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1. INTRODUCTION

1.1. MOTIVATION. Let I, be a finite field with ¢ elements, where ¢ is a power of
a prime number p. Let A = Fy[T] be the ring of polynomials in indeterminate
T with coefficients in F,, and F = F4(T) the field of fractions of A. The
degree map deg : F' — Z U {—o0}, which associates to a non-zero polynomial
its degree in 7' and deg(0) = —oo0, defines a norm on F by |a| := ¢9°&(®). The
corresponding place of F' is usually called the place at infinity, and is denoted
by oco. We also define a norm and degree on the ideals of A by |n| := #(A/n)
and deg(n) := log, [n|. Let F. denote the completion of F' at co, and Cu
denote the completion of an algebraic closure of Fi,. Let Q := C,, — Fix be
the Drinfeld half-plane.

Let n< A be a non-zero ideal. The level-n Hecke congruence subgroup of GLo(A)

To(n) = {(Z Z) € GLy(A)

plays a central role in this paper. This group acts on {2 via linear fractional
transformations. Drinfeld proved in [6] that the quotient T'g(n)\ € is the space
of C-points of an affine curve Yy(n) defined over F', which is a moduli space of
rank-2 Drinfeld modules (we give a more formal discussion of Drinfeld modules
and their moduli schemes in Section H). The unique smooth projective curve
over F containing Yy(n) as an open subvariety is denoted by Xo(n). The

CEOmodn}
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cusps of Xo(n) are the finitely many points of the complement of Yj(n) in
Xo(n); the cusps generate a finite subgroup C(n) of the Jacobian variety Jo(n)
of Xo(n), called the cuspidal divisor group. By the Lang-Néron theorem, the
group of F-rational points of Jy(n) is finitely generated, in particular, its torsion
subgroup 7 (n) := Jo(n)(F)¢or is finite. It is known that when n is square-free
C(n) C T(n).

For a square-free ideal n < A divisible by an even number of primes, let D be
the division quaternion algebra over F' with discriminant n. The group of units
' of a maximal A-order in D acts on {2, and the quotient '™ \  is the space
of Cyo-points of a smooth projective curve X" defined over F'; this curve is a
moduli space of Z-elliptic sheaves introduced in [28]. Let J" be the Jacobian
variety of X™".

The analogy between Xo(n) and the classical modular curves Xo(N) over Q
classifying elliptic curves with I'o(N)-structures is well-known and has been
extensively studied over the last 35 years. Similarly, the modular curves X"
are the function field analogues of Shimura curves X parametrizing abelian
surfaces equipped with an action of the indefinite quaternion algebra over Q
with discriminant N.

Let T(n) be the Z-algebra generated by the Hecke operators Ty, m <1 A, act-
ing on the group Ho(.7,Z)"°™ of Z-valued T'g(n)-invariant cuspidal harmonic
cochains on the Bruhat-Tits tree .7 of PGLy(Fi ). The Eisentein ideal &(n) of
T(n) is the ideal generated by the elements T}, — |p| — 1, where p { n is prime. In
this paper we study the Eisenstein ideal in the case when n = pq is a product
of two distinct primes, with the goal of applying this theory to two important
arithmetic problem: 1) comparing 7 (n) with C(n), and 2) constructing explicit
homomorphisms Jy(n) — J". Our proofs use the rigid-analytic uniformizations
of Jo(n) and J" over Fio. It seems that the existence of actual geometric fibres
at oo allows one to prove stronger results than what is currently known about
either of these problems in the classical setting; this is specific to function fields
since the analogue of oo for QQ is the archimedean place.

Our initial motivation for studying &(pq) came from an attempt to prove a
function field analogue of Ogg’s conjecture [37] about the so-called Jacquet-
Langlands isogenies. We briefly recall what this is about. A geometric conse-
quence of the Jacquet-Langlands correspondence [25] is the existence of Hecke-
equivariant Q-rational isogenies between the new quotient Jo(N)™V of Jy(N)
and the Jacobian JV of X; see [45]. (Here N is a square-free integer with an
even number of prime factors.) The proof of the existence of aforementioned
isogenies relies on Faltings’ isogeny theorem, so provides no information about
them beyond the existence. It is a major open problem in this area to make
the isogenies more canonical (cf. [24]). In [37], Ogg made several predictions
about the kernel of an isogeny Jo(N)**V — J¥ when N = pp’ is a product
of two distinct primes and p = 2,3,5,7,13. As far as the authors are aware,
Ogg’s conjecture remains open except for the special cases when JV has dimen-
sion 1 (N = 14,15,21,33,34) or dimension 2 (N = 26,38,58). In these cases,
JYN and Jo(IN)2¥ are either elliptic curves or, up to isogeny, decompose into

DOCUMENTA MATHEMATICA 20 (2015) 551-629



554 MIHRAN PAPIKIAN, FU-TSUN WEI

a product of two elliptic curves given by explicit Weierstrass equations. One
can then find an isogeny Jo(N)"*" — J¥ by studying the isogenies between
these elliptic curves; see the proof of Theorem 3.1 in [2I]. This argument does
not generalize to JV of dimension > 3 because they contain absolutely simple
abelian varieties of dimension > 2, and one’s hold on such abelian varieties is
decidedly more fleeting.

Now returning to the setting of function fields, let n <1 A be a square-free ideal
with an even number of prime factors. The global Jacquet-Langlands corre-
spondence over F', combined with the main results in [6] and [28], and Zarhin’s
isogeny theorem, implies the existence of a Hecke-equivariant F-rational isogeny
Jo(n)*¥ — J". In Section[d by studying the groups of connected components
of the Néron models of Jy(n) and J", we propose a function field analogue
of Ogg’s conjecture (see Conjecture [1.3]). This conjecture predicts that, when
n = pq is a product of two distinct primes with deg(p) < 2, there is a Jacquet-
Langlands isogeny whose kernel comes from cuspidal divisors and is isomorphic
to a specific abelian group. Our approach to proving this conjecture starts with
the observation that C(n) is annihilated by the Eisenstein ideal (n) acting on
Jo(n), so we first try to show that there is a Jacquet-Langlands isogeny whose
kernel is annihilated by &(n), and then try to describe the kernel of the Eisen-
stein ideal J[€(n)] in Jo(n) explicitly enough to pin down the kernel of the
isogeny. This naturally leads to the study of J[&(n)] for composite n. On the
other hand, J[€(n)] also plays an important role in the analysis of 7 (n), as was
first demonstrated by Mazur in his seminal paper [33] in the case of classical
modular Jacobian Jy(p) of prime level. These two applications of the theory
of the Eisenstein ideal constitute the main theme of this paper.

1.2. MAIN RESULTS. The Shimura subgroup S(n) of Jo(n) is the kernel of the
homomorphism Jo(n) — Ji(n) induced by the natural morphism X;(n) —
Xo(n) of modular curves (see Section [BT]).

Assume p < A is prime. Define N(p) = ‘Sl__ll if deg(p) is odd, and define

N(p) = 232‘:11 , otherwise. In [38], P4l developed a theory of the Eisenstein ideal
&(p) in parallel with Mazur’s paper [33]. In particular, he showed that J[&(p)]
is everywhere unramified of order N(p)?, and is essentially generated by C(p)
and S(p), both of which are cyclic of order N(p). Moreover, C(p) = T (p) and
S(p) is the largest p-type subgroup scheme of Jy(p). These results are the
analogues of some of the deepest results from [33], whose proof first establishes
that the completion of the Hecke algebra T(p) at any maximal ideal in the
support of &(p) is Gorenstein.

As we will see in Section[8] even in the simplest composite level case the kernel
of the Eisenstein ideal J[€(n)] has properties quite different from its prime level
counterpart. For example, J[€(n)] can be ramified, generally S(n) has smaller
order than C(n), neither of these groups is cyclic, and S(n) is not the largest
p-type subgroup scheme of Jo(n).

First, we discuss our results about C(n), S(n), and T (n):
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THEOREM 1.1.

(1) We give a complete description of C(pq) as an abelian group; see The-
orem [G11].

(2) For an arbitrary square-free n we show that the group scheme S(n) is
u-type, and therefore annihilated by €(n), and we give a complete de-
scription of S(n) as an abelian group; see Proposition 83 and Theorem
5.0l

(3) If £ # p is a prime number which does not divide

(q - 1) ng(|p| + ]-a |q| + 1);
then the £-primary subgroups of C(pq) and T (pq) are equal; see Theorem

73
Usually, many of the primes dividing the order of C(pq) satisfy the condition
in (3), so, aside from a relatively small explicit set of primes, we can determine
the ¢-primary subgroup 7 (pq)¢ of 7 (pq). For example, (1) and (3) imply that
if £ does not divide (|p|>—1)(|q|?>—1), then T (pq)¢ = 0. The most advantageous
case for applying (3) is when deg(q) = deg(p) + 1, since then ged(|p|+1,|q|+1)
divides ¢ — 1. In particular, if ¢ = 2 and deg(q) = deg(p) + 1, then we conclude
that the odd part of 7 (pq) coincides with C(pq). These results are qualitatively
stronger than what is currently known about the rational torsion subgroup
Jo(N)(Q)tor of classical modular Jacobians of composite square-free levels (cf.

M)

Outline of the Proof of Theorem [I1l. Although it was known that C(n) is finite
for any n (see Theorem [6.]]), there were no general results about its structure,
besides the prime level case n = p. The curve X(p) has two cusps, so C(p) is
cyclic; its order was computed by Gekeler in [I0]. The first obvious difference
between the prime level and the composite level n = pq is that Xo(pq) has 4
cusps, so C(pq) is usually not cyclic and is generated by 3 elements. To prove
the result mentioned in (1), i.e., to compute the group structure of C(pq), we
follow the strategy in [I0], but the calculations become much more complicated.
The idea is to use Drinfeld discriminant function to obtain upper bounds on
the orders of cuspidal divisors, and then use canonical specializations of C(pq)
into the component groups of Jy(pq) at p and q to obtain lower bounds on these
orders.

To deduce the group structure of S(n) mentioned in (2) we use the rigid-analytic
uniformizations of Jy(n) and Jq(n) over F, and the “changing levels” result
from [I8], to reduce the problem to a calculation with finite groups.

The proof of (3) is similar to the proof of Theorem 7.19 in [38], although
there are some important differences, too. Suppose ¢ is a prime that does not
divide ¢(qg — 1). Since Jy(pq) has split toric reduction at oo, the ¢-primary
subgroup T (pg), maps injectively into the component group @, of Jy(pq) at
oo. Using the Eichler-Shimura relations, one shows that the image of 7 (pq), in
®, can be identified with a subspace of Ho(7,Z)°*?) @ Z/¢"Z annihilated
by the Eisenstein ideal &(pq) for any sufficiently large n € N. Denote by
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Eoo(pg, Z/¢™7Z) the subspace of Ho(.7,Z)'0®%0) @ Z /("7 annihilated by &(pq).
Then we have the inclusions

C(pa)e = T(pa)e = Eoo(pq,Z/("Z).

The space Eyo(pq, Z/¢"Z) contains the reductions modulo ¢™ of certain Eisen-
stein series. We prove that if £ does not divide ¢(¢ — 1)ged(|p| + 1,]q] + 1),
then the whole Eyo(pq, Z/¢"7) is generated by the reductions of these Eisen-
stein series (see Theorem B9 and Lemma BI0). This allows us to compute
Eoo(pg, Z/L"Z). Tt turns out that Eyo(pq,Z/¢"Z) = C(pq)e, and consequently
C(pg)e = T(pq)e. To prove Theorem B9, we first prove a version of the key
Theorem 1 in the famous paper by Atkin and Lehner [I] for Z/¢™Z-valued har-
monic cochains (see Theorem [2:28]). The fact that we need to work with Z/¢"Z
rather than C leads to technical difficulties, which results in the restriction
£t q(qg— Dged(|p| + 1, ]q] + 1). Note that in our definition the Hecke algebra
T(pq) includes the operators U, and Uy. This is important since we need to
deal systematically with “old” forms of level p and q. The smaller algebra
T(pq)° generated by the Hecke operators Ty, with m coprime to pq used by P&l
in [38] and [39] is not sufficient for getting a handle on Eyo(pq, Z/("7Z). O

Now we concentrate on the case where we investigate the Jacquet-Langlands
isogenies. We fix two primes x and y of A of degree 1 and 2, respectively. This
differs from our usual Frattur notation for ideals of A. This is done primarily
to make it easy for the reader to distinguish the theorems which assume that
the level is zy. Several sections in the paper are titled “Special case” and deal
exclusively with the case pq = xy. Note that Xo(pq) has genus 0 if p and q are
distinct primes with deg(pq) < 2. The genus of Xo(xy) is ¢, so this curve is the
simplest example of a Drinfeld modular curve of composite level and positive
genus. Also, by a theorem of Schweizer [49], Xo(pq) is hyperelliptic if and only
if p =2 and q = y, so one can think of this case as the hyperelliptic case.

The cusps of X(xy) can be naturally labelled [z], [y], [1], [o0]; see Lemma 214
Let ¢, and ¢, denote the classes of divisors [z] — [00] and [y] — [oc0] in Jo(xy).
First, we show that (see Theorem [T.13)

T(zy) = Clay) = (ca) @ (cy) 2 Z/ (¢ + VLS L/ (¢* + 1)L

The reason we can prove this stronger result compared to (3) of Theorem
[l is that we can compute Eyg(zy, Z/L"Z) without any restrictions on ¢, and
we can deal with the 2-primary torsion T (xy)2 using the fact that Xo(xy) is
hyperelliptic.

To simplify the notation, for the rest of this section denote T = T(xy), € =
E(xy), H := Ho(T,Z)T o) H' .= H(T,Z)""", where this last group is the
group of Z-valued I'*Y-invariant harmonic cochains on .7. We show that (see
Corollary B.18)

T/€=Z/(¢" +1)(g+1)Z,

so the residue characteristic of any maximal ideal of T containing & divides
(¢> + 1)(g + 1). The Jacquet-Langlands correspondence over F implies that
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there is an isomorphism H ® Q = H’' ® Q which is compatible with the action
of T.

THEOREM 1.2 (See Theorems and [0.6)).
(1) If H =2 H as T-modules, then there is an isogeny Jo(xy) — J*Y defined
over F whose kernel is cyclic of order ¢ + 1 and is annihilated by €.
(2) If H = H' as T-modules and for every prime £|(¢>+1) the completion of
T®Ze at M = (€, ¢) is Gorenstein, then there is an isogeny Jo(zy) —
J* whose kernel is (c,) = Z/(q* + 1)Z.

Remark 1.3. An isogeny Jo(zy) — J*Y with kernel (c,) does not respect the
canonical principal polarizations on the Jacobians since (¢,) is not a maximal
isotropic subgroup of Jy(xy) with respect to the Weil pairing.

Outline of the Proof of Theorem[I.2 Both Jy(xy) and J*¥ have rigid-analytic
uniformization over F,,. The assumption that H and H' are isomorphic T-
modules allows us to identify the uniformizing tori of both Jacobians with
T ® CX. Next, we show that the groups of connected components of the
Néron models of Jy(zy) and J*¥ at co are annihilated by €. This allows us to
identify the uniformizing lattices of the Jacobians with ideals in T. These two
observations, combined with a theorem of Gerritzen, imply (1). If in addition
we assume that Tey is Gorenstein, then we get an explicit description of the
kernel of the Eisenstein ideal from which (2) follows. O

Proving that the assumptions in Theorem [[L2] hold seems difficult. First, even
though H ® Q and ‘H’' ® Q are isomorphic T-modules, the integral isomorphism
is much more subtle. It is related to a classical problem about the conjugacy
classes of matrices in Mat,,(Z); cf. [27]. Second, when £|(q? + 1) the kernel of
M in Jo(xy) is ramified, and Mazur’s Eisenstein descent arguments for proving
Ton is Gorenstein do not work in this ramified situation. (Both versions of
Mazur’s descent discussed in [38] §§10,11] rely on subtle arithmetic properties
of Jo(p) which are valid only for prime level.)

Nevertheless, both assumptions in Theorem can be verified computation-
ally; Section [I0 is devoted to these calculations. We were able to check the
assumptions for several cases for each prime ¢ < 7. In particular, we were able
to go beyond dimension 2, which is currently the only dimension where the
Ogg’s conjecture is known to be true over Q. Section [I0is also of independent
interest since it provides an algorithm for computing the action of Hecke op-
erators on H'; this should be useful in other arithmetic problems dealing with
XY, (An algorithm for computing the Hecke action on H was already known
from the work of Gekeler; see Remark [[0.2)

1.3. NOTATION. Aside from oo, the places of F' are in bijection with non-zero
prime ideals of A. Given a place v of F', we denote by F), the completion of F'
at v, by O, the ring of integers of F,,, and by F, the residue field of O,. The
valuation ord, : F,, — Z is assumed to be normalized by ord,(m,) = 1, where
7, is a uniformizer of O,. The normalized absolute value on F is denoted by
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Given a field K, we denote by K an algebraic closure of K and K*°P a separable
closure in K. The absolute Galois group Gal(K*°P/K) is denoted by G-.
Moreover, F™ and O)" will denote the maximal unramified extension of F,
and its ring of integers, respectively.

Let R be a commutative ring with identity. We denote by R* the group of
multiplicative units of R. Let Mat,(R) be the ring of n X n matrices over R,
GL,(R) the group of matrices whose determinant is in R*, and Z(R) = R*
the subgroup of GL,(R) consisting of scalar matrices.

If X is a scheme over a base S and S’ — S any base change, Xg denotes
the pullback of X to S’. If S’ = Spec(R) is affine, we may also denote this
scheme by Xg. By X(5’) we mean the S’-rational points of the S-scheme X,
and again, if S’ = Spec(R), we may also denote this set by X (R).

Given a commutative finite flat group scheme G over a base S (or just an abelian
group G, or a ring G) and an integer n, G[n| is the kernel of multiplication by
n in G, and Gy is the maximal ¢-primary subgroup of G. The Cartier dual of
G is denoted by G*.

Given an ideal n < A, by abuse of notation, we denote by the same symbol
the unique monic polynomial in A generating n. It will always be clear from
the context in which capacity n is used; for example, if n appears in a matrix,
column vector, or a polynomial equation, then the monic polynomial is implied.
The prime ideals p <1 A are always assumed to be non-zero.

2. HARMONIC COCHAINS AND HECKE OPERATORS

2.1. HARMONIC COCHAINS. Let G be an oriented connected graph in the sense
of Definition 1 of §2.1 in [50]. We denote by V(G) and E(G) its set of vertices
and edges, respectively. For an edge e € E(G), let o(e), t(e) € V(G) and
€ € E(G) be its origin, terminus and inversely oriented edge, respectively. In
particular, t(€) = o(e) and o(€) = t(e). We will assume that for any v € V(G)
the number of edges with t(e) = v is finite, and t(e) # o(e) for any e € E(G)
(i.e., G has no loops). A path in G is a sequence of edges {e;}ics indexed
by the set I where I = Z, I = Nor I = {1,...,m} for some m € N such
that ¢(e;) = o(e;y1) for every i, + 1 € I. We say that the path is without
backtracking if e; # €;41 for every i,i +1 € I. We say that the path without
backtracking {e;}ien is a half-line if for every vertex v of G there is at most
one index n € N such that v = o(e,,).

Let T" be a group acting on a graph G, i.e., I' acts via automorphisms. We say
that T' acts with inversion if there is v € I and e € E(G) such that ye = e.
If T acts without inversion, then we have a natural quotient graph I'\ G such
that V(I'\ G) =T\ V(G) and E(T'\ G) =T\ E(G), cf. |50, p. 25].

DEeFINITION 2.1. Fix a commutative ring R with identity. An R-valued har-
monic cochain on G is a function f : E(G) — R that satisfies

(i)
fle)+ f(e) =0 for all e € E(G),
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(i)
Z fle)=0 forallveV(G).

e€cE(G)
t(e)=v

Denote by H(G, R) the group of R-valued harmonic cochains on G.

The most important graphs in this paper are the Bruhat-Tits tree 7 of
PGL2(F), and the quotients of .7. We recall the definition and introduce
some notation for later use. Fix a uniformizer 7o, of F.. The sets of ver-
tices V() and edges E(.7) are the cosets GLg(Fi)/Z(Foo)GL2(Ox) and
GL2(Fx)/Z(Fx)Zoo, respectively, where T, is the Iwahori group:

Too = {<‘z Z) € GLy(Ou)

The matrix (WO (1)) normalizes Z,, so the multiplication from the right by

cE WOOOOO}.

this matrix on GLg(Fs) induces an involution on E(.7); this involution is
e — €. The matrices

k
L (7w keZ
(2.1) E(T)" = {( 0 1) u € Fao, u mod W'éoooo}

are in distinct left cosets of ZoZ(F ), and there is a disjoint decomposition
(cf. [12, (1.6)])

E(7) = E(2)*| |B(7)* (ﬂ[; (1)) .

We call the edges in E(7)" positively oriented.
The group GLa(Fs) naturally acts on E(.7) by left multiplication. This in-
duces an action on the group of R-valued functions on E(Z): for a func-
tion f on E(Z) and v € GL2(F) we define the function f|y on E(7) by
(flv)(e) = f(ye). It is clear from the definition that f|vy is harmonic if f is
harmonic, and for any 7,0 € GL2(Fx) we have (f|y)|o = f|(vo).
Let T' be a subgroup of GL2(Fs) which acts on .7 without inversions. Denote
by H(Z, R)'' the subgroup of I'-invariant harmonic cochains, i.e., f|y = f for
all v € T. Tt is clear that f € H(7, R)' defines a function f’ on the quotient
graph I' \ 7, and f itself can be uniquely recovered from this function: If
e € E(.7) maps to € € E(I' \ .7) under the quotient map, then f(e) = f'(é).
The conditions of harmonicity (i) and (ii) can be formulated in terms of f’ as
follows. Since T' acts without inversion, (i) is equivalent to
(i')

@)+ f(é)=0 forallee E(I'\ 7).

Let v € V(J) and 0 € V(T'\ .7) be its image. The stabilizer group
Ly={yel[yv=1}

acts on the set {e € E(.7) | t(e) = v}, and the orbits correspond to

(ee B\ 7) | () = o).
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Let I'c := {y € ' | ye = e}; clearly I'¢ is a subgroup of I';(.). The weight of e
w(e) = [[ye) : T
is the length of the orbit corresponding to e. Since w(e) depends only on its
image € in I'\ .7, we can define w(€) := w(e). Note that 3, _; w(é) = g+1.
We stress that, in general, w(e) depends on the orientation, i.e., w(e) # w(e).
With this notation, condition (ii) is equivalent to
(ii")
> w(@f(@) =0 forallveV(\.7),
eECE(T\.7)
()=

of. [I8, (3.1)].

DEFINITION 2.2. The group of R-valued cuspidal harmonic cochains for T,
denoted Ho (7, R)', is the subgroup of H(.7, R)' consisting of functions which
have compact support as functions on I' \ 7, i.e., functions which have value
0 on all but finitely many edges of I' \ .7. Let Hoo(7, R)'" denote the image
of Ho(7,Z)" ® Rin Ho(T,R)".

DEFINITION 2.3. It is known that the quotient graph I'o(n) \ 7 is the edge
disjoint union

L)\ 7 = Tom\ 2 u | b

s€To(W)\P(F)

of a finite graph (I'g(n)\ 7)° with a finite number of half-lines hs, called cusps;
cf. Theorem 2 on page 106 of [50]. The cusps are in bijection with the orbits
of the natural action of I'g(n) on P*(F); cf. Remark 2 on page 110 of [50].

To simplify the notation, we put
H(n,R) :=H(T,R) ™
Ho(n, R) == Ho(7,R) ™
Hoo(n, R) the image of Ho(n,Z) ® R in Ho(n, R).
One can show that Ho(n,Z) and H(n,Z) are finitely generated free Z-modules
of rank g(n) and g(n) + ¢(n) — 1, respectively, where g(n) is the genus of X(n)
and ¢(n) is the number of cusps.
From the above description it is clear that f is in Ho(n, R) if and only if it
eventually vanishes on each h,. It is also clear that if R is flat over Z, then

Ho(n, R) = Hoo(n, R). On the other hand, it is easy to construct examples
where this equality does not hold.

EXAMPLE 2.4. The quotient graph GLa(A) \ 7 is a half-line; see Figure [II
Denote the edge with origin v; and terminus v;11 by e;. The stabilizers of
vertices and edges of GLa(A) \ 7 are well-known, cf. [I7, p. 691]. From this
one computes w(e;) = ¢ for all i, w(ey) = ¢+ 1, and w(e;) = 1 for i > 1.
Therefore, if p € H(1, R), then p(e;) = ¢'a (i > 0) for some fixed o € R[g+1].
Now it is clear that H(1, R) = R[g+ 1] and Ho(1, R) = Hoo(1,R) = 0.
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FIGURE 2. To(z)\ 7

Vo U1 V2 U3
——>0——>0 - - - - - - >
oc——0<————0 L
u V-1 V_9 vV_3

FIGURE 3. Ty(y) \ 7

EXAMPLE 2.5. The graph of I'g(z)\ 7 is given in Figure 2] where the vertex v;

(i € Z) is the image of (I(; (1)

from E(7)T. Denote by e; the edge with origin v;_; and terminus v;. Since

<(1) (1)> v_; = v; and the stabilizers of v; ( > 0) in GL2(A) are well-known (cf.

[I7, p. 691]), one easily computes

if 7 > 1 ifs>-1
w(ei){q ife>0 w(éi){ if ¢ >

1 ifi< -1 q ifi<-=2

) € V(9); the positive orientation is induced

Suppose ¢ € H(z,R) and denote o = p(e_1). Since w(e;)p(e;) =
w(€it1)p(eiv1), we get
agtt  ifi>—1
olei) =< a ifi =-2
ag™ 3 if i < 3.
We conclude that H(z,R) = R, Ho(x,R) = R, and Hoo(z, R) = 0. (Recall
that R, denotes the p-primary subgroup of R.)

EXAMPLE 2.6. The graph I'g(y) \ 7 is given in Figure B where v; is the image
i -2 -1
of (j;) (1)> € V(7) and u is the image of (TO Tl ) We denote the edge
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with origin v;_1; and terminus v; by e;, and the edge with terminus u by e,.
One computes

if 7 > 1 ifi>
w(ei){q ife>0 w(éi){ ife>0

1 ifi< -1 qg ifi<—-1

wley) =¢q+1, w(éy,) =q—1.
Let ¢ € H(y, R). Denote ¢(eg) = o and (e, ) = 8. Then (¢ + 1) =0 and

(o) = agt ifi>0
ple;) = ¢ Ha+(g—1)p) ifi<—1.

This implies that H(y, R) = R ® R[q + 1]. For ¢ to be cuspidal we must have
¢"a =0 and ¢"(¢—1)5 =0 for some n > 1. Thus, a € R, and 5 € R[2] (resp.
B =0) if p is odd (resp. 2). We get an isomorphism Ho(y, R) = R, ® R[2] if p
is odd and Ho(y, R) & R» if p = 2. Note that Hoo(y, R) = 0.

LEMMA 2.7. The following holds:
(1) If n < A has a prime divisor of odd degree, assume q(¢ — 1) € R*.
Otherwise, assume q(q*> —1) € R*. Then Ho(n, R) = Hoo(n, R).
(2) Ifn=p is prime and q(q¢ — 1) € R*, then Ho(n, R) = Hoo(n, R).

Proof. Our proof relies on the results in [I7], and is partly motivated by the
proof of Theorem 3.3 in [I7]. Let I' := I'g(n). By 1.11 and 2.10 in [I7], the
stabilizer I', for any v € V() is finite, contains the scalar matrices Z(F,),
and n(v) := #I', /F; either divides (¢ — 1)¢™ for some m > 0, or is equal to
q + 1. Moreover, n(v) = g + 1 is possible only if all prime divisors of n have
even degrees. Overall, we see that our assumptions in (1) imply that n(v) is
invertible in R for any v € V(7). Since the stabilizer T'. of any e € V(7)
is a subgroup of T'y(.) containing Z(IF,), we also have n(e) := #I'./F* € R*.
Note that n(e) does not depend on the orientation of e and depends only on
its image € in "'\ 7, so we can define n(é) = n(e).

Let Ho(T'\ 7, R) be the subgroup of H(I' \ .7, R) consisting of compactly
supported harmonic cochains on I'\ &. There is an injective homomorphism

(2.2) Ho(F \ y, R) — Ho(n, R)
o @l

defined by o' (€) = n(€)p(€). Indeed, since n(€) does not depend on the orien-
tation of e, ¢ clearly satisfies (i’). As for (ii’), we have

Y w@el@ = Y % @e@ =n(®) Y @) =0.
) R )

The map (Z2) is also defined over Z, and by [I7, Thm. 3.3] gives an isomor-
phism Ho(T'\ 7,Z) — Ho(n,Z). Next, there is an isomorphism

Ho(T'\ T,R) 2 Ho(T'\ 7,Z) ®z R,
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which follows, for example, by observing that Hy(T'\ 7, R) =2 Ho(T \ 7, R)
and applying the universal coefficient theorem for simplicial homology. Hence

’Ho(F\g,R)ngo(F\g,Z) ®ZR2’H0(R,Z) ®ZR.

Let g = rankzHo(I' \ .7,Z). Thinking of the elements of Ho(I'\ 7,Z) as 1-
cycles, it is easy to show by induction on g that one can choose eq,...,¢e4 €
E(T'\.7) and a Z-basis ¢1, . .., pg of Ho(T'\ 7, Z) such that T\ .7 —{ex,...,eq4}
is a tree, and ¢;(e;) = §;; =(Kronecker’s delta), 1 < 4,5 < g. By slight abuse
of notation, denote the image of goj in Hoo(n, R) by the same symbol. Let
¥ € Ho(n, R). Then

g
’ w(el)
Y= — z_; m@l

is supported on a finite subtree S of I'\ .7. Let v € V(S) be a vertex such that
there is a unique e € E(S) with t(e) = v. Note that w(e) € R*. Condition
(ii") gives w(e)y'(e) = 0, so ¢'(e) = 0. This process can be iterated to show
that ¢' = 0. This implies that the natural map Ho(n,Z) ®z R — Ho(n, R) is
surjective, which is part (1).

To prove part (2), we can assume that deg(p) is even. A consequence of 2.7
and 2.8 in [I7] is that there is a unique vy € V(I'\ .77) with n(vg) = ¢+1 and a
unique eg € E(T'\.7) with o(eg) = vg. For any other v € V(I'\.7), n(v) divides
(¢ — 1)g™. Since the stabilizer of any edge e € E(I'\ 7) is a subgroup of the
stabilizers of both t(e) and o(e), we have n(e) € R*. After this observation, we
can repeat the argument used to prove (1) to reduces the problem to showing
that ¢ € Ho(p, R) supported on a finite tree S is identically 0. We can always
choose v € V(S) to be a vertex different from vy but such that there is a unique
e € E(S) with t(e) = v. Since w(e) is a unit in R, we can also finish as in part
(1). O

The conclusion in Example that Ho(y, R) # Hoo(y,R) if R[2] # 0 is a
special case of a general fact:

LEMMA 2.8. Assume p is odd and invertible in R. Let p < A be prime of even
degree. If R[2] # 0, then Ho(p, R) # Hoo(p, R).

Proof. Let T':=Ty(p). As in Lemma 27 let vy be the unique vertex of '\ .7
with n(vg) = ¢+ 1, and let eg € E(T'\ 77) be the unique edge with o(ep) = vp.
Note that w(ey) = ¢+ 1. As we already mentioned in the proof of Lemma
27 for any other vertex v in I' \ 7, n(v) divides (¢ — 1)¢™. Moreover, it
is easy to see, for example by case (a) of Lemma 2.7 in [I7], that there is at
least one vertex v such that n(v) is divisible by ¢ — 1. Consider all the paths
without backtracking connecting vy to such a vertex, and fix a path of shortest
length {eg,e€1,...,em}. Then w(e;) (1 <i < m) is invertible in R, but w(ey,)
is divisible by ¢ — 1. For a fixed non-zero « € R[2], define f on E(I'\ .7) by
Fleo) = a, fles) = “=thfle; 1) (1< i <m), £(&5) = fleg) (0 <5 < m),
and f(e) = 0 for all other edges. It is easy to see that f € Ho(p, R). On the
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other hand, any function ¢ € Ho(p,Z) must be zero on eq, since condition (ii’)
for vy gives (¢ + 1)p(ép) = 0. Therefore, f & Hoo(p, R). O

Remark 2.9. The fact stated in Lemma is deduced in [38] by different
(algebro-geometric) methods. Our combinatorial proof seems to answer the
question in Remark 11.9 in [38].

2.2. HECKE OPERATORS AND ATKIN-LEHNER INVOLUTIONS. Assume n<]A is
fixed. Given a non-zero ideal m <1 A, define an R-linear transformation of the
space of R-valued functions on E(.7) by

a b
fITw = /] (0 d),

where fly for v € GLa(Fy) is defined in Section 2] and the above sum
is over a,b,d € A such that a,d are monic, (ad) = m, (a) + n = A, and
deg(b) < deg(d). This transformation is the m-th Hecke operator. Following a
common convention, for a prime divisor p of n we often write U, instead of T,.

PROPOSITION 2.10. The Hecke operators preserve the spaces H(n, R) and
Ho(n, R), and satisfy the recursive formulas:

Tow = TnTw if m+m =A,
Ty = Tyr Ty — [plTys if pim,
Ty =T,y if pn
Proof. The group-theoretic proofs of the analogous statement for the Hecke

operators acting on classical modular forms work also in this setting; cf. [34]
§4.5]. O

DEFINITION 2.11. Let T(n) be the commutative subalgebra of Endz(H(n,Z))
with the same unity element generated by all Hecke operators. Let T(n)° to be
the subalgebra of T(n) generated by the Hecke operators Ty, with m coprime
to n.

For every ideal m dividing n with ged(m,n/m) = 1, let W, be any matrix in
Mato(A) of the form

am b
(2:3) (cn dm)
such that a,b,¢,d, € A and the ideal generated by det(W,,) in A is m. It is not
hard to check that for f € H(n, R), f|Wu does not depend on the choice of the
matrix for Wy, and f|Wy, € H(n, R). Moreover, as R-linear endomorphisms of
H(n, R), Wy’s satisfy
mime
(24) WmIsz = nga where mg3 = m

Therefore, the matrices W, acting on the R-module H(n, R) generate an
abelian group W 2 (Z/27)%, called the group of Atkin-Lehner involutions,
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where s is the number of prime divisors of n. The following proposition, whose
proof we omit, follows from calculations similar to those in [Il §2].

m 0
b (1 9)
(1) Ifn is coprime to m and f € H(n, R), then
(f|Bm)|W =T

where Wiy, is the Atkin-Lehner involution acting on H(nm, R). (Note
that by Lemmal[Z23, f|Bm € H(nm, R).)

(2) Let m|n with gcd(m,n/m) =1, and b be coprime to m. If f € H(n, R),
then

PROPOSITION 2.12. Let

(f1Be) W = (f[Ww)|Bo,
where on the left hand-side Wy, denotes the Atkin-Lehner involution
acting on H(nb, R) and on the right hand-side Wy, denotes the involu-
tion acting on H(n, R).
(3) Let f € H(n,R). If q is a prime ideal which divides n but does not
divide n/q, then f|(Uq + Wq) € H(n/q,R).

The vector space Ho(n, Q) is equipped with a natural (Petersson) inner product
(fogy=" > nle) ' fle)gle),
e€cE(To(n)\.7)

where n(e) is defined in the proof of Lemma 2771 The Hecke operator Ty, is
self-adjoint with respect to this inner product if m is coprime to n; one can
prove this by an argument similar to the proof of Lemma 13 in [I].

DEFINITION 2.13. Let m be a divisor of n and ? be a divisor of n/m. By Lemma
225 the map ¢ — ¢|By gives an injective homomorphism

Z‘tt,m : Ho(m, @) - HO(na @)

We denote the subspace generated by the images of all i3, (m # n) by
Ho(n, Q). The orthogonal complement of Hg(n, Q)4 with respect to the
Petersson product is the new subspace of Ho(n,Q), and will be denoted by
Ho(n,Q)"*". The new subspace of Ho(n, Q) is invariant under the action T(n)
(this again can be proven as in [I]). We denote by T(n)"*" the quotient of T(n)
through which T(n) acts on Ho(n, Q)™.

As we mentioned, the cusps of T'g(n) are in bijection with the orbits of the
action of I'yg(n) on

PYF) =P'(A) = { (Z) | a,be A ged(a,b) =1,a is monic} ,

where T'g(n) acts on P}(F) from the left as on column vectors. We leave the
proof of the following lemma to the reader.

LEMMA 2.14. Assume n is square-free.
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(1) For m|n let [m] be the orbit of (;) under the action of To(n). Then

[m] # [m] if m # w', and the set {[m] | m|n} is the set of cusps of

To(n). In particular, there are 2° cusps, where s is the number of

prime divisors of n.

(2) Since Wy normalizes To(n), it acts on the set of cusps of T'o(n). There
is the formula
Wa[n] = [n/m].

The cusp [n] is usually called the cusp at infinity. We will denote it by [o0].
2.3. FOURIER EXPANSION. An important observation in [38] is that the theory
of Fourier expansions of automorphic forms over function fields developed in [57]
works over more general rings than C. Here we follow Gekeler’s reinterpretation

[12] of Weil’s adelic approach as analysis on the Bruhat-Tits tree, but we will
extend [12] to the setting of these more general rings.

DEFINITION 2.15. Following [38] we say that R is a coefficient ring if p € R*
and R is a quotient of a discrete valuation ring R which contains p-th roots of
unity. Note that the image of the p-th roots of unity of R in R is exactly the
set of p-th roots of unity of R. For example, any algebraically closed field of
characteristic different from p is a coefficient ring.

Let
n: Fsp — R®
Z a;mt Mo (Trace]gq/]gp (a1)>

where 1 : F, = R* is a non-trivial additive character fixed once and for all.
Let f be an R-valued function on E(.7), which is invariant under the action of

T = {(g Z) € GLQ(A)} :

and is alternating (i.e., satisfies f(e) = —f(€) for all e € E(.7)). The constant
Fourier coefficient of f is the R-valued function f° on 7%, defined by

k
- qlik Zue(ﬂx)/(ﬂ’;) f ((TFSO ?)) ifk>1
! ifk<1.
0 1

For a divisor m on F', the m-th Fourier coefficient f*(m) of f is

L 7_‘_Qereg(rn) u
fr(m)=q 1~ eg(m) Z f (( 00 0 1)) n(—mu),
u€ (o) / (wd 1E ™)
if m is non-negative, and f*(m) = 0, otherwise; here m € A is the monic

polynomial such that m = div(m) - codes(™),
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THEOREM 2.16. Let f be an R-valued function on E(T), which is T« -invariant
and alternating. Then

oy 0/ _k *( 10 k—2
f<< ) ) =) Y fdivim) 00t ) ().
0#meA
deg(m)<k—2
In particular, f is uniquely determined by the functions f° and f*.

Proof. This follows from [38] §2] and [12, §2]. O

LEMMA 2.17. Assume f is alternating and T o -invariant. Then f is a harmonic
cochain if and only if

(i) fO(rk) = fO(1)q " for any k € Z;
(i) f*(mock) = f*(m)g=* for any non-negative divisor m and k € Z>o.

Proof. See Lemma 2.13 in [12]. O

LEMMA 2.18. For an ideal m < A and f € H(n,Z) we have

. (o) — m| . (tm
(f[Tw)"(x) = Z Hf (§>
a| ged(m,t)
(a)+n=A

In particular,
(f1Tw)* (1) = [m[f*(m).
Proof. See Lemma 3.2 in [3§]. O

LEMMA 2.19. Assume n is square-free. A harmonic cochain f € H(n, R) is
cuspidal if and only if (f|W)°(1) =0 for all W € W.

Proof. By definition, f is cuspidal if and only if it vanishes on all but finitely
many edges of each cusp [m]. The positively oriented edges of the cusp [cc] are

k
given by the matrices <7T8° (1)>, k < 1. By definition of f° and Lemma 217

k
me, 0 _
A = fim%) = a0,
0 1
Since ¢ is invertible in R, we see that f eventually vanishes on [oo] if and only

if f°(1) = 0. Next, by Lemma T4l f vanishes on [n/m] if and only if f|Wiy
vanishes on [oc], which is equivalent to (f|Ww)?(1) = 0. O

THEOREM 2.20. If R is a coefficient ring, then the bilinear T(n)® R-equivariant
pairing
(T(n) ® R) x Hoo(n, R) > R
T, f— (fIT)"(1)

is perfect.
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FIGURE 4. To(zy) \

Proof. Theorem 3.17 in [I1] says that the pairing
(2.5) T(n) x Ho(n,Z) — Z
T, f— (fIT)"(1)
is non-degenerate and becomes a perfect pairing after tensoring with Z[p~!].

Since p is invertible in R by assumption, the claim follows. O

It is not known if in general the pairing (2.3]) is perfect. This is in contrast to
the situation over Q where the analogous pairing between the Hecke algebra
and the space of weight-2 cusp forms on I'g(/N) with integral Fourier expan-
sions is perfect (cf. [46, Thm. 2.2]). This dichotomy comes from the formula
(f|Twm)*(1) = |m|f*(m); in the classical situation the first Fourier coefficient of
f| T, is just the mth Fourier coefficient of f.

PROPOSITION 2.21. In the special case n = xy, the pairing (2.3)
T(xy) x Holzy,Z) — Z
is perfect. Moreover, as Z-modules,

T(zy)’ =T(xy) 2Z& P ZT;.

deg(p)=1
p#

Proof. Take o, B, € Fy such that y = 2?2 +a,x+ f,. Let w, := 7!, which is
also a uniformizer at oo. The quotient graph T'o(xy)\.7 is depicted in Figure
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[ with positively oriented edges

(w0 (=0 (wE w, (@ oyt
c1 = 0 1) Coy = 0 1) C3 = 0 1 ) Cq = 0 1 )
- .

Note that in this notation as = by. A small calculation shows that
w(ar) = w(az) = w(as) = w(as) = q—1,

and the weights of all other edges in (Ig(zy) \ 7)° are 1.

It is easy to see that the map

Ho(zy,Z) —» P Z

u€l,
f = (f(bu))uelb‘q

is an isomorphism, so the harmonic cochains f, € Ho(zy,Z), v € Fy, defined
by fu(by) = 0y.u=(Kronecker’s delta) form a Z-basis. Let f € Ho(zy,Z) and
k € Fy. By Lemma 21§

W =cre-n= ¥ (5 1)) -0

WEWz Ooo /w3 Oco

(3 ) (3 ) 0w

BEFY
w3 w w?
2 f<<o”” e I))>"((wxlﬂ)ﬂ(m+uwi))~
ue]FqﬂE]F;

w3

Since the double class of < Oz T) does not change if w is replaced by Sw

3
BeF), f <<w01, (1)>> = f(e2) = 0, and 3 gcpx n(Bws) = —1, the above

sum reduces to

_f(a4) + Z f(bu)(qéu,m - 1)'

u€lF,
Using (ii’),

(@—1D)f(a) + flas) =0, (q—1)f(as) + f(@) =0, f(ar) =Y f(bu).

u€lF,
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Therefore, f(as) = =3, cp, f(bu) and we get

(fITe—r)"(1) = [ (bs).
In particular, (fy|Ts—x)*(1) = dx,». This implies that the homomorphism
(2.6) T(zy) - Hom(Ho(zy,Z), Z)
induced by the pairing (28] is surjective. Comparing the ranks of both sides,
we conclude that this map is in fact an isomorphism, which is equivalent to
the pairing being perfect. Let M be the Z-submodule of T(zy) generated
by {Tz—x | & € Fq}. The composition of M — T(xy) with (Z8) gives a
surjection M — Hom(Ho(xy,Z),Z). This implies that M = T(zy) and M =
@RE]F(I ZTQ?*"Q'
An easy consequence of the definitions is that f*(1) = —f(a1), cf. [11l (3.16)].

If we denote S = ZHGFQ T,_., then
(2.7) (F19)°(1) = > f(be) = flar) = —f*(1).
KEF,

The non-degeneracy of the pairing implies that S = —1. Therefore
T(zy) =Z & @ ZT, . C T(xy)°,

KEFY
which implies T(zy) = T(xy)°. O

Remark 2.22. In [44], we have extended the statement of Proposition 2211 to
arbitrary n <0 A of degree 3. More precisely, we proved that the pairing (23]
is perfect if deg(n) = 3. Moreover, if n has degree 3 but is not a product of
three distinct primes of degree 1, then T(n) = T(n)°. Finally, if n is a product
of three distinct primes of degree 1, then T(n)/T(n)° is finite but non-zero.

2.4. ATKIN-LEHNER METHOD. For b € A, let S, = <(1) 11)) Define a linear

operator U, on the space of R-valued functions on E(.7) by
flUp = Z f1B, S

beA
deg(b)<deg(p)

Note that the action of B;! on functions on F(.7) is the same as the action of

the matrix (0 21) (since the diagonal matrices act trivially), so this operator

agrees with the Hecke operator U, when restricted to #(n, R) for any n divisible
by p.

LEMMA 2.23. Let p and q be two distinct prime ideals of A. If f € H(T,R)'~=,
then

(f1Bu)|Up = Ipl- 1,
(f1Bp)IUq = (f|Uq)| By
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Proof. We have
1BV = Y (BB Se= > [ISh.

beA beA
deg(b)<deg(p) deg(b)<deg(p)

Since Sp € I, we have f|S, = f for all b, so the last sum is equal to |p|f.
Next, for b € A representing a residue modulo q we have

By By S, = (3 . ) |

By the division algorithm there is a € A and I/ € A with deg(d’) < deg(q) such
that bp = aq + b’. Now

/
I Y R I R
As b runs over the residues modulo q, b’ runs over the same set since p # q.
Thus, using I'w-invariance of f, we get (f|By)|Uq = (f|Uq)|By. O
LEMMA 2.24. For any non-zero ideal m < A and f € H(T, R)'>
(f1Bu)’(wh) = fO(mh 9™, (f|Bm)*(n) = f*(n/m).
Proof. See Proposition 2.10 in [12]. O

Given ideals n,m < A, denote

To(n,m) = {(Z Z) € GLy(A) |cenbe m} .
LEMMA 2.25. If f € H(n, R), then f|Bw is To(nm)-invariant and f|B,' is
To(n/ ged(n, m), m)-invariant.
Proof. This follows from a straightforward manipulation with matrices. O

THEOREM 2.26. Let p and q be two distinct primes such that pq divides n, and
pq is coprime to n/pq. Let ¢ € H(n,R). Assume ¢*(m) = 0 unless p or q
divides m. Then there exist 1 € H(n/p, R) and 2 € H(n/q, R) such that

Sp.q - = Y1]Bp + ¥2| By,
where sp q = ged([p| + 1, [a[ +1).
Proof. Take ¢o := |q|7! - ¢|Uq € H(n, R). We have
(¢2)°(wh.) = QO (wa 48 @), - g5(m) = o (mq).
Let 1 := ¢ — ¢2|Bq € H(ng, R). Then by Lemma 2.24]
(p1)°(7%) =0, @i(m) =" (m)if gtm, oi(m)=0if qlm.
Let ¢1 := ¢1|B, ', which is To(nq/p, p)-invariant by Lemma[225l In particular,

©i(m) = 0 unless p|m, which implies that ¢, is I'-invariant. Since I'o, and
To(ng/p, p) generates T'o(ng/p), we get ¢1 € H(ngq/p, R) with

(¢1)°(15) =0,  ¢f(m) =" (mp)if gfm, ¢j(m)=0if q/m,
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and
¢ = ¢1|Bp + ¢2|By.
By Proposition 212 ¢ := ¢|(Up, + Wy) € H(n/p, R). Using Proposition [2Z12]
and Lemma [2.23],
(91]By)[(Up + Wy) = ¢1|Bp|Up + ¢1|By|[Wy, = [plp1 + ¢1 = ([p| + 1)1
On the other hand, using the fact that ¢2 € H(n, R), we have
(02| Bg)[(Up + Wy) = ¢2|(Up + Wy)|By.
If we denote ¢ := ¢2|(U, + W), then we proved that

1= (Ip[ + 1)¢1 + ¢|Bg € H(n/p, R).
Therefore,
(Ipl + D = (Ip] + 1)1| By + (Ip[ + 1) 2| By
= ((Ipl + 1)¢1 + ©[Bq)|Bp + ((Ip] + 1)d2 — ¢|Bp)|Bq = ¢1[By + 2| By,
where ¥y = (|p| + 1)¢2 — ¥|B,. We already proved that ¢y € H(n/p,R).
Obviously ¥2|Bq € H(n, R). By Lemma 228 v is T'o(n/q, q)-invariant. Since

it is also '-invariant, we conclude s € H(n/q, R).
Finally, interchanging the roles of p and q we obtain

(la| + 1) = ¥} |By + 5| By

with ] € H(n/p,R) and ¢4 € H(n/q,R). This implies the claim of the
theorem. ]

3. EISENSTEIN HARMONIC COCHAINS

3.1. EISENSTEIN SERIES. In this section R always denotes a coefficient ring, in
particular, p is invertible in R. We say that a harmonic cochain ¢ € H(n, R) is
FEisenstein if ¢|T, = (|p| + 1)¢ for every prime ideal p <1 A not dividing n. It is
clear that the Eisenstein harmonic cochains form an R-submodule of H(n, R)
which we denote by £(n, R).
The Drinfeld half-plane

Q=P (Cs) — P (Fy) = Coo — Fo

has a natural structure of a smooth connected rigid-analytic space over Fy;
see [I8], §1]. The group T'o(n) acts on 2 via linear fractional transformations:

a b az+b
z = .
c d cz+d
This action is discrete, so the quotient

(3.1) Yo(n)(Coo) =To(n) \ ©

has a natural structure of a rigid-analytic curve over Fio, which is in fact an
affine algebraic curve; cf. [6, Prop. 6.6]. If we denote Q = Q UP!(F), then

Xo(n)(Coo) = To(n) \ Q
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is the projective closure of Yp(n). The points Xo(n)(Cs) — Yo(n)(Cw) are
called the cusps of Xy(n), and they are in natural bijection with the cusps of
To(n) \ 7 in Definition 23

The Hecke operator T}, induces a correspondence on Xo(n)(Co)

b
(3.2) Ty:z E 2 +pz mod Iy(n);
beA p
deg(b) <deg(p)

Up(z) is given by the same sum but without the last summand.

Let O(2)* be the group of nowhere vanishing holomorphic functions on Q2. The
group GLa(F) act on O(Q)* via (f|v)(z) = f(yz). To each f € O(2)* van
der Put associated a harmonic cochain r(f) € H(.7,Z) so that the sequence

(3.3) 0—CL—00) 5 H(T,Z)—0

is exact and GLa(Fw )-equivariant. As is explained in [I8], the map r plays the
role of a logarithmic derivation.

LEMMA 3.1. Assume n is square-free and f € O(2)* is To(n)-invariant. Then
r(f) is Fisenstein.

Proof. Put

en(z) =2 [] (1—2) and Fgoz{((l) (11)|a€n}.

0#a€En

For z € Q, let |z|; = inf{|z — s| | s € F} be its “imaginary” absolute value.
The subspace Q4 = {z € Q | |z]; > d} of Q is stable under ', and for
d > 0, the function ¢(z) = ea(2) ! identifies 'Y \ 4 with a small punctured
disc D? = {t € C | 0 < |t| < €}. The function f is I'“ -invariant, so can
be considered as a holomorphic non-vanishing function on D?. By the non-
archimedean analogue of Picard’s Big Theorem [55] (1.3)], f has at worst a
pole at ¢t = 0, or equivalently, at the cusp [co]. Now let [¢] be any other cusp
of To(n) and v € GLy(A) be such that y[oo] = [¢]. The function f|]y € O(Q)*
is invariant under IV = v~ !'T'g(n)y. The stabilizer of [0o] in I” contains T'%,
so the previous argument shows that f|y is meromorphic at [oco]. Thus, f is
meromorphic at [¢]. We conclude that f descends to a rational function on
Xo(n) whose divisor is supported at the cusps.

Now we use an idea from the proof of Lemma 6.2 in [38]. The Hecke corre-
spondence T, defines a map from the group of divisors on Xy(n) supported at
the cusps to itself (cf. B2):

_(p 0 (1 1 b\ [(1\ _(» 1+ b0
=006 X ()60 % (W)
b#£0 b£0

deg(b)<deg(p) deg(b)<deg(p)

The orbit of the cusp [0] consists exactly of those (g) € P1(A) such that 8
is divisible by 9 and is coprime to n/d, so T[] = (1 + [p|)[d]. Thus, f|T}, and
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fIPIF1 as rational functions on Xo(n), have the same divisor. This implies that
(f|Tp)/f'?1*1 is a constant function. Applying r, we get

r(f1Tp) = (Ipl + Dr(f).
Since 1 is GLa(Fi )-equivariant, r(f|Ty) = r(f)|Tp, which finishes the proof.
U

Lemma [3.1] gives a natural source of Z-valued Eisenstein harmonic cochains.
Let A(z) be the Drinfeld discriminant function on €2 defined on page 183 of
[T4]. This is a Drinfeld modular form of weight (¢2 — 1) and type 0 for GLa(A),
which vanishes nowhere on Q. Let A, := A|B, = A(nz). By page 194 of
[14], A/A, is a Ty(n)-invariant function in O(Q2)*. Hence r(A/A,) € E(n, Z).
Define

Rt if deg(n) is even
v(n) = {q +1, if deg(n) is odd
and
.
(3.4 B = oA/

By [14] (3.18)], E is Z-valued and primitive (i.e., Ey is not a scalar multiple
of another harmonic cochain in H(n,Z) except for £Ey). We call E, € E(n, Z)
the Eisenstein series. The Fourier expansion of Fy, can be deduced from [14]:

g (5 1) =t R S et

0#meEA,
deg(m)<k—2

where o (m) := o(m) — |n| - o(m/n), and o is the divisor function
> m!|, ifme A,
U(m) = monyiycllv‘nw’beA,

0, otherwise.

Remark 3.2. Note that for each prime p << A and m € A,
o(mp) = o(p)a(m) — |plo(m/p).

Therefore the Fourier expansion of Ey,|T}, for each prime p not dividing n also
tells us that E, € E(n,Z).

EXAMPLE 3.3. Let Ejy be the R-valued function on E(.7) defined by

a (5 9) == ((E D)

b> € GLy(A), let

This function is alternating and I',.-invariant. For v = d

w := orde (cu + d). By the calculations in [12] p. 379]
™ u —gh—2deg(e)=1if , > k — deg(c
(Eolv) (( 1)) = 2wk - “
0 q if w < k — deg(c).
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Now it is easy to see that if o € R[q + 1], then aEy is the function in H(1, R)
discussed in Example 241 The Hecke operator T}, acts on aEy by

s () (( )

R (aaRl)

deg(b)<deg(p)

k
— a1 g gesa( o) — o phag (7).
Therefore, aEy is Eisenstein and H(1, R) = £(1,R) = R[q + 1].

EXAMPLE 3.4. Let ¢ € Ho(z, R). As we saw in Example 5] ¢ is uniquely
determined by ¢(eg) = a. Note that ¢°(1) = p(e1) = ga. On the other hand,
E%(1) = q, so H(z, R) = E(x, R) = R is generated by E,.

EXAMPLE 3.5. Finally, we return to the setting of Example[Z.6l The Eisenstein
series E,, as a function on I'g(y) \ 7, can be explicitly described by Ey(e;) =
Ey(e_i—1) = ¢" for i > 0, and Ey(e,) = 0. Next, the function aEp, for any
a € R[g+1], can be considered as a function on I'g(y)\ 7, and as such it is given
by aFEy(e,) = —a and aEy(e;) = a(—1)"*! (Vi € Z). Since any f € H(y, R) is
uniquely determined by its values on e, and ey, we see that

H(y,R)=E(y,R) = RE, ®{aEy | a € Rlg+ 1]} 2 R® R[q + 1].
3.2. CUSPIDAL EISENSTEIN HARMONIC COCHAINS. We set
(M R) :=EM,R)NHo(n, R), Epo(n, R) :=E(n, R) NHoo(n, R).
Let p << A be a prime. Theorem 6.6 in [38] states that & (p, R) & R {lm—_l},

q—1

if deg(p) is odd, and & (p,R) = R [2“32‘:11}, if deg(p) is even. Note that Ex-

q

amples and imply that & (y, R) = R[2], which is a special case of this
theorem. The main result of this section is a similar description of & (pq, R)
and Eyo(pg, R) under certain assumptions. Note that as a consequence of the
Ramanujan-Petersson conjecture over function fields £ (n,C) = 0 for any n.
Therefore, & (n, R) can be non-trivial only if R has non-trivial additive tor-
sion.

DEFINITION 3.6. The FEisenstein ideal €(n) of T(n) is the ideal generated by
the elements {T,, — [p| — 1 | p is prime,p t n}. We say that a maximal ideal
M < T(n) is Eisenstein if &(n) C M.

LEMMA 3.7. Let p<tA be a prime, and S be a set of prime ideals of A of density
one that does not contain p. A cochain f € Hoo(p, R) is Fisenstein if and only

if
fITy= (gl +1)f, VYqes.

DOCUMENTA MATHEMATICA 20 (2015) 551-629



576 MIHRAN PAPIKIAN, FU-TSUN WEI

Proof. Let J(p) be the ideal of T(p) generated by the elements T, — |q] — 1,
where q € S. It is enough to show that €(p) ® R = J(p) ® R in T(p) ® R.
The proof of the analogous statement over Q can be found in [4, Lem. 4]. We
briefly sketch the argument over F.

Let 9t < T(p) be a maximal ideal such that the characteristic ¢ of T(p)/ is
different from p. There is a unique semi-simple representation

P Gp — GLQ(T(p)/m)a

which is unramified away from p and oo, and such that for all primes q <1 A,
q # p, the following relations hold:

Trp,, (Froby) = Tq mod M, det p,, (Frobq) = |q| mod M.

The existence of such residual representations for Ggq is well-known. The cor-
responding statement over F' can be proved along the same lines (cf. [40, Prop.
2.6]); this relies on Drinfeld’s fundamental results in [6]. If 9T O J(p), then
Tq = (1+|q]) (mod 9M) for all ¢ € S. In view of the Chebotarev density and
the Brauer-Nesbitt theorems, we conclude that p,, is the direct sum 1@y, of the
trivial and cyclotomic characters. But this means that Tq = (1 + |q|) (mod 2t)
for all ¢ # p, and therefore M is Eisenstein. Now it suffices to show that
J(p) ® R C &(p) ® R is an equality in the completion (T(p) ® R)op at any
maximal Eisenstein 9t of residue characteristic # p. (Recall that p is invertible
in R.)

A consequence of the proof of Theorem 220 in [I1], the argument in the proof
of Theorem [Z.26] and the fact that Ho(1, R) = 0 is that T(p)° ® R = T(p) ® R.
On the other hand, by Theorem 5.13 in [39], the ideal &(p)on in T(p)J; is
principal, generated by T, — |q| — 1 for any “good” prime g. Since the density
of these good primes is positive (see [38, p. 186]), there is a good prime in S.
Therefore (J(p) ® R)on contains a generator of (€(p) ® R)am and must be equal
to it. U

Fix two distinct primes p and q. Set

1, if deg(p) or deg(q) is even,
(p.q) = (P) or deg(
q+ 1, otherwise.

Let Ey,q) € £(pq,Z) be the Eisenstein series defined by

ko 1 — — ,
Ep,a) (( 0 1)) — u(p,q)-g 1. | LU —laD > opg(mn(mu) |,

— g2
1 q 0#mEA,
deg(m)<k—2

ol (m) == > lm/|.

monic m/€A, (m/,n)=1,
and m/|m

It is clear that E(, q) = E(q,p), and comparing the Fourier expansions we get

Epg = (Ep_Ep|Bq>-

(3.5)
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LEMMA 3.8.
(1) Viewing E, as a harmonic cochain in H(pq,Z), we get

Ey|Up = Ep = —Ep|[Wy  and  Ey|Wy = Ey|B,.
(2)
Ep.a) = Ep.olUs = Ep.0)|Us = Ep.q) [ Wea = =E(p.)[Wp = —E(p,)[Wa-
Proof. The proof is straightforward. O

Let &'(pq, R) be the R-submodule of £(pq, R) spanned by E,, E, and E, o),
ie., &'(pg, R) = RE, + RE, + RE(; ). Denote
gé(pqa R) - gl(pqv R) N Ho(pqa R) and 560(pq7 R) - 5/(pq7 R) N HOO(pqv R)
THEOREM 3.9. The following holds:
(1) If v(p,q) is invertible in R, then E'(pq, R) is a free R-module of rank
3

(2) If g —1 and sy q = ged(|p| + 1, |q| + 1) are both invertible in R, then
EOO(PCL R) = g(l)o(PCh R)
Proof. By B1), Ey|By and Ey|B, are both in £'(pq, R), and
&'(pa, R) = R(Ep|Bq) + R(Eq|By) + RE(y,q)-
Suppose f = aEy|Bq + bEq|By + cEyq) = 0. Then f*(1) = cEf, (1) =
c-v(p,q) = 0. Since v(p,q) is invertible in R under our assumption, we get ¢
= 0. Without loss of generality we can assume that either deg(p) is even, or
deg(p) and deg(q) are both odd. Now Ej (1) = (Ep|Bq)*(q) = v(p) is invertible
in R. Therefore from f*(q) = a-v(p) = 0 we get a = 0. From the fact that E,
is primitive, we have b = 0. The proof of Part (1) is complete.
To prove Part (2), it suffices to show that Eyo(pq, R) is contained in &'(pg, R).
Given an Eisenstein harmonic cochain f € £y (pq, R), let
fl = f - f*(]-)l/(pv q)ilE(Pﬂl) € g(pqv R)
Then for every ideal m <t A, f{(m) = 0 unless p or q divides m. By the method
of Section2] (|p|+1) f1 = ¢1|Bp~+1p2|Bg, where ¢1 € H(q, R) and ¢5 € H(p, R).
Moreover, by the proof of Theorem 226, we can take
1= fil(Up +Wy)  and o = [q| ™" |(Ip| + 1) f1]Uq = f1]U(U, + Wp)Bp]
Since Lemma [3.8 (2) implies that E, q)|(U, + Wy) = 0, we get ¥y = f[(Up +
Wp) € 'Hoo(C], R) and
Yo = a7t (el + D FIUG = FIUG(Up + Wy) By

=lal= (o[ + D (Drp,a) " Egp.q) € H(a, R).
The constant term 99(1) is equal to

et cgy =D —a) ey Lol
™ o]+ (1) A~ bl + (1) 5 HER)
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and (12| Wy)°(1) = —¢§(1). Let

o=+ a7 ol + D) - =, € o ).

Since g — 1 is invertible in R by assumption, Lemma 2.7 and 219 show that
¥y € Ho(p, R) = Hoo(p, R).
Note that for every prime p’ < A different from p and q, we have
i = ([P +1)¢1 and 45| Ty = (p'| + D).

Lemma [377 implies that ¢; € Eyo(q, R) and 5 € Eyo(p, R). By Theorem 6.6
in [38], we can find a1, a2 € R such that ¢; = a1 Eq and ¥5 = azF, (as 2 is
invertible in R by our assumption). We conclude that

(Ip +1)f = 1By + 2| By + f*(1)v(p,a) ™ Epq)
= 4254/ By + (a2 = |al " (Ipl + V(1)
+ £ (Ww(p, ) Ep.q)
is in &' (pg, R). Similarly, we also get (|q| +1)f € &'(pq, R) by interchanging p

and q. Since s, 4 is invertible in R, f must be in £'(pq, R), which completes
the proof of Part (2). O

1—]q]
v(p)

) ElBq

LEMMA 3.10. The following holds:

(1) Suppose v(p,q) is invertible in R. The R-module Ej(pq, R) is torsion
and isomorphic to the submodule of R® consisting of elements (a,b,c)

with
(Ipl = D(al+1)
TV(P)G =0,
(Ip[+ D(al = 1) _
Z 1 v(q)b =0,
1-— 1-— 1-— 1-
i v(pla+ TG+ LR g o
(2) Suppose further that 2 is also invertible in R. Then Ej(pq, R) is iso-
morphic to
(el = D)(lal + 1) (ol + (gl = 1) (el = D(lal = 1)
R p— v(p)|®R p— v(q)| ®R Zo1 )

Proof. Let f = aE, 4 bEq + cE, ) with a, b, ¢ € R. By Lemma 219
f € &i(pg, R) if and only if

FO) = (fIWp) (1) = (f1Wq)° (1) = (F[Wpq)" (1) = 0.
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This gives us the following equations:

56 o <p>a+i"j' @+ O g~ o,
61 1o+ ol Guan - O g o
39 G 1:';' @p - S0 .0 — o
B9l G p)a — bl o+ T g~ o

We remark that
Equation 33) = —( Equation (38) + G7) + (133[))

Considering the equation [B.0)+E1), B.6)+B.8), and B6)+(E.9), we get
1 -1
(L4 0=,

(3.10) o
(3.11) . 7q1)£|q1| U pa =0,
(3.12) (p[ = D(lal = 1) (v(p)a+ v(q)b+ 2v(p,q)c) = 0.

> -1
Since the conditions of (a, b, ¢) described by Equation ([B.6)~(3.9) is equivalent
to those described by Equation ([B.6), (8.10), and (3I1]) combined, the proof of
Part (1) is complete.

To prove Part (2), note that 2v(p, q) is invertible in R by assumption. Therefore
the conditions of (a,b,c) described by Equation B6)~(@3) is equivalent to
those described by Equation BI0)~BI2). Let E' := v(p)E, + v(q)Eq +
2v(p, q)E(p,q)- By Theorem[3.3 (1), we also have £'(pq, R) = RE,® RE;ORE'.
Therefore Equation (310)~(BI2) assures the result. O

In fact, when ¢ — 1 and sp q are invertible in the coefficient ring R, one can
show that Eyo(pq, R) = &5(pg, R); see Remark [T

3.3. SPECIAL CASE. In this subsection we give a concrete description of
Eo(zy, R) and Eygo(zy, R) for an arbitrary coefficient ring R. Recall that Ey
is the function on E(.7) satisfying

a (5 9) == ((F D)

LEMMA 3.11. Given a € R[q+ 1], we have aEy = —aE, € H(1, R) if deg(n) is
odd. Moreover, aFy| By = (—1)18(™ gy,

Proof. The proof is straightforward. O
According to Examples [3.4] and we have:
LEMMA 3.12. H(z, R) = RE, and H(y,R) = RE, ® R[q+ 1]E
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Note that v(z,y) = v(y) = 1 and v(z) = ¢+ 1. Given f € E(zy, R), let
"= f—=f*(1)E(,). Then f™(m) = 0 unless 2 or y divides m. By Theorem
and Lemma [BT2] there exists a, b € R and ' € R[g + 1] such that

2f" = (bE, + V' Ey)|By + aEy|By.

When ¢ is even, 2 is invertible in R and we have f € &'(zy, R). Suppose ¢ is
odd. Note that V' Ey|B, = b/ E,, by Lemma B.IIl Hence

2f = (a + bI)E93|By + bEy|B93 + 2f*(1)E(x,y) € El(zy’ R)

In fact, there exists a”’, v € R such that a + b = 2a” and b = 2b”. Indeed, by
Lemma [2.24] we have

2f*(x) = b+2f*(1) and 2f°(me0) = 247" fO(1) = [y[(a+b")+|z[b+2f*(1)(g—1).
Set f":= f— (a"Ey|By +V"Ey|By + f*(1)E(s,,)) € E(zy, R). Then the above
discussion shows that 2f” = 0. Take " := f” — (f"”)°(1)Eo. Then
f"e&(xy, R)2] and  (f")*(1) = (f")°(1) =0.

The following lemma shows that ' € &'(zy, R), which also implies that f €
&' (zy, R).
LEMMA 3.13. Suppose q is odd. Given p € &(zy, R)[2] with ¢*(1) = ¢°(1) = 0,
there exists a € R[2] such that

v =a(E; + Ey|By).
Proof. We use the notation in the proof of Proposition 2211 Given ¢ €
E(xy, R)[2] with ¢°(1) = 0, we have that for each prime p with p { zy,

elTp = (Ip[+1)¢ = 0.
Therefore for every prime p with p 1 2y and a non-zero ideal m <1 A,
(3.13) Iple” (pm) + ™ (m/p) = (¢|T3)" (m) = 0.
By Equation (8I3) and the Fourier expansion of ¢, we get

@k 0
(3 )0 wez

(p(al) = @(GQ) =0,
o(bu) = p(as) = ¢"(x), YueF[,
ples) = ¢"(y),  wlas) = " (2) +¢"(2%), @las) = ¢*(2?).
The harmonicity of ¢ gives us that
0=p(as) + > ¢bu) — p(az) = p*(z*),
uEF;
0 = p(ag) + plcs) + (1 — @)p(as) = ¥* (%) + " (y).
0= p(as) + (¢ — Dp(az) — p(ca) = " (2%) + p(ca).
Hence
p(e) =0 for e = ¢y, c9,c3,c4,a1,0a2,as,ag, and
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plaz) = plas) = p(bu) = ¢™(z) € R[2], foru e Fy.
On the other hand, for o € R[2],

a(Ey + Ey|B)(e) =0 for e =ci1,¢9,c3,c4,a1, a2, a5, as, and

(B +Ey|B;)(a3) = a(Ex+Ey|By)(as) = a(Ey+Ey|B,)(by) = a, for u € Fy.
Therefore ¢ = ¢(asz) - (E; + Ey|B,) and the proof is complete. O

From the above discussion, we conclude that

COROLLARY 3.14. &(ay, R) = &'(xy, R) for every coefficient ring R. In other
words, every Eisenstein harmonic cochain of level xy can be generated by Fisen-
stein series.

By Lemma and Corollary 314 we immediately get

COROLLARY 3.15. The space E(zy, R) is isomorphic to the torsion R-module
{(a,b,c) e R® | (P +1a=(q+1)b=a+b+(1—q)c=0}.

In particular,

q—1)

&otey. R) 2 B[ (g2 1 1)(g 4 1) 0 AP

From the graph in Figure M an alternating R-valued function f on
ETo(zy)\7) is in Ho(zy, R) if and only if f vanishes on the cusps ¢1, 2,3, ¢4
and
(¢—1)f(a1) + flas) =0, (q—1)f(az) — f(as) =0,
(¢—1)f(as) + flag) =0, (¢ —1)f(as) — flas) =0,
ﬂm+zfu=m,ﬂw—2ﬂm=mn
u€Ry u€Ry

Moreover, f is in Hoo(zy, R) if and only if f satisfies an extra equation:

flar) + f(aqg) = 0.

In particular, every harmonic cochain f € Hoo(zy, R) is determined uniquely
by the values
f(a1), f(b,) forue IFqX.

Let f = aE, +bE, + cE(, ) € E(zy, R). By Corollary B.15 we have
(*+Da=(q+1)b=a+b+ (1 —q)c=0.

It is observed that
Eyam)=-1,  Ela)=—q
Ey(a1) =0, Ey(ay) = —1,
Egyy(a1) = =1, B, (ag) = —1.
We then get
flar) + fas) = —((g+ Da+b+2c).
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Hence f € Eyo(xy, R) if and only if
ce€R[(@P+1)(g+1)], a=—q¢"(g+1)c, b=q (" +1)c.
We conclude that

PROPOSITION 3.16. The module Eoo(xy, R) is isomorphic to R[(¢*>+1)(q+1)].
More precisely, every harmonic cochain in Ego(xy, R) must be of the form

c ( —(@+VE: + (¢ + DE, + qE(x,w)
where ¢ € R[(¢*> +1)(¢ + 1)].

COROLLARY 3.17. For every natural number n relatively prime to p the module
Eoo(zy, Z/nZ) is isomorphic to Z/nZ[(q* + 1)(q + 1)].

Proof. The difference between this claim and Proposition 318 is that Z/nZ is
not a coefficient ring in general. Still, one can deduce this from Proposition
by arguing as in the proof of Corollary 6.9 in [38]. First, one easily reduces
to the case when n is a power of some prime ¢ # p, and applies Proposition
with R = Z¢[(p)/nZe[(p), where (, is the primitive pth root of unity. The
claim follows by observing that R is a free Z/nZ-module. g

COROLLARY 3.18. T(zy)/€(xy) = Z/(¢* + 1)(q¢ + 1)Z.

Proof. Let (T(n)?)"*" be the quotient of T(n)® with which it acts on
Ho(n, Q)"%; cf. Definition ZT3 By Lemma 4.2 and Theorem 4.5 in [39], for
any square-free n<IA the quotient ring (T(n)?)"¢V /&(n) is a finite cyclic group of
order coprime to p; here with abuse of notation &(n) denotes the ideal generated
by the images of T, — |p| — 1 in (T(n)?)"*¥. Since Ho(zy, Q) = Ho(zy, Q)"
we have T(zy)? = (T(zy)?)"*". On the other hand, by Proposition ZZI}
T(zy)° = T(zy). Hence T(xy)/E(xy) = Z/nZ for some n coprime to p.
The perfectness of the pairing (28] implies
Homg,/z(T(zy) ®z Z/nZ, Z/nZ) = Hoo(zy, Z/nZ).
Hence
Eoo(wy, Z/nZ) = Homg,/z(T(zy) ©z Z/nZ, Z/nZ)[E(zy)]
= Homg, ),z ((T(zy)/€(xy)) ®z Z/nZ, Z/n7T)
= Homynz(Z /0L @z Z/nZL, L/nZL) = L/n.

Applying Corollary .17, we conclude that n must divide (¢ +1)(¢®> +1). Later
in this paper we will prove that the component group ®., = Z/(¢*+1)(¢+1)Z
of Jo(xy) is annihilated by &(xy) (see Lemma [BT6). This implies that n is
divisible by (¢? + 1)(¢ + 1). Therefore, n = (¢*> + 1)(¢ + 1). O

Remark 3.19. In [44], we extended our calculation of T(n)/&(n) to arbitrary
n of degree 3. Up to an affine transformation 7"+ aT + b with a € F; and
b € F,, there are 5 different cases, namely

(1) If n=T3, then T(n)/&(n) = Z/¢°Z;

(2) If n =T*T — 1), then T(n)/€(n) £ Z/q(¢*> — 1)Z;
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(3) If n is irreducible, then T(n)/&(n) = Z/(¢®> + q + 1)Z;

(4) If n = zy, then T(n)/€E(n) = Z/(¢> 4+ 1)(¢ + 1)Z;

(5) I n =TT — 1)(T — ¢), where ¢ € Fy, ¢ # 0,1 (here we must have
q > 2), then

T(n)/En) 2 Z/(q+ 1)Z x Z/(q+ 1)Z x Z/(q — 1)*(q + 1)Z.

4. DRINFELD MODULES AND MODULAR CURVES

In this section we collect some facts about Drinfeld modules and their moduli
schemes that will be used later in the paper.

Let S be an A-scheme and £ a line bundle over S. Let £{7} be the noncom-
mutative ring @i20£®(1’q1)(5)7i, where 7 stands for the gth power Frobe-
nius mapping. The multiplication in this ring is given by a;7% - ;77 =
(0 ® a?qJ)T”j. A Drinfeld A-module of rank r (in standard form) over
S is given by a line bundle £ over S together with a ring homomorphism
¢F : A = Endy, (L) = L{7}, a — ¢%, such that ¢5 = S o (a)7, where
m(a) = —r - ords(a), Qm(a)(a) is a nowhere vanishing section of £L&1=m(@),
and o coincides with the map 9 : A — HY(S, Og) giving the structure of an
A-scheme to S; cf. [6, p. 575]. The kernel of 0 is called the A-characteristic
of S. A Drinfeld A-module over S is clearly an A-module scheme over S, and
a homomorphism of Drinfeld modules is a homomorphism of these A-module
schemes. A homomorphism of Drinfeld modules over a connected scheme is ei-
ther the zero homomorphism, or it has finite kernel, in which case it is usually
called an isogeny. When S is the spectrum of a field K, we will omit mention
of £ and write ¢ : A — K{7}.

Let n < A be a non-zero ideal. A cyclic subgroup of order n of ¢* is an A-
submodule scheme C, of £ which is finite and flat over S, and such that there
is a homomorphism of A-modules ¢ : A/n — L£(S) giving an equality of relative

L

effective Cartier divisors }_,c 4/, ¢(a) = Cn. Denote ¢*[n] = ker(L O, L),
where n is a generator of the ideal n. It is clear that the A-submodule scheme
¢*[n] of £ does not depend on the choice of n, and C,, C ¢*[n]. To each C,, C ¢
one can associate a unique, up to isomorphism, Drinfeld module ¢' := ¢/Cy,
such that there is an isogeny ¢ — ¢’ whose kernel is C,,.

Now assume S = Spec(K), where K is a field. Explicitly, a homomorphism of
Drinfeld modules u : ¢ — ¢ is u € K{7} such that ¢,u = ui), for all a € A,
and v is an isomorphism if u € K*. Let End(¢) denote the centralizer of ¢(A)
in K{7}, i.e., the ring of all homomorphisms ¢ — ¢ over K. The automorphism
group Aut(¢) is the group of units End(¢)*. It is known that End(¢) is a free
A-module of rank < 72; cf. [6]. From now on we also assume that 7 = 2. Note
that ¢ is uniquely determined by the image of T":

¢r = O(T) + g7 + AT,
where g € K and A € K*. The j-invariant of ¢ is j(¢) = g7 /A. It is easy
to check that if K is algebraically closed, then ¢ 2 ¢ if and only if j(¢) = j(¢).
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It is also easy to check that

Fx ifj 0;
(@.1) Awi(g) =1 IO
Froif j(¢) =0.
If n is coprime to the A-characteristic of K, then ¢[n](K) = (A/n)?. On the
other hand, if p = ker(9) # 0, then ¢[p](K) = (A/p) or 0; when ¢[p](K) = 0,
¢ is called supersingular. The following is Theorem 5.9 in [8]:

THEOREM 4.1. Let p << A be a prime ideal. The number of isomorphism classes
of supersingular rank-2 Drinfeld A-modules over Fy is

‘qu,l—:ll if deg(p) is even;
Bl 1 if deg(p) is odd.
The Drinfeld module with j(¢) = 0 is supersingular if and only if deg(p) is odd.

The functor from the category of A-schemes to the category of sets, which
associates to an A-scheme S the set of isomorphism classes of pairs (¢, Cy,),
where ¢* is a Drinfeld module of rank 2 and C, is a cyclic subgroup of order
n has a coarse moduli scheme Yy(n). The scheme Yp(n) is affine, finite type,
of relative dimension 1 over Spec(A), and smooth over Spec(A[n~']). This
is well-known and can be deduced from the results in [6]. The rigid-analytic
uniformization of Yy(n) over F, is given by ([Bl). The scheme Yy(n) has a
canonical compactification over Spec(A):

THEOREM 4.2. There is a proper normal geometrically irreducible scheme
Xo(n) of pure relative dimension 1 over Spec(A) which contains Yo(n) as an
open dense subscheme. The complement Xo(n) — Yo(n) is a disjoint union of
irreducible schemes. Finally, Xo(n) is smooth over Spec(A[n=1]).

Proof. See [6l, §9] and [29, Prop. V.3.5]. O

Denote the Jacobian variety of Xo(n)g by Jo(n). Let p<t A be prime. There are
two natural degeneracy morphisms a, 8 : Yp(np) — Yo (n) with moduli-theoretic
interpretation:

« (¢a Cnp) — (¢7 Cn)7 6 . (¢a Cnp) = (¢/CP7CHP/CP)7

where C, and C}, are the subgroups of C, of order n and p, respectively.
These morphisms are proper, and hence uniquely extend to morphisms «, 3 :
Xo(np) = Xo(n). By Picard functoriality, a and 8 induce two homomorphisms
a, Bx + Jo(n) = Jo(pn). The Hecke endomorphism of Jy(n) is T, := a* o B, ,
where o* : Jy(pn) — Jo(n) is the dual of a... The Z-subalgebra of End(Jy(n))
generated by all Hecke endomorphisms is canonically isomorphic to T(n). This
is a consequence of Drinfeld’s reciprocity law [0, Thm. 2].

The Jacobian Jy(n) has a rigid-analytic uniformization over F, as a quotient
of a multiplicative torus by a discrete lattice. To simplify the notation denote
' := [o(n) and let T be the maximal torsion-free abelian quotient of I'. In
[18] and [I3], Gekeler and Reversat associate a meromorphic theta function
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>

(w,m,+) on Q with each pair w,n € Q := Q UPY(F). The theta function
0(w,n, ) satisfies a functional equation

0(w,n,vz) = c(w,n,7)0(w,n,2), vy eT,

where ¢(w,n,-) : I — CX is a homomorphism that factors through T. The
divisor of §(w, 1, -) is I'-invariant and, as a divisor on Xy (n)(Ce), equals [w]—[n],
where [w] is the class of w € Q in '\ Q = Xo(n)(Cy).
For a fixed o € T, the function u,(z) = 6(w, aw, z) is holomorphic and invert-
ible on €. Moreover, u, is independent of the choice of w € Q, and depends
only on the class @ of a in I'. Let ¢, () = ¢(w, aw, -) be the multiplier of u,. It
induces a pairing

I'xT — FX

(a, B) = ca(B)
which is bilinear, symmetric, and
(4.2) (,V:TxT = 7Z

(@, B) = ordeo(ca ()

is positive definite. One of the main result of [18] is that there is an exact
sequence

(4.3) 0T 270, Hom(T, CX) — Jo(n)(Ca) — 0.

One can define Hecke operators T, as endomorphisms of T in purely group-
theoretical terms as some sort of Verlagerung (see [I8, (9.3)]). These operators
then also act on the torus Hom(T", CX)) through their action on the first argu-
ment I'. By [18, (3.3.3)] and [17], there is a canonical isomorphism

(4.4) j:T = Ho(n, Z)

which is compatible with the action of Hecke operators. Through this con-
struction, the Hecke algebra T(n) in Definition 2.T1] acts faithfully on I' and
Hom(T',CX%). The sequence (43) is compatible with the action of T(n)? on its
three terms; see [I8] (9.4)].

Assume n is square-free. The matrix (Z3)) representing the Atkin-Lehner in-
volution Wy, for min is in the normalizer of ' in GL2(Fs ), and the induced

involution of X¢o(n)g, does not depend on the choice of this matrix. In terms
on the moduli problem, the involution W, on Xg(n) is given by

Wit (¢,Cn) = (¢/Crn, (9[m] + Crijm) /Cin),

where Cy, and Cy, /y, are the subgroups of C, of order m and n/m, respectively.

5. COMPONENT GROUPS

Let n < A be a non-zero ideal. Let J := Jy(n) and J denote the Néron model
of J over ]P’]quq. Let J° denote the relative connected component of the identity
of J, that is, the largest open subscheme of J containing the identity section
which has connected fibres. The group of connected components (or component
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group) of J at a place v of F is @, := j]Fv/j]}?U. This is a finite abelian group
equipped with an action of the absolute Galois group GF,. The homomorphism
ou + J(FP) — @, obtained from the composition

o J(E)) = T(OF) = T, (Fy) = @y

will be called the canonical specialization map.

Assume p<1A is a prime not dividing m. Then the curve Xo(m)r, is smooth. We
call a point P € Xo(m)(F,) supersingular if it corresponds to the isomorphism
class of a pair (¢, Cin) with ¢ supersingular over F,,. For a Drinfeld A-module
¢ over F,, given by ¢p = O(T) + g7+ A72, let ¢®) : A — F,{7} be the Drinfeld
module given by d)(q?) = O(T) + g/*lT + AlPI72. Since 9(A) C F,, we see that
TPl g, = qb((f)rm for all @ € A, so 7/°l is an isogeny ¢ — ¢(®). Denote the
image of Cy in ¢® under 7*l by C). The map from Xo(m)(Fp) to itself
given by (¢, Cn) — (¢, C,gf)) restricts to an involution on the finite set of
supersingular points; cf. [8, Thm. 5.3].

THEOREM 5.1. Assume n = pm, with p prime not dividing m. The curve
Xo(n)F, is smooth and extends to a proper flat scheme Xo(n)o, over Op such
that the special fibre Xo(n)r, is geometrically reduced and consists of two ir-
reducible components, both isomorphic to Xo(m)]Fp, intersecting transversally
at the supersingular points. More precisely, a supersingular point (¢,Cy) on
the first copy of Xo(m)r, is glued to (qb(p),C,gf)) on the second copy. The
curve Xo(n)g, is smooth outside of the locus of supersingular points. De-
note by Aut(¢p,Cn) the subgroup of automorphisms of ¢ which map Cy to
itself. For a supersingular point P € Xo(m)g, corresponding to (¢,Chn), let
m(P) = q_%#Aut(qS, Cw). Then, locally at P for the étale topology, Xo(n)o,

is given by the equation XY = p™(P),

Proof. This is proven in [I0} §5] for n = p, but the proof easily extends to this
more general case. O

We will compute the component group ®, using a classical theorem of Raynaud,
but first we need to determine the number of singular points on Xo(n)g,, and
the integers m(P) > 1 defined in Theorem 5.1l We call m(P) the thickness of

P.
Let m =[], .,..p;" be the prime decomposition of m. Define

R(m) = 1 if deg(p;)isevenforall 1 <i<s
~ |0 otherwise

L(m) = #P'(4/m)= T [pil" " (il +1).

1<i<s

If m= A, we put s =0 and L(m) = R(m) = 1.
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LEMMA 5.2. The number of supersingular points on Xo(m)g, is

S(p, m) =1 Lim) if deg(p) is even;
,m) = _ s ) ]
P Lﬂlffl’(m) + w if deg(p) is odd.

The thickness of a supersingular point on Xo(m)r, is either 1 or ¢ +1. Su-
persingular points with thickness ¢+ 1 can exist only if deg(p) is odd and their
number is 2°R(m).

Proof. Let ¢ be a fixed Drinfeld module of rank 2 over Fp. Since m is assumed
to be coprime to p, the number of distinct cyclic subgroups Cry C ¢[m] is L(m).
If Aut(¢) = F;, then all pairs (¢, Cy) are non-isomorphic, since F* fixes each
of them. Therefore, all these pairs correspond to distinct points on Xo(m)]}vp.
We know from (@) that Aut(¢) # F if and only if j(¢) = 0. Since Theorem
AT gives the number of isomorphism classes of supersingular Drinfeld modules,
the claim of the lemma follows if we exclude the case with j(¢) = 0.

Now assume j(¢) = 0. Then Aut(¢) = F:z. We can identify the set of cyclic
subgroups of ¢ of order m with P*(A/m). From this perspective, the action of
Aut(¢) on this set is induced from an embedding

Fro = GLy(A/m) = Aut(¢[m]),
with GL2(A4/m) acting on P!(A/m) in the usual manner. We can decompose

PH(A/m)= [T P'(A/p)
1<i<s
with GLa(A/m) acting on P'(A/p}") via its quotient GLa(A/p;"). The image
of F;z in GLa(A/m) is a maximal non-split torus in GLg(F,). If the stabilizer
Stab]qu2 (P) of P € P'(A/p;") is strictly larger than FX, then it is easy to

see that in fact Stab]Fx2 (P) = IFqXQ. Moreover, this is possible if and only if

F,2 < A/p}’, in which case there are exactly 2 fixed points in P*(A/p}*) under
the action of Fy2; cf. [I7, p. 695]. Note that the existence of an embedding
Fp2 — A/p." is equivalent to deg(p;) being even. We conclude that F;Z acting
on the set of L(m) pairs (¢, Cyn) has 2°R(m) fixed elements, and the orbit of

any other element has length ¢ 4+ 1. This implies that there are
L(m) — 2°R(m) L(m) + ¢2°R(m)
q+1 q+1
points on Xo(m)g, corresponding to ¢ with j(¢) = 0. Finally, by Theorem

1] the Drinfeld module with j(¢) = 0 is supersingular if and only if deg(p) is
odd. |

+ 2°R(m) =

THEOREM 5.3. Assume n = pm, with p prime not dividing m. If deg(p) is odd
and m = A, then

D, =2/ ((g+1)(Skp, 4) -1 +1)Z.
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If deg(p) is even or m has a prime divisor of odd degree, then
Dy =2 2/S(p, ).

Finally, if deg(p) is odd, m # A, and all prime divisors of m have even degrees,
then

®, =7/ ((g+1)2S(p.m) —qlg+ 1)2°)Z P Z/(q+1)Z.

1<i<25 -2

(The isomorphisms above are meant only as isomorphisms of groups, not group
schemes, so ®, can have non-trivial G, -action.)

Proof. This follows from Corollary 11 on page 285 in [3], combined with Lemma

and Theorem Bl This result for n = p is also in [10]. O
PROPOSITION 5.4. Assume n = pq is a product of two distinct primes. Denote
pl—1)(lq] +1
n(p.) — =L,

Let ®,(FFy,) be the subgroup of ®, fived by G, . If deg(p) is odd and deg(q) is
even, then

©p 2 Z/(g+1)*n(p, )2,  @p(Fy) = Z/(q+1)n(p,q)Z.

Otherwise,
Py (Fp) = @p = Z/n(p, q)Z.

Proof. To simplify the notation, denote X = Xo(pq)o, and & = Fp. Let
X — X be the minimal resolution of X. We know that X}, consists of two
irreducible components, both isomorphic to Xo(q)x. If deg(p) is even or deg(q)
is odd, then X = X. On the other hand, if deg(p) is odd and deg(q) is
even, then there are two points P and () of thickness ¢ + 1. To obtain the
minimal regular model one performs a sequence of g blows-ups at P and Q.
With the notation of 41l §4.2], let Ei,..., E; and Gi,...,Gq be the chain of
projective lines resulting from these blow-ups at P and @), respectively. Let
Z and Z' denote the two copies of Xo(q), with the convention that E; and
G intersect Z. Let B()}k) be the free abelian group generated by the set
of geometrically irreducible components of Xj. Let B° ()~( k) be the subgroup
of degree-0 elements in B ()? k). The theorem of Raynaud that we mentioned
earlier gives an explicit description of ®, as a quotient of BO()? i); cf. [Tl §4.2].
Let Frob, : a — al?l be the usual topological generator of Gj. The Frobenius
Frob, naturally acts on the geometrically irreducible components of X &, and
therefore on BY(X}). Since Xo(q)x is defined over k, the action of Frob, fixes
z:= 7 — 7' € B°(Xy). If deg(p) is even or deg(q) is odd, then z generates
BO()Z';C), so Gy, acts trivially on ®,, which by Theorem is isomorphic to

Z/n(p,q)Z-
From now on we assume deg(p) is odd and deg(q) is even. The claim ®, =

Z/(q + 1)*n(p, q)Z follows from Theorem Let ¢ be given by ¢ =T + 72.
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Note that j(¢) = 0 and ¢ is defined over k, so Frob, acts on the set of cyclic
subgroups Cy C ¢. Denote A" = F2[T]. It is easy to see that A" C End(¢).
Since q = q1q2 splits in A’ into a product of two irreducible polynomials of the
same degree, we have

dla] = A Jq= A /qn @ A' /a2 = A/q@ A/q = ¢lai] @ d[qal.

The above decomposition is preserves under the action of Fp2. In particu-
lar, Aut(¢, ¢[q;]) = IF;Z. On the other hand, since p has odd degree, this
decomposition is not defined over k and Froby(¢[q1]) = ¢[q2]. We conclude
that P = (¢, ¢[q1]), @ = (¢, ¢[q2]) and Frob,(P) = (. Since the action of
Frob, preserves the incidence relations of the irreducible components of X’k,
we have Frob,(E;) = G;, 1 < i < ¢. Following the notation of Theorem 4.1
n [MI], let e¢g = E;, — Z' and g, = G, — Z'. According to that theorem,
the image of e; in ®, generates ®,, and in the component group we have
gq = —((¢g+1)(S(p,q) —2) + 1) eq. Thus, the action of Frob, on ®, in terms
of the generator e, is given by Frob,(eq) = — ((¢ + 1)(S(p,q) —2) + 1) eq. This
implies that ae, € ®,(F,) if and only if

aeq = Froby(aeq) = —a ((¢ +1)(S(p,q) — 2) + 1) egq,
which is equivalent to a ((¢ + 1)S(p, q) — 2¢) eq = 0. Hence a must be a multiple
of g+ 1, and
Dp(Fp) = ((¢+ 1)) =Z/(q+ V)n(p,q)Z.
]

The existence of rigid-analytic uniformization (@3] of J implies that J has
totally degenerate reduction at oo, i.e., «7]1?000 is a split algebraic torus over F..
The problem of explicitly describing @, is closely related to the problem of
describing T'o(n) \ 7 together with the stabilizers of its edges; cf. [41, §5.2].
Since the graph T'o(n) \ & becomes very complicated as |n| grows, no explicit
description of @, is known in general. On the other hand, ®, has a description
in terms of the uniformization of J. Let (-,-) : I x I — Z be the pairing
(#2). This pairing is bilinear, symmetric, and positive-definite, so it induces
an injection ¢ : I — Hom(T,Z), v + (v,-). Identifying T with Ho(n,Z) via
4, we get an injection ¢ : Ho(n,Z) — Hom(Ho(n,Z),Z). The Hecke algebra
T(n) acts on Hom(Ho(n,Z),Z) through its action on the first argument. The
action of T(n) on J, by the Néron mapping property, canonically extends to an
action on J. Thus, T(n) functorially acts on .

THEOREM 5.5. The absolute Galois group Gr_, acts trivially on @, and there
is a T(n)-equivariant evact sequence

0 — Ho(n,Z) = Hom(Ho(n,Z),Z) — & — 0.

Proof. The exact sequence is the statement of Corollary 2.11 in [TIT]. The T(n)°-
equivariance of this sequence follows from the T(n)’-equivariance of ([#3)). The
fact that Gp_ acts trivially on @ is a consequence of leOoo being a split
torus. 0
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6. CUSPIDAL DIVISOR GROUP

The cuspidal divisor group C(n) of J := Jy(n) is the subgroup of J generated
by the classes of divisors [c] — [¢/], where ¢, ¢ run through the set of cusps of
XQ (ﬂ)F .

THEOREM 6.1. C(n) is finite and if n is square-free then C(n) C J(F)sor-

Proof. This theorem is due to Gekeler [I5], where the finiteness of C(n) is
proven for general congruence subgroups over general function fields. Since
the proof is fairly short, for the sake of completeness, we give a sketch. The
space Ho(n, C) has an interpretation as a space of automorphic cusp forms (cf.
[18]), so the Ramanujan-Petersson conjecture over function fields (proved by
Drinfeld) implies that the eigenvalues of T}, are algebraic integers of absolute
value < 2\/@ for any prime p 1 n. This implies that the operator 7, =
T, — |p| — 1 is invertible on Ho(n,C). Hence 1, : Ho(n,Z) — Ho(n,Z) is
injective with finite cokernel. Now using the T}, equivariance of (€3] and (£.4),
we see that 7, : J — J is an isogeny. Assume for simplicity that n is square-
free. In the proof of Lemma Bl we showed that n,([c] — [¢/]) = 0. Hence
C(n) C ker(ny), which is finite. Finally, when n is square-free, all the cusps of
Xo(n)p are rational over F, so the cuspidal divisor group is in J(F'); see [16],
Prop. 6.7]. O

PROPOSITION 6.2. With notation of §3.11 let u(n) be the largest integer £ such

that there exists an {-th root of AJAy in O(Q)*. Then u(n) = (¢—1)? if degn

is odd and pu(n) = (¢ —1)(¢®> — 1) if degn is even. Let Dy be a u(n)-th root of

A/Ay. There exists a character wy : To(n) — FX such that for each v € To(n),
Dy (72) = wn(7)Du(2).

Proof. See Corollary 3.5 and 3.21 in [I4]. O

If n = J[,p;" < A is the prime decomposition of n, define a character x, :

Lo(n) — F; by the following: for v = (Z Z) € Tp(n),
Xn(7) = H N;(d mod p;)~",

where N; : (A/p;A)* — Fx is the norm map. Then wy = xn - detdes(™)/2 ¢
deg(n) is even and wy, = x2 - det®8™ if deg(n) is odd. In particular, the order
of wy is ¢ — 1 when n is square-free (cf. [14] Proposition 3.22). By Proposition
B2, we immediately get:

COROLLARY 6.3.

(1) D, := DY " is a meromorphic function on the Drinfeld modular curve
Xo(n) satisfying
e A
( t‘l) An °
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(2) Given two ideals m and n of A, we set Dy m(z) := Dyn(z)/Dn(mz),
Vz € Q. Then

Al

AnAm

and for every v € To(mn), we have

Dum(v2) = Dpm(2).

In other words, Dy m and Dy n can be viewed as meromorphic functions
on Xo(mn).

(Dn,m)“(") — — (Dm,n)“(m)

Remark 6.4. Take two coprime ideals m and n of A. By Corollary 3] (1),
the (¢ — 1)-th roots of (AAn)/(AnAmn) always exist in the function field of
Xo(mn)c.. In fact, we can find a (¢% — 1)-th root of (AAw)/(AnAmn) when
degn or degmn is even. Indeed, we notice that
AR)Am(z) _ Al)  AE) Ak AETD e
An(2)Amn(2)  An(z) An(z")  Apn(z) Ama(z”) '

’ " mz + 1 m 1
Z=mz, zZ =-—= -z,
bmnz 4+ am bmn am

Here

and a,b € A such that am — bn = 1. In particular, when ¢ is odd,
Dy(2) = (Da(2) - Da(mz2)) T
is a 2(¢? — 1)-th (resp. 2(q¢ — 1)-th) root of (AAw)/(AnAmy) in the function
field of Xo(mn)c_, when degn is even (resp. odd).
The following lemma is immediate from the definitions.

LEMMA 6.5. Let r be the van der Put derivative (3.3) and E, € H(n,Z) the
FEisenstein series (34). Then r(Dyn) = E., and for any two distinct prime
ideals p and q,

F(Dy.) = (q+1)-E,q), ifdegp is odd and degq is even,
pas Ep.q)s otherwise.

Take two distinct prime ideals p and ¢, let £ be the largest number such that
there exists an ¢-th root & of (AApq)/(ApAy) in the function field of Xo(pq)c.. -
Comparing the first Fourier coefficient r(£)*(1) with r((Aqu)/(ApAq))*(l),
we must have £|(¢ — 1)(¢*> — 1). By Corollary 3.17 in [I4], for every non-zero

ideal n of A
Gslq—l)(tf—l)
— = const.

where G, is a Drinfeld modular form on  such that for any v = (Ccl Z) €
Lo(n)
Gn(72) = xa(7)(ez + Q)M @D G, ().
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Then
¢ — A(2)Apq(2) _ const. ( Gp(2) )(q—l)(q —1). (Aq(z))pl_l
Ap(2)Aq(2) Gy(g2) A(z)
Gp(z) )(q—l)(qz—l) B -
= const. . D ()@ pl=1)
(Gpmz) (%)
Since Gy(z)/Gp(qz) is a meromorphic function on Xo(pq)c,,
Go(2) W
u(@)(pl=1) 2
Dq(z) ¢ = const. P ) el
@ (eres

is also in the function field of X (pq)c... Note that the character wq has order
q—1. Set

(p,q) := (¢—1)(¢* = 1), if deg(p) or deg(q) is even,
uip,q) = (g—1)2, otherwise.
‘We then have:

LEMMA 6.6. The largest number £ such that there exists an £-th roots of ﬁfA’“:

in the function field of Xo(pq)c., s u(p,q).

From now on we assume that n = pq is a product of two distinct primes.
In this case, Xo(n)F has 4 cusps, which in the notation of Lemma [Z14] are
[oo], 1], [p], [a]. Let ci,¢p,cq € J(F) be the classes of divisors [1] — [oo],
[p]—[o0], and [g]—[oc], respectively. To simplify the notation, we put C := C(pq).
The cuspidal divisor group C is generated by c1, ¢p, and cq.

PROPOSITION 6.7. The order of ¢ and cq is divisible by

{M(lqﬂ) if deg(p) is odd and deg(q) is even,

(pl=D(al+1)
1

P otherwise.

Proof. We use the notation in the proof of Proposition 5.4l Let @, : J(F,) —
®, be the canonical specialization map. This map can be explicitly described
as follows. Let D = . n;P; be a degree-0 divisor, where all P; € X(F}).

Denote by D also the linear equivalence class of D in J(F}). Since X and X
are proper, X (Fy) = X(O,) = )?(Op). Since X is regular, each P; specializes
to a unique irreducible component ¢(P;) of Xj. Then p,(D) is the image
of 37, nic(P;) € B°(X}) in ®,. By Theorem 2] the cusps reduce to distinct
points in the smooth locus of X}. The Atkin-Lehner involution W, interchanges
the two irreducible components Z and Z’' of Xy. Since Wy([oo]) = [q], the
reductions of [oo] and [q] lie on distinct components. On the other hand,
Wy acts on X by acting on each component Z and Z’ separately, without
interchanging them. Since Wy ([oc]) = [p], the reductions of [0o] and [p] lie on
the same component of Xj. Let Z’ be the component containing [co] and [p].
Let z be the image of Z — Z" in ®,. Then p,(c1) = pp(cq) = z and py(cp) = 0.
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By Theorem 4.1 in [41], ®,/(z) = Z/(q + 1)Z. Now the claim follows from
Theorem (.3 O

Remark 6.8. Suppose n = pm, with p prime not dividing m. Let C(n)(F) denote
the F-rational cuspidal subgroup of Jy(n). Generalizing the argument in the
proof of Proposition [6.7 and using Theorem [5.3] it is not hard to show that the
exponent of the group ®,/p,(C(n)(F)) divides (¢ + 1). In particular, the map

Pp : C()(F)e = (Pp)e
is surjective for £1 (g + 1).
The orders of A at the cusps are known (cf. [14] (3.10)]):
ordio]A =1, ordA = [pl[q], ord A =|p[, ordyA = [q].

Using the action of the Aktin-Lehner involutions on the cusps (Lemma 214)
and on the functions A, Ay, and Ay, one obtains the divisors of the following
functions on Xo(n)c,, (cf. [41]):

oo

aiv(8/) = (1p) ~ 1) (Ial(1] ~ foe]) — lal(e] — foe]) + (fa] - o).
aiv(8/q) = (lal ~ 1) (IpI(1] ~ o)) + (1]~ o) — Ipl(fa ~ [))).
(2 Bpg) = (Jpal ~ (1] ~ [oe]) + (Jal ~ pl)([p] ~ [+
+ (!~ lal)(a] - [o<]).
Hence
1) v ($52) = Qo= 00l = (el + 11 bl - s,
©02)  div(335) = (ol = D0+ 1) (el + 1= bl + 1a),
©03)  ai(33) = ol 00l = 1) (e 1+ ) - o).

From these equations we get:

LEMMA 6.9.

0= (lp]* = 1)(laf* = D)es = (Ip[* = 1)(lal = ey = (Jp] — 1)(la]* — )eq.
In particular, the order of C is not divisible by p.

Let
C(—,—)i=C —Cp—Cq C(—4)i=C—Cp + ¢q, C(4,-) ‘=C1 +cp —Cq-
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The subgroup C’ of C generated by ¢ _y, ¢(— 4), and ¢4,y has index 1, 2, or
4. Set
q—1, if ¢ is even, degp is odd and degq is even,
2(¢—1), if ¢gisodd, degp is odd, and degq is even,
e(p,q) =< q¢>—1, if (i) degp and deg q are both odd or
(ii) ¢ is even and degp is even,

2(¢*> — 1), otherwise,

and
_ Upl=D(lgl = 1)
Neo="""0a
(el =D(al+1) _ (pl+D)(al=1)
N = ) e e(q,p)

PROPOSITION 6.10. The orders of c¢— _), ¢ 4y, and c _y are N _,
N(—.4), and N _y, respectively. The group C’' is isomorphic to
Z Z Z
X X .
N2 N pHZ Ny, Z

Proof. Lemma and Equation () tell us immediately that the order of
¢(—,—y is N(_ _y. In Remark 6.4l we have constructed €(p, q)-th root of Aiﬁ:q

in the function field of Xo(pq)c... Therefore Equation (62) and (@3] imply
that

N )¢ +) = N, —)¢+,-) = 0.

Recall from the proof of Proposition that pp(c1) = pp(cq) = 2z and
pp(cp) =0, where py, : J(Fy) — @, is the canonical specialization map. Then
©p(c(—,4)) = 22, and the order of ¢(_ ;) must be divisible by N(_ ;. There-
fore the order of ¢(_ 4y is N(_ 1), which is also the order of p,(c(— 4)). By
interchanging p and g we obtain that the order of ¢y _yis N _y. This proves
the first claim.

Now, suppose ¢ = aic(— _y+agc— 1y +azc4,—) =0 for a1, ao, az € Z. Then
op(c) = a2pp(c(— 4)) = 0, which implies that N(_ 1) | ap. Similarly, we have
Ni4,—y | ag. Hence ¢ = aye(—,—y = 0, and N(_ _) | a1. This implies the second
claim. O

When ¢ is even, Lemma [6.9] implies that C = C’. Suppose ¢ is odd. Note that
the quotient group C/C’ is generated by ¢, and ¢4, where 2¢, = 2¢q = 0 mod C'.
When deg(p) and deg(q) are both odd, we can find meromorphic functions ¢,
and ¢4 on Xo(pq)c,. such that

div(iop) = S0 ] - oc).
aiv(pq) = D) g o)
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Indeed, let
Dy(z) #= - Dy(pz) ¥ Dy(z)# - Dya2) ¥
z)a*-1 . z) a*— z)a?-1 . qz) -
@P(Z) = 1 1 Tpl—1 7 ‘Pq(z) = i k Tal—1
q—1 q—1
(qu(Z) ) qu(WpZ)) (qu(z) : qu(qu)>

(Proposition implies that ¢, and ¢4 are I'g(pq)-invariant.) We conclude
that the orders of ¢, and ¢4 are odd, and therefore C = C’.

Suppose ¢ is odd and deg(p) - deg(q) is even. Then Proposition [6.7] tells us that
the order of ¢, and cq are both even. Thus from the canonical specialization
maps g, and pq, we have the following exact sequence:

, Z Z
0 —C —C— 57 X 37 — 0.
Since 2¢y = ¢(4,—) — ¢(—,—) and 2¢q = ¢(— 4) — ¢(—,—), the order of ¢, is 2 -
lem(N(_ _y, N(4,—)), and the order of ¢q is 2 - lem(N(_ _y, N(_ ;)). From the
above discussion, we finally conclude that:

THEOREM 6.11.

(1) The order of ¢, is % and the order of cq is %.

(2) The odd part of C is isomorphic to
Z Z Z
Nedd 7 X Nedd 7 X Nedd 77
(=) (=+) (+:-)

where N°I4 is the odd part of a positive integer N.
(3) When q is even or q - deg(p) - deg(q) is odd, we have C =C’.
(4) Suppose q is odd and deg(p) - deg(q) is even. Let Cy (resp. Ch) be the

2-primary part of C (resp. C'). Let m1, ro, r3 € Z>o with T > 19 > T3

such that

CL=T7)2" L x )27 x 7./27 L.
Then
Co 2 Z/2 T x 7)27 T x 7,)274 7.

EXAMPLE 6.12. If ¢ is even, then C'(zy) = C(ay) 2 Z/(q+ 1)Z x Z/(¢* + 1)Z.
If ¢ is odd, then C'(zy) & 4= x —2— and C(xy) 2 Z/(q¢+1)Z x Z/(¢* +1)Z.

at1 241
=7 %Z

EXAMPLE 6.13. Assume deg(p) = deg(q) = 2. If ¢ is even, then
» Z
(@+DZ " (g+1)(¢+1)Z

C'(pa) = C(pq) =
If ¢ is odd,
zZ_ _Z  _Z
(¢+1)z = &7~ £41
y z
(@ +DZ " (¢+1)(?+1)Z

C'(pq) = ,
(pa) Z

2

IR

C(pa)
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7. RATIONAL TORSION SUBGROUP

7.1. MAIN THEOREM. Let n < A be a non-zero ideal. To simplify the notation
in this section we denote J = Jy(n). Let J denote the Néron model of J over
P]llvq. Let 7 (n) the torsion subgroup of J(F).

LEMMA 7.1. Let £ be a prime not equal to p. Then T (n)e is annihilated by
the FEisenstein ideal €(n), i.e., (T — |p| —1)P = 0 for every prime ideal p not
dividing n and P € T (n),.

Proof. Tt follows from Theorem that J has good reduction at p { n. By
the Néron mapping property, 7 (n); extends to an étale subgroup scheme of
J. This implies that there is a canonical injective homomorphism 7 (n), <
Jr, (Fyp). The action of T(n) on J canonically extends to an action on J.
Since the reduction map commutes with the action of T(n), it is enough to
show that (T} — |[p| — 1) annihilates 7 (n), over F,. Let Frob, be the Frobenius
endomorphism of Jp,. The Hecke operator T, satisfies the Eichler-Shimura
relation:
Frob; — T}, - Frob,, + [p| = 0.

Since Frob, acts trivially on 7 (n)e, the claim follows. O

LEMMA 7.2. Suppose £ is a prime not diwviding q(q — 1). There is a natural
ingective homomorphism T (n)e — Eoo(n, Z/L"Z) for any r € Z>o with {7 >

#((I)oo,f)-

Proof. Since J has split toric reduction at oo, leOoo (Fso) = 19, Fx, where
g = dim(J). Under the assumption that ¢ does not divide ¢(¢ — 1), we see
that 7 (n)e has trivial intersection with j]FOOC, so the canonical specialization
T(n)e = (Poo) is injective. Since this map is T(n)-equivariant, by Lemma [T]
we get an injection 7 (n)y = (Poo)e[€]. Fix some r € Z>g with (7 - (Poo)e =
0. Multiplying the sequence in Theorem by ¢" and applying the snake
lemma, we get an injection (Poo)r — Hoo(n,Z/€"Z). Since this map is again
T(n)-equivariant, restricting to the kernels of &(n), we get (Pso)e[E(n)] —
Eoo(n,Z/L"Z). Therefore, T (n)y — Eoo(n, Z/L"Z) as was required to show. [

THEOREM 7.3. Suppose n = pq is a product of two distinct primes p and q. Let
Sp.q = ged(Ip|+1,|q|+1). If € does not divide g(qg—1)sp,q, then C(n)e = T (n).

Proof. First of all, since n is square-free, C(n) is rational over F, so C(n), C
T (n)¢; see Theorem [GIl Next, note that ¢ is odd by our assumption, so by
Proposition [6.10]

Cn)y=C)SM = Z/ "L X LN —DTL x L)+,

where r(4 +) := ord¢(N(+ +)). Since £ is coprime to q(q — 1)sp q, Theorem [3.9]
and Lemma [3.10] give the inclusion

Eoo(n, Z/1"Z) Eo(M, 2/ )
86(11, Z/ETZ) = Z/er(*,*)Z X Z/KT(7,+)Z X Z/ET‘(+’7)Z.

N
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Finally, by Lemma we have an injection C(n)y — T (n)g — Ego(n, Z/L7Z).
Comparing the orders of these groups, we conclude that

C(n)e =T (n)e = Eoo(n, Z/0"Z) = Ey(n, Z/C"Z).
O

Remark 7.4. The previous proof shows that Eyo(pq,Z/0"Z) = E\(pq, Z/LTZ).
A generalization of this argument gives the equality Eyo(pg, R) = &5(pg, R) for
any coefficient ring in which ¢ — 1 and s,  are invertible.

COROLLARY 7.5. If £ does not divide q(|p|* — 1)(|q|> — 1), then T (pq)e = 0.

LEMMA 7.6. Assume n = mp is square-free, p is prime, and deg(m) < 2. Then
T(n), =0.

Proof. 1If deg(m) < 2, then Xo(m)p, = P]%p. It follows from Theorem .l and
[Bl p. 246] that jEQp is a torus. Since J has toric reduction at p, the p-primary
torsion subgroup 7 (n), injects into ®,; see Lemma 7.13 in [38]. Finally, as is

easy to see from Theorem 5.3 if n is square-free, the order of ®, is coprime to
p. Thus, T (n), = 0. O

7.2. SPECIAL CASE. Here we focus on the case n = zy and prove that C(n) =
T (n). To simplify the notation, let C := C(n) and T := T (n). By Theorem [3]
and Lemma [0l we know that C; = Ty for any £1 (¢ — 1). Let

N=(qg+1)(¢*+1).

By Corollary BI8 T(zy)/€(zy) =2 Z/NZ, so N € €(zy). On the other hand,
¢(xy) annihilates Ty for £ # p. Therefore, the exponent of 7; divides N. Since
ged(g — 1, N) divides 4, 7, = 0 when £ | (¢ — 1) is an odd prime. Therefore, we
are reduced to showing that Co = T3 in the case when ¢ is odd. To prove this
we will use the fact that Xo(zy)r is hyperelliptic.

Let C be a hyperelliptic curve of genus g over a field F' of characteristic not equal
to 2. Let B C C(F) be the set of fixed points of the hyperelliptic involution of
C. The cardinality of B is 2¢g 4+ 2. Let J be the Jacobian variety of C. Let G
be the set of subsets of EVEN cardinality of B modulo the equivalence relation
defined by S1 ~ Sy if S1 = Sy or S; = B — S2 (= the complement of Ss).
Denote the equivalence class of S C B by [S]. Define a binary operation on G
by

[S1] o [S2] = [(S1U S2) — (51N S2)].

Then G is an abelian group isomorphic to (Z/2Z)%9 (the identity is [0]). There
is an obvious action of the absolute Galois group G on G, induced from the
action on B.

THEOREM 7.7. There is a canonical isomorphism J[2] =2 G of Galois modules.

Proof. Follows from Lemma 2.4 in [36], page 3.32. O
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Now let F' = Fy(T') with ¢ odd. Let f(7') be a monic square-free polynomial
of degree 3. Let n be the ideal in A generated by f(T'). The Drinfeld modular
curve Xo(n)p is hyperelliptic with the Atkin-Lehner involution W, being the
hyperelliptic involution; see [49]. Let e € IFqX be a non-square. Denote K; =

F(JFT), K2 = F(J/eJ(T)), 01 = A[J/F(T)), Oz = Al\/eJ(T)]. Note that

since oo does not split in K;/F, O; is a maximal order in K; (i =1,2).

THEOREM 7.8. The fized points of Wy, on Xo(n)p correspond to the isomor-
phism classes of Drinfeld modules with complex multiplication by O1 or Os.

Proof. See (3.5) in [10]. O

THEOREM 7.9. Let K be an imaginary quadratic extension of F', i.e., oo does
not split in K/F. Let O be the integral closure of A in K. Let H be the Hilbert
class field of K, i.e., the mazimal abelian unramified extension of K in which
oo splits completely.

(1) Gal(H/K) = Pic(O).

(2) There is a unique irreducible monic polynomial H (z) € Alz] whose
roots are the j-invariants of various non-isomorphic rank-2 Drinfeld
A-modules over Co, with CM by O.

(3) The degree of Hi(z) is the class number of O, and H is its splitting
field.

(4) The field F' = F[z]/Hk(2) is linearly disjoint from K, and H is the
composition of F' and K.

Proof. Follows from Corollary 2.5 in [g]. O

Denote H;(z) = Hk,(2), F; = F[z]/Hi(2), h; = #Pic(O;), and H,; the Hilbert
class field of K; (i = 1,2). Let B be the set of fixed points of W, on Xy(n).
Since the action of G on Xo(n)(F) commutes with the action of Wy, the set B
is stable under the action of Gr. The previous two theorems imply that B can
be identified with the set of roots of the polynomial H;(z)H2(z) compatibly

with the action of Gp. Let J := Jy(n).
LEMMA 7.10. If f(T) is irreducible, then J(F)[2] = 0.

Proof. Let X be the smooth, projective curve over I, with function field Kj.
It is well-known that there is an exact sequence

0 — Jacx (Fy) — Pic(O1) — Z/dsZ — 0,

where do is the degree of oo on X. Since f(T) has degree 3, co ramifies in
K1/F, s0 des = 1 and X is isomorphic to the elliptic curve F; defined by the
equation Y? = f(T). Thus, Pic(O;) = E;(F,). Similarly, Pic(O2) = Ey(F,),
where Ej is defined by Y2 = ef(T). In particular,

hi+ he = #E(Fy) + #E2(Fq) =29+ 2.
The last equality follows from the observation that for any o € I, either

a) = 0, in which case we get one FF,-rational point on both F; and Fs,
q
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or exactly one of f(a), ef(a) is a square in Fy, in which case we get two
F4-rational on one of the elliptic curves and no points on the other.

Now suppose f(T) is irreducible. Then f(T') has no F,-rational roots, and
therefore E4(Fy)[2] = O. This implies that h; and hy are both odd. Denote
the set of roots of Hy (resp. Hz) by By (resp. Bs), so that B = B; U Bsy. Note
that B; and Bs are stable under the action of Gg, but have no non-trivial Gg
stable subsets. Since #B; and #Bs are odd, by Mumford’s theorem the only
possibility for having an F-rational 2-torsion on J is to have a subset S C B
of order ¢ + 1 such that ¢S = S or ¢S = B — S for any ¢ € Gr. Denote
S; = SN B;. Without loss of generality we can assume that S; # 0, B;.
We must have 051 = 51 or 651 = By — 51 for any ¢ € Gp. But #57 and
#(B; — S1) have different parity, and therefore 057 = S; for any o € Gp,
which is a contradiction. g

Remark 7.11. Lemma [0l also follows from Theorem 1.2 in [38]. Indeed, if
f(T) is irreducible, then according to [38], J(F)ior = Z/(¢*> + q + 1)Z, so
J(F)[2] =0.

LEMMA 7.12. If f(T) decomposes into a product fi(T)fo(T), where fo(T) is
irreducible of degree 2, then J(F)[2] 2 Z/2Z & Z/2Z.

Proof. We retain the notation of the proof of Lemma The first part of
the proof of that lemma implies that Pic(0;)[2] = Z/2Z, since both elliptic
curves IJ; and Fj have exactly one non-trivial Fg-rational 2-torsion point cor-
responding to («,0), where fi(«) = 0. In particular, h; and hy are even, and
H;/K; has a unique quadratic subextension. We conclude that [B] = [Bs] is
F-rational.

The other F-rational 2-torsion points on J are in bijection with the disjoint
decompositions B; = Ry U Ry and By = R} U R} such that #Ry = #Ra,
#R| = #R),, and for any o € G either

oRy = Ry and R} = R}

or
oRy = Ry and o R} = Rj,.

In that case, P = [Ry U R}] = [R2 U R}] and Q = [Ry U R4] = [R2 U R]] give
two distinct non-trivial 2-torsion points on J which are rational over F. Note
that the subgroup generated by P, Q) and [Bi] is isomorphic to Z/2Z & Z/27Z.
On the other hand, such disjoint decompositions are in bijection with the qua-
dratic extensions L of F' which simultaneously embed into both F; and F5.
Note that over a quadratic subextension L of F;/F the polynomial H; decom-
poses into a product G1(z)G2a(z) of two irreducible polynomials in L[z] of the
same degree. In that case, R; and Ry are the sets of roots of G; and Gg,
respectively. Now if there are two distinct quadratic subextensions L and L’
of Fy, then H, = F1 K also contains two distinct quadratic subextensions. As
we indicated above, this is not the case, hence there is at most one L.

Consider L = F(y/f2). Since fy is monic of degree 2, oo splits in L/F. Since
the only place that ramifies in L/F is the place corresponding to f2, which
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also ramifies in K/F with the same ramification index, LK is a quadratic
subextension of H; /K. Hence the composition LF; is a subfield of H1, and if
L and Fj are linearly disjoint over F', then by comparing the degrees we see
that LFy = H;. Since H;(z) has even degree, F} embeds into the completion
F. The same is true for L. Thus, if LFy; = H;, then H; embeds into Fy,
which is not the case as K/F is imaginary quadratic. We conclude that L
and Fj cannot be linearly disjoint, and therefore L embeds into F;. The same
argument works also with F5, and this finishes the proof of the lemma. O

THEOREM 7.13. C=T 2 Z/(q+ 1)Z x Z/(¢* + 1)Z.

Proof. As we already discussed, it is enough to show that Co = 72 when ¢ is
odd. By Example [6.12]

C = {ca) ® (cy) 2 Z/(q + 1) Z S Z/(¢* + 1)Z,

and ¢; = ¢z + ¢y The component group @, (for the case n = zy) and the
canonical specialization map po : C = @, are computed in [41, Thm. 5.5]:

Do = Oo(Foo) 2 Z/NZ,  poo(ca) = ¢° +1, Poc(cy) = —qlg+1).
In particular, if we denote C° = ker(poo : C = ®oo), then C° = Z/27 when
q is odd. On the other hand, by Lemma [[12] T[2] =& Z/2Z x Z/27. Hence
C[2] = TI2].
Let TO :=ker(poo : T — ®oo). As we discussed at the beginning of this section,
70 is a subgroup of (Z/(q — 1)Z)®4 annihilated by N. We have

2 ifg=3mod4
d((¢g—1),N) =
ged((e ) N) {4 if ¢ =1 mod 4.

Assume ¢ = 3 mod 4. Then 7° C T[2] = C[2]. This implies 7° = C° = Z/27Z,
and is generated by ,
_ (lg+1) (¢ +1)
c:= 5 Cr + 5 Cy-
In this case poo is injective on {(¢1), and poo(c1) generates poo(C). If T3 # Ca,
then there is an element ¢t € T such that 2p.(t) = poo(c1). Thus, 2t = ¢; + ¢
or 2t = ¢;. We know from the proof of Proposition 6.7 that p,(c,) = 0, and
oy(cz) generates @, (F,) = ®, = Z/(q+ 1)Z. If 2t = ¢;, then 2gp,(t) generates
®,. Since 2 divides ¢ + 1, the multiplication by 2 map is not surjective on ®,,

so we get a contradiction. If 2t = ¢; + ¢, then 2p, () = py(cs) + (q42-1) oy(Cs),
which is still a generator of ®,, and we again arrive at a contradiction.
Now assume ¢ = 1 mod 4. In this case

Co = (Z/(q+1)Z)2 x (Z)(¢* + 1)Z)2 = Z/27 x 727 = C[2]

is generated by %cz and %cy. If T # C, then there is t € T of order 4
such that 2¢ € C[2]. If 2t = c or 2t = %cl., then applying ¢, we see that
2p,(t) # 0. On the other hand, p,(t) € (®y)2 = Z/2Z, so 2p,(t) = 0, which is
a contradiction. Finally, suppose 2t = %cy, which implies 2p,(t) # 0. Since
t is a rational point, p,(t) € ®,(F;)2. On the other hand, by Proposition 4]
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O, (Fu)2 = (Z/(q*>+1)Z)y = 7./27, which again leads to a contradiction. (Note
that ®, = Z/(q¢+1)(¢®> +1)Z, so here we cannot just rely on Theorem[5.31) O

COROLLARY 7.14. J(F) =2 Z/(q + 1)Z x 7Z./(¢* + 1)Z. For any { # p, the
L-primary part of the Tate-Shafarevich group TI(J) is trivial.

Proof. Denote by L(J,s) the L-function of J; see [26] for the definition. Let
f € Ho(n,C) be an eigenform for T(n), normalized by f*(1) = 1. The L-
function of f is the sum

Lifs) = 3 fr(m)gedesm
m pos. div.

over all positive divisors on ]P’]quq; here s € C. Drinfeld’s fundamental result
[6, Thm. 2] implies that L(J,s) = [[; L(f,s), where the product is over nor-
malized T(zy)-eigenforms in Ho(xy,C). It is known that L(f,s) is a poly-
nomial in ¢~ of degree deg(n) — 3; cf. [64, p. 227]. Thus, L(J,s) = 1.
From the main theorem in [26] we conclude that J(F) = T, II(J) is a finite
group, and the Birch and Swinnerton-Dyer conjecture holds for J. The claim
J(F)=2Z/(q+1)Z x Z/(q* + 1)Z follows from Theorem [.I3l The ¢-primary
part of the Birch and Swinnerton-Dyer formula becomes the equality

(HLUL(S)e) (#Pa (Fa) ) (# Py (Fy o) (#Poo (Foc o)

1=
(#7e)?
We know all entries of this formula from Theorem [[.13] and its proof, except
#II1(J)e. This implies that III(J), = 1. O

8. KERNEL OF THE EISENSTEIN IDEAL

8.1. SHIMURA SUBGROUP. Let n <t A be a non-zero ideal. Consider the sub-
group I'1 (n) of GL2(A) consisting of matrices

Ty (n) = {(‘2 Z) € GLa(A)

The quotient I'; (n) \ 2 is the rigid-analytic space associated to a smooth affine
curve Y1(n) g over Fio; cf. ([BI). This curve is the modular curve of isomor-
phism classes of pairs (¢, P), where ¢ is a Drinfeld A-module of rank 2 and
P € ¢[n] is an element of exact order n. Let Y1 (n)r be the canonical model of
Yi(n)r, over F, and X;(n)r be the smooth projective curve containing Y7 (n)p
as a Zariski open subvariety. Denote by Ji(n) the Jacobian variety of X1 (n)p.
To simplify the notation, in this section we denote I' := T'g(n) and A :=

I'i(n). The map w: ' — (A/n)* given by (Z

almodn,c()modn}.

b . S
i adt mod n is a surjective
homomorphism whose kernel is A. Hence A is a normal subgroup of I" and
/A = (A/n)*. One deduces from the action of I' on Q UP!(F) an action of
I' on X1(n)c,.. The group A and the scalar matrices act trivially on X (n)c..,
hence we have an action of the group (A/n)* /Fx on X;(n)c,, . This implies that
there is a natural morphism X;(n)c,, — Xo(n)c,, which is a Galois covering

oo
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with Galois group (A/n)*/Fy. This covering is in fact defined over F, as in
terms of the moduli problems it is induced by (¢, P) — (¢, (P)), where (P) is
the order-n cyclic subgroup of ¢ generated by P. By the Picard functoriality
we get a homomorphism 7 : Jo(n) — Jy(n) defined over F', whose kernel S(n)
is the Shimura subgroup of Jo(n).

DEFINITION 8.1. Let @ be the subgroup of (A/n)* generated by the elements
which satisfy a? — ta + £ = 0 mod n for some t € F, and k € IFqX. Denote

U= (A/m)*/Q.

THEOREM 8.2. The Shimura subgroup S(n), as a group scheme over Fu, is
canonically isomorphic to the Cartier dual U* of U viewed as a constant group
scheme.

Proof. Denote by I'*P the abelianization of I and let T := I'*? /(I'2P),, be the
maximal abelian torsion-free quotient of I'. The inclusion A < I' induces a
homomorphism I : A — T (which is not necessarily injective). There is also a
homomorphism V : T' — A, the transfer map, such that oV : T — T is the
multiplication by [I" : A]/(q — 1); see [18, p. 71].

First, we note that the homomorphism V : T — A is injective with torsion-free
cokernel. Indeed, by [I8, p. 72], there is a commutative diagram

T2 4o(T, Z)"

b
A ——==Ho(T,Z)”

where the right vertical map is the natural injection. This last homomorphism
obviously has torsion-free cokernel. Since by [I7] jr and ja are isomorphisms,
the claim follows.

Next, by the results in Sections 6 and 7 of [18], there is a commutative diagram

0 —T —— Hom(T',CX)) Jo(n) 0
l/V l]* lﬂ'
0 ——= A ——= Hom(A,CX) Ji(n) 0,

where the top row is the uniformization in (43]), the bottom row is a similar
uniformization for J;(n) constructed in [I8] for an arbitrary congruence group,
and the middle vertical map I* is the dual of I : A — T'. This diagram gives
an exact sequence of group schemes

0— (T/IA)* — S(n) — A/VT.
Since there are no non-trivial maps from an abelian variety to a discrete group,
S(n) is finite. On the other hand, by the previous paragraph, A/VT is torsion-

free, so
S(n) = (T/IA)*.
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Denote by I'® the commutator subgroup of I'. The fact that I'/A is abelian
implies I'* C A. Hence I'/A = I'*?/(A/T¢). Tt follows from Corollary 1 on
page 55 of [50] that (I'#P);,, is generated by the images of finite order elements
of I in I'*P. Since T is the quotient of I'*P by the torsion subgroup (I'*");;, we
conclude that T'/IA is the quotient of I'/A by the subgroup generated by the
images of finite order elements of T'.

An element v € GL2(A) has finite order if and only if Tr(vy) € F,. Therefore,
if v € T has finite order then w(vy) satisfies the equation a? — ta + k = 0,
where t = Tr(y) € F, and x = det(y) € F;. Conversely, suppose a € (4/n)*
satisfies a® — ta + k = 0 for some ¢ € F, and x € Fy. Fix some a € A reducing
to @ modulo n. Since a(t — a) = & (mod n), there exists ¢ € A such that

a(t —a) = K + en. The matrix v = (; y i a> has determinant x and trace
t. It is clear that v € I' is a torsion element, and w(y) = a. We conclude that
I/JIA> (A/n)*/Q. O

Remark 8.3. The previous theorem is the function field analogue of Theorem
1in [30.

LEMMA 8.4. Assumen is square-free, so that the order of (A/n)* is not divisible
by p and S(n) is étale over Fy,. The Shimura subgroup S(n) extends to a finite
flat subgroup scheme of J(%OQ.

Proof. From the proof of Theorem [B2] S(n) is canonically a subgroup of
Hom(T,CX). It is easy to see that S(n) actually lies in Hom(T', (O")*). On
the other hand, as is implicit in the proof of Corollary 2.11 in [I1], there is a
canonical isomorphism J°(O%) = Hom(T, (O%)*). a

PROPOSITION 8.5. Assume n is square-free. The Shimura subgroup S(n), as a
group scheme over F, is an étale group scheme whose Cartier dual is canoni-
cally isomorphic to U viewed as a constant group scheme. The endomorphisms
T, — |p| — 1 and Wy + 1 of Jo(n) annihilate S(n); here p < A is any prime not
dividing n.

Proof. The covering @ : X1(n)r — Xo(n)p can ramify only at the elliptic
points and the cusps of Xo(n)p. (By definition, an elliptic point on Xo(n)c_, is
the image of z € (2 whose stabilizer in GL2(A) is strictly larger than F.) The
proof of Theorem B2 shows that U is the Galois group of the maximal abelian
unramified covering X — Xo(n)p through which 7 factorizes. Now [30, Prop.
6] implies that S(n) as a group scheme over F is isomorphic to Hom(U, F*).
The Jacobian Jy(n) has good reduction at p. Since S(n) has order coprime
to p and is unramified at p, the reduction map injects S(n) into Jo(n)(Fp).
Let Froby, be the Frobenius endomorphism of Jy (n)]Fp. The Hecke operator T,
satisfies the Eichler-Shimura relation:

Frob; — T}, - Froby, + [p| = 0.

Since S(n)* is constant, Frob, acts on S(n) by multiplication by |p|. Therefore,
the endomorphisms |p|(T}, — [p| — 1) annihilates S(n). Since the reduction map
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commutes with the action of Hecke algebra and the multiplication by |p| is an
automorphism of S(n), we conclude that T}, — |p| — 1 annihilates S(n).

Note that for <LCL Z) € I we have

0 -1\ /a b 0 1/m\ _ (d —c¢/n
n 0 c d)\-1 0 /) \-bn a /)’
Since d, up to an element of F,

shows that W, acts on the group (I'/A)/FxX by u — u~', so it acts as —1 on
S(n). O

is the inverse of a modulo n, this calculation

THEOREM 8.6. Assume n is square-free, and let n = py1---ps be its prime
decomposition. As an abelian group, S(n) is isomorphic to

I1_, Z/%Z , if some p; has odd degree

L, Z/‘Z;%IIZ , if q is even and all p; have even degrees

I1_, Z/%Z) /diag (Z/27) , if q is odd and all p; have even degrees

where diag : Z/27Z — [];_, (Z/%Z) is the diagonal embedding.
Proof. First, we claim that the image of ) under the isomorphism (A/n)* =
[1;_, Fy, given by

a— (a mod py,---,a mod pg)

contains the subgroup Hle IFqX. Indeed, let a € IFqX be arbitrary, and consider
(1,...,,...,1) with « in the ith position. This element is in the image of Q
since a € (A/n)* mapping to it satisfies the quadratic equation (z—a«)(z—1) =
0 modulo n.

Suppose a € Q is a zero of f(x) := 2?2 —tx + k. Then a satisfies the same
equation modulo p,;. If deg(p;) is odd, then f(x) must be reducible over Fy.
This implies that the image of @ in IFy;, lies in the subfield F,. On the other hand,
since ¢ mod p; (1 < j < s) satisfies the same reducible quadratic equation, the
image of a in Iy, also lies in its subfield F;, and we conclude that @ = Hle Fy.
Now suppose all p;’s have even degrees. Let a € IE‘qX2 be arbitrary. The elements
(o,...,a) and (a,...,a9,...,«), with o? in the ith position (1 < i < s), are
in the image of Q. Indeed, a € (A/n)* which maps to such an element satisfies
(x — a)(z — a?) = 0, and this polynomial has coefficients in F,. Therefore,
(1,...,097,...,1) € Q. Since a4t € FX, we get that (1,...,0%...,1) € Q.
Thus, diag(F ;) [T7—; (F,2)? is a subgroup of Q, where (F3)* = {a® | a € F )5}
and diag : IE‘qX2 — [];_, F} is the diagonal embedding. If f(z) is reducible, then
a € [[;_,Fx. If f(z) is irreducible, then a = (v, , ..., o) with a;,, ..., q;, €
{a, a?}, where a, a? are the roots of f(x). We can write

O, Oéis
a(ailv"'aail)'<1ﬂ PRI .

(673 (079
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The first element in this product is in diag(IFqXQ) and the second is in
Hle(FqXQ)Q since each aj;/ay, is either 1 or o@D, We conclude that
diag(F%) - [;=; (F2)? = Q. Since S(n) is isomorphic to (4/n)*/Q, the claim
follows. g

EXAMPLE 8.7. If p < A is prime, then S(p) is cyclic of order “;l%ll (resp. |qp2‘—:11)

is deg(p) if odd (resp. even). This is also proved in [38] by a different method.
ExAMPLE 8.8. S(zy) is cyclic of order g + 1.

EXAMPLE 8.9. Assume p and q are two distinct primes of degree 2. Then
S(pq) 2 Z/2Z (resp. 0) if ¢ is odd (resp. even).

DEFINITION 8.10. Let n <0 A be a non-zero ideal and denote J = Jy(n). The
kernel of the FEisenstein ideal J[&(n)] is the intersection of the kernels of all
elements of &(n) acting on J(F). Given a prime £ # p, the action of T(n) on
J induces an action on J[¢"] (n > 1) and the ¢-divisible group Jp := liin J[er],
so one can also define J;[€(n)]. From the proof of Theorem [6] we see that
J[€&(n)] is a finite group scheme over F, as J[&(n)] C J[n,] for any p { n, where

np =Ty — |p| — 1. By Lemma [T and Proposition BT if n is square-free then
S(n)e and C(n), are in Jo[E(n)].

DEFINITION 8.11. We say that a group scheme H over the base S is u-type
if it is finite, flat and its Cartier dual is a constant group scheme over S; H
is pure if it is the direct sum of a constant and u-type group schemes; H is
admissible if it is finite, étale and has a filtration by groups schemes such that
the successive quotients are pure.

LEMMA 8.12. Assume n = pq is a product of two distinct primes. Let sp q =
ged(|p|+1, |q|+1). If ¢ does not divide g(q—1)sp.q, then Jo[E(n)] is unramified
except possibly at p and q, and there is an exact sequence of group schemes over
F

0—=Cn)e— Jo[€(n)] = My — 0,
where My is p-type and contains S(n)y.
Proof. Since C(n), is fixed by Gr and is invariant under the action of T(n),
the quotient My = Jy[E(n)]/C(n), is naturally a T(n) x Gp-module . From

the uniformization sequence ([£3) and the isomorphism (4], for any n > 1 we
obtain the exact sequence of T(n) x G _-modules

0— D["] = J["] = Hoo(n,Z/("Z) — 0,

where D := Hom(T',C% ). Considering the parts annihilated by (n), we obtain
the exact sequence

0 — D", &(n)] — J[E", )] — Eoo(n, Z/L"Z).
From the proof of Theorem[7.3 we know that if £ does not divide ¢(¢—1)s, 4 and
n is sufficiently large, then C(n), C J[¢", &(n)] and C(n), maps isomorphically
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onto Eyo(n,Z/L"7Z). Hence for n > 0 the above sequence is exact also on the
right:
0 — D", &(n)] — J[¢™, En)] — C(n) — 0.

Since the map of T(n) x G _-modules J[¢", &(n)] — C(n), has a retraction,
we get the splitting Jp[E(n)] = Dy[E(n)] & C(n); over Fs. This shows that
My 2 Dy[€(n)] is p-type over Fuo, and Jp[€(n)] is unramified at co. Since
Sn)¢ C Dy[€(n)] (cf. Lemma B4, we see that S(n), is a subgroup scheme of
M.

By the Néron-Ogg-Shafarevich criterion J;[€(n)] is unramified at all finite
places except possibly at p and q. Let [ << A be any prime not equal to p
or q. Since T} acts on Jp[€(n)] by multiplication by |[| 4+ 1, the Eichler-Shimura
congruence relation implies that the action of Frob; on J,[€(n)] satisfies the re-
lation (Frob;—1)(Frob;—|l|) = 0. Now one can use Mazur’s argument [33, Prop.
14.1] to show that J,[€(n)] is admissible over U = ]P’]%-q —p — q; cf. the proof of
Proposition 10.8 in [38]. Since the quotient map J;[&(n)] — M, is compatible
with the action of Gr and T(n), M, is also admissible over U = P]}q —-p—q
On the other hand, M, is pu-type over Fo,, so all Jordan-Holder components
of My over U must be isomorphic to u,. We say that [1, > is a pair of good
primes, if [; # p,q, |[;| — 1 is not divisible by ¢, and the images of (I1, ;) and
(I, [2) in (F/(F)E x FY/(FX)*)/FY generate this group; here (Fj)* is the
subgroup of F;f consisting of /th powers, and F is embedded diagonally into
F; X F: The Chebotarev density theorem shows that a pair of good primes
exists. The operator (Froby, — |l;])(Frob;, — 1) annihilates My. On the other
hand, since the semi-simplification of M, is isomorphic to (u)™ for some n
and ¢ does not divide |[;| — 1, the operator Froby, — 1 must be invertible on M,.
Therefore, M, is annihilated by Froby, — |l;|. This implies that M, is u-type
over Fy,. Finally, one can argue as in Proposition 10.7 in [38] to conclude that
My is u-type over F. |

Remark 8.13. When n = p is prime and ¢ does not divide ¢ — 1, then Jp[€(p)] =
C(p)e®S(p)e; see [38]. As we will see in the next section, for a composite level,
M, can be larger than S(n), and the sequence in Lemma need not split
over F'.

8.2. SPECIAL CASE. Let p <0 A be a prime of degree 3. Then
(1) The rational torsion subgroup 7 (p) of Jo(p) is equal to the cuspidal
divisor group C(p) 2 Z/(¢*> + q + 1)Z;
(2) The maximal p-type étale subgroup scheme of Jy(p) is the Shimura
subgroup S(p) = (Z/(¢* + q + 1)Z)";

(3) The kernel J[&(p)] is everywhere unramified and has order (¢>+q+1)2.
Here (1) and (2) follow from the main results in [38], and (3) follows from [3§]
and [40].

We proved that (see Theorem [[.T3)

T(zy) =Clzy) 2 Z/(q + 1)Z x Z) (¢ + 1)Z,
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so the analogue of (1) is true for n = zy, although C(zy) is not cyclic if ¢ is odd.
Interestingly, even for small composite levels such as n = zy, the analogues of
(2) and (3) are no longer true. For simplicity, we will omit the level zy from
notation. First of all, Jy[¢] can be ramified. To see this, let ¢ = 2° with s odd,
r=T+1,y=T2?+T+ 1. Consider the elliptic curve E over F given by the
Weierstrass equation

E:Y?+TXY+Y=X3+X2+T.

This curve embeds into J according to [4I, Prop. 7.10]. There is an exact
sequence of G p-modules

0 —Z/5Z — E[5] — us — 0.

The component group of E at y is trivial, so E[5] is ramified at y and the above
sequence does not split over F'. On the other hand, from the Eichler-Shimura
congruence relations we see that E[5] C J5[€]. Thus, J5[€¢] is ramified at y.
Next, the Shimura subgroup S = (Z/(q + 1)Z)* has smaller order than the
cuspidal divisor group, and § is not the maximal u-type étale subgroup scheme
of J when ¢ is odd. Indeed, C[2] = Z/2Z x Z/2Z is u-type but is not cyclic.
In the remainder of this section we will show that even though (2) and (3) fail
for the zy-level, these properties do not fail “too much”.

PROPOSITION 8.14. Assume q is odd. Then Sy + C[2] = Sy x Z/2Z is the
maximal 2-primary p-type subgroup of J(F).

Proof. First, we show that the canonical specialization map g, : S — ®, is an
isomorphism. Since & and ®, have the same order, it is enough to show that
the induced morphism Jy (xy)]%y — Jl(acy)%y on the connected components of
the identity of the special fibres of the Néron models of Jo(zy) and Ji(zy) at
y is injective. Here we argue as in Proposition 11.9 in [33]. Let Gro be the
dual graph of Xo(zy)n—?y; this graph has two vertices corresponding to the two
irreducible components of X (xy)m joined by g+ 1 edges corresponding to the
supersingular points. Let Gr; be the dual graph of the special fibre of the model
of Xi(zy) over O, constructed in [5I]. The underlying reduced subscheme
Xl(xy)%id has two irreducible components intersecting at the supersingular
points. Since the Jacobian Jy(zy) has toric reduction at y, there is a canonical
isomorphism (cf. [3] p. 246])

Jo(zy)g, = H' (Gro,Z) ®G,, 5,

Similarly, the toric part of J; (:cy)% is canonically isomorphic to H'(Gr1,Z) ®
Gm,n?“y' There is an obvious map Gzirl — Grg and our claim reduces to showing
that this map induces a surjection H;(Gry,Z) — H;(Gro,Z). This is clear
from the description of the graphs Gry and Gr;.

Let Mz be the maximal 2-primary pu-type subgroup of J(F). It is clear that
Sy + T[2] € M3 and M3[2] = T[2]. Similar to the notation in the proof
of Theorem [[13] let MY denote the intersection of My with Hom(T',CX).

DOCUMENTA MATHEMATICA 20 (2015) 551-629



608 MIHRAN PAPIKIAN, FU-TSUN WEI

FIGURE 5. (Co(zy) \ 7)°

Note that So € MY. Moreover, we must have S[2] = M3[2] since M3J[2] C
TO2] = C°[2] = S[2]. Thus, if So # M3, then there exists P € M9 such
that 2P generates Sy = (Z/(q + 1)Z)5. Since p, : S — @, is an isomorphism,
20, (P) generates Z/(q + 1)Z. On the other hand, 2 divides ¢ + 1, so we get a
contradiction. We conclude that there is an exact sequence

0— 8 — My —Z/2"Z — 0

for some n > 1, where Z/2"Z is the image of My in ®o, 2 Z/(¢* +1)(¢+ 1)Z
(see Corollary BIH). Since Mo[2] = T[2] = Z/27Z x Z/27Z, the above sequence
splits as a sequence of abelian groups. Moreover, since Sy is Gp-invariant
and M3 is constant, the sequence splits as a sequence of F-groups schemes:
My =2 S ®Z/2"Z. If ¢ = 3 (mod 4), then Z/2"7Z is p-type if and only if
n < 1, which implies My = S+ T[2]. If ¢ =1 (mod 4) and n > 2, then T =C
contains a point of order 4, which is a contradiction. O

The point of the previous proposition is that even though S is not the maximal
2-primary p-type subgroup of J, it is not far from it. Next, we will show that
under a reasonable assumption Sy is the maximal /-primary p-type subgroup
of J for any odd £ # p, and the order of Jy[€] is (#Cy)? for any ¢ # p, which is
of course very similar to (2) and (3).

We start by showing that ®., is annihilated by &. This almost follows from
Theorem 5.5 in [41], since according to that theorem the canonical specializa-
tion map e : C = P is an isomorphism if ¢ is even and has cokernel Z /27
if ¢ is odd. On the other hand, p. is T-equivariant and C is annihilated by €&.
Below we give an alternative direct argument which works for any characteristic
and does not use the cuspidal divisor group C.

Choose the cycles @1, ..., 4 as a basis of Hi(I'g(zy) \ 7,Z) = Ho(xy, Z); see
Figure Bl We assume that all these cycles are oriented counterclockwise. Let
1, ..., g be the dual basis of Hom(Ho(zy,Z),Z). The map ¢ in Theorem [5.5]
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q
sends ¢ € Ho(zy,Z) to Y (¢, i), where for 1 < j <i<gq

i=1

qg+2, ifi=j5=1orq,

)2, ifl<i=j<yq,
o) =\_1 ij—i-y,
0, otherwise.

This follows from [II] Thm. 2.8] and a calculation of the stabilizers of edges of
(To(zy) \ 7)° (see the proof of Proposition ZZZT)). Hence the component group
® ., can be explicitly described as follows: It is the quotient of the free abelian
group @7_, Zi; by the relations
(q + Q)wq - ¢q—1 - 0)
—Yit1+2¢; —hiog = 0, forl1<i<qg-—1,
—Y2+ (¢ +2)ts

From the last ¢ — 1 relations we get
Y= ((i—1Dg+i)yr, 1<i<q.

On the other hand, by the first relation, ¥,_1 = (q + 2)1, = ¢*(q + 2)¢1.
Therefore ¢?(q + 2)¢1 = (¢ — ¢ — 1)1); and

(¢* +1)(q+ 1)y = 0.

We conclude that
COROLLARY 8.15. @, 2 Z/(¢*> + 1)(q + 1)Z is generated by the image of 1.

Multiplication by N = (¢? 4+ 1)(g + 1) on the exact sequence in Theorem
and the snake lemma give an embedding dy : Poo — Hoo(zy, Z/NZ).

LEMMA 8.16. Let 1y be the image of 11 in ®o.. Then dn (1) = —(¢+1)E, +
(> + 1)Ey + qE (4, the generator of Eo(xy, Z/NZ). In particular, the com-
ponent group P is annihilated by the Fisenstein ideal.

Proof. Note that
q

Ny = Z ((z —1)g+ i)L((pi) € Hom(Ho(zy,Z),Z).

i=1

Hence dn(¢1) = >0, ((i — 1)g +4)¢; mod N € Hoo(zy, Z/NZ). Viewing the

i=1
cycles @1, ..., ¢4 as harmonic cochains in Ho(zy, Z), it is observed that

(i)
pi(ar) =1, p1(as) = —1, p1(as) =1 —q, 1(b1) =1,
p1(az) = p1(az) = pi(as) = 1(by) =0, 2<u < qg—1;
(i)
(pq(al) = ‘Pq(a4) = (Pq(a(i) = (Pq(bu) =0,1<u<q—-2,
@Q(GQ) =1, ‘Pq(a3) = -1, ‘Pq(a5) =q-—1, 901(1)(]—1) =-L
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(iii) for2<j<gqg-1,

pi(ai) = pj(bu) =0, 1<i<6, urj—17; ;) =—p;bj-1)=1
Here a;, b, are the oriented edges of the graph (To(xy) \ .7)° in Figure @
Therefore dn(¢1)(a1) =1 and dn(¢1)(by) = —(¢+ 1), 1 <u<g—1.
On the other hand, let f = —(¢+1)E, + (¢*+1)E, +qE(g ) € Eoo(xy, Z/NZL).
From the Fourier expansion of E;, E,, and E(, ), we also get

fla) =1 and f(by)=—(¢+1) forl1 <u<gqg-1

Since every harmonic cochain in Hoo(zy,Z/NZ) is determined uniquely by its
values at a; and b, for 1 < u < ¢ — 1, we get dn(¢01) = f and the proof is
complete. O

DEFINITION 8.17. Let n < A be a non-zero ideal and ¢ a prime number. Let
T(n)e := T(n) ®z Z¢. Given a maximal ideal 9 < T(n)y, let T(n)on be the
completion of T(n), at M. We say that T(n)oy is a Gorenstein Zg-algebra
if T(n)y, := Homg, (T(n)om,Z¢) is a free T(n)op module of rank 1. In [38],
following Mazur [33], Pél proved that T(p)sn is Gorenstein for the maximal
ideals containing &(p).

Let &, be the ideal generated by €(zy) in T,. We know that T,/ €y = Zy/NZy;
see Corollary B8 Thus, N annihilates Jy[€].

PROPOSITION 8.18. Assume £ | N. The finite group-scheme J;[€] is unramified
at oo. If Ton is Gorenstein for M = (€, L), then there is an exact sequence of
G, -modules

0— (ZZ/NZZ)* — JZ[QE] — Ze/NZ@ — 0.

Proof. The argument in the proof of Lemma[RI2and the isomorphism of Hecke
modules (Poo)e = Eoo(zy, Z/¢™Z) that we just proved (n > 0) give the exact
sequence
0 — D¢[€¢] = Jo[€¢] = (Pso)e — 0.
Since J[("]T= = D[("] x (®o)[¢"], we see that Jy[€] is unramified at co. Next,
using Proposition 22T (£3) and [#4), we have
Dy|€] = Hom(Ho(zy, Ze)/EeHo(xy, Ze), CL)
=~ Hom(T, /&,T,;,CX) = Hom(Ty, /&, Tay, CX).
If Ty is Gorenstein, then
Hom(Tyy /€, Tsy, CX) = Hom(Ton /€, CZ) = Hom(Z¢/NZ¢, CL).
O

If ¢ is odd and divides g+ 1 then, under the assumption that Tyy is Gorenstein,
Proposition implies that S, is the maximal p-type subgroup scheme of
Jr and Jo[€] = C; @ S, is pure. Indeed, since P is constant and ged(q +
1,q — 1) divides 2, the maximal p-type subgroup scheme of Jy specializes to
the connected component «7]1?000 of the Néron model, so must be isomorphic to
(Z¢/(q + 1)Zg)*. Since Sy is p-type, it must be maximal by comparing the
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orders. The fact that Tgy is Gorenstein in this case can be proved by Mazur’s
Eisenstein descent discussed in Section 10 of [3§]. Since this fact is not central
for our paper, and the proof closely follows the argument in [38], we omit the
details.

Now assume ¢ is odd and divides ¢ + 1. Assume Toy is Gorenstein. Since
S,y divides 2, Lemma and Proposition [R.I8 imply that there is an exact
sequence of G p-modules

(8.1) 0—Co— Jo[€] = My — 0,

where My = (Zy/(q? + 1)Z¢)*. If Jo[€]!v is strictly larger than Cy, then the
Galois representation p,, : Gp — Aut(Je[M]) = GLy(F,) is unramified at y.
On the other hand, (®,), = 0, so J¢[9M] is isomorphic to a Ty x G,-submodule
of the torus Jﬁgy. Now the same argument that proves Proposition 3.8 in [47]
implies that Frob, acts on J¢[M] as a scalar £|y|?. Hence det(p,,) = ¢*. On
the other hand, the sequence (8I) shows that the eigenvalues of Frob, are 1
and |y| = ¢ Thus, det(p,,) = ¢*. This forces ¢* = ¢* (mod ¢), which is
a contradiction since ged(q® + 1,¢%(¢? — 1)) divides 2. We conclude that if
Ty is Gorenstein then the ¢-primary p-type subgroup scheme of J is trivial.
This “explains” why & is smaller than C — the missing part corresponds to the
ramified portion of J[€&].

9. JACQUET-LANGLANDS ISOGENY

9.1. MODULAR CURVES OF Z-ELLIPTIC SHEAVES. Let D be a division quater-
nion algebra over F. Assume D is split at 0o, i.e., D ®p Foo = Maty(Fl); this
is the analogue of “indefinite” over Q. Let n<1 A be the discriminant of D. It is
known that n is square-free with an even number of prime factors. Moreover,
any n with this property is a discriminant of some D, and, up to isomorphism,
n determines D; cf. [56].

Let C := P]}q. Fix a locally free sheaf 2 of O¢g-algebras with stalk at the
generic point equal to D and such that 2, == 2 ®p, O, is a maximal order
in D, := D®pF F, for every place v. Let S be an F;-scheme. Denote by Frobg
its Frobenius endomorphism, which is the identity on the points and the ¢th
power map on the functions. Denote by C' x S the fiber product C' Xgpec(r,) S-
Let 2z : S — Spec(A[n~']) be a morphism of F,-schemes. A Z-elliptic sheaf
over S, with pole co and zero z, is a sequence E = (&;, j;, t;)icz, where each &;
is a locally free sheaf of O¢x s-modules of rank 4 equipped with a right action
of 2 compatible with the Oc-action, and where

jz’ : 51 — 5i+1
t; : Tgi = (Idc X FI‘Obs)*gi — 51'_;,_1

are injective O¢« g-linear homomorphisms compatible with the Z-action. The
maps j; and t; are sheaf modifications at co and z, respectively, which satisfy
certain conditions, and it is assumed that for each closed point P of S, the
Euler-Poincaré characteristic x(€p|cx p) is in the interval [0, 2); we refer to [28]
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§2] for the precise definition. Denote by ££¢7(S) the set of isomorphism classes
of Z-elliptic sheaves over S. The following theorem can be deduced from (4.1),
(5.1) and (6.2) in [28]:

THEOREM 9.1. The functor S v E007(S) has a coarse moduli scheme X",
which is proper and smooth of pure relative dimension 1 over Spec(A[n—1]).

For each prime p < A not in R, there is a Hecke correspondence T}, on X"; we
refer to [28, §7] for the definition.

9.2. RIGID-ANALYTIC UNIFORMIZATION. Let D be a maximal A-order in D.
Let I' := D* be the group of units of D. By fixing an isomorphism D®p Fo, &
Mata(Fw), we get an embedding I™ — GLo(F). Hence I'™ acts on the
Drinfeld half-plane 2 = C,, — F,. We have the following uniformization
theorem

(9-1) M\ Q= (Xp )™,

which follows by applying Raynaud’s “generic fibre” functor to Theorem 4.4.11
in [2]. The proof of this theorem is only outlined in [2]. Nevertheless, as is
shown in [52, Prop. 4.28], ([@1]) can be deduced from Hausberger’s version [23]
of the Cherednik-Drinfeld theorem for X™. An alternative proof of (@) is
given in [53] Thm. 4.6].

Assume for simplicity that n is divisible by a prime of even degree. In this case,
the normal subgroup I'} of I'" generated by torsion elements is just the center
Fx of I, cf. [42) Thm. 5.6]. This implies that the image of I'" in PGLa(Fx) is
a discrete, finitely generated free group, and (@) is a Mumford uniformization
[20], [35].

Denote I' = I'/F and let T be the abelianization of I'. The group I' acts
without inversions on the Bruhat-Tits tree 7, and the quotient graph '™\ & =
'\ 7 is finite; cf. [42, Lem. 5.1]. Fix a vertex vg € . For any v € T
there is a unique path in .7 without backtracking from vy to yvg. The map
I' - Hi(T'\ .7,Z) which sends 7 to the homology class of the image of this
path in I'\ & does not depend on the choice of vy, and induces an isomorphism

(9.2) I'~H,(T\.7,7).
Since T is a free group and I' \ 7 is a finite graph,
H(N,Z) = Ho(T,2)"" =Ho(T,2)" =H(T,2)"
%'H(F\ Q,Z) = Hl(r\ Q,Z),
cf. Definitions[ZTland 22l The space H(n,Z)’ is equipped with a natural action
of Hecke operators Ty, (m <1 A), which generate a commutative Z-algebra; cf.
[34, §5.3].
The map (") : E(7)x E(7) = Z
1 if f=e
(e, fy=¢4 —1 iff=e

0 otherwise
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induces a Z-valued bilinear symmetric positive-definite pairing on Hy (I'\ 7, Z),
which we denote by the same symbol. Using (0.2) we get a pairing

(9.3) TxT =7
V,0 = (7, 9).
Let J" denote the Jacobian variety of X}, and J" denote the Néron model of

J" over O. Since X" is a Mumford curve over Fio, (J™)2_ is a split algebraic

torus. Let M := Hom((j“)]% ,G,, 5..) be the character group of this torus.
By the mapping property of Néron models, each endomorphism of J" defined
over F, canonically extends to J", hence acts functorially on M. Since J"
has purely toric reduction, Endp_(J") operates faithfully on M. By [35, p.
132], the graph I' \ 7 is the dual graph of the special fibre of the minimal
regular model of X" over Ou. On the other hand, by [3| p. 246], there is
a canonical isomorphism M = H,(I'\ ,Z). The Hecke correspondence T,
induces an endomorphism of J" by Picard functoriality, which we denote by
the same symbol. Via the isomorphisms mentioned in this paragraph and ([@.2)),
we get a canonical action of T}, on T. This action agrees with the action of T,
on H(n,Z) .

Using rigid-analytic theta functions, one constructs a symmetric bilinear pair-
ing

I'xT — FX
¥,6 = [v,46],

such that ords[y, ] = (v, d); see [3IL Thm. 5]. The main result of [31] gives a
rigid-analytic uniformization of J™:

(9.4) 0T 220l Hom(T,Co.) — J"(Cs) — 0.

This sequence is equivariant with respect to the action of T, (p € R); this was
proven by Ryan Flynn [7] following the method in [I§].

Finally, we have the following quaternionic analogue of Theorem Let @/
be the component group of J" at co. After identifying T’ with the character
group M, the pairing ([@3) becomes Grothendieck’s monodromy pairing on M,
so there is an exact sequence (see [22 §§11-12] and [43])

(9.5) 0T 27 Hom(T,z) — @, — 0.

This sequence is equivariant with respect to the action of 7j,.

9.3. EXPLICIT JACQUET-LANGLANDS ISOGENY CONJECTURE. Let n < A be
a product of an even number of distinct primes. The space Ho(n, Q) can be
interpreted as a space of automorphic forms on T'g(n); see [I8] §4]. A similar
argument can be used to show that #(n, Q)’ has an interpretation as a space of
automorphic forms on I'*; cf. [43] §8]. The Jacquet-Langlands correspondence
over I’ implies that there is an isomorphism

JL : Ho(n, Q)" = H(n, Q)
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deg(q) is even deg(q) is odd

deg(p) =1 | Z/(q +1)M(q)Z Z/M(q)Z

deg(p) =2 LM (q)Z Z/(q+1)M(q)Z
TABLE 1. Component group <I>’q of JPa

which is compatible with the action of Hecke operators Ty, p 1 n; cf. [25] Ch.
I11].

Remark 9.2. In fact, JL is Up-equivariant also for p | n. The analogous state-
ment over Q follows from the results of Ribet [47, §4] (cf. [24] Thm. 2.3]),
which rely on the geometry of the Jacobians of modular curves. The Néron
models of Jy(n) and J" have the necessary properties for Ribet’s arguments to
apply. Since this fact will not be essential for our purposes, we do not discuss
the details further. The Uy-equivariance of JL can also be deduced from [25];
the necessary input is contained in [25], Thm. 4.2] and its proof.

Let Jo(n)°'d be the abelian subvariety of Jo(n) generated by the images of
Jo(m) under the maps Jy(m) — Jp(n) induced by the degeneracy morphisms
Xo(n)p — Xo(m)p for all m 2 n. Let Jo(n)"*™ be the quotient of Jy(n) by
Jo(n)°'d. Combining JL with the main results in [6] and [28], and Zarhin’s
isogeny theorem, one concludes that there is a T(n)’-equivariant isogeny
Jo(n)*¥ — J" defined over F, which we call a Jacquet-Langlands isogeny;
cf. [41, Cor. 7.2]. (This isogeny is in fact T(n)-equivariant by the previous
remark; see [24) Cor. 2.4] for the corresponding statement over Q.) Zarhin’s
isogeny theorem provides no information about the Jacquet-Langlands isoge-
nies beyond their existence. One possible approach to making these isogenies
more explicit is via the study of component groups. More precisely, since
Jo(n)**¥ and J" have purely toric reduction at the primes dividing n and at
00, one can deduce restrictions on possible kernels of isogenies Jo(n)**" — J"
from the component groups of these abelian varieties using [4I, Thm. 4.3].
Unfortunately, the explicit structure of these component groups is not known
in general.

From now on we restrict to the case when n = pq is a product of two distinct
primes and deg(p) < 2. In this case, the structure of X]P‘-‘q is fairly simple and
can be deduced from [4Il Prop. 6.2]. Using this and Raynaud’s theorem, one
computes that the component group <I>{1 of J" at q is given by Table [ where

lq| + 1, if deg(q) is even;
M(q) = {

ElTJrll, if deg(q) is odd.

The cuspidal divisor group of Jy(q) is generated by [1] — [0c], which has order

Lal if deg(q) is odd.

q—17

l9l=1 " if deg(q) is even;
N(g) = {q2211
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deg(q) is even deg(q) is odd
deg(p)=1| Z/(q+1)Z 0
deg(p) =2 Z/(@+1)Z [Z/(¢>+1)(q+1)Z
TABLE 2. @,

Let o : Xo(pg)r — Xo(q)r be the degeneracy morphism discussed in Section
[ The image of C(q) in Jo(pq) under the induced map Jo(q) — Jo(pq) is
generated by

¢:=a"([1] = [oc]) = [p|[1] + [p] = [pl[a] — [oc].

By examining the specializations of the cusps in Xo(pq)r,, we see that

©q(c) = (Ip[ + 1)z,
where z € @4 is the element from the proof of Proposition 0.4l Let i)q =
®,/pq(c). The order of z in @y is given in [4I, Thm. 4.1], and the order of ®,
itself is given in Proposition 5.4l From this one easily computes that éq is the
group in Table
Since ¢ € Jo(n)°4, the map of component groups Q4 — ©3°" induced by the
quotient Jo(n) — Jo(n)™*" must factor through ®, (here " denotes the
component group of Jo(n)*V at q).
Assume deg(p) = 1. Then the cuspidal divisor ¢q := [q] —[00] € C(pq) has order
N(q)M(q) (see Theorem [6.1T]) and specializes to the connected component of
identity jEQq of the Néron model of Jy(n). Theorem 4.3 in [4I] describes how
the component groups of abelian varieties with toric reduction over a local
field change under isogenies, depending on the specialization of the kernel of
the isogeny in the closed fibre. After comparing the groups i)q and <I>i], and the
orders of ¢ and ¢q, this theorem suggests that there is an isogeny Jo(n)"*" — J"
whose kernel is isomorphic to Z/M (q)Z and is generated by the image of ¢4 in
Jo(n)neW.
The case deg(p) = 2 can be analysed similarly. The cuspidal divisor ¢q has
order (¢+ 1)N(q)M(q). The image of ¢, in i)q generates its cyclic subgroup of

order g2 + 1. Hence there might be an isogeny Jo(n)**" — J" whose kernel is
z

iSOmOrphiC to ﬁ X m

CONJECTURE 9.3. Assume n = pq, where p,q are distinct primes and deg(p) <
2. There is an isogeny Jo(pq)™™ — JP9 whose kernel K is generated by cuspidal

divisors and
K~ {@ o Hdel) =1,
Iz X EE if deg(p) = 2.
This conjecture is the function field analogue of Ogg’s conjectures about
Jacquet-Langlands isogenies over Q; see [37, pp. 212-216].

There are only two cases when n is square-free, Jo(n) is non-trivial, and
Jo(n)*¥ = Jo(n). The first case is n = zy; Conjecture then specializes
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FIGURE 6. T%Y\

to the conjecture in [41I]. We will prove this conjecture in §3.4] under cer-
tain assumptions, and unconditionally for some small q. The second case is
n = pq, where p # q are primes of degree 2. In this case the conjecture pre-
dicts that there is a Jacquet-Langlands isogeny whose kernel is isomorphic to
Z)(*+1)Z xZ/(q* +1)Z; cf. Example[6.13 The method of this paper should
be possible to adapt to this latter case, and prove the conjecture for some small
q.
9.4. SPECIAL CASE. Assume n = zy. To simplify the notation we put

Ji= Jolay), T = J™, H = Holwy,Z), H = H(ay,Z), T = T(xy).
First, we prove the analogue of Lemma 816 for J'.

LEMMA 9.4. Let . be the component group of J' at co. Let p < A be any
prime not dividing xy. Then Ty, — |p| — 1 annihilates @, = 7Z/(q + 1)Z.

Proof. The quotient graph I'*¥ \ .7 has two vertices joined by ¢ + 1 edges; see
[41, Prop. 6.5]. We label the vertices by v4 and v_, and label the edges by the
elements of P!(F,); see Figure @ Let v € GL2(Fx) be an arbitrary element.
Then yv+ = vy mod I'*Y if orde(dety) is even, and yvx = vy mod I'*Y if
orde,(dety) is odd. Consider the free Z-module with generators {e,, e, | u €
PY(F,)}, modulo the relations €, = —e,. The action of T, on this module
satisfies

Ty Y ew=(pl+1)

{ZUEPI(FQ) ey if deg(p) is even,
ueP!(Fq)

=D uepi(r,) €u if deg(p) is odd.
H’ is generated by the cycles @, = e, — e, u € Fy. Let ¢} be the dual basis
of Hom(#', Z). The map in (@.3) sends ¢y to @y + 3, e, #5,- It is easy to see

from this that ®/_ is cyclic of order ¢+ 1 and is generated by >_ cF, wu,. Note
that |p| +1 =0 mod (¢ + 1) if deg(p) is odd. Hence

T,y =Ty | > ei—(g+Des | ==(pl+1) Y ei—(a+1)Tpel

wEF, ueP(Fy) ueP!(Fy)
=(pl+1) > en—(a+D(pl+Dek = (Jpl+1) Y i mod (¢+1).
wePL(Fy) weF,
This implies that T}, acts by multiplication by |p| + 1 on ®/_. O
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THEOREM 9.5. Assume H = H' as T-modules. There is an isogeny J — J'
defined over F whose kernel is cyclic of order ¢*> + 1 and annihilated by the
Eisenstein ideal.

Proof. By [A3) and (@A), the rigid-analytic uniformization of J over F, is
given by the T°-equivariant sequence

0 — H — Hom(H,CY) = J(Cx) — 0.

By Proposition 221, Hom(H,Z) = T = T, so we can write this sequence as
the T-equivariant sequence

0>H—->T®CY — J(Cx)— 0.

By Theorem [5.5] the sequence derived from this using the valuation homomor-
phism ord, is

0—-H—->T— &, —0,
where @, is the component group of the Néron model of J at oo. Now we can
consider H as ideal in T. We know from Lemma that the Eisenstein ideal
¢ annihilates @ = Z/(¢* + 1)(q¢ + 1)Z. Hence @, is a quotient of T/€E. On
the other hand, by Corollary B.I8 T/& = Z/(q*> + 1)(¢ + 1)Z. Comparing the
orders of @, and T/&, we conclude that o, = T/€ and H = €.
From the discussion in §9.2 if we assume H = H’ as T-modules, the rigid-
analytic uniformization of J’ over Fl is given by the T-equivariant sequence

0—->H -T®CY — J(Cx)—0.

The argument in the previous paragraph allows us to identify H’ in the above
sequence with the annihilator & <T of ®._ in T. On the other hand, by Lemma
@4 T, — |p| — 1 € & for any p { zy. Therefore, € C ¢ and

T/¢ ~ & ~7/(q+1)Z.
Hence ¢'/€ 2 7Z/(¢* + 1)Z.
We have identified the uniformizing tori of J and J' with T ® CX, and the
uniformizing lattices H and H' with & and &', respectively. Now specializing
a theorem of Gerritzen [19] to this situation, we get a natural bijection

Hom(T ® CX,, & T ® CX,, ¢') = Homp(Jr,_, Jp_ ),

where on the left hand-side is the group of homomorphisms T® CX, - TR CX
which map € to ¢ and are compatible with the action of T. It is clear that
identity map on T®CZ is in this set. The snake lemma applied to the resulting
diagram

0——¢——>TCL ——J(Cx) ——0

|

0—=¢ —TRCL —J(Csx) —=0

shows that there is an isogeny 7 : J — J' with ker(7) = &'/&. Moreover, since
Homy(T,T) 2 T, every T-equivariant homomorphism J — J’ can be obtained
as a composition of = with an element of T. We know that there is an isogeny
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J — J' defined over F. Since the endomorphisms of J induced by the Hecke
operators are also defined over F', we conclude that « is defined over F. O

THEOREM 9.6. In addition to the assumption in Theorem [3.0, assume Ton
is Gorenstein for all mazimal Eisenstein ideals I of residue characteristic
dividing ¢*> + 1. Then there is an isogeny J — J' whose kernel is (c,).

Proof. By Theorem[3.5] there is an isogeny J — J' defined over F whose kernel
H C J[€] is cyclic of order ¢ + 1. Assume Tay is Gorenstein for all maximal
Eisenstein ideals 9% of residue characteristic dividing ¢? + 1. First, by Theorem
and Proposition BI8 this implies J[2, €] = C[2]. Next, let £|(¢*> + 1) be
an odd prime. From the discussion after Proposition B8 we know that the
action of inertia at y on J;[€¢] is unipotent and the I-invariant subgroup of
Jo[€] is Co = (cy)e. Since 4 does not divide ¢ +1, these two observations imply
that there is an isogeny J — J’ whose kernel is cyclic of order ¢ + 1 and is
contained in C[2] + (¢,).

If ¢ is even, then C[2]+(c,) = (cy), and we are done. If ¢ is odd, then the kernel
is generated by c,, or ¢, + %cx, or 2c¢, + %10%. We know that p,(c,) =0
and py(c;) = 1 (cf. Proposition B7). If H is generated by ¢, + Ltc, or

2¢y + %1%, then the specialization map g, gives the exact sequence

Z
0= —5—— — H 2% 7,/27. — 0.
Ct+ly

2
It is a consequence of the uniformization theorem in [23] that Xp, is a twisted
Mumford curve for any p|n (here n is arbitrary). This implies that J" has toric
reduction at p. In particular, J’ has toric reduction at y. Now we can apply
Theorem 4.3 in [41] to get an exact sequence

Z
2

— 0,

where @ is the component group of J’ at y. This implies that the order of ®;
is (¢41)(¢*> 4 1)/4. But according to [T, Thm. 6.4], ®, = Z/(¢* +1)(¢+ 1)Z,
which leads to a contradiction. g

To be able to verify the assumptions in Theorem computationally, it is
crucial to be able to compute the action of T on H and H’. The methods
for doing this will be discussed in Section [0l Our calculations lead to the
following:

PROPOSITION 9.7. The assumptions of Theorem [9.8 hold for ¢ = 2, and for
the 12 cases listed in Table[d In particular, in these cases there is an isogeny
J — J' whose kernel is {(cy).

Remark 9.8. We believe that the assumptions in Theorem hold in general.
Our method for verifying that H and H' are isomorphic T-modules relies on
finding a perfect T-equivariant pairing T x H' — Z. Unlike the case of H,
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q Yy disc(T)

2| T?+T+1 4

3 T2 +1 80

3| T?+T+2 68

3| T?+2T +2 68

5| T?+T+1 265216

5| T?+T+2 278800

7 T? +1 7372800000

7| T2+ T+ 4 | 6567981056

TABLE 3. Discriminant of T(zy)

there is no natural pairing between these modules, so our method is by trial-
and-error. We essentially construct some T-equivariant pairings, and check if
one of those is perfect (see the discussion after (I0.2)). This method is very
inefficient, and our computer calculations terminated in a reasonable time only
in the cases listed in Table [l

10. COMPUTING THE ACTION OF HECKE OPERATORS

10.1. AcTiON ON H. Assume n = xy. To simplify the notation, we denote
H = Ho(zy,Z), H = H(zy,Z), T = T(xy). Assume x = T. Theorem 6.8
in [9] gives a recipe for computing a matrix by which T,_, acts on H for any
s € F;. Since by Proposition Z.2T] the operators {1,7,—s | s € F;} form a Z-
basis of T, this essentially gives a complete description of the action of T on .
This also allows us to compute the discriminant of T, an interesting invariant
measuring the congruences between Hecke eigenforms. (Recall that disc(T) is
the determinant of the ¢ x ¢ matrix (Trace(titj))lﬂ’jq, where {t1,...,t,} is
a Z-basis of T.) Table [ lists the values of disc(T) in some cases.

Remark 10.1. The algebra T(n) ® Co, is isomorphic to the Hecke algebra acting
on doubly cuspidal Drinfeld modular forms of weight 2 and type 1 on I'g(n);
see [I8), (6.5)]. The algebra T(n) ® C has no nilpotent elements if and only if
p 1 disc(T). TableBlindicates that p t disc(T) for ¢ = 3 and arbitrary y, but for
g =5 or 7, there exist y; and yo such that p | disc(T(zy1)) and p t dise(T(zy2)).
It seems like an interesting problem to investigate the frequency with which p
divides disc(T).

Remark 10.2. For the sake of completeness, and also because [9] is in German,
we give Gekeler’s method for computing a matrix G(z — s) € Mat,(Z), s € Fy,
representing the action of T, on H. Let y = T2 4+ aT + b. Label the rows
and columns of G(x — s) by u,w € F;. Then the (u,w) entry of G(z — s) is
equal to

2— Q(u, U}) - (q + 1)6w,s + qéu,Oéw,b/sa
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where ¢ is Kroneker’s delta, and Q(u,w) is the number of solutions 5 € F,
(without multiplicities) of the equation

(u—B)(w —B)(s = B) + B(B* +aB+b) =0
pluslifu+w+s+a=0.

By comparing the discriminant of the characteristic polynomial of T, _, with
disc(T), one can deduce that in some cases T is monogenic, i.e., is generated
by a single element as a Z-algebra:

EXAMPLE 10.3. For g=2andy =T>+T +1
T=Z[T,1] 2 Z[X]/X(X +2).
Forg=3andy=T?+T+2
T=Z[T, o] 2 Z[X]/(X +1)(X? - X — 4).

If T is monogenic, then its localization at any maximal ideal is Gorenstein; see
[32, Thm. 23.5]. This is stronger than what we need for Theorem (0.6 but
it is also computationally harder to establish. A simpler test is based on the
following lemma:

LEMMA 10.4. Let ¢ be a prime number dividing (q + 1)(¢> +1). Suppose there
is an element n in € such that

dimp, Hoo(zy, Fe)[n] = 1.
Then Top is Gorenstein, where M = (&, ).

o~

Proof. Note that the dimension of Hog (zy, F¢)[n] is at least 1 since Ego(xy, Fe)
F, is a subspace. Now consider the ideal 7 = (¢,)T,. We have Hoo(zy,F¢)[J] =
Hoo(zy, Fe)[n]. On the other hand, Hoo(zy, F¢)[J] is Fe-dual to Te/J, cf. Propo-
sition 2211 Hence, if dimg, Hoo(zy,Fe)[n] = 1, then T,/T = F,. This implies
Te/9MM = Ty/J. Since T C M, we get M = (¢,n), which implies that Toyp is
Gorenstein by Proposition 15.3 in [33]. O

Any Z-linear combination 7 of the operators {T;—s—(q+1)} px is in €. We can
compute the characteristic polynomial of such n acting on H using Gekeler’s
method. Fix ¢ dividing (¢ + 1)(¢®> + 1). If we find  whose characteristic
polynomial modulo ¢ does not have 0 as a multiple root, then we can apply
Lemma [10.4] to conclude that Teoy is Gorenstein for Eisenstein 9 of residue
characteristic £. Using this strategy, for each prime ¢ < 7 we found by computer
calculations an appropriate 7 for any ¢ dividing (¢ + 1)(¢* + 1).

10.2. AcTION ON H'. Suppose y = T? + aT + b. We denote the place z by
oo. Let T =T71, A = F,[T"], and v/ = T"* + ab™'T" + b~'. We have the
correspondence of places of F':

oo +—— T
T +— oo
y ——
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Let D be the quaternion algebra over F' ramified precisely at oo’ and y’ (i.e.
ramified at  and y). Take an Eichler A’-order D’ in D of level T’. More
precisely, D;, =D ®a Op is a maximal Op-order in Dy := D ®@p Fy for
each prime p’ of A’ with p’ # T’, and there exists an isomorphism ¢t : Dy :=
D RF FTI = Ma.tg (FTI) such that

v (D) = {(Z Z) € Maty(Oy)

Let Op_, be the maximal Oy -order in Do.r. Consider the double coset spaces

cOmodT’}.

Gry 1= D\D*(ap)/ (D" (0, FZ,)) and CUD) i= D\D*(AF)/D",
where:
e Ap isthe adele ring of F', i.e. A is the restricted direct product H; Fy;

. A%O/ is the finite (with respect to oo’) adele ring of F, i.e. A%"/ =

Hv;éool Fy;
e DX(Ap) (resp. D*(A%")) denotes (D ®p Ap)* (resp. (D @p AF)*);
o D' =[I, 4 Dh-
Then the strong approximation theorem (with respect to {oo}) shows that

LEMMA 10.5. The double coset space g;y can be identified with the set of the
oriented edges of the quotient graph T*Y\.J in Figure [0

Note that Cl(D’) can be identified with the locally-principal right ideals of D’
in D, and #CI(D’) = ¢ + 1. Moreover, if we take i, € GL2(Fr/), u € P1(F,),

to be
1
v , ifuel,,
B 1 0

Iy =
1
0 , if u = o0,
0 1

then, via the natural embedding GLy(Fr) =2 DX, < D*(AY'), {i, | u €
PY(F,)} is a set of representatives of C1(D’). Take an element woos € Doos such
that its reduced norm Nr(woes) = T'. From the natural surjection from G; to
CI(D'), one observes that

{w=5) € DX(AF) x DX, = D*(Ap) | w € P(F,), ¢=0,1}

is a set of representatives of G, . We may take e, := [iy, 1] € G;,. Then there
exists a unique permutation v : P!(F,) — P!(F,) of order 2 so that

_ . 0 1 .
€y = [zu (T’ O) ,1} = [in(u), Too!]-

Moreover, H' can be viewed as the set of Z-valued functions f on Q;’y satisfying

flew) + f(@) =0, Yu € PX(F,) and > flew) =0.

uw€P(F,)
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Let I, be the right ideal of D’ in D corresponding to i,, i.e.,
I,:=DnNi,-D.

Then the reduced norm of I, is trivial, i.e., the ideal of A’ generated by
the reduced norms of all elements in I, is A’. For each ideal m’ <« A’, the
w'-th Brandt matriz B(m') = (By.w (W), ., € Matqy1(Z) is defined by

#{be I, :Nr(b) - A =m'}

q—1 '
In Section[I0.3] we give an explicit recipe of computing B, .+ (m’) for deg(m’) =
1 when ¢ is odd and the constant term b of y is not a square in F, and also
when ¢ = 2. By an analogue of Hecke’s theory (cf. [5]) we obtain the following
result:

Bu,u’ (m’) =

ProrosIiTION 10.6.

(1) Viewing v as a permutation matriz in Matg1(Z), one has
where every entry of J is 1.
(2) Identifying the place x —s and T' — s=' of F, one has that for s € F¥,
Typsey = Z Bu Ay (u ’) 1)e_u’
u'€PL(Fq)
Proof. By Lemma IL5 in [5], we observe that for every u € F,
liyw] + > Buw (T[] =2 Y [iwr] € Z[CYD')].
u’€Fy u’€F,
This shows (1). To prove (2), notice that for every g, € GLa(F,) with v # oo’
and u € F,, there exists ' € Fy such that
[iugv, 1] = [iu’a wéo’]a
where ¢ = ord,(det g,) - degv. By Proposition II.4 in [5] we have that for
selFy
q Y

Tazfseu = Z Bu u’ -5 )[iu/a woo’]
u’ €PL(Fq)
= Z Bu ! — 5 )e,y(u/)
u’ €P1(Fq)
= Z Bu,’y(u’)(T/ - sil)e_u/.
u’ €P(Fq)

|

For u € Fy, let f, € H' such that f,(e},) =y for v’ € Fy and fy(es) = —1.
We immediately get the following.
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COROLLARY 10.7. For u,u’ € Fy and s € FS, set

Bl (x—5) =By )T —s ') =B

u

)(T’ - 8_1).

w7y (u
Then
Tosfu= Z B;/,u(x - S)fu/'
w' €y
In other words, B'(z — s) := (B, ,(z — s))u
sentation of Ty_s acting on H' with respect to the basis {fu | w € Fq}.

., € Maty(Z) is a matriz repre-

/
)

Remark 10.8. From @.17) we know that > cp Tp—s = —1, as endomorphisms

of #. On the other hand, by Remark[@.2] JL : H®Q = H'®Q is T,-equivariant.
Hence the previous corollary allows us to obtain also the matrix representation
of T, acting on H'.

Remark [0.21and Corollary [[0.7] give the matrices by which T, (s € F) acts
on H and H'. Since T, generate T, the condition that the T-modules H and
‘H' are isomorphic in Theorem [0.H]is equivalent to the matrices B'(xz — s) being
simultaneously Z-conjugate to Gekeler’s matrices G(z—s), i.e., to the existence
of a single matrix C' € GL4(Z) such that

(10.1) C ' B(x—s)-C=G(x—s) Vs e Fy.

Remark 10.9. Due to Jacquet-Langlands correspondence, there does exist a
matrix C' € GL,(Q) satisfying (I0.I), but the existence of an integral matrix
is more subtle; cf. [27].

EXAMPLE 10.10. Let ¢ =2 and y = 7% + T + 1. By Remark 0.2

Gle—1)= ((1’ 02).

On the other hand, with respect to the basis {ix, i0, %1} of Z[Cl(D’)] we calcu-
late that (see Remark [0.12)

01 0 02 1
y=[1 0 0| and BT -1)=[2 0 1
00 1 111

Therefore

0 -1
We can take C' = (1 0 )

Note that the matrix <8 _02) is conjugate to G(x — 1) over Q, but not over

Z; in fact, there are exactly two conjugacy classes of matrices in Mato(Z) with
characteristic polynomial X (X + 2).
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Y o
T? +T +2 0,1,0

T? +2T +2 0,0,1

T? +T +2 [-1,1,4,5,2]
T? +2T+3 -1,-3,—-6,-5,—2
T? +3T+3 -1,-6,-3,-2,-5
T? + 4T + 2 [-1,4,1,2,5]

T>+T+6 |[-8,0,—6,—5,—-8,-7,5
T2 +2T +3|[-8,-7,-7,2,3,—6,—6
T?>+3T+5]|[-5,—6,—6,—4,2,3,—5
T? +4T +5|[-8,-8,0,—7,—-6,5,—5
T?> +5T+3]|[-5,—4,—5,—6,3,—6,2
T2 +6T+6 | [-5,—6,2,—5,—6,—4,3
TABLE 4. Available choice of «

EN ST IENTEN [N BN RS RS RS RO ROC RICH S

There exists an algorithm for deciding whether, for two collections of integral
matrices { X1, ..., X, and {Y1,..., Y}, there exists an integral and integrally
invertible matrix C relating them via conjugation, i.e., such that C~1X,C = Y;
for all 4; see [48]. Unfortunately, this algorithm is complicated and does not
seem to have been implemented into the standard computational programs,
such as Magma. Instead of trying to find C, we take a different approach to
proving that the T-modules H and H' are isomorphic. Note that the pairing
in Proposition [Z.21] gives an isomorphism H = Hom(T, Z) of T-modules. If one
constructs a perfect T-equivariant pairing

(10.2) H xT - Z,

then the desired isomorphism H' = Hom(T,Z) = H follows. The absence of
Fourier expansion in the quaternionic setting makes the construction of such a

pairing ad hoc.
Note that Hom(H',Z) = @uewq Ze},, where (fy,el,) = fu(ew) = dy. One

way to construct (I02) is to find a Z-linear combination o« = ) aye;, such
that

det ((fu,Tz,SOz})u’se]Fq =41.
We were able to find such « in several cases; see Table [ where « is given as
[ag, a1, ..., ap—1].
10.3. COMPUTATION OF BRANDT MATRICES. Recall that we denote y = T2 +
al+bec Aandy =T +ab T +b"1, where T’ = 1/T. Assume q is odd and
b is not a square in F). Set yo := bT"* + a1’ 4 1. Let
D:=F+Fi+ Fj+ Fij

where i2 = T, j? =y, ij = —ji. Since we have the Hilbert quadratic symbols
(T",y0)r = (T",y0)y = —1 and (T, y0), = 1 for every places v # T or y, the
quaternion algebra D is ramified precisely at T and y.
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Let D' = A’ + A’i + A’j + A’ij, which is an Eichler A’-order in D of level T"y/'.
We choose the representatives of locally principal right ideal classes of D’ as
follows.

Io, = D=A+Ai+Aj+ Alij,

) i+ ij
L = AQ-j+A(—

+2uj) + A'T'j + A'ij, weF,
Then the reduced norm of I, is trivial for every u € P!(F,). Moreover, for
u,u' € Fy, I,I," is equal to
’ 1t 1 ; i(1+4)? 2 ; _
A+AT1+A(3—2uz)+A(T+4uz), if u=1’,
A’T’+A(i7(u’7u)’1)+A(jf Z:—tZ) JrA(i(lTL,j)QJrsf‘—f;), if u # .
After tedious calculations, we obtain the following:
LEMMA 10.11.
(1) For s €Ty,
2 ifse (IF;()Q,
=41 ifs=0,

0 otherwise.

#{z €I | Nr(2)A' = (x — 5)A'}
qg—1

(2) For s,u €l set
ay(s,u) ==1+s(Au’ +a+sb) and By(s,u) = ((a+ 4u?)* — 4b)s + 16u>.
Then

2 ifay(s,u) € (FX)2,
=41 ifay(s,u)=0,
0  otherwise.

#{z €I, | Nr(2)A' = (x —s)A’}
qg—1

2 if By(s,u) € (FX)?,
=91 Zfﬂy(svu) =0,

0 otherwise.

#{ze LIV | Nr(2)A' = (v —s)A'}
g—1

(3) For s,u,u’ € Fy with u# v/, set
&y(s,u,u) ==(2u® 4+ 2u"? + s(u' — u)a)2
— (1= s(u —u)?) (16uu — s(u’ — u)?(a® — 4b)).
Then
2 if&y(s,u) € (IFqX)2,
=<¢1 if&(s,u)=0,

0 otherwise;

#{z € I,I)' |INr(2)A' = (v — 5)A’}
qg—1
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Since the Brandt matrices are symmetric under our settings, the above lemma
gives us the recipe of computing the Brandt matrices B(T” — s) for s € F,. In
particular, we can get

Y(00) =00, 7(0)=0, and y(u)=-u Yuecl;.

Remark 10.12. In characteristic 2 the presentation of quaternion algebras has
to be modified. Consider the case when ¢ = 2 and y = T2+ T + 1. In this case,
we let D = F + Fi+ Fj + Fij, where

Pri=T, 2=y=T*+T +1, ji=(i+1)j

Let D}« = A+ Ai + Aj + Aij, which is a maximal A’-order in D. We take

the Eichler A’-order D' = A’ + A’i + A'T’'j + A’ij and the representatives of
ideal classes of D’ in the following;:

I, = D=A+Ai+ AT+ Alij,

I = AT + A0 +i)+ A'j+ Aliy,

L = AT +A(1+4d)+A(1+j)+ Alij.
Then

Lyt = A4 Ait+ Azj+ AGi+1)j,

LI = AT +Ai+ A1 4+5)+ A1 +ij),

LIt = A4 AT+ A5+ A +ij).
Since

{2 € Dl N2(2) = T'} = {i, 1+ 0,1+ T+ 5}
and

{2 €D INv(2) = 14T}y ={T" + 5, 7" +i+ j,1 + T +i+j},

we can get
2 1 2 0 2 1
B(Th=(1 2 2 and B(T'-1)=(2 0 1
2 21 1 11
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