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ABSTRACT. We describe a new operator space structure on L, when
p is an even integer and compare it with the one introduced in our
previous work using complex interpolation. For the new structure,
the Khintchine inequalities and Burkholder’s martingale inequalities
have a very natural form: the span of the Rademacher functions is
completely isomorphic to the operator Hilbert space OH, and the
square function of a martingale difference sequence d,, is ¥ d,, ® d,.
Various inequalities from harmonic analysis are also considered in the
same operator valued framework. Moreover, the new operator space
structure also makes sense for non-commutative L,-spaces associated
to a trace with analogous results. When p — oo and the trace is
normalized, this gives us a tool to study the correspondence F +— E
defined as follows: if E C B(H) is a completely isometric emdedding
then E is defined so that £ C CB(OH) is also one.
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INTRODUCTION

In probability theory and harmonic analysis, the classical inequalities for mar-
tingales in L, due to Don Burkholder, and also to Richard Gundy and Burgess
Davis have had an invaluable impact, with multiple interaction with other
fields. See [§] for a recent review.

In [26], a non-commutative version of Burkholder’s martingale inequalities is
given. This is valid in any non-commutative Ly-space say L,(7) (associated to
a finite trace 7 on a von Neumann algebra) for any 1 < p < co. In particular
this applies to martingales of the form f, = > | ey ® xx where x), € Ly(7)
and (g,,) is a standard random choice of signs e, = +1 (equivalently we can
think of (&,,) as the Rademacher functions on [0,1]). In that case, Burkholder’s
inequality reduces to Khintchine’s inequality, for which the non-commutative
case is due to Lust—Piquard ([20]).

In the classical setting, Khintchine’s inequality expresses the fact that the closed
span in L, of {e,} is isomorphic to {5 (as a Banach space). If {€,} is replaced
by a sequence (g,) of independent standard Gaussian random variables, the
span in L, becomes isometric to £3. In the recently developed theory of op-
erator spaces, Lust—Piquard’s non-commutative Khintchine inequalities can be
interpreted (see [23| p. 108]) as saying that the span in L, of [e,] (or (gn)) is
completely isomorphic to a Hilbertian operator space that we will denote here
by KH,. The precise description of KH, is not important for this paper, but
for reference let us say merely that, for 2 < p < oo (resp. 1 < p < 2), KH,
has the structure of intersection (resp. sum) of row and column spaces in the
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Schatten class Sp. For the non-commutative Burkholder inequalities from [26],
the situation is analogous: the relevant square function combines the two cases
of “row” and “column” in analogy with the definition of KH,.

This result was a bit of a disappointment because there is a canonical notion of
“operator Hilbert space,” namely the space OH from [22] and one would have
expected in closer analogy to the classical case, that the span in L, of [e,] (or
(gn)) should be completely isomorphic to OH. In the preceding references, the
spaces L, (commutative or not) are always equipped with what we call their
“natural” operator space structure defined using complex interpolation. Then
the space KH,, is completely isomorphic to OH only when p = 2.

In the present paper, we take a different route. We will equip L, with another
0.s.s., hopefully still rather natural, but limited to p equal to an even integer
(for some of our results we even assume p = 2¥). Roughly we imitate the
classical idea that f € L, iff |f|2 € Lo in order to define our new o0.s.s. on Ly
and then we iterate the process to define the same for Lg, Lg and so on. Thus
given the space L, (2, 1) we can associate to it (assuming p € 2N and p > 2)
an operator space that we denote by A, (€, ) that is isometric to the original
L,(, 1) as a Banach space.

It turns out that with this new structure a quite different picture emerges for
Khintchine’s (or more generally Burkholder’s) inequalities. Indeed, we will
prove that the span of {e,} in A,(Q, i) is completely isomorphic to the space
OH, (i.e. to £y equipped with the o.s.s. of OH). Similarly we will prove
martingale inequalities involving a square function that is simply defined as
S=>d,® d,, when (dy) is a martingale difference sequence.

We limit our treatment to L, for p an even integer. Thus we stopped shy of
making the obvious extensions: we can use duality to define A, for 1 < ¢ < 2 of
the form ¢ = 23’_11 for some integer n > 1 and then use complex interpolation
to define A, in the remaining intermediate values of p’s or ¢’s. While this
procedure makes perfectly good sense it is rather “unnatural” given that if
p(0),p(1) and p(f) are even integers such that pg < pp < p1 and p()~! =
(1 —0)p(0)~' 4 Op(1)~*, the space A, does not coincide (in general) with
(Ap0)s Ap(1))e- This happens for instance when p(0) = 2,p(1) = oo and 0 =
1/2, since the spaces Ly and A4 differ as operator spaces.

We will now review the contents of this paper. After some general background
in §Il we explain in §2some basic facts that will be used throughout the paper.
The main point is that we use an ordering on B(H) ® B(H ) denoted by T' < S
that is such that

0<T=<S=|T|<|Sl

where the norm is the minimal (or spatial) tensor product on B(H ) ®min B(H),
i.e. the norm induced by B(H ®3 F) As we explain in §2, it is convenient
to abuse the notation and to extend the notation 7' < S to pairs, 7,5 in
B(H1) ® -+ - ® B(Hay,) when the collection {Hy, ..., Hs,} can be permuted to
be of the form {Ki,..., K., K1,...,K,} so that T, S can be identified with

elements of B(H) ® B(H) with H = K; ® - - - ® K.
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In §3] we use the properties of this ordering to prove a version of Holder’s
inequality that allows us to introduce, for each even integer p, a new operator
space structure on the space L,(, A, 1) associated to a general measure space
(Q, A, 1). We follow the same route that we used for p = 2 in [22] to define
the space OH starting from Haagerup’s Cauchy—Schwarz inequality. Suitable
iterations of the latter leads to versions of Holder’s inequality in Ly, Lg, Ls, . . .
from which a specific norm can be introduced on B(H) ® L,(u) that endows
L,(p) with an operator space structure. We denote by A, (€2, X, 1) the resulting
operator space. It is natural to identify A; (2,3, p) with Li(u) equipped with
its maximal operator space structure in the Blecher-Paulsen sense (see e.g.
[11, 25] for details on this).

Some of the calculations involving Ap(p) are rather satisfactory, e.g. for any
[; € B(H;) ® L,(p), j = 1,...,p the pointwise product L, x --- x L, — L;
applied to (f1,...,fn) leads to an element denoted by F = fi®---®f, in
B(H,)® --® B(H,)® Ly, and if H=H; ® --- ® H,, we have

1E BH)@mints (1) < T F5ll BCH) @ min Ay -

In particular, if ¢ < p are even integers and if ;¢(2) = 1, the inclusion A, (1) —
Ag(p) is completely contractive. We also show that all conditional expectations
are completely contractive on Ap,(u). When p — oo, we recover the usual
operator space structure of Lo (1) as the limit of those of A, ().

In §4 we prove a version of Burkholder’s square function inequalities for mar-
tingales in A,(p). If (dy,) is a sequence of martingale differences in B(H) ® L,
the relevant square function is S = ¥d,®d,. Here we restrict to p = 2" for
some k, but at least one side of the inequality is established for any even p by
a different argument in §I31 We also prove an analogue for A, of the inequal-
ity due to Stein expressing that for any sequence (f,) in L, the L,-norm of
(321 £a]?)/? dominates that of (3 |E,(f,)]|?)*/? for any 1 < p < co.

In 45 we consider the conditioned square function o = " E,,_;(d,®d,,) and we
prove a version of the Burkholder-Rosenthal inequality adapted to A,(u). As
can be expected, the preceding inequalities imply the complete boundedness of
the multipliers called “martingale transforms”. Not surprisingly, in §6] we can
also prove similar results for the Hilbert transform, say on T or R, using the
well known Riesz-Cotlar trick.

In §7] we compare the “old” and the “new” o.s.s. on L,(p). We show that the
(isometric) inclusion L,(u) — Ap(u) is completely contractive, but its inverse
is not completely bounded and we show that its c¢.b. norm in the n-dimensional
case grows at least like nz(z-%),

In §8 we turn to the non-commutative case. We introduce the space A,(T)
associated to a non-commutative measure space (M, 7). By this we mean a
von Neumann algebra M equipped with a semi-finite faithful normal trace 7.
In §9 we repeat the comparison made in §7 It turns out that the non-
commutative case is significantly more intricate, mainly because the (joint)
complete boundedness of the product map L, x Ly — L, (p~t+q¢t=7r"1no
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longer holds in general (I am grateful to Quanhua Xu for drawing my attention
to this). This leads us to consider yet another operator space structure on Ly (7)
that we denote by L£,(7) for which it still holds (see Proposition [@.1)). When
p € 2N, we then extend the main result of §71by showing (see Corollary[@.2)) that
the identity defines a completely contractive map L,(7) N L, (1) — A, (7).
In the commutative case L,(7) and £,(7) are identical. We give estimates of
the growth in n of the c¢.b. norms of the maps L,(M,,tr) — A,(M,,tr) and
Ay (M, tr) — Ly(M,, tr) induced by the identity.

In §10) assuming 7(1) = 1, we study the “limit” when p — oo of the spaces
Ap(M, 1), that we denote by Ao (M, 7). Surprisingly, we are able to identify
the resulting operator space: Indeed, when (M, ) is M, equipped with its
normalized trace then Ao (M, 7) can be identified completely isometrically
with CB(OH,,,OH,), i.e. the space of c.b. maps on the n-dimensional operator
Hilbert space. More generally (see Theorem [[0.3)), when M C B(H), the o.s.s.
of Aew(M, 7) can be identified with the one induced by CB(OH,OH), where
by OH we mean H equipped with its unique self-dual structure in the sense of
[25]. The verification of these facts leads us to several observations on the space
CB(OH,OH) that may be of independent interest. In particular, the latter
space satisfies a curious identity (see (I0.4])) that appears like an operator space
analogue of the Gelfand axiom for C*-algebras. Furthermore, to any operator
space E C B(H), we associate the operator space £ C CB(OH) (equipped
with the operator space structure induced by CB(OH)), and we show that if
F' is another operator space, for any cb-map v : E — F we have

lu: E— Fllev <|lu: E— Flep.

In §T2] we extend the Burkholder inequalities except that—for the moment—
we can only prove the two sides of the martingale inequality for p = 4. Note
however that the right hand side is established for all even p in I3 by a different
method based on the notion of p-orthogonality.

Nevertheless, in §I1] using Buchholz’s ideas in [7] we can prove versions of
the non-commutative Khintchine inequalities for A,(7) with optimal constants
for any even integer p. We may consider spin systems, free semi-circular (or
“free-Gaussian”) families, or the free generators of the free group in the as-
sociated free group factor. Returning to the commutative case this yields the
Rademacher function case with optimal constants. The outcome is that the
span of each of these sequences in A, is completely isomorphic to OH and
completely complemented.

In T4l we transplant the results of [I3] (see also [I4]) on non-commutative lacu-
nary series to the setting of A,(7). We use the view point of [24] to abbreviate
the presentation. Let I' be a discrete group. We will consider A(p)-sets in
Rudin’s sense inside I'. The main point is that a certain class of A(p)-subsets
of I' again spans a copy of OH in the operator spaces A,(M,7) when M is the
von Neumann algebra of T'. For our new o.s.s. the relevant notion of A(p)-set
is slightly more general than the one needed in [13].
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Lastly in the appendix I8l we include a discussion of elements that have p-th
moments defined by pairings as in Buchholz’s paper [7]. We simply translate in
the abstract language of tensor products some very well known classical ideas
on Wick products for Gaussian random variables. Our goal is to emphasize the
similarity between the Gaussian case and the free or ¢-Gaussian analogues. We
feel this appendix fits well with the extensive use of tensor products throughout
the sections preceding it.

The proof of the initial non-commutative martingale inequalities of [26] is the
main source of inspiration for the present results. We also make crucial use
of our version for the space A, of Junge’s “dual Doob” inequality from [I5].
Although we take a divergent route, we should point out to the reader that
the methods of [26] have been considerably improved in a series of important
later works, such as [17, [I8] [19], by M. Junge and Q. Xu, or [28, 29, 21] by
N. Randrianantoanina and J. Parcet. See also [16, 30, B}, 32 [37] for progress
related to Khintchine’s inequalities. The reader is referred to these papers to
get an idea of what the “main stream” on non-commutative martingale and
Khintchine inequalities is about.

1 BACKGROUND ON OPERATOR SPACES

In this section we summarize the Theory of Operator Spaces. We refer either
to [I1] or [25] for full details.

We recall that an operator space is just a closed subspace of the algebra B(H)
of all bounded operators on a Hilbert space H.

Given an operator space £ C H, we denote by M, (E) the space of n x n
matrices with entries in £ and we equip it with the norm induced by that of
M, (B(H)), i.e. by the operator norm on H @ ---@® H (n times). We denote by
E ® F the algebraic tensor product of two vector spaces E, F.

If EC B(H) and F C B(K) are operator spaces, we denote by E ®min F' the
closure of E® F viewed as a subspace of B(H ®2 K). We denote by || |lmin the
norm induced by B(H ®2 K) on E® F or on its closure E ®uin F'. A linear map
u: E — F between operator spaces is called completely bounded (c.b. in short)
if the associated maps u,: My(E) — M,(F) defined by w,([zi;]) = [u(zij)]
are bounded uniformly over n, and we define

l[uller = sup [|unl|-
n>1

We say that u is completely isometric if w,, is isometric for any n > 1 and that
u is a complete isomorphism if it is an isomorphism with c.b. inverse.

By a well known theorem due to Ruan (see [I1] 25]), an operator space E can
be characterized up to complete isometry by the sequence of normed spaces
{M,(E) | n > 1}. The data of the sequence of norms on the spaces M, (F)
(n > 1) constitutes the operator space structure (0.s.s. in short) on the vector
space underlying E. Note that M,,(E) = B(H,,) ®min £ where H,, denotes here
the n-dimensional Hilbert space.
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Actually, the knowledge of the o.s.s. on E determines that of the norm on
B(H) ® E for any Hilbert space H. Therefore we (may and) will take the
viewpoint that the o.s.s. on E consists of the family of normed spaces (before
completion)

(B(H) @ E, || - [[min),

where H is an arbitrary Hilbert space. The reader should keep in mind that
we may restrict either to H = {5 or to H = (4 with n > 1 allowed to vary
arbitrarily. (If we fix n = 1 everywhere, the theory reduces to the ordinary
Banach space theory.) To illustrate our viewpoint we note that

lulles = sgp |lug: B(H) ®@min E — B(H) Qmin F||

where the mapping upy is the extension (by density) of id ® u.

The most important examples for this paper are the spaces L, (1) associated to
a measure space (£, .4, u). Our starting point will be the 3 cases p = 0o, p =1
and p = 2. For p = oo, the relevant norm on B(H) ® Lo (p) is the unique
C*-norm, easily described as follows: any f in B(H) ® Loo(pt) determines a
function f: Q — B(H) taking values in a finite dimensional subspace of B(H)
and we have

Il BOED @amin Loe (1) = eSS€S£p|\f(w)||B(H)~ (1.1)

For p = 1, the relevant norm on B(H) ® L1(u) is defined using operator space
duality, but it can be explicitly written as follows

(1.2)

1005 01200 = 500 | [ 1000 9(0) dt)

B(H®2K)

where the sup runs over all g in the unit ball of (B(K) ® Leo (1), || - ||min) and
over all possible K. Equivalently, we may restrict to H = K = /{5. This
is consistent with the standard dual structure on the dual E* of an operator
space. There is an embedding E* C B(#) such that the natural identification

B(H)® E* «<— B(E,B(H))
defines for any H an isometric embedding
B(H) Qumin E* C CB(E, B(H)).

With this notion of duality we have L1 (1) = Loo(1) completely isometrically.
Moreover the inclusion Li(p) C Loo(p)* is completely isometric, and this is
precisely reflected by the formula (L2]).

To define the o.s.s. on Lo(u), we will use the complex conjugate H of a
Hilbert space H. Note that the map z — x* defines an anti-isomorphism

on B(H). Since B(H) = B(H) (canonically), we may view z — z* as a lin-

ear s-isomorphism from B(H) = B(H) to B(H)°? where B(H)°? is the same
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C*-algebra as B(H) but with reversed product. Then for any z, € B(H),
yr € B(K) we have

HZ Tk & Yk

Let us denote by S2(H, K) the class of Hilbert—Schmidt operators from H to
K with norm denoted by || - || s,(#,x) or more simply by || [l2. We may identify

canonically § € H ®3 K with an element é : K* — H with Hilbert—Schmidt
norm ||¢||2 = ||€||me,x- Then for any y € B(K) let 'y: K* — K* denote the
adjoint operator. We have then

IS e  —suo{|[Saé e, |1€12<1}.

Using the identification B(K) = B(K)° via Z — z*, (let x — Z be the identity
map on B(K) viewed as a map from B(K) to B(K)) we find

i - : So (K, H), < 1}.
[t e v, € 5050, 1l

We now define the “natural” o.s.s. on the space {2 according to [22]. This is
defined by the following formula: for any f in B(H) ® {2, of the form f =
-1 @k @ ey, (here (ex) denotes the canonical basis of £) we have

min

:sup{H(Z:ckebyk) (é)HH®2K | ¢ € HRK, |||l Ho,x < 1}.

min

1/2

15 8nts = [ ax 07 (1.3)
The resulting o.s. is called “the operator Hilbert space” and is denoted by OH.
Actually, the same formula works just as well for any Hilbert space H with an
orthonormal basis (e;);cr. The resulting o.s. will be denoted by H,p (so that
OH is just another notation for (¢2)op).

In this paper our main interest will be the space La(u). The relevant o.s.s. can
then be described as follows: for any f in B(H) ® Lo(u) we have

B(H®.H)

1/2

T H [ 1)@ Fute) (1.4)

It is not hard to see that this coincides with the definition (I3]) when (e,) is
an orthonormal basis of La ().

We refer the reader to [22] for more information on the space H,p, in particular
for the proof that this space is uniquely characterized by its self-duality in
analogy with Hilbert spaces among Banach spaces. We note that H,, and H,p,
are completely isometric iff the Hilbert spaces 1 and H are isometric (i.e. of
the same Hilbertian dimension).

The “natural 0.s.s.” on L, = L,(u) is defined in [23] for 1 < p < oo using
complex interpolation. It is characterized by the following isometric identity:
For any finite dimensional Hilbert space H

B(H) Qmin Lp = (B(H) Qmin L007 B(H) Qmin Ll)l/p-
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When p = 2 we recover the o.s.s. defined above for La(u)op.-

We now turn to multilinear maps. Let F1,..., E,, and F be operator spaces.
Consider an m-linear map ¢: FEi X --- X E,, = F. Let Hy,..., H,, be Hilbert
spaces. We set B; = B(H;). By multilinear algebra we can assomate to ¢ an
m-linear map

p: BIQFE1 X+ XB,®E, 2 B1® - QB,QF
characterized by the property that (Vb; € B;,Ve; € Ej)
P1®er, by @em) =b1 @+ @by, @ p(e1, -+, em).

We say that ¢ is (jointly) completely bounded (c.b. in short) if ¢ is bounded
from

Bl Qmin El X X Bm Qmin Em to Bl Qmin *** Omin Bm Qmin F.

It is easy to see that we may reduce to the case when Hy = Hy = --- = H,,, = {5
(equivalently we could restrict to finite dimensional Hilbert spaces of arbitrary
dimension). With this choice of H; we set

lellee = 112]]-

2 PRELIMINARY RESULTS

We first recall Haagerup’s version of the Cauchy—Schwarz inequality on which
is based a lot of what follows.

Let H, K be Hilbert spaces, a € B(H),b;, € B(K) (k=1,...,n). We have
then

1/2

HZGk@EkHB(H@?) < HZ%@%H B(H®.H) HZ K ® by,

where ®o denotes the Hilbert space tensor product.

We will sometimes need the following reformulation: let H be another Hilbert
space and for any f € H® B(H), say [ =Y xr ® a, and g € H ® B(K), say
g=>ye®bglet ({f,9)) € B(H) ® B(K) be defined by

((f,9)) = Zk’l@k,y@ak @ by

1/2

We have then
I M seaeezy < I N1, a2 (2.1)

More generally for any finite sequences (fo)1<a<n it H®B(H) and (ga)1<a<nN
in H® B(K) we have

1/2 1/2

IR S DRRCRERD] S ) SRCSER) M

(2.2)
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It is convenient to also observe here that if Fq, Fo are orthogonal subspaces of
H and if f; € E; ® B(H) (j = 1,2) then

(fi+ fo, fr + f2)) = ((f1, f1)) + ({fa f2))- (2.3)

We will use an order on B(H) ® B(H): Let C be the set of all finite sums
of the form > ar ® ar. If z,y are in B(H) ® B(H), we write © < y (or
y > x) if y—x € C;. In particular > 0 means x € C;. Any element x €
B(H)® B(H) defines a (finite rank) sequilinear form #: B(H)* x B(H)* — C.
More generally, for any complex vector space F, we may define similarly x > 0
for any z € E® E.

The following criterion is easy to show by linear algebra.

LEMMA 2.1. Let x € B(H)® B(H). Then x € Cy iff T is positive definite i.e.
Z(&,€) > 0 for any £ in B(H)*. Moreover, this holds iff (£,&) > 0 for any &
in the predual B(H). C B(H)* of B(H). Lastly, if H is separable, there is a
countable subset D C B(H ). such that x = 0 iff £(&,£) >0 for any € in D.

Proof. The first part is a general fact valid for any complex Banach space E in
place of B(H): Assume z € E® E, then z € F ® F' for some finite dimensional
F C E, thus the equivalence in Lemma [Z1] just reduces to the classical spectral
decomposition of a positive definite matrix. If E is a dual space with a predual
E. C E*, then E, is o(E*, E)-dense in E*, so the condition Z(£,£) > 0 will
hold for any £ € E* if it does for any £ € E,. When the predual F, is separable,
the last assertion becomes immediate. o

Remark 2.2. Let E be a complex Banach space. Let [a;;] be a complex n X n
matrix, z; € E. Consider z = Y a;;z; ® Z; € E® E. Then = = 0 if [a;]
is positive definite, and if the z;’s are linearly independent, the converse also
holds. Indeed, by the preceding argument, all we need to check is Z(&, &) =
> aij§(wi)€(x;) = 0.

The importance of this ordering for us lies in the following fact:

LEMMA 2.3. Ifx,y € B(H)®@ B(H) and 0 < x < y then
Hmein < HyHmin
where [|z]|min = |2/ e, m)-

Proof. Let x = ar ® ax. Then the lemma is immediate from the identity

1/2
S| = sup { (S teawniz) ™ | el < 1.1l <1}

for which we refer to [22]. Indeed, if d = Y_b; ® b; and y = = + d this identity
applied to x + d makes it clear that ||z| < ||z + d|| = ||y]|. O
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It will be convenient to extend our notation: Let Hy, Hs, ..., H,, be an m-tuple
of Hilbert spaces. For any k =1,..., m we set
Hm+k = Fk.

Let o be any permutation of {1,...,2m}. For any element z in B(H;) ® --- ®
B(Ham) we denote by

o 2 €B(H,1)® @ B(Hym)

the element obtained from x by applying o to the factors, i.e. if x = t1 R - -®Rtop,
then o -2 = t,(1) @ -+ @ ty2m) and z — o - x is the linear extension of this
map.

Let H = Hi ® ---® Hy,. Now if we are given a permutation ¢ and z,y in
B(H,(1)) ® --- ® B(H,(2m)) we note that

ol xz,07t -y € B(H)® B(H).

We will write (abusively) z < y (or y > ) if we have

otz <ot R
Of course this order depends on ¢ and although our notation does not keep
track of that, we will need to remember o, but hopefully no confusion should
arise. While we will use various choices for o, we never change our choice in
the middle of a calculation, e.g. when adding two “positive” terms.
For instance we allow ourselves to write that Ya, € B(H) Vb, € B(K) we have

Zak®dk®bk®5k>0 (2.4)

in B(H® H® K® K), where implicitly we are referring to the permutation o
that takes H® HQ K @ K to H® K ® H ® K. In particular, we note that

with this convention Vz,y € B(H) ® B(H) Vb € B(K) we have
rT<y=brb<bRyxb. (2.5)

Note that since the minimal tensor product is commutative, we still have, for
any x,y in B(Hy 1)) ® -+ ® B(Hg(2m)), that
0=z <y = [z[min < [[y[min- (2.6)

From the obvious identity (z,y € B(H))

E+y)e@@+ty+@-y@-y)=201T+yx7Y)

it follows that

(+y)@@+y) <2@r+ye7). (2.7)
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Note that if we set ®(x) = = ® Z, then the preceding expresses the “order
convexity” of this function:

((z +y)/2) < (2(x) + B(y))/2.

More generally, for any finite set 1, ..., 2, in B(H) we have ®(n=* Y ] zx) <
n=t 3" ®(xy), or

(Zf mk) ® (Zf zk) < "ZT T ® Ty (2.8)

We need to record below several variants of the “order convexity” of ®.

From now on we assume that H is a separable Hilbert space.

More generally, for any  in B(H) ® La2(9, A, P) and any o-subalgebra B C A,
we may associate to z ® Z the function *®z: w — B(H) ® B(H) defined by
r®Z(w) = x(w) ® Z(w). We have then almost surely

0 < EB(z0z), (2.9)
and more precisely (again almost surely)
(EPz)®(EBz) < EF (2&7). (2.10)

Indeed, (Z9) follows from Lemma [21] (separable case) and the right hand side
of [2I0) is equal to

(EB2)®(EBx) + EP (y®y) where y=ax — EBz.

When B is the trivial algebra, we obtain

0 < /x@fc, (2.11)

and hence for any measurable subset A C Q

/x@fc dP < / TR dP, (2.12)
A Q
and also
(Er) ® (Ez) < E(z®7). (2.13)
We need to observe that for any integer m > 1 we have
0<z=0=<z%" (2.14)
and more generally
0<z<y=0=<a%m <y®m, (2.15)

Furthermore, if 1,41 € B(H1) ® B(H1) and x2,y2 € B(H2) ® B(Hs)

0<z <yrand 0 <22 < y2 = 0 < 21@x2 < Y1RYs2, (2.16)
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where the natural permutation is applied to x1®x2 and y; Ry, allowing to view
them as elements of B(H, ® Hy) ® B(H1 ® Hs).
Returning to (2I0), we note that it implies

(EBz)&(EBx))®? < (BB (2%2))®? < EP (20I®2&T),

and hence
[(EPz)® (BBz))®?|| < |EP (z@0zz0)]|.

More generally, iterating this argument, we obtain for any integer k£ > 1
(EB2)&(EPz))®%" < EB((z&7)%2"). (2.17)

In particular
(Ex)@ (Ex))®2" < E((z02)%2"), (2.18)

and consequently for any finite sequence x1,--- ,x, € B(H) ® L2(2, A, P)
_— k .- k
HZ (EPz;)&(EPx;))®* || < | Zj E°((x;©7;)%% ). (2.19)

In a somewhat different direction, for any measure p, let f € B(H) ® La(u),
let P be any orthogonal projection on La(i) and let g = (I ® P)(f). Then

0= / gRgdp < / fofdu. (2.20)
Indeed, this is immediate by (2.3).

3 DEFINITION OF Agp,

Our definition of the operator space Asp, (1) is based on the case m = 1, i.e. on
the operator Hilbert space OH, studied at length in [22]. The latter is based on
the already mentioned Cauchy—Schwarz inequality due to Haagerup as follows:
Let H, K be Hilbert spaces and let ay, € B(H), b, € B(K)

DICELE Y WL B PR

This is usually stated with > ax ® by, on the left hand side, but since the right
hand side is unchanged if we replace by, by by we may write this as well. It will
be convenient for our exposition to use the functional version of ([B.1]) as follows:
For any Hilbert spaces H, K and any f € B(H)® Lo(p) and g € B(K)® La(p),
we denote by f®g the B(H) ® B(K)-valued function defined by

(f®g)(w) = f(w) @ g(w).

H1/2 H1/2

(3.1)

Of course, using the identity B(H) ® B(H ) ~ B(H)

® B(H), this extends the
previously introduced notation for f@f: Q — B(H)® B(H).
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Similarly, given n measurable functions f;: @ — B(H;), we denote by
f1® - -+ @ f, the pointwise product viewed as a function with values in B(H;)®
-+ ® B(Hp).

Note that if f; corresponds to an element in B(H;) ® L,, with p; > 0 such
that ij_l = p~ !, then by Holder’s inequality, f1®---®f, € B(H) ® --- ®
B(H,) ® Ly.

By (1)) applied with H = La(u), we have

) 1/2 1/2
vl sl ol o0
B(H®K) B(H®H) B(K®K)
Replacing g by g, we obtain
) 1/2 1/2
[ I A T
B(H®K) B(H®H) B(K®K)

We note that this functional variant of (3]) appears in unpublished work by
Furman and Shalom (personal communication).
We will also invoke the following variant: for any ¢ € B({2) ® L with norm

19|l min < 1 we have
1/
B(K®K) .

2
SH/f@'@fdu _H/gé@gdu
B(HRK®{2) B(H®H) ( )
3.4

This (which can be interpreted as saying that the product map La X Ly — Ly
is jointly completely contractive) can be verified rather easily using complex
interpolation, see e.g. the proof of Lemma [Tl below for a more detailed argu-
ment.

For simplicity in this section we abbreviate L,(u) or L,(€, ) and we simply
write L, instead.

We start by a version of Holder’s inequality adapted to our needs that follows
easily from ([B3]). The proof uses an iteration idea already appearing in [6].

1/2

H/f®g®w dp

LEMMA 3.1. Letm > 1 be any integer. Then for any f1,..., fom in B(H)® Loy,
we have fi®- - @ fam € B(H)®*™ ® Ly and

2m ) . —
H/f1®...®f2m dﬂH < H /f;?m@)f;?m dﬂ‘ ; (3.5)
k=1
where we denote f&™ = f&---Qf (m times).
Proof. By homogeneity we may (and do) normalize and assume that
H/f,?’”é@f,?m dqu. Vk=1,...,2m
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Let
¢ = max{| [ 918+ gam du]}
where the maximum runs over all g, in the set {f1,..., fom, f1,---» fom}-

It clearly suffices to prove C' < 1. In the interest of the reader, we first do the
proof in the simplest case m = 2. We have by ([3.3)

|| / hi&-Efadul| < | / h&HSHE Rdul | / Fo& 1o fady]| /2

which we may rewrite as

||/f1®"'®f4d,u|| < H/f1®f1®f2®f2du||1/2||/f3®f3®f4®f4dﬂ||l/27
(3.6)
and by [33) again we have

||/f1®f1®f2®f2du|\l/2 <
. 12 o 1/2
< [ nonenondul?) [ faohfab ful <1
and similarly for the other factor in (). Thus we obtain the announced

inequality for m = 2.
To check the general case, let us denote

I(f1,-- -, fom) = H/ﬁ@'“@fgm duH.

By 3) we find

I(fla"'af2m) < (I(fla'"7fmaf17~-~afm)c)1/2'
Note that I(f1,..., for,) is invariant under permutation of entries. Thus we
have

I(f17"'7fM7fla---an) :I(f17f17f25f27---afﬂ’ufm)-
Using (B3] again we find

I(fla---afﬂ’uflv--wfm) < (I(f15f17flaflaf27f25'")0)1/2

and continuing in this way we obtain

I(f17~-~;f2m) §I(fl;flaflafla"'aflvf_‘l)eclie

where 0 < 6 <1 is equal to 2~ K with K the number of iterations.
Since we assume I(f1, f1,..., f1, f1) <1 we find

I(f1,. .., fom) < C170.
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But we may replace f1,..., fom by g1,..., g2 and the same argument gives us
I(gla s 792m) < 01—9
and hence C < C'=?, from which C < 1 follows immediately. O

PROPOSITION 3.2. Let m > 1 be an integer and p = 2m. There is an isometric
embedding
Ly(p) € B(H)

so that for any f € B(H) ® Lp(p) and any H we have

1
2m

1l sram = H [ remertn ay

where we again denote fE™ = f@ - & f (m times).
Proof. Let B = B(H). With the notation in Lemma 3] we have

1
2m

H / FEmQFE™ dull = max{I(f, f, 92,2, - -+ Gms Gm)?} (3.7)

where the supremum runs over all go,...,¢m In B ® L2y such that
H [ g2 @ge™ d,uH <lforany k=1,...,m.

Indeed, it follows easily from ([B5) that the latter maximum is attained for the
choice of go = -+ = g = Af with A = H ff®m®f®m d,uH_l/Qm. Thus we can
proceed as in [22] for the case m = 1: We assume H = /5 to fix ideas. Let S
denote the collection of all G = g2® - - - ®g,, where (ga, ..., gm) Tuns over the
set appearing in (B7). Note that by [B3) we know that for any f in B® L, we
have f@G € B(H®™)® Ly. Then for any G in S we introduce the linear map

ugt Ly(u) = BEHE™) @i (Lo)on

defined by
ua(f) = f&G.
Then B3) and (T4) imply |lug|] < 1. We then define the embedding
us Ly(p) = @ BH®™ ) @min (L2)on
Ges

by setting

u(f) = Pualf).
G

Then ([B7) gives us that for any f in B ® L, we have

2m

lide W) = H [ s an

Thus the embedding u has the required properties. O
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DEFINITION 3.3. We denote by Ap(i) (p = 2m) the operator space appearing
in Proposition Note that A,(p) is isometric to L,(p) and for any H and
for any f € B(H) ® Ap(p) we have

1
2m

I anomnsi = | [ £5m6F5m a 59

PROPOSITION 3.4. Let f be as in Definition [T3 with p = 2m. Then

1

1237€H®m®ﬁ®m)®mmL1
(3.9)

where Lo and L1 are equipped respectively with their oh and maximal operator

space structure. So if we make the convention that Ay = L1 equipped with its

mazimal 0.5.s. then we have

1 DM & F&
1B @ty = 1™ Vg rema s = 17 ETE™

115 @mntan = IFEDE T e moman .

Proof. The first equality is immediate since it is easy to check that for any
g € B(H) ® Ly we have

/2

HgHmm = H/g@g d/L

B(H®H)

For the second one, we use ([L2): for any ¢ in B(H) ® L

Il = sup{H [ s duH}

where the supremum runs over all ¢ in B({2) ® Lo with ||¢)||min < 1. Applying
this to ¢(t) = f(t)®™ ® f(t)®m we find using (3.4))

1F5™ & FE™ B @minrs < 1B @A,

and the choice of ¢ = 1 shows that this inequality is actually an equality. O

NortAaTION: For any f € B(H) ® Ly(p) (or equivalently f € B(H) ® Ap(p)),
we denote

£l p) = I f11 B ©rminAp (1)

The preceding Proposition shows that if p = 2m, we have

1) = IFZP/21700 = 1 (f& =P 1.
Note that by (ZI0), if g, f € B(H) ® Lp(p) and p = 2m

(9(@)@F(w) < f(W)Bf(W) VYas w € Q) = lgllpy < 1/ llw)- (3.10)
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COROLLARY 3.5. The conditional expectation EB is completely contractive on
A, for any p € 2N.

Proof. The case p = 2 is clear by the homogeneity of the spaces OH. Using
ZI0) one easily passes from p to 2p. By induction, this proves the Corollary
for any p of the form p = 2™. For p equal to an arbitrary even integer, we
need a different argument. Let f € B(H) ® A, and g = EBf. By the classical
property of conditional expectations, we have

lolly =1 [ 959959 -dull = | [ régiogig- - du

and hence by @) lgl?, < 171 llgll?5} or cquivalently gl < [ fllgy. O

With the above definition, Lemma Bl together with ([B4]) immediately implies
(see the beginning of {1 for the definition of jointly completely contractive
multilinear maps):

COROLLARY 3.6. Let p = 2m. The product mapping (f1,..., fam) — f1 X
oo X fom 18 a jointly completely contractive multilinear map from Ap,(u)?™ to

Ar(p) = La(p).

Proof. By Lemma [3.J] and (84) we have for any ¢ € B({2) ® Lo, with norm
||w||min S 1

. . . p
II/f1®---®fp®w|| S
1

Taking the supremum over all such 1 we obtain

P
1A fpllay < TTIFille,
1

which is nothing but a reformulation of the assertion of this corollary. O

COROLLARY 3.7. Let p > q > 2 be even integers. If u is a probability, the
inclusion Ly(p) C Lg(p) is a complete contraction from A,(p) to Ag(p).

Proof. Take p = 2m, ¢ = 2n and 7 = 2m — 2n with n < m. Let f € B(H) ®
Ly(u) and g € B(H)® Ly(p). Consider f1®-++® for, = (f® )" ®9¢%", and let
us choose for g the constant function that is identically equal to the identity

operator on H. Then, using (B.8), B3) yields
B )@ minta) = I B @m0 X 17

and hence || f{| 5(m)@mintg(0) < 11 BH) @minp (1)- O
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Remark 3.8. Let f € B(H)® Loo(p). We may view f as an essentially bounded
B(H )-valued function. Then if p is finite we have

17 usany = T 17 (3.11)

Indeed, we may assume p(2) = 1 and it clearly suffices to prove that for any
measurable subset A C Q with p(A) > 0 we have

W) [ f du| < tim £, (3.12)
A

To verify this let f4 = u(A)~! [ f du. By @I17) with p = 2% we have
A

%
I£all = Ia  F 1 < )y [ro®
A
< u(A) 7% | £l
where we also use (212) and Lemma 23] and hence letting p — oo we obtain

4 MARTINGALE INEQUALITIES IN A,

Our main result is the following one. This is an operator valued version of
Burkholder’s martingale inequalities. Although our inequality seems very dif-
ferent from the one appearing in [26], the method used to prove it is rather
similar.

Throughout this section H is an arbitrary Hilbert space and we set B = B(H).
We give ourselves a probability space (2, A,P) and we set L, = L,(Q, A, P).
We also give ourselves a filtration (A, ),>0 on (22, A, P). We assume that A
is trivial and that A, = a( U0 An) is equal to A.

We may view any f in B ® L, as a B-valued random variable f: Q — B. We
denote E, f = EA"f, do=Eof and d,, =E,f —E,_1f for any n > 1. We will
say that f € B® L, is a test function if it is .A-measurable for some NV > 1, or
equivalently if f can be written as a finite sum f =Y ;° d,. We then denote

SU) =Y, dubod.

We also denote B - )
o(f) = do®do + Y Eno1(dn&dy).

We recall the notation _
202M = 1R

where  is repeated m times. Note that o(f) € B® B ® L,/» and also that
(do®d,)®"/? € (B@ B)®/? ® L,.
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of the form p = 2% for some k > 1 there are

THEOREM 4.1. For any p > 2
p) such that for any test function f in B ® L, we

positive constants C1(p), Ca(
have

1/2

_ 1/2
OISO son < 1B, < COISOIYE oo
(4.1)

First part of the proof. We start by the case p = 4. Let f =5 d,, S = S(f)
and o = o(f). Then B
fof=S+a+d

where a = Y. d,® fn_1and b =3 f,_1®d,. Let g = a+bso that f&f—S = g.
Note that by ([27) applied pointwise (or, say, alomst surely)

g®g < 2(a®a + bRb)
and hence E(g®g) < 2E(a®a) + 2E(b®b). By Lemma 23 we have
IE(9®9)| < 2I|E(a®a)]| + 2E(bRD)].- (4.2)

Note that for any f B
IEGENN? = 1 | Bomints

By orthogonality E(a®a) = E(}" dn® fr—1®d,, @ fr—1). By (@I0) we have
frno1®fn-1 < Ep_1(f&f)
therefore by (23]
dpn@dp@fn-1@fr-1 < dy@dy,QEp,_1(fQf)
and hence
E(dn®dn®fn-19fn-1) < E(Bn-1(dn®dn)®fOf)
which yields (after a suitable permutation) by Lemma
IE(aa)| < [|E(c@fe )],
and hence by Haagerup’s Cauchy—Schwarz inequality
IE(a®a)|| < [E(eca)||'|E(fofD o). (4.3)
Similarly we find
IEG&D)| < |E(0®a) | ?|E(fof&fo ). (4.4)
We now claim that
IE(e&a)||'/? < 2|E(S&S)]>.
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Using this claim the conclusion is easy: By ([@2)), (£3), [@4) we have

IE(929)]| < 8IE(SSS)|IVIE(f@f& &),
But now g — [E(909)[|'? = ||gllBemmz. is a norm so by its subadditivity,
recalling g = f®&f — S, we have

“|f®f||3®minL2 - ||S||B®minL2| < ||g||B®xninL2 < 81/2Iy

where 22 = ||f®f| BumoL, and y? = ||S|| Boy.L.- Equivalently, we have

|$2 _ y2| < 81/2xy
from which it immediately follows that
max{f, g} < V24 /3.
Yy T

Thus, modulo our claim, we obtain the announced inequality (@1 for p = 4.
To prove the claim we note that it is a particular case of the “dual Doob
inequality” appearing in the next Lemma. O

LEMMA 4.2. Let 01,...,0n be arbitrary in B® Ly. Let o = Ziv E,(6,20,,)
and B = Zf[ 0,,80,,. Then
|E(a®a)||'/? < 2|E(B&B)|"2.

Proof. Let ay, = E,(0,%0,) and 3, = 0,0,,. Note that 8, = 0 and a,, = 0.
We have a®a = Dok an®a; and hence

E(a®a) =E | Y E.f,0ErfBx | +E (Z Enﬁne‘mﬁk)
n<k n>k

—E (Zn<k(Enﬁn)®Bk) +E (Zn>k 5n®(Ek5k))
T4

Using a suitable permutation (as explained before (2.])) we have by ([2X) or

(Epn)®Bk = 0 and  B,R(EkBy) = 0.

Therefore, using [2.9), it follows from Lemma 23 that
i< |32, E(Ea8)880)| = IE@@B)I,
and hence by (33)
Il < IE(a®a)|[ M2 BB,
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A similar bound holds for ||II]|. Thus we obtain

[E(a@a)|| < [T + 11| < 2|[E(aca)||'/*|E(B&B)]"2.
After division by ||E(a®a)||'/? we find the inequality in Lemma O
We will need to extend Lemma as follows:

LEMMA 4.3. Let m > 1 be any integer. Let 0y, ...,0n be arbitrary in B® Lay,.
Let o, B be as in the preceding lemma. Then

[E(@®™)|| < m™|[E(B5™)]. (4.5)

Proof. Note that up to a permutation of factors (oz)®2 and a®a are the same.
In any case |E((2)®?)] = |[E(a®a)||, so the case m = 2 follows from the
preceding lemma (and m = 1 is trivial).

We use the same notation as in the preceding proof. We can write

()™ = Z an(1)®an(2)® T ®an(m)-
n(1),...,n(m)
We can partition the set of m-tuples n = (n(l),...,n(m)) into subsets
S1,...,Sm, so that we have
n(l) = maxn(j), Yn € 5,
J
n(2) = maxn(j), Vn € Sy

J

and so on. Let then T'(j) = E (Znesj an(1)®- . ®dn(m)). Consider j = 1 for
simplicity, arguing as in the preceding proof, we have

T(1) =) Elanm@: - @angm)
nesS

= Z E(Bn(1)®0n2) - - - @Qn(m))
nesy

< D EBan®an()  Oanm) =E(BHa®")

n(l),...,n(m)
and hence by (B3]
IET ()] < [[E(B&a®™ )| < [E(B™)[|™ |E(@®™)]| "

A similar bound holds for each T'(j) (j =1,...,m). Thus we find

m—1

IS = |7 ETG)| < mlEEE) |5 B

and again after a suitable division we obtain (X). O
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Proof of Theorem[{] in the dyadic case. Assume that dp@d, is  Ap_1-
measurable. Note that this holds in the dyadic case when Q = {—1, 1}
as well as for the filtration naturally associated to the Haar orthonormal
system. In that case we can give a short proof of the following inequality for
any m > 1

IE(S(@)®™)||7 < m||E(S®2™)|| 7 |E((f&.f)22m™)]|==, (4.6)

and a similar bound for |[E(S(b)®™)] .
Indeed, recall @ = > d,,®f,_1. Note that S(a) is up to permutation the same
as

Sl = Zdn®f‘n71®fn71®d_n
By (ZI0) and ([Z3]), we have

where the last equality holds because d,,®d,, is assumed (n — 1)-measurable.
By (ZI3)) this implies

P < (Y Eaa(da f®f®&n))®m

and hence by (X)) (recall S = S(f) and the permutation invariance of the
norm)

IE(SE™)] < m™ H]E ((Z dn®f®f®dn>®m) H
=m™[E((S&f&f)°™)|
and hence by Lemma 311
< m™[B(SEP™) |2 B((f& )02,
Thus we obtain (@8] as announced:
IE(S(@)®™)]| = [E(SE™)I < m™[E(SE2™) |2 B((f&£)2m)| 2.

The proof with b in place of a is identical.

Using (@6) and the analogue for b, it is easy to show (assuming that d,®d,, is
A, _1-measurable) that the validity of (£I)) for p = 2m implies its validity for
p = 4m. Indeed, let us assume ([@I)) for p = 2m and let C = C3(2m). We find,
recalling f&f —S=a+b

|‘f®f - S||B®min/\2m < HG/HB®xninA2m + HbHB®xninA2m
1/2 1/2
<CUS@Ige. A +1SOHe. A)
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and hence by (£.6)

1/2 - = 1/2
<20mM2||SI1H3, oasn IFEF | o

Therefore, again setting x = ||f®f||B®n}inA2m, and Y= ||S||B®min/\2m we find
|z —y| < 20m!/?/zy,

and we conclude as before that = and y are comparable, so that (4.1]) holds for
p=4m. o

The next corollary is now immediate from the dyadic case. However, we will
later show that it is valid for any p in 2N (see Corollary [T.3)).

COROLLARY 4.4. Assume p > 2 of the form p = 2% for some k > 1. If
Q = {—1,+1}Y, the closed span of the coordinates (g,) (or equivalently, of
the Rademacher functions on Q = [0,1]) in A, is completely isomorphic to the
space OH, i.e. to ls equipped with the o.s.s. of OH. Moreover, the orthogonal
projection P onto it is c.b. on Ap.

Proof. Let f = Y wpen (v, € B(H)). By @I) , ||fl) is equivalent to
1>z, ®3’cn||1/2 and the latter is equal to the norm of > e, ® x,, in OH Quin B
where (e,,) is any orthonormal basis of OH. Thus the closed span of (e;,) in
A, is isomorphic to OH. We skip the proof of the complementation because
we give the details for that in the proof of Proposition [1.1] below. O

Proof of the right hand side of ([&1]). We will use induction on k. The case
k =1 is clear. Assume that the right hand side of (£J]) holds for p = m, we
will show it for p = 2m. With the preceding notation, recall ¢ = a + b and
hence our assumption yields

19l peBon,. < lallpeBonr., + 10l pezes, < Cotm)(IS(@)]s + ||S<b>||i(/2> |
4.7

where the dot stands for B ®min B @min B ®min B ®@min Am/2 Since by (m)
fn—1®fn—1 < 2(fn®fn + Czn®dn)
we have using (23]) and (6] (in a suitable permutation)
1/2 . = o = . 1/2
IS@% = |3 dutofa-16dniofua]| | <TH+T
where

2’1/21:HZdn®fn®Jn®fn *  and 2*1/211:"2(1”@&”@&”@%

Note that for any F in B® B ® B® B ® A2 we have ||Fls =
IE((F&F)&™/4)||.
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Recall that, by @I0), f,®@fn < E,(f®f). Thus we have by (Z3) ([Z8) and
2.15)

1
m

2711 < HE ((Z dn®dn®En<f®f))®m/2)
_ HE (= E.(daddifef) )
and hence by (@3] and B3) (or actually B.3)))
< (m/2)' | B((S& fof)=m /)|

< (m/2)Y2|E(S9™)||27 |[E((fo f)°™)

Moreover, recalling (2.4]), we have obviously 0 < d, ® dp, @ dy, @dy, for all n, k
and hence Y d,®@d,,@d,®d, < S®S. Therefore, again by (Z.06) and (Z.I5))

m

1 1
Zm Zm

Let 2 = |[E(S®™)||% and y = ||[E(f&f)®™||7. This yields

I1S(@)|1 < Vmyzy + V2

and a similar bound for S(b). Thus we obtain

19 s Ban,, < 2Ca2(m)(v/my/zy + V2z).
Since g = f&f — S we have

/& peBon,, —ISIssBon, | < I9llpeBen,,

and hence we obtain

ly — x| < 2C2(m)(Vmy/zy + V2z)

From the latter it is clear that there is a constant C2(2m) such that

VY < Ca(2m)vz
and this is the right hand side of ([@1) for p = 2m, O
To prove the general case of both sides of (41, the following Lemma will be

crucial. We will use this only for m = 1, but the inductive argument curiously
requires to prove it for all dyadic m.

LEMMA 4.5. Let f € B(H)®Lamp be a test function. As before we set fp, = E, f
and dp, = frn — fu_1 for all n > 1. Let p = 2 for some integer k > 0. Then,
for any integer m > 1 of the form m = 2° for some £ > 0, there is a constant
C = C(m,p) such that

|27 i) @ (fus@lan)® | < CUS NGl Wiy (48)
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Proof. We use induction on k starting from p = 1. We may assume dy = 0 for
simplicity. Let

I(m,p) = | i(dnm)@%m1®fn1>®mu(p)~
By (ZI7) and (Z3) (and by the self-adjointness of E,_1) we have
1(m, 1) < [ (32 (datedn) "B ((F)°™) ) |
= e (7 Braltnsd)emsrenc)|
and hence by (33)

< |E(ombam )| 2E((f&F)2™)| /2
where we have set - o
O = 21 E,—1((dn®d,)®™).
Note that by Lemma [£2]
lomll@) <2 21 (dn@czn)®m||(2)
but obviously (recalling @) Y(dn®d,)®™ < (3 dn®d,,)™ and hence (re-
calling (215)
R ®2 .
(Z(dn@@dn)@m) < gem (4.9)
so we obtain
IE(0m@5m )12 < 2(1S ] Bmy-

Thus we find
I(m, 1) < 2[55I £ 1T i)

so that ([AF)) holds for p =1 and any m > 1 with C(m, 1) = 2.
Let us now denote by (£8), the inequality ([£8) meant for a given fixed p but
for any m > 1. We will show that for any p > 2

(Im)p/z = &3),.

Assuming that m > 1 is fixed, let @, = (dp®dy)®™ and yn = (fo_1@fr_1)®™.
We write

an®yn =a+b
with a= ZEn,l(xn)®yn and b= Z(xn —En1(20))®Yn-
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We have I(m,p) = || > @n®yn||(p) and hence
I(m,p) < llallp) + bl ), (4.10)
so it suffices to majorize a and b separately. We have by (217
@< Y B 1(20)BEa 1 (fO)®™) = 3 En s (Bnor (22)S(fO)°™))
and hence by (£3) and 33)
lalley <P [ B @n@ron®||

< pllom@(fENE™ | )
—p||0®”®(f®f)®m”lll/”

1
< plloSP I, I ™1,
= pllomllep | FIEms)-

But now by (@3] again

||0m||(2p)<2pHZ (dn®dy,) ®mH

(2p)
and hence by (€3]
lomll2p) < 20[S1{5mp)-
Thus we obtain
lallpy < PRSI mpy 1f 1T i) - (4.11)

We now turn to b. Note that since y,, is “predictable” {(z, — En_1(2n))®yn }
is a martingale difference sequence. We will apply the right hand side of (@I
to b. Note that

S(b) ~ Z(xn - En—l(xn))®(xn - En—l(xn))®yn®gna

and hence by (7))
1

b) = Z xn@fn(@yn@?n + Z En_1 (xn)®En—1(fn)®yn®yn
By (2I0) we get (since y, is predictable)
1 . . . ..
SS(0) <> T OTn@Yn®T,, + Y Bn1 (20 OFn Qyn®7,,)

and hence

—||s< Mz < Hzxnmn@yn@yn . DR N

(»/2)
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By (£5) this yields

1SG)lw2) < 200+ (p/2)) |3 206709067,

(»/2)

But since
S enE Ty & 3 (@) E(fao1Gfar) P2

we may use the induction hypothesis @8], /o (with m replaced by 2m) and we
obtain

ISO)l/2) < 2(1+ (/2)C2m, /2S5 | | ooy -
By the right hand side of (@1, we then find

Ibll) < C2IS®B) (7
< O (m, D) IS I Gy 1 1250

for some constant C’'(m, p). Thus we conclude by ([@I0) and @IT)
I(m,p) < (p(2p) + C"(m, P) IS By 1 F I,

In other words we obtain (&8),. This completes the proof of [@J), for p = 2*
by induction on k. O

Proof of Theorem[{.1] (General case). We will show that [@1)), = @I)2p. We
again start from -
fOf—S=a+b

where a = 3" d, @ f,—1 and b = Y f,,—1®@d,,. By the right hand side of (I,

we have
1/2

1£&F = Sligy < 2Ca(p) || dudedn furF, ”*1H<p/2>

and hence by (L8]
< 2C5(p)C(1,p/2)2 183y 1 ey
Thus we find a fortiori setting C” = 2C5(p)C(1,p/2)'/?

1 £&F iy = ISll| < C ISl o

Thus setting again = = || f||(2p), ¥ = ||S||g)2 we find

|22 — 2| < C"ay

and we conclude that z and y must be equivalent quantities, or equivalently
that (#I])2, holds. By induction this completes the proof. O
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5 BURKHOLDER-ROSENTHAL INEQUALITY

Let 2 < p < oo be fixed. The usual form of the Burkholder-Rosenthal inequality
expresses the equivalence, for scalar valued martingales, of || Y° d, ||, and

BRoo = [|lolp + [ sup |dn][[- (5.1)

It is easy to deduce from that the equivalence of that same norm with

/
BR, = ||o|, + H(Zldn|q)1 q

for any ¢ such that 2 < g < cc.
Indeed, we have obviously BR., < BR,. Conversely, using (here % = % + %)

1/q
(i)™ < st tsulaal
P

and the equivalence ||S||, =~ || > dy|lp, one can easily deduce that there is a
constant C’ such that

(5.2)

p

BR, < C'|> duly*BR,.

Thus an inequality of the form

e

< CBR
P

implies “automatically”
BR., < BR, <C'C'*"’BR..

Similarly,

LS

<OBR,= 1> dn

<cc|S da|t'BRY, =
s 1> dnll;

<[

Thus, modulo simple manipulations, the Burkholder-Rosenthal inequality re-
duces to the equivalence for some ¢ such that 2 < ¢ < oo of || > dy|, and
BR,.

Note that the one sided inequality expressing that BR, = |ol, +
(3 |dn|9)*/9||, is dominated by || 3" d,, ||, reduces obviously to

1/2
<0[Ziar|
lolly < &[S 1aaP?
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that holds for p > 2 by Burkholder-Davis—Gundy dualization of Doob’s in-
equality. Therefore, the novelty of the Burkholder-Rosenthal inequality is the
fact that there is a constant C"” such that

I dully < C""BR,.

In the original Rosenthal inequality, restricted to sums of independent d,,’s, or
in the non-commutative version of [I7, [I9], the value ¢ = p is the most inter-
esting choice. In the inequalities below, for p = 2¥ > 4, we will work with ¢ = 4.

We will use the following extension of (B.3)).

PROPOSITION 5.1. For any integer m > 1 and finite sequences (ay), (bi) in

B(H) ® Loy, we have
B ((Snen) ")

[o((Senem) )] <[ (Smem) ™)
(5.3)

More generally, consider finite sequences (a,(cj))7 (b,(cj)) in B(H) ® Loy, for j =
1,...,m.

(3 & p(d) () o () o () o 1 (3)
Let T; =Y a; @b and let oy = >, ) @ap” and B; =5, b7 @by, We
have then

1/2

IE(T1&- - & Tn)|| < IE(a1® -+~ & ) V2 E(BL @ -+ @ B IIV2. (5.4)

Proof. Up to permutation, E((3 ax®b)®™) is the same as

E Z ak(1)® cee ®ak(m)®bk(1)® ce ®bk(m)
k(1),...,k(m)

Therefore, by ([B.3]) we have

o (o))

IN

E Z Gg(1) - - - ak(m)®dk(1) o Qk(m)
k(1) k(m)

x ||E Z bi(1) - - - Dr(m)®b(1) - - - bio(m)
k(1),....k(m)

[e((Zaea)™)| e ((Zoen)™)

Up to permutation T1® - - - ® T}, is the same as

1
2

W e (m)
> ahy® - e ®bL®- - 8T,
k(1) k(m)
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which can be written as >, ap®by with k& = (k(1),...,k(m)), ax =
ag()l)@% ~~®a§$3l) and by = bg()l)@% ~~®b§$3l). Therefore (5.4]) follows from
the m =1 case of (B.3).

O

Remark 5.2. Let H = {3 and B = B(H). The preceding Proposition shows

that 1
HZ arQag (Em) = sup {HZ ak®ka(m)} (5.5)

where the supremum runs over the set D of all finite sequences (by) in B® Loy,
such that || Y- br®bk|| () < 1. (Indeed the sup is attained for by = ax, suitably
normalized.) Thus (&3] allows us to define an o.s.s. on the space Lo, (2, 1; £2),
corresponding to “As,, with values in OH”. Indeed, we can proceed as before
for A,:  we consider the subspace Ey C La,, ® {2 formed of all finite sums
> ar ® e (ar € Lay,) and we define

J: EO — @ (Am ®min B)
(br)ED

J(Zak@)ek) = @ Zak@)bk.

(bk)ED

This produces an o0.s.s. on Loy, (u; £2). It is easy to see that if @ € Loy, is fixed
in the unit sphere, the restriction of J to a ® £5 induces on ¢5 the o.s.s. of OH
while if x € {5 is fixed in the unit sphere, restricting J to Loy, ® x induces on
Lo, the o.s.8. of Agy,.

Note in passing that, in sharp contrast with [23], except for the preceding
special case, we do not have any reasonable definition to propose for the “vector
valued” analogue of the A, spaces.

As a consequence we find an analogue of Stein’s inequality (here we could

obviously replace E,,_1 by E,):

COROLLARY 5.3. Let x,, be an arbitrary finite sequence in B(H) ® Ly, .
Letv=> E, 1(2,®%n)QE,_1(Tn®zy) and § = > 2, QT QTnQxy. Then for
any integer m > 1

[E@E™)| < m™|E(E5™)]. (5.6)

Proof. Let w =Y E,_1(1,8%,®%,®z,). By I0) we have v < w. Then by
2I13), II), Lemma 23 and (1), we have

IE@E™)] < |E@®™)] < m™|[EEE™)]].
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LEMMA 5.4. Let p = 2F > 4 as before. Let 6 = d,®d,®d,®d,,. There is a
constant Cy(p) such that

IE(SEP/2) M7 < Ca(p)[|E(a®P/) || 7 + |E(6P/4)||7). (5.7)

Proof. Note that
S—0o= Z dey,

where ¢, = d,,®d,, — E,,_1(d,®d,). Thus by the right hand side of (&I we
have

1/2
15 = 01l B Bominn,s < CoO/ISON g, 50, Boma By

By @.7)
dendoden, < dn@n@dn@dn + Bnr(dnGod,) OB (A )
therefore
%S(C) <5+,
where we now set v = Y. E,,_1(d,®d,,)®E,,_1(d,®d,,). Thus we find

||S||B®nlin§®xninAp/2 - HUHB®min§®minl\p/2 < ||S - U||B®xnin§®nlinA1)/2
1 1
< Ca(p/2)V2(|I5]13 + [[0]|3)

where || [o is the norm in B ®@min B @min B Omin B @min Ap/s. By (B.8) we
have

[vlle < (p/A)0]]e

and hence
151 soBon,,, < lolseBea,,, + Cap/2)V2(1+ (p/4)2)]|6]13 -

Taking the square root of the last inequality we obtain (5.1]). O

We now give a version (corresponding to BR, with ¢ = 4) for A, of the
Burkholder-Rosenthal inequality :

THEOREM 5.5. For any p > 4 of the form p = 2% for some k > 1 there are
positive constants C1(p), and C5(p) such that for any test function f in BQ L,
we have

L) flp S 1F 1 Bomma, < C5(0)If]p (5.8)
where
.= - . l/p
o = o2 onn . + B daddnidaisdn) /4| "
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Proof. Note that S and S are the same after a transposition of the two factors,
thus the same is true for S®S and S®2, and we have

IE(S&8)|| = |E(S®?)|
and similarly for any even m > 1
E((S®8)9™/2)|| = |[E(S®™)].

Recall that in a suitable permutation we may write 0 < d,,®d,@d®d;, for all
n, k and hence

Y dn®dn@dn&dn <Y dnda®di&dy = SO,
and hence for any even integer m
O dnod,&d,@d,) o2 < S5

Therefore o/
.- .-\ ®m/2 .
HE (Z dn®dn®dn®dn> H < |E(S¢™)|. (5.9)

Let o = o(f). Now if p = 2m, ([£3) implies

1/2 % 1 ' 1
171 e Fonmn, o = IEEE™77 < m! /2 [E(S®™)]|=5, (5.10)

and hence by (B.9) and (&.10)

[flp < (m1/2 + 1)||E(S®m)||l/2m

1/2

= 24 DISIYE | 5enn

Thus the left hand side of (B.8)) follows from (Z1]). Since the converse inequality
follows from Lemma [5.4] and (£J]), this completes the proof. O

6 HILBERT TRANSFORM

Consider the Hilbert transform on L,(T, dm). We will show that this defines a
completely bounded operator on A,(T,m) again for p > 2 of the form p = 2*
with & € N. The proof is modeled on Marcel Riesz’s proof as presented in
Zygmund’s classical treatise on trigonometric series. One of the first refer-
ences using this trick in a broader context is Cotlar’s paper [I0]. Let f be
a trigonometric polynomial with coefficients in B(H), i.e. f =3 ., f(n)eint
with f: Z — B(H) finitely supported. The Hilbert transform T'f is defined
by

TI=3  em)fn)e (6.1)
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where ¢(0) =0 and
p(n) = —i sign(n). Vn € Z

Note that T2 = —id on the subspace {f | f(0) = 0}. We will use the follow-
ing classical identity valid for any pair f,g of complex valued trigonometric
polynomials

T(fg— (Tf)(Tg)) = fTg+ (Tf)g. (6.2)

This can be checked easily as a property of ¢ since it reduces to the case
f=2" g=2"(n,m € Z). A less pedestrian approach is to recall that if f
is real valued, T f is characterized as the unique real valued v, the “conjugate
function”, actually here also a trigonometric polynomial, such that ¢(0) = 0
and z — f(z) + iv(2) is the boundary value of an analytic function (actu-
ally a polynomial in z) inside the unit disc D. Then (62) boils down to the
observation that since (f +iT'f)(g +iTg) is the product of two analytic func-
tions on D, f(Tg) + (Tf)g must be the “conjugate” of fg — (T'f)(Tg). The
complex case follows from the real one: for a complex valued f, we define
Tf=TR())+:T(S(f)) and (62) remains valid. From ([G2]) in the C-valued
case, it is immediate to deduce that for any pair f, g of B(H)-valued trigono-
metric polynomials we have

T(f®g— (Tf)®(Tg)) = f&(Tg) + (T f)g (6.3)

where (as before) the notation f®g stands for the B(H)® B(H ) valued function
z = f(2)®g(z) on T, and where we still denote by T the mapping (that should
be denoted by T'® I) taking f @ b (f € Ls,b € B(H)) to (Tf) ®b. Now, it is
a simple exercise to check that for any such f

Tf=17(f)

(this is an equality between two B(H) valued functions). Therefore we have
also:

T(fog—(TfeT(G)=fT@+Tf®37. (6.4)

We can now apply the well known Riesz—Cotlar trick to our situation:

THEOREM 6.1. For any p > 2, of the form p = 2F with k € N, the Hilbert
transform T is a c.b. mapping on Ap(T,m).

Proof. If we restrict (as we may) to functions such that f(0) = 0, we have
T? = —id and hence (6.4) implies

TfOTf - fof = T(f&(TF) + (Tfef). (6.5)

We can then again use induction on k. Assume the result known for p, i.e. that
there is a constant C such that

1T fllB()@minA, < CIFIBE) ©mint, -
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We will prove that the same holds for 2p in place of p (with a different constant).
Let B = B(H). By (&3], we have

|ITf&Tf — f® f||B®m;n§®m;nAP <20|f® T_f||B®mm§®Ap'

By (B3, this term is

<2001 @ fllys. 5o 17T O TG 5on
We have
1B mnte, = IFEF B Bomma,
and
1T fl s ommns, = ITFETFll o Bomma, -
Therefore, denoting this time = = [|Tf|| Bouinaz, a0d ¥ = || fl| BommAz,, and
using

[ ITFET Flly — I1f @ Flly| S ITFETF - £ © fllwy

we find again
2% — y?| < 2Cay.

Thus we conclude that = and y are “equivalent,” completing the proof with 2p
in place of p. o

7 COMPARISON WITH L,

Let B = B(H) with (say) H = {5. Let E4,---, E,, and G be operator spaces.
Recall that an m-linear mapping

u: By x---xE, -G

is called (jointly) completely bounded (j.c.b. in short) if the associated m-linear
mapping from

u: (B O min El) X X (B O min Em) — B®min "'®minB®minG

is bounded. We set ||ullc» = [|@]|, and we say that u is (jointly) completely
contractive if ||Jul|c < 1. Note the obvious stability of these maps under com-
position: for instance if F, L are operator spaces and if v: G x F — L is
bilinear and j.c.b. then the (m + 1)-linear mapping w; Fy X -+- X E,, x F — L
defined by
U)(I'l, T ammny) = ’u(u(:cl, T amm)ay)

is also j.c.b. with ||w]|e < ||u||eb]|v||es. Moreover, if in the above definition we
replace B by the space K of compact operators on f5, the definition and the

value of ||u||e is unchanged. This allows to extend (following [23]) the complex
interpolation theorem for multilinear mappings. In particular, we have
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LEMMA 7.1. Let 1 < p,q,r < oo be such that 1/p+ 1/q = 1/r. Then the
pointwise product from L, X Ly to L, is completely contractive. More generally,
if 1 <p; <oo (1<j<N)aresuch that > 1/p; = 1/r, the product map
Ly, X -+ x L,y — Ly is completely contractive. In particular, if p is any
positive integer, the pointwise product P, from Ly, X ---x L, (p-times) to L is
completely contractive.

Proof. The three cases either g = co,p=rorp=o00,q=rorq=p,r =1
are obvious. By interpolation and then exchanging the roles of p and ¢, this
implies the general case. By the preceding remark, one can iterate and the
second assertion becomes clear. O

THEOREM 7.2. Let p = 2m, m € N. The identity map L, — A, is completely
contractive.

Proof. By the preceding Lemma [(1l P,: L, x --- x L, — Ly is completely
contractive. Therefore

~ ~ p/2 2
H/f1®' @ fpp® /i@ @ fpa| < | [Tl B@minLs
1
Thus taking f1 = --- = f,/2 we get by (B.3)
HfH]JDB@mmAp < Hf”%@,mLp
and we obtain ||L, — Aplle = 1. 0

Remark 7.3. The preceding argument (together with Corollary B.6) shows
that the o.s.s. on A, is essentially the minimal one on L, such that
P,: Ay x --- x A, — Lp is completely contractive. More precisely, assume
p €N Let Qp: L, x -+ x Ly x L, x -+ x L, (where L, and L, are re-
peated p/2 times) be the p-linear mapping taking (fi,---, fp/2, 91, , Gp/2)
to [ fi--- Ip/291, -+ s Gpj2dp. Then if X, is an o.s. isometric to Ly, such that
Qp: Xp X+ xXpx X, x---x X, = Ly is completely contractive, the identity
map X, — A, is completely contractive.

In the case of L, itself with its interpolated o.s.s. we could consider P, instead
of @, because the map f ~ f is a completely isometric antilinear isomorphism
from L, to itself, and hence defines a completely isometric linear isomorphism
from L, to Ep. (This can be checked easily by interpolation starting from
p = oo and-by duality-p = 1.)

This remark leads to:

COROLLARY 7.4. For any integer p > 1, we have a completely contractive
inclusion

(Ap, Loo)1/2 — Agp.
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Proof. Let Xap = (Ap, Loo)1/2. We will argue as in the proof of Lemma [ZT]
applying complex interpolation to the product map P, : (21, -+ ,%2p) —
x1 - - Top. Clearly, by Lemmall ] P, is completely contractive both as a map
from (A,)P X (Lo)P to Ly and as one from (Le)? x (Ap)P to Li. Therefore,
by interpolation, Pop: Xgp, X - -+ x Xop, X X2p X oo X X2p — L, is completely
contractive. The preceding remark (applied with 2p in place of p) then yields
this corollary. O

Remark 7.5. We wish to compare here the operator spaces L, and A,. We
already know that they are different since the Khintchine inequalities lead to
two different operator spaces in both cases, but we can give a more precise
quantitative estimate.

Let us denote by Ly the space Ly(Qy, f1n) when Q,, = [1,...,n] and p, is the
uniform probability measure on 2. We then set

A = Ap(Qs i)

We claim that for any even integer p > 2, there is d, > 0 such that for any n
the identity map (denoted id) satisfies

lid: A" = L[|y > 6yn7275),

To prove this, we will use an adaptation (with A, instead of L,) of the results in
[13,[24]. Indeed, by Corollary I4.2 below, using the classical “Rudin examples”
of A(p)-sets, one can show that the space A} contains a subspace £, C A}
with dim E,, = d(n) > n2/? and such that the inclusion OHyn) C E, satisfies
|OHa(ny = Enllet < Xxp- Moreover, there is a projection P,: A} — E, with
| Prlleb < xp- Here p is an even integer > 2 and x,, is a constant depending only
on p. In addition, by [I3], the same space £, considered in Ly is (uniformly
over n) completely isomorphic to R,(d(n)) N Cp(d(n)) (intersection of row and
column space in Sg(")). In fact we use only the easy direction of this result,
namely that ||E, = R,(d(n))|le <1 and ||E, = Cp(d(n))|les < 1.

It follows that there is a constant §, > 0 such that if id denotes the identity
map we have

llid: Ay = Lylle = 0pl|OHany — Cp(d(n))]leb-

Recall that (see [25, p. 219]) [|OH(d) — Coo(d)|les = d*/*. Thus by interpola-

tion, we have for any d if £ = ¢
p 2

1Cp(d) = Coo(d)l|et < [|OH (d) = Coo(d)||% = d*/*,
also
IOH(d) = Cp(d)lles | Cp(d) = Coo(d)]|cv > |OH(d) = Coo(d)]| e,

therefore we find
|OH (d) = Cp(d)|cp > d*/*d= 0/
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and we conclude for some 5;; >0

- . 2/py =8 0(1-6)
l[id: A} — L2y > 0,(n*/P)™T =§/n~ 3
A similar argument applies to compare A} with either min(L;}) or max(LZ).
Using the projections P,,, we easily deduce that for some constant X;; >0

d
5y

1Ay = max(Ly)[lev > Xp|OHy(ny — max(€5"™)|es

and

I min(Ly) = Aflles > x| min(€5™) = OHoyn|eb.

But it is known (see [25 p. 220]) that for any d
|OH; — max(¢9)||cp = || min(¢2) — OHgl|ep ~ cd/?
where ¢ > 0 is independent of d. Thus we obtain
Ay — max(Ly)l|cy > cxg,d(n)l/2 ~ nt/P
and similarly
| min(L2) = A%l > /n'/P.
8 THE NON-COMMUTATIVE CASE

Let M be a von Neumann algebra equipped with a normal semi-finite faithful
trace 7, and let L,(7) be the associated “non-commutative” L,-space. The
preceding procedure works equally well in the non-commutative case, but re-
quires a little more care. To define the o.s.s. on L,(7) that will be of interest
to us we consider f in B(H)® L,(7) of the form f = Y"1 by ® 7;, and we define

f* € B(H)® Ly(1) by

n —
Consider f = > by®x, € B(H)®Ly(7) as above and g = Y ¢;®y; € B(K)®
1

Ly(7) (p,q > 1). We denote by f&og € B(H)@B(K)®L,(7) (r> 1,4 = 14+1)
the element defined by

f®9=2kjbk®cj®$kyj-

Given f € B(H) ® Li(7) we denote 7 = idpyy ® 7: B(H)® L1(7) — B(H).
More explicitly if f is as above (here p = 1) we set

#(f) = brr(xn),

and since the norm and the cb-norm coincide for linear forms, we have
17O < N1 B&minLa (r)-
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Then, by the trace property, if r = 1, 7(f®g) and 7(g®f) are the same up
to transposition of the two factors, and hence have the same minimal norm.
More generally, given finite sequences f; € B(H) ® L,(7) as above and g, €
B(K)® Ly(1) (r > 1,1/r =1/p+1/q), the same reasoning yields

1732, feoan)| = 17X, aedfo)l. (8.1

This identity (8J)) will considerably facilitate the generalization of most of the
preceding proofs to the non-commutative case, in a rather easier fashion than
for the corresponding steps in [26].

Now, Haagerup’s version of the Cauchy—Schwarz inequality for the Hilbert
space {2(La(7)) becomes:

LEMMA 8.1. Let fr,gx € B® La(7) (k=1,...,N). Then

HZf #(fr6ox) ] <|[Srmen|” |2 (Saca)| . 62

and actually this is valid when T is any (not necessarily tracial) state on M.

Proof. Let H be the Hilbert space obtained (after quotient and completion)
from M equipped with the scalar product (x,y) = 7(y*z). Then this lemma
appears as a particular case of ([2.2]). O

We will use repeatedly the identification
B(H) = B(H).

The operator space A,(7) will be defined as isometric to L,(7) but with an
o.s.s. such that for any f in B(H) ® L,(7) (p an even integer) we have

1
1B @mint,(r) = 17O @ @ O go,en. - orFonm (83
where f*®f and H ®3 H are repeated p/2-times.
To prove that (83]) really defines a norm (and an o.s.s.) on B(H) ® L,(7) we

proceed exactly as in the commutative case by first establishing a Holder type
inequality:

LEMMA 8.2. Let p > 2 be an even integer. Consider f; € B(H;) ® Lp(7). Let
T . C 1/p
||fj||(p) = ||T(fj ®fj® " '®fj ®fj)”B(ﬁj®Hj®,,,®ﬁj®Hj)

where f;‘@fj is repeated p/2 times. We have then

p
17 (18- fp)l < TT 1£ill - (8.4)

j=1
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Proof. We will use repeatedly the fact that the minimal tensor product is com-
mutative i.e. a permutation o of the factors induces a complete isometry (and
actually a #-isomorphism) from B(H; ®3 - -+ ® Hy) to

B(Hcr(l) Q2 -+ X2 Ha(n))
Thus for any « = ijl ®-- @b @x; € B(H1) ® -+ ® B(Hy) @ Lp(7), if we
denote o[z] = Zb‘;(l) ® - ® b‘jf(") ® x; we have
[#([min = [[o[2]]lmin-

Let y = o[z]. To indicate that one can pass from z to y by a permutation, it
will be convenient to write x ~ y.
Thus z &~ y guarantees ||Z||min = ||y|/min. For example, let

fi€ B(H\)®Ly(1)  fo€ B(Ha) ® Ly(7).
Then 7((fi®f2)*) ~ 7(f;®f;) and hence
17((frf2)) = IF(fs )]
Also using the trace property we have for any f in B(H) ® La(t)
(' of) = #(fof)
and hence

£l = 11"l 2)- (8.5)
More generally, for any fi,..., f, as before we have by (81

17(A® - @) B @2--021,) = IT([p® 18- @ fp 1) BH,20--@2H,_1)-

(8.6)
In particular this gives us for any j
R P . PR §
Ifillwy = IF(fi&ff®- - &f;f)|7 (8.7)
or equivalently
1fill ey = I1£7 1l w)- (8.8)

To prove the Lemma, we start with p = 2. In that case ([84]) reduces to ([1]).
Let us denote by ([84), the inequality (84) for a given value of p. We will show

(m)p = (M)Qp'

This covers only the case p = 2¥, but actually the argument used earlier for
L,(p) (see Lemma [BI]) when p is an even integer can be easily adapted to the
case of L, (7) (note that the invariance of I(f1, -+, fy) = 7(f1® - ®f,) under
cyclic permutations suffices to adapt this argument here). We leave the details
to the reader at this point.
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So assume (84]), proved for some integer p > 2. Consider
ijB(Hj)@Lgp(T) j=1...,2p.
Let
9j = f2j1®f2j € B(Haj 1 @3 Haj) @ Lp(t) (1 =1,...,p).
By [B4), we have
»
17919 - @gp)ll < T llgslln)- (8.9)
1
Moreover using ([80]) we find
N e . . P 1
9illp) = 17 (f3;-1@faj—1® f2;@f5,@ -+ )| 7
where the preceding expression is repeated p/2 times.
By B4), we have
lgilloy < 1518 FasmslIE) | fas 8511,
and hence by (87

< 1f25-1ll2p) | f25 ll 2) -
Thus we find that (89) implies (84)2,. O
We then have just like in the commutative case:

THEOREM 8.3. Let p > 2 be an even integer. The space Ly,(T) can be equipped
with an o0.s.s. so that denoting by A,(T) the resulting operator space we have
for any H and any f in B(H) ® Ly(7)

1118 @mints () = I1f | w)-
Proof. We may reduce consideration to H = {5 for simplicity of notation. We

have then by (84

£l = sup 17 (f@ S22 - @) (8.10)

where the supremum runs over all f; in B(H) ® Ly(7) (2 < j < p) with
I1fillpy < 1. We then define for any x in Ly ()

J(@) = BF (2@ fo@ - Qfp)] (8.11)

where the direct sum runs over all choices of (f;) (j > 2) as before. Then (810)
ensures that

£l py = [IGGdBay @ J)(f)lmin-

Thus J defines an isometric embedding of L,(7) into some B(H) (here H is a
suitably “huge” direct sum) as in (8I]]) so that the associated o.s.s. satisfies
the desired property. O
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By exactly the same argument as for Corollary [3.7] above, we have

COROLLARY 8.4. Let p > q > 2 be even integers. If T(1) = 1, the inclusion
AL (1) C Ay(7) is a complete contraction from A,(T) to Ay(T).

It is important for the sequel to observe that 0 < 7(f*®f) for any f in B ®
Lo(7). This follows from a very general fact on sesquilinear forms.

LEMMA 8.5. Let B and E be complex vector spaces. Let x € (BRE)Q (B ® E)
be such that x = 0, meaning by this that x can be written as a finite sum x =
ST @ty witht, € BQE. We will use the natural identification B®@ E = BQE.
Let p: E® E — C be a bilinear form (equivalently o defines a sesquilinear
Jorm on EX E). Lety = (¢ ®idggg)(z) € B® B (more precisely here ¢ acts
on the second and fourth factors, so, to indicate this, the notation y = (p)24(x)
would be less abusive). If ¢ is positive definite (meaning that p(a ® a) > 0
Va € E), then y > 0.

Proof. Note that we may as well assume B and F finite dimensional. Consider
then t = Y by ®ar € BQE, £ € B* and s = (£ ®idg)(t) € E. We have
((®ERidgyE)(t®T) = s®5 = 0 and hence (&) (y) = ¢(s®5) > 0. By the
proof of Lemma 2] we conclude that y = 0. O

In particular, since 7(a*a) = 7(aa™) > 0 for any a in La(7), this implies:
LEMMA 8.6. For any f in B ® La(7), we have
T(ffof) =0 (and 7(f&f*) = 0).

Remark 8.7. By the classical property of conditional expectations, if 1 < p,p’ <
oo are conjugate (i.e. p’ = p(p —1)71) and if T: L,(7) — L,(7) is the con-
ditional expectation with respect to a (von Neumann) subalgebra of M, then:
V& € L,(1) Yy € Ly (1) we have

T(T(x)y) = 7(2T(y)) = 7(T(2)T (y))-

Therefore for any f € B(H1) ® Lp(7) and g € B(Hz) ® Ly (1) we have:
T(T(f)og) =7(f@T(9)) = T(T(f)=T(9)) (8.12)

where we still denote abusively by T the operator IQT acting either on B(H1)®
L,(7) or on B(Hj3) ® Ly (7). Moreover, it is easy to check that T'(f*) = T'(f)*
for any f € B® L,(7).

In the rest of this section we continue to abusively denote by T' the operator
I®T on B® Ly(r).

LEMMA 8.8. Let T: Ly(1) — L,(T) be the conditional expectation with respect
to a von Neumann subalgebra N' C M. Let p = 2m be an even integer. Then
for any f in B® L,(T) we have

1T fllp) < 1f Nl p)- (8.13)
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Proof. By [8I2), we have
FT(NHT(f) @ T (f)OT(f)") = 7F(fOT(f)'® - ST (f)RT(f)").

Indeed, just observe that if ¢ = T(f)*®-- - QT (f)QT(f)* then T(g) = g.
Therefore by ([84]) we have

TP, < 1l 1T

and hence after a suitable division we obtain (8I3]). O

Remark 8.9. In the preceding situation for any f in B ® La(7), let fo = T(f)
and dy = f — T(f). We have then T(f*®f) = fi®fo + T(d;®d;), and hence
(since 7T = 7) 7(f*®f) = 7(f§®fo) + 7(di@dy) Therefore, by Lemma B we
have both 7(f®fo) < 7(f*®f) and 7(df®d1) < 7(f*Qf).

By Corollary [R4] assuming 7(1) = 1, for all even integers p > ¢ > 2, and any
f € Ba@M, we have || f| ) < ||fll(g), so that it is again natural to define

1Fllooy = tim {1 flls)-

This norm is clearly associated to a well defined o.s.s. on M, so we are led to
the following

DEFINITION 8.10. Assume 7(1) = 1. We will denote by Ao (M, 7) the Banach
space M equipped with the o.s.s. determined by the identities

VieBaM  |[fllBomntro M) = 1 ll(c0) = sup || fllp)-
p€e2N

We warn the reader that in sharp contrast with the commutative case, in general
Ao (M, 7) is not completely isometric to M. See {I0 below for more on this,
including the case study of M = M,, equipped with its normalized trace.

9 COMPARISONS

We need to recall the definition of the “opposite” of an operator space E C
B(H). The “opposite” of E, denoted by E°P, is the same Banach space as F,
but equipped with the following norms on M, (E). For any (a;;) in M, (E) we
define ot

i)l ag, czomy 1 @5 a2

Equivalently, E°P can be defined as the operator space structure on E for which
the transposition: z — ‘z € B(H*) defines a completely isometric embedding
of E°P into B(H™).

Let M be a von Neumann algebra equipped with a normal semi-finite faithful
trace 7, and let L,(7) be the associated “non-commutative” Ly-space. We
need to recall the definition of the “natural” o.s.s. on L,(7) in the sense of
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[23] (we follow the clarification in [25, p. 139] that is particularly important
at this point). We set Loo(7) = M. Of course we view Lo (7) as an operator
space completely isometric to M. The space L;(7) is classically defined as the
completion of {x € M | 7(Jz|) < oo} for the norm z — |z = 7(|z]). Tt
can be identified isometrically with M, via the mapping = — ¢, defined by
wz(a) = 7(za). The space M, C M* is equipped with the o.s.s. induced by
the dual of the von Neumann algebra M (this duality uses Ruan’s theorem, see
e.g. [25, [I1]). The “natural” o.s.s. on Li(7) is defined as the one transferred
from the space M’ via the preceding isometric identification = — ¢,. In short
we declare that Li(7) = M completely isometrically. Then using complex
interpolation, we define the “natural” o.s.s. on L,(7) (1 < p < o0) by the
completely isometric identity L,(7) = (Loo(7), L1(T))1/p-

For example, when (M, 1) = (B({2),tr), the space L,(T) can be identified
with the Schatten p-class. The column (resp. row) matrices in B(¢z) form an
operator space usually denoted by C' (resp. R). However, when considered as
a subspace of Li(7) they are completely isometric to R (resp. C), while when
considered as subspaces of Ly(7) they both are completely isometric to OH.
The non-commutative case of §fl requires us to introduce yet another o.s.s. on
L,(7).

We set again Loo(7) = M but we set L£1(7) = M, (so that £1(7) = L1(7)°P)
and we denote by £,(7) the operator space defined by

Ly(7) = (Loo (1) L1(7))1/p-

The space £,(7) is isometric to L,(7) but in the non-commutative case its
o.s.s. is different. For instance if (M, 7) = (B(¢2),tr), the column (resp. row)
matrices in £,(7) form an operator space that is completely isometric to C
(resp. R), for all 1 < p < co. In sharp contrast, the o.s.s. of the subspace
formed of the diagonal matrices is the same in £,(7) or L,(7), and it can be
identified completely isometrically with ¢, equipped with its natural o.s.s. . In
particular, £o(7) is isometric to the Hilbert-Schmidt class S, but the column
(resp. row) matrices in Lo(7) are completely isometric to C' (resp. R) while
the diagonal ones are completely isometric to OH.

PROPOSITION 9.1. Let 1 < p,q,r < oo be such that r—' = p~! + ¢~ '. The
product mapping

(z,y) = ay
is (jointly) completely contractive from L,(T) x L4(7) to L,(T).

Proof. We start by the two casesp=r=1,g=occandg=r=1,p = co. We
need to show that (z, ¢,) — @uy (resp. (@z,y) — @ay) are (jointly) completely
contractive from M x M, to M, (resp. from M. x M to M,). Consider
z = [zr1] € Mp(M) with |z|| < 1 and y = [y;;] € My(M,) with |y <1
(resp. = = [zm] € Mp(M.,) with ||z < 1 and y = [y;;] € M,(M) with
lyl| < 1). It suffices to show that in both cases we have ||[0z,,y.; ]| M, (M) < 1.
Equivalently, we need to show that the map v : M — M, ® M, defined by
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u(a) =Y e ® em T(yijaxk) satisfies ||ullqp < 1.

Consider v : M — M, ® M defined by v(a) = Y en ® aziy = (I ® a)x.
Clearly |[vfles < [Jz|| < 1. Let w: M — M, defined by w(a) = Y e;;7(yija).
Then [[w||ey = [yllar, (m.) < 1. We have (I @ w)v(a) = > en ® ey T(yijaz)
which is u(a) up to permutation of the tensor product. Therefore ||ullsp <
1@ wlleploles < llesllvllen < 1

(resp. let V.: M - M, @ M and W : M — M,, be defined by V(a) =
>eij ®ay;; and W(a) = ep7(xpa), then we have u(a) = (I @ W)V (a) and
we conclude similarly). O

COROLLARY 9.2. For any p € 2N and any f € B® L,(1) we have

1fllw) = 1l BoA, () < max{ [ | B@minty () 1| B miny(r) }-

In other words, the identity defines a completely contractive map Ly(T) N
Ly(1)" = Ap(7) (where L,(T) N Ly(17)?" denotes the o.s.s. on L,(T) induced
by the embedding x +— x ® x € L,(1) & Ly(1)7

Proof. By iteration, the preceding statement implies that for any integer N the
product mapping is (jointly) completely contractive from £y, (T) XX Ly (T)
to L,(r) when 1/r = > 1/p;. Equivalently, setting By = --- = By = B,
the mapping (f1, -+, fn) = fi® -+ @fn is contractive from 31 ®min Lp, (T) X
- X BN ®min Lpy (T) t0 B1 @min - @min BN @min Lr(7). A fortiori, when
r=1, (fi,,fn) = 7(i®- ~~®fN) is contractive from By ®min Ly, (T) X
-+ X BN ®min Lpy (T) 10 B1 @min - * - ®min Bn. Therefore, if p is an even integer,
we have

2 * 2
1112,y = 17 &F& - &F SN < N gl F e o iy

A fortiori we obtain the announced result. Note that Z — z* is a completely
isometric linear isomorphism both from M to M°P and from M, to M, and
hence also from £,(7) to L,,(7)* for all 1 < p < co. Therefore, if f = Y7 b;®@x;

we have [| f* ||B®mm[1 = || >0 @ | B@ sy (r) = 120505l g 2 iryer =
1220, ®; ||B®minﬁp(f)ov Thus || f* ||B®m;n£p(‘r) [l B& ity (r)or» Whence the
last assertion. O

We will now examine the particular case when (M, 1) = (B(f2),tr). Recall
that R (resp. C) is the subspace of M = B({3) formed by all row (resp. col-
umn) matrices. More generally, we denote by R, (resp. Cp) the operator space
obtained by equipping R (resp. C) with the o.s.s. induced by L, (7). We also
denote by R} (resp. C}') the n-dimensional version of R,, (resp. C).
Similarly, we will denote by R (resp. C. ») the operator space obtained by
equipping R (resp. C) with the o.s.s. induced by A, (7).

Furthermore, let l~)p be the operator subspace of A,(7) formed of all the diago-
nal matrices. As a Banach space this is isometric to £,, and it is easy to check
that as an operator space l~)p is completely isometric to the space Ay, = A,(N, p)
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with p equal to the counting measure on N.

Letbje B(j=1,---,n)andlet f = > b;®e1; € BOR (resp. g = > b;Qe;1 €
B®C). Then f@f* =3 b;® Bj ® e11 (resp. g*®g = ZBj ®b; ® e11). Note
that || S2b; @b;]|1/2 = || Y2 b; @ by||1/2. Therefore, viewing f and g as elements
of B® Ay(7), for any p € 2N, we have

£l = llglly = I by @ 5,12
Thus we find:

LEMMA 9.3. The spaces ITE,, and @, are both completely isometric to OH for
any p € 2N, while D, is completely isometric to \p.

Againlet bj € B (j =1,---,n) and let f =) b;®@e1;. We have ||f||pgL,(r) =
sup{|| X:bjab;'fﬂzl,/2 | llallp < 1} (see [22 p. 83-84] or [36] for details). In case
b; = ej1, this gives us ||f||pgr,(r) = n'/?*". Therefore the natural inclusion
Ry — RY has c.b. norm > n1/4=1/2p " Similarly, using instead b; = ey, we find
1oL, ) = nM/PA=1/P) and hence ||RY — R?||ep > n'/4=1/2P This shows:

LEMMA 9.4. For any p € 2N and any integer n > 1, the n-dimensional identity
maps satisfy
|Lp(My, tr) = Ap(My, tr)||les > nl/4=1/2p

and

[Ap(My, ) — Ly(Miy, tr)]|ep > n/4=1/2P,

10 CONNECTION WITH CB MAPS ON OH

Given a Hilbert space H we denote by OH the operator Hilbert space isometric
to H, as defined in [22]. This means that whenever (7}) is an orthonormal basis
of OH, for any finitely supported family (b;) in B we have

1D b @Till = 1) b; @b (10.1)

Assume M C B(H) and 7(1) = 1. We will compare the limit o.s.s. of A,(M,T)
when p — o0 to the one induced on M by CB(OH) equipped with its usual
operator space structure.

The latter can be described as follows (see e.g. [11]): Whenever E, F are
operator spaces the space CB(E, F) of all c.b. maps from E to F is equipped
with the (unique) o.s.s. determined by the isometric identity

YN >1 MN(CB(E,F)) =CB(E, My (F)).
More generally, we have an isometric embedding

B @min CB(E, F) C CB(E, B @i F). (10.2)
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If either E or F is finite dimensional, we may identify completely iso-
metrically CB(E, F) with E* ®uin F. When F = F, we denote simply
CB(E) = CB(E,E). Thus in particular CB(OH,,) can be identified with
OH ®@min OH,, or equivalently by the selfduality of OH,,, with OH,, ®min OH,,
or OH,, ®min OH,,. We first recall a well known fact.

LEMMA 10.1. Let E, F, G be operator spaces. Let B' = B(H') for some Hilbert

space H'. Then for any f =>"b; ®x; € B CB(F,G) and g = > b}, Q y, €
B’ ® CB(E, F) we have

1 £ 29l BSim B @mincB(E,6) < 1 fl BommeBE.c) |9B@macn@E,F,  (10.3)

where, as before, we denote f®g = 2k @b, @y € B® B'®@ CB(E,G).
In other words, the composition (x,y) — xy is (jointly) completely contractive
from CB(F,G) x CB(E,F) to CB(E, Q).

Proof. To prove (I0L3), note that f (resp. g) defines a c.b. map f: F —
G @umin B (resp. §: E — F Quin B') and || f|po,.cBra) = [|flle (resp.
9l B@mincBE,F) = |lgllcs). Indeed, recall that, if we wish, G ®@uin B can
be identified with B ®pyin, G. Similarly, f®g defines a ¢.b. map ¥ : E —
G @min B ®min B’ such that || f®gll g ommcBE,c) = [¥[as. But since
U = (f®Idp)ogwehave || < ||flles]llles and (ITF) follows. O

Remark 10.2. In particular, the preceding Lemma implies a fortiori that if
D, E, F, G are operator spaces and if u € CB(D, E) and v € CB(F, G) are fixed
complete contractions, then the mapping x +— vzu is a complete contraction
from CB(E, F) to CB(D, G). Indeed, the latter can be viewed as the restriction
of the triple product map to Cv x CB(E, F') x Cu.

THEOREM 10.3. Let (M, T) be as before with M C B(H) and 7(1) = 1. Let
us denote by M the operator space obtained by equipping M with the o.s.s.
induced by CB(OH). Then

A M, 7) =M
completely isometrically.

The proof of this Theorem will require some observations about the space
CB(OH) that may be of independent interest.
The following rather striking identity (I0.4) appears as analogous to Gelfand’s
axiom (namely ||z||?> = ||z*z|) for C*-algebras. It seems to express that
CB(OH) is an o.s. analogue of a C*-algebra...

THEOREM 10.4. Let us denote simply by B the operator space CB(OH). (Note
that B is isometric to B(H) as a Banach space.) For any f € B ® B we have

1 1B mns = 1O F | 8o Bomms = 1fOF | Be i BOmas: (10.4)

Moreover, we also have

1| 8&mins = I1f | BOminss- (10.5)
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Proof. Let H; C H be an increasing net of finite dimensional subspaces with
dense union. Assuming f = > b; @ z;, let f(i) = Y b; ® Py,xjg € B®
CB(OH;). Then, using the homogeneity of OH in the sense of [22] p. 19]
or [23], one checks that each side of either (I04) or (I0.F) is equal to the
supremum over ¢ of the expression obtained after substituting f; for f. Thus
it suffices to prove (I04)) or (I05) when dim(H) < oo.

In that case, denoting by 7 an orthonormal basis of OH,, and using the
identity CB(OH,,) = OH,, ®min OH,,, we may write any f € B B as f =
Z bij ®Ti®Tj with bij € B, and ||f||B®B = || Z bij ®Ti®Tj||B®IninOHn®xninOiHn'
Using ||z|| = ||Z|| for any operator x, and permuting the second and third
factors, we have then obviously (the norm being the min-norm)

1Y by @Ti@ Tyl = | Y by @TRTy| = | > by @T;@T] = || Y bji@Ti@T]],
and this is clearly equivalent to (I0.5). )

Let y; = >, b;; ®T;. By ([I0LI), we have || Zbij_®Ti®TJ’||B®H,inOHn®minO—H,L =
I v @Til = | Zaoll'? = | Zyn ®T; @ Tk || /? where yjr = 3=, bij @ bix.

Using again the identity CB(OHy) = OHy,, @min OH,, we find f*®f = > yjx ®
T; @ Ty. Thus, we have || f|| = [|f*@f[|'/?, and by ([LT) we obtain ([IF). O

Remark 10.5. Note that after iteration, for any p = 2™ (m > 1), (I04) yields

||f||%®n}in8 = ||f*®f®f*®f o HB®minB®min"'®minB' (106)

COROLLARY 10.6. Let Hr = ®;ecrH; be an orthogonal decomposition of a
Hilbert space Hy. We have then a completely isometric embedding

Proof. Let u: @®;e;CB(OH;) — CB(OH ) denote this embedding. It is easy
to reduce the proof to the finite case so we assume |I| < co. Since the coordi-
natewise inclusions and projections relative to OH| are all completely contrac-
tive, it is easy to check using Lemma [[01] that ||ul|e < |I| < oo. Consider now
f € B ®min (®ic1CB(OH;)) and let ¢ = (Idp ® u)(f) € B ®min CB(OHI).
We need to show that ||g|| = ||f||. Note that (Idzgpg.. @ u)(f*®f)%™) =

(g*®g)®™. Thus, by ([03) and ([TA) we have for any integer m
lgll = [I(g™cg) =™ [IV/>™ < (IT|l|(f*@ )= )™ = [ £

so that letting m — oo we obtain ||g|| < ||f||. Since the converse inequality
follows easily from Remark [[0.2] applied to the coordinate projections, we have
equality. O

THEOREM 10.7. Let E C B(H) be any operator space. Let us denote again by
E the operator space obtained by inducing on E the o.s.s. of CB(OH). Let
F C B(K) be another operator space. Then for any v € CB(E, F) we have

lulleser) < lullesEe,r)-

In particular, if w: E — F is completely isometric, then v : E — F also is.
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Proof. We may clearly assume F' = B(K) and F = CB(OK) and by the same
argument as in the preceding proof, we may assume dim(K) = n < co. Assume
lullcpp,Fy < 1. Then u extends to a c.b. map @ : B(H) — B(K) with the
same cb-norm. Since M, (B(H)*) = M,(B(H).)** isometrically (see e.g. [11]
p. 75]) 4 is then a point norm limit of normal maps with cb-norm < 1, so we
may assume that v is normal on F = B(H). Then (see [34, p. 45]) there is a
factorization of u of the form u(z) = Vp(z)W with |V < 1, |W]|| < 1 where
p is an “ampliation”, i.e. p takes its values in B(@;crH;) for some set I with
H; = H for all i € T and p(z) = ®erpi(x) with p;(x) = x for all i € I. This
reduces the Lemma to the case when u is an ampliation and to the case when
u is of the form u(z) = VaW.

Let us first assume u(z) = VaW with V.: H — K and W : K — H
of norm 1. By the homogeneity of OH we know that the cb norm of V :
OH — OK is 1, and similarly for W : OK — OH. Then by Remark
lulleseBom).cBOK) < 1.

We now assume that u is an ampliation i.e. u = u; where us(z) = ®;cru;(x) €
B(®ierH;) with H; = H and u;(z) = = for all i € I. Let Hy = ®;erH;. By
Corollary [0.6 u; is a complete isometry from CB(OH) to CB(OHy). Since
both multiplications and ampliations have been checked, the proof of the first
assertion is complete. The second assertion is then immediate. O

COROLLARY 10.8. Let E C B(H) be any operator space. The o.s.s. of E
(induced on E by that of CB(OH)) is independent of the completely isometric
embebdding E C B(H), i.e. it depends only on the o0.s.s. of E.

Proof of Theorem[10.3. We first give a simple argument for the special case
when M = M, equipped with its normalized trace 7,,. We will show that
Ao (M, 1,) can be identified completely isometrically with C B(OH,,) for any
n > 1. We first claim that the identity from OH, ® OH, to itself induces
a mapping V,, : OH, ®; OH, — OH, ®ui, OH, such that ||[V,|s < 1
and |V, Yl < n'/2. By the minimality of the minimal tensor product the
first assertion is obvious. To check the second one, recall the identity map on
n-dimensional Hilbert space defines an isomorphism u,, : R, — OH, such
that ||unle = ||u; e = n'/* (see e.g. [25, p. 219]). Therefore, we have a
factorization of V, ! as follows

e Id@u;'——— —_ Uy

OH, @min OH,' 5" OH, @min Rn = OH, @), R, "&""OH, @), OH,,,
where we used the identity F Quin Rn = E ®p R, for which we refer e.g. to
[25, p. 95]. From this follows ||V, || < |luy t|eol|wn s = nt/2.
More explicitly, recall that for any pair of Hilbert spaces H, K we have (see
[22, Cor. 2.12))

OH ®, OK = O(H ®; K);

in particular, Ay (M, tr) is the same as Lo(M,,,tr) = OH, ®, OH,,. Therefore,
for any g € B ® Ao (M, tr) we have

19l Bgmmc B < 9] Bommns(tntr) < 229l BemmeBOm,).  (10.7)
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Consider an even integer p and f € B® M,,. Let g = f*®f®--- (here there
are p/2 factors equal to f*@f). We have by (I0.4)

||9||%@Inm..@n,mcza(oz{n) = ||9®9*||B®m;n---®m;nCB(OHn)-

We have also g®0g* = f*®@f®--- (here there are p such factors) and hence,
assuming p = 2™ for some m and using (I0.0), we find

2
”g”B@min"'@minCB(OHn) - ||f||%®xninCB(OHn). (108)
By definition of A, we have
1 B gt (0 ry = N9 Ao 0z, )
and hence by ([I0.7)
1913 moBOH.) < I B g inn, (M) < 1|9 se.mcBOmH,)-

Then by (I0.8) we obtain

1V 56,mon0m) S M 1 Bsmay 0. < M e, wc0m):
and, if we take the p-th root and let p — oo this yields

I f | BomimcB©OH,) = | fl| BOminA oo (Mo, 7n)-

We now consider the general case. Let f € B ® M. For any p € 2N we have
||f||’()p) = 7(f*®f---). As a linear form on M, 7 has norm 1, and hence c.b.
norm equal to 1 on M. Therefore

1712, = 1500 < IFSF o mos = 15 EF 5o mes
and by (I0.6) (assuming p = 2™)

||f*®f T ||B®~~~B®B - ||f||%®mm5 - ”f”%&nanM'

Thus we obtain || f|[;) < || f|| Bominm, and taking the supremum over p yields

[ £l BominAoe (M) < L F | B minsa-

It remains to prove the converse inequality.

Consider f € B M. Let FF': OH — OH ®un B be the associated c.b.
map (as in the proof of Lemma [I0T]). By Corollary 0.8 we may assume that
H = Ly(7) and that the inclusion M C B(Ly(7)) is the usual realization of M
acting on Lao(7) by left multiplication.

Let B’ be another copy of B. Note that for any £ € B’ ® OH we have

1€l B @mmor = [I€ll(2)-
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Moreover, if £ € B' @ M C B’ ® OH, then up to permutation of factors
(Idg @ F)(€) ~ f@€¢. Since || F||leo = ||[Idp @ F||cp, the definition of the o.s.s
of CB(OH) (see (I0:2) above) shows that

1 B@mintt = Il = sup{[|f@Ell2) | € € B’ @ M, [|€ll2) < 1}.

Fix £ € B’® M with ||{]|(2) < 1. To complete the proof it suffices to show that

1f@€l2) < sup [1fllp) = 1f | Bminhe (M,7)-
pe2N

To verify this, we claim that for any p of the form p = 2" we have

1 f&Ell2y < IF((F*&F)2P/20e06%)|HP. (10.9)

This is easy to check by induction on m. Indeed, by [83) (for p = 2), equality
holds in the case m = 1 and if we assume our claim proved for a given value
of m then the Haagerup-Cauchy-Schwarz inequality ([82]) shows that it holds
also for m + 1, because we may write (recall (81]))

17((F*&f)BP 206" || < (F*&F)%P 2| )16 | 2) =
= ||F((f* & F)PPEDE") 216" | (2

and by [§3) ||£*|(2) <1, so we obtain (I0.9) with 2p in place of p.
We now use the claim to conclude: By ([82) again (or by ([84)) we have

I7((£* & £)EP2RERE) P < |1 £ll o lIEGE 14T -

Now ¢ € B’ ® M implies £éR¢* € B’ ®@ B’ ® M and, since 7 is finite, we have
[£2€*[|(2) < oo, therefore ||£®€*||%2/)p — 1 when p — oo and we deduce from

.9

£ &€l 2) < limsup [|7((F*@f) P2 @ge™)|VP < limsup || fll2p) = sup [ £l )
p—00 p—+00 pE2N
which completes the proof. O

Remark 10.9. By the minimality of the min tensor product, we know that
we have a completely contractive inclusion OH* ®, OH — OH* Qi OH C
CB(OH). Therefore, for any pair of sets I,.J, in analogy with the inclusion
of the Hilbert-Schmidt class into the bounded operators, we have a completely
contractive inclusion

OH(I x J) — CB(OH(I),0H(J)).
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11 NON-COMMUTATIVE KHINTCHINE INEQUALITIES

We start by a fairly simple statement mimicking a classical commutative fact:

PROPOSITION 11.1. Let p = 2n. Let {x} be a sequence in L,(T), such that,
for some constant C, for any finite sum f = > by ® xy, with coefficients by, in
B(H), we have

1/2
H . (11.1)

1l < €[> b b

Assume moreover that {xy} is orthonormal in Lo(7) and 7(1) = 1. Then the
closed span of (x) in Ay(T) is completely isomorphic to OH and completely
complemented in Ap(T). More precisely the orthogonal projection P onto this
span satisfies |[P: Ap — Apllep < C.

Proof. Let P be the orthogonal projection on Ay onto the span under consider-
ation. For any f € BQ Ay, let h = (Id® P)(f). By a well known fact (see [22]
p. 19]), P is completely contractive on Az, so that ||A[|(2) < || f||(2)- By Corol-
lary B4, we have || f|2) < [|fll(p) and by our assumption ||A| ) < Cllhl|(2).
Therefore ||h||p) < Cfll(p). Thus, the c.b. norm of P acting from A, to
itself is automatically < C. Moreover, for any h € B ® Span|xg|, we have
2ll2) < [Ihllpy < Cllhll(2), which shows that the span is completely isomor-
phic to OH. O

With the “natural” o.s.s. introduced in [23] the Khintchine inequalities for
1 < p < oo are due to F. Lust-Piquard [20] . For p an even integer, A. Buchholz
[7] found a beautiful proof that yields optimal constants. His proof is valid for
a much more general class of variables instead of the Rademacher functions.
We will now follow his ideas to investigate the analogous question in the space
Ap.

Let P»(2n) denote the set of all partitions of [1,...,2n] onto subsets each with
exactly 2 elements. So an element v in P, can be described as a collection
of disjoint pairs {k;,j;} (1 < i < n) with k; # j; such that {1,...,2n} =
{ki,.  knyJ1y -y nte

We call such a partition into pairs a 2-partition. Let p = 2n be an even integer
> 2. Following [6] we say that a sequence {x} in L,(7), has p-th moments
defined by pairings if there is a function ¥: P(2n) — C defined on the set of
2-partitions of [2n] = {1,...,2n} such that for any k1, ..., ke, we have

T(zklzz‘gxkﬁ s xk2n711’z}2n) = Z 1/1(’/)

v (k.. kan)

where the notation v ~ (ki,...,k2,) means that k; = k; whenever the pair
{i,7} is a block of the partition v.
Note that, for each k, taking the k;’s all equal to k, this implies

lan) =3, o U0 (11.2)
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Now let E = span[z;] and B = B(H). Consider f € B® E of the form

F=> be
‘We have

F(fof)em = > > W)k, @b, ® - @bk, Dby,

k1, kon veo(ky..okan)

Therefore

A =1 Do @) Y bk @by, @ @by,

veP(2n) (k1,....kan )~

< D RO Y. @b, @by,

V€P2(2n) (k}l,...,kzn)’\/l/

But now let

)= D by ®bk @ @ biy,, DDy,
(K1seeeskan)~v

Then up to permutation ®(v) is equal to a product of n terms of the form
either Y by ® by, > bx @ by, or > by ® bg. Let Ty,---T, be an enumeration
of the latter terms. Since the permutation leaves the norm invariant, we have
[@@)ll = IT} 175 By @I [|Ty]| < || X bx @ b for each j (actually there is
equality for terms the third kind), and hence

_ n
lew)ll < ||> b 2 b
and we conclude that
1/2n

flen< | X wol]  [[Secen]”. (113)

vEP2(2n)

Moreover by (I12) we know that if () > 0 for all v, then the constant
2 vep,(2n) [¥(V)] is optimal. Recapitulating, we have proved:

THEOREM 11.2. Let p = 2n. Let {xi} be as above a sequence in L,(T), with
p-th moments defined by pairings via a function : Py(2n) — C. Then for
any finite sum f = > by @ xx (by € B(H)), we have

1/2
H ’

(RAITES Scw,pHZbk@@Ek (11.4)

1/2n
where Cy, ), = (Zyep2(2n) |w(1/)|> . Moreover this constant is optimal if
Y(v) >0 for all v.
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Buchholz applied the preceding statement to a g-Gaussian family with ¢ €
[-1,1]. The latter have moments defined by pairings. When ¢ € [0, 1], the
function % is non-negative, so the constant Cy , is optimal and, by (I1.2)), we
know Cy p = ||z1]|p- In particular, we have:

COROLLARY 11.3. Let (z1) be a sequence of independent Gaussian normal ran-
dom variables on a probability space (2, P). Then the span of (xy) is completely
isomorphic to OH and is completely complemented in A, (2, P) for every even
integer p. Moreover, (IL4) holds with a constant Cy p = ||z1||p that is O(/D)
when p — 00.

Remark 11.4. The preceding Corollary also holds when (z) is a sequence
(ex) of independent symmetric £1 valued variables (or equivalently for the
Rademacher functions). We show this in Corollary [[T.12] below, but here is a
quick proof with a slightly worse constant. Let () be independent Gaussian
normal random variables and assume that (gx) is independent from (). It is
well known that (z3) has the same distribution as (eg|zx|). Let 6 = E(|zx]|) =
2/4/m. The conditional expectation & with respect to (i) satisfies &(ex|zi|) =
dek. Therefore 6 Y exby, = E(O ex|zi|by), and by (BI3), this implies

S erbrllpy < 1D exlznlbrllpy = 1D zrbrll -

So we obtain the Rademacher case with a constant < ¢ _1C¢,p since Proposition
[IT1 ensures the complete complementation.

The preceding result applies to ¢g-Gaussian and in particular free semi-circular
(or circular) elements, see [7] for details. We have then Cy , < 2/4/1 — |g| for
all even p.

In either the semi-circular (¢ = 0) or the circular case, we have Cy, ,, < 2 for all
even p, and hence:

COROLLARY 11.5. For any even integer p, the closed span of a free semi-
circular (or circular) family, is completely isomorphic to OH and completely
complemented (by the orthogonal projection) in the space A, for the associated
trace (on the free group factor). Moreover, the corresponding constants are
bounded by 2 uniformly over p.

COROLLARY 11.6. Let M be the von Neumann algebra of the free group Fo
with infinitely many generators (gi). For any p = 2n and any finite sum

f= > bk ® Mgr) (b € B(H)), we have

_q1/2 ~ -
> eeeb < Ifllp) < 2| X beob

More generally, let Wy C Foo denote the subset formed of the reduced words of
length d. Then for any finitely supported function b: Wy — B we have

H1/2. (11.5)

I Ztewd b(t) @ A(t) | Bom < (d+1) HZ b(t) ®B(t)H1/2. (11.6)

teWy
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Proof. The left hand side of (IT.3) follows from Corollary B4 with ¢ = 2 and
the orthonormality of (A(gx)) in La(7). By [B, Th. 2.8] the operator space
spanned by {\(t)}tew, is completely isomorphic to the intersection X of a
family of d + 1 operator spaces X;, 0 < i < d, with associated constant equal
to d 4+ 1. On one hand, the space Xy (resp. Xg) is completely isometric to R
(resp. ('), the underlying respective Hilbert space being ¢5(WW;). On the other
hand, when 0 < j < d the space X; is completely isometric to the subspace
of B(la(Wy—;),€2(W;)) associated to matrices of the form [a(st)] when a is
supported on Wy. Identifying each W; simply with N we see that Xy (resp.
Xg4) is completely isometric to OH (N), while X is completely isometric to the
associated subspace of CB(OH(N)). By Remark [[0.9] we have a completely
isometric inclusion Xo — X for any 0 < ¢ < d, therefore the intersection of the
family X; 0 <14 < d is completely isometric to OH with H = ¢3(W;). Since by
Corollary [0.6l we know that X = No<i<qX;, (IL8) follows. O

Remark 11.7. A comparison with known results (see [7] for detailed references)
shows that the limit of ||f~||(p) when p — oo is not equivalent to ||f||B(H)®m;,,M
(here M is the von Neumann algebra of the free group with infinitely many
generators), in sharp contrast with BI1]) above.

More generally, let L,(N, ¢), or briefly L, (N, ), be another non-commutative
(semi-finite) L,-space. Consider fr € B ® Ly(y) and let

F=Y fr®z, € B®Ly(p x7)

where {x1} is as in Theorem [[T.2l We have then:

THEOREM 11.8. Let p = 2n and let C = Cy p be the constant appearing in
@I4). Then for any F as above we have

. 1/2 . 1/2
F < C'max H Qfr , r® H } 11.7
Pl < omac{ [ aosil ) IS menl,, b o
Proof. Repeating the steps of the proof of Theorem [[T.2] all we need to do is

majorize

7 Yo OG- Sff,
(K1yeeeskoan)~v

by the right side of (IT7)). This is established in Lemma [[T.TT] below that is a

rather easy adaptation to our Ap-setting of [6], Lemma 2]. O

By the same argument as in Remark [[T.4] the case of the free generators of the
free group can be deduced from the “free-Gaussian” one. Indeed, let (ci) be
a free circular family (sometimes called “complex free-Gaussian”). The polar
decomposition ¢; = ug|ck|, is such that the x-distribution of (uy) is identical
to that of a free family of Haar unitaries in the sense of [35], or equivalently
(ug) has the same *-distribution as that of the free generators A(gx) in the von
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Neumann algebra of the free group with infinitely many generators. Moreover,
a simple calculation relative to the circular distribution yields ||cx|1 = 8/37.
These observations lead us to :

COROLLARY 11.9. With the same notation as in Corollary[IL0, let F = S E®
Mgr). We have then

1/2

(»/2)’

(3%/4)_1”?”(1)) < maX{Hka@)f;:

/2 -
ol e
ka fr /2 171l ()

(11.8)

Proof. Let 7 denote the normalized trace on the von Neumann algebra of the
free group with generators (gx). Let £ denote the conditional expectation equal
to the orthogonal projection from Ly (o ®7) onto La(p) ® 1. Then E(FQF*) =
2 Ji®fr. Since ||FI2,) = [[FOF* |2 and [[FQF* (2 > [|E(FQF)|p/2 by
(BI3), the right hand side follows. To prove the left hand side, consider F =
S fe®ck = fr ®uglck| with (¢ ) free circular as above and note that by the
preceding observations (this is similar to Remark [T4) we have > fi ® ur =
(3m/8)(Id ® &1)(3 fr ® ug|ck|) where £ denotes the conditional expectation
from the von Neumann algebra generated by {cx} onto the one generated by
{ug}. Since {ur} and {A(gx)} have identical *-moments, we find

1l = 11D fr@ullp) < Br/8)I1 D> fr@urlerlllpy = Br/8)ID_ fr®ckl )

and hence the left hand side of (IL8) follows from ([II7), recalling that C' < 2
when (1) is a free circular sequence. O

Remark 11.10. A more careful estimate probably yields the preceding Corollary
with the constant 2 in place of 37 /4.

LEMMA 11.11. With the preceding notation let
SWy = D fubfe O,
(K1, skon)~v

and let v}y (resp. v{) denote the partition of [1,...,2n] into consecutive pairs
of the form {1,2}, {3,4},... (resp. {2n,1}, {2,3}, {4,5},...). We have then

1B(S@))l < max{[|B(S o)l 12(S g )II}-
Sketch of Proof. We set
C =sup [[(SW))|l

where the sup runs over all pair partitions v in P»(2n). By the cyclicity of the
trace (see (BI])) we may assume that ki, ..., ks, is such that for some j with
n < j < 2n, the pair {k,, k;} is a block of our partition v. Let

F(v) = Z [ ®fi® - ff,,-

kl,...7k2an/
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We may rewrite F'(v) as

F(v) = Za Zﬁ Uor, P p (11.9)

where o represents the set of indices k; such that the pair containing j is
split by the partition [1,...,n][n+ 1,...,2n], and S represents the remaining

indices, and the sum is restricted to (ki,...,ke,) ~ v. Since the indices in g
correspond to pairs of indices {k;, k;} with {4, j} included either in [1,...,n]
orin [n+1,...,2n], we can rewrite the sum (T.9) as

Fv) = Za Z,@',g// Qa5 @Dbg, grr.

Then
S(v) = Za Za®Ya

with 2o = > 5 @a,p and Yo =35 ba,p7. By B.2) we find

e (52, vin)

But now )z, ® x, is a sum of the kind S(¢') for some v but for which we
know (by our initial choice relative to the pair {n,j}) that the pair {n,n + 1}
appears in v/. If we then iterate the argument in the style of [6] we end up
with a number 0 < § < 1 such that we have either

1esel < |2 (32, watiar) -

IS @)l < (€)’et=*

or

I(S@)Il < (€")’ct=*
where C' = ||p(S(¥))|| and C” = ||p(S(¥{))||. Thus we conclude that

C < (max(C’,c"))?c'~?

and hence C < max(C’',C"”). Since S(v) = (kaégf,:)@" and S(vf) =
(X fi® fr)®™, this completes the proof. O

By a spin system we mean a system of anticommuting self-adjoint unitaries
assumed realized over a non-commutative probability space (M, 7). In the ¢-
Gaussian case with ¢ = —1, Theorem describes the closed span of a spin
system in A,, and exactly for the same reason as in [7] we obtain optimal
constants for those.

COROLLARY 11.12. If (zy) is a spin system, then (IL4) holds with the same op-
timal constant Cy, , as in the Gaussian case. In particular, this constant grows
like \/p when p — oco. Moreover, the same result holds for the (Rademacher)
sequence (g1), and again the Gaussian constant is optimal.
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Proof. Let ¥(q) denote the function 1 for a g-Gaussian system. By Bozejko and
Speicher’s results (see [7]) we have ¥(q)(v) = ¢**) where i(v) is the crossing
number of the the partition v. This implies [(q)(v)| = ¥(|g|)(v) and hence
also Cy(q),p = Cuy(lql),p- In particular, any spin system (zy) satisfies (TT.4)
with the constant Cy 1) p, i.e. the same constant as in the Gaussian case.
We now address the Rademacher case. Just as in [7] we use the fact that
the sequences (zr ® zx) and (ex) have the same distribution. We then apply
@I to > fr ® @ with fr, = by ® zx. Recalling that the x)’s are unitary, we
find > fi®fi = S by @b, @1 and YR fE =3 by ® by @ 1. This gives us
| S br®erll(p) < Cll X b @by||*/? where C' = Cy1y,, is the Gaussian constant.
By the central limit theorem, the latter is optimal. O

In the rest of this section we turn to the span of an i.i.d. sequence of Gaussian
random matrices of size N x N in A,. We will use ideas from [12] and [6]. We
analyze the dependence in [N using a concentration of measure argument. Let
{9ij | i,7 > 1} be a doubly indexed family of complex valued Gaussian random
variables such that Eg;; = 0 and E|g;;|?> = 1. Let Y™) be the random N x N
matrix defined by

Y (i, j) = N"V2gy.
Let YI(N), YQ(N), ... be an i.i.d. sequence of copies of Y) on some probability
space (Q, A,P). We will view (Yj(N))jzl as a sequence in L,(P x 7y) where 7n
denotes the normalized trace on My.
By the Appendix I8 we know that, for any even p > 2, (Y}(N))jzl has p-th
moments defined by pairings via the function

YN (1) = Ery (YY)
where YN = Y,;N)Yk(;\[)* . Yk(:i)l Y,gv)* for k = (k;) such that k; = k; if and
only if (¢, ) belong to the same block of v. It is easy to see that the distribution

of Y(M)¥ does not depend on the choice of such a k. Moreover, 1) (v) >0 for
any v since 1)) (v) is a sum of terms of the form

E (Y (i, 0V 2, d) - Y (i)

and, when k ~ v, these are either = 0 or = N~P/2(E|gy;|?)P/? = N~P/2,
Therefore we again have

Do) = M) =Ern (Y VP).
By (I1.4)) we have:

COROLLARY 11.13. Letp = 2n and let (by) be any finite sequence in B = B(H).
Let fe) bp® Yk(N) € B® Ly(P x 7n). We have

171 < B (Y)Y [ ob]|

and this constant is optimal.
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12 NON-COMMUTATIVE MARTINGALE INEQUALITIES

In this section, we assume given a filtration My C M; C --- of von Neu-
mann subalgebras of M. We assume for simplicity that M coincides with the
von Neumann algebra generated by UM,,. We will denote again by E,, the con-
ditional expectation with respect to M,,. Then to any f in L,(7) (1 <p < o0)
we can associate a martingale (f,,) (defined by f, = E,(f)) that converges in
L,(7) to f. We will continue to denote dy = fo and d,, = fn — fn—1.

It is natural to expect that Theorems [£J] and will extend to the non-
commutative case. However, at the time of this writing, we have completed
this task only for p = 4. We also proved below (see Theorem [I3]) a one sided
version of ([@J]) using the notion of p-orthogonal sums.

Let Hy, Hy be two Hilbert spaces. To lighten the notation in the rest of this
section we set By = B(H1) and By = B(H3). It is useful to observe that for
any f1 € B1 ® Ly(7) and fo € Ba ® Ly(7) we have

T(fiehef;ef) = T(Aef;0L8f7) = 0. (12.1)
Indeed, the first sign ~ is by the trace property while sign > 0 holds because
[1®f3Rfaff ~ FRF* with F = f1®f; € B1 ® Bo ® La(7). In the next
lemma, we extend this observation to 7(f; ® f1QT (f5@f2)) where T': La(7) —
Ly(7) is a completely positive map (e.g. a conditional expectation). The reader

can convince himself easily that the simplest case of maps of the form T'(x) =
> ajzay (ar € M), follows immediately from (I2T]).

LEMMA 12.1. With the preceding notation, let B = By ® By = B(H; ®2 Hs).
For any completely positive map T: Lo(1) — Lo(7), we have for any f1 €
B1 ® Ly(7) and fa € Ba ® Ly(T)

T(fioh@T(f32f2)) =0
where the latter element is identified with an element of B ® B, via the per-

mutation (1 2 3 4) — (2 3 1 4) of the tensorial factors that takes
B1®B1®B2®Bs to BoB.

Remark 12.2. Let E = L4(7) ® La(7). Let T': La(7) — La(7) be a completely
positive map, so that for any finite sequence ap,...,an in Ly(7) the matrix
[T(afa;)] isin Lo(M,(M))+. Let &: E® E — C be the bilinear form defined
by

<I>(a1 ® 61 X as ® 62) = T(a;alT(bTbg)).
We claim that ® is positive definite on E® E, i.e. ®(e®€) > 0 for any e in E.
Indeed, if e = )" a; ® b; € E we have

Plewe) =) T(ajaiT(bby)),
so that, if 7, denote the trace on M, (M), we have ®(e ® €) = 7,(af) =

Tn(al/Qﬂal/Q) > 0 where ;; = T(bjb;) a;; = aja; and of course o > 0 and
B > 0. This proves our claim.
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Proof of Lemma[IZ1l Let L, = L,(7). Consider f; ® fo € BIQ Ly ® By ® Ly.
Let g € B® E be the element obtained by the natural permutation of factors
from f1 ® fo. Then an easy verification shows that

T(fioheT(f;®f)) ~ (1@ 2)(9®g)
or more precisely with the notation indicated in Lemma
T(OART(f30f2)) = (®)24(g © g)
so that Lemma T2 follows from Lemma and the preceding Remark. O

PROPOSITION 12.3. Let (fn)n>0 be a martingale in B @ La(7). Assume for
simplicity f = fn for some N > 0. Let g = f*®@f — > d}®d,,. We have then

1/2 1/2
lgll@ < I1FlleayUNorllig) + lloellay)- (12.2)

where
or =Y En1(dn®d;) and oc=Y B, 1(d;®dy).

Proof. As usual we start by ¢ = = +y with 2 = Y. d\®f,_1 and y =
> fr1®dn, so that [[g]l2) < [[#]l2) + [|¥ll2). Then

el = IP@ea)) = 7 (3 dad farfiiodn )

Let 6, = f — fn—1. Note that since E,,_1(d,) =0

En1(fOf") = fa1®fr_1 +En_1(6,20,)
and hence
7 (S dibofar®fsoiédn) =
—7 (Z 4" QE,_(f& f*)@'@dn) _F (Z d;@]En,l(an@(s;)@dn) ,

By the trace property and by Lemma [I2.T] these last three terms can all be
viewed as > 0 in a suitable permutation of the factors. This shows by (Z.1)

[# (S dréofumréofiiion )| < [[7 (X dréBan(r )i

Since
P (Lo (161)8d,) = 7 (Eaa (1698 o).
and since E,,_; is self-adjoint, we have

)

H? (Z d:z®En—1 (f®f*)®dn)

=[P (rere Y B (daiay)
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thus we find
219y < IT(fRf Qo) < 1 £ITpllorll2)-

A similar reasoning leads to
1ylIE2y < IF1Epllocllc2),

so we conclude
1/2 1/2
lalley < Il llonllte2 + ol i22). m
(2) (2)

To complete the case p = 4, we need to check the non-commutative extension
of Lemma as follows:

LEMMA 12.4. Let 0,, be any finite sequence in B ® L4(7), let B, = 0720, and

an =E,(Bn). Then
Hzan (2) =2 Hzﬂ”

Proof. The proof is essentially the same as for Lemma We just need to
observe that if n < k we have

@)

Tlan®@ay) = T(an®bk),
but also by Lemma [[2.] (and the trace property)
T(an®Br) = T(Br@an) = 0, Vi, k

so that again we have

|30, Flansp)]| < ||, FlandBn)]| = IF@@B)] < lala 18l

and similarly for || > O

n>k ”

Let S, = Zdjébd;f abd S, = Zd;@dj. Applying this Lemma to Proposi-
tion I2.3] we find

1/2 1/2
lgllc2y < 2V21 fllay maxc{ | Sill 57 [1Sell o7 3-

We then obtain by the same reasoning as for the commutative case:

COROLLARY 12.5. There is a constant C' such that for any finite martingale
fos-os fn in La(T) we have

— 7k 1/2 * 1/2
c 1max{HZdj®dj o |G, } <l <

< CmaX{HZ d]®d*

1/2
God; H }
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Remark 12.6. We leave as an open problem whether the extension of the left
hand side of Corollary [[2.5] is valid for any even integer p > 4. Note however
that the right hand side is proved below as a consequence of Theorem [I3.11

We will now extend Theorem to the non-commutative case for p = 4.
Given f € B ® La(7) let us denote

. C o o 1/2 1/2
£l = maxc{ |7} dnody, &odnds) |, ol 37 loell o7 }-
COROLLARY 12.7. For any finite martingale fo, ..., fn in Li(T) we have
207 Flly < I1flay < 2C N flla, (12.3)

where C' is as in the preceding statement.

Proof. By the preceding Corollary and by Lemma €24 we have
max{||ar||%2/)2,||ac||22/)2} < 20 fllay- Moreover, by [@ZI) we have
73 dn@d}@dn®dy,) < 730 dn@dy, )@ (3 dj@d;)*), and hence

1S dn @i 2dnds) |4 < |3 djods 22/)2 Therefore, the left hand side of

@23) follows.

To prove the right hand side, we will use the preceding Corollary.
Let z,, = d}®d,, and y,, = d,@d},. We have

anzac—i—Zén

where 0, = x, — E,_12,. Then, by the triangle inequality || x| @) <
llocll)+ 11> 0n ||(2) and by the orthogonality of the martingale dlﬁerences (6n)
we have || >, ||(2) = || 3> 7(6;®5,)||. But by Remark B9 we have 7(8%®6,,) <
#(2}®x,) and hence also Y. 7(05®6,) < > 7(x;®z,) from which follows by
Lemma 23] that || Y 7(6:®d,)|| < || Y 7(zf@x,)].

Recapitulating, we find || 3z || (2) < ||oc]|(2)+]| 3 #(2h ®2,)||1/2, and a fortiori

1/2 1/2
I " wnllidy < lloellipr + 1> 7 @mn) |4 < 2l il

Since a similar argument applies to majorize || > ynl|(2), by Corollary 2.5 we

obtain
1/2 1/2
CH Fllay < max{[| Y znllisr 11D wnll gy} < 201l

13 p-ORTHOGONAL SUMS
Let L,(7) be as before the “non-commutative” L,-space associated to a von

Neumann algebra equipped with a standard (= faithful, normal) semi-finite
trace. (Of course, if M is commutative, we recover the classical L, associated
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to a measure space.) Let p > 2 be an even integer. A family d = (d;)ier is
called p-orthogonal if, for any injective function g: [1,2,...,p] — I we have

T(dZ(l)dg(2)d;(3)dg(4) e d;(p—l)dg(p)) = 0

Clearly, any martingale difference sequence is p-orthogonal, but the class of
p-orthogonal sums is more general. In the commutative case, i.e. for classical
random variables, this notion is very close to that of “multiplicative sequence”
already considered in the literature, see the references in [24], on which this
section is modeled.

By a natural extension, we will say that a sequence (d;)jer in B ® Ly(7) is
p-orthogonal if for any injective function g: [1,2,...,p] — I as before we have

The method used in [24], that is based on a combinatorial formula involving
the “Mobius function”, is particularly easy to adapt to our setting where A,
takes the place of L.

We will use crucially some well known ideas from the combinatorial theory of
partitions, which can be found, for instance, in the book [I]. We denote by
P, the lattice of all partitions of [1,...,n], equipped with the following order:
we write o < 7 (or equivalently m > o) when every “block” of the partition o
is contained in some block of 7. Let 0 and 1 be respectively the minimal and
maximal elements in P,, so that 0 is the partition into n singletons and 1 the
partition formed of the single set {1,...,n}. We denote by v(7) the number of
blocks of 7 (so that v(0) = n and v(1) = 1).

For any 7 in P, and any ¢ = 1,2, ..., n, we denote by r;(7) the number of blocks
(possibly = 0) of 7 of cardinality i. In particular, we have Y | ir;(7) = n and
S () = w(m).

Given two partitions o, 7 in P, with ¢ < 7 we denote by p(o,7) the Mdbius
function, which has the following fundamental property:

Let V be a vector space. Consider two functions ®: P, -V and ¥: P, — V.

IfW(o) = > @(n), then ®(0) =>_ _ pu(m, 0)¥(m).

<o
Essentially equivalently, if W(o) = > o ®(r), then ®(0) =

ZTI’ZO’ M(O—, 7T)\Il(’/T).
In particular we have:

Vo#0 > p(ro)=0. (13.1)

0<n<o

The last assertion follows from the above fundamental property applied with
® equal to the delta function at 0 (i.e. ®(r) =0V 7 # 0 and ¢(0) = 1) and
U =1.

We also recall Schiitzenberger’s theorem (see [I]):
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For any m we have

and consequently

> w0, m) = nl.

TeP,

We now apply these results to set the stage for the questions of interest to
us. Let Ey,..., E,,V be vector spaces equipped with a multilinear form (= a
“product”)

p: By x---x B, =V

Let I be a finite set. For each k£ = 1,2,...,n and 7 € I, we give ourselves
elements d;(k) € Ej, and we form the sum

F, = Z di (k).

Then we are interested in “computing” the quantity ¢(F1,..., F,). We have
obviously

@(Fla o aFn) = Z‘p(dg(l)(l)a .- 7dg(n)(n))

where the sum runs over all functions g: [1,2,...,n] — I. Let w(g) be the
partition associated to g, namely the partition obtained from J g~ ({i}) after
iel

deletion of all the empty blocks. We can write

cp(Fla"'aFn): Z (I)(J)

oc€EP,

where ®(0) =3 ;)= P(dg1)(1), - .-, dg(n)(n)). Let ¥(o) = Z>: (7).
Using (I30) (with o, 7 exchanged), we have then: -

P(Fr,... Fp) =0)+ ) 0(0) =2(0) + > Y p(o,m)¥(r) (13.2)

0<o O<o7m20
=@0)+3 (M) > ploym) = 8(0) = 3 w(mu(d,m).
0<m O<o<m o< (153
Recapitulating, we found:
P(F1,..., Fp) =®(0) = Y W(m)u0,) (13.4)

O<m
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where

(I)(O) = Z Sa(dg(l) (1)7 ceey dg(n) (n))

g injective

and

U(m) = Z P(dg(1) (1), - dg(ny (n)).

g: w(g)>m

THEOREM 13.1. Let p = 2n be an even integer > 2. Then for any p-orthogonal
finite sequence (d;)jer in B ® L,(T) we have

HZd H (37/2) pmaX{HZd](X)

Proof. This proof is modeled on that in [24] so we will be deliberately sketchy.
Let f =3 d;. We can write

O = =3 u(0,m)¥(

O<m

1/2

(®/2)’

. -

1/2

d.
Mpy2)

} . (13.5)

where ® and V¥ are defined by

(I)(U) - Z ?(d;(1)®d9(2) ®dg(;n 1)®d9(10))
g: w(g)=c

and U = Y ®(0), or equivalently,

o>

U(r) = ZgNU ?(d2(1)® T ®dg(p))

where (as in §I1]) g ~ o means that g(i) = g(j) whenever 4, j are in the same
block of o. Here the functions ® and ¥ take values in B B® ---® B® B
where B @ B is repeated n-times .

Let o = 37/4 as in [24]. Arguing as in [24] p. 912] we see that it suffices to
prove that

(@) < (@A) £ (13.6)
- || 1/2 * 1/2
where A = max {HZ d;j@d; (0/2) HZd &d, | p/g)}’ and we recall that 7 ()

is the number of singletons in 7. Let F; be the free group with generators
(gj)jer, and let ¢ be the normalized trace on the von Neumann algebra of F;.
Let fx = > ;c;di(k) be a finite sum in B® Ly(7), k = 1,...,p. We denote by

fr = Zie] Agi) @ di(k)

the corresponding sum in L, (¢ x 7) ® B. Note that by (IL8) we know that

1/2
HZ H } . (13.7)
(/2)’ (p/2)
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Let 7 be a partition of [1,...,p]. Let B; be the union of all the singletons in
7 and let By be the complement of By in [1,...,p]. By the construction in the
proof of [24] Sublemma 3.3] for a suitable discrete group G there are F1, ..., F,
in Ly(1e x 7)@ B such that ||[Fi||p) = [|fxll(p) for all k in Ba, | Fillp) = || frll ()
for all k£ in By, and also

1Y dyy()& - @dypy (p) | = (6 X TG - OF,].
m(g)>m

Then if we apply this to d;(k) = dj if k is odd and d;(k) = d; if k is even we
find by (84)

— =

B1 r3
<G TT 1l

ke B>

and by (I37) we obtain (I3.4). O

COROLLARY 13.2. Let p be an even integer. Assume 7(1) = 1. Let (f;) be a
p-orthogonal sequence in Ly(7) that is orthonormal in Lo(7). Consider a finite
sequence (bj) with b; € B. We have then

(DIUEDIREES ST

Let E, denote the closed span of (f;) in Ap(7). Then E, is completely isomor-
phic to OH, and moreover, the orthogonal projection P from Lo(T) onto the
span of (f;) is c.b. on Ap with c.b. norm at most (3w/2)p.

o S 6200 by @ by

Proof. The right hand side of the inequality follows from (I3 since (d;) =
(b; ® f;) is clearly p-orthogonal. By Corollary B4] the inclusion Ap(1) —
As(7) = La(7) has c.b norm 1. Using this the left hand side follows. This
shows that E, ~ OH. The projection P can then be factorized as A, — Ay —
E; — E,, which implies ||P: A, = Ep,lle < (37/2)p, since the first two arrows
are completely contractive. O

14 LACUNARY FOURIER SERIES IN A,

In this section, we review the results of [13] and [24] with A, in place of Ly,
and again we find the space OH appearing in place of R, N C),. To save space,
it will be convenient to adopt the general viewpoint in [24, §4], although this
may seem obscure to a reader unfamiliar with [I3].
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NOTATION: Let 1 =}, ; Py be an orthogonal decomposition of the identity
of Ly(7) on a semi-finite “non-commutative” measure space (M, 7). Let p = 2n
be an even integer > 2. Let (d;);es be a finite family in B ® L,(7). We set
x¥ =2* if nis odd and ¥ = x in n is even.

THEOREM 14.1. Let F be the set of all injective functions g: [1,2,...,n] — I.
For any g in F, we let x4 = d;(1)®d9(2)®d;(3) e d;(n). We define

N(d) = ig;}card{g €EF|(Py®I)(xg) #0}.

Then
o . 1/2 . 1/2
d;| <|un@ 1/p+p—] maX{H dod| " 1S ded }
; e [( @) 8 2 died; (r/2) PRLAL (r/2)

Proof. Since we follow closely the ideas in [13] and [24] we will merely sketch
the proofs. We have

Iy = 1 &f - @f“ll2)-
Arguing as in [24], p. 919] we find
fréof o =o0) - Y p(0,m)(r)
0<meP,

with ®(0) =)

_, g and

U(r) = Zagw D(o).

Note that ®(0) = >_ . 4. Using a suitable adaptation of [24, Sublemma 3.3]
and replacing [24] (3.5)] by Corollary IT.9] above, we find:

m(g)

[@(m)]l(2) < ||f||€;)(7r)(aA)"—7‘1(7r)

where

-2 y 1/2
A:maX{HZdj(@dj w/2)’ Zdj@de(p/m}'

Let F, ={g € F | (id® Py)zy # 0} and @} = (id ® P;)®(0), so that

(0) = Z(I)k and @y = Z z4(k)

gEFy

where z4(k) = (id ® Py)(z4). By ([23) we have by “orthogonality” of @

[eO1IF) = |7 (- erder)] -
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Since card(Fy) < N(d), by (Z8) and Lemma B we have
g (Z q)k@q)k) (Z deFk k) (k)" ) -
= N(d)T (deF IQ®I;> .
Therefore, we find

T 1Ol < [[7 (2, o) <

<l D i@ Oy @ity - &dy
g(1),...,9(n)

and hence

12(0)][E) <

(d) ?<(Zdj®d;)®”>H = HZ%@

Thus we may conclude by the same reasoning as in [24] p. 920]. O

®/2)

We can now reformulate the main result of [I3] with A, in place of Ly:

COROLLARY 14.2. Fiz an even integer p = 2n > 2. Let E C T be a subset of a
discrete group T' with unit e. For any v in T let Z,(v, E) be the cardinality of
the set of injective functions g: [1,...,n] — E such that

v =g(1)g(2)"'g(3)...g(n)"

where ¢ = g~ if n is even and g% = g if n is odd. We set
Z(E) = sup{Zp(y, E) | y € T'}.

Then for any finitely supported family (b(t))tcr in B = B(H) we have

HZtEE e b(t)Hm < ((42(E))"? + (97/8)p) HZ b(t) ® b(t)

Proof. Here La(7) is the Lo-space associated to the usual trace on the von Neu-
mann algebra associated to I'. Any element in Lo(7) has an orthonormal ex-
pansion in a “Fourier series” & = >, .1 2(t)A(t), so we can apply Theorem T4.T]
to this orthogonal decomposition (with J = I'). Note that if (¢;) are distinct
elements in E and if d; = A(¢;) ® b(t;) we have N(d) < Z(E). Lastly, we note
that in the present situation, since L,(¢) = C, the term previously denoted by
A coincides with
HZ b(t) ® bt

We have also a (one sided) version of the Littlewood—Paley inequality for A,:

1/2
H . (14.1)

1/2
s :
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COROLLARY 14.3. Consider a Fourier series of the form

f - Zn>0 f(n)emt

where n — f(n) is a finitely supported B(H)-valued function. Let

Bn = Z:2n<k<2n+1 flk)e™

and let
S(f) =) Au®A,.

There is an absolute constant C' such that for any even integer p > 2

£l < CollSCHIIL7-

Proof. 1t suffices to prove the inequality separately for the cases f =3 Aoy,
and f =3 Aoyy1. But then each of these cases follows from Theorem [I4.1]
and elementary arithmetic involving lacunary sequences. o

It may be worthwhile to point out that in the commutative case, the following
variant of Theorem [I4.1] holds:

THEOREM 14.4. Consider the same situation as in Theorem [T].1] but with
M commutative so that Lo(T) can be identified with Lo(Q2,p). Let y, =
dy(1)@dg(2)® - - @dy(n) and let

Ny (d) = ilelgcard{g € F | (P ®1)(yy) # 0}

Then
1/2

af| < (AN@)7 /8] | > did; |
|24, < 1avc@y e vom/m | dedl|

Proof. We argue exactly as for Theorem [I4.]] except that we start instead from

116y = 1f© - & fll2)- O

Remark 14.5. In particular, if £ C I' is a subset of a commutative group, let
Zp+ (7, E) be the cardinality of the set of injective g: [1,...,n] — E such that
v=9(1)g(2)...9(n) and let Z(E) = sup{Zp+ (7, E) | v € '} < co. Then for
any finitely supported family (b(t))icg in B we have (I41]) with Z (E) in place
of Z(E). Thus we obtain OH also for the span of certain A(p)-sets originally
considered by Rudin [33], which are not A(p)ep-sets in the sense of [13].
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15 APPENDIX

The goal of this appendix is to clarify the relation between “moments defined
by pairings” used in §9 (following [0]) and the well known Wick formula. The
latter (probably going back independently to Ito and Wick) was used by Ito
in connection with multiple Wiener integrals and Wiener chaos. Although we
reformulate them using tensor products, the results below are all well known.

We first consider the Gaussian case in a very general framework. Let B be a
real vector space. Let X be a B-valued Gaussian variable. This means that for
any R-linear form £ € B*, the real valued variable £(X) is Gaussian with mean
zero and variance equal to EE(X)?. If B is a complex space, (e.g. if B = C) we
may view it a fortiori as a real one and the previous notion still makes sense.

Let X = (X1,...,X,,) be a Gaussian variable with values in B™. Then X; ®
.-~ ® X, is a random variable with values in B®". When n is odd its mean
vanishes. Let us assume that X = (Xy,...,X,,) is defined on (2, A,P) and
that n is even.

Let 7 be a partition of [1,...,n] into K blocks. We will define a B®"-valued
random variable X®™ on (Q, A, P)®% as follows: Assume that the blocks of
have been enumerated as a1,...,ax. We define &; for j =1,...,n by setting
Wj = wy if j € ag. We then define

X®”(w1, . ,WK) = Xl(al) ® e ® Xn(@n)

Note that the distribution (and hence all the moments) of X®™ do not depend
on the particular enumeration (aq, s, ...) chosen to define it. In particular,
E(X®™) depends only on 7. We now may state

ProrosiTION 15.1. For any even integer n

E(X1®@X,) =) E(X®). (15.1)

vEP; (n)

Proof. We will use the same trick as in [I2] Prop. 1.5]) to deduce the for-
mula from the rotational invariance of Gaussian distribution. Let X(s) =
(X1(8),...,X,(s) be an i.i.d. sequence indexed by s € N of copies of X. By
the invariance of Gaussian distributions, the variable X (s) = s~/2(X(1) +
.-+ + X (s)) has the same distribution as X. Therefore for any s, we have

~

E(X1 R-® Xn) = E()’(\'l(s) Q- & Xn(s))
and hence

~

E(X1 @ ® Xy) = lim E(X1(s)® - @ Xn(s)). (15.2)
Let E(s) = E(X1(s) ® - - ® X,,(s)). We have
E(s) = s "/ ZQE(XI(Q(D) ® - @ Xy (g(n))),
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where the sum runs over all functions g: [1,...,n] — [1,...,s]. We claim that
after elimination of all the (vanishing) odd terms and all the (asymptotically
vanishing) terms such as

we find

lim, o0 B(s) = » XY, (15.3)

VEP>(n)
Indeed, if we let
t(g) = E(X1(g9(1)) @ - @ Xn(g(n))

and if we denote by 7(g) the partition of [1,...,n] defined by U, ., g ' (k) we
have (eliminating vanishing terms) a

E(s)=s""/? deAs t(9)

where A; is the set of g: [1,...,n] = [1,...,s] such that 7 (g) is a partition of
[1,...,n] into blocks of even cardinality. For any such 7, let

Gs(m) ={g € As [ m(g) = 7}
Let Bs C A; be the set of all ¢’s such that 7(g) is in Pa(n) (i.e. is a partition
into pairs) so that
B, = UVGPz(n) Gs(v)-
Note that for any g in Gs(m) we have
t(g) = E(X®T).

Let Pj(n) denote the set of partitions 7 of [1,...,n] into blocks of even cardi-
nality. We have

B =523 IGu(mEXET).

Note that Py(n) C Pj(n). Therefore

_ —n/2 Qv —n/2 R
) =Y, o AGWIEXT) Y G R,
(15.4)

But now a simple counting argument shows that |Gs(v)] = s(s —

1)...(s=2+41) ~ s and hence s~"/2|G4(v)| — 1, while for any 7 in
Pj(n)\P2(n) we have s~™/2|G4(m)| — 0. Thus taking the limit when s — oo
in (I54) yields our claim (I53). By (I5.2) this completes the proof. O

To emphasize the connection with the classical Wick formula of which ([IET)
is but an abstract form, let us state:
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COROLLARY 15.2. Let X = (X;) be a Gaussian sequence of real valued random
variables (i.e. all their linear combinations are Gaussian). Then

E(X1--Xn) =Y [ [k, X))

where the sum runs over all partitions v of [1,...,n] into pairs, the product
runs over all pairs {k;, l;} (j = 1---n/2) of v, and the scalar products are
meant in Lo.

COROLLARY 15.3. For any even integer p and any N > 1, any sequence
X = (Xj) of i.i.d. Gaussian variables with values in the space My of N x N
(complex) matrices has its p-th moments defined by pairings. (Here the mo-
ments are meant with respect to the functional x — E tr(x).)

Proof. Consider the R-linear map ¢: My ® ---® My — C defined by
P(r1 ® - ®@mp) = tr(z123 ... Tp-17}).

Let k = (k1,...,kp) where ki,ko,...,k, are positive integers. Let Y; =
(Xkyy--.» Xg,). Applying (I5.2) to Xy, ® -+ ® X}, we find

KU

Ep(Xp, @+ @ Xg,) = Ep(Y,).

vEP;(p)

Since the variables X7, X, ... are assumed independent, we have E@(Yk®”) =0
except possibly when k ~ v (indeed, if {7, j} is a block of v and k; # k; then
the entries of the k; factor of Y,*” are orthogonal to those of the k; factor
and independent of all the other factors of Yk®”). Moreover, since X1, Xo, ...
all have the same distribution, it is easy to check that the distribution of Yk®”
depends only on v and not on k. Thus we obtain

Ep(Xp, @@ Xg,) =Y 4(v)

with ¥(v) = Eo(Y®), with Y = (X1, ..., X,.). O

v~k

Remark 15.4. The preceding result is used in [12] for the complex Gaussian
random matrices (}/}(N)) j>1 appearing in Corollary In that case, since
YY) @ Y(N) has mean zero, there is an extra cancellation: Y(v) = 0 for any
partition v € Py(n) admitting a block with two indices of the same parity.

More generally, the same proof shows

COROLLARY 15.5. The preceding corollary is valid for any even integer p for
any i.i.d. Gaussian sequence with values in L,(M,T) for any non-commutative
measure space (M, 7). (Here the moments are meant with respect to x +
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Using exactly the same method but replacing stochastic independence by free-
ness in the sense of [35] and Gaussian by semi-circular (or “free-Gaussian”), it
is easy to extend the preceding Corollary to the free case. More generally, we
can use the ¢-Fock space (—1 < ¢ < 1) and the associated ¢-Gaussian variables
described in [3] [ 2].

Fix ¢ with —1 < ¢ < 1. Given a complex Hilbert space H, we denote by Fy(H)
the ¢-Fock space associated to H. Let us assume that H is the complexification
of a real Hilbert space H so that H = H + iH. For simplicity we assume H =
l3(R). To any real Hilbert subspace K C H we can associate (following [2]) a
von Neumann algebra I';(K), so that we have natural embeddings I'y(K7) C
I'y(K2) when Ky C K». Moreover I'y(H) is equipped with a normalized trace
(faithful and normal) denoted by 74, that we may restrict to I'q(K) to view the
latter as a non-commutative probability space.

For any h € H we denote by a*(h) (resp. a(h)) the g-creation (resp. g¢-
annihilation) operator on F,(#) and we let g4(h) = a(h)+a*(h). By definition,
the von Neumann algebras I'q(K) is generated by {gq(h) | h € K}. We will
say that a family X,... X, in I'((H) is ¢g-independent if there are mutually
orthogonal real subspaces K; C H such that X; € I';(K}).

Let B = B(¢3). More generally, consider z1,...,2, in B® I'\(H). We will
say that xi,...,x, are g-independent if there are K; as above such that z; €
B®Ty(K;) forall j =1,...,n. The elements of g,(H) = {gq(h) | h € H} will
be called g-Gaussian.

More generally, an element + € B ® I'y(H) will be called ¢-Gaussian if
r € B® gq(H). The ¢-Gaussian elements satisfy an analogue (called “second
quantization”) of the rotational invariance of Gaussian distributions: For any
R-isometry T': K — H the families {g4(t) | t € K} and {g,(Tt) | t € K} have
identical distributions. Here “same distribution” means equality of the mo-
ments of all non-commutative monomials. We will denote by T': B® g4(K) —
B ® gq(H) the linear map taking b ® g4(t) to b ® g4(Tt) (b € B,t € K). In
particular, if € g4(K) and if K1 = Ky = --- = Ky = K we may use the
isometry us: K — K1 @ ---@® K, C H defined by us(z) = s /2(x @ --- @ )
in order to define elements z; in g4(K;) each with the same distribution as
such that o %" s=1/2(2) + -+ + 2,).

Let z1,...,2, be any sequence in B ® gq(H) and let 7 be a partition. For
any block a of m we give ourselves an isometry un: H — H, C H where H,,
are mutually orthogonal (real) Hilbert subspaces. Then we define a sequence
(Y1,---,Yn) In B® gq(H) by setting

Yj = Ualy. Vjea

It is not hard to check that 7(y1® - - - ®y,) depends only on x = (z1,...,2y,)
and 7 (and not on the u,’s). Therefore we may set

oy def <, :

7(@™) S T @ Qyn)-
As before, by symmetry 7,(z1® - - ®z,,) = 0 for all odd n.
The ¢-Gaussian analogue of ([I5.1]) is as follows:
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PROPOSITION 15.6. For any even integer n and any n-tuple x1 ...,y in B®
9q(H) (-1 < ¢ < 1), we have

T(@1® - ®z) = 7y (x").

vEP; (n)
Proof. With the preceding ingredients, this can be proved exactly as Proposi-
tion [[5.1] above. O

In particular, replacing B by C, we find

COROLLARY 15.7. Any q-Gaussian sequence (x;) in the sense of [2, Def. 3.3]
with covariance equal to the identity matriz has p-th moment, defined by parings
for any even integer p.
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