFERENCES

1. Deligne, P., “Courbes elliptiques: formulaire d’apres J. Tate”, Modu-
lar functions of one wvariable, IV (Proc. Internat. Summer School, Univ.
Antwerp, Antwerp, 1972), 53-73. Lecture Notes in Math., Vol. 476,
Springer, Berlin, 1975.

2. Devinatz, Ethan S. and Hopkins, Michael J., “Homotopy fixed point spectra
for closed subgroups of the Morava stabilizer groups”, Topology 43 (2004),
no.1l, 1-47.

3. Goerss, Paul and Henn, Hans-Werner and Mahowald, Mark, “The homo-
topy of LoV(1) for the prime 3", Categorical decomposition techniques
in algebraic topology (Isle of Skye, 2001), Progr. Math., 213, 125-151,
Birkhauser, Basel, 2004.

DOCUMENTA MATHEMATICA 19 (2014) 1271-1290



10.

11.

12.

13.

14.

15.

16.

17.

THE RATIONAL HOMOTOPY OF THE K (2)-LOCAL SPHERE ... 1289

. Goerss, P. and Henn, H.-W. and Mahowald, M. and Rezk, C., “A resolution

of the K (2)-local sphere at the prime 3”, Ann. of Math. (2) 162 (2005) no.
2, T77-822.

. Goerss, P. and Henn, H.-W. and Mahowald, M. and Rezk, C., “On Hopkins’

Picard groups for the prime 3 and chromatic level 2”7, to appear in J. of
Topology, available at arXiv:1210.7033

. Henn, H.-W. and Karamanov, N. and Mahowald, M., “The homotopy of

the K(2)-local Moore spectrum at the prime 3 revisited”, Math. Zeit. 275
(2013), 953-1004

. Hopkins, Michael J. and Smith, Jeffrey H., “Nilpotence and stable homo-

topy theory. II”, Ann. of Math. (2), 148 (1998), no. 1, 1-49.

. Hovey, Mark, “Bousfield localization functors and Hopkins’ chromatic split-

ting conjecture”, The Cech centennial (Boston, MA, 1993), Contemp.
Math., 181, 225-250, Amer. Math. Soc., Providence, RI, 1995.

. Hovey, Mark and Strickland, Neil P., Morava K -theories and localisation,

Mem. Amer. Math. Soc., 139 (1999), no. 666.

Kamiya, Yousuke and Shimomura, Katsumi, “A relation between the Pi-
card group of the F(n)-local homotopy category and E(n)-based Adams
spectral sequence”, Homotopy theory: relations with algebraic geometry,
group cohomology, and algebraic K -theory, Contemp. Math. 346, 321-333,
Amer. Math. Soc., Providence, RI, 2004.

Miller, Haynes R., “On relations between Adams spectral sequences, with
an application to the stable homotopy of a Moore space”, J. Pure Appl.
Algebra, 20 (1981), no. 3, 287-312.

Ravenel, Douglas C., “Progress report on the telescope conjecture”, Adams
Memorial Symposium on Algebraic Topology, 2 (Manchester, 1990), Lon-
don Math. Soc. Lecture Note Ser., 176, 1-21. Cambridge Univ. Press, Cam-
bridge, 1992.

Ravenel, Douglas C., Nilpotence and periodicity in stable homotopy theory,
Annals of Mathematics Studies 128, Appendix C by Jeff Smith, Princeton
University Press, Princeton, NJ, 1992.

Shimomura, Katsumi, “The homotopy groups of the Ls-localized mod 3
Moore spectrum”, J. Math. Soc. Japan, 52 (2000), no. 1, 65-90.
Shimomura, Katsumi and Wang, Xiangjun, “The homotopy groups
7. (L2S%) at the prime 3, Topology, 41 (2002), no. 6, 1183-1198.
Shimomura, Katsumi and Yabe, Atsuko, “The homotopy groups
7. (L2S°)", Topology, 34 (1995), no.2, 261-289.

Strickland, N. P.; “On the p-adic interpolation of stable homotopy groups”,
Adams Memorial Symposium on Algebraic Topology, 2 (Manchester, 1990),
London Math. Soc. Lecture Note Ser. 176, 45-54, Cambridge Univ. Press,
Cambridge, 1992.

DOCUMENTA MATHEMATICA 19 (2014) 1271-1290



1290 PauL G. GOERSS, HANS-WERNER HENN, MARK MAHOWALD

Paul G. Goerss

Department of Mathematics
Northwestern

University

Evanston

IL 60208

U.S.A.
pgoerss@math.northwestern.edu

Mark Mahowald

Hans-Werner Henn
Institut de Recherche
Mathématique Avancée
C.N.R.S.
- Université de Strasbourg
F-67084 Strasbourg
France
henn@math.unistra.fr

Department of Mathematics

Northwestern
University
Evanston

IL 60208
U.S.A.

DOCUMENTA MATHEMATICA 19 (2014) 1271-1290



	1. Introduction
	2. Background
	3. The algebraic spectral sequences in the case of (E2)*/3
	4. The rational calculation
	5. The chromatic splitting conjecture
	References

