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ABSTRACT. We produce a variety of odd bounded Fredholm modules
and odd spectral triples on Cuntz-Krieger algebras by means of realiz-
ing these algebras as “the algebra of functions on a non-commutative
space” coming from a sub shift of finite type. We show that any odd K-
homology class can be represented by such an odd bounded Fredholm
module or odd spectral triple. The odd bounded Fredholm modules
that are constructed are finitely summable. The spectral triples are 6-
summable, although their phases will already on the level of analytic
K-cycles be finitely summable bounded Fredholm modules. Using the
unbounded Kasparov product, we exhibit a family of generalized spec-
tral triples, related to work of Bellissard-Pearson, possessing mildly
unbounded commutators, whilst still giving well defined K-homology
classes.
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Introduction

This paper is a study of how odd K-homology classes on Cuntz-Krieger algebras
can be realized by explicit cycles; both by means of bounded Fredholm modules
(also known as analytic K-cycles) and as unbounded Fredholm modules, e.g.
spectral triples. We will use the Poincaré duality for Cuntz-Krieger algebras
constructed by Kaminker-Putnam [39] to find explicit finitely summable Fred-
holm modules representing any odd K-homology class. This allows us to realize
odd K-homology classes by means of abstract Toeplitz operators and the finite
summability of the cycles is proved using the work of the first named author
[33].

The construction of unbounded representatives of these K-homology classes is
more elaborate. We discuss the possibility of using Kasparov products of un-
bounded Fredholm modules for the fixed point algebra of the gauge action with
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a well studied unbounded bivariant cycle. Related constructions can be found
in [32]. In many cases it is difficult to understand cohomological properties
of unbounded Fredholm modules on the fixed point algebra, they nevertheless
exist in abundance due to [13]. However, in interesting cases such as the Cuntz
algebra Oy this will produce K-homologically trivial unbounded Fredholm mod-
ules.

A more fruitful viewpoint comes from describing the Cuntz-Krieger algebra as
the noncommutative quotient of the underlying subshift of finite type, via its
groupoid model. This viewpoint is common to noncommutative geometry. The
maximal abelian subalgebra corresponding to the unit space in the groupoid
plays the role of the base space in a fibration. The unbounded Fredholm mod-
ules are then obtained by restricting an unbounded bivariant cycle to a “fiber”
over the unit space. The bivariant cycle is inspired both by the dynamics of the
underlying subshift of finite type and the structures appearing in Kaminker-
Putnam’s Poincaré duality class. This uses the idea of multiplication by real
valued functions defined on the groupoid to obtain regular operators as in [51].
Localizations of this bivariant cycle to the commutative base exhausts the odd
K-homology of the Cuntz-Krieger algebra.

An explicit construction of the unbounded Kasparov product of this cycle with
canonically defined spectral triples on the commutative base from [5] yields
a generalization of the notion of unbounded Fredholm module, allowing for
unbounded commutators. This generalization is compatible with K-homology.
The Kasparov products are constructed using the operator space approach
to connections initiated by the second named author in [52] and developed
further in [9, 38].

The problem that this work originates from can be formulated as follows.
Whenever B is a C*-algebra and x € K*(B) is a K-homology class, is it possible
to find an explicit analytic K-cycle or unbounded Fredholm module represent-
ing x with favourable analytic properties? Here we are mainly concerned with
finite- and 6-summability. We return to discuss this problem setting more pre-
cisely below. The Cuntz-Krieger algebras are interesting in this aspect because
results of Connes [15], combined with the fact that (under weak assumptions)
Cuntz-Krieger algebras admit no traces, imply that it is (under these weak
assumptions) not possible to have a finitely summable unbounded Fredholm
module on a Cuntz-Krieger algebral. In this paper we show that any odd K-
homology class is represented by a finitely summable K-cycle. It should be
mentioned that this interesting structure has been shown to appear also on the
crossed product of boundary actions of a hyperbolic group [28]. We believe
that our constructions illuminate the differences between finite summability in
the bounded and the unbounded models for K-homology.

INot even for the generalized notion of unbounded Fredholm modules alluded to above.
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In contrast to the obstructions to finite summability of unbounded Fredholm
modules from [15], there is to our knowledge no analog for bounded Fred-
holm modules. Nor were we able to find an example in the literature of a
K-homology class that can not be represented by an analytic K-cycle which is
finitely summable on some dense sub-algebra. We provide such an example on
a commutative C*-algebra.

PRELIMINARIES. Before entering into finite summability issues and the precise
formulation of the results in this paper, we recall some concepts of noncommu-
tative geometry. This paper discusses the noncommutative geometry of Cuntz-
Krieger algebras from the point of view of Kasparov’s KK-theory [40, 41], and
the unbounded formulation thereof due to Connes [14] and Baaj-Julg [4]. The
central objects in Kasparov’s approach to KK-theory are Fredholm modules.
Fredholm modules come in two flavors, bounded and unbounded. The bounded
Fredholm modules are sometimes referred to as analytic K-cycles.

DEFINITION 1. Let A be a C*-algebra. A bounded even Fredholm module over
Ais a triple (7, H, F) consisting of
(1) a Z/2-graded Hilbert space H carrying an even *-representation 7 :
A— B(H);
(2) an odd operator F € B(H) with the property that, for all a € A,
n(a)(F?—1), n(a)(F — F*) and [F,n(a)] are all compact operators.
A triple (7, H,F) with the above properties save for the fact that the Hilbert
space H is graded, defines a bounded odd Fredholm module. If in the above
H is replaced with a Hilbert C*-module E over a second C*-algebra B,? then
(7, E,F) defines an (A, B)-Kasparov module.

By defining a suitable notion of homotopy, the set of homotopy classes of even
Fredholm modules forms an abelian group K°(A), and the odd Fredholm mod-
ules are used to build an abelian group K'(A). The groups K°(A) and K'(A)
are called the K-homology groups of A combining into the Z/2Z-graded abelian
group K*(A) = K°(A)®K'(A). The K-homology groups are homotopy invariants
of A and encode index theoretic information. See [36] for an excellent exposition
of this theory. Historically, the Fredholm picture of K-homology was conceived
by Atiyah [2] who introduced it to make the Atiyah-Singer index theorem into
a functorial statement. It reached full maturity in the work of Kasparov [40],
where the groups KK,(A,B) = KKy(A,B) ® KK;(A,B) are defined similarly, as
an abelian group of homotopy classes of (4, B)-Kasparov modules. This culmi-
nated in his proof of the Novikov conjecture for a large class of groups [41]. For
computational purposes, it is sometimes convenient to work with unbounded
Fredholm modules.

DEFINITION 2. An unbounded even Fredholm module over a C*-algebra A con-
sists of a triple (7, #, D) containing the data:

2In which case B(#) is replaced with Endj(Z) — the C*-algebra of adjointable B-linear
operators on E, and the C*-algebra of compact operators by the C*-algebra of B-compact
operators Kg(E).
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(1) a Z/2-graded Hilbert space H carrying an even *-representation 7 :
A— B(H).
(2) a selfadjoint odd operator D with locally compact resolvents 7w(a)(D £
i) ' € K(H) for all a €A, such that the *-algebra
. o ) m(a)Dom (D) € Dom (D) and
Lip(r, 1, D) := {a cA: [D, nn(a)] extends to a bounded operator [’

is norm dense in A.

A triple (7, #,D) with the above properties save for the fact that the Hilbert
space H is graded, defines an unbounded odd Fredholm module. If 1t is faithful
and .« C n(Lip(n, H, D)) is dense in 7(A) the triple (., #, D) is called an even
(odd) spectral triple.

If in the above # is replaced with a Hilbert C*-module E over a second C*-
algebra B, B(H) with End,(‘E) — the C*-algebra of adjointable operators on E,
and on the operator D the further assumption that D is regular is added (for
details see [4]), then (7, E,D) defines an unbounded KK -cycle for (A, B).

An unbounded KK-cycle defines a Kasparov module by setting F := D(1 +
Dz)_%, the bounded transform of D. It should be noted that with any choice
of bounded continuous function y € C,(IR,R), such that y? —1 € Cy(R), we
can associate a Kasparov module by setting F, := y(D), producing a Kasparov
module differing from that defined by F only by a compact perturbation.

For the special case of unbounded Fredholm modules, another way of doing
this, which features prominently in the present work, is through the phase of
D; the phase is defined as D|D|™!. Here |D|™! is defined to be 0 on the kernel
of D. The construction of the phase hinges on the fact that for unbounded
Fredholm modules, the spectrum of D is discrete, and there is a y € C*°(IR,R)
as above with y’ € C(R,R) such that F, = D|D|™!. In the special case of
unbounded Fredholm modules, a modification of y on a compact subset of R
affects the bounded Fredholm module by a mere finite rank perturbation. In
particular, the associated KK-class does not depend on y. We will in this pa-
per see several examples of how finer analytic properties depend on the choice y .

The foundation of noncommutative geometry is built on the idea that the ge-
ometry of a “noncommutative space” is encoded by a spectral triple on the
“algebra of functions”, i.e. a C*-algebra. Conformal geometry is encoded by
a choice of a bounded Fredholm module. Homological algebra corresponds to
K-theory and K-homology. These ideas were pioneered by Connes and many
examples are to be found in [14]. In the classical case of manifolds, this circle
of ideas is supported by facts such as

(1) The geodesic distance on a manifold can be reconstructed from any
spectral triple defined from a Dirac type operator, see [14, Chapter
VIJ.
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(2) The conformal class of a metric is uniquely determined by the bounded
transform of a spectral triple defined from a Dirac type operator modulo
compact perturbations, see [10].

(3) A Riemannian spin‘-manifold can be reconstructed from the spectral
triple® associated with the spin®-Dirac operator, see [16].

We have made a choice of a distinguishing in terminology between spectral
triples and unbounded Fredholm modules as the former corresponds to prescrib-
ing a “non-commutative geometry” while the latter is a cocycle for a cohomol-
ogy theory for C*-algebras. Despite this, we abuse the notation by sometimes
identifying an unbounded Fredholm module (7t, #,D) with the spectral triple
(n(Lip(m, #H, D)), #H,D) for A/ ker 7.

OBSTRUCTIONS TO FINITE SUMMABILITY. Summability of Fredholm modules
is based on the idea of refining the compactness properties in its definition by
requiring that the compact operators appearing in Definition 1 and 2 belong
to a finer symmetrically normed operator ideals. For details on symmetrically
normed operator ideals, the reader is referred to [14, 50, 64]. We will mainly
use finite summability and 8-summability; they are respectively defined using
Schatten ideals and the Li-ideals. Throughout the paper, we let # denote a
separable Hilbert space. For a compact operator T on H we let (ug(T))ren S
R, denote a decreasing enumeration of the singular values of T. Recall that
the Schatten ideals are defined as

2P (H) == {T €K(H) : ((T)en € PN},

for p > 0. These spaces are not closed in operator norm and form ideals of
compact operators in B(#). The homogeneous function

ITlgr := 3/ Te((T*T)?) = |1t T)ens ler 0y

makes LP(#H) into a symmetrically normed operator ideal (in particular a
Banach #-algebra) for p € [1,00) and for p € (0,1) into a quasi-normed space.
For p € [1,00), the spaces

P :={T € K(H) : (T) = 0(k"/P)}  and
Lir (#) := {T € K(H) : w(T) = 0(log(k) )},

form symmetrically normed operator ideals as well. We use the notation

Li(#H) := Li' ().

DEFINITION 3. Let (7, #,F) be an analytic K-cycle for a C*-algebra A. Then
(mt, H,F) is said to be p-summable if the x-algebra

HoWP(mt, H,F)
:={aeA: [F,n(a)] € LP(H), n(a)(F* - F), n(a)(F?—1) € £P>(#)},

is norm dense in A. If £P(#H) and £P/?(#) is replaced with Liz (H) respectively
Li(#H), (n,H,F) is 6-summable. An unbounded Fredholm module (7, #, D) is

30nce it is decorated with some further manifold-like structures.
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p-summable if w(a)(D £i)"! € £P(H), for a in a subalgebra of Lip(s,#H,D)
dense in A, and O-summable if ZP(H) is replaced with Li%(ﬂ{ ).

More generally, one can speak of summability relative to any ideal of operators.
Whenever £, # C K(#H) are *-ideals such that ¢ = {a : a*a € £}, we will say
that (7, H,F) is #-summable if the s-algebra

Hol (7, #,F) := {a €A: [F,n(a)] € #, n(a)(F* - F), n(a)(F* — 1) € #},

is norm dense in A. The *-algebra Hol# (7, #,F) forms a Banach *-algebra
closed under holomorphic functional calculus once the *-ideals .# and ¢ are
Banach *-ideals in B(#) such that ||a||j§ =|la*a|| 4, see more in [7, Proposition
3.12]. Yet another instance is if #(H) = £PI2%(9() and F(H)=LP>(H), in
this case we refer to summability as pT-summability.

The motivation for the terminology of the Holder subalgebra comes from the
prototypical example of a bounded Fredholm module on a manifold. Let M be
a smooth closed n-dimensional manifold and F a self-adjoint pseudo-differential
operator of order 0 acting on a hermitean vector bundle E — M such that F2 =
1. Letting 7 denote the representation of C(M) on L%(M, E) given by pointwise
multiplication, we obtain an odd bounded Fredholm module (7, L%(M, E), F).
If E is graded and F odd in this grading this Fredholm module can be viewed
as an even Fredholm module. It follows from combining the results reviewed in
[70, Section 3.6] with [62, Proposition 1], the Weyl law for elliptic operators and
standard results of real interpolation theory that there is a continuous inclusion
of the Holder continuous functions into the Holder algebra:

(0.1) C*(M) S Hola (r, L2(M, E),F).

If (t, H,F) is p-summable, p is referred to as the degree of summability of
(7, H,F). In geometric situations, we saw in Equation (0.1) that the degree
of summability often is related to the dimension of the underlying space via
some type of Weyl law. The notion of 8-summability is robust in the sense
that 8-summable K-cycles can be lifted to unbounded 6-summable Fredholm
modules (cf. [14, Chapter IV.8.a, Theorem 4]). Particular instances of this
phenomenon are known for finite summability as well; notably, in the paper
[62] a lifting result for the group algebra of a group of polynomial growth
was established. The general situation is quite different in the case of finite
summability.

The paper [15] shows that the existence of a finitely summable unbounded
Fredholm module over a C*-algebra A implies the existence of a tracial state
on A. In particular, purely infinite C*-algebras do not admit finitely summable
unbounded Fredholm modules. Recent results by Emerson-Nica [28] show that
certain purely infinite C*-algebras arising as boundary crossed product C*-
algebras associated to hyperbolic groups are “uniformly summable”; that is,
they admit finitely summable bounded Fredholm modules in a strong sense
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made precise below in Definition 5. Thus, a general lifting construction for
Fredholm modules, preserving finite summability, is impossible.

We show, among other results in this paper, that a result similar to that of
[28] holds for Cuntz-Krieger algebras, which also are purely infinite in many
cases. We furthermore provide a class of examples of §-summable unbounded
Fredholm modules on Cuntz-Krieger algebras such that their phases are finitely
summable. This difference in finite summability for bounded and unbounded
Fredholm modules indicates not only that lifting is a delicate matter but that
the same holds for finer analytic properties of bounded transforms and the
choice of y.

DEFINITION 4. Let A be a C*-algebra. We say that the class x € K*(A) is sum-
mable of degree p if there exists a p-summable Fredholm module representing x.
We define the degree of summability of x to be the infimum of the set of num-
bers p > 0 for which x is p-summable. The odd (even) degree of summability of
A is the supremum of the degree of summability of all odd (even) K-homology
classes.

When taking the infimum of a set, we always apply the convention that the
infimum of the empty set if infinite. We say that the C*-algebra A has finitely
summable odd respectively even K-homology if it has a finite odd respectively
even degree of summability. We say that a K-homology class is finitely sum-
mable if it has a finite degree of summability. The summability degree of a
C*-algebra is clearly an isomorphism invariant. An interesting question is if
it is a homotopy invariant. A related open problem hinted above is to find
obstructions for finite summability of K-homology classes similar to the tracial
obstructions for finitely summable unbounded Fredholm modules from [15]. We
also note the terminology uniformly summable from [28].

DEFINITION 5 ([28]). A C*-algebra A is said to be uniformly summable if there
is a p > 0 and a dense *-subalgebra .o C A such that any x € K*(A) admits a
representative that is p-summable on .¢/.

Ezample. We have one example of a K-homology class that is not finitely sum-
mable. This result is not to be confused with the interesting results of [57, 58]
where a subalgebra of A, on which K-homology classes are required to be finitely
summable, is fixed.

LEMMA 6. Let A := @;’o:l C(S8¥7Y) — the Cy-direct sum of odd-dimensional
spheres. There is a K-homology class x € K*(A) with infinite degree of summa-
bility.

Proof. Consider the sum of fundamental classes x = Z;’o:l [$%~1], that is, x is
represented by (7, EBjil L?(S¥71),F) where m is action by pointwise multipli-
cation and F = @F; where F; = 2P; — 1 and P; is the Szegd projection on S,
This is a well defined Fredholm module since a — [F, 7t(a)] is a norm-continuous
mapping A — IB%(EB;; L%(8%71)) of norm at most 2 and for a in the dense sub-

algebra CC(]_[;O=1 S§%~1) C A it holds that [F, n(a)] € XP(EB;; L2(8%71)) for any
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p > dim(supp(a)) +1. Tt holds that K* (A) =[], Z and it is a well known fact
that x|¢gz1) € KY(C(S¥™1)) X 7Z is a generator for any j, see for instance [71].
Suppose that x admits a p-summable representative (7, #,F). By [7, Propo-
sition 3.12] it follows that .o/ := HolP(#, H,F) is not only dense but also
holomorphically closed in EBjO:l C(S¥71). By a standard approximation ar-
gument, using that .o/ is holomorphically closed, the characteristic function p;
for §2—1 C ]_[jozl 5271 belongs to .. In particular p,.o € C(S?1) is a holo-
morphically closed dense subalgebra. It follows that the degree of summability
of x is bounded from below by that of x|gz-1. By [25, Proposition 3] we have
a lower estimate for the degree of summability of any z € K'(C(S%*~1))\ {0}
given by 2k — 2. Hence we have a contradiction since our assumptions imply
that p > 2k — 2 for all k. O

CONTENT AND ORGANIZATION OF THE PAPER. The content of the paper can
be summarized in the following Theorem. We use the letter A for an N X N-
matrix only containing the numbers 0 and 1. It will be clear from its context
when A is a matrix and when it is a C*-algebra as above.

The notation Q, is for the space of characters of the standard maximal abelian
subalgebra in the Cuntz-Krieger algebra O, associated with the N X N-matrix
A, see more in Section 1 below. There is a C(£24)-valued conditional expectation
on 0,. We let Eg denote the C(Q,)-Hilbert C*-module closure of O, and 7'1:2Z :
0o, — EndzmA)(E/?) the left O4-action.

THEOREM 7. The odd degree of summability of a Cuntz Krieger algebra O,
is 0. Moreover, there exists an unbounded bivariant (O, C(Q4))-cycle (Eff,D)
with the following property. For each class x € K*(0,) one can find a finite
collection (coj,x);nz"l C Q4 and localize D at each of these characters to construct
the self-adjoint operator D;, on Z/? B, C such that the unbounded Fredholm
module

m, m, m,
D e, ide), DE 8., ), DD |
j=1 j=1 j=1
is a O-summable representative for x € K*(0,). Moreover, each of the triples
(7§ @, ide, 20 @, €,D;,ID;,| ™)
form p-summable analytic K-cycles for any p >0 .

Remark 8. The first statement of this Theorem should be compared to the
results of [28]. The intersection of applications for this paper with [28] lies in
the examples of discrete hyperbolic groups I" such that C(dT) X T is a Cuntz-
Krieger algebra. E.g. when I' is a free group (see below in Subsubsection
3.4.3).

In these cases, the results of [28] are stronger in regards to finite summability
of bounded Fredholm modules as they consider also the even K-homology. We
compare the two approaches in a special case in Subsubsection 4.2.1.
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Remark 9. Whittaker [73, 74], has carried out constructions similar to those in
this paper. The computational approaches differs, but the spirit prevails. It is
an interesting question if the results of this paper carry over to general Smale
spaces relating to the work of Whittaker.

Remark 10. In regards to the discussions above, we can use the same *-algebra
for all of the Fredholm modules constructed in this paper. Namely, the *-
algebra generated by the C*-generators of the Cuntz-Krieger algebra.

The paper is organized as follows. In Section 1 we recall some well known
facts about Cuntz-Krieger algebras, focusing on their origin in the dynamics of
sub shifts of finite type. This is encoded by means of a groupoid, first studied
by Renault [59, 60]. The possibility to interchange the groupoid picture of
Cuntz-Krieger algebras and the standard generator picture, used in the original
definition of Cuntz-Krieger [22], is crucial to identifying the K-homology classes
of the Fredholm modules and spectral triples constructed in this paper.
Section 2 contains the proof of the fact that the odd degree of summability of
0, is 0, this is stated in Theorem 2.0.1. To be precise, we recall the construction
from [39] of Poincaré duality K*(0,) = K,,1(O4r). Using this construction, we
identify exactly which odd K-homology cycles we need to prove finite summa-
bility for. The results of Section 2 implies that any odd K-homology class
can be represented by a Fredholm module on the GNS-space L?(0,) associated
with the KMS-state on O4. It would be desirable to prove that the duality class
A € K}(0,80,r) in fact is finitely summable, in which case it would follow that
the even degree of summability of O, is finite. We can in general only prove
6-summability of A (see Theorem 2.3.2). In certain cases, for instance SU,(2),
we obtain finite summability of a K-cycle representing A.

For the construction of unbounded Fredholm modules on O, in a given odd
K-homology class, we consider two approaches. One using the subalgebra of
fixed points for the gauge action, an AF-algebra, in Section 3 and one using
the standard maximal abelian subalgebra in Section 5. The approach of using
the fixed point algebra is explored first as there is an unbounded KK-cycle
naturally associated with the gauge action, the gauge cycle. We prove that the
gauge cycle plays the role of a boundary mapping in the Pimsner-Voiculescu six
term exact sequence associated with the gauge action. As such, the possible K-
homology classes of the unbounded Fredholm modules that can be constructed
from the fixed point algebra by means of a Kasparov product with the gauge
cycle can be computed. We carry out these computations in some special cases
in Subsection 3.4. In some cases any K-homology class is of this form (see
Remark 3.4.9), only the odd ones are (e.g. for SU,(2), see Remark 3.4.5) and
in other cases only the trivial class is (e.g. the Cuntz algebra Oy, see Remark
3.4.3).

Before considering the approach of constructing unbounded Fredholm modules
from the maximal abelian subalgebra in Section 5, we recall some spectral
triples in Section 4 considered by Bellissard-Pearson [5]. These spectral triples
are interesting since there is an obstruction to extending them to the ambient
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Cuntz-Krieger algebra coming from the class of the unit [1¢ , ] € Ko(Oar) under
Poincaré duality Ko(O4r) = K1(0,). They also provide a natural candidate for
constructing spectral triples on O, with geometric content. In Section 5, we
construct an unbounded bivariant (O,, C(£24))-cycle. The restrictions of this
bivariant cycle to suitable fibres over €, generate the odd K-homology group
of O4. We may even identify the phases of these unbounded Fredholm modules
with finitely summable analytic K-cycles very similar to those constructed in
Section 2. In particular, this shows that the Kasparov product

KK1(04,C(24)) ® K°(C(2,) = K'(0y),

is surjective. This stands in sharp contrast with the situation where C(£,) is
replaced with the fixed point algebra F,. E.g. for the Cuntz algebra where
K°(Fy) = 0 but K'(Oy) = Z/(N — 1)Z (cf. computations in Subsubsection
3.4.1).

In view of this, we end this paper with a construction of an unbounded Kasparov
product between the unbounded bivariant (O, C(£24))-cycle with the Bellissard-
Pearson spectral triples — a certain infinite direct sum of point evaluations with
dynamical content.

We compute the class of this Kasparov product in rational K-homology. The
construction uses and extends the techniques of [9, 38, 52] to account for nat-
urally ocurring unbounded commutators. This is achieved in the context of
e-unbounded Fredholm modules, a slight weakening of the notion of unbounded
Fredholm modules. This weakening has been hinted at in the literature. We
describe the main properties of e-unbounded Fredholm modules in the Appen-
dix.

Remark 11. In the Ph.D. thesis of Senior [63], an unbounded Fredholm opera-
tor for the quantum group SU,(2) is constructed through the same connection
techniques employed here. Although the algebra C(SU,(2)) is a Cuntz-Krieger
algebra (see Subsection 1.4.1), the base space taken in [63] is the noncom-
mutative Podlés sphere, and thus the constructions differ fundamentally. In
particular, the e-unbounded Fredholm module techniques we employ to prove
that our operators represent Kasparov products do not apply there.

1. Groupoids, C*-algebras and dynamics

In this section we will recall some well known facts about the dynamics of sub
shifts of finite type, Cuntz-Krieger algebras and the interplay in between them
arising from a certain groupoid. The purpose of this section is to set notations
and to introduce the underlying classical geometry before describing its non-
commutative geometry. Relevant references are provided in each subsection.

1.1. SUBSHIFTS OF FINITE TYPE ON THE BOUNDARY OF A TREE. In this sec-
tion we recall basic facts and introduce notation regarding subshifts of finite
type. We let A= (A;; i'\,’j=1 denote an N x N matrix with coeflicients being 0 or
1. Sometimes we write A(i, j) = A;;. The matrix A can be thought of as defining
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the admissible paths in a Markov chain, where a jump from i to j is admissible
if and only if A(i,j) = 1. We always assume that no row nor column of A is
zero to guarantee that there is always an allowed jump into as well as out of a
letter j € {1,...,N}.

There are several well studied geometric objects associated with this Markov
chain. The first is the compact space of infinite admissible words:

Q= {(xken, €41, N}N : Vk: Alxy, xpq) = 11,

equipped with the topology induced from the compact product topology on
{1,...,N}N. The space Q, is totally disconnected. There is a natural shift
operator

QA — QA
(s dken = (Xp1)ken-

The pair (Q4, 0) is called a subshift of finite type and is amongst the most well
studied systems in dynamics, see for example [42, 49, 55].

We call a sequence of numbers yu = (,uj)?/il with u; € {1,...,N} a finite word of
length M. The length M of u is denoted by |u|. A finite word u = (,u,j)?d:l is
said to be admissible for A if A(u;,uj41) =1 for j=1,...,M — 1. To simplify
notation we often write tqu, - U, for a finite word y = (,uj)?/il. The empty
word is defined to be an admissible finite word that we denote by o,. The
length of the empty word is defined to be 0. The set of all admissible finite
words will be denoted by ¥,. For k € N, we use the notation

(12) (k) = #{u € ¥ : lul = k.
The space Q, splits into cylinder sets C, associated with finite words u:
Cp = {(Xken 1 X1 Xy =p} and C,=Q,.

A finite word u is admissible if and and only if C, # 0. The sets C,, are clopen
subsets of Q, and generate the topology. The shift o is injective on each
C, if |u[ > 0. We will abuse the notation by denoting the with o associated
endomorphism of the C*-algebra C(Q,) also by . Whenever X C €, is a clopen
subset, the characteristic function yx of X defines a locally constant continuous
function. These observations imply the following Proposition.

PROPOSITION 1.1.1. The C*-algebra of continuous functions C(,) forms an
AF-algebra. The AF-filtration is given by

b = @ Cyxe, = Ce®,
lul=k

The inclusions 6 — 64y are induced from the partition C, = U?’lew-.

The space Q, can be viewed as the boundary at infinity of the tree ¥, of finite
A-admissible words. The countable set ¥, becomes a tree by allowing an edge
between u and v whenever v = ui for some i. By choosing the empty word o, as
the base point, ¥, becomes a rooted tree. The space Q, is naturally identified
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with the space of infinite paths starting at o,. As such, €, carries a natural
metric, defined for x # y by

(1.3) dQA(x,}’) = e—min{n:x,l;éyn}.

Informally speaking, two paths are close when they stay on the same track for
a long time. In this metric, the cylinder sets satisfy

diam(C,) = e M,

The tree ¥, is in particular a Gromov hyperbolic space, and ¥, := ¥, U Q, is
a compactification of ¥, when given the topology generated by that of ¥, and
the sets

Cii=CUufve,:ve CI,dQA(oA,v) >e 1.
Here CJ/ denotes the finite analogue of the cylinder set C;

C:/ ={ve¥,:v=uA for some A€V} CV,.
DEFINITION 1.1.2. A function t: ¥, — Q4 is said to satisfy the cylinder condi-
tion if

t(w)ec, Vue,.

The next proposition shows that functions satisfying the cylinder condition

provides a natural candidate for a *-homomorphism splitting the following short
exact sequence of C*-algebras:

0— Co(¥) = C (74) = C(Q,) — 0.

ProprosiTION 1.1.3. If t: ¥, — Q4 satisfies the cylinder condition, see Def-
inition 1.1.2, then pullback along t* : C(Q,) — Cp(¥4) factors over a *-
homomorphism

t:C(Q) —C(Pa) such that (£f)lg, = f.
Proof. The Proposition follows once proving that the mapping t : ¥, — Q4

given by flm :=tand Elm := idg, is continuous. This follows from the fact that
tl(c)c C, for some & >0, so t is continuous. O

The set of finite words comes with a shift mapping defined as

0'7/:’1/14\0—>’1/A’ W= Uy Uy = g Uy-
The endomorphism o : C(Q,) — C(£2,) has an associated transfer operator
(1.4) L= > F.
yeo(x)

This operator extends to an operator L, : C (VA) - C (VA) by setting
ig(f)m(,u) = Zveo;l(u)f(v) for u € ¥,. Via the Riesz Representation Theo-

rem, the induced operator if; :C (VA)* —-C (VA)* can be viewed as an operator
on the Borel measures on .
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DEFINITION 1.1.4. A Borel measure u on Q, is called conformal of dimension
5 if L7 (1) = ep.

There is a canonical o-conformal measure on the space €4, which can be con-
structed explicitly. Denote by 8, the upper Minkowski dimension (sometimes
called the upper box dimension, see e.g. [31]) of Q.

THEOREM 1.1.5 (cf. [5], Theorem 2). Let s > 0. The series Zven e~ s
convergent for all s > 6, and divergent for 0 < s < 6,. Consequently 6, =
inf{s : Zvem e < o0},

A direct corollary of Theorem 1.1.5 is the following (recall the definition of ¢
from Equation (1.2)).

COROLLARY 1.1.6. There is a positive sequence C; € £}(N) such that p(k) <
C,(k)e** whenever s > &,,.

Consider the measures

_ Zetls,

Au‘s - Ze_slv‘ >

viewed as an element of C(¥,)*. Subsequently define u, = w*-lim; 15, Mg, which is

to be interpreted as a weak* limit in C("¥,)*. This is the well-known Patterson-
Sullivan construction [56, 69]. Since the series of Theorem 1.1.5 diverges at
6,4, the measure u, is supported only on the boundary ©,. For f € C(£,),

f a, fdu, can be computed by choosing an extension f to ¥, since any two
such extensions differ by a function supported in ¥,.

THEOREM 1.1.7 (cf. [17, 24, 56, 69]). The measure u, is o-conformal of di-
mension O 4.

Proof. First we compute,
J de* Zve"ij e_SMLof(V) Zve"t/A e_SMZkeo;l(v)f(l)
Us = - = -
o o Zve"t/Ae slv] Zve"t/Ae slv|
ZVE"VA\O e_S(l’\"—l)f(,v) s Zve“}{q\o e_s‘wf(/v)
—=e B
Zve“l{q e—shvl Zvem e—shvl

and then, using that Zven e diverges at s = 0,, we take the limit

Dherpee M)

lim [ fdL; us =g%ne

stés g, . ZVG% e—sIvl
e Dm0
= 1%ne ——slv\ =e f .
5164 Zveme 2
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1.2. GROUPOIDS, C*-ALGEBRAS AND MODULES. Groupoids are an intermedi-
ate structure between spaces and groups. The C*-algebras constructed from
groupoids form a rich source of noncommutative C*-algebras, and the groupoid
origin provides a geometric description of those.

DEFINITION 1.2.1. A groupoid is a small category ¢ in which all morphisms
are invertible.

The requirement of being small is of a set-theoretical nature; the objects in ¢
form a set. We denote the set of objects by 9 and the set of morphisms by
@M. There is an inclusion 9 — ¢ as identity morphisms. We often write
¢ for 9. The domain and range maps are denoted d,r : ¥V — ¢ and the
set of composable pairs is

9P ={Emegxg:dE)=r(n}h

This is itself a groupoid with domain and range maps the coordinate projec-
tions, and composition

(E1,m) o (M1, &) == (&1, &2).

If ¢ carries a locally compact Hausdorff topology for which the maps r,d and
composition ¥® — ¢ are continuous, then ¥ is said to be a locally compact
Hausdorff groupoid.

DEFINITION 1.2.2. A locally compact Hausdorff groupoid ¥ is €tale if the fibers
of the range map r: ¢ — 9 are discrete.

An étale groupoid ¢ carries a canonical Haar system (see [59]), consisting
of counting measure in each fibre of r. This allows for the definition of the
convolution product on C.(%4), defined by

(1.5) Frgm= > F(EE ),
ger (n)

which is a finite sum because f is compactly supported and r~!(n) is discrete.
There is a locally compact Hausdorff étale groupoid ¥, encoding the dynamics

of the totally disconnected compact space £, and the self mapping o. The unit
space of ¥, is defined as %ﬁo) :=Q, and the morphism space by

54/5” ={00,n,y) €Qy x Z x Q, : Ik € Ns.t. o™ (x) = o*(y)}.
The range and source mappings are defined by
r(x,n,y)=x respectively d(x,n,y)=y.
The composition is given by
(x,n,y)(y,m,z) = (x,m+n,z).
The groupoid ¥, can be given a locally compact étale topology in the following

way (see [59, 60]). Let m and n be natural numbers, U € 2, an open set on
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which o™ is injective, and V € Q4 an open set on which o" is injective. The
basic open sets for the topology are given by

(1.6) (U,mnV):={(x,m—n,y):c™(x)=0"(y)}.

Since this groupoid is étale, it admits a natural Haar system v* given by count-
ing measure in the fibers.
Recall that a measure p on 9@ is called quasi-invariant if the induced measure

du(&) = dv*(&)du(x) is equivalent to its inverse du(E~1). The Radon-Nikodym
derivative A := % is a measurable 1-cocycle on ¢ called the modular function.
If ¢ is an étale groupoid and U C ¢ an open set on which both r and d are
injective, define T : r(U) — d(U) by x — d(r"}(x)NU). A measure y on 4©

is quasi-invariant with modular function A if for every such U we have
dT*u

du

See more in [59, Remark 3.22].

() =Ar"Hx)NU).

PROPOSITION 1.2.3. The measure U, is a quasi-invariant measure on 2, with
modular function A(x,n,y) = e %",

Proof. The maps r and d are injective on the basic open sets (U,m,n,V). For
n—m=>0 and suppf C V we have

Tf) = Y. FO)=LE"f(x),

ye€a"(x)

We conclude that fodT*MA = fvde(”_m)*,uA = (=M, fvfduA. Forn—m <

0
f fduga ZJ de_l*MA Zf deE,m_n)*HA
v U U
U v
so in this case fodT*MA = (=M, fvfduA as well. O

The reduced C*-algebra of an étale groupoid ¢ is a certain C*-algebra com-
pletion of the algebra that C.(%¢) forms under the convolution product (1.5).
There is a conditional expectation p : C,(¥4) — Co(9®) given by restriction of
functions to 9. To construct C’(9), define the Co(99)-valued inner product

(1.7) (f8)x) = > fEE D =p(f**g),
gerl(x)

which is Cy(%4@)-linear for multiplication from the right. The completion of
C.(%) in the norm induced from (1.7) is a Hilbert C*-module £¥, the Haar
module, on which C.(¥) acts, via convolution, by adjointable operators. Its
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completion in the operator norm is C*(%). The map p above extends to a
conditional expectation
(1.8) p : CH¥Y) — Co(9).

This intrinsic construction of C*(¥) was first considered in [44].

For a closed subgroupoid # C ¢, we can do a similar construction. Denote
by py : C.(4) — C.(5¢) the restriction map. This extends to a conditional
expectation p, : CX(9) — C:(#), see [59]. Relative to the closed subgroupoid
9 c ¢, the inner product (1.7) can be expressed as (f, g) = pyo (f**g). We
distinguish the domain and range mappings of ¢ respectively # by an index,
e.g. 1y : 9V — 9O There is a right C.(s#)-module structure on C.(¥) given
by
g-h(m):= >, gmOE™), ney,
gery (dy(n)
and the formula for the inner product is similar to (1.7):

()M =pr(fxdm= Y.  fENQE™) for nes,
gery' (re(n)
The completion of C.(¥) with respect to this inner product is a Hilbert C*-
module th, over C*(#); there is also a left action of C(%), which is defined
by convolution. The C*-algebra of C’(#)-compact operators on such modules
can be easily described. We now turn to a brief review of this description.
Consider the right action of 7 on ¢ and its associated quotient space

(1.9) g/ =1{[E]:£€9,[E]=[ ] Inex En=2E,}
The space
Yx 9/ :={&,[n]):d&)=r(m}
can be made into a groupoid with (¢ x ¢/5)© = ¢/ by defining
range map: (&, [n]):=[En],
domain map: d(&, [n]):=[n],

composition: (&1, [n]) e (&y, [E5'0]) == (§182, (&5 0D,
and inversion: (&, [n])7* = (&7 [EnD).

This groupoid is étale because both ¢ and 5 are. The above construction is
a special case of an action of the groupoid ¢ on a space, which in this case is
¢ /7. In that context, the map [n] — r(n), viewed as a map ¢/# — 4©
is called the moment map of the action. For the general theory of groupoid
actions, its relation to C*-algebras and modules, and further references see
[47, 51, 68].

THEOREM 1.2.4 (cf. [54, 65]). Let ¢ be an étale groupoid and 5 C ¢ a closed
subgroupoid. The mapping

9 CH(YxY/H#)—> Kcﬂﬁ)(z;i,)
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defined on a € C.(Y X 4/#) S C(Y X 4/##) and f €im(C(¥)— EL) by

nh@fmi= Y. a@&ETMDFE ) for ney,
ger~1(r(n)

is an isomorphism.

The fact that C:(9x 9/ ) = KC:(E%)(E;!;,) follows from the Morita equivalence
H ~ G X G[FH of groupoids and the results in [54, 65]. The explicit formula
for the isomorphism can also be found in [51, Equation (11)].

1.3. CuNTZ-KRIEGER ALGEBRAS. Let O, be the Cuntz-Krieger algebra asso-
ciated with the N x N matrix A = (A;;). Recall our assumption on A; no row
nor column in A is 0. The C*-algebra O, was defined in [22] as the universal
C*-algebra generated by elements S; satisfying the relations

N
(1.10) SIS =Y A;S;S),
j=1
N
(1.11) D isisi=1,
i=1

Following the notation [22], for the source projections we write Q; := SS; and
for the range projections P; := §;S;. The relations (1.10)-(1.12) become

N
(1.13) P;P;=6;;P; and Qi:ZAijpj'
j=1

For any finite word u = uquy- -y, we let S, € O, denote the element
Su,Su, "+ Sy, - The relation (1.13) guarantees that the element S, is non-zero if
and only if p is an admissible word.

PROPOSITION 1.3.1 (Lemma 1.1 of [46]). The following computation holds:
Sg, if y=vp, for some p,
B A e
ver S, if v =By, forsome J,

0, otherwise.

Every non-zero word in S; and S;‘ can be written as a finite sum of terms of
the form S,S; where the admissible u = uy -y and v = vy---v; satisfy that
Mg =1

The following fundamental result is due to Renault.

THEOREM 1.3.2 ([59, 60]). There is a canonical isomorphism between the
groupoid C*-algebra C7(¥,) and the universal C*-algebra O,.
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The isomorphism is implemented by mapping S; to the characteristic function
of the set

(1.14) X;:={(x,1,0(x)): x €C;}.

As the images of the S;:s satisfy the Cuntz Krieger relations, we obtain a
*-homomorphism Oy — C*(%,). For more details on the proof see [60].

Recall the following condition, usually referred to as condition (I), on the N X N-
matrix A. A finite admissible word v = v; ---vy is a loop based in j € {1,...,N}
ifvi;=vw=jand vy #jfor k=2,...,R—1. If any j =1,...,N satisfies that
there is an admissible finite word u = p; -~ Uy with u; = j and there are two
different loops based in u,,, we say that A satisfies condition (I). The matrix A
satisfies condition (I) if and only if 4 has no isolated points. An example when
condition (I) is satisfied is if A is irreducible but not a permutation matrix.

THEOREM 1.3.3 (Theorem 2.14 of [22], Proposition 4.3 of [1]). The Cuntz-
Krieger algebra O, satisfies the following:

(1) If A is irreducible, O, is simple.

(2) If A satisfies (I), then O, is purely infinite*.

The quasi-invariant measure u, induces a functional

(1.15) 0a:C(9)—C, f ’_’f f|nAd.UA,
QA

which extends to a state on C*(%). The GNS-representation of O, on L?(0y, ¢,)
is canonically isomorphic to the convolution representation of C'(%,) on
L?(%,, uy). We will refer to this as the fundamental representation.

1.3.1. The algebra Oy. Also known as the Cuntz algebra, was first introduced
in [18]. The algebra Oy is the universal C*-algebra generated by N orthogonal
isometries. The algebra Oy is the Cuntz-Krieger algebra associated with the
symmetric N X N-matrix giving by A;; = 1 for all i,j. The geometry of Qg
takes a very simple form; since any word is admissible, it holds that ¥, =
Ugenil,...,N}* and ¢(k) = N¥. In this special case, the KMS-state $o, can
be computed as

©0,(8,8:) =5, N

1.4. THE FIXED POINT ALGEBRA OF THE CIRCLE ACTION. The Cuntz-Krieger
groupoid comes with a natural circle action. We describe the action in both
pictures of O4. First of all, the map

Cp - gA — 7
(1.16) (eom,y) o n,

4Hence 0, is also simple.
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is a continuous homomorphism, or a 1-cocycle. Note that InA = —&4¢c,, with
A as in Proposition 1.2.3. This induces a disjoint union decomposition

9, =J %,

nez

where ¥, = cA_l(n). Its kernel
#, = Kkercy = ¢, ' (0) = {(x,0,y) : 3k, 0*(x) = o* ()},

is a closed subgroupoid. We denote F, := C*(#,) C C:(%,). We remark that,
by the remark on the end of page 3 of [22], the algebra F, is simple if A is
aperiodic. There is a U(1)-action on C*(%,) (see [59]) constructed from the
cocycle ¢, via

@, (f)(E) =" “f (&),

We refer to this action as the gauge action. The fixed point algebra for this
action is exactly F,. It is well known that the state ¢, (1.15) satisfies the
KMS-condition at inverse temperature 6, with respect to the gauge action (cf.
Definition 3.15 and Proposition 5.4 of [59]).

A third way of describing F, comes from the generators S;. Observe that, in
terms of the linearly spanning elements S,S; coming from Proposition 1.3.1,

at(SuS:) - e(‘“‘_‘vl)itSMS:.

Hence F, is the C*-algebra generated by S,S; for |u| = [v|. We define F/lx to

be the span of all non-zero S,S; where |u| = |v| = [+ 1. As was computed
in the proof of [22, Proposition 2.3]; for a fixed j, the elements S,S; where
lul = v| =1+ 1 and pq = v;; = j form a set of matrix units; whenever
L+1=lul=]=u|=W]

(1.17) SuSLSSt = 6,855 Sy St =08, ,8,S0.

These identities follows from Proposition 1.3.1. We can conclude the following
Proposition.

PROPOSITION 1.4.1 (Proposition 2.3 of [22]). The space F\ is closed under
multiplication and adjoint. In particular,

Fy=UienF)
is an AF -algebra.

The stabilization F,®K admits yet another description in terms of groupoids.

It follows from [51, Lemma 3.4] that %,/ = Q4 X Z. The moment map-

ping 9,/ — Q4 is the projection onto the first coordinate under the above

homeomorphism. Hence we can identify ¥, X 9,/5, = 9, x Z. We will denote

elements of ¢, X ¥,/5, by (x,k,y,l). The range and domain mappings
r,d:gAK‘gA/%=‘5AXZ—>‘5A/%=QAXZ

are given by

r(x,k,y,)=(x,1) and d(x,k,y,1)=(x,k+1)
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The groupoid multiplication in 4, X 9,/ is given by
(e, k, ¥y, D)(y,m,z,k+1)=(x,k +m,z,1)

The next Proposition follows by a standard argument, which is left to the
reader.
PROPOSITION 1.4.2. The mapping

B Gy X Gp/ ) — G X G/ 5, (x,k,y,1) = (x,k,y,l = 1),
is a groupoid automorphism. There is an isomorphism C*(9G, X 9/ #,) = Oy X
U(1) under which B corresponds to the dual Z-action. In particular,

CH(Gp % Gp/ H,) X T~y Op.

Remark 1.4.3. A consequence of Theorem 1.2.4 and Proposition 1.4.2 is the well
known fact that there is a Z-action on F,®K such that 0,&K = (F,®K) X Z.

The restriction map p : C(¥,) — CI(5.) is a conditional expectation. The

associated Hilbert C*-module is denoted E°. Under the isomorphism O, =
C;(94), p corresponds to the map E : Oy — F, defined by

E(a):= if a,(a)dt.
27 u(n)

The mapping E defines an F,-valued inner product on O4. The completion
E® of O, in the norm associated to this inner product is a Z-graded Hilbert
C*-module over F,.

PROPOSITION 1.4.4. The isomorphism C(%,) = O, is U(1)-equivariant and

induces a Z-graded isomorphism ES = E2.

1 1
1.4.1. The quantum group SU,(2). Consider the matrix A = 0 1). The

partial isometries S; and S, generating O, satisfies the relations

STSZ = O, SzuS;k = SZSz, Slsik +SzSZ =1 and S;Sz =1.
This condition guarantees that 04 = C(SU,(2)) for any q € [0,1), see more
in [37]. The compact quantum group SU,(2) is well studied and we merely

describe it here as an interesting example. We do not derive anything new.
Any admissible sequence u € ¥, has the form

w=11---122---2,

that is, if the letter 2 appears in a word, all subsequent letters will be 2:s. We
will identify a point (k,1) € N? with the finite word consisting of k occurrences
of 1 followed by [ occurrences of 2. It holds that

(1.18) e(=#ue¥,:lul=}=1+1.

PROPOSITION 1.4.5. There is an isomorphism C(SUq(Z))U(D =~ R — the uni-
talization of the compact operators on a separable infinite dimensional Hilbert
space.
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0 1
the identification ¥, = N2, it holds that

Ff=C o M(0).

Proof. We use the notation A = (1 1) and F, = C(SUq(Z))U(U. In light of

The first summand is spanned by S(k+1,o)52<k +1,0)

spanned by S,S; where u and v are of length k +1 and not ending in 1.
Since

and the second summand

Stk,0)S(k,0) = Sk+1,05(k+1,0) T Stk 1Stk 1)
j— /
and S(k,l)SEkk’,l’) = S(k,l+1)SEkk’,l’+1)’ for L,I">0,

the embedding of the second factors M;(C) — M;;,(C) is a corner embedding.
Hence the mappings C & M;(C) — C & M;,;(C) are unital. It follows that
li_)m CeoM(C)=K. O

2. Finite summability of Fredholm modules

In this section we investigate the finite summability of odd K-homology classes
on Cuntz-Krieger algebras. The central idea when treating the K-homology
of Cuntz-Krieger algebras is the usage of Kaminker-Putnam’s Poincaré duality
class for Cuntz-Krieger algebras. After recalling its construction we will prove
the following Theorem:

THEOREM 2.0.1. Any class in K'(0,) admits a p-summable representative for
any p > 0.

To be precise, we prove that any class in K(0,) can be represented by a K-cycle
that is finite rank summable on the *-algebra generated by the generators of
0O,. We return to the proof of this theorem in the end of Subsection 2.2. In
the proof, we need to make use of KK-theory. The reader unfamiliar with KK-
theory is referred to the textbook [43] or Kasparov’s original papers [40, 41].
We use the notation ® for the minimal tensor product of C*-algebras.

2.1. KAMINKER-PUTNAM’S POINCARE DUALITY CLASS. Whenever u €
Urenil,..., NI, we let o, € €2(¥,) denote the delta function in u if u € ¥, and
0, =0if u ¢ ¥,. We obtain an ON-basis {5,| u € ¥} for €2(¥,). We use the no-
tation ey, ..., ey for the standard ON-basis of CV. If =, -~ uy € {1,...,N}¥,
we use the notation e, :=e, ® - ®e, € (CV)®k, Let Z denote the Hilbert
space completion of ® (CN)®*, with (CY¥)®° = C, in the scalar product

<ep,5 ev)g' = 5[1,,1/'

There is a natural isometric embedding £2(¥,) — % whose range is the closed
linear span of the set {e,|u € ¥4}. We often identify (2(¥,) with its image
under this embedding; that is, we identify e, with &, if u € ¥,. We also let
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P, : Z — (*(¥,) denote the orthogonal projection; in particular Pe, =6, for
any finite word u. Define the bounded operators

L? : Ez("j/A) - Z2("1/%\)’ 5u = eu = PA(eiu) = 5iu'
There is a bijection of sets ¥, — ¥;r given by

M= Uy M1 Mg > = U1t ol
i.e. the word u ordered in the opposite way. We define the unitary isomorphism
Jy (W) = P V), 6, 6,

Consider the operators R‘? = Jf,‘,L?TJn,/7 which act as R’?5” =0,
We let {S;li =1,...,N} and {T;|i = 1,...,N} denote the generators of O, and
respectively O,r. We define the *-homomorphisms

Ba:=0,4— 6(*(¥), S;—L{ mod K(€*(¥,))  and

By :=Ad(q(Jy))(Bar) : Opr = €(L*(¥4)), T;— R} mod K(£*(¥4)).
Here q : B (), € (Var)) — BUA(Y4), £ (¥ ) /KL (), €2(F4r)) denotes the
quotient mapping. The fact that 4 is a *-homomorphism for any A is shown

in [39]; it also follows from Lemma 4.2.1 and Proposition 4.2.3 below. A short
computation shows that

(2.19) [L{,R}1=0 and [(L{)",R}]=5;P,

A’

where P, denotes the orthogonal projection onto C&,,. See more in [39,
Proposition 4.2]. It follows that the algebra f,(0,) commutes with 8] (O,r)
in €(¢%(¥,)). Since O, and Oy are nuclear we obtain a *-homomorphism

Bxp = ﬁAé’ﬁAT 0,80, — G (L*(V4)).
By standard constructions, see [43], the #-homomorphism g, induces a class
[Bkp] € Ext(04@0,r, K(£*(¥))))
represented by the extension
(2.20) 0 — K(2(¥,)) = Exp — 0,80, — 0,
where
Ecp:={a®T €0,® 0y ®B*(¥)): fp(a)=T mod K(€*(¥,)) € im Pyp}.

If Bgp is injective, for instance if Oy ® Oyr is simple, Egp is the C*-algebra
generated by L’{‘ and R? and the exactness of (2.20) was in this case verified in
the paragraph proceeding [39, Definition 4.3]. The C*-algebras O, and O,r are
nuclear, so any element in the semi group Ext(0,&0,r, K(£2(¥,))) is invertible,
and
Ext(0,®0,r, K(£2(¥,))) = K*(0,80,1).

This isomorphism can be found in [43, Chapter 3.3]. The construction of
this isomorphism relies on the Choi-Effros Theorem and on the Stinespring
Theorem. The two theorems combined guarantee the existence of a completely
positive splitting of the short exact sequence (2.20) that has the following form.
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There is a Hilbert space #, a representation 7 : 0,80,r — B(H) and an
isometry W : £2(¥,) — H such that

(2.21) Brp(a) = qW*rn(a)W) for any a€ 0,&0;r.

It follows from the fact that Bgp is a s-homomorphism that [WW* n(a)] €
K(H) for all a € 0,0,r. The identity (2.21) guarantees that the image of [Bxp]
under Ext(0,0,r, K(£2(¥,))) — K'(0,80,r) is represented by the odd analytic
K-cycle (rt, H,2WW* —1). The data ©, H and W is difficult to construct in
general. Further, the problem of finite summability on a dense subalgebra is not
made easier by the abstract construction from the Stinespring Theorem. We
will return to this problem in the next section. First we recall the construction
of Poincaré duality from the image A € K'(0,&0,r) of the extension class

[Brcp]-
THEOREM 2.1.1 (Consequence of [39]). The mapping

K.(Oar) = K*1(04), [e] (1o, ® [e]) ®0,50,, A
is an isomorphism.

Remark 2.1.2. Recall that KK-theory comes with a product; for separable C*-
algebras A, B and C, there is a Z/27-graded operation

®; : KK,(A,B) ® KK,(B,C) — KK,(A, C),

called the Kasparov product. This product is associative. As such, one often
considers KK-theory from the perspective of defining an additive category®
whose objects are the separable C*-algebras and the group of morphisms from
A to B is KKy(A, B) with the composition of morphisms given by the Kasparov
product. Further, it coincides with the index pairing

K.(B)® K*(B) — Z

when A = C = C, once identifying KK, (C,B) £ K,.(B), KK.(B,C) = K*(B) and
KK, (C,C) = 7Z. The particular Kasparov product (1o, ® [e]) ®0,00,r A used
in Theorem 2.1.1 is that between the class 15 ® [e] € KK,(Oy, 0,®0,r) and
A € KK;(0,®0,r,C). See more in [27, 39].

In order to use Theorem 2.1.1, we will need to compute Kasparov products
in the case described in Remark 2.1.2. Computations of this type are well
known to experts in the field, we include them for the sake of completeness.
Throughout this subsection, A and B denote unital C*-algebras and (7, #,F)
an odd analytic K-cycle for ARB.

PROPOSITION 2.1.3. Let e € BOM,,(C) = M,,(B) be a projection and set
j‘é = [ﬂf ® lde(C)](]'A ® e)(ﬂ-[@ (Dm)
5Tt even carries a triangulated structure, see [53].

DOCUMENTA MATHEMATICA 20 (2015) 89-170



112 M. GOFFENG AND B. MESLAND

There is an odd analytic K-cycle (r,, H,,F,) on A defined by
T, tA—>B(H,), a—[n® idy, (yla®e),
and F,:=[n® idy )](1a®e) [F® iden] - [ ® idy )](14®e).
Proof. We assume m = 1 to shorten notation. Since F commutes with 7(1,®e)
up to compacts,
F? - n(1,® e)F*n(1, ® e) € K(H,).
Since F2 — 1 is compact, so is Fe2 — 1. Furthermore F; = (1, ® e)F*n(1, ® e)
so F) —F, € K(#,). Finally, we have for any a € A that
[F,,m.(a)] =[n(1,®e)Fn(1,Q¢),m(a®e)] =
=n(1,®e)[F,n(a®15)]n(1,®e) € K(H,).
]
LEMMA 2.1.4. If e € BQ M, (C) is a projection, the Kasparov product (1, ®

[e]) ®ugp [, H,F] can be represented by the Fredholm module (., #,,F,) (see
notation in Proposition 2.1.3).

Proof. The K-theory class 1,® [e] can be represented by the A—A®B Kasparov
module (A®eB™,0) with its obvious A-action on the left and the structure of an
A®B-Hilbert C*-module comes from the inclusion A®eB™ C A®B™. It is clear
that as A— C-Hilbert C*-modules

H, = (A®eB™) @ 5 H.

Since (7, H,,F,) is a Fredholm module on the right Hilbert space, to verify that
it is a Kasparov product between [7, #,F] and (A®eB™,0) it suffices to prove
that F, is an F-connection, see [43, Definition 2.2.4]. The other conditions on a
Kasparov product automatically hold as the Kasparov operator in (A&eB™,0) is
0, see [43, Definition 2.2.7]. Recall that F, is an F-connection if for x € AQeB™,
the linear mapping

& x ®ugp (FE) — Fo(x ®pgp &)
is compact. However, since (1, ® e)x = x this fact follows from the identity
X ®agp (FE) = Fo(x ®pgp &) = m(x)FE — m(14® e)F (1, ® e)m(x)E
=mn(1y®e)[n(x),F]E.
O
Remark 2.1.5. The natural mapping K'(A) — Ext(A,K) is defined by mapping
a cycle x := (7, #,F) to the extension associated with the Busby invariant
Br:A— C(H), Prpla):=q(Prm(x)Py) where Pp:=(F+1)/2
and q : B(H) — 6(H) denotes the quotient mapping. If F? = 1, the Hilbert
space can be reduced to Pp# = ker(F —1). The Busby invariant f is degen-
erately equivalent to B : A — € (Pp#H), Br(a) := q(Ppm(x)Pr). In particular,

the Busby invariant of the K-cycle (7,, H,,F,) constructed in Lemma 2.1.4 is
Be(a) := Brla®e).
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We end this subsection with a proposition on finite summability concerning
Poincaré dualities whose proof is carried out mutatis mutandis to that of Propo-
sition 2.1.3. We let .# denote a symmetrically normed operator ideal, see [64,
Chapter 1.7]. Assume that &/ €A and 2 C B are unital dense *-subalgebras.

PrOPOSITION 2.1.6. Let e € B ® M,,(C) be a projection and assume that
(7, H,F) is F-summable on the %-subalgebra .o/ ® (Cly + Ce) C ARB, then
(1, H,,F,) is #-summable on o .

Remark 2.1.7. We note the following important consequence of Proposition
2.1.6. Assume that (7, #,F) is #-summable on .o ®¢ 9. Then any element
in the image of the mapping

Ko(B) = K'(A), x— (14®x)®ugp [T, H,F],

is #-summable on .. A slight modification of the argument above implies
that the same holds true for elements in the image of the analogously defined
mapping K;(B) — K°(A). This fact follows from [7, Proposition 3.12] which
allows us to assume B C B to be holomorphically closed, and the mapping
K. (%) — K. (B) induced from the inclusion 98 — B to be an isomorphism.

2.2. FINITE SUMMABILITY IN K'(0,). To deal with finite summability prob-
lems for O, we note an important relation between linear splittings and finite
summability based on [33]. The observation will reduce the problem of finite
summability for an odd K-homology class to finding such 7, # and W described
above, in the paragraph preceding Theorem 2.1.1, that behaves well on gener-
ators. Whenever {x;};c; is a set of elements in a *x-algebra, we let C*[x;|i € i]
denote the *-algebra generated by {x;}c;.

THEOREM 2.2.1. Let %, ¢ C B be symmetrically normed operator ideals such
that a*a € # implies a € ¢. Suppose that

0> K(H) >E—>A—0
is a short exact sequence of C*-algebras with Busby invariant Bg. Assume the
following:
(1) The C*-algebra A contains a dense *-subalgebra generated by a set
{x;}icr €A, where I is an index set, and that there is a set {X;}ie; C

B(Hy) of pre images of {Bp(x;)}ic; under the quotient mapping q :
B(Hy) — € (Hy) such that the mapping

C'[x;li e I1 = B(H)/ #(H), x; —X; mod F(H),
is a well defined *-homomorphism.
(2) There is a Hilbert space H, a *-representation © : A — B(H) and an
isometry W : Hy — H such that
X; —W*n(x, )W € £(H).

Then [Bg] defines an invertible class in Ext(A,K(#H,)) whose image in K*(A)
is represented by the K-cycle (m, H,2WW* — 1) which is #-summable on the
dense x-subalgebra C*[x;|li € I] C A.
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The proof is closely modeled on the structure in the refined extension invariant
of [33] that is adapted for extensions of Schatten class ideals. Compare to for
instance [33, Theorem 3.2]. The examples of ideals to keep in mind is the
finitely summable case .# = 2P and ¢ = %% or the O-summable case .# = Li
and # = Liy,.

Proof. Tt follows by the construction of the isomorphism Ext(A,K)~! = K'(A)
that [Bg] is represented by the K-cycle (7, H,2WW?* — 1), see the discussion
before Theorem 2.1.1. The #-summability statement requires a more subtle
algebraic analysis.

To simplify notation, we set ./ := C*[x;|i € I]. We can define a linear mapping
T: . — B(Hy), a— Wir(a)W. The assumptions of the Lemma guarantees
that we can define the *-algebra

&:={(a,T)e g ®B(Hy) : t(a)— T € #(Hy)}.
There is a natural mapping o,z : & — .« given by (a,T) — a which admits a
linear splitting T(a) := (a, 7(a)).
The mapping 7 induces a shomomorphism B, : .o/ — B(H,)/Z(H,). The pull-
back of the universal .£-summable extension along B, places & in a commuting
diagram of *-algebras with exact rows:

0 —— S(Hy) — & —2 o — 0

| b

0 —— S(Hy) —— B(H) —— B(H)/L#(Hy) —— 0

where & — B(H,) is defined by (a,T)— T.
We set P := WW*. The operator U := W*|p, : PH — H; is a unitary isomor-
phism. We now turn to the *-algebra & defined from the diagram

Og

0 —— 4(H) & s of 0
Ad(U)l 1Ad(U) H
0 —— S(PH) é < 0

By construction, the linear mapping %(a) := Pr(a)P = U*t(a)U € & defines a
splitting of the lower row. In particular, for any a, b € .«/ it holds that

t(ab) — t(a)t(b) € #(PH).

It follows that [Bm(a)] € #(#H) for all a € . by an algebraic manipulation,
see [33, Lemma 3.7]. O

Remark 2.2.2. If the mapping Be : o — B(H,)/F(Hy) in the proof of Theo-
rem 2.2.1 is injective, the mapping & — B(#,) is injective. Hence there is an
isomorphism of *-algebras

E={TeB(H): T mod #(Hy) €imf,}.
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Let us return to the C*-algebra O4. Recall the definition of the KMS-state ¢,
on 04 from (1.15), the associated GNS-space L?(0,, p4) and the fundamental
representation 7,. By the results of Subsection 1.3, there is an isomorphism
L%(04,0,) = L2%(¥,) intertwining the Oy-action with the C*(%,)-action under
the isomorphism O, = C*(¥%,) from Theorem 1.3.2.

Fix a finite admissible word A € ¥,. Define #, as the closed linear span of all
elements S, € L%(04, ¢,). For any two finite words u,v € ¥, Proposition 1.3.1
implies that

N
<Su: SV)LZ(OA,L/JA) = @A(S;Sv) = 6;,L,v @A(S;ksuk) = 6,u,v ZA,uk,jVOI(Cj)a
j=1

where k :=|u|. For any finite word u = u; - - - U, admissible or not, we set

N -1/2
Cyi= (ZA“N-VOI(CJ-)) .
=1

In particular, it holds that ¢, only depends on the last letter of u. It follows
from the computation above that the non-zero elements of {c,3S,,|u € ¥4} form
an ON-basis for #H,. Let £2(%;) € £%(¥,) be the closed subspace spanned by
the basis vectors associated with the words

V5 = {ur € Vjlu € Y}

The operator B, := R/%(R/%)* € B(¢%(¥,)) is the orthogonal projection onto
€2(¥,). We define the unitary isomorphism U : £2(¥,) — #, by 6, —c,S, It
follows from the above discussion that the map

W, = U, : 02() = L*(O4, 94),

is a partial isometry. We recapitulate by noting that the partial isometry W
maps 6, to c,S, if u € ¥, and it maps 6, to 0 if u ¢ ¥;. Hence, the image of
W, is #; and the image of W, is £2()).

PROPOSITION 2.2.3. The partial isometry W, satisfies the equation:
W TA(SOW,, = LW, W, = L?R’%(R’%)*, i=1,...,N.

Proof. 1t suffices to prove that W, m(S;)W;8,, = L#5 ,; since the vectors &,
spans the range of W;. A direct computation goes as follows:

W;ﬂ:A(Si)Wlép,A = C,UJLWA*TCA(SI')S;JJ» = C,u,)LW;SipJL = 6i[,l,7» = L?é”,‘)ﬂ
since ¢y, = Ciyp- O

Remark 2.2.4. The orthogonal projection W, W, € B(L?*(Oy, ) onto 74 cor-
respond to a projection constructed in the groupoid picture as follows. For any
finite word u, S,, corresponds to the characteristic function of the set

{0, ul, o™ (x) € galx € .
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It holds that
(2.22) Qf = Z C‘ZMSWLJ p(SZ)L*f)d.U'A;

UETV) Q2
with p as in (1.8), defines a projection in L*(%,u,) corresponding to W, W;
under the isomorphism L2(0,, ¢) = L2(%,, u,). This is akin to the constructions
in [28].
PROPOSITION 2.2.5. The extension defined from the Busby invariant
Bi: 04— €(*(Y), a— Pypa® T, T)

can be represented by the odd analytic K-cycle (104, L*(O4, ©4), 2W, W —1) which
s p-summable for any p > 0 on the dense x-subalgebra C*[S1,S,,...,Sy] € O,.

Proof. For j = 1,...,n, the operators X; := L?R?(R‘?)* lifts 3;(S;). The op-
erators X; satisfy the Cuntz-Krieger relations modulo finite rank operators,
so §; — X; mod LP(02(¥,)) defines a *homomorphism C*[S;,S,,...,Sy] —
B(£2(¥,))/ LP(£%(¥,)) for any p > 0, even modulo finite rank operators. It
also holds that W W; = R?(R‘?)*. In particular, X; = W/ m,(S;)W;. Hence, the
Proposition follows from Theorem 2.2.1. O

We recall the following description of Ky(O,r) from [19, Proposition 3.1].
PROPOSITION 2.2.6 (Proposition 3.1 of [19]). The mapping

N
7N _, Ko(Our), (kj);\’zl — ij[TjTj*]
j=1

is surjective with kernel being (1 —A)ZN

Proof of Theorem 2.0.1. By Theorem 2.1.1, Remark 2.1.5 and Proposition
2.2.6 any K-homology class on O, can be represented by an extension class
of the form Z;V:l k;[B;]. The Theorem follows from Proposition 2.2.5. O

2.3. A REPRESENTATIVE FOR A. As previously indicated (see Proposition
2.1.6), any summability property of a K-cycle representative for A would carry
over to any K-homology class for O,. The problem is to represent A in a rea-
sonable way. We will in this subsection construct a 8-summable representative
for A.
We will use the notation %T for the closed linear span of {T;lu € ¥} in
L%(Oyr,4r). Just as for O,, there are constants C'Z > 0 only depending on
the first word of u such that {cZ Tylu € ¥4} forms an ON-basis for H". Define
the linear mapping #; by

Wy () = H® HT, 5, > (IAl+1)72¢,S, @ Ty,

uv=A

whose adjoint equals

Wy Hy® H — (W), c,clS, ® Ty — (luv|+ 1)_1/25uv
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The operator # is an isometry since

WEWoS ) = Z (wv|+ 1715, = 5,.
uv=Axr

We will make use of the isometry
W03 (V3) = L2(0n, 92) ® L*(Our, par)

that is defined as the composition of #,, and with the isometric inclusion #; ®
%T — LZ(OA: VA ® LZ(OAT: ©ar).

LEMMA 2.3.1. For any A it holds that
LA =W [ra(S) 8 1o, 1, RE = #* (10, ® mur (T)]W € Li(EA(93)).
If there is a p > 0 such that ¢(1) S 1P, it holds that
LY =W [ma(S) ® 1o, 1, R = W1, ® mar (TO]W € LV (H))).

Proof. This is yet another proof by computation. Choose a finite word A € ¥.
It holds that

W a(S) ® 1o, WS =" ( Z cucl (uvl+ 173, ® Tv) =
uv=A

(A +1)7/2 Al +2
— 5., =146 —1|14
(ial+ 2 = HO T e eor

W[, ® m (T W6, = W ( > el + 7%, @ T”) )
uv=2A

(al+D72 Al+2
_ 5.,. =RAS —1|R%
(a2 =N T\ Ve e

since ¢, only depend on the last letter of u and cg only depend on the first
letter of v. We define I € B(£2(¥,)) by

s, = ,/W” 1ls
A Al +1 g

and reformulate the above identities as

W naS)® 1o, 1# —LE=LIT and #*[1o, ® mar(T)]# — R} =R{T.

We recall the elementary asymptotics

Al +2 . o 1 A
Viale1 " 2 az) ™ oo

It holds in general that ¢ (1) < e®! fors > &, by Corollary 1.1.6, so I' € Li(£2(¥,)).
On the other hand (1) < 1P implies I' € LPTL2(02(9))). O
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From Theorem 2.2.1 and Lemma 2.3.1 we may conclude a summability result
for the duality class A. This result is by no means a surprise. There is to the
authors’ knowledge no known counter examples to the 8-summability problem
for unbounded Fredholm modules, so in effect there are no counter examples
to representing K-homology classes by 6-summable Fredholm modules, cf. [14,
Chapter IV.8.a, Theorem 4]. We nevertheless state it as a Theorem.

THEOREM 2.3.2. The class A € K*(0,&0,r) is represented by the analytic K-
cycle

(70, ® Tar, L2(O4, ) ® L2(Oyr, ar), 29 W* — 1),

which is 0-summable on the dense x-subalgebra of O,Q0,r generated by S; ® 1
and 1@ T; for i =1,...,n. If there is a p > 0 such that (1) S 1P, this is a
LPTLR_summable K -cycle.

Theorem 2.3.2 and Equation (1.18) imply that any K-homology class on SU,(2)
is finitely summable.

3. Unbounded (O,, F,)-cycles

We will in this section start approaching the problem of constructing un-
bounded Fredholm modules on O,. It is natural to try and construct unbounded
Fredholm modules as Kasparov products of bivariant cycles with unbounded
Fredholm modules on one of the subalgebras C(Q,) € F, € O,. In this sec-
tion, we will consider classes in KK;(O,4, F4). In Section 5 we construct classes
in KK1(0,4,C(£4)). Both constructions provide cycles that behave analogously
to those studied in Section 2 apart from the difficulties of being bivariant. A
problem with using the fixed point algebra is that, despite there being a well
studied bivariant (O,, F4)-cycle that is naturally constructed, the unbounded
Fredholm modules on F, are more difficult to construct and understand topo-
logically than those on C(€,). E.g. for the Cuntz algebra Oy, it holds that the
even K-homology of the fixed point algebra vanishes but its odd K-homology is
an uncountable group (cf. Proposition 3.4.2).

We will in the remaining parts of the paper use a great deal of unbounded
KK-theory. The reader unfamiliar with this material is referred to [4, 9, 36, 38,
45, 52).

3.1. THE HOMOGENEOUS COMPONENTS. In this subsection, we describe the
structure of the module E¢ — the completion of O, as the pre-F,-Hilbert C*-
module associated with the conditional expectation p. : Oy — F, coming from
the restriction mapping C.(¥4,) — C.(54,). It is clear that £° decomposes as a
direct sum of F-modules:

£ =P,

nez
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corresponding to the disjoint union decomposition ¥ = UnGZ 9,, where ¥, =
cA_l(n). We show below that each E; is a finitely generated projective Fy-
module, and consequently E° is isomorphic to a direct sum of finitely generated
projective Fy-modules. Since Ej = F, it suffices to consider n # 0.

LEMMA 3.1.1. Letn> 0. The column vectors v, := (S;)M:n € Hom;A(Zfl,F/f(n))

have the property that v, v, = 1. In particular, E; is a finitely generated projec-
tive Fy-module for n > 0.

Proof. We have
ViV, = Z SuS, =1,
|ul=n
which follows from successively applying the relation (1.11).
For an element a € O, of degree n, the vector v,a, constructed by coordinatewise
multiplication by a, is an element of F :f ), Therefore, for positive n, the map

C ()
Zn - FA
a—v,a,

is an isometry onto its image; its image is equal to p,F f ("), with p, = v,v;.

Hence, £} is a finitely generated projective Fy-module. O
Recall the notation P; for the projections S jS;f. The projections P; are of degree
0, and S;P; is of degree 1 for any i,j. Recall that we assume that neither row
nor column of A is composed of only zeroes. Hence the numbers

N
N] = ZIAU,
i=

satisfy 0 <N; < N. For two finite words u and v, not necessarily admissible, of
the same length n > 0 we set
1
R,,:= ————S, P, ---S, P
v Nﬁ . 'Nv H1m vy Mn™ Vi
We use the notation ¢(n) := #{(u,v): [u|=|v|=n, R, # 0}. It is clear that
¢(n) < p(n)*.

LEMMA 3.1.2. Let n > 0. The column vectors w, = (Ry,)u=jvj=n €

n

Hom;A(Zin,Ff(n)) have the property that wyw, = 1. In particular, E°  is a
finitely generated projective Fy-module for n > 0.

Proof. We have

* _ % %
ww, = l llZ ﬁPvnS o -PVlSMlSM1 vy "SHnP"n
ul=|lv|=n 1 n
N
1 1

_ * *

= 2w PSS X aon P SiSwPa e Sy,
o1 Vo =1 T
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LR |
= Z N_ Pvu S;n W:—l Wn—lS“n Pvu .
M, V=1 Vn
Hence, the result follows by induction once proven for n = 1. In that case, the

equation becomes

N N

1 51 .
> ~P;SI5P; = >, (Z ﬁAijsesepj) by (1.10)
(=1""

ij=1""] ij=1

*
wiwy

Yo

D v AuSiS; by (112)

i,j=1""J

=>15,57=1 by (L11).
j

O

3.2. THE GAUGE CYCLE. By [51], pointwise multiplication by the cocycle c,
induces a selfadjoint regular operator D, on the Hilbert C*-module E¢, giving
(£¢,D,) the structure of an odd unbounded KK-cycle for KK;(O,4,F,). We will
refer to this cycle as the gauge cycle. The construction of the gauge cycle
was considered in a more general setup in [11] that we make use of in the
next subsection. We assume that A is a C*-algebra with a strongly continuous
U(1)-action satisfying the spectral subspace assumption [11, Definition 2.2].
The gauge action on O, satisfies the spectral subspace condition because, as
we saw above, the graded components of O, form finitely generated projective
F,-modules.

We let F € A denote the fixed point algebra for the U(1)-action. There is

2 .
a positive expectation value E : A — F given by a — lfonele(a)dQ, this

2
expectation coincides with p. for O,. After completion of A with respect to the
associated F-valued scalar product we obtain an A— F-Hilbert C*-module that

we denote by ER. We can also define the operator

d A
Dry = i@ (e_le-J’) lo=o>

which is a densely defined F-linear operator on ER. Since U(1) is abelian, Dy
commutes with the circle action on ER giving a U(1)-equivariant operator.

PRrROPOSITION 3.2.1. Whenever the U(1)-action on A satisfies the spectral sub-
space assumption, the pair (Dg, ER) forms a U(1)-equivariant unbounded (A, F)-
Kasparov module.

For a proof, see [11, Proposition 2.9]. We can construct KK-cycles as in Section
2. A difference here is that one has to work with partial isometries in Hilbert
C*-modules.

PROPOSITION 3.2.2. The Fj-linear adjointable mapping
v:iL3(V)®F,— E°, defined by v: o,®a—S,a,
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is a partial isometry and the projection vv* € Endy, (EC) has compact commu-
tators with O4. It consequently defines a U(1)- equwamant (04, Fy)-Kasparov
module (‘E¢,2vv* — 1) whose class in KKlU(D(OA,FA) coincides with the class
[E¢,D,.] of the gauge cycle (‘E¢,D,).

Proof. Observe that v is adjointable by Lemma 3.1.1 and 3.1.2. It is clear that
v is a partial isometry because the elements S, are mutually orthogonal in the
module £ and v*(S,a) = 5“®SZSHa, so both v*v and vv* are projections. The
statement that the partial isometry defines a Kasparov module is proved as in
the previous section. To see that vv* defines the gauge cycle, one only needs
to observe that it is exactly the projection onto the positively graded part of
the module ‘E°. O

Remark 3.2.3. In a similar way as in Proposition 3.2.2, we can define a partial
isometry

w03 (V) ® Fy ® Fyr — E5 ® £y,

1
5,8a®b— Y ————5,a®Tb.

—u A/ lul+1

It can be proven, in the same way as in Proposition 3.2.2, that the projec-
tion ww* has compact commutators with 0,&®0,r. Consequently we obtain
an odd U(1)-equivariant (0,&®0,r, F4®F,r)-Kasparov module. Compare to the
construction of Subsection 2.3.

3.3. THE PIMSNER-VOICULESCU SEQUENCE FOR THE CUNTZ-KRIEGER AL-
GEBRA. What we wish to do in this section is to relate the cohomological
properties of the Cuntz-Krieger algebra with the fixed point algebra. The stan-
dard procedure, found in [19] for instance, is to apply the Pimsner-Voiculescu
sequence. In this section we briefly recall the proof of the Pimsner-Voiculescu
sequence in KK following [23] and prove that the gauge cycle appears as the
boundary mapping. We summarize the results of this subsection in the follow-
ing Theorem:

THEOREM 3.3.1. The gauge element [E°,D.] € KK1(0On, F,), the Z-action 3 on
K®F, of Proposition 1.4.2 and the inclusion t : F, — Oy fits into a distinguished
triangle in KK :

FA4>FA
b /

The triangulated structure of KK is explained in [53]; a distinguished triangle
is a triangle isomorphic in KK to a semi split short exact sequence of C*-
algebras. In practice, it ensures that for any separable C*-algebra D there are
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the following six term exact sequences:
1-B. .
KKo(D,F;) —— KKy(D,F;) —— KK,(D,0,)
~®[Z¢,D,] I l—@[fc,Dc]

" 1-p,
KK,(D,0y4) — KK;(D,F,) ‘—ﬁ KK, (D, F,)

R 1_g

KK(0, D) —— KKo(Fs, D) —— KKo(Fy,D)

[‘E‘,DJ@—I l[fﬂDJ@—
1-p* *

KKy(F;,D) «—— KKy(F;,D) «—— KK;(0,,D)
The Pimsner-Voiculescu sequence can be derived in many ways. We will here
consider the Toeplitz extension approach due to Cuntz. Assume that B is a
unital C*-algebra and that  is an automorphism of B. The restriction that B
is unital makes the semantics easier, but can be lifted. Let J(B) denote the
C*-algebra generated by B and an isometry v satisfying the relation

vgbvy = B(b).
One can represent 7 (B) in Endy (@32 B) by extending the mappings
B3 b~ & f(b) €Endy(®,B) and vg(x)ren := (Xj_1)ken-

There is a U(1)-action on Z(B) induced from the grading on @3 B, i.e. the
U(1)-action is defined from z(vg) := zvy.
Let us realize B X 7Z as the universal C*-algebra generated by B and a unitary
ug satisfying

ugbuy, = B(b).
There is a *-homomorphism oy : F(B) — B X Z given by extending vy — ug.
Since o respects the grading it is clear that o is U(1)-equivariant with respect
to the dual U(1)-action on B X Z. There is an isomorphism of right B-Hilbert
C*-modules @2 (B = 2(N)®B.

LEMMA 3.3.2. The morphism oy is well defined and fits into a U(1)-equivariant
semisplit short exact sequence

(3.23) 0 — Ky((2(N)® B) — F(B) 2> B X 7Z — 0.

Proof. We can identify B X Z with the C*-subalgebra of EndZ(Kz(Z) ® B) gen-
erated by the image of

B> b— &f(b) € End}(&czB) and the unitary up(x ez = (X1 kez-

Let P : £2(Z)®B — £*(N)®B denote the orthogonal projection. The adjointable
operator P is U(1)-equivariant. It is clear that the B-linear mapping

T :BX7Z— T(B), b— PbP
is a U(1)-equivariant completely positive splitting of oz. Let
q: End;(¢*(N) ® B) — 2;5(¢*(N) ® B) := End;;(¢*(N) ® B)/K(¢*(N) ® B)
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denote the quotient mapping. Once we prove that qoJ is a *-homomorphism,
the Lemma follows. The operator P commutes with the B-action on ¢2(Z) ® B.
Furthermore, if we let e, denote the standard basis for £2(7Z), then

0, k# -1
P ®x)=
[Bug]l(e, ® x) {eo®x, P
In particular, [Pug] € K({*(Z)) ® 15 € Kz(¢%(Z) ® B). 1t follows that [Pb] €
Kz(£3(Z) ® B) for any b € B X Z. Hence qo 7 is a *-homomorphism. O

LEMMA 3.3.3. There is a U(1)-equivariant homotopy I (B) ~y, B with trivial
U(1)-action on B.

For a proof, see [20]. Let tz : B— B X Z denote the embedding.

COROLLARY 3.3.4. The morphism [T] € KKlU(l)(B X 7Z,B) defined from the
invertible extension class (3.23) fits into a distinguished triangle in KKV,

using the homotopy of Proposition 3.3.3 and the Morita equivalence Kz(£2(N)®
B) ~M B.

As a consequence of the Corollary, after setting B = F,®K and equipping it
with its dual Z-action coming from F,®QK = 0, x U(1)®K, what remains to
prove of Theorem 3.3.1 is to show that [F] coincides with the gauge element
in KK,(0,4,F,) after Takesaki-Takai duality 0,8K = (F,®K) x 7Z. We first
construct an unbounded representative for the Pimsner-Voiculescu element
(7] e KK/ V(B x Z,B).

Before constructing this, let us make a series of minor remarks placing the
algebra above in a more analytic framework. The Fourier transform induces an
isomorphism L2?(S') = ¢2(Z) which in turn produces an isomorphism C(S!) =
C*(Z) intertwining the pointwise action of the former with the left regular
representation of the latter. The image of £2(IN) under the Fourier transform is
H?%(S') — the Hardy space consisting of functions in L?(S') with a holomorphic
extension to the interior of S' € ©. The analogy of the projection P in this
picture is the projection of L2(S')®B onto those B-valued functions on S! with
a holomorphic extension to the interior. We note that

> biby <oo}.

keZ

L*(sH)®B = {(bk)keZ € l_[B

keZ
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PROPOSITION 3.3.5. There is a natural unitary U(1)-equivariant isomorphism
of B X 7Z — B-Hilbert C*-modules

L>(SH®B=BXZ,
where the closure is taken in B-valued scalar product {(a,b) := E(a*b).

We define

Wwl2(s! B) = {(bk)kez SHEBNEE oo},

keZ k

and the U(1)-equivariant B-linear unbounded operator Dg,; on L%(S') ® B on
an elementary tensor by

Dpyy(er ®x) :=ke, ® x

and extending it to the domain W2(S',B) by continuity. If y € W'2(S!,B)
then

i0

d
Dpxzy =175 (e_ -}’) lo=o-

PROPOSITION 3.3.6. The operator Dy with domain WY2(S*,B) gives a U(1)-
equivariant unbounded (B X Z,B)-cycle .

For a proof, see [11, Section 2].

LEMMA 3.3.7. The bounded transform of Dy is a compact perturbation of the
(B X Z,B)-Kasparov module (L*(S') ® B,2P — 1). Especially; [Dgyy] = [T] €
kk'D(B % 7Z,B).

Proof. We have that
Dpyz(14+ D2 ) (e ®x) := k(1 +k?)"/2¢, ® x.

Since k(1 4+ k*)"Y2 —sign(k) ~ —(2k)™" as |k| — oo and B x Z satisfies the
spectral subspace condition (see [11, Definition 2.2]), the Proposition follows
from [11, Lemma 2.4]. O

We again turn our attention to the gauge cycle. It is possible to, in the Pimsner-
Voiculescu sequence of the Cuntz-Krieger algebra, replace the Toeplitz element
[7] of F,®K by the gauge cycle for O,. Recall its definition from above. We
denote the class associated with the gauge cycle (‘ER, Dg) of a U(1) —C*-algebra
A satisfying the spectral subspace condition by [ER,Dy] € KK{J(U(A,F). We
note the following Proposition whose proof is left to the reader.

PROPOSITION 3.3.8. The image of [EX, Dg] under the isomorphism
Jrazsty : KKYD@AF) - KK DK(LA(S1)@A, F)

associated with the U(1)-equivariant Morita equivalence A ~y; K(L?(S'))®A,
where the right hand side is equipped with the diagonal U(1)-action, coincides
with the class of

(L*(S") ® ER, idj2(s1) ® Dg)
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where the (K(L2(S1))®A, F)-Hilbert C*-module L?>(S*) ® ER is equipped with the
diagonal U(1)-action.

The A-action on ER is by construction equivariant, hence there is an action
of Ax U(1) on ER. By [11, Lemma 2.4.ii], the spectral subspace assumption
guarantees that this action induces a *-homomorphism AxU(1) — K(‘ER). We
let G denote the associated (A x U(1),F)-Hilbert C*-module. We denote the

associated class in KK-theory by [G] € KKé](l)(AN U(1),F). Let us remark that
G = ER as Banach spaces and as (A, F)-bimodules we have the equality

(3.24) A®, G = EX

LEMMA 3.3.9. If A is a U(1) — C*-algebra satisfying the spectral subspace as-
sumption, and F :=A"® | then

Jxzs [ER Dr] = [Dawuaywz] @y [G] in KKy DK(LA(S1))BA, F),

where [Dayyxz] € KK{J(U(K(LZ(Sl))@A,A X U(1)) is the element constructed
for the 7 — C*-algebra Ax U(1) as in Proposition 3.3.6.

Proof. To simplify notation, we set B := A X U(1) which is a Z — C*-algebra
in its dual action. Using that (L2(51)®B) ® G = L*(SY) ® G, the class
[Dpuz] ®5 [G] € KK(B X Z,F) can be represented by the U(1)-equivariant
(B X 7, F)-Kasparov cycle

(L2(S)® G,Dpyuz ®s idg).

Define the unitary U € End;(Lz(Sl) ® G) by representing the unitary U, €
A (C*(U(1))®C(U(1))) which is defined as an operator on L2(U(1))® L2(U(1))
via

The unitary U implements Takesaki-Takai duality giving an isomorphism of
(B X 7Z, F)-Hilbert C*-modules

L*(SHe g =L*(shH) e X

where the left hand carries the structure of a (BX7Z, F)-Hilbert C*-module under
Takesaki-Takai duality B X Z = K(L?(S'))®A and the U(1)-action is diagonal.
The Lemma now follows from Proposition 3.3.8. O

COROLLARY 3.3.10. Under the mapping KK;(O,, F4) — KK (KQF,) X7, KQF,)
induced from the Morita equivalence Oy ~y; (K&F4) X7, the gauge element [Dg]
is mapped to the Toeplitz element [Dxgp,)xz]-

This Corollary follows directly from that G is an imprimitivity bimodule im-
plementing the Morita equivalence Oy X U(1) ~; F4, see Proposition 1.4.2. In
general, we can conclude the following Corollary which implies Theorem 3.3.1.
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COROLLARY 3.3.11. IfA is a U(1) — C*-algebra satisfying the spectral subspace
assumption and G is a Morita equivalence, the following triangle is distin-

guished in KKY®W
1-p
F———F
el /o
A,

where vy : F — B denotes the inclusion and 3 € KKy(F,F) is Morita equivalent
to the Z-action dual to the U(1)-action on A.

3.4. COMPUTATIONS AND PROBLEMS WITH THE APPROACH USING THE FIXED
POINT ALGEBRA. In this subsection we will compute K-groups of some exam-
ples of Cuntz-Krieger algebras and their fixed point algebras. These compu-
tations are known, and are provided only as a basis for discussion regarding
possibilities of constructing unbounded Fredholm modules with prescribed K-
homology classes. In order to do so, we require a Proposition giving a general
formula for the K-theory and K-homology of the fixed point algebra.
ProproSITION 3.4.1. The K-theory groups of F, are given by
Ko(Fy) = li_r)n(ZN AT and  Ky(Fy) 0.
The K-homology groups of F, are given by
0 ~ T Al 7N 1 ~ N j(N 1 pAirgN
K (FA)_llnAZ and K (Fy) =7, [(Z /@AZ ).
Here ZX :=1im ZN JA'ZN denotes the A-adic completion of 7N .
«—
The computation of the K-homology groups of the fixed point algebra might
not be as well known as the corresponding result in K-theory so we will sketch
the proof. For a detailed proof in a special case, we refer to the notes [35]. The
proof relies on a result of Schochet-Rosenberg (see [61, Theorem 1.14]) stating
that if B = lii>nBl- there is a graded short exact sequence
(3.25) O—>liLan*+1(Bi)—>K*(B)—>1iLnK*(Bi)—>O.
We can directly conclude from Equation (3.25) and the AF-structure of F, that
0 ~ 1: N 1 ~ 1:.1 N
K (FA) - lln(z ’A) and K (FA) _lln (Z )A)'
These isomorphisms are simplified further using the explicit construction of

derived projective limits in the category of abelian groups, see for instance [72,
Chapter 3.5].

3.4.1. The algebra Oy. The algebra Oy (i.e. the Cuntz algebra), was recalled
above in Subsubsection 1.3.1. We let Fy denote the fixed point algebra in Oy.

PROPOSITION 3.4.2. It holds that

KO(FN)M[H, K E)Z Ty /T and Ky(Fy) = KO(Fy) 20,
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Here we use the notation 7Z [ﬁ] for the ring generated by ﬁ and Zy for the
N-adic completion of Z.

Proof. We let w := (1,1,...,1)T € Z" and ¢ := (1,1,...,1) € Hom (Z", 7).
It holds that A= w ®£. For any k € N, and x € Z", Akx = N*1(x)w.
Hence Ky(Fy) = li_n)l(Z,N) = Z[N~']. Similarly, K°(Fy) = liLn(Z’N) =0. It also
follows that ZN /JAKZN = 7ZN~' @ 7./N*~17Z. Hence
Zh = yLnZN/AkZN =7N 17y, so K'(Fy)=ZN'eZy)|7N =7y/]7.
O

The isomorphism Ky(Fy) = 7Z [%] is implemented by the tracial state @y :
Fy — C given by restricting the KMS-state on Oy to Fy.

Remark 3.4.3. The well known computations

Ko(Oy) =K' (Oy) = Z/(N—1)Z and  K,(Oy) =K°(0y) 0,
follow from Proposition 3.4.2 and the Pimsner-Voiculescu sequence (Theorem
3.3.1). In particular, we arrive at the short exact sequence for the only non-
vanishing K-homology group K'(Oy):

0—KYOy)— Zy /7 — 7y |7 — 0.

It follows that the Kasparov product with the gauge class of Oy on K-homology
vanishes.

3.4.2. The quantum group SU,(2). Recall that C(SU,(2)) is isomorphic to the

1
Cuntz-Krieger algebra constructed from the matrix A = ( ) , as in Subsub-

0 1
section 1.4.1.

1

PROPOSITION 3.4.4. When A= (é 1), it holds that

Ko(FO=KO(F)=7Z? and Ki(F)=K(F,) 0.

This Proposition follows directly from Proposition 1.4.5 or the computation
of the K-groups, in Proposition 3.4.1, since A is invertible. The K-theory and
K-homology for O, is in this case given by

(3.26) Ko(0,) = K1(04) ZK°(0,) =K' (0,) = 7,
as can be seen from the Pimsner-Voiculescu sequences
0 0
1 0
ZZ ZZ - KO(OA) - 0’

00 72 [Pde
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Remark 3.4.5. We conclude that the Kasparov product with the gauge class
surjects onto the odd K-homology group of SU,(2). As the fixed point algebra
is the unitalization of the C*-algebra of compact operators, see Proposition
1.4.5, it admits unbounded Fredholm modules with both good analytic and
topological properties.

3.4.3. The crossed product C(0F;) X F4. Let F; denote the free group on d
generators that we denote by {yi,...,y4}. The boundary of F; consists of
infinite words in the alphabet given by the generators {yy,...,74, 77" --> )fgl}
subject to the condition that for any i, the letters y; and Yi_l cannot succeed

each other. It is well known that the group F; act amenably on its boundary
3Fd. Hence C(@Fd) X Fd = C(@Fd) D(r Fd'

PROPOSITION 3.4.6. The crossed product C(0F;)XF, is a Cuntz-Krieger algebra
O, such that Fg =¥, and dF; = Q, where A is the symmetric 2d x 2d-matriz
consisting of 1’s except for 2 X 2-identity matrices on the 2 X 2-diagonal,

(10 1 1 -« 1 1)
01 1 1 Do
11 1 0

A =111 0 1
11 - 10
\1 1 1 - 0 1

This result can be found in [67, Section 2]. We just indicate how to prove
it using groupoids. It suffices to provide an isomorphism of groupoids ¢ :

dF; x Fy = 4, for this specific choice of matrix A. Such an isomorphism is
given by ¢(x,7) := (x,n(x,y),xy) where

n(x,y) = Iyl —2€(x,7),
here |y| is the word length of y and £(x, ) is the number of reductions necessary

in xy to write it in reduced form. It is well defined because A guarantees that
any word x € Q, corresponds to a reduced word in JF,.
PROPOSITION 3.4.7. It holds that

2d—-1 *+=0

/e
K" ((C(aF ) Fg)'™W) = {Z g Ond
2d—1> -

74 *=0,

K* (C(aFy) X Fy) = {Zd’EB Z)(d-17, *=1.

The K-homology groups of (C(8F;)XF;)U™ are computed via Proposition 3.4.1.
The expression for K*(C(dF;) X F;) can either be derived from the Pimsner-
Voiculescu sequence of Theorem 3.3.1 or found in [26, Example 33]. The role of
the gauge cycle in the Pimsner-Voiculescu sequence in this case is non-trivial.
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3.4.4. A Cuntz-Krieger algebra such that the gauge cycle surjects. To construct
a Cuntz-Krieger algebra such that the Kasparov product with the gauge cycle
[E°,D.] ® —: K*(F,) = K*(0,) surjects, we consider the 2d x 2d-matrix:

01 1 1 - 11

10 1 1

11 0 1
A’=111 1 o0

11 1

11 1

K* (O ) ~ 0, X* = O,
YT \(Z)27)2 9 @ 7 /4(d - 1), x=1.

The proof of Proposition 3.4.8 follows from Proposition 3.4.1 and Theorem
3.3.1 after a lengthier exercise in linear algebra.
Remark 3.4.9. Writing out the Pimsner-Voiculescu sequence of Theorem 3.3.1

using the computations of Proposition 3.4.8 we arrive at a commuting diagram
whose rows are exact:

KO(FAd) KO(FAd) KI(FAd) -

0 —— 7% —— 720 5 (7/22)" Ve 7/4d-1)7 ——
K'(Fa,) K'(Ey) —— 0

— Zyyy —— Zygn —— 0

[£c,Dc1®

0

Since the 2d — 1-adic numbers Z,4_; is a torsion-free group, it follows that the
mapping K I(OAd) — K(F 'a,) vanishes. We conclude that the Kasparov product
with the gauge class in fact surjects onto the K-homology of the Cuntz-Krieger
algebra Oy, .

4. An even spectral triple on the algebra C(£,)

In [5], a family of even spectral triples were defined for boundaries of trees.
While the space of finite words ¥, is a tree and £, is its boundary, even spectral
triples for C(€,) can be obtained in this way. We will in this section recall
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the construction of [5] and prove that the spectral triples obtained in this
way pair non-degenerately with many elements in Ky(C(£2,)). They encode
geometric, measure-theoretic and dynamical data (see [5, 66]), and have the
interesting property that the class 2[1y ] € Ko(Our) obstructs the extension
of these spectral triples to O, (see Proposition 4.2.7). We also interpret these
spectral triples as secondary invariants for the triviality of the restriction of
the extension class dual to 2[1, ] € Ko(Oar) to C(£2,) (see Remark 4.2.10). In
the next section we will consider generalized unbounded Fredholm modules for
0O, constructed through the unbounded Kasparov product, using the present
spectral triples as the base.

4.1. THE BELLISSARD-PEARSON SPECTRAL TRIPLES. The considerations in
[5] allows one to define a spectral triple on the boundary of a tree by means of
interior properties of the tree. In our situation the tree is ¥, and its boundary
is Q4. The key geometric idea, that transfers geometry on the interior to that
on the boundary, is that of a choice function.

DEFINITION 4.1.1 (Choice functions on finite words). Let t,t' : ¥, — Q, denote
functions. We say that the pair 7 = (,t') is comparable if there is a constant
C > 0 such that 7 satisfies that

do, (t(1), ¥ (1)) < Cdiam(C,.).

If the inequality is an equality with C = 1 for all u, we say that 7 is strictly
comparable. A comparable pair of functions satisfying the cylinder condition,
see Definition 1.1.2, is called a weak choice function. If the comparison is strict
we say T is a choice function.

If t and t' satisfy the cylinder condition, then 7 = (t,t') is comparable with
C = 1. For a function t : ¥, — Q,, we let m, : C(4) — B((3(¥,)) denote
the composition of the pullback homomorphism t* : C(£2,) — C,(¥,) with the
representation given by pointwise multiplication C,(¥,) — B(¢%(¥,)). Compare
to Proposition 1.1.3 if t satisfies the cylinder condition.

DEFINITION 4.1.2 (The Bellissard-Pearson spectral triple [5]). Let © =
(T4, T_): ¥y — Qy X Q, be a comparable pair. The associated even Bellissard-
Pearson spectral triple BP®P (1) := (7., £2(¥, C?), DE,P) consists of

(1) The Hilbert space £2(¥,, C?) graded by the decomposition
(9, C*) = () @ (H)).
(2) The even representation 7. : C(£2,) — B({>(¥4, C?)) given by
T =T, ©7, .

(3) The self-adjoint operator DEP defined on its core C.(¥, C*) by
DBP P+ — di c)l. o_(u) —_ alul o_(u) )
’ («p) (W):=diam(@) 7 (o ) =" oy )
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For s €(0,1], we also define the logarithmic family of Bellissard-Pearson spec-
tral triples
BPS(T) = (ﬂ:’ra 62(7/5 (DZ): D"l/,s)a

where the operator Dy  is defined on its core C.(¥, ©?) by the expression

D (£ w05= (apaimcey) - (560 < (£-8).

Remark 4.1.3. The construction of spectral triples in [5] was only carried out
for choice functions and the logarithmic version was not considered. The results
in [5] regarding these spectral triples were concerned with metric and measure-
theoretic properties. The motivation to lax the conditions on T stems from the
wish to obtain a larger variety of K-homology classes that pair non-degenerately
with “many” K-theory elements. The introduction of the logarithmic version
of the spectral triple is a matter we return to throughout the section and
Subsection 6.2.

PROPOSITION 4.1.4. The logarithmic and the ordinary even Bellissard-Pearson
spectral triples of a comparable pair v = (t,,7_) form even unbounded Fred-
holm modules. For s > %, BP,(71) is 6-summable, whereas BP™P(1) is finitely
summable. If the image of T is dense® the Bellissard-Pearson spectral triples
indeed form spectral triples.

Proof. Tt was proven in [5, Proposition 8] that (7., £%(¥,, C?), DE,P) is a well
defined unbounded Fredholm module. The operator fo,P admits bounded
commutators with elements of the algebra Lip(Q,,dg,) consisting of functions
f : Q4 — C that are Lipschitz in the metric on , defined in (1.3). From the

estimate
[(0 1) (f(’u(.U«)) 0 )]
1 0)° 0 flr_(uw)

[G (1)) ’ (f(TB(M)) f(T(—)(M)))]

= |||:D5/f: ﬂr(f)]”B(ez(m,cZ)),
it follows that the same holds for BP(7). Since diam(C,,) = e M it follows that

) 00
(427) Tr(e_tD?t/,s) =2 Z e—t|u|25 — 22 Z e—tk2‘ _ ZZ@(k)e_tkb,
k=0

UEY, k=0 |ul=k

LDy 5, 0o (f ) llsezco, o2y = sup |uf
ey My(T)

S Sl,lp elul
UET)

M(C)

tD

By Corollary 1.1.6, the operator e~ Vs is trace class if s > % and t > 6,. O

Remark 4.1.5. For s = % the trace (4.27) equals the Poincaré series from The-
orem 1.1.5. After introducing a power in the metric defined in Equation (1.3)
and in the expression defining DE,P , one can obtain arbitrarily low degree of fi-
nite summability. Further, if there are constants C,p > 0 such that ¢(k) < Ck?
for all k, then BP,(7) is also finitely summable. This holds for instance for

6E.g. when 7 satisfies the cylinder condition.
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SU4(2) by (1.18). This is possible only when there is an isolated point in Q, as
the following proposition shows.

PROPOSITION 4.1.6. If the matriz A satisfies condition (I), there are C,e >0
such that
@(k) > Ce®k.

Remark 4.1.7. For any point x € Q,, let w, : C(Q,) — C denote point evalu-
ation in x. Let [x] € K°(C(£,)) denote the K-homology class associated with
w,.. Formally, we may realize the K-homology class that the Bellissard-Pearson
spectral triple defines as the formal difference of the sum of all [x], where x
ranges over T,(%,), and the sum of all [x], where x ranges over T_(¥,).

This observation can be made sense of in a more rigorous way. For u € ¥,
the difference [7,(u)] — [T_(u)] € K°(C(£24)) can be represented by the even
unbounded Fredholm module

0 |uf
_ 2
s = (“)T+(u) ® w;_ (), T, (|‘u|s 0 .

The direct sum

S
De..= EBa%mo@wnwwGBG{Ga(ﬁp %ﬁ) =BPy(7)

UEY UET) UEY) UEY,
is well defined once making suitable closures and choices of domains.

4.2. OBSTRUCTIONS TO EXTENDING TO CUNTZ-KRIEGER ALGEBRAS. Our
motivation for introducing the logarithmic version of the Bellissard-Pearson
spectral triple is that it extends to a slightly larger algebra related to the
Cuntz-Krieger algebra, but not equal to it. The deficiency between that alge-
bra and the Cuntz-Krieger algebra comes from an obstruction in Ky(Oyr) (see
Proposition 4.2.6 and 4.2.7).

We let V. € B(£2(¥,)) be defined by

floy()) if v#o,

0, if v=o,

Vaf(v) = {

A direct computation gives the identity
ViV, =S,
where Sf (x) = |G;1{x}| f(x). We will henceforth apply the convention that
oy (0y(0n)) = 0.

Assume that t : ¥, — Q, is function satisfying the cylinder condition (see
Definition 1.1.2). We define the operators s; , € B((2(¥,)) fori=1,...,n by

(4.28) S = ﬂt(%ci)va-
We also let P, : (2(¥,) — (2(¥,) denote the orthogonal projection onto the
space spanned by 8., .
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LEMMA 4.2.1. Let t: ¥, — Q4 be a function satisfying the cylinder condition.
The operators s; ¢ are partial isometries satisfying the relations

N
(4.29) BT ZAijsj,ts}k’t +P,,
=1

for any i and k.
Proof. If1# J, xc, Xc, =0 and it follows that

5?,t5j,t = V;ﬂt(lcilcj)vg =0.
Given f € £2(¥,), we have that
ﬁjﬁ}kf(.u) = ﬂt(ch)VoV:ﬂt(ch )f (u) =

Xe,(u)f (W), if p#o,,
0 if u=o,.

Z xe, () xe, (v )f (v) = {

vea; (oy (1)

We conclude that (51',{)?; ; forms a collection of partial isometries with orthog-
onal ranges. On the other hand,

s fW=Vme)f oy = Y 1o (w))f(oy(v)) =
veoy,t(u)
N
= D1 fW =D A (w)f (W),
=1

veo;l(u),t(v)eq J=

since the word v = iu € o~ !(u) is admissible only when Ay, # 0. Rewriting
this, we obtain the identity

(4.30) st = m(Jcci)—lfoA, if t(o4) €C,
TR A m(xe), if t(ea) EC

Since there is only one i for which t(o,) € C;, Equation (4.29) holds true. O

Remark 4.2.2. There is a geometric consequence of Lemma 4.2.1 for ¥,. Later
we will prove that for any function t satisfying the cylinder condition, the linear
mapping S; — s; ( can not be compactly perturbed to a *-homomorphism O, —
B(£2(¥,)) if [1] # 0 in the K-theory group K,(Oy4r), this is related to Kaminker-
Putnam’s Poincaré duality K*(04) = K,;1(O4r). See more in Remark 2.1.5,
Proposition 4.2.6 and Proposition 4.2.7. In particular, it proves it impossible
for a function t: ¥, — Q4 satisfying the cylinder condition to be viewed as the
moment map of a ¥,-action on the finite words ¥, since if that was the case,
it would extend to a *-homomorphism O, = C*(¥,) — B({%(¥,)) extending the
C(Q,)-representation coming from t.

In order to understand the role of the operators (51-’{)?': 1> we need to relate them

to a similar set of operators appearing above in Subsection 2.1, cf. [39].

ProprosSITION 4.2.3. If t satisfies the cylinder condition, it holds that L? =5 .
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Proof. For any finite word u € ¥,
su= Y. 26(t))8, =6y,

veoy (u)
since the cylinder condition (see Definition 1.1.2) guarantees that v =iy is the
unique word in o' (i) such that ¢ (¢(v)) # 0. O

The computations of Lemma 4.2.1 can also be seen from Proposition 4.2.3 and
[39, Proposition 4.2].

Remark 4.2.4. A consequence of Proposition 4.2.3 is that the operators s; ; do
not depend on the choice of t. This does not contradict computations such as
that in Equation (4.30) since this computation merely expresses a cancellation
occurring in o4. We conclude the following Proposition.

PROPOSITION 4.2.5. The C*-algebra
Egp = C*(si,li = 1,...,n)) S B(E2(¥)),

contains K(02(¥,)) and t*C(Q,) for any function t : ¥V, — Q, satisfying the
cylinder condition.

We note that if Egp is the C*-subalgebra Egp C Exp generated by the L?, then
Egp is the image of Egp in B(£2(¥,)). If O, is simple, Ezp = Epp. By arguments
similar to those in Subsection 2.1, Egp/K(£2(¥,)) = 0,. We can conclude the
following Proposition from Remark 2.1.5.

PROPOSITION 4.2.6. The extension Egp represents the image of [loAT] € Ky(Oyr)
under the isomorphism Ko(Our) — K'(0,) of Theorem 2.1.1.

For any pair of functions 7 = (7, 7_) satisfying the cylinder condition, we set
s5;:=5;; ®5;; . It follows from Proposition 4.2.6 that if the element [1, ] €
Ky (O4r) is 2-torsion, the K-homological obstruction to lifting the mapping

S;—s; modK € €({*(¥,,TC?))

to a *-homomorphism 0, — B(£2(¥,, C?)), vanishes. In a similar fashion, we
conclude the following.

PROPOSITION 4.2.7. Assume that k is such that k[loAT] # 0. For functions
t, .ot 0 Vo — Qu satisfying the cylinder condition,

@ m, 1 C(2y) — BU* (¥, CV),

does not extend to a representation of Oy and neither does any compact pertur-
bation of it.

Remark 4.2.8. If K°(F,) = 0, it follows from Theorem 3.3.1 that K'(0,) —
K1(F,) is injective. This happens for instance for the algebra Oy as we saw
above in Remark 3.4.3. In this particular case, the obstruction mentioned in
Proposition 4.2.7 to lifting the representation of C(£,) in the Bellissard-Pearson
spectral triples remains for F,.
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ProprosITION 4.2.9. If t: ¥, — Q4 is a function satisfying the cylinder condi-
tion, the representation m, of C(,) satisfies that

qo T = ﬁA'C(QA)s

and hence [Ba]lc@,) =0 in K(C(9,)).

Remark 4.2.10. An interesting interpretation of this Proposition is that the
Bellissard-Pearson spectral triples should be thought of as an invariant for the
choice of two multiplicative liftings of Balc(q,), i-e. a secondary invariant for
the homological triviality of the Toeplitz extension Egp restricted to C(y,).

PROPOSITION 4.2.11. For i =1,...,N, the operator s; := s; . ®s;. and its
adjoint

(1) preserve C.(¥4, C?);

(2) admit bounded commutators with Dy g;

(3) there is a sequence (fi) S C.(¥, C?) such that ||fll = 1 but
I[D5, 51 fiell = oo.

Proof. Property (1) is clear from the definition s; :=s; . @s5; ;. and Equation
(4.28). To prove (2), we note that Proposition 4.2.3 implies that

5.\ _ ((ivE =|v[) &y

Since u — —logdiam(C,) = |u| grows linearly in |u[, u — |iu —|uf is a bounded
function for 0 <s < 1. Hence [Dy,s;] is bounded.
Concerning (3), it follows from Proposition 4.2.3 that

[DEP 5] (5u) _ (diam(civ)_l _diam(cv)—l) 5.
¥ Oy (diam(Ci”)—l _ diam(cﬂ)—l) 51,“

Take a sequence (ug)pe, € ¥, such that |u,| =k and iy, is admissible for all

k. Set f, := (5uk’O)T' It trivially holds that f, € C.(¥,, C?) and that ||fi|| = 1.
Since diam(C,) = e M there is an & > 0 for which

diam(C,)

— My

diam(C;,,) ¢
We conclude that [[[D},s;]1fcl > gek — 00, as k — oo. O

As a consequence of Proposition 4.2.11, the operator D ; defines a spectral
triple on Egp (see Proposition 4.2.5) which is 6-summable for s > 1/2. Yet an-
other consequence is that Df,P does not define a spectral triple on Ezp such that
s; ¢ is in the Lipschitz algebra. In the light of Theorem 1.3.3 and Proposition
4.1.4 this result does not come as a surprise as in that case we would obtain
a finitely summable spectral triple on Ezp. We do however note that there is
no obvious obstruction to finitely summable spectral triples on Egp since it is
not purely infinite. This fact follows from [6, Proposition V.2.2.23] and the
existence of the inclusion K(£2(¥,)) € Ezp of Proposition 4.2.5.
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4.2.1. Dual of the unit for a free group. We end this subsection by a comparison
of various descriptions of the extension dual to [1OAT] € Ky(O4r) in the special
case of a free group. This example, described above in Subsection 3.4.3, falls
into the category of extensions studied by Emerson-Nica [28]. The extension
constructed in [28] is defined from the short exact sequence

0— Cy(Fy) X F;— C(Fj) X F; — C(dF;) X F; — 0.

Using the isomorphism Cy(F;) X F; = K(¢2(F4)) we obtain an extension Egy
whose class was proven in [28] to be dual to [15,] € K5(O4). In [28] an ex-
plicit finitely summable analytic K-cycle representing this extension class was
prescribed. Recall the measure uy, on 9F; constructed as in Subsection 1.1.
Let Pgy be the orthogonal projection onto the image of the isometric embed-
ding (*(F;) — 0*(F4, L?(8F4,us)) as constant functions on dF4. By [28, Theo-
rem 1.1] the class [Egy] is represented by the finitely summable analytic cycle
(g, (?(F;,L%(3F4,uy)), 2Pgy — 1), where 7, is the crossed product representa-
tion associated with the covariant C(0F;)-representation on £2(Fy, L2(0F4, uy)).
One can check that this construction of Pgy corresponds to the construction of
£, in Remark 2.2.4 thus concluding the following Proposition.

PROPOSITION 4.2.12. If A is the 2d X 2d-matriz from Subsection 3.4.3, the
following diagram with exact rows commute:

0 —— K(@z(Fd)) Egp Oa 0

0O —— K(@z(Fd)) Egn Oa 0

Furthermore, under the unitary equivalence L*(Oy, pa) = €?(Fy, L2(0F 4, uy)) in-
duced by the isomorphism of groupoids Gy = dF4 X Fy it holds that

(TCA’ LZ(OA: (PA): ZWOWQ* - 1) = (Tch’ez(Fd’ Lz(aquu‘A))) 2PEN - 1)

Remark 4.2.13. For a general N X N-matrix A, there are several other equivalent
ways of constructing extensions equivalent to Egp in a geometric way from the
short exact sequence

0— Co(#) = C (74) = C(Q) 0.

For instance, using crossed products by partial actions of the free group Fy on
Q, (see [29]) or a crossed product by the shift endomorphism (see [30]).

4.3. K-HOMOLOGY CLASSES. We now turn to the study of the index theory of
the Bellissard-Pearson spectral triples. Whenever (7, #,D) is an unbounded
Fredholm module on a C*-algebra A, we let [7,#,D] € K*(A) denote its K-
homology class, obtained via the bounded transform. Throughout this subsec-
tion, T = (7, 7_) denotes a comparable pair of functions ¥, — Q4. For most
of the section, T will be a weak choice function.
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LEMMA 4.3.1. For 0 <s <1, the bounded transforms of the logarithmic and
the ordinary even Bellissard-Pearson spectral triples coincide in K-homology:

[BP®(1)] = [BP,(1)] € K°(C(Q2)).

Further, the class [BP,(t)] € K°(C(£,)) of a comparable pair T can be repre-
sented by the analytic K-cycle

0 1
(4.31) (RT,KZ(“VA,(DZ),F), where F := (1 0).

For any p > 0 and weak choice function T, this K-cycle is p-summable on the
dense x-subalgebra generated by cylinder functions inside C(Qy).

Proof. 1t is clear that [BP®P(t)] = [BP,(7)]. That [BP,(7)] € K°(C(Q,)) is
represented by the K-cycle (4.31) follows from that F = DEP|D5P|~1. To verify
the p-summability claim, take a finite word u € ¥, and consider the locally
constant function Xc, € C(Q,). For any v,v’' € ¥,

(x6,(x- ("D = 26, (7.(v'D) 61

o
FECRIHIE
%) (e (e = 26,(r-D) 5,

If both 7, and 7_ satisfies the cylinder condition, then
26, (TN = 26, (T =0 it |v| > |ul.

The latter statement holds, because )(CH(Ti(V)) is non-zero if and only if
7.(v) € C, and whenever |v| > |u| the cylinder condition and 7t.(v) € C,
implies that there is a finite word A with v = uA, hence 7,(v) € C, if and
only if 7_(v) € C,. It follows that [F, ﬂf()(cu)] is an operator of rank at most
22k<|u| (k) and hence p-summable for any p > 0. The linear span of the
cylinder functions { )(Cul,u € ¥,} forms a dense subalgebra of C(£2,) and the
Lemma follows. O

Lemma 4.3.1 gives us a description of the class [BP(7)] by means of the quasi-
homomorphism (7t ,7; ), ¢f. [21]. To understand the index pairing of the
Bellissard-Pearson spectral triples with K-theory, we first recall a well known
computation of the K-theory of C(£,).

LEMMA 4.3.2. The K-theory group K.(C(Q,)) is given by

C(QA’ Z)’ Zf * = 0’

K.(C(0) = {0 o
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Proof. We write C(Q,) = h_r)n % as in Proposition 1.1.1. Continuity of K-theory
under direct limits implies that

li_r)nKO(%k)a if *:O,

_ C(QA, Z), lf k = 0,
o, if x=1.

We say that a word u € ¥, is minimal if the following condition holds:
(4.32) For any wvy,Ag € ¥, such that u=wyAy, we have that C,#C, .

LEMMA 4.3.3. Let u € ¥, and let vy be the longest minimal word such that
U=Vl for some Ay. Then there is a weak choice function T =(7v,,T_) such
that whenever v, A € ¥, \ {o,} are such that u=vA then

(1) = (v)€C, if and only if t_(v) € C, for |A| # |4l + 1

(2) T_(v)¢C, and v (v) €C, if A =|A0| + 1.

Proof. Let 1° be any weak choice function. We will redefine 7° on the set of
v:s such that there exists a A € ¥, \ {o4} with u =vA. Since C, = C,, we can
equally well assume p = v, and |A,]| = 0.
Whenever u =vA, we divide into the four cases

A) |Al>1 and 79(v) =2(v).

B) [Al=1and 79 (v) # 12 (v).

C) |Al>1 and 79 (v) # 72 (v).

D) |Al=1 and 79(v) = t2(v).
If v satisfies A), we do not alter t°(v). If v satisfies B), and 7, (v) € C, we do
not alter %(v). If v satisfies B), and ©_(v) € C, we redefine t4(v) := t9(v). If
v satisfies B) and 79(v),7%(v) ¢ C, we do not alter 7°(v) but define 7, (v) :=
79(u) € C,. If C) holds, then we set 7.(v) := t2(v). If D) holds, then the
minimality assumption (4.32) guarantees that there is a finite word A’ such
that [A'| = |A], 2’ # A and vA is admissible. Define 7, (v) := 1% (u) € C, and
T_(v)i=10(vA) ¢ C,- The constructed 7 satisfy the cylinder condition, hence
T is a comparable pair. O

Our main result of this subsection indicates the topological importance of the
Bellissard-Pearson spectral triples.

LEMMA 4.3.4. For any non-empty word u € ¥, \ {os} there is a weak choice
function T, such that

([xc, 1, [BR(T,)]) = 1.

Proof. Tt suffices to prove the Lemma for finite words u satisfying the min-
imality assumption (4.32). A straight forward index manipulation gives the
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identities
(Lxe, ], [BR.(v,)]) = ind (v (x6,) : 7 (6, J2(9) = 77(6, )2 (94)
=ind (Tj.(%cM ), ’Ui(ﬁtcM ),

where the last index denotes the relative index of the Fredholm pair of projec-
tions given by (Ti(){cu), T’i(}(cu)). Using [3, Proposition 2.2], it follows that

(L6, ], [BRL7,0D) = Trpyyy (7 () — 7 (x6,))
= > e, (7 (V) = 26, (t-(v))]

[vI<lul
(4.33) =#{v|r.(v)eC,, T-(M ¢C,}
—# {v| T_(v)EC, T.(v) ¢ Cu}'
The Lemma follows from Equation (4.33) and Lemma 4.3.3. O

5. Unbounded (0O,, C(£24))-cycles and the associated spectral
triples

In this section we will construct classes over the commutative base by combin-
ing the philosophies of Section 2 and Section 3. The advantage of using C(£2,4)
is that there are several well behaved K-homology classes, e.g. point evalua-
tions and Bellissard-Pearson spectral triples. We will use these to construct
unbounded Fredholm modules on Cuntz-Krieger algebras O, and prove that
such unbounded Fredholm modules exhaust K'(0,). For this purpose, point
evaluations suffices. We consider the products with Bellissard-Pearson spectral
triples in the next section. The reader unfamiliar with unbounded KK-theory
is referred to the references listed in the beginning of Section 3.

5.1. AN UNBOUNDED (O,,C(£4))-CYCLE. We start this subsection with a
structure analysis for the Haar module Zﬁl over the commutative algebra C(,).
Consider the filtration of ¥, given by

(5.34) 9* ={(x,n,y) € Yy: 0" (x) =k (y)},

which forms a filtration by subsets such that:

(1) Each set 9 is closed under under composition.

(2) Inversion is a filtered operation in the sense that if & = (x,n,y) € {4};7
then £71 e ‘ﬁ”’k.

(3) The filtering respects the cocycle grading; %/i‘ = Upez ‘5}1‘ where %f’l‘ =
9 ncl(n).

We can further decompose this filtration into a grading.
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LEMMA 5.1.1. The function

K:9 —N
53) (x,m,y) = minfk : 0*1(x) = 0¥y,
18 locally constant and hence continuous.

Proof. Recall the definition of the basic open sets from (1.6). Let x(x,n,y) =k
and take (U,n+k,k,V) with U := Cyyx,,, and V.=C, ., . Since k is minimal,
it follows that x4, # yi. Therefore it is clear that for any (x’,n,y’) € (U,n+
k,k,V), x(x’,n,y") =k. So x is locally constant. O

Because x is continuous, the sets x~!(k) are clopen in ¥,. Therefore each ‘5}
decomposes as a disjoint union

k
gk =|Jx710),
i=0
compatible with the cocycle grading. Writing

%y = {0e,n,y) € Gy k(x,n,y) =k},

this gives decompositions

9, =] J%F and c(9)=PPc.xh,

neZ keN nez keN

where the former is a disjoint union and the latter is a decomposition into
C(£4)-submodules. For if f € C.(¥%,) and g € C(Q,), then

frgle,n,y)=f(x,n,y)g(y),
so supp(f *g) C suppf. For n+k < 0, %ri‘ = () hence we use the convention
CC(%f) =0 if n+k < 0. After completion this gives a decomposition of the

Hilbert C*-module EX as
Q_ k
=P Dz

neZ kelN

We will now proceed to show that each E,’I‘ is a finitely generated projective
C(Q,)-module. Define the sets

X&) = {(x,n, ) 1 x(x,n,y) =k, x €Cp, lu| =k +n},
whose characteristic function we denote by Xr’:u € CC(%f). We set

e (D:=#{peVy:ure ), lul=1-|A[}
Recall the conditional expectation p : 04 — C(£2,) defined in (1.8).

LEMMA 5.1.2. For any finite word A € ¥, and n+k > |A|, the column vectors
*
. k k (n+k)\* n+k ¢, (n+k)
Voa = ( ) ) e (Cc.(xk)# cC (7 i
i i= (2 B CIC O T

satisfy
V:,k,xp(vn,k,l *f)= X(omt12y-1(c,) xf Vfe CC(%f).
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In particular, under the inclusion

*
(C()?™R) " < Homy, (EK, C(2,)°"0),
the following C(Q,)-linear operators define isometries

Vik = Vako € HomZmA)(g,’f, C(£2,)?" ).

Proof. We must show that for f € CC(%,f)
Z Xr]:,uk * O ((Xr]:,uk) *f) = X(O.Hk—\l\)—l(cl) *f
lul=k+n—|2]

First, for arbitrary u, we compute

p () 8 ) o =20 (2,) (b2 —tm)

= Au,l+k,xk+1 5k,K(p,o"(x),n,x)f (.uo'k(x): n, x):

and subsequently
k k)" _ k K\
thep () F ) emon = ak xtiop ((2h,) +f ) Gom—t.y)

=Dk emy ((2h,) +f) 0.0.3)

= X,’f,M(X, M, YAy v Ok(uot )y f (wo*(y),n,y)
= xn,(c,m, y)f (x,m, y).
Therefore, we have
Xy * P ((x,’iua)* «f ) Comy)= >, 2k Comy)ftomy)
lul=n+k—|2| lul=n+k—|2|
= X(awk—\x\)fl(g)(x)f (x,m,y)
= (X (ometiy1(cy) * f ), m, ).
O

ProrosiTION 5.1.3. The Haar module Z/? is the direct sum of the finitely
generated projective C(,)-modules E,’f

Proof. 1t is clear from Lemma 5.1.2 that the image of the isometries v, ; equals
the range of the projections p,; = v, ;v,,. Hence, Zf: = pn’kC(QA)“’(H”) are
finitely generated projective C(£4)-modules. The Proposition follows from the
fact that £ = P,ez, Pren EF O

Define an operator D, : C.(%,) — C.(%,) via pointwise multiplication D,.f (§) :=
k(&)f(&).

PROPOSITION 5.1.4. The operator D,. is essentially selfadjoint and regular in
Z/?. Moreover, it commutes up to bounded operators with the generators S;.
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Proof. The operator D,. is obviously symmetric. Moreover D, £ 1 maps the
submodule CC(%/Q‘) surjectively onto itself, and the union Uk CC(%A‘) is dense in
ZX. Therefore D, i have dense range, and the closure of D, is selfadjoint and
regular in Zjl. That D, commutes up to bounded operators with the operators
S; follows by direct computation:

[Dy,S:1g(x,n,y)
= ZK(X, n,y)Si(x,4,2)g(z,n—€,y) = Si(x,{,z)(kg)(z,n—L,y)
= Z (k(e,n,y) —x(z,n—1L,y)) Si(x,0,2)g(z,n—L,y)
=(x(x,n,y) —k(o(x),n—1,y))xc (x)glo(x),n—1,y)

=S;p_g(x,n,y),
where p_ denotes the projection onto EBkeNZEk, because
k(o(x),n—1,y), when n+«k(x,n,y)>0,
K(x,n,y)=
k(o(x),n—1,y)—1, when n+«k(x,n,y)=0.

O

The generator of the gauge action D,, extends to a selfadjoint regular operator
on EX. However, instead of a naive combination of the operators D, and D,., we
need to assemble the two with a little more care in order to construct unbounded
Kasparov modules that will eventually allow us to obtain nontrivial unbounded
Fredholm modules on O4. We define the subset

Y, ={(e,ny) €9’ |A| <nand o™ M (x) = Ay}

We note that Y, = %X and cyly, = |A]. We let p, € Endz(m)(@?) denote the
projection given by pointwise multiplication by the characteristic function of
Y,. We write Zr??t for the completion of the submodule CC(Yxﬂcgl(n)), and ang

for the completion of CC(%X \Y, N c;l(n)). Recall the notation ¥, = {ui € ¥,}.

PRrROPOSITION 5.1.5. The projection p; projects onto the closed C(4)-
submodule of i generated by {Sulu € 93}, and can be written as p,f =
ZZOZO V:,O,AP(Vn,o,A * f). In particular, for any finite word A, the Haar module
Z/? decomposes as a direct sum of finitely generated projective C(£4)-modules

(0.9) (0.9) [o¢]
(5.36) El=Pr,ePrleP Pz
n=0 n=0

k=1 n>—k

Proof. It suffices to prove that p;S,; =S, and that p,S,S, = 0 if and only if
u # ugv for all ug € ¥;. Since S, is defined from the characteristic function of
the set

{06 Il + 141, ) € Galx € Cyp, M) = 3,
it follows that p;S,,, = S,,. The element S,S is defined from the characteristic
function of the set

(e lul =L, y) €% x €Cuy €€y, M) = o))}
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The proposition follows from the fact that p,S,S; is the characteristic function
of the set
{Golul =IvLy)e 9 x€Cyy €Cy, A+ IV < Jul,

aw(x) — O-IV\(y),O-\M—WI—IM(x) — ly}

0, if p # v Vo €%,
{(xlul=Ly)e “lxeC,yeC,, o¥(x) =0y},
if for some ug € ¥, U = Ugv.

The factorization and decomposition statements now follow directly from
Lemma 5.1.2. 0

Recall that Klg: =k €{0,1,2,...} and that cAlg[z; +k > 0. Now consider the
function ¢, : Y, — 7Z given by

n when (x,n,y) €Y,
(5.37) P, (x,n,y)=+ —n when (x,n,y) € 92\Y, .
—In| —x(x,n,y) when (x,n,y) € %, \ %X,
The function ), is clearly locally constant and continuous. Define an operator
D, : C.(%,) — C.(¥9,) by pointwise multiplication by ¢ ,, i.e. D,f(x,n,y) =
Y, (x,n,y)f (x,n,y). We wish to show that D, has bounded commutators with
the generators S;. We compute

[Dy,S:1f (x,n,y) = (¢, 0, n,y) = (0(x),n =1, ¥))xc,(x)f (o(x),n—1,y)
(5.38) = (e, y) = ¢ulo(x),n—1,y)(Sif )x,n,y).
LEMMA 5.1.6. The function a,(x,n,y) :=4,(x,n,y)—Y,(c(x),n—1,y) sat-

isfies the estimate |ay(x,n,y)| < max(2,2|A| — 1) for any (x,n,y) € 4, and
belongs to C,(%4,). More precisely,

a(x,n,y) =

QCIAI=1) xy,nie=ian + 2v,nte 12 — X0y,
+2%‘£500{CA+K=0} — X9.,\9° + X‘!SOG{CA+K>O}5 |A| >0,

Xg° +2X‘§<OD{CA+K=O} — X9.5\9° + X%SOH{CA+K>O}’ A= O4-

Proof. We prove the Lemma by dividing into cases. Assume first that A is
non-empty. Consider the following statements involving (x,n,y) € %:

a. (x,n,y)€Yy;

b. (x,n,y) € 9°\Yy;

c. (x,n,y)e 9\ ¥°

a. (o(x),n—1,y)€Yy;

B. (0(x),n—1,y)€4°\Yy;

v. (o(x),n—1,y)e ¥\ ¥9°.
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We start by excluding the cases that do not occur:

(a and y) cannot hold simultaneously, for this would be the case if and only if
n=0 and (x,n,y) € Y, which is not possible for n > |A]| > 0.

(b and @) can not hold simultaneously, because b implies n > 0 in which case
a implies a.

(c and a or ) can not hold simultaneously, because c. implies n <0 or n >0
and o"(x) # y while a. or . implies n >0 and o"(x)=y.

‘We thus have five cases to consider:

(a and a) This holds if and only if n > |A| and (x,n,y) € Y;. In this case,
a,(x,n,y) =1. The contribution from a. and a. is therefore yy, ni,>(a;-

(a and ) This holds if and only if n =|A| > 0 and (x,n,y) € Y;. In this case,
a,(x,n,y) =2|A| — 1, and this contributes (2|A| — 1) xy,ng, =3 if [A] > 0.

(b and B) This holds if and only if (x,n,y) € ¥°\ Y, and n > 0 in which case
a,(x,n,y)=—1. As such, the contribution to a; is — X0\, -

(b and y) This holds if and only if n =0 and (x,n,y) € 9°\ Y, and if this is
the case, a,(x,n,y)=2. Thus, b. and y contribute 2x4g0\y, = 2X 40 t0 a;.

(c and y) This case can be divided into four sub cases:

(1) n>0and 0"(x) #y;

(2) n=0 and x # y;

(3) n<0and n+«k(x,n,y)=0;

(4) n<0and n+x(x,n,y)>0.

In the first case a,(x,n,y) = —1, contributing —y¢_\4o to a,. In the second
case, a;(x,n,y) =1, contributing X4,\90 to a;. In the third case a,(x,n,y)=2,
contributing 2x¢_ g, +x=o; to @,. In the fourth case a,(x,n,y) =1, contribut-
Ing Xy nic,+x>0; 10 a;. The total contribution from the case c. is therefore
—Xa0\90 T X nic,tr>00 T 2X 9 nics+x=0}-

We only sketch the case when A is the empty word. If A is the empty word, the
case-by-case analysis is similar but without the cases b. and . The conditions
a. and a hold if and only if a. holds and n > 0, contributing Ao, - Further,
a. and y hold if and only if a. holds and n = 0, contributing y4o. So the
contributions from the case a. is exactly yqo. If c. holds, then y follows
contributing in the same fashion as above the terms —yg \go + Xg_ i, +x>0;

2X‘5<OD{CA+K=O}'
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THEOREM 5.1.7. The operator (Ef,DA) is an odd unbounded KK-cycle for
(04, C(24)), which defines the same class as the (04, C(Q4))-Kasparov module
(EIL?,Zp;L —1) does.

Proof. The operator D, is C(Q4)-linear by construction. The operators D, £1i :
C.(9,) — C.(4,) are bijective since D, is defined via multiplication by a real
valued function. Thus, D; extends to a selfadjoint regular operator in the
module Z/?. To prove that D, has compact resolvent, we observe that the
restriction of Di to Zr’f acts as multiplication by (|n|+k)?, so since ETI: is finitely
generated and projective, the resolvent (1 —}—D)zl)_1 is compact.

It remains to show that D, has bounded commutators with the generators S;.
This fact follows from Equation (5.38) and Lemma 5.1.6. Since ¥, is positive
exactly on Y;, the class of this unbounded cycle coincides with that of p, using
Proposition 5.1.5. O

Remark 5.1.8. Tt is also possible to construct even classes over C(£,) from c,
and x. On the direct sum Zﬁl &) ZX, consider the O, representation determined
by S; — S; @ S; and the unbounded symmetric operator

DoV 0 D, +iD,
“=\b, -iD, 0 :

The pair (E @ £§,D®) defines a cycle for KKy(O,, C(22,)).

5.1.1. The operator D,, on the free group. Let us consider the construction of
Theorem 5.1.7 in the example of the free group, recalled above in Subsection
3.4.3. The reader can verify that the function ¢*x : dF; X F; — N, where ¢ de-
notes the groupoid isomorphism implementing the isomorphism of Proposition
3.4.6, is given by

@ x(x,y) =L(x,7).

In particular, for the empty word A =o,, it holds that

7] when £(x,y) =0

e YP(x, ) =
— Iyl =2€Cx,7)| = €Cx,v)  when €(x,y) > 0.

5.1.2. Quick computation for SU,(2). Recall the construction from Subsubsec-
tion 1.4.1.

ProposITION 5.1.9. If T = (1,,7_) : Ysu,2) = Qsu,2) X sy ) i a weak
choice function such that 7,.(o,) € Cy and 71_(0,) € C;, then the class
[fé’Uq(z),Dz] Oc (g5, ) [BP(7)] generates K'(C(SU,(2))).

We use the identification Ysu,2) = N x N given by the mapping that maps (k, 1)
to the word 1---12---2 of k 1:s and [ 2:s.
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Proof. Tt is well-known (see more in Equation (3.26)), that K;(C(SU,(2))) =
7. = K'(C(S Uy(2))). Hence, the Universal Coefficient Theorem for KK-theory
implies that the index pairing
K1 (C(SU,(2))) ® K'(C(SUy(2))) — Z
is non-degenerate and in fact an isomorphism. Thus, it suffices to construct
a unitary u € C(SU,(2)) such that the class x := [u] ®c(su,(2)) [Egu (2),D2] €
q

KO(C(QSUq(Z))) satisfies that x ®C(95Uq(z)) [BP(7)]=—-1.
Consider the unitary u := S, +1— 8,57 = S, +5;5]. We set T := pyup, €

Q _ Q
End’gmsuq(z))(pzESUq(Z)), so x = ind C(quq(z))(T). It holds that pZZSUq(Z)
ated over C(QSUq(Z)) by the elements {Sy ;) : 1 >0}. A direct computation gives
that

is gener-

S(k,l)) k> 0,
and T*S(k,l) = S(O,l—l)’ k=0,1> 1,
0, k=Il-1=0.

S k>0,
TS(k,l) = { (kD>
S(O,l+l): k= 05
It follows that kerT = 0 and ker T* = SZC(QSUq(z)) = XCZC(QSUq(Z))' Hence
x =ind ¢y, ,)(T) = —[xc,]- It follows that x ®¢(q, ,) [BP(7)] = —1 from the
q q

computation (4.33).
O

5.2. RESTRICTING TO A FIBER. In this subsection we will exhaust all the odd
K-homology classes of O, by the unbounded Fredholm modules that are restric-
tions of the unbounded (0,, C(£,))-cycles (Z/?,Dx) of Theorem 5.1.7 to “fibers”
over points in Q4. Whenever w is a character on C(Q,), we say that w starts
in j if the word that «w corresponds to starts in j, i.e. co()(cku) = 5k,j0)(lcku)
for any u € ¥,. Before formulating the precise result on these unbounded Fred-
holm modules, we need a lemma whose notation will come in handy. Recall
the notation ¥, = {ud € ¥,}.

LEMMA 5.2.1. For any character w starting in j, there is a partial isometryt,, :
2(y,) — Z/? ®,, C such that the source projection is the orthogonal projection
onto C8,, ® D g jyro (%) and

N L

e Su®u 1o, ifu € ¥y \{oa}.
Proof. The identity ¢,(6,) = S, ®, 1 and (,(6,,) = 1o, ®, 1 determines a
linear mapping C.(¥,) — EX ®, C. Let Py := RQ(RQ)* denote the orthogonal

projection onto £%(¥). Since 1y, ®, 1 is a unit vector in Eff ®,, C, it suffices
to prove that for arbitrary u,v € ¥,, with u = ygk, it holds that

8, if A(k,j)#0,
0, otherwise.

(5:39)  (twButuby)ute,c = D, q@k(su,(sv):{

A(j,k)#0
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Let u = ugk. A direct computation shows that
(LB s Lw5v).£/§z®w@ = w(S;SV) =0,y 0(S¢Sk)

N . .

5,y it A(k,j)#0

=6 AL SS* — w,v> > B
W; ueASi5;) {0, otherwise.

Remark 5.2.2. Already on an algebraic level,

N
b (8,0) = S ®, 1 = 5,458, ®, 1= D AyS,uSiS; ®,, 1
=1

N
= ZAleuk ®, w(Xc) =AkjSuk ® 1.
=1

Let A € ¥, be a finite word, if A is non-empty we let A, denote the last letter
of A. We define the partial isometry W, , : £2(%;) — £ ®,, C by

Wie = tlee)-

By Lemma 5.2.1 it holds that W; , is an isometry if A is non-empty and
A(A,j) = 1. If A is non-empty and A(A,, j) = 0, then W, ,, is a partial isome-
try of rank 1 with source projection being the one-dimensional space C6,,. If
A = o4, the partial isometry W, , is precisely t,,.

We let 7§l : 04 — Endz(QA)(Z/?) denote the left Oj-action. Let P, € K(ZE{®,, C)
denote the orthogonal projection onto the one-dimensional space

kerD; ®, 1= Ci,(5,,) = Cly, ®, 1¢.
These identities follow from the definition of 1);, see Definition 5.37.

THEOREM 5.2.3. Let w : C(£2,) — C be a character starting in j. For a finite
word A € V¥, the unbounded Fredholm module

(5.40) w(E],D;) = (nl®, ide, £y ®, C,D; ®, 1),

is B-summable. If (1) < ClP for some C,p > 0, then w*(ff?,DA) is LPTLoo.
summable. Furthermore, it holds that the phase of the unbounded Fredholm
module (5.40) coincides with the finitely summable analytic K-cycle:

(13 ®, ide, EF ®,, C,2W, W} , £P, — 1),

where the sign is + is A # o, and the sign is — if A = o,. On the level of
K-homology, it holds that
(5.41)

[ﬁj], A =0y,

w,[E],D;] = in KY0,).
A, DB L A=A A €\ {oa}
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Remark 5.2.4. In fact, it follows from Lemma 5.2.1 that if A is non-empty and
A(Aq,j) = 0 then ZWA,MWX’O) +P,—1=P,—1. Hence, the computations of
Theorem 5.2.3 imply that the phase of the unbounded Fredholm module (5.40)
is modulo P, a degenerate cycle, as such it is K-homologically trivial in a very
strong sense.

Recall the notation B, from Proposition 2.2.5. We wish to remark’ that since
(Z/?, D, ) is an unbounded KK-cycle, functoriality of unbounded KK-cycles guar-
antees that w*(ZX,DA) is an unbounded Fredholm module. As such, the proof
consists of proving 8-summability and identifying its bounded transform. We
structure the proof of the later in a Proposition.

PROPOSITION 5.2.5. Let w be a character on C(4), A € ¥, and define ?(1 as
the closed linear span of {S,®,1|u = poA} € EX®,, C. It holds that the positive
spectral projection of Dy ®,, 1 is the orthogonal projection onto (1 — Pw)?(i -
E2®,, C. In particular, if w starts in j and A(Ay,j) =0, where Ay is the last
letter of A, then 17(2 =0.

The proof of the first part of Proposition 5.2.5 is clear from Proposition 5.1.5
and the proof of Theorem 5.1.7. The second part follows from the first part
and Lemma 5.2.1 (cf. Remark 5.2.2).

Proof of Theorem 5.2.3. It follows from Proposition 5.2.5 and Lemma 5.2.1
that if A is non-empty, the projection onto the positive spectrum of D; ®,, 1
coincides with WA,wWi"w. If A is empty, the projection onto the non-negative
spectrum of D, ®, 1 coincides with Wo,a)W: »- In our convention, declaring
D, ®, 1|7 to be 0 on kerD, ®,, 1, it holds that

D, ®,1 Wy Wy, +P,—1,  ifAFEo,

|D7L ®u 1| ZWO’wW:w — Pw -1, ifA= Op

Hence, if A is non-empty and A(A,,j) = 0, Equation (5.41) follows. To prove
Equation (5.41) for a non-empty A with A(A,,j) = 1, we apply the ideas of
Subsection 2.2 after computing

W, [(m4®, idc)(S)] Wi o = Lileesy, 1=1,...,N.

The identity (5.41) and finite summability follows mutatis mutandis to the
proof of Proposition 2.2.5 using the fact that £2(¥%;) = R’%(R’%)*Ez(%‘) and in
the K-theory of O,r it holds that

T3S ~ TiT; = Tj Ty, ~ T, T .
If A =o,, it follows from Proposition 5.2.1 that
W:co [(TCA ®w id@)(si)] Wo,w = W:wWO,wLﬂ05%@@,;(1(,1)#0 32(1/1(), i= 1, e ,N.

"For the sake of mental peace of the reader.

DOCUMENTA MATHEMATICA 20 (2015) 89-170



SUMMABILITY AND CK-ALGEBRAS 149

Hence W], [(74®,, id¢)(S;)] W, — L?|@A(k’j#0@zm) is of finite rank. An argu-
ment similar to that in Subsection 2.2 shows that

N
(78 ®, ide, E§ ®,, C,2W, , W, — P, — 1] = > AL NG = [B]
=1

It remains to prove 8-summability, i.e. that e~ (2817 g trace class. Applying
the computations of Proposition 5.1.3 and the definition of D,, we have that

£20,C=P P wlp, )0

neZ leN
[+n>0

and in this decomposition
(D ®, 1) =D D (nl+D*e(p,)-

neZ leN
+n>0

It follows from Corollary 1.1.6 that e @18.1" 5 trace class. Assuming that
@(1) < CIP for some p implies that |D; ®, 1|7' € LPTL2(ER ®,, C); in this
case, w*(EX,DA) is a £PT1®_gummable unbounded Fredholm module. O

Remark 5.2.6. In particular, Theorem 5.2.3 implies that for a choice of char-
acters wq, woy,...,wy such that each w; starts in a letter k, the mapping

N
ZN - K0y, (,l...,1y)— Zlk [(wk)*(f/?,Do)] is surjective.
k=1

This gives an explicit proof of the fact that the Kasparov product
KK;(04,C(2,) ® K°(C(£24)) — K1(0,) is surjective.

Remark 5.2.7. If the matrix A is irreducible or has property (I), Theorem 1.3.3
implies that the unbounded Fredholm modules w*(ff,DA) in fact are spectral
triples on O,.

6. Kasparov products with the Bellissard-Pearson spectral triples

The point localizations of the previous section form a simple case of the Kas-
parov product in KK-theory. We will describe the Kasparov products of the
(04, C(£24))-cycles with the Bellissard-Pearson spectral triples, via the operator
space approach to connections [9, 38, 52]. It turns out that, by naively applying
these techniques, we obtain a 1—s-unbounded Fredholm module (see the appen-
dix) from any cycle (fo,DA), with A a finite word, and any Bellissard-Pearson
spectral triple (7., £%(¥,, @2),Dy’s) for s €(0,1). The case s =1 is excluded as
the theory of e-unbounded Fredholm modules breaks down at € = 0. First, we
will briefly recall the techniques developed in [9].

DEFINITION 6.0.1. Let (7, #,D) be a unbounded Fredholm module. Its Lips-
chitz algebra is as in Definition 2 (see page 91) defined to be the *-algebra

(6.42) o, =Lip(n,H,D):={a€A: [D,a] € B(H)}.
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This algebra is the maximal subalgebra of A such that [D,a] is bounded for
any a. The algebra ./, can be topologized by the representation

'ﬁ:D = id@ﬂ:D . "Q{D —)A@B(f]—[@f]—[)

n(a) 0
D, r(a)] ﬂ(a)) ’

realizing ./, as a closed subalgebra of A@B(H @ H). As such it is an operator
algebra. The reader can consult [8] for an exposition of the general theory of
nonselfadjoint operator algebras. The involution in A induces an involution in
<, which is well behaved with respect to the representation . Indeed,

0 -1
np(a*) =vinp(a)'v, where v= (1 0 ),

which implies that the involution is completely isometric for the norm induced
by 7tp. Operator algebras equipped with a completely bounded involution are
called involutive operator algebras |9, 52] and operator x-algebras in [38]. The
main feature of involutive operator algebras is that there is a class of modules
over them, which in many ways behave like Hilbert C*-modules. We recall the
theory for Lipschitz algebras.

DEFINITION 6.0.2 ([38, 52]). Let .o, be a unital Lipschitz algebra. The stan-
dard free module over o}, is the module

Hy = {(aaiez S E DR ACHENCHE oo}.

where 7mp:a— ([

i€Z i€Z
The module H, carries an .o/)-valued inner product, but this inner product
does not define the norm. The algebra of adjointable operators End;(ﬂ-[ﬂ)
consists of those completely bounded operators T : H, — #, that admit
an adjoint with respect to the inner product. The existence of unbounded
projections in #_ is due to the fact that norm and inner product are not
related in the same way as they are in Hilbert C*-modules. A projection is a
closed densely defined operator satisfying p? = p* = p. In [9, Definition 2.27], a
Lipschitz module over .7}, is defined to be a closed submodule & € #, which is
the range of a densely defined (possibly unbounded) projection p : Domp — %,
that decomposes as a direct sum p = @,; p; of projections p; € End’, () for
some countable set I. The algebra K(&) is defined to be the cb-norm closure
of the .o/-linear finite rank operators on &.

PROPOSITION 6.0.3 ([9]). For each i €Z, let p; € M, (#/p) be a projection and
&; :=pnly2¢g" C .oy, Then the direct sum @;cy, &; is a Lipschitz module.

The main feature of Lipschitz modules is the existence of connections on them.
Recall that the space of 1-forms associated to (7, H,D) is

ol = {Z n(a)[D, (b)) : a; €A b; € szp} c B(#),

1
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where the sums converges in operator norm. The operator space Q}J is a left A-
module and a right .&/p-module. The map a — [D,a] is a completely bounded
derivation .of, — Q}). A D-connection on a Lipschitz module & is a completely
bounded map

V:8— E8,Q),

where ® denotes the Haagerup module tensor product (see [8] for the general
construction and [52, Section 3.2] and the papers [9, 38] for its use in the
context of KK-theory), satisfying the Leibniz rule

V(ea)=V(e)a+e®[D,a],

for e € & and a € .¢/,. By [9], connections on Lipschitz modules always exist,
since the Grassmann connection p[D, p] is completely bounded by construction.

6.1. A CONNECTION ON THE HAAR MODULE. We now employ the machinery
described above to construct a Lipschitz submodule é’f - EX for any given
logarithmic Bellissard-Pearson spectral triple BP(t). By Proposition 6.0.3 it
suffices to show that the Haar module Z/? is a direct sum of finitely generated
projective modules over C(€y,), which is the content of Proposition 5.1.3. The
following lemma serves in making the associated Lipschitz structure explicit.

LEMMA 6.1.1. Let (7., %(¥,, (DZ),DN,/,S) be a logarithmic Bellissard-Pearson
spectral triple. The projections ppy s = Vni Va1 € Mpmei(C()) are in fact
elements of My(nik)(Lip(Qn,dg,)), and therefore [Dy 5, ppis] € B(£2(¥,, C2)).

Proof. The projection v, ;3 Vi ; € My(nik)(C(24)) has entries

*
* _ k k
[vn,k,lvn,k,l] IRY =p ((Xn,p)») Xn,vl)

which equal 0 if u #v. For u € ¥, of length n+k the convolution product gives

* 1 ifA =1 and Y, # X
k k — k — Ptk X k1 nt+k k
(Xn,u) Xn,,u(x) Z Xn,u(z’ n,x) {0 o otherwise

Thus, for k =0, this function equals the projection

N

ZAu,l,iXC[a

i=1

whereas, for k > 0, we get

N
Z Z ANn+k’i (ok_l )*XC[/' '

J=1 i

Since these are sums of shifted cylinder functions, it is Lipschitz in the metric
dg,. It follows that the projection v, ;v;, ; is a matrix of functions that are
Lipschitz in the metric dg,. The proposition follows from Proposition 4.1.4. [
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In view of this fact, Proposition 5.1.3 and Lemma 6.1.1 imply that the module
flf admits a submodule & with the structure of a projective operator module
over the involutive operator algebra

Lip, () := Lip(7,, *(¥4, C*),Dy )

- {f e C(y): ([DW”:?EI{)(M n:(’f)) e B(E2(¥,, C2) @ (2(Y), @2))} .

This uses the fact that Proposition 4.1.4 implies that there is a continuous
inclusion Lip(£y,dg,) < Lip; (©2,) for any s € (0,1]. Denote by é’f c EX the
submodule

eli=feEl: Y AUl f N molpxlfN < oot
k,
\u’\l=nik

which is complete in the norm

(6.43) IFIE = || D (o (el f ) (o (x5 f))
n,k,u C(QBB(2(V,C*)

To reduce notation, we suppress the dependence on s in é’f in our notation. We
reduce notation further by setting Qi = Q})V , which depends on 7 through the

representation of C(€4). The norm in (6.43) is compatible with the projective
module decomposition (5.36). There is a connection

k. ok k& 1
Vn . gn — En ®C(QA)QT
f — V:,k ® [D“I/,s:p(vn,k *f)]a
whose direct sum extends to a connection
. 00 Q3 1
V: gA — ZA ®C(QA)QT'
LEMMA 6.1.2. The module é’f is dense Zf? and é’;? is a Lipschitz module in the

norm (6.43). The operator D, restricts to a selfadjoint reqular operator in é”/?,
and (D, £i) ' e K(é’f). Moreover, [D;,V]=0.

Proof. To see that é’f is dense in EX, observe that the finitely generated pro-
jective Lip, ((Q4)-module

&8 = {f € B : vyrf €Lip, (Q)*" 0} c &7,

is dense in fo The Lip, ;(Q24)-module &% contains the algebraic direct sum of
the é”r’l‘ as a dense submodule. Since the norm (6.43) comes from the embedding

e é’;? — @ LiPT,S(QA)(P(nJrk) = %ipi(ﬂA)
nk,u

f= G f e
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é’f is a Lipschitz module. We now prove that the resolvents (D, i)' are
completely bounded for the Lipschitz norm. The Lipschitz norm is given by
(6.43), for f € & we have

D (e (D £ 1)) Fp(p (2 (D, £ 1))

nk,u

(D, =) =

>

C(Qu)BB((2(V,T%)

and this norm identity is compatible with the projective module decomposition
(5.36). Thus (although D, depends on whether k =0 or k > 0 and u € ¥ or
not) for fixed n, k, u, we have

fp(pCrr (D £ fp(p(xhs(Dy £ )
< (L2 +K3) (o (1)) A (p (1),

by definition of 1,, see Equation (5.37). This shows that ||(D, + i)_1f||§, <
IIf ||§,. The same computation shows that the resolvent (D, £i)™! is completely
contractive. Moreover, they also show that the resolvents are cb-norm limits
of finite rank operators (see Proposition 5.1.5 and Lemma 6.1.1), and hence
(D, i) te K((Z’f). By construction, the connection satisfies [V,D;]=0. O

alg

The operator 1®y Dy acts on elementary tensors e ® (¢, ¢_ )Te é’n ®L1p ()

Ce(¥3, ©?) as

vPr_(o(xy,e))e
(ee0y) (e (%)) 0)= ZOH_Z_MZM (WM(M e)m)m.

THEOREM 6.1.3. For any logarithmic Bellissard-Pearson spectral triple with
grading operator v and any finite word A, the operator

Dy 5:=D;®7+1Q®y Dy,
is selfadjoint and has compact resolvent in H(t) := ZQ Rc(ay) 2(v,, C2).

Proof. The unbounded KK-cycle ( ,D;) admits the compatible Lipschitz
structure (&,D,,V) (described above) associated with a Bellissard-Pearson
spectral triple (7., 0%(¥, C?),Dy ). Therefore, the operator 1®y Dy ; is essen-
tially selfadjoint by [9, Theorem 2.30]. Since (D; £i)! € K(&3),
im(D; ®y£i) ' (1®y Dy i)' =im(1®y Dy +£i) (D) @y +i)",

and D, ® y and 1 ®y Dy ; anticommute on this subspace by the proof of [9,
Theorem 2.35]. From [9, Theorem 2.33], and the discussion in [9, Example
2.39], it follows that D, . is selfadjoint on the intersection of the domains of
D; ® y and 1®y Dy . The products of the resolvents (1 ®y Dy £ i)~! and

(D, ® y £1i)~! are compact by construction; hence by [52, Lemma 6.3.2], the
resolvent of the sum is compact as well. O

Remark 6.1.4. In this section and Theorem 6.1.3, contrary to the constructions
in [9, 38, 52|, we have not discussed any left module structure for a dense sub-
algebra of O, on é’f. The existence of a left module structure as in [9, 38, 52]
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would imply that the product operator has bounded commutators with the
dense subalgebra of O,, and thus represents the Kasparov product of the un-
bounded modules involved. In view of not having a well behaved left module
structure, we cannot conclude bounded commutators with the left action of the
dense subalgebra of O from Theorem 6.1.3. Due to the lack of bounded com-
mutators, we are required to use the broader setting of e-unbounded Fredholm
modules in order to identify this operator as the Kasparov product.

6.2. A FAMILY OF £-UNBOUNDED FREDHOLM MODULES. We now proceed to
show that (#(7),D; ) constitutes an e-unbounded Fredholm module repre-
senting the Kasparov product

KK;(04, C(20)) X K°(C(2)) = K'(04)
[D;] % [BP(7)] = [D;] ®c(q,) [BP(7)].

The classes [D;] € KK;(04,C(Q4)) are described in Subsection 5.1, and
[BP,(7)] € K°(C(£2,)) = KK,(C(Q,), ) are the classes associated with the log-
arithmic Bellissard-Pearson spectral triples, with s < 1, from Section 4. The
reader is referred to the appendix for the notion of e-unbounded Fredholm
modules.

LEMMA 6.2.1. Let k+n >0 and u be a nonempty word starting in u,. Then
(1) Si%rl:,u :Ai,m%rlfﬂ,iw'
(2) (X,If,u)*si =0y, (X,If_l,w(m)*-
Proof. We compute
Sixk, Cem,y) = 8i(x,6,2)r% ,(z,m —£,y)
= 1¢,()x) (o), m—1,),

which is nonzero only if m =n+1, x; =i, o(x) € C, and k(o(x),n,y) = k.
This holds if and only if x € C;, and k(x,n+1,y) =k, proving 1.). For 2.) we
compute again

(25,) s:0my =" (25,) Cota)sem—1ty)
= 1k (&~ x)S(zm —€,y)
= Ay 20,1y, 1= m, x),

and this is nonzero only if m=—(n—1), u; =i, y € C, () and x(iy,n,x) = k.
This holds only if k(y,n —1,x) =k, proving 2.) |

LEMMA 6.2.2. Let k>0 andi=1,...,N. Then
(1) (#5.) 8= e 00 (£51,.)
(2) SiXEk,o = kaﬂ,i + %, * XEZ-}—LO;
(3) Xc *ka’o = ka’o * (Xci o O'k).
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Proof. For 1.) compute

() siCemy) = 3 (#5.) (b Sitzm=£y)
= 2@ —Lx)S (zm — £, y)
=Aiy1)(§k,o(iy’ 1—m, X)

_J1 whenm=k+1, Ay =1, x(iy,—k,x) =k
R otherwise
_ {1 when m=k+1, A, =1, k(y,—(k+1),x)=k+1, ok(x)ec;

0 otherwise

= 26, @ AL 0, —m ) = 6 (0400 (254, ) Ceom ).

For 2.)

Si%fk’o(x: m, J’) = Zsi(xye:z)xfk,o(z: m— e: J’)
= 6i,xlek’o(a(x)’m - 13 .y)

_[1 when x €C;, m=—(k—1), k(o(x),-k,y) =k
— 10 otherwise

(1 whenxeC;, m=—(k—1), x(x,—(k—=1),y) € {k,k -1}
10 otherwise

= (Xf(k—l),i + Xc, * szkl_l),o)(x, m,y).

Also 3.) is verified by direct computation.

XC[ * ka,o(xl m, .Y) = XC[(X)XEI(,O(X’ m"y)
_[1 when xeC;, m=—k, k(x,-k,y)=k
—lo otherwise
1 WheanCi,m=—k,X=O'k(J’)
0 otherwise
1 when o*(y)€C;, m=—k, k(x,—k,y) =k
0 otherwise

ka,o * (XC[ ° o-k)(x’ m, ,Y)
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PROPOSITION 6.2.3. Let (nT,ZZ(“VA,(DZ),Da,,,S) be a logarithmic Bellissard-
Pearson spectral triple. The operators S; preserve the algebraic tensor product

alg

k alg 2
et | e, .m0,
nk

which is a core for D; ®y+1®yDy  and [1®yDy ;,S;] is given on an elementary
tensor e ® (w4 w_)T by the sum

(6.44) [1®9Dy,.5]e® (gj)

&Y
=35 [ro . (1 00)] v (e 00) (£7).

k=0

The operator [Dy s, 7 (xc 0 0™)] on €2(¥,, C2) is given by multiplication by a
compactly supported matriz valued function on ¥, satisfying the estimate

(6.45) H [Dy s> (2, © )] Hxaa(ﬂ(m,ez)) sk

Proof. Since Si(é’,’f) Cc 6’:;;11 @ é’ffﬂ, the operator S; preserves the algebraic di-
rect sum of the & and hence a common core for D, ® 1 and 1®y Dy . The
commutator [S;,1®y Dy ] is computed as

(6.46) [S;,1®y Dy ] (e ® (i*)) v)

(v (e e
= Siln,u ® . (V)
, i, (pUrse)) os
v (p(xffLSie)) ¢

v, (p(xffLSie)) o

n,k,u

k

~ Xy ® ).
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This expression can by Lemma 6.2.1 (for n+k > 0) and by Lemma 6.2.2 (for
n+k =0) be written as:

vl (p(xe) -

= Z Ai,P« Xr]:—&-l iw )
o iy (p(rkse)) os
v (0080 25 @) 9-
- an, s Tk (V)
vy (00800, 2K o))
o vl (p(25.0)) ¢-
+ 2 (it re b)) e | . )
k=0 Iy (p(x_k,oe)) o
o vlPm_ (p((Jcc o)y b e )) ¢
_Zx—k,o @l Ky, (k+1)x )
k=0 i (p((xe 00x 1 .e) ) e
We regroup these expressions as follows.
i (p(rfe)) o
(6.47) Z Ai,u1X§+1,iu® . o )
k>0 vl (p(xn,ue)) n
PR (008, X0 1 5®) ) P-
(6.48) ~25,® (oG %s0009) 0
vy (P(8is 2 ) 94
& vir (p(r5.e)) -
(6.49) +fok+1,i® s - ™)
= i, (p(r.0) .
= (v (pGEe ) e
(6.50) + > xc * 25,.® i )
S
= i, (P e)) o,
o (Pl 0 0 ) )
Xk ® ).

vi, (P, 0 x %)) v

We claim that (6.47), (6.48) and (6.49) add up to 0. To see this, consider a
nonempty word u with A;, = 1. Each nonzero term in (6.47) is cancelled by a
nonzero term in (6.48). All of (6.47) is cancelled in this way. What remains in
(6.48) are the terms with n+k = |u[=1 and 6;, = 1. The remaining terms
in (6.48) correspond to u =1 and n = —k + 1. These are exactly the terms
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occuring in (6.49), with the opposite sign. As such, the remainder of (6.48)
is cancelled by (6.49), as claimed, and the entire commutator in (6.46) equals
(6.50).

Subsequently, we handle (6.50) by exchanging 7, and 7_ at the expense of a
commutator to obtain

[Si;1®g Dy ] (e ® (?)) ()

oo i, (p( 4 e)) oo
(6.51) Z * yk ko ® . (ki1 )
= i (p( %)) o
o (v (e 0% ) -
- k. ® )

= (I (C7E L Paunstd) R

(6.52)

+§xq #7508 [ Dy (P50 | (?) )

_g(;)&k’o ® [Dnt/s’ (P((){C OUk)X(kkHl)i ))] (:Z+) ),

and to the term (6.51) we apply Lemma 6.2.2 3.) to obtain

@ N LA
PN . ks1)s
k=0 vPm (p(x ke 106)) 2

< o [ (e oS0 -

)

- ZX—k,o ) )
= vl (p(re 0 o250 v,
i (e (e 00 e ) o .
= - 4
= i (p(re 0 o 0e)) v
@ v, (p(Cee, 0 o2 %08 )
— Z 15, ® o e (v)=0
k=0 P (P((lc 0o ). 10‘3)) P+

The remaining term (6.52) further simplifies to (6.44) using Lemma 6.2.2 3.)
once more.
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The commutator [Dy g, 7w (xc, © 0")] appearing in (6.44) vanishes whenever
[v| > k because in that case T,(vV)iy1 = Vigr = T_(V)iyq hence yc (v,.(v)) =
%c,(t_(v)). Here the subscript k+1 indicates the (k+1)-st letter. The estimate
(6.45) follows readily from the same observation. O

Recall the notation #(t) and D, . ; from Theorem 6.1.3.

THEOREM 6.2.4. For s € (0,1) the pair (H(7),D; ) is a well defined
(1 —s)-unbounded Fredholm module on O, that represents the Kasparov product
[£,D,] ®c(q,) [BP(T)].

Proof. The operator D, . = D, ® y + 1 ®y Dy is selfadjoint with compact
resolvent by Theorem 6.1.3. We will show that the operators

[1®¢ Dy, SJA+D3 . )%, (1+D3 ) i[1®yDy,,S;]

are bounded. By Proposition 6.2.3, S; preserves a core for Dy ® ¥ + 1 ®y Dy ;.
The operator 1+ D;\ s = 1+ Di ®1+(1®y D4,,’S)2 preserves subspaces of the
form é"n BLip. (0, Cc(Yas ©?). From the form of (6.44), it follows that

(6.53)

(1+Dx T s) 2 [1®VD"V,ssSi] glj?{— 1®LipT(QA) Cc(fyA: @2) - gljk ®LipT(QA) Cc(fyAa @2)
We denote the restricted operator of Equation (6.53) by T;,. By Equation

(6.44) and the orthogonality of the decomposition of Proposition 5.1.5, it holds
that

Ja+0z. 0t neeDys|, < supiTiudone

As such, it suffices to show that for any k and any finite sum
(6.54)

XZZ ( ) Zlk}:llo@” (p ((szllo)*ei)) (ii)eé”“’ ®Lip¢(ﬂA)Cc(ayA’®2)

j

it holds that

Tl = |1+ D2, ) F (185 Dy, 534
H(T)

j
k. *
=>a+D2. )k, @Dy (e, 0 )] (p (x4 e (“”;)
: !

H(T)
(6.55)

= 1l 3¢(2)-
(%)

Zxk-ltllo (p(l(kkﬂl)t € ) (‘P )

It is of computational importance to note that when writing
J
e=ri on e v=3m (o (00,06)) (%),
; z
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as in Equation (6.54), we have that

2 — k+1 *, k+1 — 2
(656) ||x||g{(7) - < (p((l k-1, 0) xX_ k—1 o)) v>fz(%,®2) - ||V||52("VA,®2)’

because p((xkzll O)*){kzll .)=1by Lemma 5.1.2. It follows from the construc-

tion of D, that D, ® 1 acts as multiplication by —2k on é"’jk BLip.(,) Cc(Vas ).
With this fact at hand, the verification of this estimate is a straightforward
computation using the inequality (6.45):

ITsaxllsgzy = [|(1+D3 . )72 [1®9 Dy, Silx]| 5y

Jj
=D +ak2+ @y Dy PV 2 x¥, , ® Dy melre, 0 e (0% 0e) (zj)

i #H(z)
J
=l A +4k2 + (189 Dy, 0D % 3 25, 8 Dy el 0 0NNme (P14 Ve) (Z,*)
i Ol
J
<A+ 73|55, @ Dy el 0 0me (S e)) (z})
i s
(6.57)
s y J
=(1+k372 |75, ® [Dyy (a0 0 Y e (p(x(k“) ) (z?)
i 7 o
Using the identity (6.56), we arrive at
J
1T, axlloey < (14 K2 | 1Dy 7 oakﬂZ(p(x(k*”" ) (i)
e,
J
§(1+k2)—‘§ks Z (p(x(k+1)* ) (‘Pj-)
J 7= 2(4,C%)
J
k+1)*
<[5 (eire) (1)
J 7 ler(y,,02)
J
k+1)* 2
(6.58) Zxkzllo (pG5e) ((pi) = [ lls¢cey-
- H(T)

Hence (6.55) holds proving that (1 + (DA“)Z) [1 ®y Dy, S;] is bounded.
Boundedness of the reverse product follows from a similar computation, re-
versing the order in which the estimates (6.57) and (6.58) respectively, are
applied. Now Lemma A.8 implies that the commutators [D, S;] are e-bounded.
Thus, by Proposition A.5, D has e-bounded commutators with the *-subalgebra
of O, generated by the operators S;, which is dense in O4. Thus we have an
e-unbounded Fredholm module with € =1 —s. To see that this e-unbounded
Fredholm module represents the Kasparov product one uses Theorem A.7 which
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applies because the connection condition 1.), the domain condition 2.) and the
semiboundedness condition 3.) are satisfied by construction. O

Remark 6.2.5. We remark once more that s = 1 is excluded from Theorem 6.2.4
because the theory of e-unbounded Fredholm modules breaks down at € = 0.

1
As the proof of Theorem 6.2.4 shows, the operators [1®y Dy 1,S;](1 +D)2LT,1)_5
and (1+ D)ZLT 1)_% [1®y Dy 1,S;] are bounded, but it is unclear if the bounded
transform is well defined and represents the Kasparov product [E,D;] Qc(a,)
[BP,(7)].

6.3. THE RATIONAL K-HOMOLOGY CLASS OF THE PRODUCT. Lastly, we iden-
tify the rational K-homology class of the Kasparov products constructed in the
previous subsection. The identification is done via an index theoretic argument,
therefore it needs only to hold rationally.

THEOREM 6.3.1. In K'(0,) ® Q we have
[£,D;]®c(q,) [BP(T)]®Q

{[ﬁj+]®Q_[ﬁj_]®Q: if A =0y,
A, j ) — AR, J DB IO Q,  ifA=A1-- A€ Wy \ {oa},
where ji is the first letter of T(04).

Proof. The computation of the class [EX,DA] ®c(q,) [BP(7)] in K'(0)®Q
relies on the fact that O, is in the bootstrap class with finitely generated K-
theory and K-homology, so K1(0,)® Q = Hom 4(K;(0,), Q) and rational classes
are determined by their index pairing. Furthermore, using Remark 4.1.7, we
write

H(t)= @ f/? ®w7+(m®w C* and DA,T,leA,T,srl = @ Fu'

T— (1)
A A

©r 0 ®r_0 C? € #H(7), D; ,, is a bounded
O @ (1@ —-1), it follows from [12, Ap-

pendix A, Theorem 8], and an argument similar to the proof of Proposition
5.2.5, that for any u

(6.59)
Q 2

F,~(2p, —1)® (1e-1)ek (EA B 1yo0r 1 C )

and [F, — (2p, ~ D@, oo, ) (1® ~Dllecaso

Since in each fixed summand £ ®
perturbation of the operator D, ®

Doy (1)®Wr_ ()

o) < 2+ |uf.

oy (1O ()

For any x € K;(0,), represented by a unitary u, there is a finite set F, C ¥,
such that

x ®0, [£,D;] 8o, [BP(T)] = Y x @, [f,D;] ®c(q,) [6,,]
UEF,

= Z x® (wT+(P«) - COT_(“))*['EX,D;L]
ueF,
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If such a finite set F, does not exist, the index pairing x ®¢, [£],D;] ®c(q,)
[BP,(7)] can not be well defined. The cylinder condition implies that for any
nonempty word p it holds that the first letter of 7, (u) is the same as that of
7_(u). Hence

X ®OA [Z:/?,DA] ®C(QA) [BPS(T)] =xQ® (wT+(0A) - w’r,(oA))*[f/?)Dl]'
The theorem now follows from Theorem 5.2.3. O

Remark 6.3.2. It would be interesting to compute the integral class
[Z/?,Dx] ®c(a,) [BP(T)] € K'(0,) explicitly. It is to the authors unclear
if there is a deeper homological obstruction for Theorem 6.3.1 to hold over
Z. A direct K-homological proof, e.g. using partial isometries, would require
a deeper understanding of the Hilbert space #H(7t). Omne might speculate
that the analytic difficulties arising in this problem are analogous to the
limiting behaviour in the construction of the measure u, = w*-limy5 u; from
Subsection 1.1.

Appendix A. e-unbounded KK-cycles and the Kasparov product

We describe a weakening of the definition of an unbounded KK-cycle [4]. This
notion, and in particular Theorem A.6 below, originated from discussions of
the second author with A. Rennie. One of the key observations in the proof
of this theorem appears in [34, Lemma 51]. Related notions are anticipated in
the literature, (eg. [12, 48]) but to the authors’ knowledge, a concise exposition
as in this appendix has not appeared before. The main idea here is to relax
the requirement on the commutators [D,a] to be bounded by only asking for
e-boundedness of these operators.

DEFINITION A.1. Let B be a C*-algebra and E be a B-Hilbert C*-module. An
operator a € End;(£) has e-bounded commutators with the selfadjoint regular
operator D if

(1) aDomD c Dom D;

(2) [D,a](1+D? ~% and (1+ DZ)_% [D,a] extend to Endy(E).
In short we say that [D,a] is e-bounded. We write 6 := % throughout this
section.

Remark A.0.3. Let us give a geometric example of e-bounded commutators
to explain the appearance of the parameter ¢ > 0. Let D be a self-adjoint
elliptic pseudodifferential operator of order m > 0 acting on a vector bundle
E — M on a closed manifold M. The Hilbert space is H = L?(M,E). The
domain of D is the Sobolev space W™2(M,E). If a € C®(M), then [D,a]
is a pseudodifferential operator of order m — 1. Hence (1 + Dz)l;_mm [D,a] and
[D,a](1 +D2)12__mm are pseudodifferential operators of order 0, thus bounded on
L2(M,E). We conclude that any a € C*(M) has 1/m-bounded commutators
with D. As such, one can consider the reciprocal ¢! as an “order” of the
operator D appearing in an e-bounded commutator.
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DEFINITION A.2. Let A and B be C*-algebras and ¢ > 0. An odd &-KK-cycle
is a pair (E,D) where E is a C* — (A,B)—bimodule and D a selfadjoint regular
operator such that

(1) a(1+ D*) "z € K(E);

(2) the space

Lip®(E,D) :={a€A: [D,a] is e-bounded}
is dense in A.

If £ is a Z/27Z-graded C* — (A, B)—bimodule®, and (‘,D) is as above with D
anticommuting with the grading operator on ‘E, we say that (£, D) is an even &-

KK-cycle. If B=C, we call an odd/even e-KK-cycle an odd/even e-unbounded
Fredholm module and if the B-action is faithful, we call it an e-spectral triple.

We remind the reader that in the context of graded C*-algebras, it suffices to
consider even unbounded KK-cycles, because the odd group KK;(A,B) can be
naturally identified with the even group KKy(A,B ® C;), where C; denotes the
first complex Clifford algebra. This is known as formal Bott periodicity (cf.
[36, 40, 41]). For this reason we will in this appendix formulate things mostly
for even KK-cycles.

Remark A.3. Although the definition of e-boundedness allows for larger classes
of unbounded Fredholm modules, obstructions to finite summability remains.
The reader can check that the proof of [15, Theorem 8] implies the following
statement: if A is a C*-algebra and (m,#,D) is an e-unbounded Fredholm
module with (14 D?)™! € £P(H), for some p € [1,00), then there is a tracial
state on A.

An e-cycle is an &’-cycle for any & < e. All of the proofs below rely on the
integral representation formula and the estimates in the following lemma.

LEMMA A.4. Let D be a reqular self-adjoint operator on a B-Hilbert C*-module
E. ForanyO<r<1
g, sin(rm) [ 5 .
(A.60) (1+D7) rZT AT (1+ D+ ) "dA,
0

s a norm convergent integral. Moreover we have the estimates
I(1+D? + ) llgnayczy < A+
ID(1+ D%+ 2) % llgnazcey <1 and D21+ D%+ ) lgpay (e < 1.

The integral formula has been used in the Hilbert C*-module context since the
work of Baaj-Julg [4]. A detailed treatment can be found in [12, Appendix A,
Remark 3]. The estimates can be found in [12, Appendix A, Remark 5].

ProrosiTION A.5. If a,b € Lip°(E, D) then a*,ab € Lip°(‘E,D). In particular
Lip°(‘E, D) is a *-algebra.

8Tn this appendix, ungraded C*-algebras A and B will be equipped with the trivial gradings
whenever a grading on them is required.
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Proof. The statement a* € Lip®(‘E, D) follows directly from the definition. For
the product of a and b, we write

[D,ab)(1+D*)"3*% =a[D,b](1+D*) 7+ +[D,alb(1+ D} 377,

and observe that the first summand admits a bounded extension. For the
second summand we use the integral expression

[b,(1+D?)7277]
sin(% L
=—2=2 | A1+ D?*+A)N([b,D]ID +D[D,b])(1 +D*+ A)"dA.
T
0
Multiplying with [D,a] and estimating the relevant parts of the integral gives

I[D,a] A" (1 + D2+A)"1[b,D]ID(1 + D* + )7}

Cq,5Ch, _ T Cq.cCo,
_71%_56||(1+D2+A) M +D?+2)72 ) < =55
and similarly
-1+5 2 -1 2 -1 CacCh,e
I[D,a]A"2"°(1+ D*+ A)"'D[D,b](1 +D* + A) || < I

Therefore, the integral converges in norm and [D,ab](1 + Dz)—%+5 admits a

bounded extension. The proof that (1 +D2)_%+5 [D,ab] admits a bounded
extension is carried out analogously. 0

We now come to the main result about e-KK-cycles, concerning the bounded
transform and the relation to KK-theory.

THEOREM A.6 (cf. [4]). The bounded transform (E,D(1 +D?)73) of an €-KK-
cycle is an (A,B) Kasparov module and hence defines a class in KK,(A,B).

We note that the proof of this Theorem is carried out analogously to the proof
of [34, Lemma 51].

Proof. The proof of the theorem relies on the integral formula (A.60) to show
that the commutators [F,a] are compact. The properties a(F —F*),a(1—F?) €
K(E) hold trivially. Recall that 6 :=¢/2.

We have

[D(14D?)"2,a] = [D,a](1+ D)2 +D[(1+D?)"2,al.

The first term is compact because (14+D?)7% is compact and [D, a:|(1—|—D2)_%+‘S
is bounded. For the second term, we expand

(A.61)

; 1 (..
D[(1+D?*) " 2,a]l = EJ A72D(1+D?+A) a,D]D(1+D?+ A)"tdA
0
1 (..
+EJ A72D?(14+D?4+A)"[a,D](1 +D? + A)"tdA.
0

DOCUMENTA MATHEMATICA 20 (2015) 89-170



SUMMABILITY AND CK-ALGEBRAS 165

Using the estimates from Lemma A.4 we find that

C
-1 2 -1 2 -1 a.e
IA"2D(14+D*+A)" [a,D]D(1+ D"+ 1) ”5211%’
and
C
IA72D%(1+D? + 1) [a,D](1+ D+ A)7}|| < —==,
where C,, = [|[D,a](1 +D2)_%+5||. We conclude that the integral formula
(A.61) converges in norm and the commutators are compact. O

Kucerovsky [45] gives sufficient conditions for a triple of even cycles to represent
a Kasparov product. As in the bounded case, to formulate this result, we need
the mappings

T, €End (F,E®z F), Ty:f—x®sf,

defined for x € ‘E. The adjoint of the operator T, is given by
T €Endi(£0, F, %), T':e®f — (x.e)f,

THEOREM A.7 (cf. [45]). Let (E,S) be an even e-unbounded (A, B) — KK -cycle,
(F,T) an even e-unbounded (B,C) — KK-cycle and (E Qg F,D) an even ¢-
unbounded (A, C) — KK -cycle such that:

(1) for all x in a dense subspace of AE, the operator

D 0\ (0 T.\1[(+D»:t? 0
G2 ST )

defined on DomD @ Dom T, extends to an operator in EndE(E@BT);
(2) DomD c DomS ®1;
(3) there is A € R such that (Dx,S ® 1x) + (S ® 1x,Dx) = —A(x, x).

Then (E Qg F,D) represents the Kasparov product of (E,S) and (F,T).

Proof. As in [45], conditions 2.) and 3.) imply the positivity condition for
the bounded transforms. The proof that condition 1.) implies the bounded
connection condition is the same as the proof that an e-unbounded KK-cycle
gives a Fredholm module. O

Sufficient conditions for products in which one of the factors is an odd e-
unbounded Fredholm module can be derived by formal Bott periodicity. We
refer to the relevant discussions in [9, 36, 38].

The following lemma describes a weakening of the domain preservation condi-
tion, and is useful in practice for proving e-boundedness.

LEMMA A.8. Suppose a maps a core for D into DomD and [D,a](1 +D2)_%+5
1
and (1+D?)"2"°[D,a] extend to operators in End,(E). Then the commutator
1

[(1+4 D?)"2,a] maps E into DomD. Consequently a preserves DomD and
1 1
[D,a](1+D?») 2"%and (1+D?*)"2%°[D,a] are bounded on DomD.
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Proof. Denote the core respected by a by X. By (A.60) and [12, Lemma 2.3]
and the discussion succeeding it, we can write

(A.62)

T N
[a,(14+D?) 2] = %J A"2(14+D?>+ A)"'D[D,a](1+ D?*+ 1)~ tdA
0

1 (" -1 2 -1 2y-1
+% A"2(1+ D+ A) " [D,a]lD(1+ D*) "dA,
0

as a norm convergent integral on X. The integral expression (A.61) for D[(1+
1
D?)72,a] converges in norm on X. Since X is a core, it is of the form (1 +

DZ)_%Y for some dense Y C E. For a Cauchy sequence y, € Y, with limit
e € E, the integrals (A.60) and (A.62) converge in norm at y, — ¥,. Thus

[(1+ Dz)_%,a]yn € Dom D is Cauchy for the graph norm and therefore [(1+
D?)72,ale € DomD. From this it follows that for a sequence y, — e we have

a(1+D2) 2y, = [a,(1+ D?) 2]y, + (1 +D*)"iay,,
and thus a(1 +D2)_%e € DomD. O
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